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ABSTRACT

The following problems are considered in this dissertation.

In Chapters II and III, it is shown that Bahadur's almost sure
asymptotic representation of a sample quantile for independent and
identically distributed random variables holds under certain regu-
larity conditions for a general class of stationary multivariate
autoregressive processes. This yields the asymptotic (multi-)
normality of the standardized forms of quantiles in autoregressive
processes., Then the asymptotic (multi-) normality is generalized
for a vector of linear compounds of the standardized forms of quan-
tiles in autoregressive processes and the estimation of its dispersion
matrix is also considered. Further, the theory of asymptotic (multi-)
normality of a vector of linear compounds of the standardized forms of
quantiles inp autoregressive processes is extended for the random
sample size.

In Chapter IV, for stationary multivariate autoregressive pro-
cesses, the asymptotic distribution of Wilcoxon signed rank statistic
is derived and subsequently the theory is generalized for a class of
U-statistics.

Finally, in Chapter V, several rival estimators (median, 27% mid-
range, median of the mid-ranges and mean) of location parameter for
stationary autoregressive processes are considered and their relative

performances are compared by their asymptotic relative efficiencies.



CHAPTER I

INTRODUCTION AND SUMMARY

1.1, Introduction and a Review of the Literature

The central limit theorem in its various forms, the character-
istic functions and the laws of large numbers are the basic tools for
the study of the asymptotic properties of linear estimators (i.e.
linear functions of the unordered sample observations). However,
in dealing with ordered observations or, in general, a linear function
of ordered observations we require additional tools for the study of
their asymptotic properties., For example, asymptotic normality of
sample quantiles for i.i.d.r.v. can be deduced by the direct method
given in Cramer (1946, pp. 367-369) or in Mosteller (1946). This
approach becomes increasingly complicated as the number of quantiles
increases, Also for the study of other large sample properties of
quantiles (e.g., asymptotic normality in the multivariate case,
almost sure convergence, law of iterative logarithm, etc.) this method
becomes too complicated to provide the necessary results. A recent
asymptotic representation of sample quantiles by Bahadur (1966) not
only simplifies the proof of the asymptotic normality of quantiles
in various univariate as well as multivariate situations but also
provides the access to the study of more refined large sample proper-
ties of quantiles. The other notable non-linear estimators are the

U-statistics, studied by Hoeffding (1948), and rank order statistics,



studied by Chernoff and Savage (1958) and Hajek (1968) among others.
For these statistics either a projection technique is used to decompose
them into two parts where on the first part the classical C.L.T.

and the laws of large numbers, etc., directly apply while the second
part is asymptotically negligible in probability or they are related

as functionals of empirical distributions and their large sample
properties are studied with the aid of the large sample properties

of the empirical distributions.

In this dissertation we are principally concerned with certain
stochastic difference equations or stationary autoregressive processes
where the successive observations are not independent but are subject
to a chain of dependence. To be general we start with the following

multivariate model:

= g t=20, *1,...,

(1.1.1) XA £y

where Zt = (X X )' is a g x 1 vector, Ar = ((agz))),

t,l’...’ t,q J’S=l,.ucq,
r=20, 1,..., k(21) are g x q matrices of constants and

seees €O q)' (white noise) are i.i.d. q X 1 random vectors
>

= (

€ €
~t t,1

with an absolutely continuous (g-variate) c.d.f., G(x), X € Rq, the
real g-space.

Meteorological and economic data provide perhaps the most
obvious examples of such a model. Its adequacv has been investigated
by Whittle (1953). He has successfully fitted the above model to data
giving the total sunspot area for a series of 120 six-monthly periods,

and for two belts of solar latitude (16°-21° N., and 16°-21° S.).



For autoregressive errors Hannan (1961) and Eicker (1965)
studied large sample distribution properties of the classical least
square estimators computed under the assumption of the independence
of errors. Since these estimators are linear functions of the original
observations, they are also linear in terms of the error components.
These errors being independent, they were in a position to apply again
the classical C.L.T. for their purpose. We briefly present their
principal results below.

Consider a system of regressions

s
-

= B%*
(1.1.2) X, B*Y + g,
= ' = - ! ]
where gt (xt,l""’ Xt,q) > £¢ (et,l"'°’ et’q) are q * 1 random
’ * *
vectors, Xt = (Yt,l""’ Yt,p) is a p X 1 vector, B = ((Bij))i=l,...,q

J=l,...,p

is a (q x p)-matrix of regression coefficients and

(1.1.3) e = I G,

where gj are a sequence of known (q X r)-matrices and B, are r X 1
i.i.d. random vectors with covariance matrix Q and finite absolute
moments of order 2 + 8§, § > 0. The norm IIQIIQ of a matrix C is

defined by

lell, = sup |lgsll,
2}1/2. Then it is assumed that

(1.1.4) Eollell, <=

and the components Yt , of Xt are generated by a process such that,



with probability one, as n increases

n
1.1.5 lim @2 , ==, d2 .= L Y2 ., j=1,.0e,q.
( ) oo l’I,J ’ I‘I,J t=1 t,J’ J 2 ’q
(1.1.6) lim Y? ./@2 . =0, j=1,..0,q
n+°° n’J n’J
n-h //
1.1.7 1i Y, .Y d_ .d = 5. (h j,k = 1,...,q
(LD Tme) P Yo Yokl /9, % f T eq(®s 3ok = L
If B(h) = ((Iﬁk(h)))j,k=l,..., then R(h) can be written as

T ihh
(1.1.8) R(h) = f e M aM(n)

bt}

where M()\) is a matrix valued function whose increments are Hermitian
non-negative. It is assumed that R(0) is non-singular.
When the errors are independent, the least square estimate

*
of B 1is

(1.1.9) B = <<b§j>> - Xy

where X has zt and Y has Xt as the t-th column, t = 1,2,...,n. If
* *
(1.1.9) is expressed in the form of a column vector b having bij in

{q(i-1) + j}-th row, then

*
where @ denotes the Kronecker product. If B8 1is the vector obtained
% * *
by arranging the rows of B in the same way, then E(Q ) = 8 .
We denote by Qn’ the diagonal matrix having dn i in the j-th

>

place. Then Rosenblatt (19562 has shown that, as n - *,



process. These estimators being non-linear functions of the original
observations are also non-linear in terms of the error components.
Actually we are concerned here with a class of estimators different
from the one considered by Hannan (1961) and Eicker (1965). Further,
our proposed class of estimators being non-linear function of the
errors, their technique does not seem to be readily applicable in this
case.

Estimation and the asymptotic distribution of the estimates
of the coefficients of autoregressive processes are available in the
literature (see Grenander and Rosenblatt, 1957). Also, in the case
of autoregressive schemes, the asymptotic distribution of sample mean
is well known (see Hannan, 1961). However, for autoregressive
processes, unlike the case of independent observations, we do not
know much about the distribution theories of Hoeffding's U-statistics
or sample quantiles and other related statistics. To bridge this gap
we want to develop the distribution theory of sample quantiles, any
linear combination of sample quantiles and a class of U-statistics
for stationary autoregressive processes.

First, for a stationary autoregressive process, we consider
the asymptotic distribution theory of a sample quantile. The chain
of dependence by which the successive observations in the process are
1inked makes it difficult to apply the fundamental technique (such
as in Cramér, 1946, Pp.367-369) for deriving the asymptotic normality
of a sample quantile. An alternative approach (see section 2.1) of
deriving the asymptotic distribution of a sample quantile based on

the properties of order statistics seems to be -applicable for -



autoregressive processes, but this approach fails to give us more
refined convergence results of sample quantiles. These difficulties
have been avoided here by adopting the elegant ﬁahadur-representation
of a quantile (cf. Bahadur, 1966) and extending it in the context of
autoregressive processes. With this end in view, we first present
the principal results of Bahadur (1966) .

Let w = (X;, X2,...) be a sequence of i.i.d.r.v. with d.f.
F(x). If £ be the population quantile of order p, then it is assumed
that F has at least two derivatives in some neighbourhood of £,
F"(x) is bounded in the neighbourhood, and F'(g) = £(§) > 0. For
eachn=1, 2,..., let Yn(w) be the sample p-quantile when the sample
is (Xl""’ Xn). Let Zn(w) be the number of observations Xi in the

sample (X;,..., Xn) such that Xi > £. Then

(1.1.11) Y (o) = € + [(Z_ () - nq)/af(E)] + R (@)

where
q=1-p
and
-3/4
(1.1.12) R (#) = O(n 3/% 1og ), asn e,

with probability one.

One important feature of the Bahadur-representation of sample
quantiles is its ability to yield the asymptotic normality of sample
quantiles in various non-standard situations where either independence
or homogeneity of the distribution functions or both may be vitiated.

With this motivation Sen (1968 b ) showed that Bahadur's asymptotic



almost sure representation of the standardized form of a sample
quantile is also valid for any m-dependent process. The simplified
version of his results for stationary m-dependent processes are given
below.

Let w = (X3, X0,...) be a sequence of random variables forming
an m-dependent process, i.e. Xi and Xj are independent whenever
|i - 3| > m. The marginal c.d.f. of X, is denoted by F(x), and the
joint c.d.f. of (Xi, Xi+h) by Fh(x, y), for h =1,...,m. For any
p:0 < p < 1, let Xn(w) be the sample p-quantile when the sample is

(Xl""’ Xn) and let the empirical c.d.f. Fn(x) be defined by

n
-1
(1.1.13) Fn(x) = n I elx - Xi)’ ~o < X < ®
=1
where
(1l.1.14) c(u) = 1 or 0 according as uzor. <0..

If £ be the population p-quantile of F(x) then it is defined by
F(g) = p .

It is assumed that in the neighbourhood of &, F(x) is absolutely

continuous and that

a) f(x) = (d/dx)F(x) is continuous in some neighbourhood of &, with
0 < f(&) < », and

b) F"(x) is bounded in the same neighbourhood of E.

If V2 mis defined by

. m
- - 2
(1.1.15) vi,m = p(l-p)+2 hil(l h/n){F, (¢, &) - p°}



then it is shown that

Il
<

n Var{F (£)} = v
Finally, let
(1.1.16) I .= {x:£ - a <sx <L+ an}
where a "~ n_l/2 log n, as n > =,

With the above notations we have the following theorem.

Theorem 1.1.2. If the condition (a) is satisfied, then as n > <,

(1.1.17)  sup{|[F(x) - p] + [F_ (&) - Fn(x)ll:x e I}

/b

-3
= 0(n log n),

with probability one. If in addition, inf vi a0
n s’

1
(1.1.18) X 26 Y ) - E1/v D > NGO, D).

Finally, if both the conditions (a) and (b) are satisfied then

(1.1.19) [Y_(0) - E1£(E) + [F (&) - p] = R (W)

where as n > =, Rn(w) = O(n_3/L+ log n), with probability ome.

In the case of a stationary autoregressive process, it is
shown here that for the asymptotic distribution theory of a sample.
quantile,we may as well (for large n only) replace the original
process by an mn—dependent process where m  ~ K log n, and K is some
fixed positive number. Also, it is shown here that Sen's extension
for stationary m—dependent processes of asymptotic almost sure

representation of the standardized form of a sample quantile, as given
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above, can be further extended to the stationary mn—dependent pro-
cesses, This enables us to draw conclusions about the asymptotic
normality of sample quantiles for a stationary autoregressive process.

Next, the distribution theory of any linear compound of
several quantiles for stationary autoregressive processes is derived
by extending our previous results for a particular quantile over the
entire real line. Again, this extension is possible by extensive
use of Sen and Ghosh's (1971) generalization of Bahadur's asymptotic
almost sure representation of the standardized form of a sample
quantile over the entire real line. Their generalization is briefly
indicated here.

Let the distribution function F(x) be absolutely continuous
with density function f(x) and sup f(x) = fj5 < . Let the empirical

%
distribution function be Fn(x) and

-1/2

K
g.(n) = n (log n) , K 2 1.

Then Sen and Ghosh proved the following.

Theorem 1.1.3. For every finite s (>0) there exists a positive

(1)

constant CS and a sample size n_, such that for n 2 n_,

(1.1.20) P{sup sup nl/2

|Fn(x + a) - Fn(x) - F(x + a) + F(x)|
x |al<g (n)

> Cél)n_l/q(log n)¥} < 4n~°



Hence

(1.1.21) sup sup {nl/len(x + a) - Fn(x) - F(x + a) + F(x)l}
X |a|<8K_(n)

= O(n—llq(log n)K),

with probability one as n > «,

The above theorem is first extended to the stationary m.-
dependent process where m o~ K log n, K being a positive number. This
extension along with the asymptotic reduction of a stationary auto-
regressive process to a stationary mn—dependent process enables us to
prove the same theorem for a class of autoregressive processes. Then
asymptotic normality of a linear compound of several quantiles for
stationary autoregressive processes follows easily as a corollary
of the theorem. An application of this result is made by finding the
asymptotic distribution of the 27% mid-range estimate for a stationary
autoregressive process and the result is also extended for the case
of random sample size.

One of the mostly used statistics based on ranks is the so-
called Wilcoxon score estimator which is expressed as the median of
the mid-ranges. This estimator is derived from the Wilcoxon signed
rank statistic (see Hodges and Lehmann, 1963) which can be expressed
as a Hoeffding's (1948) U-statistic as well as a rank order statistic.
The asymptotic distribution of Wilcoxon signed rank statistic for
stationary autoregressive processes is derived by first asymptotically
reducing it to a Wilcoxon signed rank statistic for an mn—dependent

stationary process and then using Rosenblatt's (1956b) C.L.T. for

11
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strongly mixing processes. Since Wilcoxon signed rank statistics can
also be expressed as a U-statistic, attention is concentrated to
generalize this theory to the study of the distribution theory of
U-statistics for stationary autoregressive processes. This is done
under certain regularity conditions. These regularity conditions are
somewhat more restrictive than those in Hoeffding (1948) dealing with
independent observations and appear to be necessary in view of infinite
chain of dependence in the series of observations. It is intended to
follow up the general case in near future.

In this generalization extensive use of Sen's (1963) extension
of asymptotic normality of Hoeffding's (1948) U-statistics is made.
First his extension is given below.

Let_gl,..., zn be a vector valued sample of size n from an
m-dependent stationary process having c.d.f. F(x) and ¢(ga1,..., z, )

r

be a statistic symmetric in the arguments 5a se vy ga HCTERE RN
1 T

Let us define the parameter associated with the c.d.f. F as

(1.1.22) g(Fl2, v eun, V) = E{¢(§al,...,;gar)}

_ - < v . - e e -
where P oy Vi, 0 < Vi < m for i i1 # iz? while for the

remaining r - £ - 1 values of i, Giy T %y >m, for £ = 1,404, T = L,

For & = 0, the parameter (1.1.22) is reduced to the following:

(o i+l
r

(1.1.23) g(F) = ELo(X, ».vvs X Yo, ,, - o, >m for 1 = 1,...,1T = 1}.
1
The statistic ¢(§a seo ey §a ) is termed a non-serial statistic,
1 r

whenever O T Oy >m for i = 1,..., r — 1. The corresponding
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symmetric estimator Uo(gl,..., gn) based on n observations is then

defined by

=1
(1.1.28) Uy (X 5eees X) = <§ - m + ﬁ) DO, s Xy )

r So r
where the summation Sy extends over all possible ( - m + ﬁ) sets of
r
Uyreens & satisfying Gug T 9% >m, 1 =1,.0s, * = 1, Also let
-1 i
(1.1.25) UK 5eees X)) = [n oK, seees Xy )
T S 1 T

where the summation S extends over all 1 < 0j <...< ur < n. Let us

assume for all (@y,..., ar):O < By T %y <m+ 1, fori=1,..., r -1,
(1.1.26) E(J6 X ,eens X )2} <,
~ag ~a

Let us put

(1.1.27) 005, 2eees Ky ) = ECO(R, »ever Ky » By s0es Bg )} - 8(F)

a 1 Naa ~oLa.-l-l OLr
for a=0, 1,..., r, where ai+1 - di >m foralli=1,..., r -1,
and let
_ 2
(1.1.28) Cao = BLOLE, seees Xy )}
1 a
(1.1.29) ¢

= E{0 (X seeey X )0 (Xg yeees Xp )3
a* (hl,...’ha) a ~a1 Naa a NB]. Ba

for a=0, 1,..., r = 1; where |ai - Bil = hi; 0 < hi < m for
i=1, 2,..., as but Iai - at| > m, !Bi - Btl > m and |ai - Btl >m

for all i #t=1,..., m. Finally, let

(1.1.30) 51 =Cy.0 7% 2 21 Z1en
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Then Sen (1963) proved the following,

Theorem 1,1.4., If E{|¢l(§i)|3} < », and (1.1.26) holds, then both
n1/2

(UE,,e o0k ) - 80} and o/ (&), 0008 - 8(O)) have asymp-

2
totically the same normal distribution with zero mean and variance r ;l.

We may note that zt in (1.1.,1) can be expressed as a linear

compound of g r=0,1, 2,,0.y ©». Essentially Hannan (1961) and

t-r?
Eicker (1965) considered a truncation of this linear compound and

wrote gt =Y + R where Xn is the truncated part and is the

R
~n,t ~n,t st ~n,t

residual, Then they approximated the linear function of the gt's by

the corresponding function of the Xn’t's, The latter function is again
linear in the independent errors g over a certain number of terms depend-
ing on n, and thereby they were able to use the C,L.T. But the kernel
¢(§l,...,5r) of a U-statistic is not, in general, a linear function of
its arguments. Therefore the above decomposition is not adaptable. The
non-linear nature of the U-statistic and the chain of dependence of the
successive observations make it quite complicated to reduce the autore-
gressive process to an mn—dependent process in which the above results
of Sen (1963) can be incorporated and extended to prove our desired
results. This, however, is done here through the following conditions:

i) For every ¢ > 0, we can find a positive number A such that if we

define the gqr-dimensional rectangle

A% = {5a seoesX :Ixa '[ < A, for 1 = 1,.c0,13 3 = 1,000,q}
r ibJ .
and I c is the indicator function of A¢ = RY' - A¥, then
A
3
(1.1,.31) sup sup E[I c|¢(Xn IEEEEEY S )71 <€
n l:gl<.,.<ar§p A 1 *r
and (ii)
3
(1.1.32) sup sup E[|¢(gn NI )71 < =,
n l<oa,<,,.<0_<n 71 *r
—1 r—

Under the above conditions, Sen's extension of asymptotic

normality of U-statistics for m~dependent stationary processes is
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further extended to the mn—dependent stationary process, where
m ~ K log n and K is a positive number. Again under the assumption
that the kernel ¢(§1,..., zr) of a U-statistic is either continuous
in its arguments or continuous everywhere except at a finite number
of strips with finite discontinuities, the U-statistic for the
original stationary autoregressive process is asymptotically reduced
to a U-statistic for the above mn—dependent process. This asymptotic
reduction along with the extension of Sen's (1963) results enable us
to draw conslusions about the asymptotic normality of a U-statistic
for stationary autoregressive processes.

Finally, several rival estimators (whose asymptotic distri-
butions are derived here) of location parameter for stationary auto-

regressive processes are considered and their relative performances

are compared with that of process average.

1.2, A Summary of the Results in Chapters II-V.

Let (X15 Zpseees xn) be a sample of size n from the k-th
order q-variate stationary autoregressive process denoted by (1.1.1).
We assume that in addition to the conditions (cf. Whittle, 1953)
necessary for the validity of the expression for xt as an infinite

(but convergent) series in the g , r=20, 1,..., the following holds:

t-r
§
(1.2.1) E||gt|| < o for some § > 0,
v 31/2 . ; . .
where !|§t|| = [Etst] - The joint c.d.f. of X and the marginal
c.d.f. of‘Xt j'are denoted by F(x) .and th]YX), and the j-th
»
variate p(j)—quantile'is denoted by E(J) where

p(3)°
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(J)] IERC) FPSIN ) I
(1.2.2) F[ ][ p(9) ) 0< p < 1; 3 1,000, Q.
The j-th variate sample p( )-quantlle is denoted by
1.2.3 23 = xr(lj,i r=tmpP1 41, 5-1,..., 4
where X(J) éig S.eS Xéfi are the ordered values of Xl,j""’ Xn,J’
for j = 1,..., q. Let
1) @Y ) @Y
= q - q
(L.2.4) 2 (zn beoes 2 ) , “EE <p(1)"”’ gp(q)>
For the j-th variate, define the empirical c.d.f.
n

(1.2.5) Fnj(x) = iil clx - Xi,")’ —o < X <
where c(u) is defined in (1.1.14). Let

(G) = oo, (3 _ (3 .
(1.2.6) In {x'gp(j) a < x < gp(j) + an}, 3 l1,.¢.5, ¢

-1/2 .
where a ~n log n as n > », Also define
(1.2.7? o= (g j/))J,J “1,eie,d

- (3) ] [ G" H

ArSS B i t ' ]

Vi3t i;‘i{“ °°"[n3 P(J) S
and
(1.2.8) T = ((1;,0), :r ; - ./[ (&: . (s‘jf).):[

= 33'773,3=1s e e5q” 33 (305 ) Frat1(5%am

where f[j](x) = (d/dx)F[j](x); sy 3" = 1,005 4o
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Then in connection with quantiles for stationary autoregressive

processes, the following two main theorems are proved in chapter II.

()

Theorem 1.2.1. If in the neighbourhood of gp%j)’ f[j](x) ig finite

continuous and positive, then as n > =,

(1.2.9) sup{} |:Fnj(x) - By [g;{;)ﬂ - E'[j](x) - p(j):H:x e Iéj)}

/

-3/4
= 0(n log n),

with probability one. Further, if ij](x) is bounded in some neigh-

bourhood of g;iﬁ), then as n + =,
/205G @) (3) -G | (jﬂ}‘
210 | {\_Zn £p(3) f[j][%(j)] ¥ E’nj[%(j)] P

with probability one, for j = 1,..., q.

Theorem 1.2.2. If F(x) is absolutely continuous at gp with finite,

-~

positive and continuous marginal densities in some neighbourhood of

gﬁ, and if v is positive definite, then

~

(1.2.11) L2z - 61 + 1@ Dy asn oo

In the first part of chapter III, for stationary autoregressive
processes Bahadur's asymptotic almost sure representation of the
standardized form of a sample quantile is generalized over the entire

real line. In connection with this, the following theorem is proved.

-1/2

Let g(n) =n log n and let us suppose that F ](x) be’

[J

absolutely continuous and sup f[j](x) = foi < =, Then we have
. X .
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Theorem 1.2.3. As n = o,

(1.2.12) sup sup {nl/2|Fn (x+ a) - F ,(x)-F
X a|<g(n) 3 nJ

(3 +a) + Fy GO}

-1/4

= O(n log n),

with probability one.

With the help of the above theorem and (1.2.10) the asymptotic
multinormality, dexived in chapter II of a sample quantile (vector)
for a stationary autoregressive process, is generalized here for a
vector of linear combinations of several quantiles. An application
of this result is indicated and under certain conditions the result
is also extended for the case of random sample size. Further, the
chapter III contains a method of estimation of wvariances and
covariances of sample quantiles and hence the variances and
covariances of linear compounds of several quantiles. In connection

with the estimation problem the following two theorems are proved.

D) 2 @ 4 ol

Theorem 1.2.4., Let o = np log n), and let sj be the
u(j>—th smallest observation among (X, ,,...,X .). If
n 1,3 mn’J -
T ENCONCA N _3_GY
(1.2.13) ¥y, {Fnjj,(sj,sj,) pp }+hzl{Fnjj,h<sj,sj.) p-p 7}
™
$H_G"H
+ {F ,1..(8.,8,,) - }
]:21-__1 nj'_‘jh( J’ _‘]') % P
where
n
-1
(1.2.14) Fnjj.(u,v) = n 121 c(u - X v =X g)
n
-1
(1.2.15) Fnjj.h(u,v) = q izl c(u - Xi,j’v - Xi+h,j')
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1 foru>0,v>0

(1.2.16) c(u,v) =
0 otherwise

then
\;.1 F V.., Js j' = 1,. el

(1.2.17) it p 33
Theorem 1.2.5. Lét u(j) ( ) - cln(nl/2 log n), u(J) p( i) +
czn(n 1/2 log n) where ¢in and c,, 2re positive constants such that

(3) (J)
(1.111,2 n, ) + » ag n > =, but ¢n and Con both converge to zero
as n + «., Also let Sj  be the be the u(J)—th smallest observation

among (Xl j""’xn ,). Then for each j = 1,...,9, as n » »,
9

i) _ &P (3 _
(1.2.18) [J](E (J)) = (un’z - “n,l)/n(sj,z Sj,l)

()
[j]( ()’

¥

with probability one.

In chapter IV first, the asymptotic distribution of Wilcoxon
signed rank statistic for stationary autoregressive processes is
deduced and then the theory is generalized for a class of U-statistics.

Let ¢(§u R ) be a statistic symmetric in the arguments

1
X, ,gu . oy < o< ar, and
1 r
n_l
(1.2.19) UGG sennB) = (r) I 4G, sennBy )
S 1 r
where the summation S extends over all 1 20 <. <@ <n

Let us define
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(1.2.20) g(F)) = E{qS(zn’al,...,zn,ar)|oci+l-cxi>mn for i=1,...,r-1}
where Zn i and m are defined in (2.3.5) and (2.3.6) respectively.
]
Further, let Xl"°°’zr be r.i.i.d.r.,v. each having the d.f. F and
g(F) = E{¢(Y;,..., )} then Lim g(?n) = g(F). Let us put
n-
(n)
(1.2.21) ¢a (xn,a ’°°°’xn,a )
1 a
= E{dJ(x ""’z ,Z ’.lt’ )}_g(F)
ny0y n,a ’Sn,a_ g
for a = 0,1,.,.,.,r, where Ggpp — % > My for all i=1,2,.,.4r=1,
and let
(n) _ (n)?
(1.2.22) ta.0 ~ ¢a (Xn o ’°"’Xn,a )}
1 a
- (n) (n) (n)
(l.2¢23) C : - = E{q) (z ’IOG’N )¢ (N ,ooo’Y )
ae(hl,o..,ha) n,oy n,0, n, B n?Ba
for a = 0,1,...,r; where|al i| = hi; 0 < a, j_mn for i=1l,...,a,

but |ai—at| >m, |Bi-6t| > m_ and |ui-6t| > m  for all i#t=1,...,n.
Finally, let

(1.2.24) ¢, = lim (c(n) + 2 § c(n))
n - ® h=1

Then in connection with U-statistics the following theorem

is proved:

Theorem 1.2.6. Under the assumptions (A) and (B), stated in

l/z{U(gl,o.,.gn) - g(F)} is asymptotically normally

distributed with mean 0 and variance rzcl.
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In the end of the chapter, the asymptotic distribution of the
median of the mid-range estimate (vector) for a stationary auto-
regressive process is obtained as an application of the earlier

results of the chapter.

In the final chapter several rival estimators (median, 27%
mid-range, median of the mid-ranges and mean) of location parameter
for stationary autoregre;sive processes are considered and their
relative performances are compared by their asymptotic relative
efficiencies. Some A.R.E. values are tabulated for univariate

Gaussian autoregressive processes.



CHAPTER II
BAHADUR-REPRESENTATION OF SAMPLE QUANTILES IN SOME

STATIONARY MULTIVARIATE AUTOREGRESSIVE PROCESSES.

2.1, Introduction

In this chapter, we are concerned with the limiting properties
of sample quantiles in a general class of stationary multivariate
autoregressive processes where there is dependence among the successive
observations. The standard technique of deriving the asymptotic
distribution of a sample quantile for i.i.d.r.v. [cf. Cramér (1946,
pp. 367-369)] usually encounters considerable difficulties in the
multivariate case or in the case of dependent random variables. An
alternative simple approach is as follows. Let Xn;r be the r-th order
statistic of a sample Xl,..., Xn of size n from a distribution F(x).

We let r = np + o(/n) (0 < p < 1) and denote by Ep the p-quantile of

F. Suppose F'(&p) = f(Ep) exists and is positive. Then, with c(u)

defined in (1.1.14), we have for every fixed u,

(2.1.1)  PIX g + a2y

—l/zul

LR BN S +
Plat least r of Xl’ s Xn gp n

-1/2 ® -1/2 . -1/2
PE iil{c(gp + n u - xi) - F(gp +n u)}

> v/n {-E- - F(Ep + n—l/zu)ﬂ

n



_l/2u _ Xi) _ F(Ep + 1’1_1'/2‘11)]'

\ n {C(E + n
= PE‘H/Z L E 7 1/2 1/2
i=1 {F(gp +n 20 - F(E + W)}

uf(ﬁp)
> -
i {p1 - p)}l/2 ' O(l):‘

and hence, the asymptotic normality can be obtained by using an
appropriate form of a central limit theorem applicable to the double

—1/2u - Xi)’ i=1,..., nl,

sequence of random variables {c(€P + n
n = 1, This approach appears to be applicable for multivariate as
well as dependent random variables. However, in refined statistical
analysis, we are not merely satisfied with this weak convergence of
sample quantiles. For i.i.d.r.v.'s, Bahadur (1966) has considered

an elegant asymptotic almost sure representation of a sample

quantile, which is further extended to the case of m-dependent
processes by Sen (1968b). An important by product of this a.s. repre-
sentation is an alternative proof of the asymptotic normality of the
standardized form of a sample quantile; the cases of several quantiles
or of a linear function of quantiles also follow more easily from this
representation.

We derive an analogous representation for an mn—dependent
process, where we let m ~ K log n, K being a positive number. Also,
we show that insofar as the asymptotic behaviour of a sample quantile
is concerned, a stationary autoregressive process may as well be
replaced by a suitable mn—dependent process, with mo~ K log n.
Combining the above, our conclusions about the limiting behaviour of a

sample quantile, including its asymptotic normality, follow readily.



2.2, Preliminary Notations and Assumptions

Consider a sequence {§t, t =0, #1, +2,,.,..} of stochastic
q(21)-vectors from the multivariate autoregressive process defined

in (1.1.1). Using the forward operator E as

r —_—
(2.2.1) E Xt,j = Xt+r,j’

we may rewrite the set of equations in (1.1.1) as

q k
(2.2.2) z z
2=1 r=Q

(r)Ek r

%52 t-k, s 3 =1,00., q; for all t.

= e B
t,3

Again, if we write (when a§g) 2 0, otherwise take a lower degree

polynomial)

(2.2.3) ‘%2 §2)( fi)>...(? - eéi)), s 2= 1,004, 4,
where efg),..., eég) are the roots of

(2.2.4) 1; FIEr s 0, 4, 0= Leens o

=0 %52

then (1.1.1) may be rewritten as

(2.2.5) VX g, where V = ((V ))J o=

Nt_k ,-o-’q.

(J)l

Our first assumption is that all the |e , T =104, ks

j, 2= 1,..., q lie in the semi-closed interval [0,1), i.e.,
(2.2.6) 0 <  max max le (J)| =e* < 1.
r=1,..0,k 3,021, 000,q

Under (2.2.6) and proceeding as in Whittle (1953), we have

(2.2.7) X = b for all t,

t-r’




/7 ()
= 4 1 . = X 1
where Er iﬁbjl ;)j,2=l,.. .’ r 0, 1,... are all q q matrices of

constant coefficients, where b

(1)

roots el s 8 = Lyeesy k3 3,2 = 1,000, q. If the errors &t have

(3
2

r is a polynomial of degree r in the

finite second moments, it can be shown (along the lines of Doob (1953,

p. 503)) that
(2.2.8) 6551 < crBe)T , for all 3, 1, T,

where C and g are two positive constants. We shall see later on that
we do not require the existence of the second moments of Eee Hence,
we make (2.2.8) a part of our basic assumptions. For clarification
of ideas, we touch briefly the univariate case where q = 1l. Here

g = k = 1. Thus, when k = 2 and the two roots e; and e; are equal
(to e), b(r) = (r + 1)er, while if e; = es, Ib(F)| < (r + l)(e*)r.

In general, Ib(r)! < (k + r - l\(e*)r < Crk_l(e*)r. Note that (2.2.8)
r

J

insures that for every § > O,

(2.2.9) I |bj(;:)|6 <o for all j,8 = 1,uee, q.
r=0

Our third assumption is that

(2.2.10) E||£t||(S < o, for some § > 0 (need not be 21).

In fact, when (2.2.10) holds for § = 2, and we denote by

(202011) ' E =E[X§_ ], h=0, 1,..-,

then the matrices A,, A;,..., ék in (1.1.1) satisfy the generalized

Yule-Walker equations:
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(2.2.12) % .émgr+h =0 for h =0, 1,..., k,
r=0

and the QT can then be expressed in terms of the elements éb""’ A .
The joint mdi.of&t is denoted by F(x), x € Rq, the g-dimen-

sional real space and the marginal c.df of Xt,j’ the j-th component

of §t’ is denoted by F[.](x), j=1,..., q. By the assumed (absolute)

continuity of G, F and all the F[ ] are also (absolutely) continuous.

Thus, there exists a unique vector ép = ( ((3),..., E(q) ) (where

P p(q)
0 < p(J) < 1 for all 3 = 1,..., q), such that for every € > 0,

3 ) ()
(2.2.13) F[j}(ép(j) €} <P

_ (4) ) ( (3) ) _
F[j](gp<j) <SFunspy T8 d T b a

(1

£ _1is termed the vector of population (co-ordinate wise) p ~’-quantiles.

P

For a finite time interval T = {t:1 <t <n}, let {X,..., gh}
correspond to the chance variables associtated with the sample of size n
from the process in (1.1.1). The ordered random variables on the j-th
variate are denoted by X(J) <ees< X(J), by the continuity of
F (and hence of F[j])’ ties among the observations can be neglected,

with probability one, for all j = 1,..., q. The sample p-quantile

1
Z = (Z(l),..., Z(q))' is then defined by
~n n n

(2.2.14) éj) = X(Ji §j=1,..., q, where pj = [np(j)] + 1,
"3

and [s] is the largest integer contained in s. We are primarily

1/2
interested in the asymptotic behaviour of n / (En - EP). For this,

~

we introduce the following notatiomns.



For the j-th variate, the empirical c.d.f. is defined by

(2.2.15) Fnj(x) =n 151 cl(x - Xiﬁ?’ —0 < X <@y = lyeaey Qo

_ 1/2! /(1) (1)
F - s
We denote the dispersion matrix of n n1<§p(1)) P

(q) ) (q)‘[
oo - b Lat :
’ (gp (@) " P Voun = (Oggqed)y goy ... ,q Later, we
shall show that lim y_ = V¥ exists and is finite. Also, we denote by

1->00

(2.2.16) f[j](x) = (d/dx)F[j](x), f[j](x) = (d/dx)f[jl(x),

and assume that both f[j](x) and ij](x) exist for every j = l,..., q.

Other notations will be introduced as and when necessary.

2.3. Almost Sure (Bahadur) representation of Zn

As in Bahadur (1966), we let

(3 _ (1 @) .
(2.3.1) In {x P(j) - a <x < Ep(j) + a;}, J=1,000, 4,

where

(2.3.2) a_ ~ n_l/2 log n as n - «,

Then, the main theorem of this section is the following.

Theorem 2.3.1., If in the neighbourhood of g;g§), f[j](x) is finite

continuous and positive, then under (2.2.6), (2.2.8) and (2.2.10),

X € Iéj) }

as n > o,

(2.3.3) sup{lEiﬁ(x) - F ( ;%;))} - [%[j](X) - p(ji]

3/u

=0 (n_ log n) ’

27
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with probability one. Further, if £, .,(x) is bounded in some
(il

neighbourhood of E;%;), then as n - «,

12§13 (9 ( (3) ) [ ( 3) ) _ <j>]}
@36 |a {I%n il (5t + s ) — 2l

—-1/4
= 0(n / log n),

with probability one, for j = 1,..., q.

For proving the theorem, we require certain basic results,

which are considered first. Let us:define

m
n oo
(2.3.5) Xn,i = z 'grgi—r’ ’Bn,i = z E‘rgi-r, i-= l"z’.:f’..r:’
r=0 r=mn+1 SoLw '

where the gr are defined by (2.2.7), and where m is a positive integer

such that

(2.3.6) m ~ K lognasn >« §p* = ¢ > 8,
K is a positive constant, § is defined by (2.2.10) and we write

(2.3.7) e*=eP

where by (2.2.6), ;f > 0. Let then

n

-1 1

(2.3.8) F:j(x) =n z c(x - Yéji), -® < x <o §=1,,,., 4q,
i=1 ?

be the empirical c.d.f.'s of the q components of the ¥ The true

~n,i°
c.d.f. of Y(J)
n

is denoted by
,1

(2.3.9) Fn[j](x) = P{Yééi]s x}, o < x <o, §=1,..., q.

The joint c.d.f. of (Xi 1) 1is denoted by

.37 i+, ]



(2.3.10) Fry,irnC ) = P

29

< <
1,5 5% X, g0 5 Vh

{}
and the joint c.d.f. of (Y<J) Y(J) ) is denoted by

i* "n,ith
~ (J) Gah < v}
(2.3.11) Fn[j,j.]h(x, y) = P{Y s x, Yo ith = v},
j» 3" =1,.¢s, ¢s h =0, 1,.... We assume that the joint density

= 2
(2.3.12) f[j,j']h(x, Y) = ((S /5X6Y)F[ -l]h(x’ Y)

also exists for every j, j' = 1l,..., q; h =0, 1,... and is finite.

Lemma 2.3.1. Under (2.2.6), (2.2.8) and (2.2.10), for: c (0 <; c <. 'c/ ),

there exist two positive numbers c, and ¢y such that

\ ~(c-c )
(2.3.13) P{]Réjil > czn‘cl/G}Sc n -1 (log )&% s 3= 1,000, q,

where Réji is the j~th component of Bn i and ¢ is defined in (2.3.6).
H

H
[Throughout this chapter, we shall exclusively deal with 6:0 < § < 1,
with a remark that for § > 1, the proofs become comparatively simpler

and we can still work with some §' < 1,]

Proof. By (2.2.8), (2.2.9) and (2.3.5),

(3) 6 (r) 8
(2.3.14) EIRh,il < 2 - Ib I E| i r,SI
r>m s= 1
n
q 8 8
= I Ele, S| {z IbJF:)I J
s=1 r>mn
sc® 1 omle, 1%z BT
< €l s (e”) }
s=1 ’ r>mn
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Sm
= $8roxy N
o(tn 1%8(ex) )

= O((log n)ég e © log n) y
as m N K log n, e* = e—p* and ¢ = §p*K. Hence, by the Markov
inequality,

- 8 -c
@y . ¢/ - DI
PRIl 2 en e mRB)S 2 S
c .
< CEG a L E[rY))S
- n,i
-(c-cq)
= O(n 1 (log n)6% . Q.E.D.
Lemma 2.3.2. Under (2.2.6), (2.2.8) and (2.2.10), for every .-
c = Kp*§(>8),
_F A )y, -d _

(2.3.15) sup{|F[j](x) Fn[j](x)]. ern } o= o ), J=1,...,q,
(2'3'16) sup {SUP[IF[j ,jl]h(XSY) - Fn[j,j']h(x’y)I:XEII-(;j)’YEIr(;J')]}

h=l’..0,mn
_d © (3 ]
= 0(n ) for all 33" = 1,.00,q,

where 0 < d < ¢/2 and d can be made greater than 1 by proper choice

of K.

Proof. By definition in (2.2.7) and (2.3.5), for all eréJ)

~ e ) )
(2.3.17) Fn[j](x) = P{Yn,i_f_x} = P{Xi’j_<_x+Rn’i}
. : -c, /8
S-P{Xi,j < x+ Régi, Réfi < cn 1 }
-c, /8
+P{R1§j’iic2n 1
-c, /8 c, /6
_g_P{Xi,j <x+ cn 1 P+ P{Ré?i-i c,n !



-c. /8 -(c-c.)
= F[j](x + ¢,m 1 )+ 0(n 1 (log n)gé), by Lemma 2.3.1.

-c, /8§ -c

](X) + O(n 1 ) + 0(n l) as ¢, < c/2,

i3
)

and as f[j](x) is bounded in In By assumption § < 1, and hence,

-C

(2.3.18) F 16 + 0 1

(3
n[j )s ¥ XEIn

],x. < F

[J

In a similar manner, it follows that as n - =,

=C

(2.3.19) F (60 2 F 60 -0 D,V xer P

(3 (3

Thus, (2.3.15) readily follows from (2.3.18) and (2.3.19), by letting

d §_cl.

s 1
Similar to (2.3.17), for all x € Iéj), y € IéJ >, we have for

large n,

- P{Y(J) < x, ¥ Gg" <y}

Fn[j,j']h(x’y) n,i — n,i —

- (1) Ga"n
= P{Xi’j.i x + Rn,i R xi+h,j, <y+ Rh,i+h}
. 1]
< Plxg g 2x+ RO, X, o<y + RUD, L RA)
-c./§ -c. /8
1 " 1
< c,n » B en < Con }
. -c./$ . c,/8
) . 1 G" 1
* PRy zepn > Rui+n 2 ©2° }
< P{X <x+e¢c n-cl/6 X <y+ec n—cl/ﬁ}
= 1,j — 2 *M4h,jr =Y T G2
. -C /6 st -C /6
+pRY) sen Uy prU) o 1)
H b
—cl/G —Cl/G
= F[j,j']h(x + c,n ,y + c,n )
-(c-c,)
+ 0(n ! (log n)gd),

by lemma (2.3.1)

31
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-Cl/a) + O(n_cl) as ¢, < cf2
= F[j,j']h(x’y) + 0(n ’ 1
and as £, .,q,. (x,y) is bounded for x € I(j), y € I(j'). Again § < 1
[j 3] Ih n n -
implies

(2.3.20) F

—-c . .
n[j,j']h(x’y) < F[ ,]h(x,y)+ o(n 1),V X eIéJ),ye:Iij ).

Similarly, it also follows that for large n,

~ &) G"
Fn[j,j']h(x’y) 3_F[j’j,]h(x,y) - O(n ) Y x sI ,Y aI
Hence the above result and (2.3.20) imply (2.3.16) where d <y
Q.E.D.
Let us now define
*
(2.3.21) Y &) - FRICIR P IRIRT
where
(2.3.22) \):jj'('g‘N) = n covar[F: (%))) F 1(515%3)))], J’J -l »q.

Further, if gn is defined as in section 2.2, then since Fnj involves
bounded values random variables and the xi,j satisfy the strong mixing
or ¢-mixing condition (viz, pp. 166-168 of Billingsley, 1968) it is
easy to show that the conditions of his lemma 3 on page 172 hold, which
ensure the existence of lim vy . Then let us define lim N, = Y

X
n+® n-+e

where

3 ) @GN L@ <j'>}
(2.3.23) x (G i3 D)3 V3 {’[J,J ](;p(j)’gp(j')) PP

T ¢ LG"
+1£1{WjJWh@pu>‘p@w
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G G\, 3 G
*F[j',jlh(gpu)"”p(j')) e }
j’j'=l""’q’
and for j = j', h = 0, F[j,jlo(géii)’ ;%;g is equal to p(j). Then, we

have the following.

Lemma 2.3.3. Under (2.2.6), (2.2.8) and (2.2.10), v is finite and

(2.3.24) lim o= lim v*(g ) = v

~

n > o« n—>00

where v and ij' are given by (2.3.23).

Proof. v being a matrix, to prove its finiteness, we have to show
that vjj' is finite for every j,j' = 1,...,q9. We first show that ij
is finite for every j = 1,...,q. Then, this will imply finiteness of
v,., for every j,i' = 1,...,q.

i3

We note that
2
@ - @ (<-> <->> €D
V., = 1- + 2 {F 370 - }
ii P ) z [3,310\5p(3) *p(5)) 7 P
and its first term is bounded by 1/4. To find a bound for the second

term, we write

3 L@ . (1 g3
- h-1

_ (r) (1) ®

= P{rZO Szl js i—r,S <g p (i)’ rZO szl bjssi-l'h-r,s

() JE))
+ rzh silbjs i+h-r,s —-gp(J) }



© q
(x) (3)
P .
= {rZO szlbjs €1-r,8 <50 ()’
h-l q © q
() (3 8(o* T
b C
rZO szl js Sivh-r,s < Sp( F rzh Szlr R LR
by (2.2.8) .
Let us write
© q
- 3 g(e*)T
(2.3.26) U Y ) b+ r)8E® |€i-r,s|
r=0 s=1
and proceeding as in (2.3.14), we have
8 = 3 8 8§, %18
Elul® < [ 1 Ele,_ P+ 08EHT <=,
- -r,s
r=0 s=1

so that by the Markov inequality,

h/2}

(2.3.27) P{U > (e*)” sh/2 O(e*)‘Sh/2

S, .
< E[ul’e
By (2.3.25), (2.3.26), and (2.3.27), we get

3) D)
(2.3.28) F[Lj]h@p(j)’g(p(j)

© q h-1 q
(r) (3 (x) ()
= Pé;zo szlbjs “i-r,s 5-Ep(j)’rz0 Szlbjs €ith-r,8 = p(J)

+ c(e*)h U}

® q h-1 ¢ .
() (3) (r) )
= P&ZO Szlbjs fi-r,s = & (j)’r_i__0 Szlbjs €i+h-1,8 = 55 (4)

+ C(e*)hUs

U 5_(e*)_h/2} + P{g > (e*)'hlz}

34
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<P{ Z Z b (T g3 }P{hZ 2 T < £ 4 cet)l/?
e gop I8 ®i-r,s = (j) re0 g=y 38 i+h—r,s - >p(j)
+ P{U > (e¥)P/2)
S PX o< E(%i)}P{Xi+h,j <6892 4 2 ce?) 4 2pty > (e P2

p(3)

’

(3 (3 * h/2> #,6h/2

and using the Taylor theorem, we have from (2.3.28),

(2.3.29) F[j,j]h(fip(J),Ep(J)) 31 Ep(j)) + 0(e*)

Proceeding in the similar way we can easily show

LD DY, 2 (3) \_ /. %\0h/2
(2.3.30) Fli,i1m p(j)’gp(j)> —-F[jl(gp(j)) 0(e™)

Since F[ ]( ;(ig = p(j), from (2.3.29) and (2.3.30), we get

) (j>>_. (D2) _ . 6h/2
(2.3.31) IF[J,J]h(gP(J)’EP(j) P , O(e*)

and by (2.3.31), the second term of vjj is also bounded.

By use of the Schwarz inequality and the finiteness of vj ,s We

get lv ,I < VJ,J =1l,....,q. This completes the proof of

finiteness of Ve

Since limy = 1lim v*(gp) for proof of (2.3.24), only we have

PR - B

to show that. lim v*,,,(§.) = v.., for ever j' =1,...,q9. First
n+°°nj3| §E, JJ' Y -J3s] ’ »q

vjj' being finite, we see that, we must have
., G LA\ WG9,
(2.3.32) 2 RLTRT ]h(p(j>’€p(j.'>> P
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so that
33yl s ) - #OO 0
Next using the definition (2.3.8), we obtain for every j,j' = 1,...,q,
(2.3.34) BFs (%%))] - T (Gt )

and

] @ ) g (G
(2.3.35) vngfj.(,g ) =n covarFﬁij(j))’Fnj'(P(J ))]

lEE ((g(J&)
1369

]

o (J)

ey ~ (J) (3
n i n[j]éP(J)B{ (é(j ¥ )

(J )))

n[J ] P(J )
(3) - ((j) £ ¢ )
n 1 n[J] p(j) p(j') n,i

= ("
Fn[j‘]ép(j'))}
(J) o (3)
e Fn[jlép(j))}

(J ) (J ) % (J )
YR I o, e n[J] D

g(J) G ) (J) E(j')
n[J,J] p(J)’p(J) n[J] p(J) n[j‘] p(3")

" p-h
NBY: £ G
o 121-1 1=l%n[j’j']h<p(J)’£P(j')>

e (3"
Fn[j](pu)) nlj’ ]Gp(j'))}
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-1 mn n-h

+n ) Yo ((3) (J)\_ (J) é(j)
h=1'i=1{Fn[j' ,jlh gP(J)’EP(J ) n[j] p(j)) n[j"'ICp (5’ ))}

2 @ LGY s 4Dz (4"
Pas,3'] gp(;')"%)(J")) Fals) EP(J’))'Fn[j'](p(j "

I'lln
_ by () QD)3 &) £
* 121=1 e N PR L YEPERNEL n[J]@P(J)) p(j'ﬁ}

(i

m
n PMCIP) (3 ((
+.}Zl Qa ){F alj Ep(j)’gp(j')> n[J]( P(J) 3¢ p (3"

"53]k
so that we can write

% = i - {
(2.3.36) lim vn'j'(ép) lim Jl + 1lim J2 lim J3 + 1lim J
n >« ~ n > « n > « n > « n > <«

4

- 1lim JS

n > o

@ G ) _ Gah
n[j 3'] ép(j)’ p(3" ) n[J](P(JQ n[j' ](P(J )>

where

7 % {n[j,J 1 Eoth i) Fars Go) Fas RN
n

5ol %é’nt- BANOS (%j)): [3 1( 0y Farsn (ot ))3
81 is] ()% n[jl{"p(J i"1(% (3
mn . . '

T4 " Eﬂ{;‘n[juj]h %EJ(g)’E;J(j))) n[j]g(g)cjﬁhfn[j'] Eéju?))f’
mn . : . s 1 '

I5 = 1§=1 %{hﬁn[j',jlh (EIEJ(;)’£I(>J(3'2 B I1n[j] P(J) Fars ](515(3)9}

stnee |F (5,50 (;%;)’Eé(i')) Fargy b5 Fats ' 5;3325‘21’
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(2.3.37) |J3| < Z h/n v (K log n)(K log ntl)/2n + 0 as n + =
h=1

and similarly |J5| +~0as n > e, By (2.3.15) and (2.3.16), we have

) 3 LG > (3 G"
(2.3.38) nlimel Fri,se ]GP(J)’ (3" ) TPOP '

Also by use of (2.3.33), we get

ISR C PG §|

(2.3.39) |J 2 [J,J ]hép(j)’gp(j'

m
(3 (J') _ ) (j')
5—2 'F nl3,3' 1h(€p<3>’ p(3"Y T Fi,ge ]h(gp(a)’ p(j'>>|

G\ GY G"
+2 IFrl[:J](gP(J) Fals! ]Gp(j')> e R

v AR IR TR C P E R
PR TR N YRR |

n
-+ 0 as n > «,

since by (2.3.15) and (2.3.16),

m

3 LG ) (J) @ )
(2.3.40) 2 g, Jh(%(ﬁ' o) Fag ]hG(j)’%(;

= o(n_d'log n) >0 as n > »,

and
m

(J) 4" )_ p(J')p(j')|

(2.3.41) er lIFn[J](Ep(J) nlj' ]rgp(j'>

mn
} 4" @\ (j)}
NEATE Gty >)(n[j1 )P

(), ~ <<j'>>_ GgY
e gnlGen) e
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m

(J) (J) GYY _GYH
gai*f‘n[jl(’gpm [+ 1 (5t ) -9

A

O(n_d log n) ~ 0 as n > «,

Similarly

_oT (3 LG\ __G_GhH
(2.3.42) |3, 1 (Pl ,ﬂkl@p(J),ap(j )> p~p 7}

- 0 as n - o,

The proof of (2.3.24) follows readily from (2.3.36) - (2.3.42).

Lemma 2.3.4. Let {Zi} be a sequence of mn—dependent binomial random

variables, where EZi =p, 1 >1, and m " K log n as n »+ =, Let then

- 4 T = * = 1 *
[(n + mn + 1 J)/(mn + l)]’ J l:°°'smn, n ) min (nj)’ and
j=l,...,m,
(2.3.43) Y, = c*(n*) 1/{(1og n*)p(l - p)}l/2 cfz > 2,
Then
© 1 n
(2.3.44) Lo Pl ¥ zg - pl >y ¥ o<
i=1 i=1

Proof. Consider the partial sums

co + Z = l,2,..°,mﬁ+l.

. .t Z, + . j
fe ’
jsn 3 J+(mn+1) 3+(nj l)(mﬁ+l)

Then the lemma follows in the similar way by putting p for p; 0 in
b

Lemma 2.1 of Sen (1968b). The only difference is that instead of

(2.22) of Sen (1968b), we get in this case
(2.3.45) n? yn2/2p(1 - p) > (1+ 8)log n*;6 > 0, (mn + )n* v n.

As m "~ K log n for large n, n* * n/K log n so that for adequately
large values of n, we have

-1 1+86

(2.3.46)  Pin Z, = » v} < c,(log RSN

[ atets]

i
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where ¢, is a finite positive quentity. Similarly, for adequately

large n,

1+6, 1+6
n

-1 2
(2.3.47) Pi{n izlzi -p ijn} §_c4(log n)

/

For 0 < 6§, < 6§, we can write

0

S

1+8 /n

145 18, "0, 1+ (8-60)

c,(log n)  /n c,[(log n) 1/

= I+y
= c4un/n ,

s
where y= § - 60 > 0 and u = (log n)1+6/n 0.
Now u, 0 as n > » go that for every fixed € > 0, there exists a n,

such that u <€ for n > g Hence for adequately large n,

1+6, 1+6 JalFY

(2.3.48) c,(log n)™ "/n S guE

(2.3.46), (2.3.47) and (2.3.48) along with the fact § n (¥ a
n>1l
imply (2.3.44). -

Lemma 2.3.5. Let “nj = np(j) + <>(n1/2 log n), 0 < p(j) < 1. Then,

if f[j]({pg;) > 0, XTE:E)NIﬁE Ir(lj), j=1,...,9, with probability one,

as n » =,
Using Lemma 2.3.4, the proof follows along the same line as in

Lemma 2.4 of Sen (1968b), and hence, is omitted.

Proof of theorem 2.3.1. In Lemma 2.3.2, by proper choice of K, we

take d > 1. Thus, to prove (2.3.3), it suffices to prove that as

n + », for every j = 1,...,q,

‘ (3) % % )\, (3
(2.3.49)  supt|[Fx, (o) = FX, (G301 = [F 1060 = F gy (5,050 e, )

~3/4

= 0 (n log n),
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with probability one, and

-3/4

(2.3.50) sup{IF (x) - F* (x)|:x e I(J)} = O(n log n),

with probability one.

To prove (2.3.49), we consider a sequence'{bn} of positive integers
such that bn N n1/4 as n - », Then the proof follows by the same
technique as in Lemma 1 of Bahdur (1966), provided his (13) also holds

for the mn—dependent case where m n K log n for large n. By his

definition, Gn(nr,w) (see (5) and (13) of Bahadur) is equal to

i, 68 + =) - (2

= () 3/4 _ (1
[Fn[j](gp(j) +m log n) Fn[jl(gp(j))}

where r ( < b ) is a positive integer. The above can also be expressed

z (Z (j) (j)), where Zi(j)'s are mﬁ-dependent binomial varables

J3) .3 &) -3/4 S &)
and p Fn[j](Ep(j) +rn log n) - Fn[j](gp(j))' It therefore

follows from 0 < f[j]<5 ) « that for n sufficiently large,

p(J)
0 < p(j)§p§=n_l/2 log n for all r j_bn. Hence by (2.3.44) we can
select y_ = ci n—3/4 log n, with c;2/2cg sufficiently large, and this

along with (2.3.45) and the Bonferroni inequality gives us
-v
(2.3.51) max  P{|G_(n_w)| > v} < 4e
r(<b
—n
where
(2.3.52) vo=- %-1og n + cﬁz nllz(log n)2/2[c:=§n1/2 log n +-cinl/4lognJ

-1/4 + c42/2¢§
= logn [1+0(1)]
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If -1/4 + ci2/2c*2 is chosen greater than 1, then use of (9) of

Bahadur (1966) completes the proof of (2.3.49).

To prove (2.3.50), we consider the same sequence'{bn} as defined above.

Let us then write n(J) (%§)+ ra_ /b (where a is defined by. (2.3.2)),

- (J) (J) (3)
for r = 0,+ 1,...,+ b o> and let I ron be the interval (n 22N, n),

r = —bn,...,b -1. Since both F and F*, are non—decreasing, we have

nj nj

for all x ¢ I(J),
r,n

(3 €)) (3 (3
Foy )™ Fay M3l p) < Fuy @) = Fpu G < Foa(ngy 0= Fro(no)

and consequently, we get

- F* (j) (j)
(2.3.53) |Fnj(x) Fnj(X)Ii's-$T:+1|Fnj ) )|
+ 1m0 - B e
This implies
(j) * (J)
(2.3.54) sup | F .(x) - F¥ (x)| < max ]F ) - FX (g )|
eréj nJ nJ T 5p J nJ
* (j) (J)
' -bni:'?;:n'llF 23 (et~ Py (7,20

Let us now denote by G

‘ n[j
(2.3.55) Eanj(nﬁfi) - sz(nifi)l

](x) = P{IRéji] < x}, 0 < x < =, Then,

B alen® v -28) - e - 1O

1=1 n,i
—cl/S
c,n :
T B
(j) v (3)
°F Meon = nai %o + x}dGn[j](x)
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-c. /8
+ P{er(l:fi] > c,n 1

-c. /8 -c

= 0O(n 1 ) + o(n 1), by Lemma 2.3.1,

where 0 < 6§ < 1. We now choose a §': 1/3 < 8' < 3/4 and K such that

c = §p*K > 8, so that in Lemma 2.3.1 we may take ¢y > 4, This
—c16‘+ 1/4
§' > 4/3 = z n < », Also, cl(l - §8') > 1. Thus,
n>1

implies ¢y

by using the Chebychev inequality and (2.3.55), we obtain that as

n -+ o,

-C

‘ . y =c,8'
(2.3.56) P{;Fnj(ngi) - sz(”gi” > &k }5_K25 I A

for all r = 0, i_l,...,i_bn. Hence, by the Bonferroni inequality, as

n > %,
1) x o (G)y L L1786 -1 §' d-¢
(2.3.57)  P{ max |Fnj(nr’n) —Fnj(nr’n)l 2K, n } <K, n
r|<b
—'n
The last equation implies that as n -+ =,
3y _w* 3y o -1
(2.3.58) ~ max |Fnj(nr,n) Fnj(nr’n)| 0@ M),

lr|< b
- n

with probability one.
Now, for every j (= 1,...,9), {Yﬁji, i=1,2,...} forms an mn—dependent
H

process. Hence by (2.3.49), it follows that as n + =,

@) SPIN & DI -3/4
(2.3.59) L <?§§ _1IF:j(nr+1,n) - Fnj(nr,n)| 0(n log n),
n——n

with probability one. Then (2.3.50) follows from (2.3.54), (2.3.58)

and (2.3.59). This completes the proof of (2.3.3).

Finally, if ij](x) is bounded in some neighbourhood of E;%;),

(2.3.4) follows directly from (2.3.3), as, under this condition,

Lemma 3 of Bahadur (1966) extends directly to our case. This

,€ >0.
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completes the proof when Zn(J) is defined by a single order statistic.

If Zéj) is defined as an average of two successive order statistics,

say, the un-th and (Ln+l)—th ones, (where unj_np(j)

< (u4q7)» upon
noting that the difference of empirical c.d.f's at these two points
is equal to 1l/n, it follows from (2.3.3) and Lemma 2.3.5 that the
difference between the values of F[j](x) at these two points 1s also

O(n—3/4

log n), with probability one, as n -+ «, Consequently (2.3.4)
holds for the general case when Zéj) is any inner point of two suc-

cessive order statistics. Hence the proof of Theorem 2.3.1 is

completed.

2.4. Asymptotic Joint Normality of Zn

If we let

- . -y D) ( <j'>>
(2-401) 2 ((Tij>)s Tjj' VjJ'/[f[j](gp(J) f[jl] gp(jl) ]:

3si'= 1,054,
where vjj' and f[j]<é;%§)) are defined in section 2.2, then we have

the following.

Theorem 2.4.1. If F(x) is absolutely continuous at ép with finite,

~

positive and continuous marginal densities in some neighbourhood of

gp, and 1f v is positive definite, then under (2.2.6)- (2.2.10),

~

1/2
(2.4.2) Lal?1g - D) >N (@D, asn> e
Proof. By virtue of (2.3.3), Lemma 2.3.5, (2.3.49) and (2.3.50),
as n -+ ®,

- Wy - Dy e et DN D e
(2.4.3) Yaltr @) - p }+{Fnj(£p(j) pPis0, o1,
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This implies that [n”z{zéj) - gﬁ;)}f[j]@ﬁ;)), j=1,...,q] and

[nl/z{F:j (a;j(;ﬂ - p@}, 5 =1,...,q] have the same limiting distri-
bution, if they have one at all. Now, by (2.3.8), F:j involves an
average over zero-one valued mn—dependent random variables, on which

a direct multivariate extension of the Hoeffding-Robbins (1948)

C.L.T. for m—dependent processes (with a straightforward extension

for an mn—dependent process with m ~' K log n) or a multivariate
extension of the C.L.T. for strongly mixing processes by Rosenblatt
(1956 Hyields that [nllz{ng<%;%§)>- p(j)}, j=1,...,q9] has
asymptotically, a multinormal distribution with mean Q and dispersion
matrix gz(ép), defined by (2.3.21) and (2.3.22). The rest of the proof
follows tri;;lly by a use of Lemma 2.3.3 along with (2.4.3) and
(2.4.1).

Q.E.D.

Note: In the above theorem if the condition that y is positive
definite is not satisfied and v is positive semidefinite with rank
f(< q) then we choose f linearly independent variables and prove
asymptotic normality for this subset. Since the other variables will
be linearly dependent on them, in this case, the asymptotic distribu-
tion for the whole set of variables will be a singular normal distri-

bution with rank f.



CHAPTER III
ASYMPTOTIC DISTRIBUTION OF LINEAR COMPOUND OF
SOME FIXED NUMBER OF QUANTILES FOR STATIONARY

MULTIVARIATE AUTOREGRESSIVE PROCESSES

3.1 Introduction

In the first part of the chapter, for stationary autoregressive
processes Bahadur's asymptotic a.s. representation of the standardized
form of a sample quantile is extended over the entire real line. With
this extension, the asymptotic multinormality, derived in Chapter II
of a sample quantile (vector) for a stationary autoregressive process,
is generalized in section 3.3 for a vector of linear combinations of
several quantiles and an application of this result is considered in
the next section. The section 3.5 contains a method of estimation of
variances and covariances of sample quantiles and hence the variances
and covariances of the linear compounds of several quantiles. The
chapter is concluded with an extension of the above asymptotic multi-
normality of the vector of linear compounds of several quantiles for

random sample sizes.

3.2. Extension of Bahadur-representation of Sample Quantiles over

the Entire Real Line.

For a fixed j, 1f.'p(J> is varied in (2.2.13) over the open

interval (0,1) then we get a quantile process (see Kiefer 1967, 1970).
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In this section the result (2.3.3) (extension of Bahadur-representation

of sample quantiles to the autoregressive case) is first extended for a

quantile process. Then asymptotic normality for linear function of

several quantiles follows immediately as a corollary of this result.
Let us suppose that F[j](x) is absolutely continuous and

s:p f[j](x) = foj < o,

Similar to (2.3.15), we have

~ -d
Fn[j](x) j_F[j](x) + 0 )

and

~

-d
F .. > F -
n[J](X) Z [j](X) O(n )
uniformly in x, where we take d > 1. Hence it follows that

= -d
(3.2.1) s§p|F[j](x) - Fn[j](x)l = o(n ), d4>1.

Then absolute continuity of Fn[j](x) is obtained by (3.2.1) and the

absolute continuity of F[j](x). Hence the random variables Zéji =
-

}n[j](Yéj;)’ i=1,...,n are distributed uniformly over (0,1). Define
b

the empirical process [sz(t): 0 <t <1] by

_1/2 T _ 17 R C))
(3.2.2) V:j(t) n [G:j(t) t]: an(t) n izlc(t z ),.

0<tx<x1l.

1/2

Let g(n) = n log n. Define

= * - y* . .
(3.2.3) Knj(t) = s:p{anj(t) an(t +a)|: |a] < g}, 0 <t <1

(3.2.4) K* = sup {K_,(t)}.
’ o ogep<r ™

Then we have the following theorem.
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Theorem 3.2.1. TFor every j = 1,...,49, @88 n > =,

(3.2.5) sup sup nl/2|Fnj(x + a) - Fn (x) - F

(x + a) + F
x |al<g(@) 3 31V * @

el

/4

= O(n—1 log n),

with probability one, provided (2.2.6), (2.2.8) and (2.2.10) hold.

The proof of the above theorem depends on the following lemmas.

Lemma 3.2.1. For every finite s(> 0) and j (= 1,...,q), there exist
(1)

a positive constant Cs and a sample size n_ 5 such that for
]

n>n
- S,j’

(3.2.6) P{sz 3_05(1) n"1/4 log n} < 4n"°
/4 log n), with probability onme.

Hence as n - &, K:j = O(n_l

Proof. Let Eﬁ,n = l[nl/zl-l (0 <2 ﬁjnl/z]), [x] being the largest
integer less than or equal to x. For uniform distribution the density
function being equal to 1 (0 < t < 1), by the same technique as in
(2.3.51) and using (9) of Bahadur (1966) we get for large n,

-V
(3.2.7) R (5 ) >k 24 10 n) < de Mg o= 1,2,...[nY2

where cl* > 0

and Vo= - 1/4 log n + ci2/2 log n (1 + ci n-l/4)_l.
The rest of the proof of (3.2.6) is exactly the same as in Theorem 4.1

of Sen and Ghosh (1971).

The second part of the lemma follows by taking s > 1 in
(3.2.6).
Noté: Actually the above lemma is the extension of Theorem 4.1
(extension of Bahadur's (1966) result to the entire real line) of Sen
and Ghosh (1971) to the m_-dependent process where m ~ K log n

for large n.



Lemma 3.2.2. Let U
]

49

= F(X; ), 1=1,2,...,0, G (t)an 2 c(t -U

1,3 1,37 L0 T

Then for every j = 1,...,4, as n - o,

Proof. As in Lemma 3.2.1, let us take the grid points El 0 = 2[n
s

~1/4

(3.2.8) sup n1/2|an(t) - ¢ (0] = ot

log n),
0<t<1 i

with probability one.

1/2]—1’
]. Now an(t) and G:j

we have

(t) being non-decreasing in t,

G . (5 ) §_an(t) j_an(Eg+l,n)

*
ng (Bg,n) S Gy (8) S G (5 )

so that

o216 G, ) - ek, 01 <06 ) - 6t ()]

nj nj

1/2
n [an(52+l,n) -G:j(az,n)]

| A

This implies

1/2
(3.2.9) G_,(t) - G*, (t)
Octol | nj nj |

nl/2|

| A

max

- G*
2=0,1,...,[nl/2] an(gl,n) an(gz,n)|

172
¥ o= 0???...[n1/2] 193 o, ~ %

-1/4

& )

By Lemma 3.2.1, as n »~ <, the second term is of order n log n,
with probability one. Hence for (3.2.9) it is sufficient to prove that

as n > »,
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nt/?) ~1/4

(3.2.10) max

)
£=0,1,...,[nl/2]

- g* =
Gy (&g, 0) ~ Gy (& O =0
with probability one.

Similar to (2.3.55), here we get
l 1

= 5 - C
(3.2.11) E[n |G . (& ) - (g, n)|] = o(n2 1

nj ).
1< 13/14 and as befire K such that e 4,
-{(c )6 -4
This implies (cl - %)61 >3/2 =] n 2 <wand also
n>1

We now choose a 61:3/7 < ¢

(cl - %)(1 - 51) > %-. Thus, by using the Chebychev inequality and

(3.2.11), we get as n > =,

%’ %" °p\1=%1 < ( '% )01
(3.2.12) Pin |an(£l,n) j )| _ \Rgn

1/2].

for all ¢ = 0,1,...,[n Hence, by the Bonferroni inequality,

as n > »,

1/2
(3.2.13) P{ max n'“le
= 0,1,...,[n2)

1-¢

> K, 1 n—1/4§ <x, 1 -l-e Lo

(3.2.10) is implied by the Borel-Cantelli Lemma and (3.2.13). Q.E.D,

Lemma 3.2.3. With the notations used above, for every j = 1,...,4,

as n > «°,

1/4

(3.2.14) sup sup nl/2|an(t + a) - G*,(t + a)|= o(n log n),

t |al<g(m .
with probability one.
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Proof. We have

(3.2.15) sup sup nl/2|G (t+ a) - G*, (t + a)l
0<t<l |a|<g(n) m nJ

< sup sup n1/2|G j(t + a) -G (t)I
O<t<l |a|<g(n) n nj

+ sup nl/2|Gn

L(t) - G*, (t)
O<t<l J nj ]

+ sup sup nl/2

[GX (t + a) - G*_ (t)]
0<t<l |a|<g(n) nJ nj

By Lemma 3.2.2 and Lemma 3.2.1 it follows that the second term and
the third term of (3.2.15) are of order n_l/4 log n, with probability
one, as n > ». Hence for proof of Lemma 3.2.3, it is sufficient to

show that, as n > «,

(3.2.16) sup  sup nl/zlan(t +a) - cnj(t)|=0(n‘1/"

log n),
O<t<l |a|<g(n)

with probability one.

If we denote by

1/2
H ,(t) = sup n G .(e+a) -G L (t) ]
J |a|<g(n) J nJ
and by
H¥, = sup H_.(t)
nJ O<t<1 nJ

nl/Z]_l,

and consider the grid points El n = 2 [ L = 1,...[nl/2], then
b

as in (4.8) of Sen and Ghosh (1971), we have

(3.2.17) H*, < 3] max

nj — l<2<[n1/2]Hnj(g

(' o

)]

Hence for (3.2.16), it is enough to show that, as n + «
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-1/4
(3.2.18) max ¢, ) = 0O(n log n)
l<2.<[nl/2] nj 2,0 >
with probability one.
Again
(3.2.19) max H , (£ )
1/2
= max sup n |G, (¢ +a) -G ,(, )
1/2 *
< sup n IG +a) - G* (5, + a)
1<2<[nl/z |a] <g(n) 2 n’° nj % ,n
1/2
+ max sup n ' “|G* +a) - ng(ig,n)|

12<[n™?] |a]<g(n) bon

+ max l/2|G

- G*,
14 <[n 2 n) nj(gl,n)l

1/2]

By Lemma 3.2.1 and Lemma 3.2.2, the second term and the third term

-1/4

in (3.2.19) are of order n log n, with probability one, as n » «

and by the same technique as in (2.3.54) and (2.3.59), we obtain, as

n -+ o,
L 1/2
(3.2.20)  max sup |G + a) - G* ( + a)
liﬁ,i[nl/z] |a|<g(n) nJ 2, n nj Eﬂ,,n ]
< max g, max nl/2|G (€ t+ra /b)) -Gk (5 + ra /b%l
le<lnt/?] rfp  PIESD Een

+ O(n_l/4 log n),

with probability one.

Therefore for proof of (3.2.18), it is only required to show that,

as n +» «©,
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1/2
(3.2.21) max max n |G (¢, +ra /b ) -G* (¢, + ra /b )I
Lﬁ&fjnllz] |r|§bn nj "% ,n n’ n nj °L,n n’ “n

n-l/4

0( ),

with probability one.

We choose a 62: 1/2 < 62 < 13/14 and as before K such that cy > 4,
—{(c1 - 1/2)62 - 3/4}
This gives (cl— 1/2)62 >7/4 = In < » and also

n>1

(e; - 1/2)(L = 8,) > 1/4.
Hence, similar td (3.2.12), we have by the Chebychev inequality

1/2 i . l/2-cl 1—62
(3.2.22) Pén Lan(éz,n+ ran/bn)'-an(Ez,n+ ran/bn)lil(KAn )

1/2 - ¢, §
< (g;n l) 2

n1/2

for all 2= 1,...,1[ l: r = O,i},...,ibn. Hence, by the Bonferroni

inequality, as n » =,

1/2 *
(3.2.23) P¢ max max n IG (¢, +ra /b )-G",(¢, + ra /b )I
2i<liinl/2]lr|§bn nj % ,n n’ n’ nj L,n n' n

z 'K4

1-6 8§, ={(c, =-1/2)8, -3/4}
2 n-l/Z;;i 2K4 2 a 1 2

and by use of the Borel-Cantelli lemma, (3.2.23) implies (3.2.21).

Q. E.D.

Proof of theorem 3.2.1.

As s;p f[j](x) = £, <=, we have |F[j](x+a) - F[j](x)lf-fojla]’

3

- o < x < ©», Now since

(3.2.24) sup sup nl/lenj(x+a) - Fnj(x) - F[j](x+a) + F[j](x)l

x |a|<g(n)
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1/2) % = _ 3
< oup) oup bR Geta) m gy Geba)) - LR (0 -y 601

1/2 _ _ =
+ S‘;{P I[Fnj (x) FI41 (x)] [ng (x) UNTY x)1]
1/2
+ sup sup n ' “|[F_, (x+a) = F,,,(x+a)] - [F*, (x+a)
x |al<g(n) ™ Ei ™

" Fapp &1L

by use of Lemma 3.2.1, Lemma 3.2.2 and Lemma 3.2.3, the theorem

3.2.1 easily follows.

3.3 Asymptotic Normality of a Linear Compound of Several Quantiles

Let us suppose that Z (J)(,) denotes the sample quantile of
: TPy
order piJ) for the j-th variate and E(J) be the corresponding

p, (3

population quantile, j = 1,...,q. We want to determine the asymp-

totic distribution of the vector of linear compounds

(11/2 N <<1> _ <1>) RIZEEINORYARCY @
=1 (1) 1y = @{* (@ @

Py i=1 Pi Py
where the a(ji >' i=1,...,t; j=1,...q, are known constants
Py
Let us assume that f[.](;(J) \>>O, j=1,...,q9, and let us denote
p; (3)
by
3 o fwe 3) @) 4 -
(3.3.1) I () {x: g (j) a <x<§ ) an}, 3j seses,

(
n,pi pi ]

where as before a ~ n-l/z log n as n +~ ». By use of Lemma 2.3.5, we

Z 42 € IG for i=l,...,t; j=1,...,q, with probability one,
Q) Q)
n’P ?Pl

get

as n + «» and under the condition that sup sup f[ ] (x) is finite,
I<jzq =
Lemma 3 of Bahadur (1966) extends directly to our case.
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Similar to (2.3.4), in this case, by (3.2.5) and Lemma 3 of
Bahadur (1966) we get simultaneously for i = 1,...,t, j = 1,...q, as

N+ o,

1/2{ 1) £ ) 3 (3
(3.2 2z () <J>]f[31(‘5 @ +[Fn:|<£ 1

i

-1/4

= 0(n log n),

with probability one. This implies that for every € > O there exists

an n > 0 such that, as n + o,
3D &) (D) NCIIN
3 " >]fm(’i (j))*” ( (J> e

for i=1,...t, j=l,...,q} > 1l-n

(3.3.3) p{nt/?|[zJ)
n,Pi

From Lemma 3.2.2, it follows that

(3.3.4) sup sup nll |F (x) - F* (x)| > 0 as n > o,
1<j<q x nj P
and this implies
1/2 ( P, . .
(3.3.5) K n [Fnj< J)(j)> Py 1 =1,.0,t, 3= 1,...,0)

'vﬂf(nl/z[F* <%(J13i> - pi(j)] , i=1,...,t, 3=1,...,q).

Now, by (2.3.8), F:j involves an average over zero-one valued
mn-dependent random variables, on which a direct multivariate extension
of the Hoeffding-Robbins (1948) central limit theorem for m-dependent
processes (with a straightforward extension for an mh-dependent process
with mo K log n) or a multivariate extension of the central limit
theorem for strongly mixing processes by Rosenblatt (1956b) yields that

l/Z{F* (é(Jij) - pi(j)}, i=1,...,t j=1,...,q9 ] has asymptotically a

multinormal dlstribution with mean Q and dispersion matrix
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matrix
P Y EWRE
(3.3.6) ((\) ﬁJ, )>
n 1,i'=1,...,t
j.it=l,...,q
where

3" _ x [-(3) * Ggn
(3.3.7) \)ﬁn n covar[F (E (j) Fnj' EP (j'))]
il

Hence by (3.3.5), Lemma 2.3.3 and above, it follows that

[n 1/2{5‘ ((jiJ))_ pi(j)} , i=1,..,t;j=1,...,q) has asymptotically a

multinormal distribution with mean Q and dispersion matrix

(33"
(3.3.8) ( ii! ))i’i'=l,..-,t

3s3'=l,...5q

where
et
(3.3.9) vii% ) = 1inm v*ii% ) N 1,4'=1, ... ,t59,3"=L, 0050
n > ®

@ G"h

and its exact expression 1s given by (2.3.23) with p and p

(3 an
replaced by Py and Pyt respectively. We assume the matrix

s st
((vii? ))) to be positive definite.

Finally, the asymptotic distribution of [nl/z{Fnj E(j%Jg (J)}
1

(3)

i=1,...,t, j=1,...,q] being multivariate normal, |[ nl/z{F <'(i) > (j)}
i

i=1,...,t, j=1,...,q] and [nl/z{F <(j)(3)>- pi(j)},i=l,...,t,j=1,...,q]

have the same asymptotic distribution.

Therefore, by (3.3.3) and the above arguments, it follows that

as n +» o,

(3.3.10) ,,5’( 1/2[z<3) & - ¢4 R t;j=1,...,q)+N (0,H)

where
(3.3.11) B = ((nilij, )

ii' R &
js3'=1l,...,q
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and

33" _ (JJ ) 3 (j ) =
(3.3.12) ] /[J]G T £1y09(8 (J,)>, 1,1'=1,...,t
j,j'=l""’q'

/
Hence for any vector d = (d ,dq) , the asymptotic distribution

1,.0.

of the linear combination

2§ § 4. < L) ) :>
n d
LI I - i(J>

is univariate normal with mean zero and variance

t
REOTNCLINETED
(3.3.13) ng J 21 Lo Zld 412 o, % Q08

and this implies that the asymptotic distribution of the vector
/

1/2 § ) < (1) W\ 172 t L@ <:<q> @ >
n - seeeshl
L pi<1> = (1)) L2 p, @\ p (@ Pi(q>

is multivariate normal with mean vector Q and dispersion matrix

* *
(3.3.14) £ = «Tjj'»j,j'-l,..

where

3 L@ (JJ )

(3.3.15) ¥ = a (j Y41 353"=1,...,q.

CEA N 12=1 o, D% 2

3.4. A Useful Application of the Results of Section 3.3.

Mosteller (1946) considered the case of more than one quantiles
with the idea of studying the properties of estimates based on a subset
of quantiles. He termed such estimates as inefficient statistics. 1In
the book by Sarhan and Greenberg (1962) for small sample sizes and
various known parent distributions optimal or best linear ordered
estimators of location and scale parameters are considered. These
estimators demand the complete knowledge of the covariance matrix of the

sample order statistics up to a unknown multiplicative constant. In
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large samples it becomes extremely laborious to compute the above covari-
ance matrix. There are two different approaches to the large sample
problem. (i) To consider a subset of fixed number of quantiles and to
base our estimate as a linear function of the corresponding sample
quantiles. These include the so-called mid-ranges which are often more
efficient than the sample median. (ii) To consider a subset of quantiles
of size depending on the sample size and to base our estimate as a linear
function of the corresponding sample quantiles. These include the so-
called Trimmed mean and Winsorized mean which sometimes provide useful
estimates.

Often, for symmetrical density functions, we employ the sample
median as an estimate of the location parameter. It is known that for
the class of regular density functions, we can always find more efficient
estimates from the class of mid-ranges, provided that the parametric form
of the distribution is known. If the variables are independently norm-
ally distributed,it is known that the 27% mid-range is optimum (See Sen,

1961). In our case, for each j = 1,...,q, the 27% mid-range estimator

(3

n’pl n’pz

U = (Uél),...,Uéq)f being a vector of linear combination of two

for the location parameter is UéJ) = <%(j) + Z(J) (j£>/2' Here

~

quantiles, /Eﬁn is asymptotically multinormally distributed with mean
§1/2 (population median vector) and dispersion matrix E*, where g* is

glven by (3.3.14) and (3.3.15) with t = 2, pl(j) =.27, pz(J) =.73 and

3 _ @

a N = a N
Pl(;1) p2(J)

= 1/2 for j,i' = 1,...,q.

Note: By the theory, developed in 3.3 for linear combination of fixed
number of sample quantiles, the asymptotic distribution of Trimmed mean

and Winsorized mean cannot be obtained for stationary autoregressive
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processes. For such statistics our strong convergence results do not
hold. However, the distribution of such statistics for stationary auto-
regressive processes may be derived by some weak convergence results.

Such studies are proposed for future work.

3.5. Consistent Estimate of the Dispersion Matrix of the Vector of

Linear Compounds of Several Quantiles.

The following theorems enable us to estimate the variances and
covariances of sample quantiles and hence the dispersion matrix of the

vector of their linear compounds.

Theorem 3.5.1. Let uéj)= np(j) + o(nl/2 log n), and let s, be the
- J
uéJ)—th smallest observation among (Xl,j""’xn,j)' If
T
o _ G _GnH T (3 _GYH
™
[y [ ]
+ {F . 239, ) = (J) (J )}
lzl=l njVJh(SJ SJI p P
where
n
(3.5.2) Fn..,(u,v) - n-l z c(u - Xi,j’ v Xi, W)
3 i=1
_l o
(3.5.3) Fnjj,h(u,v) = n 121 c(u - xi’j, v - xi+h,j,)
. 1 foru >0,v>0
(3.5.4) c(u,v) =
0 otherwise
then
(3.5.5) Vs 7 V..s

' ..
| i3 p 33
. (i) _ (3)
Remark: In practice, of course, we take wot o= [np 1+ 1or

[(n+ l)p(j)]-
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s s
Proof..By lemma 2.3.5, as n > «, sj € IéJ) and sj, € I(J ) with probabi-
lity one. Clearly,
% (j 3" )
3-5.6 . - . . = . *
( ) \)ij VJJV 1(5 ’S |) [j |]( (J) g (J!)

m

(1 Gg"
{F (s 85 )-F 5 ( ,E ..)}
h njj'h [3,510°_(@3) p(J )

v ¢ G .GY ) BROR)
hé +]_{ [J,J ]h<€ ),‘E p(jt) p P }

m
s 1$ SO R PO,

o«

i <j> <J'>) e <j'{§
By (2.3.33), the third term and the fifth term in (3.5.6) tend to zero

as n > ©, Also the second term and the fourth term in (3.5.6) are of

similar nature. Hence to prove (3.5.5), it is sufficient to show that

m

(3.5.7)  sup ()]Z {FnJ 1(s55851) = Fy j']h((%?])’ <J(j3))}| > 0,
J ’
S,

J
@
sj.eIn i"
as n -~ ©, Actually the left hand side of (3.5.7) is the combination

of the first and the second term in (3.5.6).

Again to prove (3.5.7) we see that

m
L .|\
(3.5.8)  sup |} {F 1 (850850) - [jsJ']h(E(J))’E X ))}l

s,el (3) h=0 nJ]

v G" o

s,,el N (J) (j )
P S A RN TUS R R Py, 9 (¢ el )]

s.el

n .,
s,.el G"
J n
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< sup zn {,Fanlh(S S.1) - [j ']h(S ’S |>|
s aI(j) h=0
I @4y
sj.E:Ir(lJ ) IF[j 3'In'%5°%5 0~ F [ j']h(g (J)’ l}

Since with probability one, sj € Iéj) and Sj' € IéJ ), we can write

37 g(JE;) * eljr:l/z log n and s, = e

p p
leljl <1 and hzj,l < 1. Then for all JULNE

E]

GYH + ezj. n"l/2 log n, where

(3.5.9) |F 4 (J')>|

[sﬂh(s j') [JsJ ]h(E (3)°° Gg"

- (3 _ Gg"
EITICR Fm@ (J)) 1Py G0 F[j‘](5p<j'>)'
-1/2

| A

= 0O(n log n),

with probability one as n > « and use of (3.5.9) in (3.5.8) yields,

as n > «,

mn
Gg' )
(3.5.10) ipedSh 14 Fagymm(eyosy) - [jJ']h( <J>’E yi]
s,,eI(j') m
j' 7 m n
sjzg( 3 E=0|Fnjj'h(sj’sj') 3" ]h(s"s 2
sj,eIéJ') + O{nl/z(log n)2} R

with probability one. Hence, it is sufficient to show that,

m
. n
sup,,
G510 S RG]
h| n h=0
2 1
S.'EI(J )
J n

Fagsn®®y25) 7 Py pmney,50 0 3 0

as n > »,

To prove (3.5.11) consider’ a particular n and as in (2.3.50)

take n(j) (%j) + r an/bn, T = O,i},...,ibn. Since F ..,h(s.,s )

and F (s,»s.,) are non-decreasing in s, and s,,, for s. ¢ I(J) and
[3,370°°3°7; J 3 3 ,
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s
S,y € I(J ),
3 r,n

(3) _G"
Fnjj'h(nr,n’nr,n ) 5-Fnjj

(3) (G

(850850 < F (M) ok n

njj
and

(8.,8.1) < F e B

3 _G"H
(n Mrn ) < F[j,j']h 73 [j,j'Jh(”r+1,n’”r+1,n

3,370

Therefore,

) GR )

(3 . GH
(3.5012) F "h(nr, ,Tlr,n ) - F[jojv]h(nr"'l,n’nr"'l,n

njj

< F . .i(s.,8,4) = Fr. .. (s,,s,
= "njj' ] J')_ (3,370 (55°%5 )

(D 26Dy

3 _G"H
Fnjj'h r+l,n’nr+l, (nr,n’nr,n )

[3,3']h

which gives us

(3.5.13) IFnjj'h(Sj’sj') - F[ijq]h(Sj’Sj')l

Gy _GYy _ Gy _GY
f.szixr+l]Fnjj'h(ns,n’ns n ) F[_-],j']h(ns,n’ns n |
) G" oy _ Gy _GY
* |F[j9jq]hnr+l’n,nr+lsn) F[j’j'] ('ﬂr’n:nr’n )l
This implies

(3.5.14) sup |F
(3
n
,el(j') <
n =

03370 (837550 7 Ty goneysy0)]
sjel

3 _GYH Gy _GnH
s, (nr’nsnr’n ) - F[j’j']h(nr,n,nr’n )l

J

* max IF[‘j']h(nr+l,n’nr‘*-l,n 13,31 ,n°"en

Js

Since for each r = O,j},...,ibn,

() (3" 3 G"H
(3.5.15) |Fy snn Mt a1 = Fla,570 Meon Mron )|
(3) - (3) G') 3"
< PG, F 5 ) I O3y D F e ()|
= O(an/bn) = O(n—3/4 log n),
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by the Bonferroni inequality, the second term in (3.5.14) is O(n

and consequently we get,

m
n
(3.5.16) ) sup |F .., (s.,s ) -
_ nJJ h
h=0 s.eI(j)
J n
!
s,,e:I(J )
J n
m
3 |
< max F 1
h=0 |z|<b ~ PIR
~n
+ 0{n

Hence for (3.5.1l1), it is only required to show that

m
n

() ,G"

(3.5.17) E=o |$T§bannjj'h( r,n’r,n ) -

as n > «,

Let us now write

Fri,3mm

12,
Ty, (850850
C IR MOMCDN
r,n’ Tron [j,jﬂh r n’ r n
120000 002

(J) (J ))l _> 0,

rn rn

(J) (j') I 3 _ +G (J ) _ (J )
nJJ'h( 8l ) =n i=lc(nr n Yn 1°"r,n )
where c(u,v) 1is given by (3.5.4) and let us denote by
0 <« x < =
- (1) (j ) -
Gn[j,jq]h(x’y) P§|Rn’il R |R hl < Y} s cy<a
Then,
(3.5.18) Blr 0080y wx 08),000))
n .
<nl® 121E|C(n§2) éji R(Ji,n(j ). é i) éji))
_ c(n(J) éai §3n> (J ))l
/T @ @ GY (J ) < R
?fl CZ? r n xi-Yn i—-r n’ r n y--<—-n i+h— n
4 P dG ' X,Y)
- . [3,3']n
0 0 NS (;) (j ) D LG "
Ny nr-n,i +x, Ny —-n i+h— r,n +y
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c./8 ' -c, /6
Py e e R4 n L}

@3y . - )
+P{|Rh’i' > c,n | ih

2
-2cl/a —¢y
) + 0(n ), by Lemma 2,3,.1,

| > ¢

2
= 0(n

where 0 < § < 1, We now choose a §,:5/16 < &6, < 3/4 and as before K

3 3 )
such that c, > 4, This implies c163 > 5/4 =92 n 4 < = and
n>1

also cl(l - 63) > 1, Thus, by using the Chebychev inequality and

(3:5,18), we have, as n + =,

I G x 3 G T€1,1-6
(3:5.19)  BA[F 0y (0700 ) = By (2 D 2 50
$

-C
<®&n H77,

for all r = O,i},oo°,+bno Hence, by the Bonferroni inequality, as n—+ew,

1-$

G G o G) _G"H 3 -1
(3.5.20) P{IrTig anjj'h(nr.n‘nrpn ) Fnjj'h(nr,n’nr,n )|3K5 n "}
=k, 5
3 ~1=¢

< K5 n » €>0,

The last equation implies that as n + «,

(T'l(j) n(j'>) - F* (n(j)’n(j'))l - O(n-l),

(305021) max |F r’n’ r,n njj'h r,n” r,n

r|<b njj'h
- n

with probability one. Also by Lemma 2.3.2, for all r = 0,1},ooc,ipn,

(3.5.22) |F

al3,5 ey ) < F (ji'”ﬁf;)>| - 0™

r,n’ r,n [j,j']h(nr,
where we take d > 1/4, by proper choice of K. Therefore (3.5.21),

(3.5.22) and the Bonferroni inequality imply that, as n - «

’
m

n
(3 Gy . (3 _G"H
(3.3.23) g=o eri: {anjj'h<”r,n’nr n ) F[j.j']h(nr.n’nr,n )|
- n
™
(3 . GYy_ 3 _G")
£'g=0 |rTi: {IFnjj'h(nr’n’nr:n ) F:jj'h(nr»n nr n )
-1
3 G\ =z 3) .Gg"
+ IFgjj'h(nr,n’nr n )_Fn[j,j']h(nr,n’nr,n )|
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~ @ ,Gn, INE }
+F n[jg']h(n 0 ) F[j,th(nr n*"r, ;B.
-1 ~arz
20(n ~ log n) + O(n "log n)
™
+z max IF 'h(n]EJr)l f.jn)) ~nB,j‘]h(n1('Jr)1 ' ))I

h=0 |r|<b = P33
~n

with probability one. Hence for (3.5.17), it is only required to show

that
mn
) (J ) &P (J )
(3.5.24) E=o erixb LTI UM AL RO IR A U "on |

; 0, as n > =,

For proof of (3.5.24), we see that for all u,v, we have

* -1 © (3 (j )
(3.5.25) E{Fnjj'h(u’v)} = 7 izl E c(u - Y e v - i+h)
| Fal3, 3t
and

(3.5.26) Var{F*... (u,v)}

=n ~2 [_2 {c(u—Y(J), v- Y(j'> ) -

pusv)}
= o1 , 1+h ]

n[j 'Ih

-2 2.
= Z [{1 Fn[j’th(u,v)} Fn[j’th

i=1
~ ~
* B, g 0 g g o)
m
IR (3 G 3 o Gh
+ 2n )Y Elc(u- Y 37 vy )c(u—Y 3 vy )
Wi i 127 n,1+h Li+h n, 1421

~2
Fal3 'm0

Since lc(u—Y(j) V-Y(J ) de(u- Y(J) é?;iZh) ¥,

n,1°V "0, i+h i+ VY

_Fn[j,j'nﬁu,v)l <1 a.s.,

we have
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~2

)e(u- Y( )+WN-Y(Jilh) " Eupj, ,]h(u,v)l <1

EIc(u—Y(j),v Y(jiih

and this implies

* — ~J
(3.5.27) Var{Fnjj.h(u,v)} <n l[F

n[j’jq]h(usv){l = Fn[j’jy]h(u,v)}]
-1 mn
+ 2n 2 (1 - h/n)
h=1

21/4n *+ on~1 K log n{l - (K log n + 1)/2n}

= O(n_l log n)
We see that (3.5.27) holds for (nifi,n(j')), for all r = l,...,bn.
Hence (3.5.24) also holds, since by the Chebychev inequality, for
every € > 0,

m

n
3 _GYy _x G) G }
P%h=0 ergébannjj'h(nr,n’nr,n ) Fn[j,th(nr 2’ "r,n oze
™ bn
* (3) (J ) (j) (j')
= hZO r-zbn P{IFnjj'h(nr n’ r n ) - n[j._'j']h(n r,n )Iz_e/n%}
< 2b (m +l)m V{F i3 h(n(j) (j ))}/
- O{n_3/4(1og n)a}
+ 0, as n » o, Q.E.D.
Theorem 3.5.2. Let p(J) np(j> - cln(nl/ log n), u(J) p(j)
+ czn(nl/2 log n) where cln and c2n are positive constants such that
(uéf; éJi) > ® ag n > ©, but cln and c2n both converge to zero as

n > >, Also let sj i be the u(jz—th smallest observation among

b s

1 j,...,Xn j). Then for each j = 1,...,q, as n +~ =,
’ bl




(j) ) = (J) (j))/n(s -5 )

. ()
f[j](gpu) )

(2 ~ o 3,2 7 %5,17 7 f[j](gp(j)

E

with probability one.,

(J)/n =

= (s, ,) and u(Ji/n =F ,(s, ,), we can write

Proof . Since yp nJ 3,2 n, nj 3,1

el -8

Fnj(s ) - F

3,27 7 Fay(e5,0)

F131¢3,2) 7 F

[ ](Sj,l)

(3

_, () Gy _
+ [{F[j](sj’l) p-r)+ {Fnj(gp(j)) Fnj(sj’l)}]

_ M G) N _
[{F[j](sj’z) p}+ {Fnj(i ) - F '(Sj,Z)}]

(3
and by Lemma 2.3.5, both Sj,2 and Sj,l belong to IéJ). Hence by
(2.3.3), as n » «,
@ LW ) ~3/4
(u n 5~ n l) [J](Sj,Z) F[j](sj,l) + O0(n log n),

with probability one. This implies as n - «,

(3)
m(g X

G) _ @
(yp = oy /mlsy o =8y p)

nl_:';mm [{F[ ](S ) F[j](sj,l)}/(sj,Z - sj,l)]
&P
€W’

with probability one. Q.E.D.

Now if we write 'IA' = ij,/[f[j](g(j) )E[j'](g(%_]>))], Jsj 1 cesdy

i3 p(j)

then due to Theorem 3.5.1 and Theorem 3.5.2, as n > o, TJJ -+ TJJ, for
p

each j,j' = 1,...,q and hence a consistent estimate of I, the variance

67
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covariance matrix of Vg-gn,is i, where i = ((%jj'))j,j'=l,...,q'
Again for each i,i' = 1,...,t; j,3' = 1,...,q, if we write
Af:ﬁ ) njj'(sj,i’sj',i') _ pi(j)pi,(j')
M
B IRCSTNCEREER R A
mn
L By ey - p Ve )
where u*fJ) = npiJ) + o(nl/2 log n) and Sj,i is the u*(J)—th smallest
observation among (Xl,j""’xn,j» then by the same arguments as in

Theorem 3.5.1, it follows for every i,i' = 1,...,t;j,j' =1,...,q,

that

ShR ) . ,d3n
11’ Vig!

and consequently we have

,y @S n > ®

G 51, e
where
NCERRICELD 3 \: G
Iy V1! /f[J] E (3) g ]( G
and viij') and nég?') are given by (3.3.9) and (3.3.12) respectively.

Hence a consistent estimate of the dispersion matrix (3.3.14) is given

* =
> T ((T ))J,J =1, » where
% t t &) (J ) A(jJ ) o
Tjj' iZl iZ=lapi(j) (j ) ii? ’ j,J 1,,..’q.

3.6. Asymptotic Normality of a Linear Compound of Several Quantiles

for Random Sample Size.

Let {nr} be an increasing sequence of positive integers tending

to infinity, and let {Nr} be a sequence of proper random variables taking
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positive integer values such that Nr/nr -+ 1yin probability,as r + «. In

conformity with the notations used earlier, for sample of size Nr

@) LD
. .

r°l

are regarded as the ordered random variables for
the j-th variate, j = 1,...,q.

Let us suppose that Z(J)
Nrﬁpi

denotes the sample quantile of

(3)

SN for the j-th variate and E(j). be the corresponding
. &)
i !

population quantile and gN ;= <%(l) (1),...,Z(q) >
r,

order 1]

g =
@) 2p.
L@ ¢ @ ! NPy NPy i
-pv<1) pi<q) .

1

We want to determine the distribution of the vector of linear

compounds

/
/2 ¢ @ /@) (1>> 172 § @ /@
N Y a z . U st S z
(\r (2 pi(l)<-Nr’pi(l) pi(1) e b pi(q) Nr’pi(q)

/
(q)
- &
Pi(q>

as r > © yhere the a(sz)'s, i=1l,...,t3j=1,...,9, are constants.
P.
i .
Let us assume that f[j]<%(%2) >0, i=1,...,t3j=1l,...,q9, and let
p;J
us denote by

() SR C) I )
IN (j) B {X-E (j) aN ix ig (j) + a-N} s i"l,o.-,t
2P Py T Py r 3=1,....q
12 log Nr as r > ®, By Lemma 2.3.5, Z(j) gl(j)

where N .
aNr r N ,p.(J) N ,p
r’Fi r’Fi

3
fori=1,...,t3j = 1.,,,q9, with probability one, as r + = and under
the condition that sup sup f[jf (x) is finite, Lemma 3 of Bahadur

1<j<q x
(1966) extends directly to cur case.
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By (3.2.5) and Lemma 3 of Bahadur (1966) we get that for every
€ > 0 there exists an n > 0 such that as r -+ =,
1/2
a6 P{Nr/ 225t Tyt (j)(j))+[Fnjé(j)(j))—pi(j)”)e
<

for at least one i=1,...,t,j=1,...,q

This implies that as r > «,

1/2 (1) (@)
(3.6.2) N-'%(z, -E )->U = @t .. ute )
r ZNr,i RBy' PN Nt Neud
where A%‘
Gy . £ (3 1
’ j

r (j) (J) (j)
u (j) [J] (J)

(J) () AGD - @
( 2 c o, Xu,j) Py

By (2.2.7) and (2.2.8) the sequence {gu, u=0,+1,+2,...} satisfies the

condition of a ¢-mixing process with X ¢i/2 < o, Again for any
j=1,...,q, vﬁji (j% 5 being a Borel-measurable function of Xu . is

also a ¢-mixing process Moreover since Xu . decreases exponentially

?
we shall still have I ¢i/2 < w, Also

n

(J) 3 \ . (3) £ (3) - 3y - D
(E (j)) 0 and var{v (E (J))} Py 1 Py ).

For any vector g = (dl,...,dq)', we have by (3.6.2) and
(3.6.3)
1/2 |
(3.6.4) N / g Z 4 (Jij)< ) (3" (313)>
j=1 1i=1 Nr’pi Py
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1/z§ { a4 L) ﬁ (J)<(J)
> N 2 d,a /£ £
P j=1 u=l i= 1 hi pi(j) (5105 (J) &)

= L, say,
and similar to (3.3.7), (3.3.9) and (3.3.13), here we also have

t

2 _ @ G G
(3.6.5) 0" = var(l) = j§l J §1 121 i'zldeJ‘a (J) i(J Y417

\
where n(ij ) is defined in (3.3.12). Let us denote by

N
_mli2 -1 t &) 3 X, WD)
(3.6.6) YN (EB) Nr GL le 121:1 lzld a (j)/f[J]( (J)% E (j)

Then by Theorem 20.3 of Billingsley (1968),

(3.6.7) xf{%Nr(gg)}+ N(0,1), as r > = .

Hence by (3.6.4), as r -~ », the distribution of the vector

/
12§ (1) [, ¢H) > 1/2 § _(q) <(q> (9) >
N-'“ ) a - PN i - -a
(Tr i=1 p, W (l) pi(1> r o5 P, (q) . (q) (q)

is multivariate normal with mean vector Q and same dispersion matrix

as given in (3.3.14) and (3.3.15).

~——



CHAPTER IV
ASYMPTOTIC PROPERTIES OF THE WILCOXON SIGNED RANK
STATISTIC AND RELATED ESTIMATORS FOR MULTIVARIATE

STATIONARY AUTOREGRESSIVE PROCESSES

4,1, Introduction

In this chapter first, the asymptotic multinormality of the
Wilcoxon signed rank statistic (vector) for multivariate stationary
autoregressive processes is derived, Since the Wilcoxon signed
rank statistic can be expressed as a particular case of Hoeffding's
(1948) U-statistics, in the next section we extend the above theory for
a class of U=-statistics. As an application of the earlier results
of the chapter, in the last section, the asymptotic distribution of
the median of the mid-range estimator (vector) is deduced from the
asymptotic multinormality of the Wilcoxon signed rank statistic
(vector) and a straight forward multivariate extension of the

Hodges  and Lehmann's-.(1963) techniques,

4,2, Asymptotic Properties of the Wilcoxon Signed Rank Statistic

Let {gl,aoo;gn} be the chance variables associated with the
sample of size n from the process defined in (1.1.1). Let

RLj ,oo,Rn’jbe the ranks of |xl;j1’ooo’|xnsjl where Xl’j,ooo,Xn’j

are the sample observations for the j-th variate and let S 1

13

> or < 0,

or 0 according as X, .,
1,3 -
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Then let us define the vector of Wilcoxon signed rank statistic

= N ¥
as Zn (T uoangq) where

nl?®

n
- -1 .o
(4,2.1) Ty = {n(a + 1)} izl Ry S350 37 Lieeosd

If the empirical c¢.d.f. for the absolute value of the j-th variate

is defined by

-1 3 .
(4.2.2) H G = n iZlc<x - Ixi’j|>, 3= 1,000,

then the Wilcoxon signed rank statistic for the j-th variate can be

written as

(4.2.3.) T, = n(a+ 17 B GOAF, (0
0

nj

J

For the mn-dependent stationary process, where m o~ K log n and K
is a positive number, if the empirical c.d.f, for the absolute value

of the j=th variate is defined by

n

(4.2.4) sz(x) = ot izi c(x - |Y§3i|), 3= Ly0e0sq,

then the corresponding Wilcoxon signed rank statistic for the j-th

"variate can be written as

(4.2,5) Tnj n(n + 1) 6'Hnj(x)anj(x)° R 1,00559

* * / H
(Tnl’ 000 ’an) o

Let the vector I:
The true c.d.f. of |Xi j| is defined by
»
(4.2.6) H[j](x) = P{lxi,jl <xl, 0<x<®, j=1,.0,q,

and for the mn-dependent process the true c.d.f. of |YéJi| is
-
denoted by

(4.2.7) ﬁn[j](X) = P{|Yéfi| <x}, 0<x<o, j=1,000,q



For the derivation of the asymptotic normality of the Wilcoxon

signed rank statistic, let us first prove some lemmas,
Lemma 4.,2.1. For every j = l,...,q;, a8 n + =,

1/2 * B ~1/4
(4.2.8) szp n IHnj(x) - Hnj(x)| = 0O(n log n),

with probability one.

*
Proof, Upon noting that Hnj(x) = Fnj(x) - Fn (-x) and Hn (x) =

J
F:j(x) - F:j(-x), the proof follows from Lemma 3.2.2,

3

Lemma 4,2.2, For any j = 1l,.0.59, 85 n » o,

-1/4

(4.2.9) n1/2|T - T* | = O(n log n),

nj nj

with probability ome.

Proof, For amy j = 1,...,9, we can write by (4.2.5) and integration

by parts,

_ -1 % *
Tnj = n(n + 1) [g(Hnj(x) - Hnj(X))anj(x)

+ f H:j(x)d(Fn

0

* T %
j(x)-Fnj(x)) + é Hnj(x)ngj(xﬂ

- T* 4@+ 1)L (B GO)-HE, (0))dF, ()
0

3

+ n@HD) U GO (B (0-F%, (0]

J 3

— 8

= a(mD ™ [ (F 0 - B (0)4EY, ()

J 3

- %, + n(otl) "t By G0 = HE (0)AF ()

- n(n+1)"l

oO— § O~ 8 o -~

(Fnj(x) - F* (x))dH: (x)

J J

so that

74
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(x)lanj(x)

1/2 - 3/2 -1 7 -
(4,2.10) n |Tnj Tnjl < n”/ % (ntl) g |Hnj(x) HY

3/2 -1 R
1 -F*,
+n (n+l) ganj(X) ng(x)ldHnj(x)

By Lemma 4.2.1, as n > =, the first term in (4.2.12) is of order

-1/4 log n), with probability one, and by Lemma 3.2.2, as n * «,

~1/4

(n

the second term is of order (n log n), with probability one. Q.E.D.

Lemma 4.2.3. For large n,
1/2 ~ ~
(4.2.11) Lt/ [Zx - 8, ~ N Q.0

where

(4.2.12) % (rsoost D' T o= ((Yead))
En nl n 13

q 33'=1,600,9"
(4.2.13) w ;= £ o5 G0dF (0G0, 4= Lheasq,
m m
~ ~ n h~ n hN .y
(4.2.14) Yy = sjj,+-g=l(1 “2855m * E=1 (1-—;osj.jh, 3sd"=l,e0esq,

AL _z(12) 3D 7(22)

(4.2.15) ¢, = + ij'h R

TR T S T SR E Bm bl

TAL. T T3 -7 T P (=x)dF . (=
(4.2,16) 8.7 g (F 5,51 a0 Fn[j](x)Fn[j.](y)}an[jf LN CUR

~(12)= it ~ _ _~ ~ _ ~ - ~
(4.2.17) 84507 og{thjgj'pfx’ I=F (R F, (40 CYIHE 47 CRAF (),

F(21) P -
(4.2,18) 8.4 ff{Fn[jgj.]h( X,¥)

- Fn[J] (-X)Fn[j'](Y)}an[j] (x)an[jv]("Y) ’

~

n[j,ji'ln
- Fn[j] (-X)Fn[j' ] (-Y)}an[j] (x)an[j'] (Y) °

4.2.19) 33¥a [f (-x,-y)
00

33"

Proof, We can write for j = 1l,...;9,
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T:j = H:éx)dF:j(x) + o(n'l)

=]

(sz(x> - Hn[j](x))ngj(x) + an[j](x)d(F;j(x)-Fn[j](x)

g ~ -1
+ H .. dF .. + 0 o
[ i3 G0dF, )G + 0™
For every j = 1l,...,q9, if we write

(4.2,20) an = g (ng(x) - Hn[j](X))d(F:j(X) - Fn[j](X)).

then by (4.2.13), integration by parts and the relations ﬁn[j](x) =

%n[j](X) ~ FIIH](—X) and H:j(x) = sz(x) - F:j(—x), we have

e _ ~ ~ _~ )
(4:2.2)  Th= N GO @R GO = F G0

- T ey = By o000
n[

*© ~ ~ _l
+ J(H*,(x) = H .. ;(x))dF_ .. (x) + R, + 0(n ")
o ™ jl nfjl nj

Moy * g(ng(x> = Fopy] GEE [ (=)

- £<ng<-x> = Fop5) R 5@

-1
+ th + 0(n )
so that
1/2 ~ . -1/2 ¢ 3 1/2 -1/2
(4.2,22) n (T;"lj - “nj) n izl B(Yn,i) + n an + 0(n )
where
(4.2,23) B(Yiii) = Bl(Yé?i) - B2(Yé32).
Sy _ f @y _ 3 = _
(4.2,24) Bl(Yn’i) = g{c(x-Yn’i) Fn[j](x)}an[j]( x) ,
and
(4.2.25) B, (03D = [leCax (D) - o0

0
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1/2

To show that the remainder term n an converges in probability

to zero, we write by (4.2.20),

n n
(4.2.26) /%R . = 2732 7 ¥ f{ccx-IY(J)]>
nJ i=1 =10

q G\ 3
- n[j](X)}d{c(x-Yn,Q>_Fn[j](X)}

(J)|

which implies by Fubini's theorem and the fact that Y 1
D

mn—dependent,

1/2, 2 _ -3% % 1)
(4.2,27) E@'“R D)*=1n""] § [ El{cx-|Y /]
nj i=1g=1 o n,1
B Pale =Y 9NF ot
n[jl n,%’ "nl[jl
m
-3 nn-h n ()
+n > Y ) rE[{c(x-IY J l)-H afy] !

h=1 i=1 %=1 ¢

(I ~
{c(x-|Yn’i+h|)—Hn[j](x)}

(j) >
d{c(x-Y ) - Fn[j](x)}]

31 "™ n-h'ewe ()
+n >y ¥ ) ffE[{c(x—lY J l) H ](x)}
i=1 h'=1 g=1 00

{C(Y_IY§31|)‘ﬁn[j](Y>}

d{c(x—Yﬁfg)-f

v (I
n[j](x)}d{c(y Y )

n,2+h'
—Fn[j](y)}]
-3 n n-h mn n=h' ® « ()
P10 L 10 f [Ele(x-]Y 1]
h=1 i=1 h'=1l g=1 0 0 ’

.G} ely-|Y Ji+h|) “Ho 151001

{

(J) &D)
d{c(x—Y ) F n [ ](x)}d{c(y -Y ,Q,+h') -F b](y)}]
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where we note that for any 1,i',2,0' = 1,2,.., and h,h" > n ,

n,i+h n[j](y)}

o“—- 8

[ete G 3] | ) oot D - B

afeGyON-F 1 ateG-13) D-F 00 = o

Using the fact that the absolute wvalue of each of the integrands

in (4.2.27) is bounded by 1 and the inequalities

(4.2.28)  E|ld{e(x - Yéfz) -F

n[j](x)}| :_Zan[j](x), 2 0= 1,..0,0,

and

(x) Yale(y-y )

& DI T
(4.2,29) Eld{c(x Yn,z) Fily) n,Hh,) Fn[j](y)}l

~ ~ ~ 2=1,...,n~h",
= an[j,j]h'(X’Y)+3an[j](X>an[j](y)’}ﬂ=l 0
peoesll

we have

n1/2

(4.2.30) Em/? R 32 = ofn"Y(log n)%}

3

Hence (4.2.30) and the Chebyshev inequality imply that, as n >,

n1/2

(4.2.31) R,=>0.

nj p
Now using the definitions (2.3.9), (2.3.11) and the Fubini

theorem we see that for every 1 = 1,...,n3 h = O,l,ooo,mn, and

s 1

Jsd" = 1,000,4,
E{Bs(Yn,i)} 0, s 1,2
which imply
N
(4.2.32) E {B(Yn’i)} 0

and



) @3)
E{BS(Yn’i)BS,(Yn’i)} R

E f f fe-1)%"1x

fe((-1)8

Farg, 3 m (D

7
0

oY— §

_Fn[j

@)
Yn i)

S-lx,(—l)

s-1
](('l)

g,8' = 1,2
~ s=-1
- Fn[j]((-l) X)}

(j )) - % [jv]«‘l)s-lY)}

~ s ~ s'
an[j]((‘l) X)an[jv]((‘l) Y)

|
-1
s y)

s'=1

XF (017 T)

~ s!
an[j]((-l) x)an[j]((-l> Y)

= 5058 hy (4.2.16) - (4.2.19),
jj'h
so that
(J) g ~(11) ”(12) ~(21) ~(22)
(4.2.33)  E(BOINBOI L= S0 - BT 8+ 8
Sygtmy BY (4:2.15),
Here note that if h = 0 and j = j' then,
v 1)y, - AL ,z(22) _ z(21)
(4.2.34) 353 E{B%Ynsi)} RN D
Since B(Y(Ji)s are mn—dependent, the dispersion matrix of
n
1/2 z B(Y(l)) 1/2 z B(Y(qi)} is given by
1=1 =1 ™
I: = ((ij'))j;j'=1,ooo)qs
where
n-h
T el cov{B(Y(j)) B(Y(J >>}+z 5 cov{B(Y(j))B(Y(J R
i3’ i=1 h=1 1=1 m,d
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mn n~h
GgY (i)
+ 1'21=1 121 cov{B(Yn,i )B(Yﬁ,i+h)}]
mn mn
B4 t Eail - 285y ¥ E=1(l - 2% 4n

Now for any j = 1l,...,q9, the B(Yéfi)'s are bounded valued random
variables and they satisfy the condition of a ¢-mixing process with
¢, = 0 for n/log n > K. Hence by a multivariate extension of the
central limit theorem for strongly mixing processes by Rosenblatt

(1956 b), the lemma follows. Q.E.D,

Theorem 4.2,1, Under (2.2.8) and (2.2.10) as n » =,

(4,2.35) péinl/z[gn- 8D = N QD)
where
4.2.36 = (Uygoos ' r = L)), L
( ) B (ul’ )]‘lq> 9 A ((YJJ'))J’Jv=l,eoo’q’
d yu. and v.., are defined in the same way as u . and v,., in
an uJ an YJJ' efined in same way unJ YJJ, in

(4,2,13) and (4.2,14) - (4.2.19) with Hn[j](x)’ Fn[j](x) EEE_

Fn[j,j']h(x’y) replaced by H[j](x), F[j](x) and F[jsj']h(x’y)

respectively,

Proof. Upon noting that H[j](x) = F[j](x) - F[j](-x) and ﬁn[j](x)

= ?n[j](x) - Fn[j](-x), under (2.2,8) and (2,2,10), we have by
(3.2.1), as n + =,
(4.2.37) supIH[j](x) - ﬁn[j](x)|==0(n_d), 451, 3= 1heensa’

Also by a straight forward extension of (2.3.16), similar to the
extension of (2.3.15) to (3.2.1), we have under (2.2.8) and

(2,2,10), as n » =,
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-d
(4.2.38) sup {8up |Fr, L1i GY)-F (. 1o Gooy) |} = 0™,
he0,1,...m  x,y (323 1R n[3,3']h
d> 1,
(3]

Jsd' = 1y000,Qe

For every j = 1,...,9, We can write

8

(4.2.39) - { Hn[j](x)dF[j](x) + [ H .](x)d(F

) Bl 160 = Fryy )

nlj

First integrating by parts and then using (3.2.1), it is
seen that the second term in (4.2.39) is of order (n—d), d > 1,

as n +®, By (4.2.37) and the dominated convergence theorem, as

o
n > »

o0

gy GIFyy GO~ [y (O GO =y,

o - 8

for every j = 1,...,4. Hence by (4.2.39) and the above arguments,

as n > =,

~

(4.2.40) B > M

where for each j = 1,...,q, ¥, is defined similar to ;;j with

~

Hn[j](x) and F

n[j](x) replaced by H[j](x) and F[j](x) respectively.

Again for every j,;j' = 1l,...,9 we can write

~(11)  F B ~
(4.2.41) ij'h = £ g{ n[j,ji]h(x’y) Fn[j](x)Fn[j'](y)}

dF[j](-x)dF ](—y)

(3

{F h(x)y)—Fn[j

nl3,3'] OO 5O

+
o — 8

~

A ry) (7F g (72 )
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](X)%

n[j'](y)}

r- ~ - ~

an[j](—X)d(F [ ]( Y) [j](-Y))

Integrating by parts and then using (3.2.1), it is seen that
each of the second and third terms in (4.2.41) is of order (n_d),
d>1, as n > », Also by (3.2.1), (4.2.38) and the dominated con-
vergence theorem, as n - «, the first term in (4.2.41) tends to

5 (11 (11) ~(11) >
jj'h where §, 13'h is defined as § 39'h with Fn[j] n[j,j']h(x°y)

[j](x) and F[ ']h(XQY) respectively. By similar
arguments, as n > o, 6(12) > 6(12) 6(21> 5(21) and Ef??a -

'h” °33'h* “33'h 'h
5 (22) (12) (21) (22)
j i where ij'h’ ij'h and ij'h

for every j,3i' = l;.0.059, h = 0;1,..., a8 n > =,

(x) and F

replaced by F

are defined gimilarly. Therefore,

$

(4.2,42) ij'h > 39'h

where ij'h is defined similar to Gj ™

(x,y) respectively, For h = 0 and

with Fn[j](x) and Fn[j,j']h(xﬁa

replaced by F[j](x) and F[j,j']h

j =13', also similarly, as n + =,

4,2.43 5., -8,
( ) 337 853

where ‘%j is defined similar to 833 with the above replacement.
Further, the fact that IFn[j’ji]h(x»Y)-F ](x)Fn[jg](y)l <1,

for all x,y, gives us Isjj‘hl < 4y for 3,J' = 1,:00595; h = 0,1,..0,

nlj

m_ which in turn implies
n

n ~
(4.2.44) |I  (a/n)8

jj'h' E_Zn-lmn(mn+1) + 0, as n ~ =,
h=l

for every j,i' = 1l;.:.:9.

Hence (4.2.42) = (4.2.44) imply that

b X

(4.2.45)

> ,l:ﬁ as n >,
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where I is defined similar to E with the above replacement.

Now the theorem follows readily from (4,2.40),(4.2.45), Lemma

4,2,2 and Lemma 4.2.3. Q,E.D,

Remark: In Lemma 4.2.3 and Theorem 4.2,1 we have proved the
asymptotic normality for fixed F, the marginal distribution of the

vector X,., If we consider a double sequence U » U sooo sk .
~i ~n,1’ ~n,2 ~n,n

defined for each n, where U
~n,;i

= gn(gi), i=1,,..,n and Hn,i has

distribution depending on n then Lemma 4.2.3 and Theorem 4.2.1

also hold provided the dispersion matrix Ln defined on gn 1 is
9

positive definite in the sense that

(4,2,46) lim inf{minimum eigenvalue of Ln}ri c > 0,
n

since then for a vector & # 0,

2 - i g
EIRE, 4 LUEQ, 8 iR
= &'Le >cllLll >0,
so that if
3 ‘i‘ 31
Elg'y, ;17 < o7 HElu Ty <

then Liapounov's condition (see Lo&ve, 1963, p. 275) is automatically
satisfied. In our case B(Yéji)°s being bounded valued random

’
variables, Liapounov's condition (see Lo&ve, 1963, p. 275) is

automatically satisfied whenever the dispersion matrix is p.d. in

the above sense and this implies the condition (2) of Theorem 3 of
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Gnedenko and Kolmogorov (1967, pp. 101-103). Hence the lemma and
the theorem hold whenever the dispersion matrix is p.d. in the above

sense,

4,3, Asymptotic Properties of a Class of U-statistics.

It is well known that the Wilcoxon signed rank statistic
(vector) can be viewed on as a Hoeffding's (1948) U=~statistic. Under
certain regularity conditions, the asymptotic normality of the Wilcoxon
signed rank statistic obtained in section 4.2 is extended here to a
class of U-statistics for stationary autoregressive processes,

These regularity conditions are somewhat more restrictive than those
in Hoeffding (1948) dealing with independent observations, and appear
to be necessary in view of the infinite chain of dependence in the
series of observations. It is intended to follow up the general case
in the near future. However, for the sake of completeness, we will
summarize the results on U-statistics obtained in this chapter.,

We may note that in (2.2,7) X, is expressed as a linear com-
pound of Epops T = 0,1,0.0,°. Essentially Hannan (1961) and Eicker
(1965) considered a similar truncation of this linear compound as is
done in (2.3.5) and approximated the linear function of the gt's

by the corresponding function of Xn t'so The latter function is

]
again linear in the independent errors g, over a certain number of
terms depending on n, and thereby they were able to use the C.L.T.
But the kernel ¢(5l,ooo,5r) of a U-statistic is not, in general, a
linear function of its arguments. Therefore the decomposition

(2,3.5) is not adaptable. The non-linear nature of the U-statistic

and the chain of dependence of the successive observations makes it



quite complicated to reduce the autoregressive process to an m -
dependent process in which the results of Sen (1963) can be incorpor-
ated and extended to prove our desirgd results, This, however, is
done here through the following conditions,

i) For every ¢ > 0, we can find a positive number A such that if

we define the gr-dimensional rectangle

A% =£§a vooosy Xy °|<A, for i=l,..05%5 j =1,000,q)
1 r ij

and A® = RYF - A*, i,e., the complement of A* and I c is the
A
indicator function of Ac, then

3
(4,3.1) sup sup E[I |¢(X yooosX )71 <€
n l<o,<,..<0 <n  AS Ry O 00
-1 |y

and

ii)

(4.3.2) sup sup E[i¢(x yooopy )I3] <o,

n l:ql< <ur§p Ty O 0y

For a finite time interval T = {t:l <t < nl}, let {X, X}

g0 00 HAR

be the ramdom variables associated with the sample of size n from
the process defined in (1.1.1). In addition to satisfying the above

assumptions, let the statistic ¢(§a ,ooo,ga ) be symmetric in the
H r
arguments ga ’°°°’§a 30 oo 0<a and let us define the U-statistic

based on the sample of size n as

X )

-1
(4.3,3)  U(X{senerX ) = (:) Loy, »eoosX,
S 1 r

~n

<s00<0_ < n, The

where the summation S extends over all 1< ay =

U-statistic for the mn-dependent process, where mo~ K log n and

K is a positive number, is defined as
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n, =1
(40304) U(Xn,19°°°BXn’n) = (r) z ¢(Xn’a19°°°9,¥,,n,ar)°

Let us define

4.3.5)  gF) = Ele(

PP § -0, >m
,al’ °”~n,ar)|ui+l i n’

fori=1,...,r-1}

and
(4.3.6) g(F_ Roviseossy,) = E ¢(zn’a ,m,zn’a )}
1 r
where O0ip1=%y = Vys 0 < vy <m fori =i, Foooo # i, , while for the
remaining r - £ =1 values of i, Gyq” Gy m for i = 1,2,..,,r-1,

Obviously g(Fn) = g(Fn!O)o

The symmetric estimator UO(Xn,l°°°°‘Xngn) based on Xn,l,ooo,

Y is defined by
~n,n
(n-rmn + m -1 .
(4)307) UO(Xn’l,oaogznan> = r Sl q)(xn’al,ooapzn’ar)

n—'rm.n + m -1
where the summation S0 extends over all possible sets
r

of Ggrcocsl satisfying o 17 > omy for i = 1;...,r~1,

i+
The following two assumptions are made concerxrning the kernel

¢(§a1,coo,§u ), defined on RYT,

Assumption (A): It is assumed that the kernely (§a vooorKy ) is
1

r
continuous everywhere,

Assumption (B): Further assume the following Lipschitz type condition,
namely, there exists a 60 >0, a function g(°) on RY® and a constant

M such that if X, = (§& Qoooaga )" and 5*@ = (52',000,52')' be any
~ r ~ 1 T

1
two points on RY with Ikg - 5§|| <60 then

~



(4.3.8)

and

Lemma 4.3.1.
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|¢<,>sg> - ¢<zj>l < IIch - zgl lg(zg%

Eg('XOL) < M,for all a2, all n

Under (2.2.6), (2.2.8), (2.2.10) and the assumptions (A)

and (B), as n + =,

(4.3.9)

n1/2

{U(glwao,gn) - U(gn’l,oan,gn’n)} ;oo

Proof. Under the notations defined above,

C o e d ) QOD,
¢(5ul, »%, ) an ¢<zn»a1’ )

n,o
T P

can be viewed on as functions of the rq x 1 vectors x, and P
14

respectively.

every € > 0O,

(4,3.10) P{

~

Hence by (4.3.3), (4.3.4), (4.3.8) and (2.3.5), for

1/2
n / IU(zl,noo)gn) —U(Xn o )°°°D.¥n o )l > E}
* 'y

1/2
f_ P{n / |U(‘2“(l’°°°’§n)—U(Y ,ooo’Y )| > Ep

~n,0q ~n,a

sup |1 -y || < 8.}

o ~n,o 0
l<a,<,..<0_<n i
2 r—

1

+ P{ sup

1-<—°‘1<° oo <n ®

< P/t NECRITE AR

I A

sup |12,-X

l<.“<0f.rin 3 0

1<a

+ P{ sup |12,-X, |1>8,}
1<@,<.0.<0_<n ~ el
—1 r—

Nn,g

~

p(nl/2 (" §| 8,X, o 123, > <)



+ P swp NP0 SN
1.<_u’l<o o <otr_<_n R "M 0
1/2
< P{n / sup ||§a-xn ||( ) 2 g(X ) > €}
1<a,<..0<a_<n ~ 8
-1 r—
+ P{ sup X - || > 5.}
<o <eeo<a <n = TR o
1/2 ] R @2Y/2
< P{n sup ) )1 E g(X ) > el
1<a;<soo<a <n\i=l j=1 D0y
— r—
r 2
P{ sup 2 % R(J) )1/2 > 60}
L5q1<ooo<ar§p i=1 j=1 Maoy
< P{(nrq)l/2 sup max IR(j)l(n)_l Z g(X )> €}
- . n,i''r ~g,
iHl’OOO’n J=l'000’q S ~

+ pLa? suwp max lRSi' > 8p}
isl’oou’n j=l’ooa’q i

The first thing to be noted is that, since E[(:)-l 2 g(ga)]‘i
S ~

M < =, there exist a small n(>0) and a large Kn such that

el b4

4.3.10) BT § g(®) > K} < ¥ <nfor k > K»

S

which implies that (:;)-1 2 g(zu) is bounded in probability. Secondly,
S ~

by Lemma 2,3.1, a constant c1 (>0) can be so chosen that

(4.3.12) P{IR(J) | > e, < eq
’Gi

where 0 < § < 1 and Cyy Cq are also positive constants and this

implies that.

-c./§
) 1
(4,3.13) P{ sup max an,il > cyn }

i-l,ooogn j=1,ooo’q

88
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R ~-c. /8
2 v (B zep T )
i=1,,,.,n"
j=l’.G°’q
n . -c. /6
< 5§ MRyt }
1=1 j=1 n,it =72
-(cl-l)
_<__ qc3n °
In (4.3.13) let us choose c; > 1 and, since 0 < § < 1, this
implies c¢;/§ > 1. Then by (4,3.13), arg)’?  aup nax 'Riji'
]

i'l'DQO’n j=1’.‘°’q
is also bounded in probability. This and (4.3.11) imply that the first

term in (4.3.10), i.e.,

P{(nrq)l/2 sup max |Réji|(:)—l Zg(ga) > g}
] S ~

1=1,...y0 j=l,..0,9
+ 0, as n +» «,
Again, 1if 8y is kept fixed then also by (4.3.13) the second term in
(4.3.10), i.e,,

P{(:r:q)l/2 sup max !Réj;| > 8y} > 0,as n > =,

i=l,.005n j=l,c40,9 ’

This completes the proof of the lemma,

Lemma 473,27 Under (2.2.6) and (2.2.8), as n + =,

(1) E{U(Xn,l’ooa'xn’n)} = g(ﬁn) + O(n“l log n)
and
(ii) nl/2

{UO(Zn’l’ooo,Xn’n) - U(Zn’l,oao’xn’n)} ; 0-

Proof. Similar to (2.4) in Sen (1963), here we have

(4.3.14) E{U(Xn,l,.ou,zn’n) - g(Fn)}
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_1(r=l, n n ~
B (:) lé 21(r21) ) ;i°§n ﬁ/ r-% i>[F(Fn+2'V1""Vz)

-g(F )]
By the Liapounov's. inequality of moments and (4.3.1),

g(Fn|£,v1,,a°,v2)—g(Fn)| is bounded for all (ul...,,ar) with

@ipq "0y TV j_mn+l, for all 1 = 1,,..,2=1, Let
e F) m s |g@ |u,v v) - g®)]
s n n!m*12°c 0Ty n
al,ooo’ar

Then similar to (2.6) in Sen (1963), we have by (4.3.2),

~(r=1)m
(4.3,15) |E{U(Zn,l,°og,zn’n)—g(Fn)I<<r) [Z:) -(é 2#8 (F))

r

(n)

]

| A

n_lr(r-l)mng (?n)

= 0@t log n),

which proves (i).

Also

- —l)m

1/2 n\~1/" (x n
(403016) n {U(gn,l’aco’zn,n>-(r> < . UO(Xn'l,aon,Xn’n)}
-1
-1/2fn~-1
= Y - B -1 Y
m (r-l SESO ¢ n,al’ i n,ar)

n n-(r--l)mn
where the summation extends over all possible {(r)_( . )}

terms with ai+l - ai

from Lemma 4.7 of Sen (1963), it follows that

(T T0 - (7 < meo,

similar to (2.8) of Sen (1963), here we get

im, for at least one 1 = 1,..,,r=1. Since



_for a = 0,1,...,r; where kﬁ -8B
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-1
-1/2/1 2
(4.3.17) E{[xn r_l> Sz ¢(Zn’al,o.o,zn )] } { (log n) }

which by the Chebyshev inequality and a well known convergence theorem

due to Cramér (1946, pp. 253-254) implies (ii). Q.E.D,

Let us now put

(4.3.18) ¢;n)(zn’al,o”,zn’ua) = E{ ¢(Zn’al,...,xn’aa.xn’aa_i_l,
°°°’Xn,ar}- g(f"n)
for a = 0,...,r; where G q = Oy m for all i = 1,2,.,.,r=1 and let
CERD ISP O AR A
1 *“a
(4.3.20) ‘i?ihl,a,.,ha> - (3{™ (1 oy ba )¢ oMy SRR APRL

i| =h;30<h <m fori=1,...,a
but lai - at| >m o, lBi - Bt| > m  and Iui—6t| > m for all i # t =

1,...,n. Finally, let

m
(n) _ () (n)
(4,3.21) 0, = g2 g lcl b

Then we have the following.

Lemma 40303D Under (2.2.6) and (2,258), nl/z{U (Y l’aoo’zn )}

4
—g(Fn) is asymptotlcally normally distributed with zero mean and

2_(n)

variance r Cl

.

Proof, By Lemma 4.3.2, it is sufficient to show that n 1/2 {U (Y 1t

) - g(?&)} has asymptotically the normal distribution with zero
2 (n)

mean and variance r S By the same techniques as used in Sen

Y
~,n0
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(1963) to obtain the variance of a U-statistic for an m -dependent
n

process,; here we have

-1 2 -2
(4.3.22) Var{UO(Xn,l’°°°'xn,n)} = nr ;in) + 0(n © log n) .

Again, if we define

n
Y = /2 ) ¢£n)(z

)
1=1 m,d

where

Var{Yn} = r2cin) + O(n-l log n),

then by exactly the same procedure as in (2.22) of Sen (1963), we

get

1/2 ~
(4.3.23) Yn -n {UO(xn,l’°°°’Xn,n) - g(Fn)} ; 0 .

(n)
1 (Zn,i)} form an m dependent stationary stochastic

process, whose third (absolute) moment is finite by the assumption

Now {¢

(4.3.2)., Hence by the C,L.T, for strongly mixing processes by
Rosenblatt (1956b), it follows that Yn has asymptotically the normal
2 _(n)

distribution with zero mean and variance r Cl . The above arguments

along with (4.3.38) complete the proof of the lemma. Q.E.D.

Theorem 4.3.,1. Under the assumptions (A), (B), (2.2.6), (2.2.8),
1/2

and (2,2,10), n {U(gl,ooo,§n) - g(F)} is asymptotically normally

distributed with mean zero and variance rzgl, where

(4.3.24)  g(®) = [ooof §(gpseoerx JAP(E)) o dF(x ),
r4*

(403025)

z Tya+t 2 L T,
1 1:0 RS I



(4:3.26)2, o [oos[{o (a1 02000002, ) =8B Hp (57035500 0 »x0) =g (F)}

gd(2r-1)

dF(yy) ..« dF(y )dF(y%) ... dF(y¥)dF(x,),

(4.3.27)5, | = 15&;I{¢(gl,x2,ooo,z D=8 (F) 6 (%y5Xps e o023, =8 ()
R
dF(g,) .. dF(y )dF(gh). . dF (y )dE, (% ,5,)

and F (x ) is the joint c.d.f. of (X ) h=1,2,0000

X123 1°844n

Proof. If we denote by fn(gl) and F (x X.), the joint c.d.f. of

15Xy
Xn,i and (zn’iggn’i+h) respectively, then by straight forward

generalizations of (3.2.1), it is easily seen that Fn and §n1 con-
-1

verges weakly to F and Fh respectively.,

Since ¢(°) is continuous,

g(F) = foof $(Bysoeesx IAF ()00 dF_ (%)
rRYF
and (4.3,1) holds, using a result in Cramér (1946, p. 74), we get,

(4.3.28) lim g(Fn) fooof¢(51,ooo,gr)dF(gl)ooodF(gr)
n-—- e et

g(F), by (4.3.24),

Again since,

. f°o°f¢(“)<xl>¢<“’<g2>dp Gy a5y)

r

= f°°a£ JCTASTYRRRIS AL IC IS SRPRIY fud
R

dF (xz)modF (z )dF (X*)ooodF(x*)dF (5l’~2)_g CF)

93
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by the same arguments as given above,

4.3.29)  Um £ o [ (G 00y ax =B B Hb(8y x50 hx D -g(E))

n-—> 2qr
dF(Xz).,oodF(zr)dF(x’z‘)o“dF(x:)th(El,gz)
= L by (4.3.27), h =1,2,....
Similarly,
\ (n) _
(4.3.30) lim Z1.0 = %1.0
n - o

where 21,0 is defined in (4.3.26).

Now under (2.2.8) and (4.3.2),

sup { |c(n)l}is finite

h—
and
|§(n)| a s for all n,
where
I < =
h=0 “h
Hence by above and bounded convergence theorem, we have
(4.3.31) lim c(n) = + 2 2 z =z, by (4.3,25).
1 1.0 l:h 1
n - h=1

Therefore the proof of the theorem follows readily from (4.3.28),
(4.3.31), Lemma 4,3,1, Lemma 4.3.2 and Lemma 4,3.3,

4.4, Asymptotic Distribution of the Median of the Mid-range Estimator,

Let {X X } be a sample of size n from the stationary auto-

l’ooe’

regreasive process defined in (l1.1.1). We assume that the marginal

c.d.f, of 51 is diagonally symmetric about its location parameter,



Then the median of the mid-range estimator (vector) for the location
1

arameter is 6 =(8 esayb ' where ., = med {=(X_ ,+X )3

P ~n ( n,1’ *'n q) en’J 1<t<t'<n 2( tyJ t':J) ’

for j = 1,...,9. From the asymptotic normality of the Wilcoxon

signed rank statistic (vector), the asymptotic distribution of the
vector /Eﬁn is derived here by a straight forward multivariate

extension of the Hodges and Lehmann's (1963) techniques.

Using the relation H[j](x) = F[j](x) - F[j](-x), = 1ye0e,4,
we see that if the c.d.f. F is diagonally symmetrical about 0, which

implies F[j](x) + F[j](-x) = 1 for every x and for every j = 1,...,q,

40401 = H . dF . = l 4 i = l o0 0
( ) My £ (5] CF [5G0 14y 3 = 1,..0,4,
and making use of the substitutions -y to y, =x to x and -x to x and

-y to y in the second, third and fourth integrals respectively,

2 AL | (12) | (21 | ((22)
(4.4.2) ij,h ij'h ij,h ij'h + ij'h

It ’ s s'
) ££ b T DT DT

s s':\ _1yS+L,

s'+l
dF[j.]((-l) y)

0

= f f{F[j'j.]h(X.y) - F[j](X)F[j.](y) dF 410}

dF[jv](Y)

and for h=0, j = 3j'=1,...,9, it is equal to



4.,4.3) 6§, =
( > Sy

o~ 8

F[j](x)(l-F ](x))dF

(3

3 -0+ gFljl('X)(l‘F[jl('X))

dF 41

-2 Fp47(-%) (-F

0

] (x)

(3 (3

= 1/12,

where 6§§:§'), 8,8' = 1,2, are defined after (4.2.36) in the same
manner as in (4.2,15) - (4.2.19).

Hence for symmetrical population, ij, is as usual given by
(4.2.36), where for every j,j' = 1,c..,9, h = 0,1,2,..., 5jj'h and

%j are given by (4.4.2 ) and (4.4.3) respectively.,

For each j = 1,...,9, let us now consider the variables

X! = X -a,, 1=1,...,n where a, is a number chosen according
i,] i,3 J

]
to our convenience, Let us take aj = n-l/zuj, J = 1y00439,
where uj's are some fixed numbers. Then the Wilcoxon signed rank
statistic (vectoxr) based on the variables Xi p 1 =1,...,n,
’
j = ly0005q 18 given by
1

(bob.t) En(g) = (Tnl(al>’°°°'an(aq)) ,
where

1% 1/2
(4.4,5) Tnj(aj) = n(nt+l) { Hnj(x-n uj)anj(x)’ J = 100449,

Similar to (4.2.39), here we get

-1/2

-1 %
ETnj(a )} = n(n+l) £ H[j](x—n uj)dF[j](x)

3

- [ =172 fan -1/2
(}; H[j](X)dF[j](X) -n uj {H[j](X)dF[j] (x) +o(n )

= %—- n'-l/2 uj ff%j](x)dx + o(n-l/z)

so that

96
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1 < 2
(4.4.6) vVn E{Tnj(aj) -7 =- uj_o{ f[j](x) + o(1)

= “j(aj)’ say, J = 1,..:,9.

If we denote the corresponding § by &'

33'h then by (4.4.2) and the

ji'h
Taylor serles expansion, we can write

1/2 1/2

a7 83y = [ TG Gen”

u, y—n-
j3'th o L i

=-1/2
FrynOmm 7 Tug ) dE L AR ()

S + o(n'l/2

33'h ‘

Hence

(4:4.8)  Var(/m T (@)} = L = ((oi50)y yia1, . g

where

n-l/2

(40409) Y . 1 = .t + 0(

Y13 )
(4.4.9) implies, as n » =,

(4.4,10) L~ I.

Without any loss of generality we take the location parameter
to be Q0 and suppose PO denotes the probability when Q is the true

value of the parameter. Then by a straight forward multivariate

extension of Theorem 4 of Hodges and Lehmann(1963), we have

(4.4.11) JLim PQ{/rTOn’j Sugs 3= 1.0

= lim Po{/H[Tnj(aj) - -};] <0, J=1,.00,q}

n->o ~

- l_ - =
= lim _P.o{/rT[Tnj(aj) ai U FLCIVRL N CIPRRE L YRR

n->e <
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1
»E[Tnj(aj)- 7l - uj(aj)

= lim P -

n-—)w ~

o f_Uﬁ + o(l), 1 =1,.00,9
/ f%j](x)dx

By (4.4.10) and the remark in the end of Theorem 4.2.1, as
n > «, the right hand side of (4.4.11) converges to the c.d.f. of a

multivariate normal distribution with mean vector Q and dispersion

~

matrix

(4.4.12) = ((Tjﬁ))j)j"lsooosq

where

(4.4.13) Tjj, = ij'/(:£ f[j](x)dx _i f[j,](x)dx)

Hence by (4.4.11) and the above arguments, the vector /Eﬁn is
asymptotically multinormally distributed with mean vector Q and

dispersion matrix T**, where T** is defined in (4.4.12) and (4.4.13).



CHAPTER V
COMPARISON OF THE PERFORMANCES OF SEVERAL
ESTIMATORS OF LOCATION FOR STATIONARY

AUTOREGRESSIVE PROCESSES

5.1. Introduction

In this chapter we consider several rival estimators of
location parameter for stationary autoregressive processes and
compare their relative performances by their asymptotic relative
efficiencies. In section 5.2, A.R.E. of the median (vector) with
respect to the mean (vector) for the general stationary multi-
variate autoregressive processes are considered. The details of
this A.R.E. wvalue for the univariate case are studied in section
5.3. 1In section 5.3, the A.R.E. of the 277 mid-range estimator
(vector) with respect to the mean (vector) and the A.R.E. of the
median of the mid-range estimator (vector) with respect to the mean

(vector) for the general stationary multivariate autoregressive

processes are considered in a nut shell. However, emphasis is given

on the study of the A.R.E. values for the univariate case. 1In the
end of the section the A.R.E. values for univariate Gaussian auto-
regressive processes for the above estimators are tabulated. We

conclude this chapter with a description of some related problems
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not considered in this dissertation and is expected to be studied

later.

5.2. Asymptotic Relative Efficiency of the Median with Respect to

the Mean.

In this section first, for samples from general stationary
multivariate autoregressive processes the A.R.E. of the sample median
(vector) with respect to the sample mean (vector) is obtained and
then some bounds for the A.R.E. are worked out for some particular
cases. The A.R.E. values for samples from univariate (normal) auto-
regressive processes are studied in the next section and some values
of it are also tabulated there.

Let §t’ t=1,2,...,n be the sample observations (q x 1 vectors)

where X has the representation (2.2.7). Here we assume (2.2.10) to

be true with some § >2 and let us suppose that var(gt) = 3% =

(O gg1))g g1=1,...,q foF 811 E anan < |zl <. Define X =

= = 1 = -1 .

(xn,l""’xn,q) , where Xn =n 2 X ., j=1,...,q9 and denote by

»J g=1 t°3d
£ the sample median vector, and by gi/Z’ the population median

vector.

By (2.2.7),we have

(5.2.1) EG) = 1 BEGg._) = 0,
r=0
oo [+ ] l
' =
.2.2) E(;(tgﬁ_h) E( ) grf"t—r) ) grst—ﬁh)
r=0 r=
= 1]
- Z Z B.E(er rEe-stn’Bs

LBEB 4 » h=0,1,...,
r=0
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and (5.2.1) and (5.2.2) imply

(5.2.3) E(gn) = 0
and
[ Fagapea} T
(5.2.4) E(§ X 'Y = n [ E(X g')-+2 E(X g' i]
n>~n £=1 t~t h=l t=1 t~t+h

) -1[3’ ]
= n B LB +2 Z (1——) B_I B .
=0 r~e hel rz r~e r+h

q
If we write g(h) - I c(h)

for
o 337
j=1

(h>l <

n~18

rogr%gﬁh’HEHShmelg

[« <]
finiteness of 2
h=1 r=0

T h
Z max OS,) < o, Let us write o, = max o

, 0
h=1 j=1,...,q 33 8=1,...,q

o1 8

BB

Bl Bn y it is sufficient to show that

ess, Then by

Schwarz's inequality and (2.2.8), we have for any j = 1,...,q,

2.5 o™ - 7 3 § p{Dp (),
33 r=0 s=1 s'=1 is 3s €ss
) [g {(r) 1/2(3 (ﬁh) 2_ ]1/2
. 1ot
r—O o1 €8S o1 es's
*
< cfa’ T eB(r + B2
r=0
so that
5.2.6) ] max ol <cfloy T B+ mEEHT <o
h=l j=1,...,q 33 h=l r=0
which proves finiteness of z 2 B LB . Again by (5.2.5),
hel p=o T r+h
DB
(5.2.7) - B LB ‘
h=1 D p=g "F°E r+h
n q
A = I cst})
h=1" j=1 JJ

n o0
(Czq4/n) z N he8(r + h)g(e*)2r+h + 0 as n > =,
h=1 r=0

I A
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since the double series

77 hr8(r + n)&(
h=1 r=0

*,2r+h
e’)

*
converges for 0 < e” < 1. Therefore as n » «,

=] (=] [>-]
-, )
(5.2.8) nE(Z X') -~ [;Zogrgggr + 2 hzl rzogrgggr+;] = I, say.

then we assume that

If § = ((9450)

jsj'=l9°"’q

j'
(5.2.9) L is non-null.

By (2.2.8) it follows that

(- -]

(5.2.10) LB, <=
=0
where
e ll, = s [lBsll,
|zl ,=1

and x is a q x 1 vector with ||;5||2 = iglxi}l/z and satisfying the
condition Ilgllz = 1. )

For our case let us take B* = 0, a q x 1 null vector, and Ve = 1
in the model (1.1.2), considered by Hannan (1961). Then Hannan's (c3),
(c4) and (c5) conditions are also satisfied. Hence by Hannan's (1961)
C.L.T., /E-z£ has asymptotically a multivariate normal distribution

with mean vector Q and dispersion matrix L

Also by (2.4.2),

’Z(nl/z[s,n_él/zl) > Nq(Q,,I,), as n * ®,

NG I (j))_
where T is given by (2.4.1) with p = 1/2 and F gr0 )= 1/2
[j]( p(J)

for each j = 1,...,q.
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In the above model we have E(E#) = Q. Instead of Q, if E(gt) =
. then E(Za) = gogrke = ¥, say. If however, y =§&, then the
gsample mean (vecigr) and the sample median (vector) estimates the
same parameter. In particular if the c.d.f. G is symmetric about Q,
then p = 51/2. In that case the A.R.E. of the sample median (vector)
with respect to the sample mean (vector) is the ratio of the reciprocal
of their generalized variances as considered by Wilks. For a detailed
definition of A.R.E. see chapter 6 of Puri and Sen (1971). Hence the

A.R.E. of the sample median (vector) with respect to the sample mean

(vector) is given by
(5.2.11) {]z]/ x|/

Now we use the following well-known result, known as Courant's
theorem.

If A and B be two square matrices of same order and B is non-
singular then

1

a'Aa _
sup | ==— )= maximum eigenvalue of (AB )

1
a#0\R Ra

~ ~

a'Aa
glzfo 3'Ba

By the above theorem, the expression (5.2.11) is bounded below

and

minimum eigenvalue of (ég_l).

and above by the g-th root of minimum and maximum eigenvalues of

-1

LT =,
We consider, now, some particular cases.
a) We assume €, j's are independent for j = l,...,q and Er's
b
are diagonal matrices for r = 0,1,2,.... Then Xt .'s are also

b



104

independent, This gives us Ojj' = 0 for j # j' and also Tjj, =0

for j # j'. In this case the efficiency (5.2.11) is given by

q
(5.2.12) {lglllgl}l/q - (To, . /M.
=1 49733

Actually ojj/Tjj correspond to the A.R.E. of sign test with respect to
t~test for the univariate case, Hence by an application of Hodges and
Lehmann's (1956) lower bound for the A.R.E. of sign test with respect to

t-test,the A.R.E,, as given by (5.2.12), is > 1/3. Again since

1 o)
— 11
11 0 91 0 T 0
-1 ‘ . 11
LI = . ™ o]
o : }‘ 0o o 0
T T
qq / \\ qq aq

/

which has eigenvalues ¢ , by Courant's theorem, the

ll/Tll"'°’ qu qu

A.R.E. (5.2.12) lies between the gq-th root of minimum and maximum

/Tt ).

values of (Oll/Tll""’cqq aq

]

. S
t,]

b) If gr =Arlq, r=20,1,2,..., where Ar's are constants and €

~

are exchangeable random variables for j = 1,..,q, i.e., Ze =
2 .
o, [(1 - pe)lq + pegq] then we can write for h = 0,1,2,...,
[+

1 - 1
Gl = L B EE

2 % rq - : .
o L0 0BBy 0Bk, ]

=]

2 .
= o, <r£0xrxﬂh>[<1 - 0L+ e ]

Hence in this case X_ .'s are also exchangeable random variables for
H

j=1,...59. By (5.2.8) here we have

(5.2.13) %

((o5;10) = Z [B.LB

2
o “s[(L - pE);q + pegq],
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where S = (/z AZ + 2 2 E A Ar+h>
=0 ° h=l r=0 *

The variables Xt i being also symmetrically distributed, from

s

(2.3.23) and (2.4.1) we see that Ty is same for all j # j'

l,...,q9 and Tjj is also same for j = 1,...,q. Here for p(J) =1/2,

j=1,...,9, let us write
T for j = j'
(5.2.14) T,

3] b for § # 3

and define the function

1 for F(x) 3_%
J(F(x))

fl

0 otherwise.
Then we can write the correlation coefficient between the medians for
any two variates by ey = u/7 and by Lemma 4.4 and Lemma 4.5 of

Sen (1968 a) we get;

(5.2.15) > -(q - 17t

J
where the equality holds iff J(F(X)) is a linear function of X with
probability one, in which case the distribution of X is degenerate.

Hence in the non-degenerate case we can write

(5.2.16) > =(q - 17T

PJ
By use of (5.2.13) and (5.2.14), in this case the A.R.E. (5.2.11)

can be written as

<o§s>q{1+<q—1>p€}<1—p€>q‘1}1/q

(5.2.17) {Iglllzl}l/q = [- =1
{t +(q-1)ut(x -w)1

s )[{1 +(g-Dp 1 (1-p ) 7/
= (0 S/1

{1+ (q-L)p P/ p (47178



We denote the efficiency (5.2.17) by e and consider some particular
cases.

i) Let pE = 0. Then

= s/l + (a-Dp P 2 p @7V /9y

2
(OES/T), if oy = 0

| v

(oiS/qu/q)s 1£0<p <1

v

(0%8/0) ((a-1) /@) /9, 15 -(a-15 <0y < 0

v

(o2s/1aDla- 1/ G/, 1e ~@-7! <) <1,

Thus in this case we get different lower bound of the efficiency
depending on the value of DJ.
. -1 ‘ -1 ~

ii) Let o = -(q-1) ~. Then as Py > -(q-1) ~ by (5.2.17), e =0

so that our proposed procedure is not at all suitable for the

degenerate case o, = -(q—l)_l.

iii) In general for given p_ and —(q—l)_l <p. <1, we have

J

N {1+ (q-l)pe}l/q(l—ps)(q_l)/q(q-l)(q_l)/q
e > (ces/r)——

q

= @501 V1 4 g1y 1o, ) T2y

so that whether we have a larger or smaller bound of the efficiency
than in case (i) depends on the value of e
In this case if the number of variables q increases

indefinitely and Py > 0, then the efficiency
- 1 -1
(g-1)"1 + 0.} gy - pe)(q )/q

~ 2
e = (6°8/1) lim — =
R R O e T e

J

106
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= (¢7S/Ty(@ - pe)/(l - oJ)

> (o

MmN MmN

S/it)(1 - pe)

and this lower bound is (GES/T) if oo > 0. Hence if the number of
variables increases indefinitely, the efficiency can be bounded
below by a quantity which tends to a fixed limit irrespective of the

value of pJ(i_O)c

c) If gt has a gq-variate normal distribution then X and Xt 1

]

t,]

have jointly a bivariate normal distribution. If we write pjj' =

correlation coefficient between X, , and X, ., and p._,., =
t, ty] hjj

correlation coefficient between thj and Xt+h,j" then using the
relations
1,1 -1 1.1 -1
Fr. & = &= 4+ =— Si . s d F_ .. . &, =7+5— Si . s
[3,3'1055°650) =3+ g7 Sin eyyr @0 h[JaJ'](EJ’gJ') E 7w 2T Prgy

(See Cramér (1946), p. 290) we have the following simplificatioms.

In fact then

-1 v oas-l L
Sin phjj' + L Sin phj,j],for i#j

1 il -1
=— [=+ 2 Y sin .1, for j = j
5 L Phygls i=1

and

——l;——-, where o? = Var(Xt j)

f[J](aj) - /’2—’;0 )
J

5.3, Asymptotic Relative Efficiency for Univariate Stationary

Autoregregsive Processes

For univariate autoregressive processes of order k, we can
simplify the results quite considerably. In this particular case, we

can write the observation Xt as



(5.3.1) x = 7 b

k
(r) r .
where b = izlyiei, (el"°"ek) (|ei| <1 fori=1,...,k by

(2.2.6)) are the roots of the auxiliary equation of

(5.3.2) Xt + alXt—l + o.. + akxt—k = €,
*
and Yiﬁs are constants. Since by (2.2,6),0 < e” = 12,§k |ei| <1,
we can write
* _n%
e = e P , where p* > 0
Then
- % .
5.3.3) b = 0™ = 0@ ) or b < AT

where A is a finite constant independent of r. This shows that in

this case the assumption (2.2.8) is obviously satisfied. Here all

the other results can be obtained much more easily due to the
simplicity of the expressions (5.3.1) and (5.3.3). But we shall

study, in particular, the details of the A.R.E. values.

Let th t =1,...,n be the sample observations where Xt has

the representation (5.3.1). We assume var(et) = 02 for all t and

n

0 < 6% < ®, Define X =n 1 Y X, and denote by t_, the sample
t=1

median and bygl/z, the population median.

Since Xt has the representation (5.3.1), we have

E(Xt) = 0
= 9 © 2
var(Xt) = _ Z=0b(r)b(S)E(€t—r t—s) =g rZO b(r)
_v (@), (8) 2% (r), (c+h)
COV(Xt’Xt+h) . Z=0b b E(et_r €t+h-s) o rZOb b

which imply

108
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E(Xn) = 0
and
_ -1 B ‘ § nih
(5.3.4) nvar(X) = n [ ) var(X,) + 2 cov(X, ,X ..)]
n £=1 t h=l t=1 t’ t+h

o0 2 n [ee]
2T b 423 - %9 b (P (R,
r=0 h=l r=0

oo 2 (=] (=]
o2 ) B L, . b(r)b(r+h)], as o + =,

¥

=0 h=1 r=0
since
2 h % . (r), (r+h) 2% n h 2
LA <XY Rt - @t
h=1" r=0 h=1

02/ {1 =(e*) 2T e*(1-(e%)P} (1 —e*)~2

- n(e®)™la - ext

]

+ 0 as n > >,

By (5.3.3) the right hand side of (5.3.4) is of the order
1+ e*)(1 - e*)_]‘{l—(e*)z}_l which is non-null for 0 < e* < 1,
Also by (5.3.3),

E Ib(r)l < A § (e*)® = A (L - e"‘)—1 < =, for 0 < e* < 1,

r=0 r=0
Now taking B* = 0 and Y, = 1 in the model (1.1.2), considered by
Hannan (1961),we see that his (c3), (c4), and (c5) conditions are also
satisfied. Hence by Hannan's (1961) Central Limit Theorem, /E-EQ is

17w ‘ _ . 20 7, (x)2
asymptotically normal with mean O and variance ¢°[ z b +

© oo =0
) § T p@ple
h=1 r=0
Also by (2.4.2), /E(tn - 51/2) is asymptotically normal with

mean 0 and variance vz/fz(gl/z), where f(al/z) = F'(El/z) and
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2 1 ot 1
(5,3.5) v o= 22 hzl {Fh(al/z,al/z) - Z}

In the above model we have E(ﬁ;) = 0. Instead of O, if
E(e, ) = u_ then E(X ) = Z b(r)u = y, say. If however, u= §

t € n £=0 € 1/2
then the sample mean and the sample median estimate the same
parameter. In particular if the c.d.f.G is symmetric about O, then
p o= 51/2' In that case the A.R.E., of the sample median with respect

to the sample mean is given by

o]

2 3 ©
4czf2(gl/2)[2 p(M7 47 3 b(r)b(‘*h)]
r=0 h=1 r=0

(5.3.6) eff(t/X) =

[1+2 ¥

{4F (£ sg ) - 1}]
et h'?1/2%>1/2

If the underlying parent distribution is normal then f(El/z) =

% -1
( 2 cv Z b(gsf) and Fh(gl/2’€1/2> = %-+ (Sin_lph)/Zw (See Cramér

r=0
(1946), p. 290) where 4 is the correlation coefficient between Xt

and Xt+ Hence for a univariate Gaussian autoregressive process

h*
the A.R.E. of the sample median with respect to the sample mean is

given by o
1+2 ) o

h=l B

(5.3.7) e (/D) = @/m

[=<]

1+ (4/m) ] sin"lo,
h=1

For first order Gaussian autoregressive processes where

= +
X aX, 1t &

lal < 1 and ¢, are independent normal variables with mean O and

t

variance‘gz, we have L = ah and b(r) = a’. Hence if we denote by

&N’ the A.R.E. of the sample median with respect to the sample mean

for a first order normal autoregressive process then from (5.3.7) we
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get , h

{1+ 2 z a ]
(5.3.9) e h=1

it

(2/m)

IN P
1+ (4/m) § sin”l(&@h
h=1

2[1 + 2a(l - a) 1]

_l(ah)

m+ 4 ) Sin
h=1

21+ a)(L - a) M+ 4 N sin t(aM 7t
h=1

We now observe some limiting values and bounds of the efficiency

o)
&N First, the series Z Sin_l(ah) being uniformly convergent for
h=1

|a] <1, e, >2/m as a->0, Secondly, using the infinite series expan-

IN

gsion for Sin_l(ah) and summing term by term, we get

= -1 - -
(5.3.10) T Sin (a") = a@-a)"l(1 + (a2/6)(1 + a + a)7"
h=1

+ (33.4/40)(1 +a+ al+ad+ a4)_l

+ (5a6/112) (1+ atal+ad+atrad+ a6)'l

+ ...]
which consequently imply as a -~ 1,

1.3 .5 35 63 -1
+18 *500 * 782 Y 10368 T 30976 T )

(5.3:11) e.. + (1 = ,924

IN

As a » -1, the expression (5.3.10) also implies that ey 0. Again

by using the inequality (2/m) Sin-lx < x for x > 0, we get for a > 0,

N2 @/mMa+aa - a) M1+ 2 ) a7l = ayn
h=1

(5.3.12) e

so that the efficiency is bounded below by (2/m) for non-negative

values of a.
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For a second order Gaussian autoregressive process where
X + alxt 1 2Xt—2 = €.y 895 3y are constants and €. are independent
normal varlables with mean 0 and variance 02, two cases may arise.
i) Case of unequal roots: If e (-1 < ey < 1) and e, (-1 < e, < 1)
are the distinct roots of the auxiliary equation x2 + ajx + a, = o,
then we can write
_ _ -1 r+l r+l
(5.3.13) o= (ey - e Z (e] - e, e __
r=0
which gives us b(r) = (el - ez)_l(ei+l - e;H')° Therefore
o 2 o .
(5.3.14) z b(r) = (e, - e )_2 2 (ezr+2 + e2r+2-2er+ler+l)
1 2 1 2 1 2
r=0 r=0
-2 2,-1
= (el - e2) [el{el(l-el) - e, (1- ey ) }
2,-1 -1
+ ez{ez(l—ez) - el(l—elez) 1]
-1 2,-1 -1
(el—ez) [el(l-el) (l—e1e2
2.~-1 -1
- ez(l—ez) (l-elez) ]
(treje,) (1-eD) (-2 1e e )7
and
(5.3.15) 2 Z b(r)b(r+h) = (e.-e )-2 2 z (er+l r+l)( r+htl_ r+h+l)
172 1 €1 €
h=1 r=0 h=1 r=0

(e, -e ) ~2 2 [e h+l 1(l—ei)-l —e,(1-e,e)) T}
h=1

i1 72
h+l{e (l-e ) l(l_elez)—l}]
(e;-e,) -1 hE [ ?+l( - i)"l(l—elez)_l

h+1l 2.-1 -1
- e, (l—ez) (1—ele2) ]
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(el-eé —l(l—elez)"]‘[ei(l—el)—l(l—e]z_)_l
- e2(1-e) H(a-e2) ™
(1-6182)-1(l-el)_l(l—ei)-l(l-ez)_l

2 2

2.-1
x (l—ez) (el+e2-ele2—ele2)

Hence if we denote by e the A.R.E. of the sample median with

2N°
respect to the sample mean for a second order GauSsian autoregressive

process with unequal roots of auxiliary equation, then by (5.3.14)

and (5.3.15) we get,

2 2 -1 -1 -1
2[1 + 2(el+e2—ele2-ele2)(l~el) (1—e2) (l+ele2) ]
(5.3.16) ey = —~
T+ 4 ) Sin_lph

h=1

where
h+1 2 h+1 2 -1 -1

(5.3.17) Py [e1 (1-e2) - e, (l—el)](el—ez) (l+ele2)

Since the series z Sin_lph is uniformly convergent for
h=1
e, | <1,le,| <1 and o, >0 for e, >0, e, ~0 with e fe,, e, > (2/m)
as both e1-+0 and ey
given by (5.3.17) then
SRS N | -1, 2,0 20 =l 2. 200 -1y
h2181n p, = (ej=e,) “(ltese, {e] (1-e;) (1-e;) "-e,(1~e]) (1-e,)

+0 with the restriction el#e20 If Py is

+ (1/6) (egme,) "> (e o) > fef (1-e5) > (1-e) ™

4 2 2 2 4 2
-3ele2(l—e2)(l+e2) + 3ele2(l—el)(l+el)

6 2.3 3.~-1
- ez(l—el) (l—e2) I

and as e, -

0
Z Sin_lph - el(l-el)_l[l + (ei/6)(1 +el+e§_)-l E S

h=1
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which is exactly similar to (5.3.10). Therefore from above and

(5,3.16) we conclude that the efficiency ey ey 3 e +~ 0. The

same conclusion can be arrived at for‘e1 + 0, This means that the

A.R.E, of the second order Gaussian autoregressive process con-

-verges to that of first order process if any one of the roots of the

auxiliary equation converges to zero. Again here Ph > 0 for all h,

for e, > 0, e, > 0 and e - e, > 0. Hence, similar to (5.3.12), for

1 2 2
ey > 0, e, > 0 and el > ey,
2 2 -1 -1 -1
2[l+2(e1+e2—ele2—ele2)(l—el) (l—ez) (l+ele2) ] 9
(503018) e2 > = —
N — o T
m(l+2 0p)
h=1

so that the A.R.E. e is bounded below by (2/7m) if both the values

2N

of ey and e, are non-negative and ey > e,
i) Case of equal roots: If e(-1 <e <bl) is the double root of

the auxiliary equation x2 + a;x +a2 = 0, then we can write

(5.3.19) X, = 1 (ctldefe _

t =0 r

which gives uS‘b(r) = (r+l)e’ for r = 0,1,... Therefore,

(5.3.200 ) b Jo(et1)? 2T = ] g2
r=0 r=0 r=1

o]

Y {r(r-l)+rle
r=1

2r-2 _ 5 21 02)"3 4 (1-e2)2

1+ e2)(l - e2)—3

and
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(o] o (s8]

.321) v T b LT T () (orht1)e 2T
h=1 r=0 h=1 r=0

h

z X r(r+h)e
h=1 r=1

2r+h-2

oo oo

Yy o) {r(x-1) + (htl)rle
h=1 r=1

2r+h=-2

Voo(2e21-eH73 4 1) 1-eH e
h=1

h

T {(1+e?) + h(1-e?)}(1-e?) 3D
h=1

e (1+e?) (1-e) "L (1-e%)3
+ e(l+e)(1--e)-l(l-e2)-3

e(2 + e + ez)(l - e)-l(l - ez)-3

Hence if we denote by e;N’ the A.R.E. of the sample median with
respect to the sample mean for a second order Gaussian autoregressive
process with equal roots of auxiliary equation, then by use of

(5.3.20) and (5.3.21) in (5.3.7) we get

« 21+ 2e@+e+ e -+ eH ™
N

(5.3,22) e

T+ 4 Z Sin_lp
h
h=1

where

(5.3.23) o [1+ h(l - e + ) 11el

Let us now observe some limiting values and bounds of the

*

efficiency eoN°

First, we see that by (503023),;)h + 0 as e > 0 and



(o]

the series E Sin—lph is uniformly convergent for ]ph] < 1. Hence
h=1
as e > 0,

(5.3.24) e;N > (2/m)

Secondly, using the infinite series expansion for Sin_lph with Ph

given by (5.3.23) and summing up term by term, we get

(5.3.25) (L ~e)(L+e?) ] sin o
hal

= e(l+e?) + e(ite) + (e3/6){ (1+e?) (1+ete?) ™t
+ 3(l+e) (Ltete?) ™2
+ 3(+e) 2 (1+e) (1+e2) "L (1+ere?) 3
r (re) 3 (1rsere®) (1re?) 2 (rere?) ™)

+ oo o0

which consequently imply as a -~ 1,

. 2. 8. 6 3 9 18 1
(5.3,26) ey > 4lh+ g+t Tstes T35 T 28
3 . 15 15 -1
*To6 T T3z T oL T o)
= 4/4.493
- .890

As e » -1, the expression (5.3.17) also implies that egN + 0.

Again e > 0 implies P > 0 for all h. Therefore similar to (5.3.12)

here we get for e > O,

(5.3.27) o* > 2{1 + 2e(2+e+e2)(l—e)-l(l+e2)_il -
o o ZN—

2/n

mn(l+ 2 z ph)

h=1
*

so that the efficiency &N

values of e,

116

is bounded below by (2/w) for non-negative
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For visualizing the nature of the efficiencies in details, the

*
values of the efficiencies ey €N and e,y 2re tabulated at the end
of this section (TABLE 5,3,1) for values of the roots lying between

_99 and 990

For independent Gaussian processes the 277 mid-range estimate
being optimum among the class of mid-range estimates, various authors
have compared the performance of it with that of other similar
statistics, Here for autoregressive processes we want to compare the

performance of the 277 mid-range estimate with that of the process average.

For a multivariate autoregressive process if the parent dis-
tribution is symmetrical then the 277 mid-range estimate (vector)
en

for the location parameter is J = yoooslU (q)) where
n n

Uéj) = (z(j) .\ + Z(j) (,))/2, j = 1,...,9, with PiJ) = .27,
nspl n,P,y J

péj) = .73, for each j=l,...,q4. By section 3.4, /;-En has a multi=-
variate normal distribution with mean O (population median vector)

and dispersion matrix

*

- %
(5.3.28) I . ((Tjjv))
where
‘e I (1) el GY
(503@29) Tjj' [V (g l(j))f (Epl(j'))

(33" ¢~ (i) -1,.(3")
+ V.3 (ipl(j))f (g ( ')

N Rl (€<j>( E <a(j) )
Py
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(33" =1, (D) -1,.(3"
v gG Gy’ E € TGyl
Py Py
(3i")

where VIt

are given by (3.3.9).

Hence in the same situation described earlier in connection with
A.R.E. of the sample median (vector) with respect to the sample mean
(vector), the A.R.E. of the 27% mid-range estimate (vector) with

respect to the sample mean (vector) for g-variate stationary auto-

regressive processes is given by
(5.3.30) gl rte

As in section 5.2, here also we can have some bounds of the efficiency
(5,3.30) and we can consider those particular cases. However, to

avoid repetition we omit. the details.

For univariate autoregressive processes if the parent distribu-
tion is symmetrical then the 27% mid-range estimate for the location
arameter is U_ = (2 + 2 with o 27 = .73, B
P n ( n’pl nbpz)/ Pl ’ P2 y
section 3.4, vVn U, is asymptotically normal with mean O (population

median) and its variance is

*2 _ =2 -1 -1 -2
(5.3.31) 17 = v, f (gp )+ v, f (gp ) (gp v, f (gp )1/4
1 1 2 2
where Ep and Ep are the 27% and 73% quantiles respectively and
1 2
< 2
(5.3.32) vy =P (L =p)+2 ] NG .ap ) - py}
h=1 1
2
(5:3.33) Vyy = Pyl = py) + 2 hzl {F w05, ) = pyl

(5.3.34)

<

Py 1

+ Y {F -
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Using the facts of symmetry the expression (5.3,31) can be simplified

quite a lot. First we see that for symmetrical distributions

f(E;p )‘='f(&;p ). Again the variances of the sample quantiles of
1 2

lower 27% and upper 27% being equal for such distributions we must

have vlL = vzzo

simplified to

Using the above facts the expression (5.3.31) can be

%2 2
(5.3.35) e (g v 260 ).

1
Hence in the situation described earlier, the A.R.E. of the 277 mid-range

estimate with respect to the sample mean for univariate stationary auto-

regressive processes with symmetric distribution is given by
© 2 © ©
(5.3.36) eff(u/X) = 20%£%(¢ )[ ) SN ) b(r)b(r+h{}/(vll+v12)
P1 Le=0 h=1 r=0

where Vi1 and v o are given by (5.3.32) and (5.3.34) respectively with

P = .27 and P, = . 735

If the underlying parent distribution is normal;gp' = -,6128
o 2\-1 1
and £(¢_ ) = (/27| ] p (1) ) exp(- 5(,6128)°}. Hence,
1 r=0

for a univariate Gaussian autoregressive process, the A,R.E. of the 277%

mid-ranpge estimate with respect to the sample mean is given by

o0

(2 ph)exp{-(o6128)2}/n(vll £v,,)

(5.3.37) eN(U/i)

h=1
where
- vop2
(5.3.38) oy I bb /1 by
r=0 r=0
(5.3.39) Vo, = L1971+ 2 ¥ {¢ (-.6128,-.6128) - .0729}
11 h
h=1
(5.3.40) v, = 18, (-.6128,.6128)-,1971}

+2 ] {9 (-.6128,,6128) -.1971}
h=1
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and @h(x,y) is the c.d.f. of standard bivariate normal distribution

with correlation coefficient.phc

For studying the nature of the efficlencies in details, the
values of the efficiency (5.3.37) for first and second order Gaussian
autoregressive processes are tabulated at the end of this section

(TABLE 5,3.2) for values of. the roots lying between -.9 and .9.

If the parent distribution is symmetrical about its location,
the median of the mid-ranges provide another alternative estimator
for the location parameter. The asymptotic distribution of the
median of the mid-range estimator is-studied in chapter 4. We now

want' to compare its performance with that of the process average.

For a multivariate autoregressive process if the parent dis-

tribution is symmetrical then the median of the mid~range estimator

(vector) for the location parameter is § = (eél),ooo,eéq))'
where e(j) = med {l(x + X, )}, for 3 = 1,...,9. By section 4.4,
2 t,3 t,J

l<t<t'<n

Vﬁﬁn has multivariate normal distribution with mean Q (population

median vector) and dispersion matrix

Kk E3
5.3.41 T = T.. .
( ) I (¢ JJ'))j,J'=l,eoo,q
where
(5.3.42) Tff. = (8, + § S, 1.+ § )/(T f (X)dﬁ(f f v (X)dx)
i3 330 pop 33T °1'3h (3] 3']
where for h = 0,1,2,...3 J,3" = 1,000,549, ij'h is given by (4.4.2)
and for h = 0 and j = j' = 1,..0,9, ajj is given by (4.4.3).

Hence in the same situation described earlier in connection with
A.R.E. of the sample median (vector) with respect to the sample mean

(vector), the A.R,E. of the median of the mid-range vector with respect
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to the sample mean vector for g-variate stationary autoregressive

processes is given by
(5.3,43) (gl |yt

Similar to section 5.2, here also we can have some bounds of the
efficiency (5.3.43) and we can consider those particular cases,

However; to avoid repetition we omit the details.

For univariate autoregressive processes with symmetrical
distribution, the median of the mid-range estimate for the location

parameter is 6 = med {l(x

+ X _,)}. By section 4.4, vVn 6_ 1is
P t n
1<t<t'<n

t
asymptotically normally distributed with mean 0 (population median)

and variance

(5.3.44) H2 o @2 ] s/12(f a0’
h=1 e

where for h = 1,2,..,,

o0

(5.3.45) 8, = i f{Fh(x.y> - F(x)F(y) }dF(x)dF(y)

e OO wum OO

Lence in the same situation described earlier in connection with
AR.E, of the sample median with respect to the sample mean, the A.R.E.of
the median of the mid-range estimate with respect to the sample mean for

univariate stationary autoregressive processes is given by

. © 2 ) © ©
(5.3,46)  eff(8|D) = 1262¢ T b 42 T T p My (1 £20yax)2
r=0 h=1 r=0 —
/(124 % 8,)
h=1

where Gh is given by (5.3.45),

1f the underlying parent distribution is normal then f fz(x)dx =

(1=
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(5.3.47) 8, = [ [ (x,y) - e(me(y)}de(x)de(y)

wan OO 0me OO

where %(x) is the c.d.f. of standard normal distribution and ¢h(x,y)
is the c.d.f. of standard bivariate normal distribution with correla-

tion coefficient Pye By Kendall (1948, p 118) and integration by

L

parts, §, = (1/27) sin~ ‘ph/2)° Consegquently the expression (5.3.44)

ig simplified to
ok - -
(5.3.48) 2 2 (rox?/3) (1 +12/m T st (e, /21,
h=1
Hence for a univariate Gaussian autoregressive process the AR.Eof

the median of the mid-ranges with respect to the sample mean is given by

(5.3.49) e B0 = (B/m @+ 2] p ) {1+(2/m ] St (o /2))7F
h=1 =

h=1

where

T (o), (cth), ¢ . ()2
Y b b /Y b

r=0 r=0

(5.3.50)

o

°h

If we denote by ElN’ the A.R.E. of the median of the mid-ranges
with respect tothe sample mean for a first order Gaussian autoregressive
process, then similar to (5.3.9), here we get

_]_(

(5.3.51) E., = 3(L+a)@-a)r+12 § sial(a"/2))

N hel
Similar to the case of AR.E, of the sample mean with respect to the sample
median for a univariate first order Gaussian autoregressive process,

here also ElN + 3/m as a + 0O, ElN + 0 as a > -1 and ElN >

1 3 -1 _
=5+ 3500 T soo) = ,985 as a » 1, In this case, from TABLE

5.3.3, we see that for a > .5, the efficiency ElN is very close to its

1+

limiting value.
Similar to (5.3.16), the efficiency“E2N of the median of the mid-

ranges with respect to the sample mean for a second order Gaussian
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autoregressive process with unequal roots of auxiliary equation is

given by
22

-1 -1 -1
(5.3.52) E, = 3[1 + 2(ejte)-eje -ejer) (1-e ) “(l-e)) “(ltese)) 7]
o -] ZN

T+ 12 2 Sin_l(ph/Z)
h=1

where Py is given by (5.3.17). Here also E,. - 3/7 as both e

ON >0

1
and e, > 0 with the restriction e # e,
Similar to (5.3.22), the efficiency E;N for the case of equal

roots of auxiliary equation is given by

S 31+ et e e - o)t + &7
oN = ]
T+ 12 ) sin” (e, /2)
h=1

where Py is given by (5.3.23). Similar to the corresponding case of

A.R.E. of the sample mean with respect to the sample median, here also

* * o _ * 1.1 3
Ejy ~ 3/mas e >0, Epy™ 0 as e~ -land Epy > (+ 55+ 765 *35600
+ 000)_l‘= 2979 as e >~ 1. In fact, from TABLE 5.3.3, we see that

*

for e > .2, the efficiency E2N

is very close to its limiting value,

For studying the nature of the efficiencies in details, the

. o * ‘
values' of the efficiencies ElN,..EZN and E2N are tabulated in

TABLE 5,3.3 for values of the roots lying between -.9 and .9.
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5.4, Proposed Topics of Future Research.

In this dissertation we have solved several problems in connection
with stationary autoregressive processes. However, there are still some
other problems in connection with it which we did not consider here.

In connection with a stationary autoregressive process the problems

which come to our mind immediately and which are not considered in this
dissertation are the following.

i) TFor stationary autoregressive processes we have derived in Chapter III,
the asymptotic distribution of linear combination of a fixed number of
order statistics but we did not consider the problem of finding the asymp-
totic distribution of a linear combination of all order statistics or a
subset of that. This problem includes the derivation of asymptotic dis-
tribution of Trimmed mean, Winsorized mean, etc. for stationary auto-
regressive processes.

ii) For stationary autoregressive processes we have developed in Chap-
ter 1V, the asymptotic distribution of Wilcoxon scores which is a parti-
cular case of Hoeffding's (1948) U~-statistics. The problem of deriving
the asymptotic distribution for the more general form of U-statistics

for stationary autoregressive processes remains still open.

iii) In Chapter IV, we have considered only a particular case of U-sta-
tistics, namely the Wilcoxon scores. Wilcoxon scores can also be ex-

pressed as a particular case of rank statistics of the following type:

(5.4.1) T

01D

R .
n, i
io1 Jn( n+l) Sgn(Xi)

where Sgn(Xi) is 1 or 0 according as Xi is >0 or <0, Rn i is the rank of
9
i .
lXi| among IXll,aao,|an and Jn(E:T)’ 1 < i < n, are suitable rank scores.

Such statistics are knwn as Chernoff-Savage statistics. Hence for
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stationary autoregressive processes similar extension, as referred in
(ii), is also possible for more general form of Chernoff-Savage

statistics, defined in (5.4.1).
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