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DESIGN AND ANALYSIS OF BOSE'S TRIANGULAR SINGLY LINKED BLOCK DESIGNS

by
C. 0. Gardner

The parameters for several triangular singly linked block designs have been
worked out by Dr. R. C. Bose and are listed in Table 1. These parameters are used
in constructing the field plans and in analyzing the data of research experiments,

Construction of the Design

The construction form for each design can easily be set down in the form of
two triangles and the blocks can be numbered. The blocks are then randomly
arranged in the field and the entries are randomly arranged in each block, For
example with 21 entries the construction formand one randomized arrangement would
be as follows?

Construction Form

Block I * 1 2 3 L 5 6
IT 1 % 7 8 9 10 11

IIT 2 7 o+ 12 13 1, 15

W 3 8 12 % 16 17 18

v L 9 13 16 # 19 20

VI 5 10 1 17 19 % 22

VII 6 11 15 18 20 21 =%

One Random Field Arrangement

Block I 1 § 1 10 9 7
Iv 16 17 8 3 18 12

Vi 1, 5 21 17 19 10

I L 1 3 5 2 6

ViIT 21 18 11 6 20 15

IIT 7 13 12 2 15 1,

vV 20 19 16 9 L 13




Table 1, Parameters of Some Triangular Singly Linked Block Designs.

No. of entries No. of No. m~
No., of entries per block blocks reps- k - c, cy - c,
(v) (k) (b) (r) noM A oo oo H A r(k-1) r(k - 1)
10 L 5 2 5 1 0 2/5 -1/5 13/h 5/2  0.700000 0.100000
15 5 6 2 6 1 0 1/3 -1/3 16/512/5  0.666567 0.083333
21 6 7 2 T 1 0 2/T -3/1 19/6 1/3  0.6),2857 0,071429
28 7 8 2 8 1 o0 1/ -1/2 22/7 16/7 0.,625000 0,062500
. 36 8 9 2 g 1 0 2/9 -5/9 25/8 9/,  0.611111 0.055556
Y b5 9 10 2 0 1 0 1/5 -3/5  28/0 20/9  0.600000 02050000
55 10 1 2 11 0 2/11-7/11 31/1011/5  0.590909 0.045455
6 11 12 2 121 0 31/6 ~2/3 3L/112l/11 ©.582333 0.0L1667

1/ If it is desirable to have more replications,

which case r will be some multiple of 2,

the basic design can be repeated any number of times, in
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Analysis of Variance

The steps involved in the computation of the analysis of variance of triangular
designs follow together with an example which has been analyzed by this procedure,
1. The data from the field plan must first be arranged in construction form
and the following calculations made.:
(a) Block totals, Bj

B,
(b) Block means, 7% = Bj

(c) Grand total, G

(d) Grand mean, %
Table 2 shows the construction form and these calculations for an example where
v = 10 entries,

Table 2, Construction form and computations needed for analyzing

a triangular design in which v = 10, Figures in
parentheses are the yields of corn in bushels per acre.

Block Blocg Totals Blo%k Means
J J

I = 1 2 3 L
(5L) (55) (67) (52) 228 57.00

II 1 * 5 6 7
(38) (56) (50) (58) 202 50450

IIr 2 5 3 8 9
(56) _ (70) (59) (55) 240 60,00

v 3 6 8 * 10
(60) _ (55) (52) (59) 226 56,50

v L 7 9 10 #*
(L8)  (68) (50) (L5) 211 52,75

G= 1107

G/N 55435
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2. Information shown in Table L is next obtained as follows$

(a)
(b)

(c)

T,

1
Y
occurs, e.g. @ =T, = By = B, = 92 = 57,00 = 50,50 = =15.50

"

the treatment totals, e.g. Tl = 5} + 38 = 92,

the treatment total minus the mean of each block in which the treatment

Checks The sum of the Qi = 0,

The Qi for each treatment is entered in the construction form as is done
in Table 3.

Check: The sum of the totals for rows or for columns = O,

Table 3. Qi arranged in construction form.

1 2 3 L Total

-150 50 "6900 13.50 "'9.75 "l?o 75
1 * 5 6 7

=15,50 15,50 =2,00 22,75 20.75
5 4% 8 9

-6.00 15.50 -SQSO '7975 -3o75
3 6 8 * 10

13.50 -2,00 -5,50 ~5.25 0.75
7 9 10 *

'9075 22475 "7-75 -5-25 Oooo

Total =17.75 20,75 ~3.75 0.75 0400 0,00

(d) Sl(Qi) = the sum of the Q, for all treatments occurring in the same block

with the treatment for which the Sl(Qi) is calculated. This is easily
obtained from Table 3 as followe’
where R(Qi) is the total for the row in which Q. appears,

and C(Qi) is the total for the column in which Q; appears.

For example, Sl(Ql) = =17.75 + 20,75 = 2(~15.50) = 3},00

Check: The sum of the Sl(Qi) = 0,



A
(e) ti = the estimated treatment effects

(k = C C. -
_ NG

r(k-1) *  p(kel)

Sl(Qi).

The coefficients of Qi and Sl(Qi) are constants for each design; hence

they have been calculated and are shown in Table 1,

In the example ?1 = (0.7)(~15.50) + (0.1)(3L.00) = =7.L5.

Check?! The sum of the @g = 0.

(f) The intra=-block adjusted treatment mean, Ti’ is simply the grand mean for the

‘ experiment plus the estimated treatment effect, t;s dee. o A
T, = + b,
i F° 7

In the example T, = 55.35 + (=7.L45) = 47,90
Table Ly Intra=block adjusted treatment means and values required for computing the

total sum of squares for treatments adjusted for blocks.
Adjusted treatment

mean

Treatment T, Q Sl(Qi) by Ty

1 92 '15-50 Bhooo ‘70&5 h7-90

2 111 - 6,00 =950 «5.15 50,20

3 127 13050 -bh.OO 5005 600h0

N 100 -9.75 1.75 w6465 48.70

5 126 15.50 =14,00 9.L5 64.80

6 105 -2.00 25050 1015 56.50

7 126 22,75 =2L.75 13.45 68,80

8 111 ‘5.50 8.00 -3005 52.30

9 105 ”7-75 11075 -hozs 51.10

10 104 5,25 11,25 «2,55 52,80
Total 1107 = G 0.00 0600 0.00
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3« The analysis of variance is computed as follows$

Source of Variation §:£} Sum of Squares Expected Mean Square
b 2
Q
Blocks unadjusted bel Uk 2 B§ - %_
J=1
. 2 Nevy 2
(Blocks adjusted) (b-1) (see below) oL+ =T %
v
Treatments adjusted Vel jg tiQi
i=]
Error Nabev+l By subtraction cg
. 5 G2
Total Nel >y .8
- I B
1,J

(a) The "Blocks unadjusted" sum of squares is obtained in the usual manner
by squaring the‘block totals and adding them together, dividing by the
number of plots per block, and subtracting the correction factors
In the example

(228) + (202)° + +ss + (211)% _ (1207)°
N %0

(b) The "Treatments adjusted" sum of squares is the sum of the cross products

= 223,80

of the Qi and the ti‘ In the example .
(=15.50)(=7445) + (=6400)(=5.15) + eoe + (=5.25)(=~2,55) = 792,65,
(c) The "Total sum of squares is obtained in the usual manner by summing
the squares of each observation and then subtracting the correction

factor, In the example

2
(502 + (55)% % wee 4 (15) o SO o 3330, 55

(d) The "Error" sum of squares is obtained by subtracting the "Blocks un-
adjusted" sum of squares and the "Treatments adjusted" sum of squares
from the "Total" sum of squares. In the example

1110.55 = 223,80 = 792,65 = 94.10,
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(e) Since the "Treatments adjusted" sum of squares + the "Blocks wadjusted®

sum of squares = the "Treatments unadjusted" sum of squares + the
"Blocks adjusted® sum of squares, the latter can easily be calculated,
The only new value needed is the "Treatments unadjusted" sum of squares
which is obtained in the usual manner by summing the squares of the
treatment totals, dividing by the number of plots per treatment, and

subtracting the correction factor, Inthe example the
(9?)2 * (111)2 3+ see + (lOLL)z
2

"Preatnent unadjusted® sums of squares =

2
- QOD” . .05,

The "Blocks adjusted" sum of squares = 223.80 + 792.65 = 654,05 = 362,40,
which has an expectation of (b-l)d2 + (N-v)ci or, in this example,

hO’z + 100'2 .

The completed analysis of variance for the example is shown in Table 5.

Table 5. Analysis of variance of yield of corn (bu. per acre) in a

triangular singly linked block design with 10 treatmentss

Source of Variation defo Sum of Squares Mean Souare M.S. Expectation
Blocks unadjusted L 223,80 55.95
(Blocks adjusted) (L) (362.L0) 90.60‘ Eb* cg + 5/2 cf)
Treatments adjusted 9 792,65 88,07
Error _6 _9h.10 15.68 B_ cg
Total 19 1110.55
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(£) 35 can be computed from the analysis of variance table as f ollows}

2 (B -E)  (b=1)(8 -E)
% " Wv)/(e-1)" =)
/(\).12) = 4(5-1)(90060 - 15068) = 29.968

(20 = 10)

In the exanple?

Le The adjusted treatment means utilizing both intra=- and inter-block information
are shown in Table 7 and may be calculated as follows?
(a) Q) = (T, ~q, =~ 29)
‘The Ti and Q ; are computed in Table 4 and are taken directly from
there, 1 is the number of reps and g is the grand mean and is given in
Table 2
For example, Q]'_ = 92 = (=15.50) = 2(55435) = 3,20
Check? The sun of the Q; = O
(b) To calculate the Pi’ it is necessary to first calculate the factors

w and wi,

wl = 1
2.z

% + kor]D

In the example, w and W! may be estimated from the estimates of cg

and crg as followss
A

1
We LY el .063776

= 1 = 007377
5.5 % L(29.968) = °

|
Py =W, +wiq,.
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!
The Qi are shown in Table L and the Qi in Table 7.

In the example P, = (,063776)(~15.50) + (.007377)(=3.20) = 1,01213l,

Check?

The sum of the Pi = 0,

(c) The P.'s are next arranged in construction form as was done for the Q;'s

in Table 3, and the row and colum totals'are computed., Check: The sum

of the totals for rows or columns should = O, The Pi's for the example

appear in Table 6.

Table 6. P.!s arranged in construction form.
i Total
% 1 2 3 L
1 3 5 6 7 ‘
“1001213h 0987053 -015h8h7 103959&5 1:216017
2 5 % 8 9
- 4336181 «987053 -4307981 - 479141 ~.136250
3 6 8 3t 10
881632 - 154847 -.307981 -+3L45521 .073283
L 7 9 10 s
-, 62882 1,39594L5 ~1479141 =q 345521 -o057541
Total |=~1,095507 1,216017 -.136250 .073283 ~,057541 «000002

(d) The Sl(Pi) are computed from Table 6 in the same manner as the Sl(Qi)

were computed from Table 3 i.e,

8,(P;) = R(P;) + €(P,) - 2p,

where R(Pi) is the total for the row in which P, appears and C(Pi) is

the total for the column in which Pi appears.

In the example Sl(Pl) = (=1,095507) + (1.216017) = 2(=1,012134) = 2,1LL,778

Checks

The sum of the Sl(Pi) = 0,

A
(e) Before the adjusted treatment effects %' can ve computed the following

factors must be calculateds
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W
= Zw—w'i
clA + rkiW
d, =
1 A+ rHW + r2W2
i - caA + rkzw
2

—-A + YHW + rzw2

w and w! were obtained in section L(b), and Ms Mys Gy Cp, Hoand A are the
parameters given in Table 1,

In the example!

7 «007377
(s063776 = 4007377)

= ,130800

@ (3) + 2(1)(.130800) 1261200

= = .369036
1 @)+ 2(3)(.130800) + (2)°(.130800)%  3.1118635

A (D) + 2(0)(.130800) -
d2 = = 'Bm = --1)46257
3.418635 ¢
A (k~d,)P. + (d,~d,)S.(P.)
(£) ¢ = 2’ 1 1 27 173" . the treatment effects adjusted with
r [ﬁ' + w(k-ll/ the recovery of inter-~block informa-
tion, )
At (k=d,) (dy=d,)

1T r [t + w(k-1)] R [t + w(k=1)] S1(Fy)

In the example
41 [h - (-.u6257)] p. 4 (369036 = (= 1LE25T)] o (5 y
i 2 [3007377 + 00377 -l_] i 13007377 . 53775(5-121 ii

= 10.433197 P, + 1,296628 Sl(Pi)
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A
and t. = 10.133197 (=1.01213L) + 1.296628 (2.1LL778) = ~7.77881L.

1

Ay

The other ti are easily calculated from this same general formula by using

the Pi's and Sl(Pi)'s listed in Table 7.

At
Check® The sum of the t, = O,

i

t - 0]
(g) The adjusted treatment means, Ti’ are obtained by adding the estimated

A
adjusted treatment effects, b, to the grand mean, G/No
- At .
For examples T' =8 * by = 55,35 + (-7.77881kL) = 47.571186, which can

1 N

be rounded to L7.57 bushels per acre.
Table 7. Adjusted treatment means utilizing both intra- and inter-block infor-
mation and the values required for their computation.
1 A Adjusted treatment
Treatment  Q, P, Sl(Pi) by mean, Ti
1 =320 «1,012134  2,144778  =7.77881L L7.57
2 64 30 - +336181 =,559395  =L.232770 51.12
3 2.80 .881632 ~2,785488 5.586499 60,94
L - 95 - 62882  .10L600  =6.425017 148,92
5 — 420 . «987053  =.894339 9.138493 6L, L9
6 =3470 - +1548L7  1.59899L L57751 55.81
7 “Teli5 1,395945 «1.633L1,  12,LL6239 67.80
8 5,80 - 307981 4552995  =2,L96198 52,85
9 2,05 - U791 LT76LL91  -L.007712 51,34
10 -1.45 - o345521  .70678L  -2.688L53 52.66
Total 0.00 .000001 « 000006 .000018
S. The variance of a difference between two treatment means and the least

significant difference (L.S.D.) are calculated if the F-test indicates that

significant differences exist among the treatments. The following constants are

needed for this purposes
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w
W’
= Hew!
wtw!
£
A= =Y
For the example:

2 = 063776
= 007377
A
Y = .7926h)
N
A o= ,247133

(a)

(o)

For treatments occurring in the same block, the variance of a difference

between two treatment means ise

111+ 3\ 1 + 3(.247133) .
W[l T 2)\] 15.68 [m—(—ém]a 18,273284 in the example,

L.S.Dl = 2 hh?'d 18027328 = 10 hél

LoS:Ds o1 = 34707 N18.27328, = 15.8L7

For treatments not occurring in the same block, the variance of a

difference between two treatment means iss

111 + L) 1+ 1(.247133) ;
= [m}: 15,68 {mm = 20,866552 in the example,

L.S.D, 05 = 2ohh7‘v 20.866552 = 110178

LeSeDe 5y = 3.707 20,866552 = 16,934

The average variance of a difference between two treatment means is:

1+ (L 1+ ulyLaumim)
T}.I. k+2 = 15,68 L+2 = 19,137707 in the
1+ 2\ 1+ 2(.247133)

- example
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L.5.D, 05 = 2.4l7 All9.137707 = 10,706

L.S.D, o1 = 34707 A/ 19.137707 = 16,218

Triangular Singly Linked Block Designs with More Than Two Replications

If it is so desired, the basic plan of each design listed in Table 1 can
be repeated to increase the number of replications to four, six, or some other
multiple of two. When this is done, the blocks (adjusted) sum of squares
will consist of two components] component(a), which arises as a result of
differences between the totals of blocks that contain the same set of treate
ments, and component (b), which is present even whenthe design is not repeated,
The computation of component (a) is made in the same manner as in the case of

a simple lattice that has been repeated.



