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Abstract

“Visual error criteria” have been developed as a means of mea-
suring the distance between curves, in a way that corresponds more
closely to “what the eye sees”, than the usual norms on function
spaces. The main contribution of this paper, is the application of
this idea to the comparison of data based bandwidth selection meth-
ods. It is seen that which bandwidth selector is “best” is often much
different in this sense, but closer to “visual best”, than what is ob-
tained from classical methods of measuring error. In addition, new
insights into visual error criteria are provided.

1 Introduction

Choice of the smoothing parameter, i.e. bandwidth, is crucial to the effective
use of nonparametric curve estimators. The problem is also of current interest

*This research partially supported by N.S.F. Grant DMS-9203135. The author is
very grateful for the chance to present this material at the Conference sponsored by the
Academia Sinica, and for the many useful comments made during the conference.
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because it has close relationships to other important problems, such as model
selection. There is a large literature on data based smoothing parameter
selection. See Jones, Marron and Sheather (1992) [6] for a recent survey.

The deepest research on data based smoothing parameter selection has
been done in the context of kernel density estimation, so that case will be
studied here too. However, the main ideas and lessons of this paper clearly
apply to other types of curve estimation as well. Kernel density estimation
can be viewed as an attempt to use a random sample Xj, ..., X, from a prob-
ability density f (z) to try to recover the curve f (z). Given a kernel function
K(z) (taken in all examples here as the Gaussian probability density), and
a bandwidth A, the kernel density estimator is:

fh(z) =n"1 zn: K (z - X5),

=1

where K (-) = 1K (;) . The bandwidth is represented as a separate param-
eter because “width of the kernel window” is crucial to the performance of
the estimator. See Silverman (1986) [12] for illustration of this point, as well
as discussion of many other useful aspects of this estimator.

In this paper the bandwidth selection problem is studied with careful
attention paid to the issue of how to assess the performance of various band-
widths. There has been considerable past controversy on this issue, mainly
centered around whether one should measure error based on the L! or on
the L? norms. However, it is seen in Marron and Tsybakov (1993) [7] that
in some situations neither of these is particularly attractive, and indeed “vi-
sual choice of bandwidth” (the method used most commonly in actual data
analyses) can be quite different than either the L! or the L? optimal choices.
Marron and Tsybakov go on to develop and investigate alternative measures
of error which correspond more closely to “what the eye sees”. In this paper,
their proposed error criterion V Ey( fn — f) is studied. Figure 1 shows how
VEy(fn — f) assesses bandwidth selectors in a way that is closer to visual
perception than L2.

[put figure 1 about here]

FIGURE 1: A target density (heavy line) and kérnel density
estimates (thin lines), from ten simulated data sets (same for each



bandwidth selector), each of size n = 100, for four major methods
of data based bandwidth selection: (a) LSCV, (b) ROT2, (c)
SJPI, (d) RNSB. Bandwidth selection methods are compared
by both L? and VE;(f, — f), averaged over the 10 data sets

shown here.

The error criterion V Ey( f,, — f) is defined in the next section. Precise
formulation of the bandwidth selectors, LSCV (Least Squares Cross Vali-
dation), ROT2 (Rule Of Thumb 2), SJPI (Sheather Jones Plug In), and
RNSB (Root N Smoothed Bootstrap), with suitable references, is given in
the appendix. Note that LSCV is better than SJPI and RNSB in the
sense of L?, but worse with respect to VEy(f, — f). But the visual per-
formances of SJPI and RNSB are clearly superior. SJPI looks slightly
better than RN SB, which is also reflected by V E;(fy — f). The main point
of this paper is to study bandwidth selection methods through criteria which
work differently than the usual ones, but are more useful for determining
performance in real data situations.

This example is clearly a case where some type of location varying band-
width is called for. -In particular, a rather larger bandwidth is desirable on
the left side, while a simultaneously smaller bandwidth will improve perfor-
mance on the right side. However, such methods are complicated, and are
typically used only after a need for them is understood through a prelimi-
nary analysis with global bandwidth methods. Hence “best” (albeit out of
an unsatisfactory set) choice of global bandwidth is still a vital issue even in
situations such as this.

In section 3, previously unknown facts about V E,( ﬁ, — f) are described.
Different types of comparisons are made between L? and V Eqy( fa— f ). One
of these is a study of their expected values as functions of n and h. Behavior
of their respective minimizers is also studied.

In section 4, it is seen that the measure VEg(ﬁ, — f) provides an im-
portant new viewpoint for the study of data based bandwidth selection, with
some substantially different answers than those obtainable from the L? view-
point. The basic recommendation of Jones, Marron and Sheather (1992)
[6], that the SJPI method is very good all around still remains the same.
However it is now more clear that LSCV is not appropriate. A surprising
feature (at least to the author) is that ROT2 is more frequently not so bad
as had been previously reported. The RNSB is also now seen to be better
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than had previously been thought, which is more consistent with its excellent
asymptotic properties.

2 Error criteria

The goal of optimizing the L% norm is the same as optimizing it’s square, the
Integrated Squared Error,

ISE(h) = / (Fi=) - £(=))" da.

Here and in the following, the integral symbol is understood to mean definite
integration over the whole real line. Some researchers prefer to work with
the expected ISE, often called the Mean Integrated Squared Error,

MISE(k) = E [ISE(h)].

As noted above, the visual error criterion VEg(fh — f) was developed
in Marron and Tsybakov (1993) [7]. See that paper for motivation and
discussion. This is defined as follows. A continuous function f : [a,b] — R
can be represented by its “graph in R?”,

G.f = {(xay) ‘T € [a7 b]v y= f(z)} C R

A basic building block for constructing “distances” between two graphs is
the distance from a point (z,y) to the graph G,

d = inf A !

((:L', y),G) (z’}ﬁ)eG ”(.’E, y) (:t ) )”2

i.e. the shortest distance from the given point (z,y) to any point in the closed
set G, where ||-||, denotes the usual Euclidean distance. These distances are
summarized, in a squared integrated way to yield the asymmetric “visual
error” criterion
1/2

- b “
VE(fs — f) = [ [ di(z, Fi@)), 1)

Many variations on this idea are possible, but reasons behind this particular
choice are detailed in Marron and Tsybakov (1993) [7]. In that paper, a
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symmetrized version of V E( fo—> f ) also is seen to have useful properties.
However, that is not treated here because V E,(f, — f) is seen there to be
superior at tracking an experienced data analyst’s desire that the estimate
should show no more features than can reasonably be obtained from the data.

For computational feasibility, a discretized version of VEg(fh — f), in-
volving both discretized graphs, and also a Riemann sum approximation,
over an equally spaced fine grid of 400 points has been used in all examples
here. See Marron and Tsybakov (1993) [7] for details.

There has been an interesting controversy over which should be called
the “optimal bandwidth in the L? sense”, between the respective minimizers
of ISE and MISE. Passions run surprisingly strong on both sides, even
to the point of people on each side being unwilling to even admit that a
controversy exists, feeling that their view is so obviously correct. See Grund,
Hall and Marron (1992) [3] for references and discussion. In that paper it is
seen that despite important mathematical and conceptual differences, there
is often little difference in terms of assessing bandwidth selectors in most
practical situations. However M 1S E does give some what better “resolution”
in comparing bandwidth selectors than ISE, so that is used in the rest of
this paper. In the empirical work done for this paper, it has been observed
that this same lesson holds for VE(f, — f)? vs. EVEy(fy — f)?, so the
latter will be used for assessment of bandwidth selectors throughout this
paper. Explicit details are not presented here, because the main ideas are
essentially the same as those of Grund, Hall and Marron (1992) (3], and thus
do not seem to be worth the journal space. However detailed summaries are
available from the author.

3 New facts on visual error

Part of this research involves studying the error criterion
EVE2(h) = EVEy(f = f)?

in a variety of senses, in examples where some normal mixture densities were
used for the underlying f. In particular analogs of all figures have been
constructed for all of the 15 target densities of Marron and Wand (1992)
[8], but only some representative ones are presented here. The underlying
density in Figure 1 is density number 14 from that paper.
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Insight into how the average curves MISE(h) and EV E2(h) (as functions
of k) compare may be obtained from Figure 2.

[put figure 2 about here]

FIGURE 2: Plots of MISE(h) (solid curves) and EV E2(h)
(dashed curves) as functions of the bandwidth h, for n = 100,
1000, 10,000 and 100,000. The underlying densities are: (a)
number 2, (b) number 4, from Marron and Wand. For each
n, a grid of 49 (logarithmically) equally spaced bandwidths, from
%hMISE to Yhprrse is used. Monte Carlo error in calculation of
EVEQ(}; — f)? is seen to be negligible through the inclusion of
95% pointwise confidence bands, as dotted curves. Vertical lines
show minimizers of MISE (solid) and EV E2 (dotted).

There is no error in the calculation of the MISE curves, since the exact
formulas in Marron and Wand (1992) [8] were used. However the EV E2
curves were calculated by simulation, in particular by averaging V Ey( ﬁ. —
f) over 500 pseudo data sets (for each n) at each bandwidth. So there
is some Monte Carlo error to take into account. This is done in Figure 2,

‘through showing upper and lower 95% pointwise asymptotic confidence bands
(constructed using the classical asymptotic normality formula: X +1.96 ).
Note that these dotted lines are, at most h locations, nearly indistinguishable
from the average curve, so the 500 replications is enough for at least most
visual lessons to be correct.

Figure 2a shows this comparison for density number 2. Similar pictures
were obtained for density numbers 1, 6, 7, 8, and 9. These are essentially the
“easy to estimate densities”, where most of the features of the underlying f
can be recovered well with only moderate sample sizes. In these situations,
there will be little difference between assessing the performance of a data
driven bandwidth, say &, by MISE(R) or by EVE2(k). This is in keeping
with the findings of Marron and Tsybakov (1993) [7] that in many situations,
all error criteria work in essentially the same way. Also, as expected from
that paper, MISE(R) is consistently larger than EV E2(h).

Figure 2b shows the results for density number 4, and is fairly representa-
tive of the results for the remaining densities. These are mostly characterized
as “hard to estimate” densities, which have at least some features which one



can not expect to completely recover from a sample of only moderate size.
Note that for n = 100, 1000 and 10,000, major differences will show up
when bandwidth selectors are compared by the 2 methods. However, for
n = 100,000 the answers will be closer. This is because for such large n, this
density no longer has features that are “too hard to obtain”, and hence joins
the first group, represented in Figure 2a. Note that EV E2(h) tends to be
“flatter” in these situations (which means not such large penalties for being
further from the minimizer), and also much smaller than MISE(h), which
also is not surprising in view of the intuition in Marron and Tsybakov (1993)
[7].

A disturbing feature of Figure 2b is the “wiggles” on the right hand sides
of the EV E2(h) curves for large n. Note that the confidence bands indicate
this is systematic, and not due to Monte Carlo variability (as is indicated by
the fact that these wiggles “line up” for n = 10,000 and 100,000). This has
not been carefully investigated, but seems to be due to the discretization in
the numerical calculation of V Ey( fao f ). In particular, all of these densities
have regions where |f’(z)] is extremely large (the “slopes of the spikes”). In
such regions there can be substantial R distance between successive points in
the discretized graphs. This appears to make some bandwidths less desirable
than others. Note this effect only occurs on the right side of the curves, where
bias is dominant. On the left side, large random variability in the estimates
entails that in averaging this effect disappears.

An unpleasant feature of these “wiggles” in EV E2(k) is that many local
minima are created. Local minima can also appear in MISE(h), as seen
in Marron and Wand (1992) [8], but this happens far less frequently. Even
more local minima were encountered in the random curves VE,(fi, — f).
This is consistent with the fact that ISE tends to have more local minima
than MISE, as quantified in Hall and Marron (1991) [4].

A completely different way of looking at V E,( ﬁ, — f) is to study how
its minimizer (where ties are broken by taking the smallest of the set of
minimizers), kv g2, compares for given data sets to other notions of “optimal”
bandwidth. Here it is compared with h;sg, the minimizer of ISE, and hr4g,
the minimizer of the Integrated Absolute Error,

I4E = [|fi(=) - f(2)| da,
and also hgsyp the minimizer of the supremum norm, sup, I ﬁ(z) - f(:z:)|
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Figure 3 gives an indication of the multivariate distribution of the random

T
vector ( hiae hisg hsup hve: ) .
[put Figure 3 about here]

FIGURE 3: Draftsman’s scatterplots of the multivariate dis-
tribution of hiag, hisg, hsup, hvEs. From 500 pseudo data sets
of size n =100, from (a) density 2, (b) density 3. All scatterplot
azes are on scale of log 3(h) — logs(hpmisg). Diagonal plots show
kernel density estimates of univariate marginal density for each
bandwidth, together with vertical dotted lines showing the quartiles
of these distributions.

Figure 3a is representative of the “easier to estimate densities”, numbers
1,2,6,7, 8, and 9. Note that all notions of “optimal bandwidth” roughly
coincide here, with a very strong correlation between them, although less
so for hsyp. This is because for these densities all notions of optimal “feel
roughly the same aspects of the data and the density” (although this is least
true for hsup).

Figure 3b shows typical behavior for the “harder to estimate densities”,
numbers 3, 4, 10,12, 13, 14 and 15. Note that the various optimal bandwidths
now behave much differently from each other, both in terms of much smaller
correlations, and also different mean behaviors. This is because “each feels
different aspects of the variability in the data”, in particular hsyp is driven
by behavior at the peak, while Ay g, is more strongly influenced by the flat
parts of density, while k;sg and hjag feel different things in between these
extremes.

One interesting exception to the above pattern was density number 5.
This is not shown explicitly, to save space, but the selectors k14, Arsg, and
hsup behave much the same as in Figure 3a, with very strong correlation
and similar means. However the distribution of hy g is substantially larger
than the others, and also has essentially no correlation, because this method
feels behavior in the tails of distribution.

Another interesting exception is density number 11, in the case n = 100.
Here hrsg, hise, and hyg; work much as in Figure 3a, since with respect
to these criteria, this density is essentially the same as number 6. however
the sup norm feels behavior of the estimate at the thin tall spikes almost
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exclusively. Hence it is not surprising that hsyp is uncorrelated with the
others, and also spread over a very wide range.

4 Comparison of Bandwidth Selectors

A criterion which has been used for the simulation comparison of data driven
bandwidth selectors, see for example Jones, Marron and Sheather (1992) [6],
is

MISE(R) — MISE(hysE)
MISE(hpisE) ’

MISE — CRIT =avg
h

where the average is taken over simulated realizations of . A direct analog
of this, based on EV E2(h) is

EVE(R) — EVE2(hgvEs)
EVE2(hgvg2) ’

EVE2 — CRIT =avg
h

where hgvEg; is the A to minimize EV E2(h). These two ways of comparing
data driven bandwidths are compared in Figures 4 and 5. These are visual
summaries, intended to provide more ready comparisons of several types than
the usual set of tables (whose presentation would be quite voluminous and
tedious to interpret in this particular context).

[put figure 4 about here]

FIGURE 4: Visual displays of summary statistics for compar-
ison of bandwidth selectors, over all 15 target densities in Marron
and Wand, for (a) n = 100 and (b) n = 1000. In each case the

densities are ordered by MISE — CRIT for SJPI. Means and
standard deviations are on the scale of logs(h) — logs(hmise)-

Since the density numbering in Marron and Wand (1992) [8] was not
intended to be relevant for bandwidth selection, various reorderings have
been experimented with. Most informative seems to be to order in terms of
MISE —CRIT for a bandwidth selector of interest. Note that in the MISE
sense, the methods are not comparable, with no method being dominant in all
situations. However, Jones, Marron and Sheather (1992) [6] suggest SJPI
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as a reasonable “all around favorite”, because it is never too far from the
best (while each of the others is far from best for at least some densities).
Reasons for the various performances are seen clearly by studying the means
and variances of the given methods. For example, when LSCV gives poor
performance in the MISFE sense, it is because it has too much variability
(which is already well known). When LSCV works well, it is because it has
substantially less bias than the others. The bandwidth selector ROT2 gives
generally poor performance because, while it has smaller than usual variance
(because the only estimation is of “scale” versus the more challenging esti-
mation that is at least implicitly attempted by the other methods). Further
insight into this “variance - bias” effect comes from Figure 5.

[put figure 5 about here]

FIGURE 5: Kernel density estimates showing the distributions
of data driven bandwidths (with same line types as in Figure §),
for n =100, and each of the target densities, again standardized
to the scale loga(iAz) —logs(hmise). The overlayed solid curve is
MISE(h) and the dashed curve is EVE2(kh). MISE — CRIT
and EVE2 — CRIT behavior is understood by “plugging the den-
sities into the corresponding curve”.

Note that some of the MISE — CRIT summaries in Figure 4 are not
particularly useful, because the M ISF sense of a good bandwidth is different
from visual impression. This is roughly the same phenomenon observed in
Figure 1. To see how the lessons of Figure 4 change, when MISE — CRIT
is replaced by EVE2 — CRIT, see Figure 6.

[put figure 6 about here]

FIGURE 6: Visual displays of summary statistics for compar-
ison of bandwidth selectors, over all 15 target densities in Marron
and Wand, for (a) n = 100 and (b) n = 1000. In each case the
densities are ordered by EVE2 — CRIT for SJPI. Means and

standard deviations are on the scale of log 3(71) —logs(hmisE)-

The means and standard deviations are again displayed, because the or-
dering of the densities is now different from that of Figure 4. Note that
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SJPI is still never too far from best, so the previous recommendation of
this as a general purpose default seems to remain acceptable. However, the
relative standing of LSCV has changed a lot. It goes from being best a fair
number of times in the MISFE sense, to being almost uniformly worst in the
EV E2 sense, and often by quite a lot. Figure 5 shows that it’s difficulties are
a combination of “unbiased with respect to hpsrsg” actually being a draw-
back in this sense, and it’s very large variance. This interpretation of the
performance of LSCV is much more in keeping with intuitive and practical
opinion of its behavior, see for example Sheather (1992) [10]. Another no-
ticeable difference between Figures 4 and 6, is that ROT2 looks much better
now, at least for n = 100. This is also in keeping with anecdotal evidence
several researchers have expressed in personal conversation. An inspection
of Figure 5 shows that the main reason for this good performance is the low
variance of ROT2 combined with its often being fortunately close to hgvEg,.
This closeness disappears for n = 1000, where this good performance falls
off significantly. Finally note that RNSB now looks better with respect to
SJPI than it did in the MISE sense. This is interesting because RNSB
has superior asymptotic performance, and it has been previously thought
that these asymptotics required unreasonably large sample sizes before the
superior performance of RNSB appeared.

A fascinating area for future research is to design bandwidth selection
methods which specifically target the criterion EV E2.
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5 Appendix: Bandwidth selectors

In all cases, calculations were done using the ideas behind the fast “binned”
implementations described in Fan and Marron (1993) [2]. This involves eval-
uation at an equally spaced grid of points, which was taken to be 400 points
on [-3,3].

For each of these bandwidth selectors, only a quick definition, and a few
important facts are mentioned. See Jones, Marron and Sheather (1992) [6]
for further discussion.
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5.1 Least Squares Cross Validation

This method was proposed by Rudemo (1982) [9] and Bowman (1984) [1].
This bandwidth is taken to be the minimizer (in the case of multiple local
minimizers, the largest A value is used here, as that seems to give the best
performance) of the function

LSCV (k) = / fu(z)*dz — 207! f; fri (@)

i=1

where fj,;(z) is the kernel density estimate based on the sample with X;
deleted. This minimizer has an intuitively attractive connection to hrgg.
However, it is known to have rather poor practical and asymptotic properties.

5.2 Sheather Jones Plug In

This method was proposed in Sheather and Jones (1991) {11]. This band-
width selector is the solution (taken to be the largest A value when there are
multiple solutions) of the fixed point equation (in the variable k)

g2(h) = C(K)D(fy, )h*"

where C(K) and D(f) are appropriate constants, and fgl is a pilot estimator,
whose bandwidth is chosen by the normal reference distribution method.
This bandwidth selector is known to have much better asymptotic and also
applied performance than Arscv.

where

5.3 Rule Of Thumb 2
This method is proposed in Silverman (1986) [12].This is defined as

[k 1/5
K

h =0.9

o [(fz21<)2f(¢§)2"]
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where (7 denotes the normal probability density with variance 3> = min (32, %’%) ,

where s? is the usual sample variance, I@\R is the sample Inter Quartile
Range, and IQR,, is the Inter Quartile Range of the standard normal distri-
bution. Asymptotically, this method is far worse than any of the others here,
because (for f different from the Gaussian in shape) it does not converge to
any notion of “optimal bandwidth”. However, it has the advantage that it
has less variability, because only the scale is estimated.

5.4 Root N Smoothed Bootstrap

The version of this used here is that of Jones, Marron and Park (1991) [5].
This is the minimizer (taken as the global minimizer in the case of local
minima) of the function

[ K?

RNSB(h) = Py +/ [I(h * foa(r) — f]2

where

g2(h) = C(K)D(f, )n~3/*5p~2

where C(K) and D(f) are different appropriate constants, and f,, is a pilot
estimator, whose bandwidth is chosen by a normal reference method. This
bandwidth selector has excellent asymptotic properties, even a fast “root n”
rate of convergence usually encountered only in parametric contexts.
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Figure 4b, Summary of MISE—CRITs Figure 4b, Summary of Means

-1

logyo{MISE—CRIT)

2 p—
A\ /
\ |7/ i y
M\ .\//\ ] )
/ / \\ \ ] ¢ \\ N
AP £ | 4 -
\ \\ \ ;\ L } \\. N \
, ) v 2 /P /7| /
i \ A=V ; - Avlu. 7 |\ 4 . /
r \ \ | \ / —m " \ \
! A N Y S 7 A I B SO v | \ L \\ 17 )
| - \\\ 2ol TS ,“H.,wﬁLﬂu\\\\ ..... RIS ROV IUUTS! DUUUN RUOS S ]
\ LT i
- F Q y r - ¢_I . > 4 . d - J
2 5 6 n_o_._mmm»%m::_.:ruo_. 3 10 12 3 14 15 1 7 2 5 6 ao:mwmqm:c_.:_fmﬂ 3 10 12 3 14 {5

Figure 4b, Summary of Standard Deviotions
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Figure 6a, Summary of Standard Deviations
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Figure 6b, Summary of Standard Deviations
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