
ABSTRACT

ATIK, ASYA. Incident Response Network Design and Route Optimization and Hot-spot Prediction .
(Under the direction of Dr. Leila Hajibabai and Dr. Ali Hajbabaie.)

This dissertation comprises three studies that contribute to the field of incident response and traffic

safety. The first study focuses on the design of an optimal location-allocation analysis that takes into

account the availability of incident response resources to cover the demand at incident sites effectively. A

multi-objective mixed-integer linear formulation is developed, aiming to maximize the expected covered

demand while minimizing the expected travel time, all within the constraints of available resources and

considering the frequency and severity of the incidents. To enhance computational efficiency, a density-

based spatial clustering of applications with noise (DBSCAN) is employed to construct an aggregated

network of hot-spots. The proposed column generation algorithm, integrated with Lagrangian relaxation,

is applied to a real-world case study in Raleigh, North Carolina. The obtained numerical results confirm

the effectiveness of the proposed methodology.

The second study seeks to develop a location and routing network to serve the demand arising

from accident sites. An integer programming model is formulated to minimize the overall operation

cost of dispatching locations and the total travel time across the network. Similar to the first study, a

DBSCAN technique is utilized to construct an aggregated network of accident hot-spots. To solve the

optimization problem, the model is decomposed into subproblems using Lagrangian relaxation, and the

subproblems are solved with a column generation method. The solution technique is employed on an

empirical network in Raleigh, North Carolina, with a consideration of police districts. Preliminary results

demonstrate the efficiency of the methodology in achieving optimal location and routing solutions for

accident response.

The third study predicts traffic incident hot-spots to improve transportation systems and enable

effective routing. This study proposes a novel approach to incident hot-spot prediction, leveraging deep

learning techniques and a normalized density score. The Long Short-Term Memory (LSTM) network

method is employed to capture the spatiotemporal correlation of hot-spots. The model is validated

using incident data from North Carolina from 2017 to 2020 and further enhanced by incorporating

weather information, road icing warning, holidays, unusual events, the Annual Average Daily Traffic

(AADT) values, k-factor, and road types as factors influencing incident occurrence.



This dissertation presents innovative methodologies and approaches in incident response and traffic

safety, spanning resource allocation optimization, location and routing network development, and

hot-spot prediction. The findings highlight the effectiveness of the proposed techniques and contribute

to the advancement of knowledge in these critical areas.
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CHAPTER

1

INTRODUCTION

1.1 Signi�cance of the Research

Traf�c incidents are a signi�cant safety concern in urban and rural areas, occurring at various severity

levels. The National Highway Traf�c Safety Administration (NHTSA) State Traf�c Safety Information

reveals that approximately seven million traf�c accidents were reported by police in the US in 2019,

which translates to roughly 19,000 accidents daily nationwide [NHT18]. In addition, traf�c crashes

resulted in the loss of lives of 38,824 people in 2019. Traf�c incidents, including accidents, can often

lead to closed lanes, congestion, and economic impacts, resulting in an annual cost of 1,377 USD and a

delay of 99 hours for each American, according to the INRIX Traf�c Scorecard.

Effective post-incident response plans are essential to alleviate these impacts, considering the

various incident types and severity levels. Short response times can prevent secondary incidents and

inhibit traf�c congestion by quickly clearing affected lanes. The response time is when an emergency

call is recorded, and the �rst police vehicle arrives on site [Jag15]. Minimizing waiting times and response

times to calls requires focusing on allocating vehicles in both time and space. Traf�c incidents can be
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random, non-recurrent, and occur at any time and place. They are also one of the primary causes of

traf�c congestion, leading to problematic situations such as secondary incidents.

There are many reasons behind the incidents, including poor safety standards, rapid urbanization,

driving while distracted, driving under the in�uence of drugs or alcohol, speeding, and failing to wear

seatbelts. [Who] states that there is an urgent need to scale up analysis and investments to mitigate the

risk and reduce the occurrence of traf�c incidents.

Traf�c incidents are a signi�cant global safety concern, leading to yearly accidents, fatalities, and

economic losses. Addressing this issue requires further research and the development of more ef�cient

post-incident response plans. Our dissertation aims to utilize advanced mathematical programming

techniques to contribute to this crucial �eld of study. Our focus will revolve around three core areas:

(i) Optimizing the location and allocation strategies of incident response vehicles based on their

availability,

(ii) Optimizing the location and allocation strategies of incident response vehicles based on their

availability,

(iii) Leveraging historical data and deep learning techniques to predict future incident hot-spots.

By addressing these aspects, we aspire to provide valuable insights and practical solutions that can

effectively reduce the frequency and severity of traf�c incidents, improve post-crash response times,

and enhance the overall safety and ef�ciency of transportation systems worldwide.

1.2 Problem Statement

The increasing number of traf�c incidents worldwide is a critical concern for public safety, and reducing

their impact on society has become a signi�cant challenge. The latest incident data reveals that traf�c

collisions have increased in many countries over the years, indicating the pressing need for effective

measures to prevent accidents and manage them more ef�ciently when they occur. The INRIX 2022

Global Traf�c Scorecard reports that the US fatality rate saw a substantial jump of 21% from 2019 to 2021,

despite various safety measures and advancements in vehicle technology [INR19]. This underscores

the critical importance of optimizing incident response networks and predicting incident hot-spots to

enhance post-incident response planning and management.
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Ef�cient post-incident response plans can help mitigate the impact of traf�c incidents by reducing

traf�c congestion, quickly clearing affected lanes, and preventing secondary incidents. However, cur-

rent incident response management and emergency response optimization strategies require further

improvement to be more ef�cient and effective. Therefore, this thesis aims to optimize the incident

response network and predict incident hot-spots by addressing critical questions such as the ideal

location for incident response vehicles, the optimal number of respondents to deploy at each site, and

how to allocate them to hot-spots, where to locate patrol police vehicles, and the routes that patrol

vehicles should follow. This will lead to better incident management and ultimately improve public

safety by reducing the number of traf�c incidents.

Moreover, proactive incident management can be crucial in preventing incidents from happening

in the �rst place. The proactive approach can reduce the number of incidents by predicting incident

hot-spots, reducing the impact on incident response networks, and ultimately improving public safety.

Therefore, this thesis aims to develop a proactive incident management approach by predicting incident

hot-spots and providing insights into preventive measures. This thesis seeks to enhance post-incident re-

sponse planning and management and improve public safety by optimizing incident response networks

and predicting hot-spots.

1.3 Research Objectives and Scope

The primary focus of this dissertation is to develop an optimal incident response network design to assist

decision-makers in making sound investments and operational decisions. Our research encompasses

three key areas, intending to enhance the safety and ef�ciency of transportation systems globally. Firstly,

we aim to design an effective strategy for the location and allocation of incident response vehicles based

on their availability. Secondly, we aim to determine the most suitable location and routing network for

patrol police vehicles. Lastly, we aim to utilize historical data and deep learning techniques to predict

future incident hot-spots accurately.

This dissertation seeks to address several fundamental research questions concerning incident

response planning.

1. Where is the optimal location for incident response vehicles to be stationed?
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2. What is the appropriate number of respondents to deploy at each incident site, and how should

they be allocated to hot-spots given the severity and frequency of the incidents?

3. Which police department locations are best suited for patrolling operations?

4. What are the optimal routes for patrol vehicles to take on real road networks?

5. How can we accurately predict incident hot-spot locations and service areas to be used in incident

response operations?

1.4 Research Contributions

This thesis proposes a mixed-integer linear program (MILP) that optimizes incident response by max-

imizing expected demand coverage and minimizing the total incident response time, considering

resource constraints and severity. The model aims to �nd the optimal number of incident response

vehicles, their dispatching location, and allocation to incident hot-spots. The proposed solution method

involves Column generation, Lagrangian relaxation, and a density-based spatial clustering technique

to de�ne incident hot-spots. The study utilizes large-scale empirical data from a year of incidents in

Raleigh, NC, to validate the effectiveness of the proposed methodology.

Additionally, this study develops a location-routing scheme for patrol police vehicles that minimize

total costs, including network travel time and operation expenses, to enable ef�cient response to

accidents. An integrated Lagrangian relaxation-based algorithm with an embedded column generation

technique is proposed to solve the problem. This solution algorithm is tested with data from Raleigh,

NC, to validate the accuracy of the proposed methodology.

To enhance the incident data, this study analyzes data from 2017 to 2020 in North Carolina, including

the time of occurrence, location in terms of latitude and longitude, weather information, road icing

warning, holidays, unusual events, Annual Average Daily Traf�c (AADT), and k-factor. Furthermore,

the study proposes a novel approach using deep learning techniques and a normalized density score

to predict incident hot-spots for any given day. The approach employs the Long Short-Term Memory

(LSTM) network method to account for spatiotemporal correlation.

Overall, this thesis contributes to optimizing incident response by proposing a practical and com-

prehensive methodology considering resource constraints and severity. The proposed location-routing
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scheme and integrated Lagrangian relaxation-based algorithm offer a promising approach to mini-

mizing total costs. The novel approach using deep learning techniques and normalized density score

improves the accuracy of incident hot-spot prediction, enhancing the effectiveness of incident response

planning.

1.5 Organization

The exposition of this doctoral proposal is as follows.

The literature review, Chapter 2, categorizes previous studies on incident response optimization

and incident hot-spot prediction into subsections, including emergency response problems, location-

allocation optimization, decomposition techniques, vehicle routing problem in emergency response,

police patrol routing, incident duration prediction models, incident severity prediction, incident occur-

rence prediction, and incident hot-spot prediction.

Chapter 3 proposes a mixed-integer linear program (MILP) that optimizes the number and dis-

patching location of incident response vehicles and their allocation to hot-spots. The MILP is solved

using a joint column generation and Lagrangian relaxation algorithm applied to a large-scale dataset of

incidents in Raleigh, NC. Additionally, the model is compared with Bender's decomposition benchmark.

Chapter 4 develops a location and routing scheme to respond to accidents ef�ciently. An integer

program minimizes the total cost, including network travel time and operation expenses, and is solved

using an integrated Lagrangian relaxation-based algorithm with an embedded column generation

technique. The methodology is tested with real-world empirical data in Raleigh, NC, and compared to

existing districts of the Raleigh Police Department.

Chapter 5 presents a deep learning model for incident hot-spot prediction, including data collection,

pre-processing, and the details of the methodology. The model is designed to predict incident hot-spots

based on various variables.

Lastly, Chapter 6 provides a concise summary of the research's achievements and emphasizes the

key �ndings.
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CHAPTER

2

LITERATURE REVIEW

2.1 Location-Allocation models

2.1.1 Emergency response

Several studies in the literature have shown robust location planning for emergency cars such as police

patrols, �re trucks, and ambulances [Ara07; Haj19] [Kea02; Coo63], considering desired service levels

using location-allocation models. Location-allocation is widely presented as a constrained and combi-

natorial optimization model solved analytically or heuristically. For instance, Gen et al. [Gen97] have

applied a genetic algorithm-based algorithm to approach these models. On the other hand, Logendran

et al. [Log88] have introduced a quantitative model to maximize the net pro�t and applied heuristic

techniques to facilitate solutions in large-scale settings. In this domain, Sherali et al. [She88] have also

introduced a location and allocation problem as a capacitated p-median model. The proposed model is

yet NP-hard considering discrete demand points at pre-determined sites. Later, Zhou and Jian [Zho00]

have formulated a location and allocation problem under stochastic demand as an uncapacitated

chance-constrained model using maximax and minimax programs. Moreover, Wang et al. [Wan19]

6



have formulated a debris removal optimization as a discrete facility location model that is solved for

small-scale instances. Bigotte et al. [Big07] have used a similar approach to solve a social infrastructure

planning problem modeled as a discrete location design that minimizes the users' travel distances to

the facilities. Among methods that are evaluated, specialized local search heuristic and tabu search

result in the best solutions.

The location-allocation literature includes many applications in the context of emergency response,

where the location of incident respondents and their dispatching stations are particularly optimized [e.g.,

Adl14; Haj19]. Such studies often consider demand mitigation as a criterion [Alg11; Ber10]. For instance,

[Tor71] have studied a �re station location design problem that aims to cover the entire demand with a

speci�c response time. The minimum- and maximum-distance between every two nodes is considered

in the model. Ansari et al. [Ans17] have studied the location of dispatching ambulances as an MILP. The

model considers a set of response districts and the probability of available respondents with stochastic

travel times. Similarly, Yoon et al. [Yoo21] have modeled a siting and dispatching problem for multiple

types of emergency vehicles. The model aims to maximize the coverage of the demand while prioritizing

it.

Additionally, Mitchell and Phillip [Mit72 ] have solved a police patrolling problem in California using

a p-median formulation. The model aims to minimize the distance traveled, weighted by demand,

which is de�ned as the expected incident calls in a certain region. This research has introduced a

Maranzana heuristic that decomposes the search space to reduce the travel distance. In addition, Larson

and Richard [Lar75] have formulated a hypercube queuing model for assigning police vehicles to patrol

areas. This study has obtained optimal solutions for a set of candidate police stations.

Moreover, Daskin and Mark [Das81] have introduced a set covering model to locate emergency

vehicles for complete demand coverage. A demand zone is considered fully covered if the response time

of a vehicle at the zone is less than a pre-speci�ed upper bound. Kwak et al, [Kwa84] have de�ned a

hypercube queuing model to estimate a set of performance measures for deploying police patrol forces

through iterations. The study has implemented the methodology based on historical workload data

to locate a number of patrol cars identi�ed by the police department. Additionally, Sacks and Stephen

[Sac00] have studied how to deploy police vehicles over space with respect to four criteria: response time,

workload balance, patrol frequency, and inter-district dispatches. The study has utilized a computer

implementation of a hypercube queuing model, where different plans and boundaries can be drawn
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and compared recursively for city districts [Moo05]. The large number of district combinations can

make the problem intractable. Later, Geroliminis et al. [Ger09] have tackled the complexity of hypercube

queuing to locate incident respondents via a spatial queuing model that minimizes the mean response

time of the system. This optimization may not be effective for large-scale settings. Additionally, Yin

and Yafeng [Yin06] have investigated a patrol location design for freeway services on pre-de�ned beats.

Aiming to reduce the response time and alleviate the traf�c impacts, a bi-level model is de�ned that

aims to optimize the allocation of resources by minimizing the maximum system travel time.

2.1.2 Decomposition techniques

The main objective in incident response systems is often covering the demand within a reasonable

response time [Ber10]. For example, Balcik et al. [Bal08] have introduced a location design model to

maximize the demand coverage in disaster-affected areas. The problem can be solved to optimality for

small instances, yet, additional heuristics need to be implemented for large-scale settings. Decomposi-

tion techniques (e.g., Lagrangian relaxation [Fis81; Hel70], Benders decomposition [Das13; Mag86]

[FZ13; Tan13; Fis16; Vat16] and constraint generation [Lia20]) are often applied to large-scale capaci-

tated location problems to maintain computational ef�ciency. Lagrangian decomposition techniques

[Hel70] relax a set of constraints and penalize the violations in the objective function that can help

reduce the complexity and computational time of large-scale network problems. For instance, Xie et al.

[Xie16] have formulated a mixed integer program to optimize the capacity and location of locomotive

maintenance shops, and deployed a Lagrangian-based heuristic to solve the large-scale real-world

case study. Similarly, Ouyang et al. [Ouy09] have developed a solution technique based on Lagrangian

relaxation to determine the optimal locations of railroad defect detection. Benders decomposition has

also been effective in solving similar problem settings; after decomposing the problem, the lower and

upper bounds are equalized through iterations. The algorithm divides an MILP into two problems and

prevents enumerating one-third of the feasible solutions [Das13].

Additionally, CG, initially proposed by Ford et al. [FJ58], is another effective procedure in solving

large-scale MILP problems, where not all combinations need to be enumerated. Using CG, the problem

is modeled as a restricted master problem (RMP) with as few variables as possible. New variables are

added to the basis when necessary, similar to the simplex technique [Mot67 ]. Once a column is found

that has a negative reduced cost, it will be added to the RMP. The procedure is reiterated when no
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additional columns can be inserted. Researchers have applied CG-based solution techniques in network

optimizations [Jin22; Gui22; Li22; Ju22; Haj23]. For instance, Maghrebi et al. [Mag16] have applied a

CG-based approach to solving a large-size ready mixed concrete delivery dispatching problem aiming

to minimize the traveling cost of a �eet of vehicles.

Despite considerable efforts in the literature, there is limited research conducted on location-

allocation optimization of incident response vehicles considering both the severity and frequency

of the incidents, especially in large-scale settings. Location models in the emergency response literature

often aim to maximize the demand covered or try to minimize the total network travel cost. This study

presents a multi-objective model to balance both objectives. This thesis aims to develop an ef�cient

location and allocation model for deploying incident respondents, given the severity of incidents and

the availability of respondents at dispatching sites.

2.2 Vehicle Routing Problem

A vehicle routing problem (VRP) is a logistical challenge that involves determining the most ef�cient way

to serve a group of customers who are geographically dispersed. The challenge is tackled by designing

optimal routes for a �eet of vehicles dispatched from a single depot. The vehicles return to the depot once

all routes have been completed. The primary objective of VRP is to optimize the routes by minimizing

the total traveled distance while respecting all constraints, which ultimately reduces the costs of the

operation [Bra16; Sab19]. Dynamic vehicle routing problems (DVRPs) are the dynamic counterparts

of static VRPs. While in the case of static VRP, all relevant information, such as customers, routes, and

driving times, is known a priori, this is not the case in DVRPs. In DVRPs, not all information relevant to

planning and executing the routes is known in advance [Pil13]. Due to the NP-hardness of the problem,

the computation time can be high. Therefore, using heuristics and metaheuristics can be more ef�cient

in solving real-time DVRPs [Abd17]. As the size and complexity of the VRP increase, the optimization

problem becomes even more challenging. It becomes necessary to consider additional factors such as

time windows, capacity constraints, and multiple depots. The VRP has numerous real-world applications,

such as in transportation, distribution, waste collection, and healthcare services, where optimizing the

routes can lead to signi�cant cost savings and operational ef�ciency [Tot02; Sha02].

The purpose of Dewinter et al. [Dew20] was to review articles on vehicle routing problems (VRP) with
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a focus on the police, as opposed to ambulance or �re�ghting services. One of the primary objectives of

emergency services is to minimize response times to all types of emergencies [Ghi03]. However, police

patrol differs from emergency medical services and the �re brigade, as police vehicles are assigned

to a beat and must patrol streets, whereas the other services are redeployed to a base station [Ich00].

Proactive and reactive patrolling are the two main types of police patrol routes. Proactive patrol routes

can be determined based on the theoretical street network usage and historical data [Wu17]. While

several articles focus on VRP, many are speci�c to characteristics that do not apply to the Police Patrol

Routing Problem (PPRP) [Dew20].

In their comprehensive review of stochastic and dynamic vehicle routing problems (SDVRP), Ghiani

et al. [Ghi03] provide an overview of solution methods and distinguish between sequential and parallel

algorithms. Sequential algorithms include simple policies, classical insertion procedures, and meta-

heuristics, and are executed sequentially without processing other solution methods at the same time.

On the other hand, parallel implementations are necessary to limit the computation time [Bou18]. Rout-

ing policies, which are simple rules applied repeatedly to dispatch requests to vehicles and build routes,

are de�ned by Ghiani et al. [Ghi03]. They discuss �ve policies, including the �rst-come-�rst-served

policy, the stochastic queue median policy, the nearest neighbor policy, the traveling salesman problem

(TSP) policy, and the generation policy. According to Khouadjia et al. [Kho13], metaheuristics are used

to generate better vehicle routes and are iterative procedures aimed at �nding near-optimal solutions

for large-scale combinatorial optimization problems. Simulated and deterministic annealing, genetic

algorithms, neural networks, ant colony methods, tabu search, and variable neighborhood search are

some examples of these algorithms.

In their review, Pillac et al. [Pil13] classify solution methods for VRPs based on their deterministic

or stochastic nature. They �rst discuss some approaches that have been used to solve routing prob-

lems without stochastic information. Then they describe a Markov Decision Process and Approximate

Dynamic Programming to solve the stochastic counterpart. Approximate dynamic programming in-

cludes predictive algorithms that can take predictive or preventive actions, which may be relevant to

the proactive side of police patrol routing. In their study, Patrascu et al. [Pat18] investigated how to �nd

the shortest routes for emergency vehicles in urban areas, taking into account traf�c congestion and

variable road occupancy. They proposed a genetic algorithm (GA) to solve this routing problem due to its

ability to perform rapid searches in uncertain or incomplete data, with the potential for parallelization.
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The authors tested the algorithm in a simulated environment and found that it showed great potential

for real-world application. Other studies have also applied GAs to dispatching and routing problems

[Gu09; Bou18; Ben98; Wan10].

Different policies can also be used to solve routing problems, such as �rst-come-�rst-served, parti-

tioning, traveling salesman, space-�lling curve, and nearest-neighbor. The most optimal policy depends

on the traf�c conditions, with the �rst-come-�rst-served policy being the best for light traf�c and the

traveling salesman, space-�lling curve, and nearest neighbor policies being more effective for heavy

traf�c [Ber93]. Haghani et al. [Hag04] have evaluated three response strategies (�rst-come-�rst-served,

nearest-origin assignment, and �exible assignment) for routing in dynamic systems using simulation

methods. However, simulation methods can be data-dependent and may only prove performance for

speci�c problem instances.

Watanabe et al. [Wat14] have developed a strategy speci�cally for police patrol routing, using the

local search technique based on a network Voronoi diagram. They optimized the patrol route to balance

the presence of police vehicles in time and space. Other approaches, such as approximate dynamic

programming and multiple scenario approach, have also been used for the proactive part of police

patrol due to their predictive and preventive capabilities [Pil13]. In addition, other techniques, such

as improved arti�cial bee colony, have been used for vehicle routing and dispatching problems [Li20].

The use of metaheuristics, such as ant colony optimization (ACO) and simulated annealing (SA), have

also shown promising results in solving routing problems [San10; Mas22]. Moreover, machine learning

techniques, such as reinforcement learning, have been proposed to optimize routing problems [Yan22].

There have been various approaches and methods tested in different circumstances and contexts

for police patrol routing. However, to the best of our knowledge, research speci�cally focused on police

patrol routing formulated as a VRP is limited. This is a signi�cant knowledge gap, given the importance

of routine patrol to daily policing and the scarcity of police resources that should be allocated to effective

crime deterrent strategies [Dav20; Wei10]. While there are similarities between studies that focus on

emergency medical services or �re brigades, police patrol routing has its own distinct characteristics,

speci�cally regarding preventive patrolling, which requires a unique approach. Unlike ambulances and

�retrucks, police cars patrol the streets to prevent accidents and �res, as well as to react to emergency calls

and reduce response times. In order to ef�ciently address both reactive and preventive patrolling tasks

and objectives of police patrol, cost-ef�cient and effective strategies are crucial. Future research should
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therefore focus on developing ef�cient routing strategies, utilizing existing measures and methods from

the VRP literature while incorporating the speci�c needs of police patrolling.

2.3 Incident prediction models

2.3.1 Duration prediction

Predicting the duration and delay caused by traf�c incidents has been the subject of numerous studies.

Incident duration encompasses reporting, response, and clearance time, while incident delay includes

the incident duration and recovery time [Sar20]. Researchers have utilized various methodologies to

forecast incident duration, ranging from statistical models such as regression models to machine learn-

ing models like arti�cial neural networks (ANNs). Early investigations employed truncated regression

models [Kha95], multiple regression statistical models [Gar97], and partial least squares regression

[Wan13]. In more recent studies, accelerated failure time metric models [Chu10], Bayesian support

vector regression [Gho16], and hybrid models [Kim14] have been utilized. Additionally, machine learning

algorithms, including decision tree models [Sar20], random forests [RU21; Ham20], and neural networks

[Val10], have been employed for incident duration prediction.

Li et al. [Li18] performed a comprehensive review of studies on incident duration prediction, en-

compassing different stages of incident duration, data sources, and employed methods. Their review

involved a comparison of accuracy levels among various models and emphasized the signi�cance of

considering all variables that in�uence incident duration. Furthermore, text analysis techniques have

been utilized in certain studies to extract time-dependent topics and analyze unobserved heterogeneity

and time-varying covariates [Li15]. In another investigation, simulation with Monte Carlo sampling was

employed to examine the impact of different demand pro�les on incident delay [Boy07].

Recent research has introduced innovative approaches for incident duration prediction. Grigorev

et al. [Gri22] proposed a bi-level machine learning framework to predict the incident duration. In

contrast, Saracoglu and Ozen [Sar20] conducted a comparative study speci�cally focused on decision

tree models. Zhao and Deng [Zha22] utilized heterogeneous ensemble learning, employing XGBoost,

LightGBM, CatBoost, stacking, and elastic network techniques to predict the incident duration. Valenti

et al. [Val10] evaluated the performance of �ve predictive models, noting their effectiveness in incidents

with durations of less than 90 minutes.
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2.3.2 Severity prediction

Researchers have conducted several studies to review the literature on incident severity prediction

[Muk22; Hua21; GO20; Sha21]. These studies discuss various methodologies and accuracy levels of

severity prediction models in the literature, ranging from statistical methods to deep learning techniques.

Alkheder et al. [Alk17] used WEKA data-mining software to build an arti�cial neural network (ANN)

classi�er for predicting accident severity. Umar and Gokcekus [Uma19] modeled fatality and injury index

in Nigeria using ANN. Shaik et al. [Sha21] reviewed neural network techniques for predicting accident

severity and noted that deep learning methods such as the Recurrent Neural Network (RNN) and the

Convolutional Neural Network (CNN) have recently been successfully used for predicting road accidents

with high accuracy and ef�ciency. Wang et al. [Wan11] employed a two-stage mixed multivariate model

that combined both accident frequency and severity models. They used a Bayesian spatial model and a

mixed logit model at each stage for accident frequency and severity analysis, respectively. The two-stage

model identi�ed accident hot-spots and demonstrated better prediction of low-frequency accidents,

such as fatal accidents when compared with other statistical models.

Several studies have conducted a literature review on incident severity prediction. Mukhopadhyay

et al. [Muk22 ] provided an overview of the existing literature in this �eld, while Huang et al. [Hua21]

conducted a systematic review to analyze the methodologies and �ndings of severity prediction models.

Gutierrez et al. [GO20] focused on discussing modern approaches and techniques used in incident

severity prediction.

2.3.3 Occurence prediction

Several studies have investigated the prediction of traf�c accident likelihood and frequency. Extensive

literature reviews have been conducted by researchers such as Mukhopadhyay et al. [Muk22 ], Huang et al.

[Hua21], Gutierrez et al. [GO20], and Shaik et al. [Sha21], exploring diverse prediction methodologies and

accuracy levels. These studies encompass various techniques, including advanced statistical approaches

and deep learning methods. Wang et al. [Wan11] proposed a distinctive two-stage mixed multivariate

model that integrated accident frequency and severity analysis. Their approach employed a Bayesian

spatial model and a mixed logit model to estimate the number of accidents at different severity levels,

demonstrating superior prediction capabilities for low-frequency accidents, including fatal incidents.
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In machine learning, Umar and Gokcekus [Uma19] utilized arti�cial neural networks (ANNs) to

model fatality and injury indexes in Nigeria. Alkheder et al. [Alk17] employed the WEKA data-mining

software to construct an ANN classi�er for accident severity prediction. Shaik et al. [Sha21] provided

an overview of neural network techniques for accident severity prediction, highlighting the successful

application of deep learning models like the Recurrent Neural Network (RNN) and the Convolutional

Neural Network (CNN) in achieving high accuracy and ef�ciency. Different approaches have also been

explored. Gutierrez-Osorio et al. [GO22] developed an ensemble deep learning model that integrated

Gated Recurrent Units (GRUs) and CNNs to predict accident likelihood. They incorporated information

from social media and open data sources to enhance prediction accuracy. Zhao et al. [Zha19] employed

CNNs to predict the probability of traf�c accidents, utilizing data collected from Vehicular Ad-hoc

Networks to extract distinctive features.

Additional studies include Ogwueleka et al. [Ogw14], who utilized an ANN model to predict accident

rates in a developing country, considering variables such as the number of vehicles, accidents, and

population. Feng et al. [Fen20] utilized Long Short-Term Memory (LSTM) networks to forecast future

traf�c accidents, analyzing the UK's accident data and employing clustering techniques to identify

accident attributes and hot-spots. Roland et al. [Rol21] proposed a predictive model based on Multilayer

Perceptron (MLP) networks to identify accident hot-spots in Tennessee. Yuan et al. [Yua18] employed

HeteroConvLSTM to predict incidents based on accident counts and conducted a grid-based hot-spot

analysis.

2.3.4 Hot-spot prediction

Accident hot-spots, also known as high-risk areas or accident-prone locations, represent speci�c sites

on the road where accidents frequently occur, demanding immediate attention for safety interventions

[Wan20]. However, there is no universally accepted de�nition or standardized approach for identifying

hot-spots in the existing literature [Atu22]. Moreover, different countries employ varying methods to

determine hot-spots. For instance, in India, a location is classi�ed as a hot-spot if the road accident

rate exceeds a prede�ned critical crash rate. On the other hand, countries like Belgium, Austria, and

Germany rely on accident numbers to de�ne hot-spot areas, while Turkey considers crash frequency,

rate, and severity methods [Boy07].

Numerous studies have addressed the identi�cation of hot-spots, utilizing diverse methodologies.
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Wang et al. [Wan20] discussed three techniques for Hot Spot Identi�cation (HSID): the Crash Frequency

Method (CFM), the societal risk-based crash method, and the Empirical Bayesian method. In their case

study, Wang et al. employed the Empirical Bayesian method to predict hot-spots based on historical

crash data.

Different approaches have been explored in other research studies. Qu and Meng [Qu14] applied

societal risk-based simple ranking and empirical Bayesian methods, while Vadlamani et al. [Vad11]

focused on large truck accidents and employed negative binomial regression with long crash histories.

Fawcett et al. [Faw17] extended the classical Bayesian hierarchical model to forecast accident counts

at potential hot-spots in future time periods. Zarei et al. [Zar21] proposed a non-parametric empirical

Bayes approach called CGAN-EB for predicting incident hot-spots and employed a negative binomial

model to analyze crash data. Krueger et al. [Kru20] developed a novel spatial count data model using a

spatial negative binomial model combined with Bayesian additive regression trees to identify hot-spots.

Azari et al. [Aza23] presented a Geographic Information System (GIS)-based approach to map accident

hot-spots in mountainous regions, considering seasonal and geometric indicators. He et al. [He21]

introduced a method to generate high-resolution traf�c accident risk maps based on satellite imagery

and GPS trajectories, focusing solely on spatial correlation.

Comparative studies have also been conducted to evaluate various spatial analysis methods for

hot-spot identi�cation. Yu et al. [Yu14] analyzed different techniques, including the CFM, crash rate

method, Empirical Bayes method, local spatial autocorrelation method, and Kernel Density Estimation

(KDE) method. The KDE method assesses crash risk at a speci�c location based on neighboring crash

counts. Additionally, Szénási and Csiba [Szé14] utilized a modi�ed approach using DBSCAN clustering

to identify incident black spots.

In recent years, deep learning techniques have emerged as promising tools for hot-spot prediction,

often accompanied by the visualization of heat maps depicting predicted accident risk. Santos et al.

[San21] leveraged machine learning techniques, starting with a clustering approach employing DBSCAN

and hierarchical clustering, followed by hot-spot prediction using Decision Trees, Random Forests,

Logistic Regression, and Naive Bayes. Nevertheless, it is worth noting that only a limited number of

studies have focused explicitly on utilizing deep learning techniques for predicting incident hot-spots.

While some studies have incorporated deep learning for risk or severity forecasting and subsequent

hot-spot identi�cation, a comprehensive examination solely dedicated to deep learning-based incident
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hot-spot prediction remains scarce in the literature.
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CHAPTER

3

INCIDENT RESPONDENT

LOCATION-ALLOCATION: COLUMN

GENERATION AND LAGRANGIAN

RELAXATION TECHNIQUE

3.1 Introduction

This chapter develops a mixed-integer linear program (MILP) that maximizes the expected incident

demand covered and minimizes the total incident response time from dispatching locations to incident

hot-spots under resource constraints and severity considerations. The model aims to �nd the optimal

number and dispatching location of incident response vehicles and the allocation of those vehicles to

the hot-spots. The proposed MILP is solved by a joint column generation (CG) and Lagrangian relaxation

(LR) algorithm. The proposed solution technique is applied to large-scale empirical data that include a
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year of traf�c incidents in Raleigh, NC. Furthermore, the optimization model is solved using CPLEX

Optimization Studio along with a Benders decomposition as a benchmark. The numerical results have

shown that the methodology can effectively solve the resource location and allocation problem and

outperform the benchmark methodologies in terms of computational time and optimality gap.

Figure 3.1 General elements of the problem.

The exposition of the chapter follows. Section 4.2 details the methodology. Section 4.3 describes the

numerical experiments and sensitivity analyses. Section 3.3.2 elaborates on the benchmark analysis

and discusses the numerical results. Finally, Section 5.4 provides concluding remarks.

3.2 Methodology

3.2.1 Model Formulation

This section presents an MILP formulation that de�nes location-allocation of resources considering

respondents' availability and incidents' severity level. Table 4.1 de�nes the sets, variables, and parameters

used in the proposed methodology. We �rst de�ne the notation. Let I denote the set of incident locations

representing the demand nodes. We also de�ne set J to represent the candidate vehicle dispatching

locations. We de�ne the following decision variables: (1) location design denoted by X j as a binary
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decision variable that is set to 1 if a dispatching station is selected at location j 2 J or 0 otherwise and (2)

resource allocation de�ned by Z i j as the incident quantity at node i served by respondents dispatched

from location j .

The following parameters are de�ned: K denotes �eet size, which is the total number of respondents

to be distributed across dispatching locations; k j represents the capacity of each dispatching location

j 2 J; d i shows the expected number of incidents (i.e., expected demand) that need to be served at node

i 2 I ; si de�nes the severity level of incidents at demand site i 2 I , which is a value from 1 to 3 indicating

low, medium, and high incident severity, respectively; t i j represents the shortest response time from

dispatching location j to incident site i , computed by the Dijkstra algorithm; parameter q denotes the

mean probability of an unavailable respondent when demand is perceived. [Das13] suggests dividing

the total busy time ( hr ) of all respondents during a certain period by the multiplication of (i) length of

the period ( h r ) and quantity of on-duty respondents in the period to calculate q . We de�ne the busy

time as a duration that starts by the noti�cation of an incident and completes once the site is cleared

(similar to [Che07]); �nally, parameter � uni�es and balances the two different terms of the objective

function.

min
X

i 2I

X

j 2 J

�
si

�
q k j � 1

�
+ � t i j

	
Z i j (3.1a)

s.t.
X

j 2 J

Z i j � d i , 8i 2 I , (3.1b)

X

i 2I

Z i j � k j X j , 8 j 2 J, (3.1c)

X

j 2 J

k j X j � K , (3.1d)

X j 2
�
0,1

	
,8 j 2 J, (3.1e)

Z i j � 0,8i 2 I ,8 j 2 J. (3.1f)

Objective function (3.1a) aims to (i) minimize the total operating cost considering the number of

respondents dispatched from location j to site i on the shortest path and (ii) maximize the total expected

demand coverage given the severity levels si , where (1 � q k j ) denotes the probability of respondent

availability at location j . Constraints (3.1b) ensure that total respondent allocations to demand site

i will not exceed the incident quantity at that site. Constraints (3.1c) guarantee that the respondents
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from any location j will only be allocated to demand sites if there exists a dispatching location at j .

Constraints (3.1c) also show that the number of respondents dispatched from j cannot exceed the

capacity of site j . Constraints (3.1d) ensure that the total respondents' �eet size will not be exceeded.

Constraints (3.1e) and (3.1f) indicate the integrality and non-negativity of decision variables.

Table 3.1 De�nition of sets, variables, and parameters.

Sets
I Demand locations, i.e., incident sites
J Dispatching locations
Sx Finite set of feasible solutions to (3.6)
Sz

j Set of feasible solutions to (3.5)
O Set of selected dispatching locations
Par.
K Total respondent quantity
k j Capacity of potential dispatching location j
d i Expected demand at node i
si Severity level at node i
t i j Shortest response time from j to incident site i
q Average probability of a busy respondent when demand is perceived
� Unifying constant in the objective function
� Stopping criteria constant
! Step size for updating Lagrangian multipliers
Var.
X j Binary variable, 1 if a dispatching location is selected or 0 otherwise
Z i j Number of incidents located at node i served by respondents dispatched from

location j
� i Lagrangian multipliers for the relaxed problem
Zs

�
�

�
Lagrangian sub-problem function

Zs Reformulated Lagrangian dual function
� s Dual variables associated with constraints (3.7b)
� s j Dual variables associated with constraints (3.7c)
r̄ i , r i Dual variables associated with constraints (3.7e)�
X 0,Z 0

�
Current solution in the algorithm iterations�

X B ,Z B
�

Best solution obtained

3.2.2 Solution Technique

This section �rst presents a decomposition technique involving LR and CG methods followed by a

clustering algorithm.
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3.2.2.1 Decomposition algorithm

The proposed model (3.1a)-(3.1f) in Section 4.2.1 is computationally expensive due to mixed-integer

decision variables. It can only be solved based on small network instances. We have proposed an

integrated LR and CG (LR-CG) algorithm as the solution technique for large-scale real-world settings.

The convergence of the bounds in the conventional CG algorithm is very slow [Nis11]. To accelerate

the process and identify better lower bounds, the methodology starts with relaxing constraints 3.1b

using an LR procedure.

min
X

i 2I

X

j 2 J

�
si

�
q k j � 1

�
+ � t i j

	
Z i j �

X

i 2I

� i

X

j 2 J

Z i j � d i

�
(3.2a)

s.t. (3.1c), (3.1d), (3.1e), (3.1f),

where � i denote the Lagrangian multipliers for constraints (3.1b) of the original model. We rearrange

the objective function and write the Lagrangian sub-problem as follows.

Zs

�
�

�
:

min
X

i 2I

X

j 2 J

�
si

�
q k j � 1

�
+ � t i j � � i

	
Z i j +

X

i 2I

� i d i (3.3a)

s.t. (3.1c), (3.1d), (3.1e), (3.1f),

We let Ci j = si

�
q k j � 1

�
+ � t i j and

�
Ci j

�
i

= min
j2J

Ci j denoting the minimum cost of serving incident

node i . Lagrangian multipliers � op t will be found in the interval [� min ,� ma x ].

For X j = 1, considering constraints (3.1c), the problem can be reduced to:

min
X

i 2I

�
Ci j � � i

�
Z i j (3.4a)

s.t.
X

i 2I

Z i j � k j , (3.4b)

Z i j � 0,8i 2 I . (3.4c)

We rewrite (3.4a) - (3.4c) as
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f j :

max
y

X

i 2I

�
� i � Ci j

�
Z i j :

X

i 2I

Z i j � k j ,Z i j � 0,8i 2 I . (3.5)

We obtain Zs

�
�

�
= � 0 +

P

i 2I
� i , where � 0 is

min
x

X

j 2 J

�
� f j

�
X j :

X

j 2 J

k j X j � K ,X j 2 f 0,1g,8 j 2 J. (3.6)

The Lagrangian dual of (3.3a) maximizes the Lagrangian function Zs

�
�

�
over set [� min ,� ma x ]. We

let f X s : 8s 2 Sx gbe the �nite set of feasible solutions to (3.6) while f Z s
i j : 8s 2 Sz

j gis the set of feasible

solutions to (3.5). Moreover, we de�ne Cs j =
X

i 2I

Ci j Z s
i j . Then, we rewrite the Lagrangian dual as

Zs : max � 0 +
X

i 2I

� i (3.7a)

s.t. � 0 +
X

j 2 J

X s
j f j � 0,8s 2 Sx , (3.7b)

X

i 2I

Z s
i j � i � f j � Cs j ,8 j 2 J,8s 2 Sz

j , (3.7c)

f j � 0,8 j 2 J, (3.7d)

� min
i � � i � � ma x

i ,8i 2 I , (3.7e)

� 0 2 R. (3.7f)
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The dual of 3.7a-3.7f results in the master problem (MP) that is formulated as

min
X

j 2S

X

s2Sz
j

Cs j � s j + � ma x
i r̄ i � � min

i r i (3.8a)

s.t.
X

s2Sx

X s
j � s = 1, (3.8b)

X

s2Sx

X s
j � s �

X

s2Sz
j

� s j � 0,8 j 2 J, (3.8c)

X

j 2S

X

s2Sz
j

Z s
i j � s j + r̄ i � r i � 1,8i 2 I , (3.8d)

� s � 0,8s 2 Sx , (3.8e)

� s j � 0,8 j 2 J,8s 2 Sz
j , (3.8f)

r̄ i , r i � 0,8i 2 I , (3.8g)

where � s, � s j , and r̄ i , r i are the dual variables associated with constraints (3.7b), (3.7c), and (3.7e),

respectively.

The LR-CG algorithm is detailed below.

Step 1: Initialization

Let LB denote the best lower bound and U B the best upper bound. Set LB = 0, U B = + 1 , solution

setsSx and Sz
j empty, and iteration number l = 0.

Step 2: Lagrangian sub-problem

2.1: Set l = l + 1 and solve the Lagrangian subproblem (3.3a) for � = �̄ . Let
�
X 0,Z 0

�
denote the cor-

responding solution. Set O = f j 2 J : X 0
j = 1g. If Zs

�
�̄

�
� LB, then set LB = Zs

�
�̄

�
and return

�
X 0,Z 0

�
.

2.2: Store the generated columns gi = Cs j �
X

i 2I

Z s
i j � 0

i + f j that is formed by rearranging (3.7c) given

that � 0
i are the dual solutions. Set S0x = S0x [ f l gand S0

j
z = S0

j
z [ f l g,8 j 2 O.

2.3: Solve the transportation problem (3.4a)- (3.4c) with dispatching location set O. If it gives a solution

that improves the U B , then update the U B and record the corresponding solution in
�
X 0,Z 0

�
.

Step 3: Restricted primal MP
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Initialize the MP with a feasible solution that satis�es (3.8b) - (3.8g). Add columns from the feasible

solution to the MP and set Z̄s = U B .

Step 4: Column generation

While min f Z̄s,U B g=LB � 1+ � , perform the following:

4.1: Solve the MP (3.8a) - (3.8g) restricted with S0x and S0
j
z . Remove all columns that have been non-

basic for a certain number of subsequent iterations from the MP. If Z̄s=LB � 1+ � , then terminate

the column generation. Otherwise, update �̄ = ! �̄ + (1 � ! )� 0,0 � ! � 1.

4.2: Set l = l + 1 and solve the SP (3.3a) for � = �̄ as in Step 2. If Zs

�
�̄

�
� LB, then set LB = Zs

�
�̄

�
and

return
�
X 0,Z 0

�
. If Z̄s=LB � 1+ � , then terminate the column generation. Otherwise, continue to

the next step.

4.3: Solve the transportation problem with set O as the dispatching locations. Update the U B and

store the solution in
�
X B ,Z B

�
once it yields a solution that improves U B .

4.4: Add all columns f Z B
j : X 0

j = 1gthat price out the current reduced costs, to the MP.

Step 5: Stop if U B =LB � 1+ � is violated. Report
�
X B ,Z B

�
as the current solution.

The steps of the algorithm are detailed in Figure 3.2.

3.2.2.2 Clustering algorithm

We have implemented a density-based spatial clustering of applications with noise (DBSCAN) algorithm

that de�nes clusters with arbitrary shapes by �nding high-density incident hot-spot locations and

expanding them recursively. The DBSCAN algorithm groups the nearby incident points based on the

neighborhood's search distance � and the minimum number of points (aka minPoints) in the neighbor-

hood to cluster. The clustering procedure starts from an arbitrary point in the data set and continues by

visiting all the points. A cluster is de�ned once at least minimum points corresponding to parameter �

are found. Then, the cluster gets expanded recursively by visiting each point in the cluster and applying

similar neighborhood analyses.

“Core” is a point that includes (at least) the minimal required points in the cluster based on the

� value. The algorithm takes a core point to search and checks the � travel distance to add incident

demand points in the neighborhood to the cluster until it reaches the “border” points that are reachable
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Figure 3.2 The LR-CG algorithm framework.

from a core point but are not core. The travel distance metric is captured by a general average based on

speed and traf�c volume. After applying the analysis, the clustered demand points are transferred into

an array, and the center point of each cluster is identi�ed. Figure 3.3 details the algorithm. An example

of the algorithm procedure is illustrated in Figure 3.4.
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Figure 3.3 Procedure for applying DBSCAN.

Figure 3.4 An example of DBSCAN procedure.

3.3 Numerical Experiments

This section describes the numerical experiments conducted on a set of case study networks in Raleigh,

NC, that help evaluate the proposed methodology in terms of solution quality and computational
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performance. The integrated algorithm is coded in Python using scikitlearn, ArcGIS, pandas, geopy,

xlwt, and xlrd packages and libraries for clustering, data manipulation, among other capabilities. For

instance, the ArcGIS [Red11] library is used to capture travel times between spatial demand points based

on Dijkstra's shortest path. The algorithms are run on a desktop computer with a 2.80 GHz CPU and 16

GB of memory.

The dataset includes historical incident data on different days and time-of-days. It represents

incident locations that occurred in North Carolina state in 2019. There are 43,408 incidents reported in

43,293 different locations. Figure 3.5 indicates that some incident locations are signi�cantly close to

each other, creating hot-spots. We have implemented DBSCAN to reduce the size of the spatial data and

de�ne the incident hot-spots.

Figure 3.5 Historical incident data in NC State visualized in ArcMap.

Figure 3.6 illustrates some of the experiments applied to the state of North Carolina with different �

values. The blue dots represent the historical incident locations, and the red dots represent the center

of the clusters formed by the DBSCAN algorithm. The �rst map illustrates the clustering with � = 1

min search distance. Since the search distance is short in this experiment, the number of clusters is

very large. The second map shows the result for � = 2 min search distance. The third and fourth maps

present the results with � = 3 min and 4 min search distance, respectively. We can see that the frequency

of the red dots decreases with the increase in the distance value, meaning that the number of clusters

decreases with larger search distances.
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Figure 3.6 Clustering experiments with different � values.

3.3.1 Results

Using DBSCAN to cluster the demand points, we have generated six different problem sizes, based on

10,672 candidate dispatching locations and 10,672 incident demand points, where the largest instance

includes 2,971 nodes (� = 1 min), and the smallest instance has 79 candidate dispatching locations and

79 incident locations ( � = 5 min). The other instances include 168, 391, 1084, and 1573 nodes for both
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candidates dispatching locations and the incident locations ( � = 4,3,2,1.5 min, respectively).

Figure 3.7 shows results on solution quality and computational ef�ciency: (a) shows that the com-

putational time and optimality gap increase by problem size; (b) illustrates the increasing trend in the

objective value with the growth in the instance size; (c) shows the increase in the number of selected

dispatching locations and the �eet size K when the instance size expands.

Figure 3.7 (a) Computational time and optimality gap vs. problem size; (b) Changes in the objective function
vs. problem size; (c) # of dispatching locations and �eet size vs. problem size.
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Figure 3.8 illustrates the incident locations in Raleigh, NC, for the largest instance with clustering.

The orange dots represent the center of each cluster, de�ned as the demand points. Furthermore,

the map in Figure 3.9 demonstrates the incident locations as well as candidate dispatching locations

in Raleigh, NC, with orange dotes, and selected dispatching locations by the methodology with blue

diamonds. The �gure also shows the snapshot of a selected dispatching location with three available

respondents, where the blue arrows refer to the incident locations that the respondents are allocated to.

The respondents will serve the closest incident locations (*) except for farther locations that require

prioritization due to higher incident severity levels (**).

Figure 3.8 Incident locations in Raleigh, NC - largest clustered instance.

Figure 3.10 presents the convergence of the upper and lower bounds over the iterations of the

proposed solution technique for the 1084-node instance. It can be observed in the �gure that the

algorithm converges to a 0.03 optimality gap in 15 iterations. As expected, the gap between the upper

and lower bounds is higher initially, and it shrinks over the iterations. The algorithm terminates when
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Figure 3.9 Dispatching locations and respondent allocations.

no improvement can be observed after two consecutive iterations.

Figure 3.10 Convergence of the upper and lower bounds.

Figure 3.11 illustrates a box plot based on the analysis on the response time over different values

of �eet size K , ranging from 100 to 200 respondents. The plot also shows the minimum, �rst quartile,
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average, third quartile, and maximum values of the response time for each �eet size. We can observe an

overall decrease in the response time when the �eet size increases; that can be explained by utilizing a

larger number of incident respondents helping the model �nd better dispatching locations and allocate

resources effectively. The average response time starts from the value of 7.8 min and reduces to 3.4

min based on K = 200. Moreover, the maximum response time is 10.4 min, and it decreases with an

increase in the �eet size. On the other hand, all minimum response time values are equal to 1 min as

the candidate dispatching locations are located on the incident locations throughout the network; thus,

all dispatching respondents �rst serve the incidents that occur on their site.

Figure 3.11 Response time vs. �eet size.

3.3.2 Benchmark Analyses

The numerical results are compared to the case without the embedded clustering algorithm. We have

also compared the solutions to those of a Benders decomposition technique and CPLEX Optimization

Studio [Cpl09] on six different problem sizes. The smallest instance includes 10 candidate dispatching

locations and 10 incident locations. Other instances have 20, 45, 150, and 1024 nodes for both candidate

dispatching locations and incident locations. On the other hand, the largest instance has 10,672 nodes.

Figure 3.12 (a) represents the computational time and optimality gap for all problem instances.
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As expected, the CPU time and optimality gap increase by the expansion of the problem size. Figure

3.12 (b) presents the changes in the two terms of the objective function (i.e., expected magnitude of

demand covered and travel time) with respect to the problem size. The �gure shows that both terms

increase when the problem size increases. For the largest size instance, the total travel time increases

more compared to the demand covered that is due to the (1) increase in the number of hot-spots being

covered and (2) respondents traveling longer distances to reach the incident sites. Moreover, Figure

3.12 (c) shows the number of selected dispatching locations and �eet size K for all instances. It can be

observed that the number of selected dispatching locations and the �eet size increase with the increase

in the problem size due to longer travel distances and reaching the capacity of candidate dispatching

locations.

We have also compared the performance and quality of the solutions to those of other benchmarks:

CPLEX and Benders decomposition. The model in (3.1a) - (3.1f) is tested in CPLEX with and without

clustering. Then, the model is solved using Benders decomposition [Ati21]. The algorithm decomposes

the problem into a master problem (MP) and a sub-problem (SP), as follows.

(MP) min
X

j 2 J

�
q k j � 1

�
k j X j + D (3.9a)

s.t. (3.1d) � (3.1e) and

D �
X

i 2I

d i U
�

i �
X

j 2 J

k j W
�

j X j ,8� , (3.9b)

D � 0. (3.9c)

(SP) min �
X

i 2I

X

j 2 J

t i j Z i j (3.10a)

s.t. (3.1b) � (3.1f) and
X

i 2I

Z i j = k j X j , 8 j 2 J. (3.10b)

The algorithm begins with solving the MP without the optimality cuts trying to determine the initial

dispatching locations and calculate the lower bounds. Given the locations, we solve the SP and its dual.
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Figure 3.12 (a) Computational time and optimality gap vs. problem size; (b) Changes in the objective function
vs. problem size; (c) # of dispatching locations and �eet size K vs. problem size.

We obtain the optimal travel costs for the sites determined by the MP. Then, the upper bound is updated.

The algorithm stops if the optimality gap is less than a pre-de�ned threshold � . Figure 3.13 depicts the

general framework of the Benders decomposition.

The comparison of the different instance sizes before clustering is applied can be observed in Table

3.2 compares the performance measures of different solutions based on different problem instances

prior to clustering. According to the table, CPLEX can only solve the problem for small instances. It can

be observed that the optimality gap of 32.20% is obtained for the instance with 1,024 incident locations

and candidate dispatching locations, and the large-scale problem with 10,672 nodes didn't provide

any solutions after running for 2 hours. On the other hand, the Benders decomposition can solve the
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Figure 3.13 Benders decomposition.

problem with a reasonable optimality gap for all the instances except for the largest case with 10.672

nodes (gap = 23.20%). While the CPU time may be slightly shorter, the proposed LR-CG procedure yields

a smaller gap in the large-size problems.

Furthermore, Table 3.3 compares the performance measures obtained for different problem in-

stances after clustering. Since clustering is included, a larger problem size (i.e., 10,672 nodes) can be

solved. The table shows the problem sizes after clustering with various � values (i.e., 5, 4, 3, 2, 1.5, and

1), leading to reduced network sizes (i.e., 79, 168, 391, 1084, 1573, and 2971 nodes). We can observe

that CPLEX failed to solve the large-scale instances (i.e., no solution after running for 24 hours). The

optimality gap and computational time follow a similar trend for the Benders decomposition, as shown

in the table, while the gap in our proposed algorithm with clustering is smaller for large-scale instances.

3.3.3 Sensitivity Analysis

This section presents the sensitivity analyses conducted to evaluate the proposed methodology.
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Table 3.2 Comparison of performance measures for different instance sizes without clustering.

CPLEX Benders
Column

Generation
Instance size

(n 2)
Runtime

(s e c)
Gap (%)

Runtime
(s e c)

Gap (%) Runtime ( s e c) Gap (%)

10 60 0 19 1.32 45 1.47
20 122 0 31 1.36 65 1.32
45 560 0 72 1.43 78 1.37
150 1920 0 91 2.02 205 1.45
1024 3600 32.20 256 3.24 302 3.01
10672 7200 No Solution 7403 23.20 4567 11.03

Table 3.3 Comparison of performance measures for different instance sizes with clustering.

Clustering CPLEX Benders
Column

Generation
� (min )/

Nodes
Runtime

(s e c)
Gap (%)

Runtime
(s e c)

Gap (%) Runtime ( s e c) Gap (%)

5=79 762 0 75 1.42 121 1.37
4=168 2003 0 91 1.98 198 1.50
3=391 86,400 14.49 130 2.43 296 1.53
2=1084 86,400 29.32 256 3.24 302 2.97

1.5=1573 86,400 78.80 513 5.21 768 4.08
1=2971 86,400 No Solution 972 6.73 1034 4.42

3.3.3.1 Sensitivity analysis on the input parameters

Table 3.3 presents the number of clusters formed based on different � values and problem sizes in

Raleigh, NC, analyzing the impact of network travel times on clustering: with an increase in the � values

the number of clusters decreases dramatically as expected by the nature of the DBSCAN algorithm.

Figure 3.14 shows the sensitivity of the objective value (3.1a)on the value of parameter � . Appropriate

� values lead to effective demand coverage utilizing the existing �eet size. We have tested � = 0.50 to

0.02, where the available vehicles are utilized more with the reduction of � value.

Figure 3.15 illustrates a sensitivity analysis conducted on the parameter � in the objective function

(3.1a). The x-axis represents varying � values, ranging from 0.50 to 0.02. On the other hand, the y-axis

displays the percentage of incident hot-spots covered by respondents from all dispatching locations.

The results indicate that as the � parameter decreases, the coverage percentage increases from 12.70% to
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Figure 3.14 Sensitivity analysis on � parameter with utilized capacity.

19.53%. This �gure demonstrates that by reducing the weight placed on total travel time in the objective

function, we can enhance the overall service provided to incident hot-spots.

Figure 3.15 Impact of � parameter on the percentage of demand covered.

Additionally, Figure 3.16 shows the sensitivity analysis on the �eet size K that represents the total

number of available incident respondents. The �gure shows that with an increase in the respondent
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availability, the objective value increases: with more respondents, total expected demand coverage

increases so does the total network travel time.

Figure 3.16 Sensitivity analysis on the �eet size with objective function terms.

3.3.3.2 Objective function scalarization

In this study, the parameter � in the objective function is used to unify the units and adjust the weights of

its terms. However, the terms in the objective function have different meanings and purposes. Therefore,

we applied min-max normalization to each term, ensuring that they have values ranging from 0 to 1

based on the speci�c instance under consideration. This scalarization process guarantees that both

terms will fall within the desired range. Subsequently, the weight parameters � 1 and � 2 are introduced

as multipliers to the objective function terms. � 1 represents the penalty for the expected magnitude of

demand coverage, while � 2 represents the penalty for the total travel time.

To assess the impact of different weight combinations on performance measures, we conducted a

series of sensitivity analyses on the values of � 1 and � 2. Figure 3.17 illustrates the effect of weight param-

eters and their combinations on the percentage of demand covered, using a color spectrum. Darker

circles indicate higher demand coverage, while lighter circles indicate lower coverage. Additionally,

Figure 3.18 depicts the impact of weight parameters and their combinations on the average response
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time, again using a color spectrum. Darker circles represent shorter response times, whereas lighter

circles represent longer response times.

Figure 3.17 Impact of � 1 and � 2 on the coverage percentage.

By examining the �gures, we can observe the trade-off between demand coverage and response time.

Different weight combinations allow us to emphasize one aspect over the other. For instance, increasing

� 1 relative to � 2 will prioritize improving demand coverage at the potential cost of longer response

times. Conversely, increasing � 2 relative to � 1 will prioritize minimizing response times, possibly at the

expense of slightly lower demand coverage. The sensitivity analysis provides valuable insights into the

relationship between weight combinations and performance measures, aiding in the decision-making

process to optimize the overall service provided.
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Figure 3.18 Impact of � 1 and � 2 on the average response time.

3.4 Conclusions

This study proposes an MILP to locate respondents and allocate them to demand sites considering the

frequency and severity of traf�c incidents. The model aims to minimize the total response time and

maximize the expected amount of demand covered. An integrated LR-CG with an embedded clustering

technique is developed to tackle the complexities of the problem in large-scale network applications. Our

results showed that the proposed approach can be used for developing an effective incident response

planning network, and it can help improve the existing plans. The numerical experiments based on

empirical incident data in Raleigh, NC, have shown that the solution approach solves the problem

optimally for small-scale instances and yields near-optimal solutions for large-scale problems. The

largest problem instance in Raleigh, NC, is solved in 1034s e cwith a 4.42% optimality gap. The proposed

formulation is also coded in CPLEX Optimization Studio and also solved with Benders decomposition

as benchmark analyses for comparing the performance and quality of the solutions.

The performance of the methodology is tested using historical incident data that also helps justify

40



the planning decisions. Since incident locations are random in nature, it will be bene�cial to detect

and predict incident hot-spot locations by training the historical data for more accurate results under

certain circumstances in real-world studies. Literature has presented incident detection using various

techniques, such as fuzzy neural network algorithms, advanced wavelet analysis, and pattern recognition

methods (e.g., [Sam01], [Kar02], [Kar03], [Ade05]) for more realistic demand estimation. Additionally, the

current study assumes the same location for candidate dispatching locations as the incident locations.

In future studies, more characteristics (e.g., the feasibility of each location to serve as a dispatching

point) can be considered in the de�nition of candidate dispatching locations. Since this study accounts

for planning-level decisions, an average probability of vehicle availability is considered in the analysis.

However, another future direction can be time-variant incident management, considering dynamic

traf�c states and time-of-day operations, utilizing dynamic programming-based techniques. It will be

interesting to investigate the routing of respondents in addition to the dispatching station design in the

future. It should be noted that the response times represented by the solution algorithm are calculated

without considering the impact of traf�c congestion, as incident response vehicles are given priority in

traf�c and are allowed to use shoulders to travel to incident locations. It would be very interesting to

account for the impact of traf�c congestion on the results of future efforts.
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CHAPTER

4

NETWORK DESIGN AND ROUTING FOR

PATROL POLICE VEHICLES

4.1 Introduction

The problem of ef�ciently deploying patrol police vehicles is critical in ensuring the safety and security

of the public. The effective deployment of patrol vehicles can help to reduce response times and increase

the effectiveness of law enforcement agencies. The problem is complex due to the dynamic nature of

accidents, the large number of vehicles and locations to be considered, and the need to balance costs

and response times. To address this problem, various approaches have been proposed in the litera-

ture, including heuristic algorithms, integer programming models, and simulation-based techniques.

However, these approaches are often limited in their ability to provide optimal solutions or scale up to

large-scale real-world problems.

In this paper, we introduce a location-routing scheme that combines Lagrangian relaxation and

column generation techniques to solve the problem of ef�cient patrol vehicle deployment. The proposed

methodology allows for the optimization of patrol routes, taking into account the network travel time

and operating expenses. The solution algorithm is tested using real-world data from the city of Raleigh,
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NC. The results demonstrate the accuracy and effectiveness of the proposed methodology in optimizing

the use of patrol vehicles. Additionally, the results are compared to the current district limits in Raleigh,

providing insight into the potential bene�ts of implementing the methodology in practice. Overall,

the proposed methodology offers a practical and effective approach for law enforcement agencies to

optimize the use of patrol vehicles.

The remainder of this chapter is organized as follows. Section 4.2 details the methodology. Section 4.3

describes the numerical experiments, sensitivity analysis, and benchmark analyses. Finally, Section 4.4

provides concluding remarks.

4.2 Metholodogy

4.2.1 Model Formulation

This section presents a binary integer programming model formulation of dispatching a �eet of patrol

police vehicles to cover a set of hot-spots in the most ef�cient way. The model aims to determine the

optimal locations for dispatching the patrol vehicles and the routes that the vehicles should take to

cover all the hot-spots while minimizing the total cost of utilizing the patrol vehicles.

Table 4.1 de�nes the sets, variables, and parameters used in the methodology. We �rst de�ne the

notation. Let I denote the set of accident hot-spot locations representing the demand nodes. We de�ne

set J to represent the candidate patrol vehicle dispatching locations. We also de�ne L denoting the

set of feasible patrol routes. We de�ne the following decision variables: (1) location design denoted by

X j as a binary decision variable that is set to 1 if a dispatching station is selected at location j 2 J or 0

otherwise, (2) resource allocation de�ned by Z j l as a binary decision variable that is set to 1 if a route

l 2 L is assigned to a dispatching station j 2 J or 0 otherwise and (3) routing decision denoted by Yl as a

binary decision variable that is set to 1 if a route l 2 L is selected or 0 otherwise.

The following parameters are de�ned: K denotes �eet size which is the total number of patrol

vehicles to be distributed across dispatching locations; k j represents the capacity of each dispatching

location j 2 J; f j shows the �xed cost of operating at node j 2 J; � j l de�nes the travel time of a route

l 2 L from station j 2 J; a i l is a parameter that is set to 1 if an accident hot-spot i 2 I is in route l 2 L

or 0 otherwise; �nally, parameter � uni�es and balances the two different cost terms of the objective
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function.

min (1 � � )
X

j 2 J

f j X j + �
X

j 2 J

X

l 2L

� j l Z j l (4.1a)

s.t.
X

l 2L

X

j 2 J

a i l Z j l = 1, 8i 2 I , (4.1b)

X

l 2L

a i l Z j l � X j , 8 j 2 J, 8i 2 I , (4.1c)

X

l 2L

Z j l � k j X j , 8 j 2 J, (4.1d)

X

j 2 J

Z j l � Yl , 8l 2 L, (4.1e)

X

l 2L

a i l Yl = 1, 8l 2 L, (4.1f)

X

l 2L

Yl � K , (4.1g)

X j 2
�
0,1

	
,8 j 2 J, (4.1h)

Yl 2
�
0,1

	
,8l 2 L, (4.1i)

Z j l 2
�
0,1

	
,8 j 2 J,8l 2 L (4.1j)

The objective function (4.1a)aims to (i) minimize the total cost of utilizing the patrol vehicles, which

is the sum of the �xed cost of utilizing each candidate location j multiplied by the binary decision

variable X j , and the total travel time of each route l dispatched from location j multiplied by the binary

decision variable Z j l .

The model is subject to several constraints. Constraints (4.1b) ensure that each hotspot i is assigned

to a route from a station j exactly once. Constraints (4.11b) ensure that a candidate location j can only

be used for dispatching if it is selected. Constraints (4.11c) ensure that the capacity of each candidate

location j is not exceeded. Constraints (4.1e) ensure that each route l is only formed if at least one can-

didate location is used for dispatching. Constraints (4.11d) ensure that each hotspot i is covered by only

one route l . Constraints (4.11d) limits the total number of routes to the �eet size K . Constraints (4.11e),

(4.1i), and (4.11f) indicate the integrality and non-negativity of decision variables.
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Table 4.1 De�nition of sets, variables, and parameters.

Sets
I Demand locations, i.e., accident hot-spot
J Dispatching locations
L Set of feasible patrol routes
Par.
K Total respondent quantity
k j Capacity of potential dispatching location j
f j Fixed cost of utilizing candidate location j
� j l Total travel time of route l dispatched from location j
a i l If hot-spot i is located among route l
� Weight parameter in the objective function
Var.
X j Binary variable, 1 if a dispatching location is selected or 0 otherwise
Yl Binary variable, 1 if route l exists or 0 otherwise
Z j l Binary variable, 1 if route l is from station j or 0 otherwise
� i Lagrangian multipliers for the relaxed problem
� l Lagrangian multipliers for the relaxed problem

4.2.2 Solution Technique

This section presents a decomposition technique that utilizes Lagrangian Relaxation (LR) and column

generation (CG) methods to solve the combinatorial optimization problem described in Section 4.2.1.

The LR approach involves relaxing certain constraints of the original problem, speci�cally constraints

(4.1b) and (4.1e), by introducing Lagrange multipliers into the objective function. This results in a new

relaxed problem that is easier to solve. The solution of the relaxed problem can be used to generate

feasible solutions for the original problem. The process can be iterated by updating the Lagrange

multipliers until convergence to a desirable solution is achieved.

In CG, a restricted set of feasible solutions is initially considered, and new solutions are generated

iteratively until the best solution is found. In this problem, new columns are generated by solving a

subset of the problem that only considers a limited number of candidate locations and routes. The

solution of this sub-problem can be used to generate new columns, and the process is repeated until

convergence to the optimal solution.

Combining LR and CG, we can solve a relaxed version of the problem using LR with a restricted set

of candidate locations and routes. Then, we use CG to generate new columns and improve the solution.

This iterative process is repeated until the optimal solution is achieved.
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To apply this technique to the problem, we �rst formulate the LR problem and design the CG

procedure. Then, we implement the algorithm and test its performance on sample instances of the

problem.

4.2.2.1 Decomposition algorithm

The optimization model (4.1a)-(4.11f) in Section 4.2.1 is computationally expensive due to the combina-

torial structure. It can only be solved based on small network instances. We have de�ned an integrated

LR and CG (LR-CG) algorithm as the solution technique for large-scale real-world settings.

The convergence of the bounds in the conventional CG algorithm is very slow [Nis11]. To accelerate

the process and identify better lower bounds, the methodology starts with relaxing constraints (4.1b)

and (4.1e) using an LR procedure.

L (X ,Y,Z , � , � ) = min

(

(1 � � )
X

j 2 J

f j X j +
X

l 2L

X

j 2 J

�
�� j l + � l �

X

i 2I

� i a i l

�
Z j l �

X

l 2L

� l Yl +
X

i 2I

� i

)

(4.2a)

s.t. (4.11b), (4.11c), (4.11d), (4.1g)(4.11e), (4.1i), (4.11f),

where � i denote the Lagrangian multipliers for constraints (4.1b) and � l denote the Lagrangian multi-

pliers for constraints (4.1e) of the original model.

Function L in the relaxed problem (4.2a) is concave over an af�ne function in ( � ,� ). Thus the

subgradient method may be applied to solve the relaxed problem. As a result of constraints (4.1b) and

(4.1e) being relaxed, the variables X =Z and Y are no longer connected. This allows us to decompose

the problem into two sub-problems. Sub-problem 1 (SP1) represents the routing part of the problem,

whereas Sub-problem 2(SP2) represents the location decisions.

min
X

l 2L

� � l Yl (4.3a)

s.t. (4.11d), (4.1g), (4.1i).

SP1 presented in (4.3a) is a linear assignment problem that uses the decision variables Y to assign
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the accident hot-spots to the available routes, and it takes the form of a set-covering problem. It ensures

that each hot-spot is covered by only one route. The decision variables Y are binary, and for each

hot-spot i , there is a constraint that ensures it is covered by only one route. The constraint ensures that

if a route l covers hot-spot i , then the corresponding Y variable for that route is set to 1, and all other Y

variables for routes that do not cover the hot-spot are set to 0. The problem has a very similar structure

to writing a vehicle routing problem (VRP) as a set covering problem. Such problem is known for being

dif�cult to solve due to the exponential number of candidate routes. This study de�nes a CG-based

algorithm to generate a set of feasible routes starting from a small number of routes, singleton, then

iteratively add new routes into the relaxed SP1.

Let L0be the set of feasible routes, and let � l be the total travel time / cost of route l . Let bi h l = 1 if route

l travels from hot-spot i to h and 0 otherwise and � i h the travel time between hot-spots i and h . The

following relations hold:

� l =
X

i 2I

X

h 2I

� i h bi h l (4.4)

a i l =
X

h 2I

bi h l (4.5)

With these de�nitions, the relaxed set covering problem (RSCP) that represents a vehicle routing problem

can be written as (4.6a) - (4.6d).

min
X

l 2L0

� l Yl (4.6a)

s.t.
X

l 2L0

a i l Yl � 1, 8i 2 I , (4.6b)

X

l 2L0

Yl � K , (4.6c)

0 � Yl � 1,8l 2 L0 (4.6d)

Constraints (4.6b) ensure that all customers are visited and (4.6c) ensure that the �eet size capacity is

not exceeded. The LP relaxation of any Mixed Integer Programming (MIP) formulation involves allowing

all integer variables to take continuous values. Since SCPs necessitate selecting each set entirely, their
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LP relaxations become simpler.

Given the RSCP formulation, the dual of this problem can be written as in equations (4.7a) - (4.7c)

given � i are the dual variables.

max
X

i 2I

� i (4.7a)

s.t.
X

i 2I

a i l � i � � l , 8l 2 L0, (4.7b)

� i � 0,8i 2 I (4.7c)

The �eet size capacity constraint is eliminated at this point since the reduced costs and the pricing

problem will be solved for single routes.

By using the LP theory, the reduced cost of column l 2 L0can be written as:

cl = � l �
X

i 2I

a i l � i ,8l 2 L (4.8)

If these cl � 0, it means the solution can improve. Adding the new column to the subset of routes in the

RSCP will reduce the objective when the RSCP is resolved.

Upon encountering a large problem to solve, the question arises whether it is necessary to calculate

the reduced cost of a potentially exponential number of columns to determine which ones to add to the

(RSCP). While such an approach is feasible, an alternative solution involves solving an optimization

problem to generate these reduced costs. This optimization problem is commonly known as the Pricing

Problem, as it is used to derive reduced costs for columns.

Firstly, the reduced cost equation can be rewritten by using (4.4) and (4.5).

cl =
X

i 2I

X

h 2I

� i h bi h l �
X

i 2I

X

h 2I n0

bi h l � h ,8l 2 L (4.9)

The goal of the RSCP is to identify columns that can reduce its overall objective. Therefore, the primary

objective is to minimize the reduced cost associated with the routes generated. However, this objective

needs to be constrained to ensure that only feasible routes are considered. To this end, we can combine

both the objective and constraints into a single mathematical formulation, which serves as the basis for

48



de�ning the Pricing Problem.

min
X

i 2I

X

h 2I

� i h bi h l �
X

i 2I

X

h 2I n0

bi h l � h (4.10a)

s.t.
X

i 2I

bi h =
X

i 2I

bhi 8h 2 I , (4.10b)

X

h 2I n0

bi h l b0h � 1. (4.10c)

In the context of the Set Covering Problem (SCP), the Pricing Problem differs from the Vehicle Routing

Problem (VRP) in several ways. Firstly, the index 'l' is eliminated from the arc variables since the Pricing

Problem focuses on a single route. Additionally, Constraint 2 is not required for the SCP, as it is already

incorporated. Finally, the objective of the Pricing Problem is to minimize the reduced cost associated

with the selected route. The CG algorithm for solving SP1 is detailed below.

Step 1: Initialization

Generate initial set of L0as singleton, and calculate � l values.

Step 2: Dual RSCP

Solve dual RSCP in terms of L0 for each dispatching location and obtain the optimal dual variables, ¯� i .

Step 3: Pricing Problem

Solve the pricing problem and verify its optimal value. If ¯cmin
l � 0, �nd the route that achieves this

reduced cost and add the column to the solution. Return to Step 2. If ¯cmin
l � 0, solve relaxed SP1, obtain

the optimal solution, and terminate.

By utilizing the formulated approach for the Pricing Problem, our MIP solver can ef�ciently produce

a range of solutions that provide enhanced results for the RSCP. Through an iterative process of resolving

the LP relaxation of the RSCP and integrating newly generated columns obtained from solving the

Pricing Problem, we have established a column generation algorithm that effectively directs us towards

generating a collection of routes that encompass a subset of low-cost visits to all customers. To ensure

the accuracy of this approach, it is imperative to update the column reduced costs in the Pricing Problem

following each resolve of the RSCP LP relaxation.
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min

(

(1 � � )
X

j 2 J

f j X j +
X

l 2L

X

j 2 J

�
�� j l + � l �

X

i 2I

� i a i l

�
Z j l

)

(4.11a)

X

l 2L

a i l Z j l � X j , 8 j 2 J, 8i 2 I , (4.11b)

X

l 2L

Z j l � k j X j , 8 j 2 J, (4.11c)

X

l 2L

a i l Yl = 1, 8l 2 L, (4.11d)

X j 2
�
0,1

	
,8 j 2 J, (4.11e)

Z j l 2
�
0,1

	
,8 j 2 J,8l 2 L (4.11f)

It is evident that the second subproblem (SP2) can be decomposed into a collection of subproblems

(SP2-j) 8 j 2 J. Due to the constraints (4.11b), the objective function of SP2-j is trivially zero when

X j = 0. Therefore, it is only necessary to address the remaining scenario where X j = 1. The methodology

employed to solve SP1 can also be applied to solve SP2.

4.2.3 Feasible Solutions and Lagrangian Multipliers

Although relaxed subproblems 1 and 2 generate lower bounds for the original problem, the decision

variables X̄ j , ¯Z j l , and Ȳl may violate the constraints present in the original problem. To derive a feasible

solution for the original problem, we introduce perturbations to the solution obtained from the relaxed

problem, simultaneously providing an upper bound. To accomplish this, we �rst select a subset of L

and obtain a feasible solution. From this feasible solution, we then compute feasible solutions for the

original problem based on the constraints (4.1a) through (4.11f). To iteratively solve the relaxed problem

and obtain the best multipliers, we use the standard subgradient method, which yields the tightest

lower bound. The multipliers are initially set to zero and are updated at the end of iteration k using the

following formula:

� k +1
i = max

(

0,� k
i + 
 k

�
1 �

X

l 2L

X

j 2 J

a i l ¯Z j l

�
)

,8i 2 I . (4.12)
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� k +1
l = max

(

0,� k
l + 
 k

�X

j 2 J

¯Z j l � Ȳl

�
)

,8l 2 L0. (4.13)


 k represent the steps size over the iterations and it is updated as in (4.14)where � is a control parameter,

V k
U B is the upper bound from the best solution so far, and V k

LB is the lower bound.


 k = �
�
V k

U B � V k
LB

�� X

i 2I

�
1 �

X

l 2L

X

j 2 J

a i l ¯Z j l

�2
+

X

l 2L

�
¯Z j l � Ȳl

�2� � 1
. (4.14)

Next, we brie�y summarize the overall solution algorithm.

Step 1: Initialization

Let LB denote the best lower bound and U B the best upper bound. Set LB = �1 , U B = + 1 , � 0, � 0

as zero vectors, and iteration number k = 0.

Step 2: Choose the dispatching locations based on the location model without routing.

Step 3: Feasible Solution

3.1: Setk = k + 1 and solve SP2, and generate set of feasible routes. Feed this back to SP1 and solve it

again.

3.2: Obtain feasible solution for the decision variables X̄ j , ¯Z j l , and Ȳl .

3.3: Using the feasible solution Ȳl , generate feasible X̄ j and ¯Z j l for the original problem (4.1a) that

satis�es (4.1b) - (4.11f).

3.4: Update Lagrangian multipliers.

Step 4: Optimality Test

Check if V k
U B � (1 � V k

U B ). If it holds or if any other stopping criterion is met, stop. Otherwise, return to

Step 2.

4.2.3.1 Clustering algorithm

In Section 3.2.2.2, we have implemented the density-based spatial clustering of applications with noise

(DBSCAN) algorithm. This algorithm identi�es clusters with arbitrary shapes by locating high-density

hot-spots and recursively expanding them. The DBSCAN algorithm groups demand points that are in
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