ABSTRACT

ZHANG, LIXTA. Classification and Variable Selection by Maximizing the Area under the Curve.
(Under the direction of Dr. Howard Bondell.)

The receiver-operating characteristic (ROC) curve is considered as a gold standard to visu-
alize and evaluate classification performance. The area under the curve is the most commonly
used measure. The ROC curve and its area also have been applied in constructing classifiers and
selecting the optimal subset of variables. When the class label distribution is highly unbalanced,
in which the majority of the objects belong to one group, the precision recall (PR) curve is a
desirable alternative to the ROC curve. In the first part of this thesis, we construct the optimal
linear classifier by maximizing the area under the PR curve, where the area is estimated non-
parametrically. We demonstrate that the ranking produced by this classifier outperforms the
one produced by maximizing the area under ROC curve in terms of false discovery rate, when
one group is dominant. In the second part of this thesis, we propose an ROC-based forward
selection algorithm for variable selection to construct a linear classifier. The empirical area un-
der the ROC curve is used as the objective function, and the selection sequence is based on the
score statistics. We apply the sigmoid function as an approximation to the non-differentiable
empirical expression, which is equivalent to the two-sample Mann-Whitney statistics. From the
theory of two-sample U-statistics, we obtain the asymptotic distribution for the score statistic
and obtain the associated p-value. Simulation studies show the superiority of the proposed al-
gorithm over the traditional logistic regression forward selection in terms of variable selection
solution path, especially when the covariates are highly correlated. The approach also extends

naturally for both numerical and nominal attributes.



©) Copyright 2016 by Lixia Zhang

All Rights Reserved



Classification and Variable Selection by Maximizing
the Area under the Curve

by
Lixia Zhang

A dissertation submitted to the Graduate Faculty of
North Carolina State University
in partial fulfillment of the
requirements for the Degree of
Doctor of Philosophy

Statistics

Raleigh, North Carolina

2016

APPROVED BY:

Dr. Lexin Li Dr. Hua Zhou

Dr. Eric Laber Dr. Howard Bondell
Chair of Advisory Committee



DEDICATION

To my beloved family.

i



BIOGRAPHY

Lixia Zhang was born in Shanghai, China. She graduated with a bachelor’s degree in mathe-
matics from Shanghai University in June 2009. In August, she came to North Carolina State
University to earn her master in statistics. To purse advanced degree, she joined the Ph.D. pro-
gram in statistics in Spring 2011. Her primary research interest includes classification, variable
selection, the receiver operating characteristic curve, and the precision-recall curve. During her
Ph.D. study, she also served as a student intern United Therapeutics for four and half years.

She is expected to graduate in the summer of 2016.

iii



ACKNOWLEDGEMENTS

I would like to express my sincere gratitude to my advisor Dr. Howard Bondell for his super-
vision, thoughtful advice, kindness, patience, and his continued support and encouragement
throughout my Ph.D. study. His guidance towards being a professional is an invaluable asset
which I will carry in the future. My appreciation also goes to Dr.s Lexin Li, Hua Zhou and Eric
Laber for serving on my committee and valuable comments on my research work. I thank Dr.
John Stone as well for being the graduate representative in my committee.

Many thanks to my mentors at United Therapeutics, Dr. Yi Zhou and Jody Cleveland, when
I worked as a statistician intern from 2010 to 2015. They offered me great opportunities to gain
industrial experience. I also thank all of my co-workers and colleagues at United Therapeutics
for being so supportive of me. Besides, I thank Dr. John Iacoviello at L.E.K. consulting company
for advices on the future career path, when I served as a intern from 2015 to 2016.

Last but not the least, I would like to express my gratitude to my parents and my husband

for their endless love. I would never make it without their motivation and support.

iv



TABLE OF CONTENTS

LIST OF TABLES . . . . . . . s e vii
LIST OF FIGURES . . . . . . . e e e viii
Chapter 1 Introduction . . . . . . .. . ... ... ... . . ... ... 1
1.1 Binary Classification Problems . . . . .. .. .. ... ... ... ......... 1
1.2 Receiver Operating Characteristics Curve . . . . . . . . ... .. ... ... ... 3
1.3 Precision-Recall Curve . . . . . . . . .. . .. .. ... 8
1.4 Relationship between the ROC Curve and the PR Curve . . . . . ... ... ... 10
1.5 Two sample U-Statistics . . . . . . . . . . . .. .. ... .. ... 11
1.6 Dissertation Outline . . . . . . . . .. . 14

Chapter 2 Classification for Highly Unbalanced Data by Maximizing the Area

21
2.2

2.3
2.4
2.5

2.6

Under the Precision-Recall Curve . . ... ... ... ... ....... 16
Introduction . . . . . . . . . 16
The ROC and PR Curves . . . . . . . . . . . . . . . .. . 21
2.2.1 Metricsin Two Curves . . . . . . . . . . . . . . oo 21
2.2.2  Receiver Operating Characteristic Curve . . . . . . . . . .. .. ... ... 22
2.2.3 Precision Recall Curve . . . . . . . . . . .. ... ... 23
2.2.4 A Simple Example . . . . . . .. 24
AUC Calculation . . . . . . . . . . e 27
Optimization . . . . . . . . . e 28
Simulation Study . . . . . . . ... 29
2.5.1 Different Preference in Optimal Linear Classifier . . . ... ... ... .. 30
2.5.2  Comparison of Optimal Linear Classifiers by FDR . . . .. .. ... ... 32
Conclusion . . . . . . . . . e 35

Chapter 3 Forward Selection via Maximizing the Area under the ROC Curve

3.1
3.2

3.3

3.4

for Classification . . . . . ... . .. ..o oo 37
Introduction . . . . . . . . . e 37
Background . . . . . ... 41
3.2.1 The Receiver Operating Characteristic Curve . . . . . . . . ... ... .. 41
3.2.2 Forward Selection . . . . . . . . ... 45
3.2.3 Hypothesis Testing . . . . . . . . .. .. 45
Statistics Inference Using Two-sample U-statistics . . . . . .. .. .. ... ... 49
3.3.1 Covariance Matrix for a Vector of Two-sample U-Statistics . . . . .. .. 50
3.3.2 Asymptotic Distribution . . . . . . ... ... L 52
Implementation of the AUCROC Forward Selection Algorithm . . ... ... .. 53
3.4.1 Choice of the Scale Parameter oy . . . . . . . . .. ... ... ... ... 53
3.4.2 The AUCROC Forward Selection Algorithm . . . . . ... ... ... ... 54
3.4.3 Empirical Estimator for Variance-Covariance Matrix . . . . . . . .. . .. 99
3.4.4 Empirical Estimator Using A Random Sample . .. ... ... ... ... 56



3.5 Simulation Study . . . . . ... 57

3.5.1 Data Generation . . . . . . . . . . . ... 57

3.5.2 Variable Selection Complete Solution Path . . . . . ... ... ... ... 59

3.5.3 Stopping Rule Using P-value . . ... ... ... ... ... ........ 62

3.5.4 Predictive Performance . . . .. ... ... ... .. ... ... ... ... 64

3.6 Real Data Analysis . . . . . . . . . . . 65
3.6.1 Nominal Data . . . . . . .. . .. . ... ... .. 65

3.6.2 Experiment on Real Data . . . . . .. .. .. .. ... 0. 66

3.7 Conclusion . . . . . .. e 68
REFERENCES . . . . . . . e e e e 82

vi



Table 1.1 Confusion Matrix

LIST OF TABLES

Table 3.1 Real Datasets Description . . . . . . .. .. .. .. ... ... .......

vil



LIST OF FIGURES

Figure 1.1 ROC Space . . . . . . . . e 4
Figure 1.2 The approximation of the sigmoid function, s(z) = 1/(1 + exp(—z/on)),

to the indicator function for different values of the scale parameter on.. . 7
Figure 1.3 PR space . . . . . . . . . . 8

Figure 2.1 The ROC curve and PR curve for an unbalanced data. The unbalanced ex-
ample dataset is composed of 100 positive and 1000 negative objects. The
point (0.2,0.7) shown in ROC space corresponds to the point (0.7,0.26)
on PR space. The point represents that 270 out of 1100 objects are clas-
sified as positive. Among 270 classified positives, only 70 observations are
correct and 200 observations are incorrect. . . . . . . .. .. ... L. 19

Figure 2.2 Scatter plot for the contrived example data. The bivariate X data is
composed of 30 positives and 80 negatives. Red plus symbol refers to the
object in the positive group; blue minus symbol indicates the object in

the negative group. . . . . . . . . ... 24
Figure 2.3 ROC curves and PR curves for the scoring Sy and So. . . ... ... ... 26
Figure 2.4 (a) Simulated data pattern; (b) The averaged vectors over 100 datasets

for PR maximizer vs. ROC maximizer. . . . . . . .. ... ... ...... 29

Figure 2.5 The averaged PR curves and ROC curves for the optimal linear PR classi-
fiers and ROC classifiers over 100 datasets, and the averaged AUC values.
The subfigures from (a) to (d) in order are: the PR curve produced by
optimal PR classifiers; the PR, curve produced by optimal ROC classifiers;
the ROC curve produced by optimal PR classifiers; and the ROC curve
produced by optimal ROC classifiers. . . . . . . .. ... ... ... .... 31
Figure 2.6 False discovery rate comparison between the optimal linear classifiers by
the PR curve and the ROC curve on data with different proportions of
POSItIVES 7. . . . . . e e e 33
Figure 2.7 False positive rate comparison between the optimal linear classifiers by
the PR curve and the ROC curve on data with different proportions of
POSItIVES 7. . . . . L e e e e 34

Figure 3.1 The approximation of the sigmoid function, s(x) , to

14 exp(—z/on)
exp(—z/on)
on (1 + exp(—z /o))
under different values of the scale parameter on. . . . . . . . . ... 43
Figure 3.2 The comparisons between AUCFW and LogFW algorithms on the pre-

dicted AUCROC value over the test sets. Two graphs are generated for

each real data: one plots "the predicted AUCROC vs. the number of se-

lected variables” and the other plots ”the predicted AUCROC vs. p-value”. 69
Figure 3.3 Solution path presented in the ROC curves for Data #1, where N = 500,

p=>50, 7 =0.5 and 8 = (0.8,0.8,0.8,0.8,0.8,0,...,0)7. . . ... ... .. 70

the indicator function, and its first derivative with respect to x, s'(x) =

viii



Figure 3.4
Figure 3.5
Figure 3.6

Figure 3.7

Figure 3.8

Figure 3.9

Figure 3.10

Figure 3.11
Figure 3.12

Figure 3.13

Figure 3.14

Solution path presented in the ROC curves for Data #2, where N = 500,
p=>50, 7=0.5 and 8 = (0.4,0.4,0.8,0.8,0.8,0,...,0)7. . . ... .. ...
Solution path presented in the ROC curves for Data #3, where N = 500,
p=>50,7=0.1,and 8 = (0.8,0.8,0.8,0.8,0.8,0,...,0)7. . ... .. ...
Solution path presented in the ROC curves for Data #4, where N = 500,
p=>50,7=0.1,and 8 = (0.4,0.4,0.8,0.8,0.8,0,...,0)7. . . ... ... ..
Solution path grid on p-value presented in the partial ROC curves and
the PR curves for Data #1A, where N = 500, p = 50, # = 0.5, and
B=1(0.8,0.8,0.8,0.8,0.8,0,...,0)T. . . . ... ...
Solution path grid on p-value presented in the partial ROC curves and
the PR curves for Data #1B, where N = 500, p = 50, 7= = 0.5, and
B=1(04,0.4,0.8,0.8,08,0,....,007. . . .. ... ... ..
Solution path grid on p-value presented in the partial ROC curves and
the PR curves for Data #1As, where N = 500, p = 50, # = 0.1, and
B =1(0.8,0.8,0.8,0.8,0.8,0,....0)T. . . . ... ... ... ..
Solution path grid on p-value presented in the partial ROC curves and
the PR curves for Data #1Bs, where N = 500, p = 50, = = 0.1, and
B=1(04,04,08,0.8,0.80,...,0)7. . .. ... ... ...
Investigation in prediction: predicted AUCROC vs. the number of variable

selected for Data #1, where p = 50, 7 = 0.5, and 8 = (0.8,0.8,0.8,0.8,0.8,0, . ..

Investigation in prediction: predicted AUCROC vs. the number of variable

selected for Data #2, where p = 50, 7 = 0.5, and 8 = (0.4,0.4,0.8,0.8,0.8,0, . ..

Investigation in prediction: predicted AUCROC vs. the number of variable

selected for Data #3, where p = 50, 7 = 0.1, and 8 = (0.8,0.8,0.8,0.8,0.8,0, . ..

80
Investigation in prediction: predicted AUCROC vs. the number of variable

selected for Data #4, where p = 50, 7 = 0.1, and 8 = (0.4,0.4,0.8,0.8,0.8,0, . ..

ix

.78

.79

. 81



Chapter 1

Introduction

1.1 Binary Classification Problems

Binary classification is one of the most widely discussed topics, which have received a great
amount of attention in various research areas, including medical diagnosis, credit scoring, and
anomaly detection. Classification is to construct a rule that maps each object to a predicted
class based on a set of training objects whose memberships are known. Consider a binary
classification problem with outcome Y € {0,1}, where Y = 1 denotes the positive group and
Y = 0 is the negative group. For each object, a p-dimensional covariate vector is measured and

is denoted as X € RP. Without loss of generality, assume that the classification rule is given by:
Y =I(g(X) =), (1.1)

for some function g(-) and threshold ¢, where I is the indicator function. The score, g(X),
generates an ordering among objects, while the threshold ¢ creates a classification decision from
this ordering. Thus, in general, there are two types of classifiers. One is a discrete classifier that
gives a hard-labeled outcome. The other is called a scoring classifier that generates an ordered
object ranking by score values. The object ranking indicates that the one with higher score value

has higher chance to be assigned to the positive group. In many instances, researchers are more



interested in the ranking score rather than the hard-labeled outcome, since a ranking not only
provides the potential label assignment but also conveys information about the ordering among
objects. If the function g(X) takes a linear combination of covariates X, 7 X, it indicates a
linear classifier. Furthermore, suppose there are N objects involved, among which n subjects
are from the positive group and the remaining m = N — n ones belong to the negative group.
The proportion of positives among the whole population is introduced to describe the class
label distribution, which is defined as 7 = Pr(Y = 1) in population and can be estimated as
7 =n/N under a random sampling. The data is balanced when the number of objects in each
group is approximately equal, e.g. 7 = 0.5; on the other hand, the data is unbalanced when the

majority of the objects belong to one group, e.g. # = 0.1 or 0.9.

Table 1.1: Confusion Matrix

Actual Class
P n
p True False
Predicted Positives  Positives
Class N False True
Negatives Negatives

Given an object and a threshold ¢ in the classification rule (3.1), there are four possible

classification outcomes:

e True positive: a correctly classified positive object;

False positive: a misclassified negative object;

e True negative: a correctly labeled negative object;

False negative: a incorrectly classified negative object.

The performance of a classification decision based on a set of objects can be summerized



by a confusion matrix as in Table 1.1. It is a 2 by 2 table, and each cell counts the number of
objects having the corresponding outcome. As the threshold ¢ in the classification rule is varied,
a series of confusion matrices are generated.

Both the Receiver Operating Characteristic (ROC) curve and the Precision-Recall (PR)
curve are widely used techniques to visualize a series of confusion matrices and evaluate the
classification performance of a scoring classifier. Since the superiority of a classifier can be
determined by the ROC or PR curve, we intend to implement these two curves to construct

classifiers. Here are the introductions about the ROC curve and the PR curve.

1.2 Receiver Operating Characteristics Curve

The ROC curve was first developed for assessing the accuracy of radar equipments in battlefields
during World War II, and was soon introduced to psychology for perceptual detection of stimuli
study (Egan (1975), Swets (1973)). Swets and Pickett (1982) brought the theory and the practice
of the ROC curve to the biomedical realm, and then the ROC technique was widely treated as a
comprehensive guide to make medical decision. Over the years, the ROC curve also increasingly
gained attention for model evaluation and classifier selection in many applications of machine
learning (Bradley (1997), Spackman, Kent A. (1989)). In summary, the ROC curve is useful to:
(1) evaluate the discriminatory ability of a ranking score to correctly assign class labels; (2) find
an optimal cut-off point to best classify the two-group objects; (3) compare the classification
performances among two or more classifiers; and (4) select variables to construct a optimal
classifier that maximizes diagnosis accuracy.

The ROC curve represents the tradeoff between false positive rate (FPR = 1- specificity)
vs. true positive rate (TPR = sensitivity). Since the metrics in ROC space are defined based on
the confusion matrix, both of them are functions of the threshold ¢ and given as FPR(c) and

TPR(c). In order to simplify the notations, the threshold ¢ is omitted in the metric expressions.
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Figure 1.1: ROC Space

Then the metrics are written by:

FP TP

FPR=——— TPR= — .
R FP + TN’ R TP +FN

(1.2)

Since the denominators for the ROC metrics in (3.4) are fixed, the value for either FPR or TPR
increases as the threshold ¢ gets larger. Thus, TPR is a monotonically increasing function of
FPR.

In ROC space in Figure 1.1, three important points need to be introduced. The origin point
A (0, 0) is the curve starting point, which represents the strategy of never assigning an object
to the positive group. On the other hand, the upper right corner point C (1, 1) is the curve
endpoint and represents the strategy of unconditionally predicting objects as positives. If the
curve reaches the point B (0,1), then it indicates a perfect separation, where all positives are
positioned ahead of negatives. Besides, the diagonal line in ROC space represents the strategy

of a random guess on class label assignment. Any point, e.g. the point D, that appears in the



upper left triangle leads to a better classification outcome than a random guess does.
In addition to TPR and FPR, the area under the ROC curve (AUCROC) is also one of
the metrics that summarize the whole curve as well as the discriminatory accuracy of a scoring

classifier. The AUCROC is defined by:
1
AUCROC = / TPR dFPR. (1.3)
0

This integral area is a portion of a unit square, so its value is always between 0 and 1. Without
any assumptions on the data, one intuitive empirical approach to estimate the integral area in
Equation (3.2) is interpolating points using a step function with jumps at the data values. The
rationale is that any value between two adjacent data values doesn’t change the label assign-
ments. Given a decreasing ranking, by treating the score value of each object as a threshold,

we obtain IV rectangles in ROC space and the estimation of AUCROC is denoted as

N
AUCROCRec = » _(FPR; — FPR;_1) x TPR;, (1.4)

i=1
where FPR; and TPR; are the corresponding rate values when the i*" object in the decreasing
ranking is treated as the threshold in the classification rule (3.1), and FPRy = 0. This rectangle
estimation AUCROCR,. is also equivalent to the one by adopting the empirical cumulative
density functions for positive and negative groups respectively. Besides, Bamber (1975) gave
an important statistical property to AUCROC by linking the integral area with a probability

expression as:

AUCROC = Pr(g(X;) > g(Xp)), (1.5)

where X; denotes a randomly picked positive object and Xj is a randomly picked negative
object. Replacing the probability in (1.5) by its empirical version, we obtain the estimated

AUCROC value as equivalent to the Mann-Whitney statistics for two-sample problem (Hanley



and McNeil (1982) ), which is expressed as:

AUCROC\w = ZZH (X15) — g(Xoj) > 0), (1.6)
i=1 j=1

where X1; is the covariate vector for the i™® object in the positive group, and Xo; is the
covariate vector for the j™' object in the negative group. Although the empirical estimated
AUCROCwmw in Equation (2.11) has nice interpretation and is easy to compute, it is not a
continuous or differentiable function. Thus, it becomes a challenging task to obtain the optimizer
using AUCROC\w as the target function. In order to make AUCROC\w differentiable, the
sigmoid function, s(z) = 1/(1 + exp(—z/on)), is adopted to smooth the indicator function in

Equation (2.11), and then the approximated AUCROC is given by:

. 1
AUCROCyws = ZZHGXP e X on) (1.7)

where oy is a scale parameter. The scale parameter o determines the magnitude of the sigmoid
function’s approximation to the indicator function. Figure 3.1 shows the plots of the sigmoid
function under different values of on. The plot in Figure 3.1(a) displays a somewhat linear
fashion under oy = 2, thus it is a poor approximation to the indicator function. On the other
hand, Figure 3.1(b) gives a perfect approximation under oy = 0.05. Therefore, in order to make
the sigmoid function approximate the indicator function excellently, we need to obtain a small
on value, which leads to large value of | z /oy |.

Recall that the empirical AUCROC estimations in Equations (1.4), (2.11) and (1.7) only
depend on the ranking score produced by the function g(X). There are two remarks about the
functionality of the scoring classifiers. First, any constant adding to the score value does not
alter the object ranking or the empirical AUCROC estimations. So it is fair to assume that no
intercept is included in the scoring classifier g(X). Second, any multiplier to the current score
value does not alter the object ranking either. In other words, g(X) is only identified up to a

scalar-multiple. In order to make the classifier identifiable, one variable should be chosen as the
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Figure 1.2: The approximation of the sigmoid function, s(z) = 1/(1 + exp(—z/on)), to the
indicator function for different values of the scale parameter op.

anchor and its coefficient estimate should be fixed with norm of 1.

In literature, in addition to the aforementioned empirical AUCROC estimations, there are
also other non-parametric estimation methods proposed for AUCROC estimation, e.g. Faraggi
and Reiser (2002) obtained a non-parametric estimation of AUCROC by adopting Gaussian
kernels to estimate probability density functions for positive and negative groups respectively.
Besides, the underlying binormal distribution is the most commonly considered assumption
for parametric AUCROC estimation, where the covariate vectors for both positive and neg-
ative follow normal distributions. Hanley (1998) discussed the robustness of binormal latent
distribution for ROC curve fit; Gu and Ghosal (2009) obtained AUCROC under binormal as-
sumption by Bayesian approach using a rank likelihood; and Gongalves et al. (2014) gave a
broad overview on the Bayesian approach to estimate AUCROC both semi-parametrically and
non-parametrically.

For a long time, AUCROC has been used as a standard tool to evaluate diagnosis accu-
racy and compare classification performance among algorithms. Nowadays, many researches

have been done to construct an optimal classifier by maximizing AUCROC directly. Pepe et al.



(2003) adopted the ROC curve to rank diagnostic performance of genes in microarray experi-
ments; Ma and Huang (2005) implemented the threshold gradient decent algorithm to obtain
the coefficients for selected biomarkers by maximizing AUC and then applied cross-validation
approach to determine the optimal classifier; and Graf and Bauer (2009) investigated the rela-
tionship between false discovery rate threshold for multiple tests control and the optimal AUC
value for future independent population prediction so as to determine the number of variables

to be chosen.

1.3 Precision-Recall Curve
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Figure 1.3: PR space

The PR curve is considered as a desirable alternative to the ROC curve when the class
label distribution is highly unbalanced. It was originally introduced to evaluate information

retrieval system by judging both efficiency and effectiveness of the whole retrieval process,



where the non-relevant queries are the majority (Raghavan et al. (1989a)). Recently, it gained
great attention in the machine learning as well (Peltonen and Kaski (2011)). The PR curve
describes the tradeoff between recall and precision as the threshold c¢ in the classification rule

(3.1) is varied. As functions of the threshold ¢, the two rate metrics in PR space are defined as:

TP
Recall = m,
Tp (1.8)
Precisi = ——— = 1-FDR.
recision TP + FP R

Since the denominator of precision changes as ¢ varies, there is no certain patten displayed
between recall and precision.

In PR space, the three important points shown in Figure 1.3 have the same interpretation
as those in ROC space, however they have totally different locations. The PR curve starts from
the upper left corner A (0,1), where no objects are misclassified, and ends at the point C (1,7).
The endpoint of the PR curve is not a fixed point as the one in ROC space. It depends on one
data’s proportion of positives. More skewed the data is, lower the curve endpoint is located.
Besides, the upper right corner B (1,1) is the point that represents the perfect separation.

Furthermore, one important measure to evaluate the classification performance in PR space,

which is the area under the PR curve (AUCPR), is given by:
1
AUCPR = / Precision dRecall. (1.9)
0

Similar to AUCROC, this integral area is also ranged from 0 to 1. Besides, the empirical
estimated AUCPRRec can be obtained by using a step function to interpolate points in PR

space. Given a decreasing ranking, it is written as:

N
AUCPRRee = Y _(Recall; — Recall; 1) x Precision;, (1.10)
i=1
where Recally = 0. In literature, AU(A]PRReC estimation is also called as average precision



(AP) estimation. It is known that the value of recall alters only when a true positive object is
classified correctly and the difference between any two adjacent recall values is identical. So we
can calculate AUCPRRec using the precision value when one positive object is treated as the

threshold. Thus, AUCPRRe. in Equation (1.10) can be simplified as

. 1 &
AUCPRRec = — E Precision(X1;), (1.11)
n
j=1

where Precision(X1;) is the precision value when the 4 positive object is classified as positive
among a decreasing object ranking. In addition to AUCPRRec estimator, Boyd et al. (2013)
discussed other AUCPR estimators as well, such as trapezoidal estimator, interpolation esti-
mator, etc. Similar to AUCROC, the underlying binormal distribution is also a widely used
assumption to calculate AUCPR (Brodersen et al. (2010)). Besides, Keilwagen et al. (2014b)

derived and discussed AUCPR, for binary classification with soft labels.

1.4 Relationship between the ROC Curve and the PR Curve

The metrics in both PR space and ROC space are defined based on the confusion matrices, so
these two curves share many common features. Davis and Goadrich (2006) showed that for any
dataset with fixed numbers of positive and negative objects, points can be one-to-one translated
between the ROC and PR spaces. However, the two curves also have a lot of differences. The
classifier that maximizes AUCROC doesn’t always optimize AUCPR, and vice versa (Davis and
Goadrich (2006)).

Comparing the metrics’ definitions, we notice that recall is the same as TPR. The difference
between the metrics of ROC and PR is the denominator of FPR, versus that of FDR. We see
that FPR considers the total number of true negative objects; while FDR instead takes the
number of predicted positive objects into consideration. This difference is analogous to the
difference between Type I error and FDR in that the ROC curve relates to Type I error, while

the PR curve measures FDR. Furthermore, this difference results in the different magnitude of

10



sensitivity towards the skewness of class label distribution of the two curves. The ROC curve
is insensitive to the class label distribution, while the PR curve is extremely sensitive. For
the ROC curve, either TPR or FPR focuses only on the portion of objects that are labeled
correctly within each group. Thus, in the situation where the negative objects are the majority,
the ROC curve would not be able to detect the large number of incorrectly labeled negatives,
because such great number results in only a small portion compared to the totally number
of negative objects. For the PR curve, on the other hand, precision is able to capture and
reflect such situation. Knowing the positive is the minority, the slightly changed numerator
over the dramatically increased denominator would definitely alert that too many negatives are

misclassified.

1.5 Two sample U-Statistics

The empirical estimated AUCROC in Equation (1.7) is a two-sample U-statistics. So does its
first derivative with respect to the coefficient, if g(X) takes a linear functionality as f7 X. In
the third chapter, we took advantage of the property of the two-sample U-statistics to conduct
forward selection, when treating AUCROCyws as the target function. Thus, we give a general
and brief introduction about U-statistics in this chapter.

U-statistics, a distribution-free unbiased estimator, was first introduced by Hoeffding (1948),
and had asymptotic normal distribution in large samples. Hoeffding (1961) developed H-decomposition
to further discuss its asymptotical property. In addition to Wassily Hoeffding’s theoretical con-
tribution to U-statistics, Sproule (1974) developed a Kolmogorov-like inequality to examine the
converge properties; Ahmad (1981) discussed the rates of convergence in central limit theory;
and Lenth (1983) investigated interesting characteristics of U-statistics by linking the jack-
knife procedure with the existed properties. Meanwhile, U-statistics has great impact and wide
applications on non-parametric inference. Fu (2012) applied one-sample U-statistics to assess
the asymptotic distribution of a non-parametric estimator for the multivariate functional data

analysis; Xu (2007) adopted one-sample U-statistics in econometrics to investigate the asymp-

11



totic results for some inequality and poverty measures. Moreover, for two-sample U-statistics,
Dehling and Fried (2012) derived the asymptotical distribution of the two-sample empirical U-
quantiles in the case of correlated data; Dehling et al. (2013) studied a robust test for detecting
change-points of a stochastic process based on the two-sample Wilcoxion test statistics. For
problem of the variable selection, Song and Ma (2010) implemented U-statistics in penalized
variable selection using LASSO and ridge.

Suppose we have Xll,...,f(ln, X()l,...,f(()m independently and identically distributed
(i.i.d.) with cumulative distribution functions F; and Fp, then a kernel v is a function defined

with k + [ arguments

(X1, X Xot, - -+, Xot)

which is symmetric in each set of arguments. Then the corresponding two-sample U-statistics

based on v has the form

Unm

= <Z>_1<7>_1 SN e X, X Xor, -, Xar), (1.12)

(n,k) (m,l)

where (n, k) represents all possible unordered subsets of k elements chosen without replacement
from the set {X11, X12, ..., X1n}, and the same interpretation for (m, 1) in the set {Xo1, Xo2, ..., Xom }-

Moreover, it can be shown that U, ,, is an unbiased estimator for

k
0:f...f¢(u1,...,uk;vl,...,vl) 1:[ dFl(uz) '

l
dFo (’Uj).
1=1 7=1

Based on Hoeffding (1961)’s decomposition, U-statistics can be decomposed into a sum of
uncorrelated components. We take two-sample U-statistics with £k =1 = 1 as an example, and

write it in general as
(X1, Xoj) = 0 4 h1,0(X1:) + ho,1(Xoj) + 9(X14, Xoj), (1.13)

where
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h1,0(X1i) = ¥1,0(X15) — 0
ho,1(Xo;) = vo,1(Xo;) — 0
9(X14, Xoj) = (X1, Xoj) — h1,o(X1:) — ho,1(Xo;) — 0.

Since both Xi; and XNOJ' are independent random variables with the same distribution respec-
tively, it is obvious to find that hLo(X'h-) and ho,l(XOj) are also independently distributed

with

E(h10(X1)) =0, Var(hyo(X1:)) = si;
E(ho1(Xo;)) =0, Var(ho1(Xoj)) = <21

Therefore, the two-sample U-statistics in (1.12) with ¥ =1 =1 can be written as
U=9+H170+H0,1+R, (1.14)

where Hig=n"13" hly[)(Xh'), Hp1=m™! 27:1 hLo(X'oj), and R is the remaining element
whose variance has a lower order infinitesimal of sample size. Thus, it is easy to proof that,
by large number theory, ns H 1,0 and m%HgJ both converge to normal distributions with mean
zero and variances §12,0 and g&l respectively. Moreover, let N =n + m and n/N — p; € (0,1)

as n and m — oo, then we have

VNU - 0) = \/N(H1,0+H0,1 +R)

> by (X1) >~ ho,1)(Xoj)
N i=1 N j=1
=/ —VnT=———— + | —V/m———— + 0,(1).
n n m m

Since Hy o and Hop; are independent, it follows that N %(U — ) converges in distribution to a
normal random variable with zero mean and variance pl_lgfo +(1— pl)_lgal. Therefore, the

asymptotic distribution for a single two-sample U-statistics in (1.14) is written by

VN@U@ - 69) 2 N(0,p7 D + (1= p1) 1), (1.15)

)

The above asymptotic distribution result for a single two-sample U-statistics can be gener-
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alized to the case of a U-statistics vector U = (U!,..., U (p))T, where the components in the
vector U are defined based on the same two independent sample X1, ..., X1, and Xo1, ..., Xom.
Then the joint limiting distribution of U is a multivariate normal distribution. If F} and Fy are
continuous and both of their second moments exist, then as n — oo and m — oo, by applying

the central limit theorem, the joint distribution of
[VNU® — W) VNU® - 92, VNUP - 9@)]

converges to a multivariate normal distribution with zero vector mean and the limiting variance-
covariance matrix Xj;,. Furthermore, the asymptotic variance-covariance matrix can be ob-

tained as Xy, = (ai(n(f)’(t)), where

S 1 S 1 S
((),(®) 7§12(( )(®) 2((s), ()

2
o =
,0 0,1 ’

P1 I—p

lim

with n/N — p; € (0,1).

1.6 Dissertation Outline

In this dissertation, we investigate two patterns of datasets and develop the best approaches
to obtain the optimal linear classifier using AUC respectively. In Chapter 2, we focus on the
unbalanced data, where the majority of objects belong to the negative group. The gold standard
tool AUCROC fails to select the optimal linear classifier in terms of the object ranking due to
its insensitivity to the class label distribution. We take the advantage of PR curve’s control on
FDR, and construct the optimal linear classifier, which positions the majority of positive objects
ahead of negative ones. Since the accuracy of AUC estimation is not the primary interest, we
adopt the rectangle estimation for both AUCROC and AUCPR. The superiority of PR curve
over ROC curve on the unbalanced data is shown in simulation studies.

In Chapter 3, we developed a ROC-based variable selection algorithm to obtain the optimal
subset of variables. The algorithm treats AUCROC as the target function to be maximized,

and implements forward selection to obtain the variable selection solution path. Inspired by the
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likelihood-based hypothesis statistics, we adopt score statistics to be the selection criterion as
well as the stopping rule. In order to make AUCROC differentiable, the empirical estimated
AUCROCuws is used. We further show the score function derived from AUCROCyws is a
two-sample U-Statistics, and follows an asymptotic normal distribution. Simulation studies in
different scenarios, e.g. magnitude of correlation between covariates, are conducted to compare
the proposed AUCROC forward selection algorithm with the regular linear logistic regression
using forward selection by the whole solution path as well the relation between p-value and the

selected solution.
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Chapter 2

Classification for Highly Unbalanced
Data by Maximizing the Area Under

the Precision-Recall Curve

2.1 Introduction

Binary classification problems have received a great amount of attention in various research
areas, including medical diagnosis, credit scoring, and anomaly detection. Consider a binary
classification problem with class label Y € {0,1} indicating negative and positive group as-
signment, and predictor variable vector X € RP. If the number of objects in each group is
approximately equal, then we say the data is balanced; on the other hand, if the majority of the
objects belong to one group, the data is unbalanced. Without loss of generality, assume that

the classification rule is given by

Y =1(g(X) > o) (2.1)

for some function g(-) and a threshold ¢. The score, g(X), gives the rank order of the objects,

while the threshold ¢ creates a hard classification outcome from this ordering. If the function
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g(X) takes a linear combination of the predictor variable vector X, which is 87 X, it indicates
a linear classifier. In many instances, researchers are more interested in the ranking score rather
than the hard-labeled outcome, since a ranking not only provides the potential label assignment

but also conveys information about the ordering among objects.

For a fixed threshold ¢, the performance of a classifier can be assessed by a confusion matrix

as in Table 1.1. A confusion matrix is composed of four components:

True positives (TP): the number of positive objects correctly classified as positive;

False positives (FP): the number of negative objects incorrectly classified as positive;

e True negatives (TN): the number of correctly labeled negative objects;

False negatives (FN): the number of misclassified positive objects.

An overall picture of a classifier can then be viewed as a series of confusion matrices as the
threshold varies.

The receiver-operating characteristic (ROC) curve is a widely used approach and often con-
sidered as a gold standard to visualize a series of confusion matrices. The plot of the ROC curve
represents the trade-off between true positive rate (TPR) and false positive rate (FPR), where
TPR measures the fraction of positive objects that are correctly labeled and FPR measures
the fraction of negative ones that are misclassified as positive. The area under the ROC curve
(AUCROC), given in (3.2), is the most common scalar measurement that summarizes the curve,

as well as the performance of a score ranking.
1
AUCROC = / TPR dFPR (2.2)
0

Larger AUCROC leads to a better overall classification performance. For a long time, the
AUCROC is widely used to evaluate classification performance. Recently many researchers

maximize AUCROC directly to obtain optimal classifiers. For example, Pepe et al. (2006) used
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AUCROC as the objective function for combining biomarkers for classification; Ma and Huang
(2005) implemented an AUCROC-based Threshold Gradient Descent Regularization algorithm
to select important biomarkers for disease classification; Marrocco et al. (2008) constructed
a nonparametric linear classifier that relied on the Wilcoxon-Mann—Whitney statistic; Castro
and Braga (2008) proposed an algorithm to maximize AUCROC based on gradient descent;
and Graf and Bauer (2009) selected a best classification model that optimizes AUCROC based
on FDR-thresholding. However, despite its popularity, the ROC curve has some drawbacks that
make it a less ideal tool to evaluate and construct classifiers under unbalanced data.

A disadvantage of the ROC curve is its ignorance to the proportion of the positive objects
relative to the negative objects. In the situation where negative objects are the majority, we
can observe two facts from ROC space, (1) a small change in FPR value indicates a large
increase in the actual number of misclassified negative objects; (2) the majority of the AUCROC
corresponds to the region of high FPR. Therefore, under unbalanced situations, false discovery
rate (FDR) can be very high in the region that dominates the curve.

As an example to demonstrate this phenomenon, consider a dataset composed of 100 positive
and 1000 negative objects. Figure 2.1(a) is an example of a ROC curve for a classification
algorithm for this unbalanced dataset. The point (0.2,0.7) shown in Figure 2.1(a) represents that
270 out of 1100 objects are classified as positive. However, among the 270 classified positives,
only 70 objects are correctly predicted and the remaining 200 are not. At the point (0.2,0.7),
where FPR is still relatively low, i.e. 0.2, the FDR reaches %, which means nearly three-
fourths of the classified positives are incorrect. Furthermore, we can see that the FDR would
increase as FPR gets larger, in the region where the slope of the ROC curve becomes flat.
We can see that the majority of the AUCROC is added in the region which is not of interest.
Therefore, under unbalanced cases, the ignorance to class label distribution makes AUCROC
a poor measure of classification performance, and the linear classifier obtained by maximizing
AUCROC becomes a less desirable one.

In order to overcome the deficiencies of AUCROC when the class label distribution is skewed,
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ROC Curve

TPR

FPR

(a) The ROC curve
PR Curve

Precision

Recall

(b) The PR curve

Figure 2.1: The ROC curve and PR curve for an unbalanced data. The unbalanced example
dataset is composed of 100 positive and 1000 negative objects. The point (0.2,0.7) shown in
ROC space corresponds to the point (0.7,0.26) on PR space. The point represents that 270 out
of 1100 objects are classified as positive. Among 270 classified positives, only 70 observations
are correct and 200 observations are incorrect.
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the partial area under the ROC curve (pAUCROC) in (2.3) has been proposed. The partial

area is considered over a pre-specified range of FPR rather than the whole range.
pAUCROC(s) = / TPR dFPR, forsome 0<s<1 (2.3)
0

For the example in Figure 2.1(a), we can constrain the range of FPR to be (0, 0.2) and obtain the
optimal classifier by maximizing pAUCROC in order to meet low FDR demand. McClish (1989)
introduced pAUCROC under the binormal assumption to solve the problem when the entire
range is not of interest and proposed a test statistics to compare two partial areas; Yousef,
Waleed A. (2013) assessed the performance of a classifier by pAUCROC, and discussed its
nonparametric estimator; Ma et al. (2013) discussed pAUCROC and standardized pAUCROC
to evaluate diagnostic performance. In the context of obtaining optimal classifiers, Wang and
Chang (2011), Hsu and Hsueh (2013b) and Ricamato and Tortorella (2011) proposed algorithms
to select the best linear classifier by maximizing pAUCROC when low FPR is prerequisite; and
Komori and Eguchi (2010) developed a new pAUCROC-focused method based on a boosting
technique to construct nonlinear classifiers. However, in general, the cutoff, s, is an arbitrary
choice, and thus pAUCROC has not gained in popularity.

The precision recall (PR) curve, has become an increasingly competitive and useful alterna-
tive to the ROC curve. It plots the recall, equivalent to TPR, against the precision, or positive
predictive rate. The area under the PR curve (AUCPR), in (2.4), is also considered as a com-
prehensive performance measure and has attracted many recent investigations (e.g. Oliphant
et al. (2010b)).

AUCPR = /01 Precision dRecall (2.4)

Due to the sensitivity of precision to the class label distribution, AUCPR controls the number of
misclassified negatives, and consequently meets low FPR and FDR demands. Most importantly,
the AUCPR does not require a chosen bound on the region under consideration as does the

partial area, so it is threshold independent. Figure 2.1(b) is the PR curve generated from the
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aforementioned algorithm for the unbalanced example data. The point (0.2,0.7) in ROC space
in Figure 2.1(a) corresponds to the point (0.7,0.26) in PR space shown in Figure 2.1(b). It
shows that the small partial area in ROC space corresponds to the majority of the area in
PR space. It further indicates that even when the whole range of recall is taken, the FDR is
relatively low in the dominated area of AUCPR. Therefore, AUCPR is an important tool for
classification problems under unbalanced data.

Davis and Goadrich (2006) showed that for any dataset with fixed numbers of positive and
negative objects, points can be one-to-one translated between the ROC and PR spaces. So the
ROC curve and the PR curve share many common features, but they also differ a great deal.
In this paper, we point out that the classifiers constructed by maximizing the two areas could
be very different; and demonstrate that under unbalanced situations, the classifier obtained by
maximizing AUCPR outperforms the one obtained by maximizing AUCROC in terms of FDR.

In section 2, we give brief introductions to the ROC curve and the PR curve, and demon-
strate their different preferences on score rankings by example. We introduce the empirical
area under the curve (AUC) estimation applied in this paper for the two curves in section 3.
In section 4, the implementation of maximizing AUC to obtain linear classifiers is described
in details. In section 5 we summarize the comparisons between the optimal linear classifiers

obtained by the two curves from a simulation study. Conclusion is summarized in section 6.

2.2 The ROC and PR Curves

Suppose there are N objects involved in the classification problem, among which n subjects are
from the positive group and the remaining m = N — n ones belong to the negative group. The
proportion of positives in the population is given by Pr(Y = 1) and denoted as 7.

2.2.1 Metrics in Two Curves

Given a threshold ¢, the classification outcome can be represented in a confusion matrix as in

Table 1.1. Then a single point in either ROC space or PR space can be constructed from a
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given confusion matrix. The ROC curve is composed of TPR versus FPR; while the PR curve
plots precision against recall. Equations (3.4) and (2.6) give the definitions for the ROC and

PR metrics:

FP TP
FPR=——, TPR= ——— = 11; 2.
R=pprmn PR = gp iy = Reealh (2:5)
TP
PreCiSiOH = m =1- FDR (26)

Notice that recall is the same as TPR. The difference between the metrics of ROC and PR
is the denominator of FPR versus that of FDR. We see that FPR considers the total number
of true negative objects; while FDR instead takes the number of correctly predicted positive
objects into consideration. This difference is analogous to the difference between Type I error
and FDR in that the ROC curve relates to Type I error, while the PR curve measures FDR.
In either ROC or PR space, one classification decision determined by a given threshold is
displayed as a single point. A ROC curve or a PR curve is obtained as the threshold varies.

Then AUC is a common metric that measures the overall classification performance.

2.2.2 Receiver Operating Characteristic Curve

The ROC curve was first developed in the early 1950’s as a signal detection technique (Swets
(1986)). One of its first application was to assess the accuracy of radar equipment in World War
II. Later the ROC curve gained attention in radiology imaging diagnosis (Lusted (1960), Metz
(1986)), as well as solving medical decision problems (Metz (1978), Lusted (1978)). Recently
it has been widely used for model evaluation and selection in many applications of machine
learning (Spackman, Kent A. (1989), Bradley (1997)). Its wide applications not only owing
to its comprehensive presentation of tradeoff between FPR and TPR, but also a summarized
number measuring classification performance, which is AUCROC. In addition to the defined

integral expression of AUCROC in Equation (3.2), Bamber (1975) gave an important statistical
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property by linking the integral area with a probability expression as:
AUCROC = P(g(Xpos) > 9(Xneg)) (2.7)

where X,,s denotes a randomly picked object from the positive group and X,,¢, is a randomly
picked negative object. The estimation for AUCROC has been widely discussed in both para-
metric and non-parametric approaches. For parametric approaches, based on the underlying
binormal distribution assumption, AUCROC can be represented using the standard normal
distribution. Hanley (1988) discussed the robustness of binormal latent distribution for ROC
curve fit; Tosteson and Begg (1988) applied ordinal regression model to estimate the ROC curve
parameters and its AUC for categorical rating data; Gu and Ghosal (2009) obtained AUCROC
under the binormal assumption via a Bayesian approach. For AUCROC estimation, replacing
the probability in (2.7) by its empirical version, we obtain the AUCROC value as equivalent to

the Mann-Whitney U-statistics (Hanley and McNeil (1982)), given by

n m

- 1
AUCROC(S) = 22373 T(0(Xo) = 9(iwss) > 0 28)
=1 )=
where X, ; indicates the i*h object in the positive group and Xneg,j refers to the 7" object in

the negative group.

2.2.3 Precision Recall Curve

As an alternative to the ROC curve, the PR curve was originally introduced to evaluate in-
formation retrieval system by judging both efficiency and effectiveness of the whole retrieval
process (Raghavan et al. (1989b)), and have been gaining popularity for classification per-
formance evaluation under unbalanced data. AUCPR, as a counterpart of AUCROC, can be
interpreted as average precision. Similar to AUCROC, an underlying binormal distribution is
one widely used parametric assumption to calculate AUCPR (Brodersen et al. (2010)). For

nonparametric approaches, different from the ROC curve, Davis and Goadrich (2006) pointed
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that linear interpolation is not appropriate in PR space when two points are far apart due to
its varied denominator of precision, and then proposed an expression for the intermediate PR
point. Clémencon and Vayatis (2009) introduced a nonparametric approach to assess PR curve,
and examined its related theoretical and practical issues; Boyd et al. (2013) discussed several
different approaches to compute empirical AUCPR point estimators, e.g. trapezoidal estimator,
interpolation estimators, and obtained confidence intervals by performing bootstrap procedure;
Keilwagen et al. (2014a) pointed out AUCPR is highly informative about the classifier perfor-

mance, and discussed AUCPR for weighted and un-weighted data.

2.2.4 A Simple Example
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Figure 2.2: Scatter plot for the contrived example data. The bivariate X data is composed of
30 positives and 80 negatives. Red plus symbol refers to the object in the positive group; blue
minus symbol indicates the object in the negative group.
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To further investigate the different behaviors for score rankings under the ROC curve and
the PR curve, we will give a simple contrived example. Consider a bivariate X, where the data is
composed of 30 positives and 80 negatives. Figure 2.2 displays the scatter plot for this example
data. We investigate two candidate linear classifiers. The first linear classifier is the classifier
according to the variable x1, while the second one would be according to z5. These two classifiers

generate the ranking S; and So correspondingly.

20 times 70 times 10 times 10 times
~ = ~ ~ =

Sy 1.1 0...0 1...1
10 times 30 times 20 times 50
= N =
1...1 0...0 1...1

2

1me:

0

-+
2]

3

Sy :

Comparing the two rankings above, we see that, S places 20 positive objects at the top
of the ordering, so we are able to have 20 correctly classified positives without any mistakes.
Meanwhile we would need to consider sacrificing the remaining 10 positives positioned at the
tail, in favor of zero-misclassified 20 positives. In ranking So, there are only 10 positive objects
listed at the top. Thus, if more than 10 positive objects are desired, we will be required to include
30 misclassified negative objects. Therefore, under the situation where the positive group is the
minority, S is still able to keep most of the positives at the top of a score ranking, while So
would result in many false positive objects if we want to keep a significant number of positive
label correctly.

Observing the corresponding ROC and PR curves and AUC values for the ranking S and
S in Figure 2.3, we are able to tell the different preferences these two curves have. In ROC
space, the top 20 positive objects in the ranking S lead to relative higher TPR than the ranking
So does when FPR is low. However, when we look at FPR above 0.4, then Sy has a large jump.
This region that is not likely of interest adds the most area. Because of this, the ROC curve
prefers So with an area of 0.75 over S; with an area of 0.71. On the other hand, the PR curve
shows the opposite selection. The PR curve generated by the ranking S; stays at value 1 of
precision longer than the one by Sa, so the overall AUCPR of 5] is higher with area value 0.76.

Therefore, in this particular example, the ROC curve prefers the linear classifier according to
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Figure 2.3: ROC curves and PR curves for the scoring 51 and S5
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the x5 direction, while the PR curve prefers the one towards the x; direction. Moreover, we can
conclude that, in general, the linear classifier that positions more positive objects at the top

would outperform in PR space. This seems like a more desirable outcome in typical cases.

2.3 AUC Calculation

The primary interest in this paper is to construct an optimal linear classifier by maximizing
AUC, which takes the form of 37X in the classification rule (3.1). Thus, in this section, we com-
pute the metrics for both two curves based on linear classifiers, and specify the corresponding
AUC calculations.

Recall that either AUCROC or AUCPR is determined by a score ranking among objects.
Since our focus is on constructing the optimal classifiers by maximizing the AUC rather than
the accuracy of the AUC values, the method of interpolation that we use does not effect our
results. Therefore, we implement the intuitive empirical approach resulting in a step function
with jumps at the data values. By treating the score value of each object as a threshold in
the classification rule (3.1), we are able to obtain n possible classification outcomes based on
the data, which consequently generate n rectangles in either of the two spaces. Then given
the ordered ranking, we can estimate AUCROC and AUCPR as the summation of n rectangle

areas, and written by

n

AUCROC(8) = Y _(FPR(B); — FPR(B)i-1) x TPR(S);, (2.9)
i=1
AUCPR(B) = Z(recall(ﬂ)i — recall(8);—1) X precision(3);, (2.10)
i=1

where the index i denotes the i*" object among the decreasing ranking, and the data-based

metric rates are calculated as

_ _ 2 187X > BTXY; = 1)
e TPR(B); = recall(8); = =~ 2?21 I(Y; =1) ’

27



XL BTX > BT XY = 0)

i FPR’(/@)l - J 21]7,:1 ]1(1/] — 0) )
Y 1Y =118TX; > 87 X))
YU IBTX; > BTX;)

e FPR(B)y = recall(3)p = 0 under the assumption that the plot starts from the origin

e precision(3); =

0,0).

As an alternative to the expression for the AUCROC in (2.9), we can also estimate AUCROC

empirically using the expression in (2.8). Given a linear classifier 37 X, we have

AUCROC(8) = % SN BT Xposi — BT Xy > 0). (2.11)

i=1 j=1
2.4 Optimization

In this section, we concentrate on describing the approach to obtain optimal linear classifiers
on both ROC and PR spaces, and illustrating the optimization implementation in details.

Either of the AUCROC estimation in (2.9) or the AUCPR estimation in (2.10) is a function
of 3, so the target function is to find the optimal S that maximizes AUC and can be written,
in general, as

A~

B = argmax{AUC(5)}. (2.12)

First note that the objective function, which results from either (2.10) or (2.11), only depends on
the ranking of A7 X;, and changing 3 will not change the ranking on a small region. Therefore,
the target function (2.12) is a non-linear and non-differentiable function with respect to 5. To
optimize, we use Nelder and Mead (1965) ’simplex’ direct search method.

In addition to the non-linear and non-differentiable property of the target function, there
are two additional issues involved. First is the identifiability of 8, and second is the choice of
initial starting point in the optimization.

Constructing a linear classifier is to find a vector direction that produces a score ranking

maximizing AUC. Since only the ordering matters, an intercept is not included in 5. Addition-
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ally, § is only identified up to a scalar-multiple. In order to make § identifiable, we choose one
variable as an anchor and fix its coefficient estimate to have norm of 1. The predictor variable
that has the maximal marginal AUC is selected as the anchor, and then its corresponding esti-
mate is set to be 1 or -1, depending on the direction of its marginal maximizer. The coefficient
estimation from a linear logistic regression model is applied as the starting value for 3, rescaling

so that the anchor has magnitude of 1.

2.5 Simulation Study

We now conduct a simulation to support the conclusions that (1) the linear classifier by opti-
mizing the PR curve is different from the one by optimizing the ROC curve; and (2) the optimal

PR linear classifier outperforms the optimal ROC classifier in terms of FDR.

Averaged PR Linear Classifier
- Averaged ROC Linear Classifier

¥ oe” -
o
* + * +
T T
T T T T T T T T T T
4 2 0 2 4 4 2 0 2 4
x1 x1
(a) (b)

Figure 2.4: (a) Simulated data pattern; (b) The averaged vectors over 100 datasets for PR
maximizer vs. ROC maximizer.

We simulate data in two dimensions, and Figure 2.4(a) shows the data pattern to be inves-
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tigated, where x1 and xy represent the covariate values for each observation. The data pattern
is composed of 1000 points with 100 positives, so # = 0.1. The data points belonging to the
positive group denoted in red (+) in Figure 2.4(a) are generated from a mixture of normal

distributions,

1 1 0 —1 02 O
X|Y=1 ~ p*N , + (1-p)*N , )
—0.8 0 1.2 1.5 0 0.2

where N(u,X) denotes a normal distribution with mean p and covariance matrix ¥ ,and p is
the probability from the first normal distribution, which is set to be 0.85 in the simulation. The
data points in the negative group denoted in blue (—) are generated from a normal distribution

as

0 12 0
X|Y=0 ~ N ,
0 0 035

2.5.1 Different Preference in Optimal Linear Classifier

We generate 100 datasets using the data structure described above, and construct the optimal
PR linear classifiers and ROC linear classifiers by maximizing the area under the two curves
correspondingly for each dataset. Figure 2.4(b) displays two averaged vectors over the simulated
100 datasets for the PR maximizer in green solid line and the ROC maximizer in dashed brown
line, where the two vectors point towards different directions. Figure 2.5 present the averaged
PR and ROC curves for the optimal PR and ROC classifiers correspondingly. Specifically, Figure
2.5(a) shows the averaged PR curve that is obtained via the optimal PR linear classifiers. Then
the Figures from 2.5(b) to 2.5(d) in order are: the PR curve by the optimal PR linear classifier;
the PR curve by the optimal ROC linear classifier; the ROC curve by the optimal PR linear
classifier; and he ROC curve by the optimal ROC linear classifier.

Comparing the top two figures, we see that the averaged AUCPR value at the top-left corner

is higher than the averaged AUCPR at the top-right corner. It indicates that the linear classifier
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that optimizes AUCROC doesn’t optimize AUCPR. The similar conclusion can be obtained for
ROC space and the optimal ROC classifier from the bottom two figures. In addition, observing
Figure 2.5(a) and 2.5(b), we find that there is a flat platform where precision stays at value
1 in PR space and a vertical line where TPR stays at value 0 in ROC space. It means the
optimal PR linear classifier intends to position positives at the early part of the ranking, and
the corresponding region likely adds the most area in PR space. However, the horizontal and
vertical flat part at the end of two curves correspondingly also indicate that the optimal PR
linear classifier meanwhile scarifies some positives by leaving at the tail of the ranking. On the
other hand, the optimal ROC linear classifier positions positive and negative objects in a more
balanced way, and try to avoid positives left behind, thus no obvious flat parts can be observed

at either the early or tail part in Figure 2.5(c) and 2.5(d).

2.5.2 Comparison of Optimal Linear Classifiers by FDR

As discussed earlier, FDR is a common criterion to measure the degree of misclassification,
particularly under the unbalanced case, and then can be used to determine the superiority of
one classifier over another. Thus, the FDR values are compared between the optimal ROC and
PR linear classifiers averaging over 100 simulated datasets. Since we are interested to examine
the impact of the data’s skewness, from a highly skewed situation to a balanced case, the
datasets with proportion of positives in {0.05, 0.1, 0.2, 0.3, 0.4, 0.5} are investigated.

Figure 2.6 displays the FDR comparisons between the optimal PR and the ROC linear
classifiers for each of the 6 positive proportions. The linear classifiers are trained on a dataset
with 1000 observations and evaluated on a testing dataset with 10000 observations. Each graph
plots the averaged FDR over 100 datasets as a function of the number of total positives correctly
identified. Thus, the range for x-axis varies for each graph depending on the total number of
positives in the dataset. In each graph, two FDR lines are generated, where the FDR line by
the ROC classifier is in red dashed line and the one by the PR classifier is the blue solid line.

From the results, we see a large difference between the two approaches. The FDR by the
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Figure 2.7: False positive rate comparison between the optimal linear classifiers by the PR
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ROC classifier increases in a somewhat linear fashion, while the FDR by the PR classifier stays
at zero until 25% of the positives enter. The optimal ROC linear classifiers always lead to a
higher FDR value than the optimal PR classifiers until reaching just above 50% of the true
positives. This occurs at a high FDR, somewhere between FDR, of 0.3 and 0.8 depending on
the proportion of positives. Besides, more skewed the dataset is, more obvious the disparity
between two FDR lines can be observed.

In addition, the FPR comparisons between the optimal PR and ROC linear classifiers are
also examined in Figure 2.7. Each graph plots the averaged FPR against the number of true
positives correctly classified. We see that the shapes of averaged FPR curves are nearly the same
under 6 different scenarios of positive proportions. It is consistent with the fact that FPR is
ignorant to the class label distribution. Although the PR curve doesn’t focus on controlling the
metric FPR, the optimal PR linear classifiers lead to a lower FPR value than the optimal ROC
classifiers until FPR reaches 0.2. Therefore, we can reach the conclusion that, the score ranking
by the optimal PR linear classifier outperforms the optimal classifier by the optimal ROC linear

classifier in terms of FDR as well as FPR, especially under highly unbalanced situation.

2.6 Conclusion

In this paper, we provide examples to support the statement that the classifier optimizing the
ROC curve does not always optimize the PR curve, and further demonstrate that the linear
classifier obtained by the PR curve outperforms the ROC curve under unbalanced data. There
is no global rule to determine the superiority of classifiers. In general, it depends on the data
and potential misclassification costs trading off Type I vs Type II error. In the case of the
unbalanced situation, where the number of positive objects is relatively fewer comparing to
negative ones, FDR is a common measure on the number of misclassified negatives. In that
case, the number of misclassified negatives at the early part of a score ranking is minimized,
and consequently the number of correctly labeled positives is maximized. Due to the ROC

curve’s insensitivity to class label distribution and preference on avoiding positives left behind
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at the tail, negative objects are often positioned ahead of positives under unbalanced data,
which could lead to high FDR even early on. Although the partial ROC curve is able to meet
low FDR demand, it involves specification of threshold for FPR. On the other hand, the PR
curve is sensitive to the proportion of positive, which meets the low FDR demand and if free of
choice of threshold. Therefore, the PR curve is shown to be a worthwhile approach to construct

a linear classifier under unbalanced cases.
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Chapter 3

Forward Selection via Maximizing
the Area under the ROC Curve for

Classification

3.1 Introduction

Classification and variable selection are two widely discussed topics in various research areas
and statistical applications. Consider a binary classification problem with outcome Y € {0,1}
indicating the positive group and the negative group respectively, and covariate vector X € RP.
Classification methods intend to construct a classification rule that maps each object to a
predicted class, e.g. positive or negative, based on a set of training objects whose memberships

are known. The classification rule, in general, takes the form as:
¥ = 1{g(X) > e}, (3.1)

where T is the indicator function, g(.) generates a score value for each object, and the threshold

c determines the class label assignments. Variable selection is to select relevant variables among
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the pool, while ignoring irrelevant ones. The objective of variable selection is four-fold: providing
a better understanding of the underlying relationship between outcomes, improving the accuracy
to the estimation of the interested quantities, enhancing the model’s generalization and avoiding
overfitting, and reducing time and economic cost on data collection in the future. Therefore, the
selection of variables becomes an important and essential task as hundreds to tens of thousands
of variables are currently available.

Many variable selection methods in the classification context are explored. In general, there
are three types of variable selection methods (Guyon and Elisseeff (2003)): filter, wrapper, and
embedded. The filter approach is a preprocessing step to score the importance of each variable
independently according to a particular metric, e.g. correlation coefficient, individual predictive
power, and etc. It is favored because of its simplicity, scalability, and computational efficiency.
Meanwhile, the filter method is limited because the measured score is ignorant to the other given
variables. Thus the filter method, e.g. variable ranking, is normally used as a baseline method
prior to using the variable selection metrics (Weston et al. (2003), Forman (2003)). The wrapper
approach utilizes an objective function to assess the usefulness of subsets of variables according
to their prediction performances (Kohavi and John (1997)). It is a powerful and robust tool to
find the optimal subset. Although the wrapper method is often criticized for requiring massive
of amounts of computation, forward selection and backward elimination have computational
advantages. This is because both two greedy search strategies yield nested subsets of variables.
Forward selection starts with an empty set of variables and adds one variable at each iteration
until the full set is reached; on the other hand, backward elimination begins at a full set and
removes one variable at a time. The wrapper approach is widely used and can be incorporated
with any classification algorithm, e.g. logistic regression, random forest, CART, etc. (In Lee and
Koval (1997), Peng et al. (2010), Zellner et al. (2004) ). The embedded method is an approach
that combines two terms together: the objective function to be optimized and the number
of selected variables to be minimized. Regularization method is one of the typical embedded

approaches. Efron et al. (2004) proposed the least angle regression combined with LASSO
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(Tibshirani (1996)) and forward stagewise selection to construct the optimal linear classifier;
Zhu et al. (2003) and Wang et al. (2006) introduced 1-norm and 2-norm support vector machines
in two-class classification problems respectively; and Friedman et al. (2010) developed fast
algorithms for generalized linear models with penalties of LASSO, ridge regression, and elastic.

In addition to the aforementioned methods, the receiver operating characteristic (ROC)
curve, a gold criterion to evaluate classification performance, also has wide applications dealing
with tasks for variable selection. The ROC curve assesses classification accuracy by true positive
rate (TPR) and false positive rate (FPR) of class label assignments. TPR measures the fraction
of positive objects that are correctly classified; and FPR measures the fraction of negative
objects that are misclassified as positive. The area under the curve (AUCROC) is a threshold-

free metric for performance evaluation, which is defined as:
1
AUCROC = / TPR dFPR. (3.2)
0

Bamber (1975) investigated the integral area in (3.2) and gave an important statistical property
by:
AUCROC = Pr(g(X11) > g(Xo1)), (3.3)

where X1; denotes a random object from the positive group and X1 is a random object from
the negative group. Thus it is the probability of the score for a randomly chosen positive
object higher than the score for a random chosen negative object. Pepe et al. (2003) adopted
the ROC curve to rank diagnostic performance of genes in microarray experiments. Ma and
Huang (2005) implemented the threshold gradient decent algorithm to obtain the coefficients
for selected biomarkers by maximizing AUCROC. They then applied cross-validation approach
to determine the optimal classifier. In order to determine the number of variables to be chosen,
Graf and Bauer (2009) investigated the relationship between false discovery rate threshold
for multiple tests control and the optimal AUCROC value for future independent population

prediction.
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This work proposed an ROC-based algorithm for variable selection to construct a linear
classifier, which takes linear functionality 47X in the classification rule (3.1). The proposed
AUCROC forward selection (AUCFW) algorithm is able to find important variables, even
under the situations with highly correlated covariates. The subset of selected variables also has
good predictive performance. Thus it is a desired algorithm under the situation where covariate
candidates are highly correlated. Besides, the algorithm is a non-parametric approach, hence it
is free of data distribution assumptions and has stable classification performance.

The AUCFW algorithm aims to select the optimal subset of variables by maximizing AU-
CROC. The algorithm adopts forward selection as the selection approach and score statistics as
the selection criterion. Likelihood ratio, Wald, and score statistics are the three most commonly
used hypothesis statistics under the likelihood theory. Score statistics only needs to evaluate
maximal likelihood estimator (MLE) at the null hypothesis, hence it stands out due to its lower
computational requirements when using forward selection. Following the derivation of score
statistics under the likelihood theory, we calculate the pseudo score equation by taking the first
derivative of AUCROC, which is a two-sample U-statistics. Due to the asymptotical property of
the two-sample U-statistics, which converges to a normal distribution, we are able to adopt the
pseudo score statistics as the selection criteria to include a variable at each iteration. Further-
more, the p-value associated with the U-statistics can be set up as a stopping rule for iteration
termination.

The rest of this paper is organized as follows. We give a brief introduction on the ROC
curve, forward selection and score statistics in section 2, and move on to the pseudo score
statistics calculation based on AUCROC in section 3. Section 4 describes the implementation
of the AUCFW algorithm in details. Simulation studies are conducted in section 5 and a real

data application is analyzed in section 6. Conclusion and discussion can be found in section 7.
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3.2 Background

3.2.1 The Receiver Operating Characteristic Curve

The ROC curve was first developed as a signal detection technique to assess the accuracy of
radar equipments in World War II (Egan (1975)). Later the ROC curve gained great amount of
attention in solving medical decision problems due to its assessment on both false positive and
false negative errors (Lusted (1978)), and recently have been widely used for model evaluation
and selection in many applications of machine learning (Spackman, Kent A. (1989)). Fawcett
(2004) gave a tutorial introduction and a practical guide on the researches and applications of
the ROC curve. The curve itself describes a tradeoff between FPR (as x-axis) and TPR (as
y-axis) based on an ordered object ranking as the threshold ¢ varies in the classification rule
(3.1). Each classification decision determined by a threshold ¢ can be presented in a confusion
matrix as in Table 1.1, which is composed of true positives (TP), false positives (FP), false

negatives (FN) and true negatives (TN). Then the metrics in ROC space can be written as:

FP TP

FPR=——— TPR= —— .
R FP + TN’ R TP + FN

(3.4)

Each confusion matrix produces a single point in ROC space. As the threshold ¢ varies, a series
of confusion matrices are generated and the corresponding one-to-one points in ROC space are

obtained.

Area under the Curve

The ROC curve is useful for visualizing a series of confusion matrices and evaluating the overall
classification performance. Its AUCROC is a scalar measure to summarize the whole curve as
well as the discriminatory accuracy of a classifier. Given a linear classifier 37X, the AUCROC

expression in probability as in Equation (3.3) is given by:

AUCROC(3) = Pr(T X1, > BT Xo1). (3.5)
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Replacing the probability in (3.5) by its empirical version, we obtain the estimated AUCROC
value as equivalent to the Mann-Whitney statistic for a two-sample problem(Hanley and McNeil

(1982)), which is expressed as:

n m

>N 1B Xy — BT Xg; > 0), (3.6)

=1 j=1

1
AUCROCMW —
nm
where X1;is the covariate vector for the i object in the positive group, and Xoj is the covariate

vector for the j*™ object belonging to the negative group.

The Sigmoid Approximation

Although the empirical estimated AUCROC in Equation (3.6) has a nice interpretation and is
easy to compute, it is a neither continuous nor differentiable function of 5. Thus it is a challeng-

ing task to find the maximizer for AUCROCyw. The primary difficulty comes from the indicator
1

1+ exp(—a/on)’
to approximate the indicator function. The parameter oy in s(x) is a scale parameter, which

function, I(z) = I(z > 0). We proposed to use the sigmoid function, s(z) =

determines the magnitude of the sigmoid function’s approximation to the indicator function.

In order to illustrate the important role of oy in approximation, we gave plots of the sigmoid
exp(—z/on)

N1 +exp(—z/on))?’

on shown in Figure 3.1. The plot in Figure 3.1(a) displays a somewhat linear fashion under

function and its first derivative, s'(x) = under two extreme values of

on = 2, thus it is a poor approximation to the indicator function. The plot for its corresponding
first derivative function, shown in Figure 3.1(c), is a also smooth curve and doesn’t reach the
value of 0 until | = | goes beyond the range of 10. On the other hand, Figure 3.1(b) shows a
nearly vertical jump from value of 0 to 1 under o = 0.05, so it can be considered a perfect
approximation. Its first derivative, in Figure 3.1(d), reaches and keeps at the value of 0 beyond
a tiny neighbor of & around 0. Therefore, in order to obtain an excellent approximation to the
indicator function, a small value of oy is needed. In order words, we require large values of

| z/on | to assure accuracy.
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By applying the sigmoid function to approximate AUCROCyw in Equation (3.6), we obtain

a continuous and differentiable AUCROC expression as:

n m

AUCROCuws(8) = Rn(B) = % > 1
i=1 j=1

1
+ exp(—B7(X1i — Xoj)/on) (37
This is the target function to be maximized in this article. As discussed before, small value of
| BT(X1; — Xoj)/on) | leads to poor accuracy of approximation and consequently introduces
systematic bias in 3 estimation. To improve the accuracy, we choose oy to guarantee | 87 (Xq; —
Xo;)/on |> 5 (Ma and Huang (2005)), so that Ry () estimator could be close to AUCROCyw
estimator. The approach for determining o is given in section 4. The first derivative of Ry ()

with respect to the ¢'" variable, By, is Tepresented as

oRy _ 1
OB yn nm

Z Z ¢(X1i, ng)(xliqth — l’othh), (38)

i=1 j=1

where
exp(—BT(X1; — Xoj)/oN)
on (14 exp(—BT (X1 — Xoj)/on))?

(X1i, Xoj) = (3.9)

and (71;4m — T qm) is difference of the g™ variable between the object i in the positive group
and the object j in the negative group.

There are two remarks about the functionality of the classifiers when using the estimated
AUCROC in either (3.6) or (3.7). First, any constant adding to the score value doesn’t alter the
ranking among objects or the empirical estimated AUCROC value. So it is fair to assume that
no intercept is included in the linear classifier 57 X. Then we use the notation § to denote the
coefficient vector without intercept: 3 = (Bi,...,3p)T. Second, any multiplier to the current
score value does not alter the object ranking either. In other words, 3 is only identified up to
a scalar-multiple. In order to make the coefficient identifiable, we set | By |= 1, where By is

the first selected variable and serves as the ’anchor’.
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3.2.2 Forward Selection

Both forward selection and backward elimination are the two useful greedy search strategies to
find the optimal subset of variables out of the pool candidates. Given a pre-specified selection
criterion, forward selection starts with no variables in the model, tests the addition of each
variable, adds the one that has the most significant improvement to the model, and repeats this
process until none meets the criterion. Backward elimination, on the other hand, starts with
the complete set of variables, and removes one variable at each iteration that makes the least
contribution to the model until none is in the model. The pros and cons for these two search
approaches were discussed by Mantel (1970) and Hocking (1976). In general, forward selection
is preferred to backward elimination owing to: (1) it generates a solution path describing the
sequence of variables entering the model in an order of importance; (2) it provides an efficient
approach to obtain the important variables in the situation where the proportion of important
variables is small; (3) it can deal with the situation where the number of covariates exceeds the
number of observations. For the proposed algorithm, we adopt forward selection as the search

strategy to obtain the optimal subset.

3.2.3 Hypothesis Testing

In this section, we aim to demonstrate that the first derivative of AUCROC target function
can be treated as a score statistic. It is an appropriate selection criteria and test statistic
for obtaining a solution path as well as setting a stopping rule. First, we need to specify the
hypothesis testing at the ¢'" iteration of variable selection. Given ¢ — 1 covariates selected in the
model, the hypothesis testing is interested to investigate if there exists a ¢*" covariate making

significant improvement, and is given by:

Ho : Bglq-1 =0 vs. Ha: Bg)g-1 # 0, (3.10)
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where f,) indicates the ¢ variable entering the model and the notation B(q)lg—1 denotes the

efficient for the ¢*® variable given the previous ¢ — 1 variables.

Hypothesis Test Statistics

Under likelihood theory, likelihood ratio, Wald and score statistics are the three most commonly
used statistics assessing the magnitude of model improvement and statistics significance. Sup-
pose we have a log-likelihood function [(3; X), and the null hypothesis testing is Hy : 8 = fp.

The three test statistics can be calculated as:
o LR = 20(B1,; X) — 20(Bu,; X),
where 3 H, is the maximal likelihood estimator (MLE) under the null and B, is the MLE

without any constraints;

o W= (Bu, — £0)"S(Br,) (B, — Fo),

where () is the covariance matrix for 3, and X! denotes the inverse matrix;

e S = uT(BHO)Iil(BHo)u(BHOL

where u(f3) is the score vector of [(3; X) and I(8) is the information matrix.

Although the above three hypothesis test statistics are derived differently, all three are asymp-
totically equivalent. They all have approximately a chi-squared distribution with py degrees
of freedom in large samples, where py is the number of parameters investigated. Meanwhile,
they have different performances on assessing statistics significance. Rao and Mukerjee (1997),
Yi and Xikui (2011) and Sutradhar and Bartlett (1993) discussed and compared the three
test statistics under different problem settings and scenarios. In terms of calculation, the main

differences among the three statistics are summarized as:

e Likelihood Ratio statistics needs to evaluate MLE under both the null and alternative

hypotheses;

e Wald statistics compares the difference between MLE under the alternative and the null

value in relation to its variance;
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e Score statistics tests the vector of gradients of the log-likelihood and evaluated at the null

hypothesis.

Comparing to either Likelihood Ratio or Wald statistics, score statistics only needs to evaluate
MLE under the null. So there is significant computational benefit of using score statistics
when implementing forward selection, especially when investigating high dimensional data. The
coefficient 8 plugged in to calculate the score statistic for the current iteration is the coefficient
estimation obtained from the last iteration by maximizing the target function. On the other
hand, if backward elimination is implemented, then Wald statistic would be a better option

among three.

Score Statistics

Recall that, under likelihood theory, score statistics for testing the overall effect of 5 is presented

as

S= uT(BHo)I_l(BHo)u(BH0)> (3'11)

where the score vector u(f3) is the first derivative of log-likelihood function with respect to
B, and the information matrix I(3) is the covariance matrix of the score vector. Under some
regularity conditions, it can be proved that E(u(f8)) = 0. And the score statistics itself has
an asymptotic chi-square distribution. Equivalently, the score vector u(f) is asymptotically
normally distributed with mean 0 and covariance matrix I(3).

Rather than investigating the overall effect, we are interested to see the conditional effect of
each candidate variable in forward selection. The corresponding hypothesis testing is specified

in (3.10). The distribution for a conditional score equation, u, can be directly derived

lg—1>

from the joint normal distribution of the score vector u(f) and is given as:

Uq)lg—1 "~ N(O7G(2q)|q—1)7 (3.12)
2 2 T
%(Qlg—1 = %) — 2(q),qflzq—lz(q),q—l7 (3.13)

47



where O'(Qq) is the variance of the score function, u(,), for the ¢ variable entering the model,
3 4—1 is the covariance matrix of the score vector, u,_1, for the ¢ — 1 variables already in the
model, and ¥ ;) ,—1 is the covariance vector of u(, and u,—;. Then the standardized conditional

score statistics is
U(g)lg—1

: (3.14)
(g)lg—1

Sig)lg-1 =

where S(,y|4—1 converges to a standard normal distribution. The covariate, whose absolute condi-
tional score statistic in Equation (3.14) has the maximum value among candidates, is considered
to have the most potential to improve the model by the optimal 3, estimator under the alterna-
tive hypothesis. Besides, the associated p-value can be calculated from the asymptotic standard
normal distribution, and used as a stopping rule to determine the statistics significance.

The next step is to construct a pseudo score statistics for our own problem. The empirical
estimated AUCROC in Equation (3.7) is the objective function to be maximized, and then its
partial derivative in Equation (3.8) is the corresponding pseudo score equation with respect to
the ¢*" covariate. The derived pseudo score equation is a weighted sum of the differences of the
¢ covariate between all possible pairs of objects from the positive and negative groups. We
notice that the weight, displayed in Equation (3.9), for each pair only depends on the linear
difference between the covariates already chosen in the model, BT(XM — Xo;), and the scale
parameter oy. From Figure 3.1(a) and 3.1(c), we say that, given a scale parameter oy, the
further the approximated value by the sigmoid function is away from 0 or 1, the more weight the
pair would have for the next candidate covariate. However, if a extremely small value of oy is
chosen, e.g. oy = 0.05 in Figure 3.1(d), we can tell that the weight function ¢ for a great portion
of pairs would be 0, since there is only a small range in 57 (X1; — Xo;) for non-zero weight. In
that case, the information from the pairs whose weights ¢ are 0 would be lost. Consequently, the
potential contribution from the candidate covariate is diluted. Furthermore, smaller the value
of oy is, more information would be lost. Thus, small o would make the contributions among
candidates non-differentiable, and consequently veil the potential significant improvement to

the model.
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Besides, in order to apply the score statistics to the proposed AUCFW algorithm, we need

to

n

op

1. derive covariance matrix of the score vector defined in Equation (3.8), and the
.. . 2 .
conditional variance Tlg—1>

n

op

2. obtain the asymptotic distribution of the score vector as well as the conditional score

statistics S(g)jg—1-

3.3 Statistics Inference Using Two-sample U-statistics

We examine the relationship between U-statistics and the pseudo score equation in Equation
(3.8) on the basis of a two-sample U-statistics. Suppose we have )~(11, e ,f(ln, Xots- -, Xom

independently and identically distributed with cumulative distribution functions F; and Fp,

and a kernel function 1 is defined with 2 arguments. Given two sample sets X11,..., X1, and
Xo1, ..., Xom, we obtain a two-sample U-statistics as
1 n m
Unm = — z; Z;¢(X1i, Xo;)- (3.15)
=1 j=

It represents the average of the kernel function (X1, X¢) under all possible paris from the two

sample sets. Moreover, it can be shown that U, ;, is an unbiased estimator for

0 = [ [¢(u,v)dFi(uw)dFy(v).
More generally, a kernel function can be defined with k + [ arguments and is symmetric in each
set of arguments, which is given as ¥ (Xi1,. .., X1x; Xo1,. ..., Xo). In this article, the primary
interest is the U-statistics in Equation (3.15), for the pseudo score equation in (3.8) is a two-
sample U-statistics with a bivariate kernel. We use U to denote a two-sample U-statistics and
re-write the score equation in (3.8) as the U-statistics presentation to simplify the notation in

the remaining sections:

1 n m
U@ = %ZZ¢(q)(X1iaX0j)~ (3.16)

i=1 j=1
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where ¢ (X1;, Xo;) = ¢(X1, X0j)(21iqm —Tqjqm) /0N, and ¢( X1, Xoj) is presented in Equation
(3.9). Furthermore, since the optimal j, is expected to reach the maximum value of empirical

estimated AUCROC in (3.7), it can be obtained that F(U@) =0

3.3.1 Covariance Matrix for a Vector of Two-sample U-Statistics

In order to derive the conditional variance O'(Qq)‘q_l for the score statistics S(g),—1 in (3.14), it
is useful to investigate the variance-covariance matrix for a vector of two-sample U-statistics
based on the same two independent samples X1, ..., X1, and Xo1, ..., Xom. We first give the
variance expression for a single two-sample U-statistics, U@, and then extend that expression
to the covariance derivation between U() and U®).

Based on the definition of two-sample U-statistics in Equation (3.15), we see that the vari-
ance of U is composed of the sum of the covariances between kernels under all possible pairs

{X1i, Xo;}. Thus the variance for one single U-statistics is given by:

va):(?)_Q(T)_Q D0 Couthliu Xop) 06, Xy )

i,i' =137 =1

:(7;)_2(?) ZZﬁO*ZZ%l*gggn ) (3.17)
1

— o [ = Dk + (0= D+ ey

where g120 is the covariance value when the element from the set Xi1,..., X1, is identical,
62, is the covariance value when the element from the set Xoi, ..., Xom is identical, ¢¥, is
the covariance value when two elements are identical, and the coefficient in front denotes the

number of Cov[t)(X1i, Xo;), ¥ (X;;, Xy;7)] in each scenario. Furthermore, the derivation for §12,07
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as an example, is written as:

<t = Covly (X1, Xog), ¥(X1s, Xo )]
= B4 (X1i, Xoj)(Xus, X)) = B (X, Xo)) E((X1i, Xoj))
= E(E((X1i, Xoj)(Xui, X)) | X10)) — E(B((X14, Xoj) | X10)) B(E((X1i, Xor) | X1i))
= B(y1 o(X1)) — E*(¥1,0(X1))
= Var(41,0(X1)),
(3.18)

where we use the notation 1/1170(5(“) to indicate the conditional expectation of the kernel
E(p(Xy;, Xojj) | X1;). The similar derivation can be given to gg,l and §12,1-
Applying the variance calculation in Equations (3.17) and (3.18), we obtain the variance for

the score function with respect to the ¢ covariate as:

1
Var(U@) = —[(m - 1)¢{%” + (n — 1)¢{%* + <[], (3.19)

nm

where

9 -
) =Var($5(Xn)),
o =Var (¥ (X)), (3.20)
§127(1q) :VG,?“ (T/J(q) (XH, X()l)) .
The derivation for a two-sample U-statistics variance can be generalized to the case of p-
dimensional U-statistics. Suppose we have two two-sample U-statistics, U and U®, both

based on a common sample X1, ..., X1, Xo1, ..., Xom but having different bivariate kernels

1/1(3) and ¢®. Similar to the variance derivation for the pseudo score equation in (3.19), the
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covariance can be obtained by

1 S S S
Coo(U*,U®) = —[(m - D)2 | (1) 2 M) | 200 (3.21)

where

<12(0(s)’(t)) =Cov [%s())(j(n)a @Z}%(Xn)],

) )

gg,(l(S)’(t)) =Cov [@Z’((Js% (Xo1), ¢(()2 (X(Jl)] (3.22)

)

§12,(1(5)’(t)) =Cov [ (X11, Xo1), vV (X11, Xo1)]-

By now, we know that a p-vector of two-sample U-statistics U has the mean 6 and the
variance-covariance matrix X = (02(((®)) defined in (3.19) and (3.21). Applying Equation

(3.13) on the variance-covariance matrix ¥ to get the conditional variance a(2q)| we are able

q—1

to obtain the conditional score statistics using the expression in (3.14).

3.3.2 Asymptotic Distribution

The asymptotic distribution for a single two-sample U-statistics can be obtained based on
Hoeffding’s decomposition and central limit theorem (Hoeffding (1961), Lee (1990)). Given the

two-sample U-statistics in (3.16), we have its asymptotic distribution as
VNU® — 6@y By N0, p 1D + (1 - p1) 1), (3.23)

where n/N — p; € (0,1) as n and m — co.
It is easy to know that the joint limiting distribution for U = (UM, ..., UP)T is a mul-
tivariate normal distribution. If F} and Fy are continuous and both of their second moments

exist, then as n — oo and m — oo, the joint distribution of
[VNU® — W), VNUP —9?),... VNUP —g@)]

converges to a multivariate normal distribution with zero vector mean and the limiting variance-
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covariance matrix Xy;,,. The asymptotic variance-covariance matrix can be obtained as 3;,,, =

( 2((s),(®)

O ), Where

2((s),(8) _ 1 2((s),(8)) L a((s),(0))
- = — + ;
lim I 1,0 1— o 0,1

with n/N — p; € (0,1).
Knowing the asymptotic distribution for the U-statistics vector U is a multivariate nor-
mal distribution, it is obvious that the asymptotic conditional distribution for the two-sample

statistics u(g)4—1 is also a normal distribution with mean zero and variance 0(2q) , given by

la—
(3.13). Equivalently, the conditional score statistics S4),—1 represented in (3.14) converges to

a standard normal distribution.

3.4 Implementation of the AUCROC Forward Selection Algo-

rithm

Recall that no intercept is included in the linear classifier 37 X, we need to set | By |= 1 in
order to make (3 identifiable. The covariate candidate, which leads to the maximal marginal
AUCROC value, is selected as the anchor variable 3(1y. The coefficient sign assignment depends
on the object ranking in the increasing or decreasing order by the anchor variable. Positive sign
indicates that the decreasing order has the largest AUCROC value; and the increasing order

results in negative sign.

3.4.1 Choice of the Scale Parameter oy

After the anchor is determined, we need to identify the value the scale parameter oy. Based
on the previous discussion, the choice of oy is supposed to meet two objectives: obtaining
the accuracy estimation for coefficient § in optimization and unveiling the significant model
improvement by the candidates in variable selection. On one hand, we need oy to be small so
that the empirical estimated AUCROC in (3.7) is an excellent approximation to the AUCROC

expression in (3.6). On the other hand, the scale parameter oy cannot be too small, otherwise
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a great portion of weights in (3.9) would go to 0 and consequently the candidate covariate
difference by an important variable becomes hard to be detected. Hence, there is a trade off
between assuring the accuracy of 8 and selecting the important variables. By only taking the
optimization aspect into consideration, Ma and Huang (2005) chose the o to be the largest
number that satisfies the minimum of | T1i(1) — Toj(1) | larger than 5, where Ty1) and To;)
denote the covariate values of the anchor from the positive and negative groups. Therefore, by
considering both two aspects, we choose the largest o value that makes the 5-quantiles (Q5),
20-quantiles (Q20) and average (AVG) of the | x1;1) — T;(1) | instead of the minimum value to
be larger than 5. In other words, we set on to be Q5/5, Q20/5, and AVG/5 respectively.

3.4.2 The AUCROC Forward Selection Algorithm

The AUCFW algorithm first establishes a variable selection solution path describing a sequence
of variables entering the model, and then identifies the best subset by the p-value at each
iteration. After choosing and identifying 3,_1, we implement the algorithm for the ¢! iteration

following the iterative steps:

(i) Compute the score function by plugging Sq—1 using U-Statistics expression with respect

to each covariate: U i =1,... p;
(ii) Derive the variance -covariance matrix X for the U-statistics vector U = (UM, ... U®)T;

(iii) Obtain the conditional variance 0—(21')|q71 and the conditional score statistics S(;)|,—1 for the

remaining covariate candidates, i = q,...,p;

(iv) Choose the candidate with the largest absolute value of S(),—1 and compute its p-value

from a standard normal distribution;
(v) Estimate 8q by maximizing AUCROC in Equation (3.7).

When the associated p-value is less than a pre-specified Type I error «, the iteration can be

stopped. Some software adopts 0.5 as the default cutoff when conducting automated forward
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selection algorithm. For AUCFW algorithm, we discuss the relationship between p-value and
the selected solution in the simulation section.

By ignoring the p-value stopping rule, we are able to obtain a complete solution path via
forward selection. However, when problems are in hard settings, e.g. highly skewed data with
7 = 0.01, it is possible that no more additional variables is able to improve the model after
certain iterations. In that case, we check the coefficient for the newly added variable. If it
keeps at value of 0, then the iteration needs to be terminated by knowing that the optimal
AUCROC value has been reached at the last iteration. Besides, if a problem runs into complete
separation or quasi-complete separation, then we need to stop the iteration as well. In theory,
the corresponding score function value is zero for any of the covariate candidates if separation
is reached. In AUCFW algorithm implementation, since the absolute zero value is hard to be
reached, we set a threshold for the score function U to detect separation, e.g. 1075Y.

For finding the maximizer §, in step (v), we apply Newton’s method algorithm for un-
constrained optimization (nlm() function in R). The coefficient estimator /,_; from the last
iteration in AUCFW algorithm and the coefficient estimator from a linear logistic regression
model are adopted as the starting values for 8. Knowing the linear classifier by maximizing
AUCROC has no intercept and a one-normed coefficient (1), we rescale the estimates from

logistic regression according to the anchor.

3.4.3 Empirical Estimator for Variance-Covariance Matrix

Knowing the distributions for the two independent random samples {X;} and {X,}, F| and
Fy, we are able to derive the expressions for the variance-covariance matrix X for a vector of
U-statistics using Equations (3.19) and (3.21). However, when dealing with a real problem,
the distributions F; and Fy are normally unknown. One approach is to derive the empirical
cumulative density functions, Fy and Fg, based on the sample data. Alternatively, we can
compute the empirical estimates for the components of the variance-covariance matrix directly

using the variance and covariance of the conditional expectations shown in Equations (3.20)
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and (3.22). Therefore, when implementing the step (ii) of AUCFW algorithm, we compute the

empirical estimates using the following steps:

(a) Compute the empirical version of the conditional expectations, 1[1% (X1;) and @E(()q% (Xo;) for

g=1,...,p,i=1,...,nand j=1,...,m, as
DIR(X1) = & 0 09 (X, Xog), g8 (Xog) = 2 30, 9@ (Xyy, Xoy).

(b) Estimate the variance-covariance components by plugging 1/3%?3()( 1;) and 1/3((;11) (Xoj)-

Then we obtain the empirical estimates for variance-covariance matrix 3 based the observed
sample data. Then the empirical estimates for the conditional covariance &(2q)|q—1 can also be

easily computed.

3.4.4 Empirical Estimator Using A Random Sample

In order to improve the algorithm efficiency, we use a random sample of the objects rather
than the whole N number of objects. In AUCROC estimation, it is known that the sampling
unit is a pair of objects from the positive and negative groups respectively. Each pair has the
equal chance to be selected under random sampling scheme. We choose N " pairs of random
sampling (without replacement), where N " is proportional to the total number of pairs, e.g.
N =02%m=xn.

Knowing the interpretations for components in variance-covariance matrix of U-statistics,
we make modifications in their calculations to accommodate to the case where a portion of
sample pairs are used. Suppose we randomly select N ' pairs {X;Z,,,X(;j,} from the original
sample data, and n’ and m' are the numbers of unique objects in the positive and negative

groups respectively. Here are the modifications we need to make:

e The U-statistics using the sampled data in pairs is written as:

U@ = ﬁ Z{i/,j/}eA w(q)(X;i’vX(/)j')v forg=1,...,p,
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where A is the set of paired index for the randomly selected pairs.

e The empirical version of the conditional expectation is modified as:

A’( ) ’ N my ’ ’ A’( ) ’ i n.s ’ ’
b (X ) = ml, Zj,:1¢<q> (X X Vo (X)) = ﬁ 7 P (X Xo0):

where n' and m’ are the numbers of unique objects in the positive and negative groups

respectively.

It is easy to find that we have n’ number of empirical estimates for Y10 and m’' number of

empirical estimates for 1 1 for each covariate.

3.5 Simulation Study

A simulation study is conducted to investigate how AUCFW algorithm performs to select
important variables among the variable-pool. The comparisons between AUCFW algorithm and
the regular forward selection in logistic regression (LogFW) are reported under the datasets with
correlated covariates. We use an R package logi to perform LogF'W, which is developed by Boos
and Holloway (2013) and presented at IMPACT. The simulation results are summarized from
three aspects: (1) variable selection complete solution path describing the sequence of variables
entering the model; (2) the relationship between the selected solution and the associated p-value;

(3) predictive performance using predicted AUCROC.

3.5.1 Data Generation

The simulation study aims to investigate AUCFW algorithm’s performance on selecting vari-
ables to construct an optimal linear classifier. We perform the variable selection algorithms
on the data pattern where the covariates are highly correlated. The covariate matrix X,y is
generated from a multivariate normal distribution with mean zero and covariance matrix using
the autoregressive(1) (AR(1)) covariance structure. The (4,5)" element in AR(1) covariance

2

structure is presented as o ,oli*j | where o2 is set to be 1 in the simulation for simplicity. The

57



covariate matrix X,y indicates N number of objects in total and p dimensional of covariate
vector for each object, where p = 50 (5 out of 50 variables are important) and N = 500 in the
simulation. We assign the class label to each object based on the linear score W = 7 X. It is
easy to derive that:

W ~ N(0,0%), (3.24)

where 0124/ = BTVar(X)B. Then a bernoulli distribution with parameter py, is adopted for
each object to determine the class label assignment, where py describes the probability to be
assigned to the positive group given the score value W. This conditional probability can be

represented using a logistic model written by

exp (W + a)
pw =Pr(Y =1[W) = TS exp (W ta)’

where a is a shifting parameter and its value can be derived from the pre-specified the proportion
of positives .
In addition to the settings described above, there are three primary simulation settings’s

effects to be investigated for the variable selection performance:

e Skewness of class label distribution, e.g. 7 = 0.5 (balanced data) and m = 0.1 (skewed

data);

e Magnitude of correlation between covariates, e.g. p = 0.7 (weak correlation), p = 0.8

(moderate correlation) and p = 0.9 (strong correlation) in AR(1) covariance structure;

e Signal of covariates’ coefficients: e.g. 3 = (0.8,0.8,0.8,0.8,0.8)7 (equal signal) and 8 =
(0.4,0.4,0.8,0.8,0.8)” (unequal signal).

It is know that the correlation between the covariates by AR(1) structure depends on the
distance-between, so the farther the two covariates are the weaker the correlation they have. If
the important covariates are set to be far from each others, then the correlation pattern fail to
play the role. Thus the important covariates are generated in-a-row. Based on the interested

simulation factors, we list four scenarios to be investigated as follows:
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45
——
Data#l: p = 50, 7 = 0.5, 8 = (0.8,0.8,0.8,0.8,0.8,0,...,0)T;

45
—
e Data#2: p =50, 7 = 0.5, 8 = (0.4,0.4,0.8,0.8,0.8,0,...,0)7;
45
—
e Data#3: p =150, 7 = 0.1, 5 = (0.8,0.8,0.8,0.8,0.8,0,...,0)7;
45

—
Data#4: p =50, 7 = 0.1, 3 = (0.4,0.4,0.8,0.8,0.8,0,...,0).

Within each scenario, we set p to be 0.7 / 0.8 / 0.9 in AR(1) covariance structure for examining
the affect of correlation. Besides, 200 datasets are generated for each scenario, and the outcome
presented are summarized based on the average performance of these 200 datasets. For each
dataset, we randomly select 2500 pairs of positive and negative objects to conduct variable

selection in the simulation study.

3.5.2 Variable Selection Complete Solution Path

One approach to examine the performance of a variable selection algorithm is the sequence of
variables selected in the model. Thus the whole solution paths obtained by AUCFW algorithm
and LogFW algorithm are compared. If we treat the true important variables as positives and
the bad variables as negatives, the variable label assignment itself is a classification problem.
Since we are interested in the ranking between important and unimportant variables rather
than the ranking within each group, the ROC curve is a good tool to visualize and describe the
solution path.

However, occasionally, either AUCFW algorithm or LogFW algorithm would result in an
incomplete solution path owing to early termination, and then only partial important variables
are selected. Thus we propose an approach to complete the solution path and the corresponding
ROC curve, which is able to imitate the chance of selection among the remaining candidates.
The proposed approach is conducted based on an assumption that the remaining variables,
regardless of important or unimportant, have the same probability to be selected. Equivalently,

in ROC space, this approach generates a straight line connecting the terminating point and
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the ending point (1, 1). The selection rate or the slope is exactly the fraction of important ones
over the remaining candidates. The proposed approach might not be the best estimation or
approximation to the true complete solution path. It can lead to underestimation by knowing
that no matter how weak the magnitude of coefficient values the important variables have, the
important one are supposed to have stronger signal to be selected than the unimportant ones
do. Despite of this, it is the most applicable approach to complete the solution path.

The comparisons under different data settings for solution paths are displayed in Figure
3.3 - Figure 3.6. For each data setting, three subfigures (a), (b) and (c) are shown for different
magnitudes of correlation between covariates, where the parameter p for AR(1) is 0.7, 0.8 and
0.9 respectively. On each subfigure, four ROC curves are generated. The ROC curve in red
solid line is generated by LogF'W algorithm, the curve in blue longdashed line is generated by
AUCFW algorithm with oy = Q5/5 (AUCFWQ5), the curve in pink dashed line is generated
by AUCFW algorithm with oy = Q20/5 (AUCFWQ20), and the curve in grey dotdashed line
is generated by AUCFW algorithm with o = AVG/5 (AUCFWAVG). The summarized curve
is point-wise averaged at each FPR value over the complete solution paths from 200 simulated
datasets. The averaged AUCROC and its standard error for the variable selection algorithms
are also provided on each subfigure. The comparisons can be examined and summarized in two

aspects:
e TPR at the early stage of variable ranking where FPR is low;
e AUCROC for the overall variable selection performance.

Comparing subfigures in Figure 3.3 for Data #1, where the class label is balanced and
coefficients’ signals are equally strong, we have the following observations. In Figure 3.3(a)
where the correlation is weak, the ROC curve by LogFW algorithm outperforms those by
AUCFW algorithms with different op values. It reaches TPR of 0.9 when FPR is 0, which
indicates at least 4 out of 5 good variables are selected before any bad ones enter the model.

The overall AUCROC by LogFW also has the largest the values. On the other hand, among
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the three ROC curves by AUCFW algorithms, AUCFWAVG has more power to select the
important variables than the other two. This observation is consistent with the conclusion
drawn from the previous section that small value of oy tends to veil the contributions of the
important variables. In Figure 3.3(b) where the correlation is moderate, LogF'W still has better
overall performance than AUCFW in terms of AUCROC value. However, we observe that the
disparity between LogFW and AUCFW at the early part decreases. Moreover, the ROC curves
by AUCFWQ5 and AUCQ20 cross the curve by LogFW at the late stage of variable selection. It
indicates that the accuracy of the coefficient estimation tends to iteratively optimize AUCROC
by including more variables. Under strong correlation situation in Figure 3.3(c), LogFW and
AUCFWAVG have similar performance, and AUCFWQ5 and AUCFWQ20 beat them in terms
of the overall AUCROC. This outperformance in AUCROC is because that both LogF'W and
AUCFWAVG terminate the iteration early due to the high correlation while AUCFWQ5 and
AUCFWQ20 continue to include more variables. Thus, the choice of o depends on both data
features and problem requirements. If the accuracy of the selection at the early stage is the
primary interest, the value of AVG/5 is recommended to the scale parameter op. If some large
value of FPR is tolerated, AUCFWQ5 might be a better choice since it can provide more
accurate estimates. Throughout the three subfigures in Figure 3.3, we can conclude in general
that LogFW algorithm performs better than AUCFW algorithms under this easy setting, but
the performances of AUCFW algorithms are much more stable as the magnitude of correlation
varies. The affect of correlation between covariates on LogFW algorithm is stronger than the
affect on AUCFW algorithms.

Looking into problems with harder settings, e.g. the datasets with unequal signal for coef-
ficients in Figure 3.4, we see that the advantage of LogF'W gets less obvious as the correlation
changes from weak to strong. In Figure 3.4(c), the compared results are turned over that
AUCFWAVG outperforms LogFW for the overall AUCROC value as well as the TPR value at
the early stage. In addition, AUCFWQ20 performs as well as LogFW when FPR value is small.

Due to the fact that the variables with smaller coefficient value are easy to be neglected during
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variable selection process, all the algorithms have worse performance comparing to the datasets
with equal signal. However, the impact on LogFW algorithm seems to be much stronger. Figure
3.5 and Figure 3.6 present the simulation results for the unbalanced class label data. Even in
the case with weak correlation, AUCFW algorithms outperform LogFW at different stages of
variable selection depending on the tolerance of FPR. Therefore, we can conclude that, AUCFW
algorithm is more desirable and flexible variable selection algorithm when we are faced with

hard problems, e.g. highly correlated data, skewed class label distribution, etc.

3.5.3 Stopping Rule Using P-value

As a variable selection algorithm, having a stopping rule that terminates the iteration and
determines the final solution is essential. Taking advantage of the two-sample U-statistics, we
are able to obtain the p-value associated with the pseudo score statistics from its asymptotic
standard normal distribution. In this part, we are interested to investigate the relationship
between the variable selection solution and its associated p-value, as well as to compare the
p-value determined solutions between LogFW and AUCFW algorithms.

We still use curve presentation to compare the solutions between AUCFW and LogFW
algorithms. Different from the variable selection complete solution paths, which is point-wise
averaged at the value of FPR, the solution paths presented in this section are grid on continuous
varied cutoff p-value. Thus, the p-value-based solution path is determined not only by the
sequence of selected variables, but also by the significance of each variable’s contribution to the
model improvement. We summarize the solutions with p-value < 0.3 and present the outcome

by two curves:
e the partial ROC curve with the specified range of FPR from 0 to 0.5;
e the precision-recall (PR) curve, which plots recall against precision.

The PR curve is an alternative to the ROC curve for classification performance evaluation under

highly unbalanced data, where recall is the same as TPR and precision measures the fraction
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of truly positives out of the classified positives. Because of the investigated range of p-value,
we believe that the included solutions might not involve too many unimportant variables. In
that case, the partial ROC curve would be displayed in a very limited range of FPR. On the
other hand, the PR curve is more complete and is displayed in a wider range of recall, because
the included solutions might contain the majority of the important variables. Besides, the PR
curve is able to provide a clearer picture describing the early stage of variable selection.

Figure 3.7 - Figure 3.10 are the partial ROC curves and the PR curves for the summarized
p-value based solution paths on different simulation settings. Each figure is composed of six
subfigures. The three subfigures at top are the partial ROC curves for p = 0.7,0.8 and 0.9
in AR(1) correlation structure respectively; and the three subfigures at bottom are the PR
curves for the corresponding three magnitudes in correlation. In each subfigure, we use the
same symbols to present the p-value-based solution paths generated by LogFW, AUCFWQ5,
AUCFWQ20, and AUCFWAVG algorithms. One normally used criterion, which determines
one solution is more desirable than the other, is the portion of important variables among
the selected ones at the same level of TPR. In that case, we compare the precision values
corresponding to one specified TPR value on the PR curves, and prefer the one with higher
precision value. On the other hand, we also compare the partial ROC curve grid on p-value
with the curve by the whole solution path to examine the impact of p-value.

For Data #1 displayed in Figure 3.7, we observe that, under weak correlation situation in
Figure 3.7(a), the p-value-based solution path by LogFW is still superior to those by AUCFW
algorithms. However, the TPR values at the point with no unimportant variables drop compar-
ing to the complete solution paths. It indicates that both LogFW and AUCFW algorithms fail
to show strong significance to include the next important variable owing to the correlation be-
tween covariates. When the correlation between covariates gets moderate in Figure 3.7(b) and
3.7(e), the solutions selected by AUCFWQ20 and AUCFWAVG become superiority to those
by LogFW at the early stage of the partial ROC curve, which is a totally opposite story told

from Figure 3.3(b); and the PR curve presentation confirms the superiority that AUCFWQ20
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and AUCFWAVG have better performances than LogFW does when averagely 3 or 4 out of 5
important variables are selected respectively. This phenomenon indicates that as the correlation
gets stronger, LogFW becomes more conservative comparing to AUCFW algorithm to include
the next variable into the model, despite knowing the next one is the truly important one.
Under the highly correlated situation in Figure 3.7(c) and 3.7(f), since AUCFWAVG already
shows its superiority in the whole solution path presentation in Figure 3.3(c), AUCFWAVG
still outperforms LogF'W uniformly throughout the whole curve and the disparity between the
two curves become more obvious. The same is applied to AUCFWQ20.

Furthermore, as the problems get harder, e.g. the unbalanced class label or unequal strong
signal of coefficients, the benefit of implementing AUCFW algorithms becomes more obvious,
that even the performance of variable selection by AUCFWQ5 is better than the performance
by LogFW. Therefore, we can conclude that the correlation between covariates prevents LogE'W
algorithm from including the additional important variables, despite we know the next one in
line is a good one. Although the correlation also masks the significance on AUCFW algorithms,

the impact is much less obvious comparing to LogFW algorithm.

3.5.4 Predictive Performance

In addition to the variable selection solution path, we also investigate and compare the pre-
dictive performance for LogFW and AUCFW algorithms. Given the test sets with the same
number of objects, Figure 3.11 - Figure 3.14 present the predictive performance in the graphs of
'predicted AUCROC vs. the number of selected variables’ under different simulated scenarios.
All the curves rise up as more variables are added to the model, reach its peak when around 5
variables are included, and drop down till the whole set of variables are selected. As problems
get harder, the curve peak is achieved from 6 variable are need (see Figure 3.11) to 3 variables
(see Figure 3.14). Besides, we see that the drop of the curve at the late stage is smooth and
weak although many unimportant variables are added. It seems that the complexity of model

doesn’t put too much penalty on model generalization. This is because the predicted AUCROC
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value depends on the object ranking in the test sets, and the addition of the bad variables can
only alter the ranking within a very small region. LogFW and AUCFWAVG have quite close
predictive performance when less than 10 variables are selected. The predicted AUCROC value
for AUCFWAVG is more stable and flat in the late stage. Both AUCFWQ5 and AUCFWQ20
have worse predictive performance than AUCFWAVG. Although they might have more accu-
rate estimates for the coefficient given the selected variables, it is obvious that the selection of

important variables plays more important role in prediction.

3.6 Real Data Analysis

In this section we experiment the proposed AUCFW algorithms on the real classification prob-
lems, and then examine and compare its classification performance with LogF'W algorithm using
predicted AUCROC over test sets. AUCFWAVG algorithm is performed, since it has uniformly
better performance in variable selection and prediction than AUCFWQ5 and AUCFWQ20. The
prediction results are presented in graphs of 'predicted AUCROC vs. the number of selected
variables’ and 'predicted AUCROC vs. p-value’. All the real data sets are from the University

of California Irvine UCI Repository of Machine Learning Databases.

3.6.1 Nominal Data

For the data with numerical attributes only, we determine the anchor variable by the marginal
AUCROC. The sign of the anchor variable, positive or negative, indicates the direction that the
classifier points towards. However, when there are nominal attributes involved, the identification
of the anchor is complicated, which is composed of two steps: (1) identify the anchor attribute;
(2) if a nominal attribute is chosen, then pick one category as the anchor variable. After creating
dummy variables for each nominal attribute, the anchor attribute can be determined by the
score statistics in quadratic form as in Equation (3.11). The interpretation for the coefficients
in front of nominal attribute is totally different from that for nominal attribute. Consider a

object ranking produced by a nominal attribute, the objects within each category are tied,
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so the object ranking is only determined by the order among the coefficients. In that case,
a positive coefficient indicates that the objects in the corresponding category position higher
than those in the pre-assigned baseline category in a object ranking, and a negative coefficient
denotes the opposite situation. We identify the optimal category order corresponding to the
decreasing order of the proportions of positives within each category. The rationale for this is
as follows. We require a category order that is able to achieve the maximum AUCROC value
based on the sample data. Thus, we want TPR to reach its maximal value of 1 as early possible
in ROC space. The shortest routine can be achieved if a convex ROC curve is obtained. In
that case, we set the category having the steepest slope connecting with (0,0) to be the first
point, and place the second point that corresponds to the the steepest slope connecting with
the first point, and keep this procedure until the last category. It is easy to know that the slope
between the two adjacent points is equivalent to the proportion of positives within the first
category. We choose the category having the least and largest proportion of positives to be the
baseline and the anchor variable respectively. Then the coefficient for the anchor variable is 1,
and the coefficients for the remaining categories would be within the range of (0,1). Knowing
the coefficient estimator () for the anchor attribute, we choose the scale parameter oy based

on the value of | ﬁ(Tl)(Xli(l) — Xojm)) |-

3.6.2 Experiment on Real Data

We apply the AUCFWAVG algorithm on three real datasets. Pima Indians Diabetes Data is
a data set on a diabetes diagnosis on the population of females at least 21 years old of Pima
Indian heritage (Smith et al. (1988)). It has been investigated through many classification ap-
proaches, e.g. neutral network, support vector machine and etc. (Smith et al. (1988), Bennett
and Blue (1998)). SPECTF Heart Data is a data set on cardiac Single Proton Emission Com-
puted Tomography (SPECT) images, which is used for application to cardiac SPECT diagnosis
by Kurgan et al. (2001). The class label distribution is highly unbalanced. Adult Data is prob-

lem ,with both numeric and nominal attributes, to predict whether a person makes over 50K
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a year. It is a data set extracted from the 1994 Census database, and was first analyzed using
Naive-Bayes classifiers and decision-trees by Kohavi (1996). In our experiment, we randomly
select 2/3 of the observations to be a training set and treat the remaining 1/3 as a test set. The

description of datasets is shown in Table 3.1.

Table 3.1: Real Datasets Description

Dataset Number Number | Sample distribution | Sample distribution
name of attributes | of samples in training set in test set
Pima Indians
Diabetes Data 36 768 178 : 333 90 : 167
SPECTF
Heart Data 44 267 36 : 141 19: 71
Adult Data 14 901 149 : 442 86 : 224

Figure 3.2 displays the comparisons of predication performance for LogF'W and AUCFWAVG
algorithms on the three real classification datasets. The predicted AUCROC values by the two
algorithms are quite close to each other, but the one by AUCFWAVG in blue dashed line slightly
outperforms the one by LogFW in red solid line. Figure 3.2(a) and 3.2(d) present the results
for Diabetes Data. From Figure 3.2(a), we can tell that two algorithms select the same first
three variables, but lead to different sequential variables afterwards. The predicted AUCROC
by AUCFWAVG reaches the maximum value when 6 attributes are selected; on the other hand,
the maximum of the predicted AUCROC by LogFW is achieved when 12 attributes are chosen.
Further, the maximum value by AUCFWAVG is still higher than that by LogFW. If using
p-value as the stopping criterion, the optimal subsets for both two algorithms can be achieved
by p-value around 0.05. For SPECTF Data in Figure 3.2(b) and 3.2(e), the curves are relatively
wiggled due to the unbalanced data. The sequences of selected variables are different after the
first one is chosen. Besides, the maximum value of the predicted AUCROC by AUCFWAVG is
reached when 2 attributes are selected, which cannot be transcended by LogFW. Adult Data

is a problem with both numeric and nominal attributes. Since Logi function cannot solve the
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problem with nominal attributes, a new function is written to perform logistic regression in
forward selection based on score statistics for nominal attributes. In Figure 3.2(c) and 3.2(f),
we find that the prediction performance and the sequences of variable selection are quite close,
except for the interval when the 3" and 4" attributes are chosen. Therefore, AUCFWAVG

algorithm can perform as well as LogFW algorithm does in prediction.

3.7 Conclusion

In this chapter, we develop a non-parametric ROC-based forward variable selection algorithm by
maximizing AUCROC to obtain an optimal subsets from variable-pool, and further present that
AUCFW algorithm outperforms LogFW algorithm in terms of the variable selection solution
path, especially under the data pattern with highly correlated covariates. Different from other
variable selection approaches, the ROC-based method focuses on controlling false positive and
false negative errors. We use the sigmoid function as an approximation to the indicator function,
so that the empirical AUCROC expression is equivalent to the two-sample Mann-Whitney
statistics. Due to its continuous and differentiable property, we derive the pseudo score statistics
for the AUCROC objective function by taking the first derivative. Besides, take advantage of
the theory of the two-sample U-statistics, we obtain the asymptotic distribution for the score
statistics as well as the associated p-value as a stopping rule for forward selection procedure.

This algorithm also extends naturally for both numerical and nominal attributes.
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Figure 3.2: The comparisons between AUCFW and LogFW algorithms on the predicted AUCROC value over the test sets.
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