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ABSTRACT
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_vectors. Invariance principles for such quantile processes, developed in Sen
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1. INTRODUCTION

In clinical triale and life testing problems, usually, one draws statistical
inference from censored or truncated data. In this context, a progressive
censoring scheme (PCS) allows a monitoring of the experimentation continuously
from the beginning with the objective of an early termination whenever the
accumulating outcome provocates so; hence, a PCS involves a time-sequential
procedure., For a simple régression model (containing the classical two-sample
problem as a special case), Chatterjee and Sen (1973) have studied the general
theory of PCS testing procedures based on linear rank statistics. For some
parametric models, Sen (1976b) and Gardiner and Sen (1978) have employed the
likelihood ratio principle in a PCS and the resulting test statistics are based on
certain linear combinatione of functions of order statisties. Sen (1979) has also
shown that for a general class of location, scale and regression models,
progregsively censored likelihood ratio statistice (PCLRS) are based on some
quantile processes which invdlve partial sequences of linear combinations of
functions of order statistics with stochastic coefficients depending progressively
on the censoring stages; along with some martingale charac;erizations of these

PC quantile processes, some invariance principles for them have been derived

“there and these have been incorporated in the study of the asymptotic properties

of some proposed tests.

Majumdar and Sen (1978) have extended the results of Chatterjee and Sen
(1973) for the multiple regression model (containing the several sample probleﬁ
as a particular case); see also Sinha and Sen (1979b) in this context. A
multiparameter extension of the results of Sen (1976b) has been considered by
Seﬂ and Tsong (1980), The object of the present investigation is to formulate
suitable multiparameter generalizations of the model considered in Sen (1979) .

and to develop the asymptotic theory of PCS tests relating to these models.
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Thus, the results in the current paper are the multiparameter extensions of = .

_ those in SenA(1979). In view of this, in the sequel, whenever possible, we shall

attempt to minimize the technical manipulations by suitabie cross reference to

the earlier paper, : v
Along with the preliminary notions, the proposed progressively censored

quantile processes (PCQP) are introduced in Section 2, Invariance principles for

these PCQP’s are considered in Section 3. Section 4 is devoted to the proposal

and study of some PCS tests based on these PCQP’s with special emphasis on

their asymptotic properties. In particular, the multiple linear regression model

and the location-scale model are treated elaborately in this context.

2. THE PROPOSED PCQP’S

Let Xl,...,Xn be the survival times (with distribution functions (d.f.)
Fl,...,Fn respectively) of n(2 1) items under life testing and let
’ (]
= Z ) ; L8t1 i = e .
Zn (an, vy nn) be the vector of order statistics corresponding to Xn (Xl, Q)
The Fi are all assumed to be continuous (and defined on the real line (-», «)), so

that ties among them are neglected, in probability. Let N =(Qn1,...,an), the

vector of anti-ranks be defined by

an = Xan

From time and cost considerations, often, the experimentation is terminated at

for j =1,...,n. (2.1)

the rith failure an, where
r =[np] +1, for some pe (0, 1); (2.2)
([s] being the largest integer contained in s), so that for such a censoredrcase,

the observable random vectors (r.v,) are

2™ =(2,++,2,,) and Q™ = Qs+ s Q) (2.3)

and a test statistic Lnr = (Eér), Qér)) depends on zér) and Qﬁr), .
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In a PCS, the experiment is monitored from the beginning, so that at each
failure an, Ln(Zér), (k)) is constructed; if Lnk favors a clear cut
terminal decision, experimentation is curtailed at that time-point and if no
such k(< r) exists then experimentation is stopped at the preplanned r-th
failure an; here, r may even be taken as n. Thus, in a PCS, one confronts
a time-sequential testing procedure based on the partial sequence {Zék), Qék); k <r}l,
where neither the Zni norvthe Qni are mutually independent, and hence, the
Lnk may not have independent increments. .

To introduce the PCQP’s, we consider a multiparameter estension of the model
considered in Sen (1979) and assume (for the time being) that the d.f. Fi has a
continuous probability density function (p.d.f.) fi (almost everywhere), where

£, (x) =£(x; Alg -g )", i=1,...,0, xeR=(-=0), (2.4)
A is an m 2q matrix of unknown parameters, the g; are specified q-vectors
(m 21, q 21) and §h.=n'122=lgi. The two (as wel; as several) samples location-
scale models and the multiple regression models are special cases of (2.4).

Suppose now that we intend to test for

Hy: A =0 against H,: A #0. (2.5)
The likelihood function of' (gék), gék)) is given by A
L 2%, o) =T1<Tf(z LAt TN TTI - AMe, -E0M] (2.6)
nk"*n =1 M Y M Tk nk? My

‘Let @ be an mq-dimensional open rectangle containing 0 as an inner’point,

g = ((sjﬂ))j=1,..h,m;£=1,...,q and let {f(x; 8), 6 e @} be a family of

absolutely continuous p.d.f.’s. For every xeR and j(= 1,...,m), we let

g;(x) = -(3/238;))logf(x; Dy - 2.7y

5,00 = 1 -Fos 917 gy 0, 2.8)
X .

g = (g (), ..,g, (X and §) =@ @), N (2.9)



Then, by (2.4) through (2.9), we obtain that

= k
I "(i’/?»é)“g"nk(%ﬁ ’, Qrsk)) 'é =0

~

k - -
=Zi=1[g(2 ) ~G(Z .)]( -C }', 1=<kz<n (2.10
ni nk ~Qni ~n’ > ) ;
and .TnO =0. Proceeding as in (2.8) through (2.12) of Sen (1979), we may
consider the related sequence ’
0, k=0
T:xk - zli<=1gczni)[(c ) *"—lk Zk_ (e, -¢)1', HISkSn -1
~ ~Qpi ~mTom-k fs=l T
T , k=n, A '
~mn-1 (2.11)
We shall find it more convenient to study the asymptotic properties of {I;k}.
Let {Qi, 1 <i sn} be g-vectors for which 22='di =0 and
_voh v s s L
D '21=19131 is positive definite (p.d.) (2.12)
Also, let Q =(Q1,...,Qn) assume each permutation of (1,...,n) with the
common probability (n!)'l. Note that for every k: 1 <k <n,
- ok :
sup(£'D £) " %|). _.&'d
K#g(~ ~n~) |Zl=1~ ~Q1I ’ -
otk -1,ck % ' o
- [(Zi=lg‘Qi) '2 (Ei=1§Qi)] "U;k, say, . (2013)
where
*2 -1 ¢k k
EU_- =Trace{D  [()._.d, )(J._,d, )']}
nk 1=17Q, 7 "fi=1~Qy (2.14)

=Trace{2;1[gnk(n -k)/n(n -1)]} =qk(n -k)/n(n -1), 1 <k <n.
Further, proceediﬁg as in the proof of Lemma 2.1 of Sen (1979), we claim that
{Unk =(n -k)"IU;k, 1 sk <n} is a non—nggative submartingale. Hence, by a
direct vector-extension of the proof of Lemma 2.1 of Sen (1979), we arrive at
the following:
Let w ={w(t), 0 <t <1} be a continuous, non-negative, U-shapéd and square ;i
integrable functionr[inside (0, 1)] and {gi}, Q be defined as in above. Then, .
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k ~1 vk 12 ‘
Plsup max w()Q'D L)), . L'd | 21} <qf w (t)dt. 2.15
£#0 1<k<n @ &L 0k ”Qi| o (2.13)

Note that Lemma 2.2 of Sen (1979) also directly extends to the case where both
g and G are g-vectors (as is the case here), and hence, by using (2.15) and

some standard inequalities, we obtain that under (2.2) and Ho in (2.5), as

n oo,
: ' L
max sup supla'(T ., -T% )L|(L'C £)* — O (2.16)
k<r E:'%'E:l K#O ~ *~nk ~nk ~M P ’
where
= n -c - T
Co=li (g -S (g -G )" is assumed to be p.é. (2.17)

(2.16) provides the justification for replacing {Z;k} by {I;k}. Also, to be
more general, we consider a class of h(x) =(h1(x),...,hm(x))', x eR, (quite
arbitrary and need not be g, defined by (2.7)), where (i)reach hj(x) is
assumed to be expressible as a difference of two nondecreasing functions and (ii)

) =J [h(x)][h(x)]'dF(x) is assumed to be p.d. and finite; (2.18)

-00

here F(x) =F(x; 0). Further, let £a: F(Ea) =0, 0<a<1l and let

Ea c | ' | % &
v, =] eI <@ - (| Reare) (| Readre) . (219

Now, in (2.11), we replace the g(Zni) by Q(Zni) and post-multiply the

1
. -3 : . . & de .
matrix by C _°. The resulting matrix is denoted by T x 1-€e

wk _ -1 - : :
an —(Ink g=h)9n , for k=0,1,...,n, (2.20)
. . . ik
We roll out T into an mq-vector and denote it by Ty, 0sksn.

3. INVARIANCE PRINCIPLES FOR {I;i; 0 <k <r}

First, we consider the case of the null hypothesis Hg: xl""’xn are
independent and identically distributed (i.i.d.) random variables with an

absolutely continuous d.f. F(and p.d.f.f.). Then, one denoting by E,



the expectation under Ho, we have
Eocg;;) =0, ¥ 0xkzsl, (3.1)

and proceeding as in the proof of Lemma 3.1 of Sen (1979), we obtain that
o Sk ok g’ 17
[k/n »a] => U A1y, x I, (3.2)

fbf'every 0 <o <1, where Y is defined by (2.19).
For every n(z 1) and r, satisfying (2.2), we introduce an mq-variate
stochastic process W ={ﬂn(t), t €[0, 1]} by letting

W (t) =T* n(t) =max{k: k/n spt}, t [0, 1] . (3.3)

*
~nn(t)’
Thus, En belongs to the qu[o, 1] space, endowed with the (extended)
Skorokhod J,-topology. Also, let W ={W(t), t €[0, 1]} be an mg-variate

Gaussian function on [0, 1], such that EW(t) =0, ¥ t. [0, 1] and

E[(W(t)) (W(s))'] = Vs, tel0, 1] . (3.4)

X
p(sat) £q’
Then, the main theorem of this section is the following, where we impose the

following condition: as n -,

— -1 -
max (¢, -¢ )'C (g, -¢ ) — 0. (3.5)
1sksn K R k- n

[(3.5) may be regarded as the vector-version of the classical Noether condition.]

Theorem 3.1. Under H,., (2.2) and (3.5), as n =+,

0)

En 5 W, in the extended Jl-topology on qu[o, 1]. "~ (3.6)

Proof: Since this theorem is a multiparameter generalization of Theorem 1 of

Sen (1979), we shall only provide a sketch of the proof by repeated cross
reference to the proof in Sen (1979). We need to show that (i) the finite-
dimensional distributions (f.d.d.) of {Eh} converge to those of W and

(1) {4} is tight. Let B =B(zM), 9%y ana 8% =Bz™, (%) ve

respectively the o-fields generated by (gék), Qék)) and (Eﬁn), gék)), so that

both are nondecreasing in k(0 <k <n). Then, repeating the proof of Lemma 3.2

b
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of Sen (1979) for each coordinate of T** we obtain that

nk ’
ek nk e~
Eo{gnk+1|8nk} =T x 2¢,Y Osksn-1. (3.7)
'Thus, if we let
ek _ Nk T . ="‘ -
Tk “Ink ~Tnkpr 1sksmg £0=T =0, (3.8)

and if Ank’ 0 <k <n are arbitrary (non-stochastic) mq-vectors, then

Ak | ik - ek -
Bo{;nkznk|8nk_l} = By{) T 1B o 1} =0, a.e. V1 <k sn, (3.9)

Now, to prove (i), for any (fixed) d(= 1), (0 s)t1(<-v-<)td <1 and arbitrary

Ai’ 1 <i <d (all mq-vectors), consider the linear compound

* d kK
Woo= Ly Al (ty) = 22=155Tnn(ti) (by (3.3))
= Teent2fa 10k snCeADER (by (3.8))

Sk
= Ikennkink = kxS (3.10)

where the Wy depend on Al,...,kd and n(tl),...,n(td), and by (3.9),

e '
BolW, IBl, 1} =0a.e., V1sksn, (3.11)

For the W we may readily extend the proof of the Lemma 3.3 of Sen (1979)

&
nk’
and show that under (2.18) and (3.5),

*
E (W2

Yy enEo W g as n >, - 3.12)

4 2
B2} 5 %

where og (is the variance of zg=1A£W(ti), see (3.4), and) is given by

2 _d : :
% “zi=1zj=15’ BP(tiAtj) o ST (3.13)

Further, by a direct extension (using the Cr—inequality, of the proof of
Lemma 3.4 of Sen (1979), we obtain that for every e >0,
* 2 s X
EksnEO{wnkI(lw;kl >g IBnk-l} > 0, as n >, (3.14)
Hence, the asymptotic normality of w; follows from (3.10) through (3.14) and

Dvoretzky’s (1972) dependént central limit theorem. Finally, to prove (ii), we

note that the tightness of each (of the mq) component (s) of {Wn} follows
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from Theorem 1 of Sen (1979) and since mq is fixed, the tightness of {En}
is insured by the tightness of its mq components.'Q.E.D.

In the above theorem, by (2.2), we have limited r =[np] +1 for some
p <1. The remarks following Theorem 1 of Sen (1979) also apply to this more
general case (coordinatewise) when we like to take p =1,

Let us now consider the non-null case and conceive of a model similar to

(2.4); but, we confine ourselves to local alternatives for which the limiting

results are nondegenerate. We conceive of a triangular array {gni’ 1 <i <n;
of g-vectors, define Qn =Z?=ldnid;i and assume that
Z?qﬂni =0, ¥n, Sngr(Qn) <o 7 - (3.15).
Qn is p.d. for every n(2 no), | (3.16)
rint e 8 ) < 0 ' @17

Let then {Kn} be a sequence of alternative hypotheses, where

Kn: fi(x) =f(x; ﬁgni), 1 <i<n, xegR, " (3.18)

B is an m xXq matrix of (fixed) unknown parameters (all finite) and f
satisfies all the regularity conditions, stated after (2.6).. We also define g,

G etc., as in (2.7) -(2.9). Let us also define Ea (0 <00 <1) as in after

(2.185 and define ,
‘ g 3 £y

O o,
4C)) =J (h(x)) (g(x)) 'dF(X) + (1 -a)(j g(x)dF(x))(j g(OAF(x)'. (3.19)

- 00 -0 -00

Further, we assume that the gni and <; satisfy the condition that

im ()7 ~S)NCTE = i | (3.20
i_ﬂno():i:lgni(gi &) )0y " =k exists (3.20)

Let then

M) =[g(]1BP] , 0<a<l, (3.21)

£ -

n =1}
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We roll out M(a) into an mq-vector and denote it by M), 0 <a <1. Finally,
we define r as in (2,2) with 0 <p <1 and denote by
= {g, =plpt), 0 st =<1}, (3.22)

Then, we have the following

Theorem 3.2. Let {Hn}’ W and y be defined as in (3.3), (3.4) and (3.22).

then, under (2.2), (3.5), (3.15), (3.16), (3.17) and (3.20), for f having a
finite Fisher information (matrix) I =E[§(x)]tg(x)]',

En -5-75+ W, 1in the extended Jl-topology on qu[O, 1]. (3.23)

Proof: It follows from Hdjek and $idak (1967, Chapter VI, pp. 239-240) that

under the assumed regularity conditions, P;, the probability measure (for
Zén), gén)) under Kn’ is contiguous to Pg, the same under Ho. Hence, as

in the proof of Theorem 2 of Sen (1979), the tightness of {ﬂn} under HO,
proved in Theorem 3.1, and the contiguity of {P;} to {Pg} insure that
tightness of {wn} under {Kn} as well. Hence, to prove the theorem, it
suffices to show that the f.d.d.’s of {En -y} converge to those of W. Suppose
that in (2.8), we replace the gj by hj’ denote the resulting quantities by
H, 1<jsn and let H(x) =04 (),...,H (x))', xeR. Let then

]
f;k' =Tia 0% <) Bxy) +H(x ) (g -€)) '¢- % 0 sk <, (3.22)

. where the Ek/n are defined by (2.19) for o ék/n. Then, by repeating the

proof of Theorem 2 of Sen (1979) for each coordinate of f;k -I;i, we obtain that
for any k: k/n-+0: 0 <a<l, as n -+

v : ’
I;; '2;k —§+ 0, under {Kn} . (3.25)

: ‘ v
On the other hand, Z;k involves independent summands (random matrices) and
the classical multivariate central limit theorem along with a theorem of Behnen
and Neuhaus (1975) yields that under {Kn} , for any (fixed) a(=1) and

. , * V% . s
0 Sty <eeesty <1, letting kj =[nptj] +1, 1 sj <a, fnkl""’Tnké have (jointly)
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asymptotically a mqa-variate normal distribution with means M(p;j), 1 <j <a,

defined by (3.21) and covariance functions conforming to that of W. Hence,

(3.25) and (3,3) along with the above lead us to the desired result. Q.E.D.

We may remark that both Theorems 3.1 and 3,2 remain true if the T;; are

replaced by 1. =E0(I;;]g(k)) which amounts to replacing the h(Z .) by
EOQ(Zni) =hn(i), say, l,Si <n, In this case, Eu in (2.19) may also be
replaced by

Xno, =n-1215nu[hn(i)][hn(i)]' +n‘2(1 —a)'l(X (i))(ziSn h (1)) (3.26)

isn hn
for 0 <o <l; v
~n0

the gék) and therefore are PCS rank statistics. The necessary modifications

=0. Note that, by definition, the Tk depends only on

in the proofs are quite stright-forward, and hence, the details are omitted.

4. ASYMPTOTIC TIME~SEQUENTIAL TESTS

The quantile processes, studies in the previous sections, depend, in

general, on both Zn and gn' For the simple regression model (i.e., in (2.4),

m =q =1), Hdjek (1963) considered an invariance principle related to the T
where h(t) =1, wherein a tied-dowm Wiener process approximation was developed
and the same was incorporated in the study of the asymptotic prbperties of some
Kolmogorov-Smirnov, Cramér-von Mises’ and Rényi type statistics (based on gn
alone) for testing the hypothesis of no regression. 'Sinha and Sen (1979a) have
developed a reverse-martingale approach to this problem, extended the Hajek
results in a PCS setup and also considered the use of some weighted test
statistics. Sinha and Sen (1979b) have also extended their theory to the multiple
regression model, which is again a special case of (2.4) with m=1, q 21. Their
procedure is based on an invariance principle related to the tied-down Winer
process in the vector case. We shall see later on that an alternative formula-
tion of this problem involving the Bessel processes can be made by usiﬁg our .

results in Sections 2 and 3.
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We shall find it convenient to classify the PCQP’s into two-types:
(1) Type A PCQP’s: Here, as in the end of Section 3, we let Q(an) depend
only on (k, n) (but not on an), so that the I;k becomes censored rank
statistics. These statistics have been studied in detail by Chatterjee and Sen
(1973), Majumdar and Sen (1978) and others. At the same time, the needed
asymptotic theory also follows from our Theorems 3.1 and 3.2. These are
generally distribution-free procedures (under Ho).
(2) Type B PCQP°s: Here the I;k depend on both the Zék) and gﬁk) so that

one needs to estimate the Mu in (2.18) -(2.19), and the test procedures are

~only asymptotically distribution-free. These procedures will be mainly discussed

here,
Note that by (3.2) and the martingale property in (3.7), for every

0 <a <a' <1, ,-ga is positive semi-definite (p.s.d.). We consider the case

Yo
of m=1 first. For a Type A PCQP, for every o e(0, 1), Va is known and

we may choose

kR : *k 1
Ly -(Ink)'(vp ~q) L k) [T Tnk ~nk] (4.1)
Let then L* = max L o It follows from Theorem 3.1 that under Hy,
1<ksr M
L7 7 sup{[H()]'[H(t)]: O <t <1} =W, say, - 4.2)

where W* ={W*(t) =(W(t))'(W(t), t [0, 1]} is a q-variate Bessel process.

Thus, if w&* be the upper 1000% point of the d.f. of W**, then we have the

following PCS testing procedure:

At each failure (k), compute Lnk; ifs for the firset time, for some k =N(<rT),
LnN exceeds W;*, stop experimentation along with the rejection of Hy; and, 1if
no such N extists, stop experimentation at the preplanned r-th failure along with

the acceptance of Hy.
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It follows from (4.2) that the Type I error for this PCS procedure is ‘

asymptotically equal to o (0 <o <1). Also, from Theorem 3.2, we conclude that
under the hypothesis of Theorem 3.2, the asymptotoc power of the test is given by

P{[W(t) +Et]'[ﬂ(t) +Et] >W;*, for some t [0, 1]} (4.3) g

Further, it follows from Theorems 3.1 and 3.2 that for k/n >y, 0 <y <p,

PIN >k[K } > PLIN(E) +ig 1" [H() +p,)] gw;*, V 0stsp iyl (4.4)

Thus, noting that an 4£a (a.s. as well as in the t-th mean, r 21) and that
-1 .
n(%;k/n -E(k -1)/n) +[f(£k/n)] for k/n -y, 0‘<y <p, we obtain from (4.4) that

the average stopping time is asymptotically equal to
1
: - p e de
1]:): E(ZnNIKn) -J W{[W{t) +ut]'[W(t) +ut] Swoc , 0 <t <6}do 4.5)
0

A second type of test statistics (more common in RST procedures) may also

be considered where we take

= -1 LE ] . ‘
Lnk _Vk/n an Ink]’ k <r. | (4.6)

- y T = T* = T &
Note that by (4.1) and (4.6), Lnk Lnk(vp/vk/n)' Let than Lnr . 2iﬁank
where r, =[re], for some e >0. Parallel to (4.2), we have for 1
every 0 <g <1 and under HO,
T -1 e . ' kR - :
Lnr-—v+ sup{t "W*(t): e'st <1} -W€ , say, 4.7)

where ¢! =\)p€/\)p (> 0). Hence, if W;*u be the upper 1000% point of the

d.f. of W:*, then, we may proceed as in the case of L;r but replacing the

L, @nd W;* by t;k and Ws,a’ respectively and starting the RST only when

an is observed. The reason for choosing an € >0 1is quite clear: as t {0,
1

t_lw*(t) (or t-l[ﬂn(t)]'[ﬂn(t)]) does not behave regularly; in fact,

t-lw*(t)#oo | a.s., as t +0. However, a small exclusion [0, €) eliminates

this problem. Sinha and‘Sen t1979a) have discussed (for q =1) the choice of

e(> 0) in this context and a very similar pictureAholds for general q(z 1). .

The asymptotic power of the test based on T;r (for the local alternative
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treated in Theorem 3.2) is given by

P{t-l[ﬂ(t) *U 1T IHCE) +i,] >W;:a, for some t e[e', 1]}, (4.8)

where 1(t) and e' are defined as in before, Finally, the asymptotic value

of the average stopping time is
1

1 -1 , ek . v
gpe +pJ€ ?TEEET P{t " [W(t) +Et] [W(t) *Ke Swe,a’ ¥ €' < t<6}do. (4.9)
Let us now consider RST based on Type B PCQP’s. Since Vy is not known
in advance, we shall find it convenient to use the second type of tests,

described above, with the vk/n being estimated by

1k L2 1 ok e an2 |
Voy =0 Zi=lh (zni) + ETH‘TET{21=1h(Zni)) , 1 sk <n, (4.10)

where the Zni are defined by (2.1). Thus, in (4.6), we need to replace
Vk/n by vnk’ while the rest of the discussions in (4.7) through (4.9) remains
true for this case too.
As has been noted earlier, the classical multiple regression model is a special
case of (2.4) where m=1 and q 2 1. In this case, we have | |
f (1) = £(x= A'(¢; = ©)), x € R, 1=1,...,n, ' (4.11)

where A is a q~vector of regression coefficients and the c, are the known regression

-~

constants (vectors) ., Both the Type A and Type B procedures described Before are

applicable here to test for Hy: A = 0 against H,: A # 0 (under progressive censoring).

We may further add thatrthis multiple regression model includes as a special case
the several sample locatjion model: Suppose that there are k(=q+l) samples of sizes

nl,..;,nk respectively (where n= ZE=1ni)'drawn from distributions Fl""’F where

k
Fo() = F(x = 8,), 1=1,...,k, x € R, | (4.12)
and let Ai = Gi - 91, for i=2,.,,,k. Then, if we let €1 = eee = Snl = 9’5n1+l = L.,

= Snl+n = (1,0,...,0)1..., Chep +1 = *00 = cnb= (0,...,0,1)1 (4.12) corresponds to
2 k ~ .

(2.4). Thus, the proposed Type A and Type B tests are applicable for testing the

identity (under PCS) of Fl,...,Fk (againét shift alternatives); PCS rank tests for

this problem are due to Majumdar and Sen(1978). It may be remarked‘that instead of -
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the location/regression model in (4,11)-(4.12), one could have considered the

regression model in the scale parameter which woul have the several sample scale
model as arspecial cases, The proposed procedures remain applicable for this scale
model too.

We now proceed to the case of m > 1. The most notable case pertaining to this
model [in (2.4)] is the so-called locatio-scale model where we allow both the
location and scale parameters to vary (under the alternative hypothesis), retaining
the identity of the d.f.'s under the null hypothesis. Though the theory developed
earlier extends readily to the case of m > 1, q > 1, for the Gaﬁssian process H
in Theorem 3.1 [see (3.4)], {[y(t)]'[ Bp&b}q]—l[y(t)] ,0:}:}} is, in general,
not a Bessel process, and for this process, the distribution of the supremum
may depend on the sequence {ya: 0 <o <p} in a rather involved way, so that
the computation of the critical values may pose a serious problem. The situation,
however, becomes quite manageable, if we assume that : ‘ .

Vo, =yp(a)yp, ¥ 0 <a <p, | (4.13)

where yp(a) is a nondecreasing function of o (0 sa <p), for every fixed p

(0 <p <1). In such a case, in (4.1), we may replace vp Aby gp, while, -in
%% 1 . ’

(4.6), we need to take k 'Ihk ~k/n » ] T k ; for Type B PCQP’s, Vk/n

need to be replaced by
k

k k
; 1
-1 101 rrl L R RC1 Gas

Yok
for 1 sk <n, [The Bessel process appearing in (4.2) [or (4.7)] will involve
mq processes, instead of the q ones in the earlier cases.] The rest of the
discussion will be the same. We conclude this section with the remark that
Majumdar (1977), Majumdar and Sen (1978) and Delong (1980) have considered the "
evaluation of the critical points W;* and WZju , for the k-parameter Bessel
process for some typical k and these may be used for the actual RST based on .

the proposed PCQP’s.
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