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FORCED VIBRATIONS OF A SHELL INSIDE
OF A NARROW WATER ANNULUS

G. BOWERS and G. HORVAY
School of Engineering, University of Massachusetts, Amherst, Massachusetts 01002, U.S.A

SUMMARY

The response of a shell to pulsating pressure in a narrow water filled annulus is determined.
The analysis is patterened after L.E. Penzes (SMiRT-2 Paper E 5/1%) according to which the
imposed pump pressure over a portion Ax,A@ of the outer periphery (at radius b) is replaced
by an equivalent radial body force of amplitude Q acting over an appropriate radial thickness
A. The governing equation for the pressure fluctuation q’ is established

(V2 +0*c?) g = Q{4xy (A0) [r! {4y +5{r—(b—A)}]

In the foregoing { ) denotes the difference of two appropriate Heaviside unit functions and &
is the Dirac delta function. The right side gives the divergence of the body force. Penzes (2nd
SMIRT Conference) incorrectly omits the second term in the brackets. For a narrow annulus
a cartesian analysis suffices, in which case the first term in the brackets is eliminated. The am-
plitude Q of the body force is determined by comparing its Fourier expansion into the normal
modes of the annulus with the Fourier expansion into the normal modes of the annulus with
the Fourrier expansion of the pump pressure. The thickness A4 is rather arbitrary. It may be con-
veniently chosen, as by Penzes, as the width of the annulus. While in the corrected analysis
the amplitude of the response is smaller than that obtained by Penzes by a factor of about 8,
the mode shapes closely agree with his results. The study is aimed at incorporating, in the forc-
ed vibration analysis of reactor core support baskets, the effect of entrained water mass, in con-
tinuation of an earlier study presented at the 2nd SMiRT Conference (SMiRT-2 Paper E 5/8).
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1. INTRODUCTION

In two earlier papers [1], [2] (to be referred to hereinafter as I and II) the natural
modes of a shell, surrounded by a water annulus inside of a container of slightly larger
radius, were determined for beam modee and breathing modes, Fig. 1. Simple support was
assumed at the shell ends. In particular, the magnitude of the entrained water weight, many
times that of the shell weight, was also taken into account. This weight substantially
lowers the frequenciles that would be expected im air.

In the present paper the forced mode is expanded into natural modes, each mode being
endowed with its appropriate entrained mass. However, the earlier analysis is not
immediately applicable to the shell response problem, inasmuch as the exciting force acting
on the shell must, first, be determined. This is done in accordance with the ingenious idea
of Penzes [3] of replacing the pump pressure by an equivalent body force. In retracing
Penzes' steps opportunity is taken to correct his governing equation (our (1l6a)), the
forced wave equation, where a very important term was omitted.

The results of the analysis are contained in Figures 4a,b which show the axial and
peripheral mode shapes that result from the assumed pump pressure. The shapes are indistin-
guishable from those of Penzes, but the amplitudes are smaller by a factor of about 8. This
may partly be attributed to entrained water mass, partly to the missing term in the original

version of (l6a).

2, DETERMINATION OF THE EQUIVALENT BODY FORCE DUE TO PUMP PRESSURE

Euler's equation of motion for departures

L V=g o 'y -
L e N Al N I A A A (6]
from the main flow parameters Pref® Pref’ X1is
-1
1 v
vt L TR (2)

Here we regard (in accordance with Penzes [3, (1)], and in contrast to II), the body force
(PX’PS’Pr) =£ = %sinmft (3)

an attribute of the perturbed flow rather than that of the main flow Accordingly, the

forced wave equation for the pressure fluctuation

p' = -od (4a)
becomes

% - 3%7c%achpt = aiv P ()
In the foregoing ¢ denotes the potenti:E for the velocity fluctuations:

AL (4b)

The natural modes wmn (assoclated with frequencies mmn) of the water annulus a < r < b, Fig

1, appropriate to the boundary conditions

r=>b: 93¢/ = 03 r = a: 9¢/ar = In/dt (6)
(n represents the outward displacement of the inner shell wall) are (see (4a), (II.12), (II.15)
v, o cos mmx IA(Kma)
p'/q = { sin(_z—)} Cosn9[1n0<mr) - EETE;ET Kn(Kmr)] X(x)0 (8)R(r) sinwt

(7a)
~ [COS MTX _ .
< {sinf—z—)} cosnf[coshA_ t tanhd  LsinhA rlsinwt
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= X(x)0 (8)Z(g)sinwt = say, wmn(x,e,;)sinwt (7b)

where q 1s a pressure amplitude coefficient which serves to render the natural mode dimension-
less, and (see (II.17))

2 _ 2
r = a +g, Amn = <

+ @/ =~ /)t + @r/n? + (a/a)? ®
The narrow annulus 18 regarded in (7b) as a repeating rectangle in the ag direction of
length 2ma each, Fig. 2.

The frequency equation in cylindrical coordinates may be written, on the assumption that

the inner wall of the annulus is rigild as is the outer wall:

I&(Ka) K&(Kb) - K;(Ka) Ié(Kb) =0 (9a)
or also (Penzes [3, (23)]) as

Jé(Ka) Yé(Kb) - Yé(Ka) J;(Kb) =0 (9b)
For

[en|? << 1 (10)
this simplifies to

J;(Ka)/JA(Ka) = Y;(Ka)/Y;(Ka) (11)

The first 6 roots Kj, j=1,...,6 of (9b) have been determined for n=1,2,3 over a range of b
and a values by Dwight. Here j+1 denotes the number of nodes of the radial function R(r).
(There are at least two nodes: at r=a and at r=b.)
For cartesian coordinates the equation corresponding to (9) is
tanh AL = 0 (12a)
It is immediately noted that the root of smallest modulus (and the only real root) of this

equation leads to the frequency condition

A=00 (u /e)? = @/ + (n/a)? (12b)
In accordance with Penzes, we consider a forcing function Qﬂwith only a radial component
Q. = Q (x-§7) = (x=§,))> (8+F2) - Le-T )< fr-(b-0)} - L{x-b")> (13a)
= Qg <9><l(c—(L—A) -1y > (13b)
of constant magnitude over a small volume element Ad[(b-4/2)3] adjacent to the outer wall,
and extending infinitesimally, L+-L, into the pump opening. 1 is the Heaviside unit

function, and we denoted

d=g - &,  x = (g +E)/2 (14)
d is the x extent, ﬁfthe 6 extent, and A the r (or ) extent of the body force Q. In (13b)
we introduced the abridged notations<§>,<fﬁ> for the corresponding expressions of (13a).
Accordingly, see Fig. 3,
d1v Q = Q<ixdh s fr-(b-0) } = QEr<hbiL ~(L-1)) (15)
and the forced wave equation becomes

Cylindrical coordinates: (A2 + mz/cz)p' = % + Q£><£%-6{r—(b—A)} (16a)

Carteslan coordinates: (A2 + wz/cz)p' = Qi)(ﬁb S{z-(L-p)} (16b)
The § term of (16a) is missing in Penzes' work.

OQur present objective is to represent the pump pressure at r=b, extending over area abT
as a volume force, reaching into the liquid to a depth A. Restricting ourselves henceforth

to the cartesian representation, let accordingly
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Q 6{;—(L—A)}sinwft = sinwftmi anwmn (17a)
+72
o X dx o _ggy0,(0)d8 Z 00 {z-(L-8)}dg
- 2 2. L .2 7v)
Q x% ax [T ode 22 d
o ™ . 0 Jo o

be the expansion of the forcing function into normal modes Then the expansion coefficients
in the expression of the forced response pressure
Pg = qfsinwft =[z Cmnwmn(x,e,c)]sinwft (18)

m,n
obey, by (16b), the relation
2 2, 2 2 2 _
[-(mn/2)° - n/(atL/2)° + At (wf/c) ]Cmn =aq. (19)

(we followed Karman-Biot [5,p.348]), i.e.,

{51“ mrgy/% - sin ‘““51“} sin n2 coshih

. - ;22 ) cos mnsl/£ - cos mﬂEZ/E n/2 coshAL
T wi-eZ(RL8/2) [F(1-tanh®AL)+(sinh2)L) (43L) T (L+tanh?AL) - (cosh2AL-1) (21L) VeanhiL]
mnd €08 mTX, (20a)
2 gin —— { —=} sin nf»Z
yﬂgg % s;n Y for [an]Ze< 1 (20b)
Lw mn({w, - w_ )
f mn

We wrote the bracket in (19), by II.(17b), as (u% -“’in)/cz; the long fraction on the right
of (20a) wae arrived at as the result of the integrations (17b). The bracket in (20a)
reduces to 1 for |AL|2<< 1. In the numerator of (17b) we used in the & integration the
relation

coshid

L
J 2(g)e{e-(L-b} dp = “2o = (21a)
0

&1 for pr|? << 1 (21b)
Observe that an has the dimension lb/in4 of Q8, whereas Cmn has the dimension 1b/in2 of Q-

Had we written L instead of L+ in (13) we would have obtained in (16b) the factor

1
Bt -(L-a) } - 5 8L (13%)
instead of just its first term, visualizing half the § in the annulus, half of it in the

pump opening. Correspondingly, we would have arrived at, in place of (21), to the result

[ -eotaal2 ¥
We are inclined to belleve that (21) represents the correct plcture where the Ps interface is
completely included in the A region, and not (21%) where it is only half included. An
experimental verification of this conclusion 1is urgently desirable. Note that if the second
§ function in (13b) had z-L as argument, then (21) would be replaced by

J _ coshAd-1

ok
cosh L 0 (21%%)

This 1s clearly an incarrect result, because the equivalent body force is completely eliminat-

ed by the fact that the A interval does not abut to the boundary z=L.
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We now proceed to the basic idea of Penzes. We wish to replace the prescribed pressure

due to the pump, at the container radius b,

0
{cos m7x, cosn 1

mn-"sin ¢ ¥ coshA L

Py = qbsinwt = pf(xl,el,L) = sinwft Zn ¢ (22)

(the pump 1is located at xl,el,L) by an equivalent body force P of radlal extent A. In this
fashion we bypass the very difficult mixed boundary value problem where over the pump opening
the pressure 1s prescribed as P=Pgs OVer the remainder of the container wall the radial

velocity is specified as vr=0. On introducing (20b) into (22), the amplitude Q is determined

from 2 1
q 2 sin mnd/2 cos“mmx,/% sin = nScos no
3 _ 8ec z{ ,l . 2 1 (238)
Q 2 sin mwd/R sin“mmx,/% 2 2
L 1 nm(wf -w )
mn
= say, nEm e (23b)

Unless we take rather high modes also into account in the summation, where the smallness of L
cannot overcome the effect of a large %"f the coshAA/coshAL fac:or in (20a) is essentially
unity. Thus the thickness A of Q may be assigned any value 0O<A-L. We choose for simplicity,
in accordance with Penzes
A=L (24)

Note also that the zeroth m mode causes no difficulty in the summation, inasmuch as
[m-lsin mﬂx/l]m=0 = nmx/%. The same holds true also for the zeroth n mode. But actually,
our physical conditions preclude the m=0, n=0 cases.

Having determined Q from (23) as

M,N
Q=4q/ I e (25)
m,n=1,1 oo

we find the pressure distribution in the annulus from (18), (20).

For the case considered by Penzes the parameters are:

a=176", b=gq+L=286", = 328", g, =54, g, = 94"
l 2 (262)
S}= 26.6°, c = 3850 ft/sec, pg = 62.5 lb/ft s YS/DB = 7.74 a
b = 10 psi, we = 200w rad/sec (26b)

[II(30) differs siightly (due to assignments b=85°, £=320") but insignificantly from the
values (26a).] By (25) the equivalent body force has, for (M,N)=(10,10) the value

Q = 0.0395 1b/in’ (27a)
Table I tabulates Q as various M,N are tried. It is seen that (M,N)=(5,5), which is well
within conditien (21b), is adequate. Note that Penzes' value for qQ 1is

_ 3
Qpenzes = 1.55 1b/in (27b)

From (20b) one finds the Fourier coefficlents C o 28 listed in Table II; the assoclated w o
(as found from (12b)) are also tabulated. For comparison Penzes' results for Won and Cmn’
based on cylindrical geometry, are also shown. The (small) disagreement in frequencies may
be interpreted as a curvature effect (ignored in the present work), whereas the disagreement
in the expansion coefficients (roughly by a factor of 8) may be interpreted as due (a) to the
factor of 40 of Qpenzes/Q’ and a factor of 1/5 that may be attributed to the absence of the §
terms in Penzes' expression for (16a).

As a result we find the axial and the peripheral pressure values acting on the shell
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gurface =0, Figs. 4a,b; each distribution is normalized in the figure to a maximum of 1. For
comparison Penzes' corresponding graphs are also shown. The two sets of curves are essen-

tially indistinguishable.

3. SHELL EQUILIBRIUM EQUATIONS

We adopt Kempner's right handed axis system (RHS), see [6]p.10, to the shell element
dx x Rd® x h, Fig. 5a,b. (R=a+h/2 is the mean radius; it is assumed that h/R<<1l.,) The
membrane (N) and transverse shear force (Q) resultants, and moment and twist resultants o),
are illustrated in Figs. 5c,d. The z axls 1s drawn inward. The notallon coincides with
Timoshenko's ([7], p.82, 430, 508), and retains his unreasonable convention for twisting

moments that

Moo=~ M (28a)

This notation is also used by Yu [8], Bleich and Baron[9. Langhaar ([10], p.182) on the
other hand uses LHS with z drawn outward, and the twisting moment Myx chosen as ours, but
Mxy chosen opposite to ours, so that

Mxy = Myx (28b)

The references {11),[12],[13] below adhere to this convention (28b).

Flugge ([11], p.40-16, [12], p.209) uses LHS with z drawn outward. \MnEv [14] also uses
LHS, but draws z inward. Lyons [13] uses a hybrid system in which y is drawn in RH sense,
v the y-displacement in the LH sense, and w is drawn inward. The Donnell shell equilibrium
equations are ([6], (32a); [7], (303)):

- 1-v Liv L
4}.x{u,v,w} Tu v vy + = Yey TR ¥x X/C
- 1-v 1t+v _1 -
}\‘Y{U’V'W} = vy, t vt Uy TR Yy Y/C (29)

w4 1
%z{u,v,w} =g Vvt i(\)ux -y - w/R) = -Z/C
where | denotes shell mass per unit area at radius a; X,Y,Z are the resultants of the
surface forces acting on inner and outer surfaces (alternately, they are thickness times

body forces acting inside of the shell wall); and

¢ = t/1-v?) = 12p/n? (30)

-X = usﬁ = -—w'n u, -Y = usV = —mzusv (31a)
P 2 . 2

-Z = uW - py - fr = - (uS + uh)w - fr = < pw - fr (31b)

All the ug terms in (31) represent inertila effects due to shell mass. The 2% (the Wy term)
represents the inertia effect due to entralned water, appropriate to the frequency w. In
addition we envisage the possibility that an externally applied radial forcing function

f.=7ra (32)
also may act at radius a.

The stress-resultant displacement relations ar ([6], (15)):

Nx = C[Ux + v(vy-w/R)], Ny = C[vy - w/R + vux]

Ny = Ny = 15% Cluy + v, 1, M= M= D) )
Mx = -D[wxx + vay], My = —D[wyy + vwxx]

Q =M F M- -DV2wx, Q=M - - —szwy
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= - M = -D[V + (1-v)w
Vx & xY»Y [ "x ¢ ) xyy] (33) cont'd
2
=qQ + = -D[V7w_ + (1-v
Yy Tt M x (V7w + )y )

The last two expressions are the Kirchhoff effective edge shear force relations [6, (34)].
The Donnell equations, as stated in FLugge, are obtained from the Kempner and Timoshenko
expressions by reversing the w sign. In order to obtain the Flugge stress resultants, leave

Myx unchanged, replace Mxy by _Mxy and, of course, w by -w.

4. TFORCED VIBRATION RESPONSE OF SHELL

The axial, peripheral and (inward) radial responses

u v (5n Eﬂi} cosnf
mn cos
. cOS mX.
v sllnwftmi,)n Vin {sin } sinné (34)
cos X
w o {sin N } cosné
of the shell due to forcing function
qf(x,e,O) =q,=IC {::: E%l} cosnb = say, Xq (35)
are determined by (II.(26) from
t =
All U ¥ AlZ vZT A3l W 0
Fhpp Ut by VH A W=0 (36)
g, U+ by V 4 Byg W = —pmn/C
where " w2
2 _ 1-v (5)2 A __8f 1-v (M)Z _ (2)2
’ 22 C 2 2 a
2
h™ . mn, 2 n, 2 1
G @ - (37a)
A = (A+v)mnm A Ly A = Ymm
12 2R 23  Ra 31 Rg
Y S N YU SN S S ¢ S ST SR SN (37b)
Ahw T 711722733 11723 22731 33712 12723731
in the form
Unn c (2 12A23 - A22A31)
mn
Vi ca 11823 - %2 31 (38)
¥n " 11A22 ST

We are dealing here, as elsewhere, with the lower x function, corresponding to the
pinned-pinned condition, namely with the x variation (34) of (cos, sin, sin). Table III lists
the amplitudes of the deflection components Umn’ an, Wmn. The deflections u,v,w themselves
are then given by (34). Since the x, 6 variations of u,v,w are prescribed, the derivatives
of these displacements, hence also the stress resultants (33) are readily obtained, and the

shell stresses may be calculated.
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TABLE I. The equivalent body TABLE III. Shell deflections for wt = (2j+1l)w/2,

Force Q, formula (25). u at (x,8) = (0.0). v at (&/2.7/2). w at ( /2.0)

M ~ 1020 @0 1050 10% 10%%

mn mn mn
3 4.47 11 -7.97 -26.0 -25.9
3 4,24 12 ~3.33 -11.8 -22.9
5 5 3.94 13 =1.44 - 6.61 -19.5
5 10 3.96 21 =3.45 -36.8 -60.3
10 5 3.945 22 -5.60 -20.0 -41.8
10 10  3.953 31 -2.53 30.4' 85.8
10 20 3.964 32 -12,.81 -69.6 -179.9
61 0.22 - 0.47 - 4.37
6 2 0.076 - 0.86 - 4.9

TABLE II. Annulus freauencles wmn; Fourier coefficients Cmn

Bowers-Horvay Penzes
m,n w C w C
11 120 1.255 115  9.85
12 206 0.171 195 1.405
13 299  0.067 280 0.557
21 173 0.416 168 2.67
22 241 0.169 230 1.363
31 237 0.145 229 0.902
32 290  0.089 278  0.692
61 443 -0.034 432 -0.199
6 2 474 -0.028 460 -0,2105
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Fig. 1. Inner "shell" is separated from outer "container" by narrow water gap L
(a) Horlzontal cross-section. (b) Vertical cross-section 1llustrating

beam mode (cos n 6 variation, n = 1), and breating mode (n > 1).
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Fig. 2. Annulus represented as a rectangle Fig. 3. Rise of the body force from O to 1 at

r = L - A has the slope of a delta function.
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Fig. 4. Distribution of pressure on shell wall, (a) in axial direction, (b) in

peripheral direction. Solid line: Bowers-~Horvay; dashed line: Penzes.
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Rde

\‘R\ dx

3
y=aeyVv X,u
W
jr. (b)
N Qy
N (H'd)My Myx
(ud)Ny
(1+d) N yg
(14d) My
(H-d)t)y
Nxy + ny,x“;I\Nx*Nx,xd" ‘)r
My +M dx
Qy+Qy v d X XTIRX
XTERX Myy +Myy o dx
(c) (d)

Fig. 5. Force resultants (c¢), (d) acting on shell element dxRd6, (a), (b)





