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1. INTRODUCTION

Interaction effects, in general, have been studied to get a better
understanding of the model representing the data. TFor example,
Mandel (1971), in order to simplify the model, partitioms the inter-
action into a significant and a non-significant part, according to the
significance or non-significance of the eigenvalues of the matrix D™D
where dij are the interaction effects, and (°) denotes the transpose.
In particular, genotype by enviromment interactions have been s;udied
because of their importance in developing improved varieties and in
variety testing programs. Knowledge of the magnitude and pattern of the
genotype by environment interaction has become essential in helping the
plant breeder reach many decisions concerning his breeding programs.
For example, Eberhart and Russell (1966) reduced genotype by enviromment
interaction by selecting stable genotypes, those that interact less with
the enviromment, and proposed a mecdel to provide,thg criteria necessary
to rank cultivars for stability. Abou-El-Fittouh, et al. (1969) defined
cultivar testing regions for cottom by using as a criterion the reduc-
tion in the within region genotype by location (enviromment) interactiom.

By reducing the within region interacticn, the precision for comparing

o . -~ s

cultivars was increased and relative difference in performance of
varieties will be more stable over the enviromment within the region.
While this particular application provided the motivation for this
research and the language is in terms of "eultivars' and "locations”,
the formulation of the problem and the results obtained are generally

applicable to any interaction analysis.
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The genotype by enviromment interaction can be controlled by classi-

fying locations according to the similarity of their interactions with

a fixed set of cultivars (genotypes). Such a procedure would result in
dividing a set of locations into not necessarily adjacent regions, such
that the interaction of cultivars and locations within each region would
be small. Any classification of locations based on cultivar by location
interaction will depend to some extent on the set of cultivars used.
Therefore, to do a classification of locations based on the cultivar by
location interaction which would be useful, the set of cultivaré chosen
must be a representative set of the cultivars to be used in the future;
that is, the cultivar effects either must be considered to be random
effects or the classification must be considered to be conditional on

the set of cultivars used.

Different methods have been used to measure the similarity of loca-

tions. Let each location be represented by a vector (v x 1) of
. . . . . . - >
estimated cultivar by location interaction effects, gi = (asli, aBZi,

A

ceay an.), i=1, ..., £, where ¢ 1s the number of locatioms, and vV

i
is the number of cultivars, and let each "true' location be represented
by a vector of the parametric cultivar by location interaction effects,
AL = (eByiraByys oves a8 ), i=1,2;...,2 . Conditional onm the set of.
cultivars being used, the aBij are fixed interaction effects for the
ith location. One measure of similarity is the set of Euclidean dis-
tances between all pairs of locations (21). Another measure of
similarity used is the product moment correlation coefficient between

li and Zj. The classification is then done by applying a clustering

algorithm on the similarity measure.
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Although classification of locations and of cultivars has been domne
in this manner, little is known about the reliability of the classifica-
tion. That is, little is known about the relation of this classification
to the "best!" classification, where the "best" classification is defined
to be that which is obtained when the same clustering algorithm is
applied to the true interaction effects. The problem of how close the
classification of locations, based on the estimated location vectors, is
to the "best" classification, is equivalent to the problem of determining
how similar the configuration of the estimated location points,‘ &i’ is
to the configuration of the true location points, &i' The two problems
are equivalent because any consistent clustering procedure depends only
on the relative spatial arrangement of both sets of points, and not on
the absolutg distances between the points of each set. Therefore, the
impact of random error in any clustering procedure can be studied by
analyzing the agreement between the configurations of the two sets of
points.

The purpose of this thesis is to measure the repeatability of this
spatial configuration, where the location points are defined by the vec-
tors of location by cultivar interaction effects, for various levels of
random error, sizes of interaction matrices, and true configurations of
location points. To do this, a Monte Carlo experiment was carried out
using 2000 independent sets of random errors to generate the estimated
interaction effects for each parametric combination.

A closely related problem that will be discussed is the relative
gain or loss of precision in the classification when the dimensionality
of the space of estimated location points is reduced to include only the

more important dimensions as reflected in the eigenvalues of D’D where
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13 13" A reduction in the dimensionality of the space of estimated

location points according to the importance of the eigenvalues, by
eliminating the smallest eigenvalues, corresponds to a partitioning of
the interaction effects (Mandel (1971)). If, in fact, certain components
of the interaction effects which are essentially random error can be
eliminated then a gain in precision might be expected by this reduction
in dimensionality of the space.

Since the eigenvalues were used as the basis for reducing the dimen-
sionality of the space of the estimated location points, the reliability
of the estimation of the eigemvalues is basic to the reliability of the
classification using less than full dimension. Because of this, a small
section was dedicated to the discussion of some distributional properties
of the eigenvalues of the singular matrix DD for different sizes of

the matrices, different true interaction effects and different choices of

random errors.



2. LITERATURE REVIEW

Interactions of the cultivars with the enviromments in which they
are grown are of major importance to the plant breeder. Because of this,
different methods have been proposed to evaluate the cultivar performance
in several locationms.

Plaisted and Peterson (1959) suggested that the portion of the cul-
tivar by location variance component contributed by a single>cultivar
could be used as a measure of cultivar dependability. Finlay and
Wilkinson (1963) computed a linear regression of vield on the mean yield
of all cultivars for each location and season, for each cultivar.
Eberhart and Russell (1966), based on Finlay and Wilkinson (1963), used
the regression of each cultivar on an envirommental index, and a function
of the squared deviations from this regression to provide estimates of
cultivar stability. The envirommental index was defined as the mean of
all cultivars at the jth enviromment minus the grand mean. Okuno, et al.
(1971) propesed two other methods for measuring the performance level of
the enviromment. The first is a version of Finlay and Wilkinson's
method, which uses one or more independent measures of the enviromments
in place of the average performance of a large number of cultivars for
each location and season. The second method is to extract one or more
hypothetical factors for evaluating the responses of cultivars to
different environments by applying principal components analysis to the
elements of genotype by enviromment interaction.

The classification of enviromments (locations) into more or less
hanogeneous groups to control the within group genotype by enviromment

interaction is another procedure of interest used in cultivar testing.



Abou-El-Fittouh, 2t al. (1969) used cluster analysis as a tool for

classifying locations in order to minimize the within cluster genotype .
by enviromment interaction. Data for lint yield per hectare in upland
cotton was used. Each location was represented by a vector (v x 1) of

. , N N ,
estimated interaction effects, 2{ = (aB éEZi""’asvi)’ where .v 1is

11’

the number of cultivars. Two similarity measures were computed, the

1
distance coefficient, d,, = [1]% /v]/2 , which was found to be the more

ij i-i
efficient for the purpose of defining regions when the criteriom is the
minimization of within region genotype by enviromment interaction, and
the product-moment correla;ion coefficient, rij = corr(&i,gj). These
two measures of similarity were computad for all pairs of locations,
&i' Using both sets of similarity measures they proceeded to do the

classification using a clustering algoritim. The results suggested some

modifications in the currently recognized zones of adaptation for cotton.

Most methods of classification operate on a matrix of the similari-
ties between all pairs of objects. Then a criterion is used to fit a
dendogram (Clifford and Stephenson, 1973). Fitting a dendogr to a
ziven set of distances might be regarded as ootimizing some gocdness of
fit criszerion, f(d,., d..), where d.., is any zZuclidean similaricy
;LT . o1 iy .oz . »
neasurs and 4 is apparent Zuclidean distance read ZIrem the rasulting

dendogram (Gower and Banfield, 1973). Several possible Zorms of chis

function have been suggestad. Gower (1971) discussed some prelimizary

£

5
work on one of these cricaria, a statistic R which comparss two

diffarent sets of distances without using the dependant pairwise
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measures of distance. He discussed the problem o

n points, to another configuration X, also of n points,

[t 1

tion Y o

The vertices of X, P,, are fixed, while chose of Y, Q,, are

4 s
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allowed to translate, rotate, and dilate to cope with possible changes of
scale between.the two configurations.

The sum of squares, Rz, of the distances between corresponding
vertices is minimized after the centroids of both sets of points are made
to coincide. Assuming P and Q have been translated to have coinci-
dent centroids, R2 = tr(P-8QH) (P-6QH) “°, where § 'is a dilation factor
and H 1is a rotation matrix. Minimization with respect to '§ and H,

gives
2 . - -~
R'min = tr PP” - S§tr P°QH ,

where H = ZW”, Z is the & x 2 matrix of the orthonormalized eigen-
vectors of Q°PP°Q, 2°Z =722° =1, and W 1is the 2 x £ matrix of the
orthonormalized. eigenvectors of P“QQ°P, W'W = WW" = I, H'H = HH" = I

and & = tr P°QH/tr QQ”. After substitution for &,
2 . . omppy 2 .
R°min = tr PP” - (tr P7QH) "/tr QQ

Gower and Banfield (1975) studied the behavior of this criteriom, with
six other criteria, when dendograms are computed using the single
linkage algorithm (Gower and Ross, 1969). They examined the distribu-
tions of the seven criteria when fitting single linkage clusters to n
samples drawn from a spherical multinormal distribution in a varying
number of dimensions v. The Rzmih criterion used by Gower and
Banfield (1975) differed from the Rzmin discussed by Gower (1971) in
that only rotation, nog dilation, was permitted. Therefore, in Gower
and Banfield (1975), Rzmin = tr PP” -~ 2tr P°0H + tr QQ° where H 1is
defined as in Gower (1971). For this statistic a regression through the

origin, weighted by the inverse of the statistic's variance, gave



2
mean(R min) 1.022 av,

mean(Rzmin) nv.

which was consistent with the simple relation

The conclusions found by Gower and Banfield (1975) were that

2 . , . . . .
although R min is not easily computed, its mean and variance are easily

interpolated from a table of means and variances of

2 . .
n and v. Also R min is not a

the other criteria. All criteria
and v increased. .The statistic
dencies are to be avoided, and it

Mandel (197Q) developed some

2, = s -
Rmin for different

‘function of dependent measures as are

were found to approach normality as n
2 . e ag .
R min seems best if metric depen-

also has good distributional propertisas.

theorems on the aigenvalues of the

interaction covariance matrix, one of which states that 1f (d,.) =1D

is an m x 1 interaction matrix,

with mean zero, and cov(vec D) =

vector formed by stacking the columns o

an m x m matrix of rank r, -and
then the non-zero sigenvalues of
matrix TT” whers
variance 7.

the same as those of TIT” where

1]

where dij is normally distributed

2
3 ® Ac where vec D is a mn x 1

D one under the other, A 1is

[z 1Y

B isa nxn matrix of rank s,
DD° are the same as those of the
aormelly and in-

a r x s matrix of

t.., having zero mean and commcn

the non-zero 2igenvalues of DD are

+
o
T
*

»

P, . - , s
7T i3 distribucaed 2s a Wisharc

Later, Mandel (1971) did a partitioning of the inceraction 2ifects,
by 2

aa;j, i=1,...,v, 3 =1,...,4, 1nto the sum of multiplicactive Ifunctions
- =S A 2 . s .
of i1 and j, 23 = " 3, 4, v, where 3, , £=1,...,5, are tas
ij ~k=1 "k Tik ik %
non-zero 2igenvalues of M™ (M is the mactrix of true interaction
effzccs, 4 y, (u.,) 1is the sigenvector of M° corrasponding

I
O
Y]
P
[4%]
=]
Q.
—
<

) is the z2igenvector of M™M corresponding to

(3]

4.

(S ]
-
Y
.



Only a few multiplicative terms of the form 8 Vjui (generally one or
two) are retained in the model, the remaining terms are pooled together
and regarded as experimental error. The same partitioning is dome on the
estimated interaction effects éBij = Zi=l ék a,, v . He had shown in
a previous paper, Mandel (1969), that there is a partitioning of the sun
of squares of interaction of the usual analysis of variance that
parallels the partitioning of the interactiom effects. He developed an
enpirical criterionm by which a decision could be made as to where the

partitioning should be ended. For the sum of all terms involving Sk a

= 1

sum of squares and a ""degreses of freedom' were obtained. The interaction

sum of squares associataed with the kth non-zero root, 3,, was shown to
1 %

52
K

Vi was that in the absence of true systematic interaction affects, the

be The clue to an approoriate definition of degrees of freedom,

. 22 , . , - .
quotients 9k/vk, k=1,...,5, should be estimates of only experimental

2

o} is the experimental error variance, and if

(21

error. Thereiore, i

none of the terms 3 u..vkj oceurs in the real model, then

A 7 fd 1 I [} b - . o 4 - 3 -
2(3°/v,) = 3~ for sach %, providing a definition for the degrees of
kR ;
. . -,32,.2 - : . - o
frsedom, v, = (3. /¢7). To obtain estimates or v, , a Jomntes Lar.io
% P 4

experiment was carrisd out using £25 independent sacs of identically and

independently distributed (iid) normal (0,l1) deviatss Zor ezch combination

of v and 2 and v, was calculated as mean(3,). Using Mandel's

empirical astimates of Voo and observing :he magnitude of 3, /v in the
2

sarririoned incaraction relative to <, <cthe arror variance, 2 judgement

can be made on how far the partitioning process should e carrisd.
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3. METHODS AND MATERIALS
3.1, Description of Interaction Effects -- Model and Assumptions

To provide the interaction effects needed to accomplish the objec-
rives described in the introduction, a two-way linear model with inter-

action was adopted;

=y o+ + -
Tig =M T oy T By By T e

.

i=1,..., v, j=Llce, %, k=1,..., 0,

where ai is the ith cultivar effect, Bj is the jth location eiffact,

aBij is the interaction effect of the ith cultivar and che jth locatiom,
and eijk are independently and idemtically distributed (iid) normal

. . .2 L -
with zero mean and variance S The asij, conditicnal cn the set of
cultivars being used, are regarded as fixed affects and 3 3ij =
- a i )
,28,, = 0. The estimatad interaction affects, =23,,, were calculated
-1 L]
3 J’é /
as a3., = V.. - v, - . + = g + - a -

ij ij. “1i.. y.]. 7o usij \eij. i e.;.

+ e ) where (.) represents the average taken over that sub-

Let & = (ai.) he the v ¥ ! matrix of true iateraction 2Ifacts,

i.a., .a,. = 28,. and therafors aA°l =20 ,al, =0, where i is
1] 1] - =1 oy v e

a % x 1 vector of ones and O, is a k x 1 wvector of zeroes. The

-

v
(a3
u
wn
O
Lal}
r
.

&

columns, a,, of the matrix A are ragardad as the coordin

erue location points as defined by the v x 1 vector of true inter-

<

action offacts. Therafores, the spcatial configuration of the 1 zIrue

locarion points is cecntained in the A matrix. The distance ©bsetween

locations i and j 1s given by (ai - a.)’(ai - a,) which is equal
= =] - =]
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m 2 2 2
to zk=l ék(rik - Tjk) where dk’ k

1,...,m, are the non-zero eigen-
values of A°A and (le,...,flk), k=1,...,m, are the orthonormalized
eigenvectors of A”“A corresponding to the non-zero roots. There are,
of course, an infinite number of possible parametric spatial configura-
tions as defined by the A matrix which might be considered. The specific
configurations that were considered in this study are described in
Section 3.4.

Let A = (a,j) be the v x 2 matrix of estimated interaction

effects, i.e., a,, = é@.. =qgB,, *+e,., - e, -e , +e and
ij ij ij ij. i.. .. ce

A'}v =0 » Al, = Ov' Therefore, in matrix notation

~ l
A=A+(Iv-;];-JV)E(I?‘——QI-J£)

where Ik is a k x k identity matrix, Jk is a k x k¥ matrix of ones,

: 2

and E = (e,, e,, is 4iid N(Q,¢ /n =g
(05,05 oy, 0,05/ )

The interaction sum of squares, SS(aB), which 1s equal to

v 2~ 2 . . . e

z. Y a,. can also be expressed in matrix notation as ¢tr A A

i=1 =j=1 "ij

. ‘s 2 . N . 2

A singular value decomposition of 4 gives A = UDV', where D is a
. ; . , 2 -

k x k diagonal matrix containing the non-zero eigenvalues, di’ of

AA, U is a v x k matrix of the orthonormalized eigenvectors of

corresponding to the non-zero eigenvalues, U'U = I, and- V is

a 2 x k matrix of the eigenvectors of A“A corresponding to the non-

zero eigenvalues, V'V = I. Then ss(ag) = tr(i’i) = tr (VDU UDV") =

\ . - e ) . . R
437 are fixed effects and asij is normally distributed,
; . 2, . . .
as assumed herein, ss(aB)/a is distributed as a non-central Chi-square

with (2-1)(v=-1) degrees of freedom and non-centrality parameter

)

2,2 2 v.2,2 ..
1,3 aBij/o ; i.e., ss(a8)/o” = Zdi/c is distributed as



2
X(g-1) (v-1)

(X'i(x)) = 2v + 8% (see Searle (1971)),

K v 2
B(] a%/6% = (=D -1 + ) 1 asl /o
i=1 * i=1 j=1
m
= (D (v=1) + ] 6407 =t
s=1
and
k v 2
Var( § d%/0®) = 2a-1)(v-1) + 4 ) | ag?. /o’
= =1 3=1 H

2

T2
2(2-1)(v=1) + & ) §7/¢
s=1 °

Scaling the di by l/tc2 gives si = di/tc2 with

LI
3.1 EC) s) =1
i=1

and
/ o

. 2(2-1) (v=1)a" + 4§ ai o?
3.2 Var( ) s?) = 1=l 5

i=1 * : 2, ¢ .7

(2=1)(v-L)o" + ) 87|

=1 |

- 2(l—r2)

(2-1) (v-1)

m :
where r = ) &5 /() 8, + (l-l)(v-l)cz)

(A\) (Searle (1971)). Since EQ(%(A)) =y + 22

12

and variance
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. 2 2
In all studies reportad herein, the magnitude of error, J ca/n,

[
'_J

relative to true interacticn is controlled by choice of ¢, 0 < T

The relative spatial comfiguration 1is controlled by choice of the rela-

tive magnitudes of the non-zero roots, Si.

3.2 Measuring the Agreement Between the True and the Estimated Location
Points.

Since the classification of locations depends ounly on the relative
spatial configuration of the estimated location points, a standardized

) - 2 . :
version of the Rmin statistic (Gower, 1971) was used to measure the

A
degree to which the estimated location points, ;; = (asli, éEZi’ caey

S . . . ; - . .
asvi), reproduced the spatial configuration of true location points,
A2 = (@Bruy @Bnss eves aB i) RZ. is the minimum possible sum of
<i S1i’ UR24 vi nin

squared distances between correspounding vartices of two comnfigurations
X and Y after allowing translation, rotation and dilation of one set of

points to "match'" as closely as possible the cther. Minimization of
R° = tr(a-dAH) (A-dAH) .

with respect zo 3 and H, a dilation scalsr and rotation matrix,

~

min

~ -
where A°l was decomposad as WCZ where C iz a Q& x 1) diagomnel
matrix containing the positive squarse roots of the aigsnvalues of
7

(A°3)"(A“A), W is the (ix2) matrix of the orthonormalized eigenvectors

0f (AN (A", WW =WW =1, and Z is the (ixi) marrix of the
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orthonormalized eigenvectors of (A“A) “(A”R), 2z2° =72"Z =1, and
H=2ZW", HH = HH = I, § = tr AHA®/tr AA” (see Gower, 1971).

For all results reported herein, Riin was standardized by divid-

ing by tr AA® to facilitate comparisons over different A matrices.

Thus,

) .
m = Rmin/tr AA

=1-(tr AH A’)z/(tr AA" tr AA7).

Note that 1 - mz is the square of the correlation between the elements
of A and the elements of A H, since, in both cases, the centroids

are zero. Also note that tr AA” is the sum of squared distances of the
true location points defined by A from their centroid so that this
standardization puts all A matriées on a common basis in germs of the
dispersion of the true location points, or equivalently in terms of the
sums of squares of true interaction effects. Thus, m2 is the stan-
dardized minimum sum of squares of the distances between corresponding
vertices, a, and éi’ that can be obtained by allowing rotation and

~

dilation of A or 1 - m2 is the maximum correlation that can be ob-
tained between the elements of A gnd the elements of AH.

Clearly, 0 < 1 - mz‘i 1, because it is the square of a correlation
coefficient, or Q < m2 jjl. The lower bound of m2, zero, is obtained
when é equals A; 1.e., when 52 = Q0. The other limit of omne is
reached if and only if (tr AHA‘)Z/tr AA” = 0; that is, if and only if
tr ABA® = 0, assuming tr AA” finite. Tr AHA® = 0 implies
tr WCZ'ZW' = tr C=1Ic, =0 (using the definition of H and the decompo-

sition of A”A) or that ¢, = 0 for all i siance c¢; 2> 0 by defini-

tion. Therefore, m2 =1 if and only if A’A = 0, which means that




every column of

A must be orthogonal to every column of

2 R
prob(m“=1) = prob(A"A = Q)

since

e, .
L]

£ixed numbers.

- 2
Therefore, o

prob{A'[A-b-(I-}-l J)E(_I-;]i 01 = 0}

A, But

prob{a”(I-2 DE(I-F 1) = -A"A} = 0.

is an absolutely continuous random variable and a.,., are

is lass than one with probability one.

- 2 .
A better upper bound for E¢m~) was sought, and it was proven (see

appendix) that

From this proof, t

2
determined to be negative, E(@") <1

3.3 Monte Carlo Study

3.3.1 Definicion

(2-1) (v=1)3%).

2 m 2,,cm 2
Em") <1 -1, where T Zi=l i/(zi___loi +
. . o 2,
he bias in the statistic a~, if any,
2 i
N (see appendix) .
A,Z
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~
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reproduces the spatial

n
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L
v

4
o
~

ense that
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]
(]
1)}

. . m
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"
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L
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the centroid is zero, tle axes ars
£

of che values of the 1
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[
-

AA7., Choice o
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containing the positive square roots of the non-zero eigenvalues of AA~
determines the final scaling of each axis. Thus, AT’ coﬁpletely
defines the spatial configuration, including all pairwise distances, of
the 2 location points in R®. The matrix TI'(L xm) serves as a
one-to-one transformation carrying the 2 location points in R to
R’ , m < v. The spatial configuration, including all pairwise distances,
is unaffected since I“T =1 ; i.e., the location points in R’ lie on

an m~dimensional hyperplane in RY.

The following A matrices, A = TAT”, were used:

'—l
o
[}
(60}

<
1]
(o]
B
A
w

et 1 14 -1 1 1 -1 -1
2/2
1 11 1 -1 -1 -1 -1
A= diag(51,62,63) for all choices of 55 shown in Table 3.1.

See Figure 3.1 for the spatial rélation of the eight locations.
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Table 3.1. Values of eigenvalues (6%), and standardized
eigenvalues, §; = 6%/Zm=l 6%, dsed for 4 when
L =v =28,

Case ai 5% 5% 53 a; 5;
(1) 128 128 128 333 .333 .333
(ii) .02 .02 .02 .333 .333 .333
(1i1) 128 128 8 485 485 .030
(iv) 128 8 8 889 .056 .056
) 1.28 .72 0 .640 .360 0
(vi) 2 0 0 1.0 0 0

2. L=4,v=28,nmc< 3.

I'“ 1is as shown in 1, above.

1 -1 -1

T =41
L; -1 -1 1

A= diag($ ) for all choices of Si shown in Table 3.2.

1289293

See Figure 3.2 for the spatial relation of the four locations.

2
Table 3.2. Values of eigenvalues (3]), and standardized
eigenvalues, 5{ = 6%/Z¥=l 6%, used for A when & =4,

v = 8.
2 2 A + + ot
8 8
Case Sl 52 03 61 3
(1) 64 64 64 .333 .333 .333
(ii) 64 64 4 485 .485 .030

(iii) 64 4 4 .889 .056 .056




Figure 3.1.

Configuration of the location points given by the
columns of the v x 2 interaction matrix A, when
2 =8, v=8 and A“A has at most three non-zero

. . *
eigenvalues, 61, 62, and 8- §; = 61/2/5
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Figure 3.2. Configuration of the four location points given by
the columns of the v x £ interaction matrix A,
when £ =4, v=8 and A“A has at most, three

3 * —
non-zero eigenvalues, 61, 62, and 63. Gi = 51/2.
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3. A = 0. All possible combinations of 2 and Vv for

2, v = 3,4,5,6,7, and 8 were used.

]
4, A= (I~ g Js) for £ = 8, v = 8. There are seven equal non-

zero eigenvalues for a matrix of this form.

~

3.3.2. Generation of A, the matrix of estimated intearaction

effects. For each A matrix, the (v x &) matrix E = (ei. ) was gen~

erated using a randon number gemerator called Super Duper, developed at

McGill University (Dickey, 1978), so the eij Ji=1,...,v, 3 =1,...,%
2 2

L L
P -

wera iid normal random variables with mean zero and variance ua/n = 3 .

. s 2 ,
The variance of the random error, ¢ , Wwas cnosen so that the

ratio
jul
2
L 8
i=1 "
r =
2 9 ] 2
L 8.+ (A=-1)(v-L)g
(=1
was =qual zo .001, 1., .23, .3, .75 in case 1, and .1, .23, .3, .73 in
case 2. r is always zero in case 3, and 1t is always .00L in case =.

2
he values of <~ ares given in Tadla 3.3.

4

. . ., , 2
Tabla 3.3. Valives of the errer variamce, -, used 0 z2neracs tae
random =rr¥or 214 for 2ach choice of paramercrars usad.
case -
; - 1-11 1=-11id ~v7 l-v,vic 2=1 2-1i 2-iid
ratia 1-1 1-ii 1-1iid 1l-vi 7 s i
.C0o1 7328.30 1.22 3382.37 29335.84 40.78
.1 70.53 0Ll 48 .49 26.45 .37 32.29 3A.37 30.85
.25 23.51 L0037 16.16 8.82 .12 27,43 18.86 13.2%
.50 7.34 0012 5.39 2.94 061 9.14%  5.29 3,43
.73 2.51 .00C41 1.80 .98 .J1le 3.05 2.10 L.1-
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The matrix of estimated effects, A, was then calculated as

JE(I, -1

2 1
A=A+ (IV -3 J 7 9y

v

where Ik is the k x k identity matrix and Jk is a k x k matrix
of ones.

All parametric combinations having the same £ and V were com-
pared using the same set of 2000 random error matrices. This was done
to increase the precision of the comparison of results from different

A matrices.

3.3.3. Analysis of the A matrices. The reproducibility of the

A matrix by the Ai matrix was measured by computing mz, as defined
previously, for each Ai matrix, i =1,2,...,2000, where 2000 is the
number of independent sets of random errors generated. In addition,.to
determine the loss or gain of precision in reproducing the true spatial
configuration one might realize by considering only the "dominant”
dimensions of Ai’ the ;i matrix was decomposed according to the
singular value decompositioﬁ (SVD), using the SVD decomposition of

IMSL (1975), i.e., A, = U.D,V; where U, 1is the v x k matrix of
1 1 1 1 1

the orthonormalized eigenvectors of AiAi corresponding to the non-zero

eigenvalues, UTUi =1, Vi is the (2 x k) matrix of the orthomormal
eigenvectors of A;&i corresponding to the non-zero eigenvalues,
e 2 3 . . . I3
viVi = I, and Di is a (k x k) diagonal matrix containing the non-
zero eigenvales of A A7 (d2 > d2 > L. 2 d2 ).
° i1 1i 21 ki

Then the matrices éi(p) were defined as
a,(p =0 (p) - D, (p) ° v,(),p =1,2,3, and k, where D,;(p) 1is the

diagonal matrix of the p largest roots of AiAi’ and Ui(p) and
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A A

Vi(P) are the matrices of the eigenvectors of AiA£ and A{Ai,

respectively, corresponding to the ©p largest roots; note Ai(k) = Ai

Thus, for example, Ai(B) = (311’321’33i)diag<dli’dzi’d3i)(XliZZIXBi)

3 d .u _.v”
t=] “Tti—ti-ti

For each ;i(ﬁ), Ri(p) = A‘Ai(p) (2 x2),p =1,2,3, and k, was

.

calculated, and the diagomal (L x %) mwmatrix, Ci(p) of the positive
square root of the eigenvalues of Ri(p)’Ri(p) were found, using the
SVD subroutine of IMSL (1975).

. 2
Then the statistic a was calculated as

E 4

~ ~ 2\
mi(p) =1 - (tr Ci(p))%/ﬁr AA tr Ai(p) Ai(p)’x p=1,2,3, andéc(mi(k)

(3]

m>).

a

- N

is calculated for sach of the Si(p) matrices so they can be

s
Le 1

comparad to determine the gain or loss of precision in the fitting o

the true spatial configuration of location points when the dimension-

ality of the space of the astimated location points has been raduced.
The process described above was reapeatsd 2000 times (2000 was taken

o be a sufficiencly large number zo give acceptad a2stimates of the nean

and variance of the statistics), znd the first four moments around the
. R 2, L . .
origin wers obtaized fcr a;(p), »=1,2,3, and k, and as well as Ifor =2ach
, . 2 . ,
oF the estimatad sigenvalues, ij*’ 3=1,2,...,4 - L.
. - 2 . .
Also, the histograms of =.(2), p=1,2,3, and k, and of d,.,,

-

[
[

i=i,2,..., 2 = 1, were obtained. The histograms and the moments wera

calculatad using a set of FORTRAN subroutines for generating and
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4., REPRODUCIBILITY OF SPATIAL CONFIGURATION -

DISTRIRUTIONAL PROPERTIES OF mz.
4.1 Results.

The statistic mz expresses the sum of squared distances of the
observed location points, represented by the columns of the v x 2
‘interaction matrix, A, after rotation and dilatiom, from the corres-
ponding true location points, defined by the columns of A, as a pro-
portion of the sum of squared distances of the true location points from
their centroid. Alternmately, 1 - mz is the square of the product
moment corralation between the elements of A and QH, whiere H 1is the
the rotation matrix. In these senses, m2 reflects the degree to which
an observed coufiguration of location points reproduces the original or
"true' configuration. An assessment of the reproducibility of a spatial
configuration and, consequently, the degree to which a classification of
locations according to cultivar by location interaction might be success-
ful is obtained by studying the distributional properties of mz for
diffarent parametric situations.

In Table 4.1 is presentad the observed means of 32, 3, based ou

2000 samplss, for diffsrent A nmatrices (spatial configurations) and
M v s =4

values of r, ¥ =

i=1 "1 ted=1

- 2 2 2
fﬂ 3=/ (52 37 + (2-1)(v=1)s7), where &, i=1,...,m,

are the non-zero eaigenvalues of Ad”, O < r < 1. Clearly, at the upper

Py

N 2 2

limitz of r, A =4A (g~ goes zo zero) and =@ = 0. It is clear Ircm
Table 4.1 that = is a monotonicallv dacreasiang function toward zero
from some upper limitc, b{(A) < 1, which depends on the parametric situa-
tion defined 5y A (Table 4.2). Also, frcm section 3.2 m™ 1is

rictlv lass than one with probabilisy one, and from the appendix E(a”)
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. 2 , s ,
. Table 4.1 Mean values of the statistic m for different interaction
matrices A (v x %), and different ratios T.

Relative sizes of the ratio (r)
v,% non-zero roots of A"A .001 .1 .25 .5 .75 1.0e
si - s% - sg > 0 597°  54s®  .457° .300° .145% 0.0
ai - a§ - 166§ > 0 6642 .596° 490 .315° .150%* 0.0
8,8 ai - 165§ = 166§ >0 L7217 634" .s11P .322° .151% 0.0
95% - 1663 >0 793P 652® L5410 354 .172% 0.0
si > 0 a48® .761° .630° .413° .202% 0.0
s2262=5250 6525 .579° 413 .209° 0.0
1= 85 = 95
" 8.4 62 = 8% = 1682 675¢  .582% .401C .204° 0.0
® 1% 3
si - 166% - l66§ > 0 694 .581% .393 .203° 0.0
ai > 0 .856° .219°
4,8 si > 0 .668° 171
4,4 5% > 0 L6644 .176¢

8Standard error of mean = 0.01.
bStandard error of mean = 0.02.
CStandard error of mean = 0.03.
d tandard error of mean = 0.05.

e
Besults for r = 1.0 are exact.
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Table 4.2. Estimates of the upper bound of m2 , b(A), obtained from
the linear regression of m on (1-r), where possible.

Relative sizes of the

non-zero roots of AA” 2=8, v=8 L=4, v=8 1=8, v=4 L=4 ,v=4
2=52- .. =48>0 .249%

62 =82 = 52> 0 .602 759 .286%

s2 = 52 = 1685 > 0 .657 769

s2 = 1665 = 1685 > 0 .698 776

967 = 1687 > 0 .721

52> 0 843 .856% .668% L6642

&alues for r = 0.001.
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is less than or equal to 1 - r, In Figures 4.1 and 4.2 are shown a
nearly linear relationship between m and 1 - r, for each of the A
matrices. 1In all cases, a linear regression through the origin of m
on (l-r) gave a good representation of the change in m for chang-
ing r, m = b(A):(l-r) . For a given A matrix, the regression
coefficient b(A) is the ordinary least squares estimate of the upper
bound of m for that A, (Table 4.2); The smallest coefficient of
determination obtained was R2 = 0.997 and the greatest difference
between the b(A) calculated from the regression and the valueé of m
for r = 0.001 was 0.023.

From Table 4.1, the mean value of m2 is functionally dependent on
the felative sizes of the non-zero roots of the AA”" matrix. (The
results obtained for mz were not changed when the values of the roots
of AA” were changed, while keeping their relative sizes constant.)

For a given value of ¢ and v, the mean of m2 is largest when AA~
has only one non-zero eigenvalue and smallest when AA” has 2 -1
equal eigenvalues. The mean of m2 for fixed 2 and v 1is not only
dependent on the relative sizes of the non-zero roots of AA”", but it
also depends on the number of non-zero roots. As the number of non-zero
roots of AA” increased, the value of the mean of m2 decreased.

Changes in v appear to have greater impact on m than do changes
in 4. When AA” has only one non-zero eigenvalue and 2 was changed
from 2 =8 to & =4, keeping v =8 constant, n changed very
little, from 0.848 to 0.856 (r = 0.001), but when v was decreased from
v=8 to v==4, keeping 2 = 8 constant, n changed appreciably
from 0.848 to 0.668 (r = 0.001). The same effect was seen when 2 was

kept constant at 2 =4 and v was changed from 8 to 4 (m for



Figure 4.1. The statistic @  against 1 - T, for each of the
8 x 8 interaction matrices A.
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= (0.001 éhanged from .856 to .664), compared to when £ was changed
from 8 to 4 keeping v = 4 constant (m for r = 0.001 changed from
.668 to .664).
After trying, unsuccessfully, to obtain

- 2
Eﬁnz) -1 -8 (tr A”AH) ’

tr AA“tr AA”

it was decided to approximate E(mz) by

E(tr A‘AH)2
tr AA” E(tr AA")

This was accomplished for the case where AA” has only one non-zero

eigenvalue, because in this case
s 2 2 2 ) -t - -
(tr ATAH)™ = (txr €))7 = tr C = tr ATAA A (A"A = WCZ”, H = ZW").
Therefore, when there is only one non-zero root,

tr(AA‘)2 + (Z—l)cz tr AA”

E@d) = 1 E(tr A AAAé) -1 5
tr AA” E(er 347 er AA”(tr AA7 + (2-1) (v=1)o®)
4 v 52 (oD o2
Y v -2
=l-=3 7. "y -1
(sl + (2=1) (v=1)0")

This approximation for the expected value of m2 was very close to the
observed values of m ; compare m = 0.843, 0.856, and 0.664

(Table 4.1, r = 0.001) with the approximation, E(mz) = (0.856, 0.856,
and 0.666 for the cases (&,v) = (8,8), (4,8), and (4,4), respectively.

2
It also can be proved that this approximation for the E(m”) when



- . 2 Y
AA” has only one non-zeroc root 1s an upper bound to E(@m”) for the
other cases of A matrices.

. 2 . o
The variances of m“ are presented in Table 4.3 for the different
ratios r, and for the various A matrices and Figure 4,3 represents
- ; 2 2 , oz
the plot of the variance of m”, V(m™), againmst T. The variances of
2 , . C s e .
a reach a maximum value when the ratio is in the vicinity ot Q0.1 and
0.25, depending on the A matrix. This interval for which the largest
variance is obtained also is the interval where the skewness of the dis-
, ; 2 ) f o
tribution of =~ changes from negative to positive (skewness
coefficients are not shown). As the number of locations 2 and the
; - . . 2 .,
number of cultivars v were decreased, the variances of increased.
, . 2 , . . . .
The increase in V(m“) is more drastic when v is decreased than when
ca 2 - - -
2 is decreased; compars V(m~) = 0.538, 1.136, 1.937, and 4.188 for
the cases (v,1) = (8,8), (8,4), (4,8), and (4,4), respectively.
In Figure 4.4 a-h are given box plots of the empirical distribu-

. p 2 - e A . -
tions of =°. The rectangular box extends from the Iirst to tie chixd
quartile with the median shown by the middle horizontal line. The two
norizontal lines above the box reprasent the 95th, and 97.3th percen-
ilas, respectively; the two horizoncal lines selow the box raprassent
che 3th and 2.5th percentilas, respectively. The () represents the
sxrrame obsarvations from the sample of 2000. The box plots have Deen

spaced according to the ratio r. From these, it is clear that the dis-

X3

e A - . . . B
Lridution 2oL @ cnanges rrom negative skeawness wnen T is small, <o

sositive skewness as r increases which is rafleccing the impact o zhs2

P

finite boundariazs on w . Also, as r increases toward one, and
and v are fixesd, the smpirical distributicms of a3 for those A
qatrices for which A°A have an aqual number of non-zero roots become

very similar.




Table 4.3. Variance of the statistic

2
m

different interaction matrices

and for

35

(multiplied by 100) for the
A(vx ),

different ratios r.
Relative sizes of the
v,% non-zero roots of A“A .001 .1 .25 .5 .75 1.02
2 2 2
52 = 65 = 63> 0 ,954  1.011  .950  .550 .140 0.0
2 2 2
5% = 85 = 1655 > 0 899  1.045 1.011  .581 .151 0.0
8,8 ai = 165% = 1682 > 0 .836  1.113 1.083  .600 .152 0.0
957 = 1652 .807 1.001 1.010  .607 .166 0.0
ai > 0 538 .891 1.029  .670 .190 0.0
2 2 2
§° = §%=6%50 1.437 1.612 1.429 .507 0.0
17 9% = %,
52 = 52 = 166% > 0 1.713  1.954 1.442  .467 0.0
9179
8,4
2 2 2
53 = 1655 = 1683 > 0 1.962  2.154 1.441 446 0.0
si >0 1.136 .507
4,8 ai > 0 1.937 401
2
44 87> 0 4.163 .959

a
Results for r = 1.0 are exact.



. 2
3. The variance of @~ (x 100) against the ratio (r),
for the 8 x 4 and 8 x 8 interaction matrices A.
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Figure

4.4

a-n.

The empirical conditional distributions of the
statistic mz, shown as box plots, conditional
m
i= i

Each rectangular box extends from the first to
third quartiles of the distribution of m? for
value of r. The middle horizontal line is the
median; the pair of horizomntal lines above the

b
] S 2
the value of © =)

LAt s aen (r-net

on

).

box

represent the 95th and 97.5th percentiles and the
pair of horizomtal lines Selow the box reprasent
the 5th and 2.5th percentiles. The () reprasents

the axtreme values in the sample of 2000.
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4.2 Discussion

With the characterization of the distribution of m2 given in
section 4.1, it is now possible to determine the effect of the various
parameters, within the limits of the parameter values used, on the
degree to which the configuration of the true points is reproduced by
the configuration of the observed points.

When the number of locations was decreased the mean of m2 is
changed very little (Table 4.1), but its variance increased (Table 4.3).
When the number of cultivars was decreased, m decreased, but the
increase in its variance was twice as big as the increase in V(mz)
when 2 was changed by the same amount. Therefore, the number of
cultivars used affects more the degree to which the true location
points are reproduced by the observed location points, than does the
number of locations.

From the box plots presented in Figure 4.4 a-h and from Tables
4,1 and 4.3, the distribution of m2 is seen to depend on the
A matrix, that is, the repeatability of the location points is seen to
depend on the configuration of the true points. As the dimension of
the space in which the true locaticn points lie is increased (X and v
fixed), the degree of agreemeﬁt between both sets of points increases.

Although it is clear from Figure 4.4 a-h that the distribution of
m2 depends on the configuration of the true location points, it is also
clear that as r approaches one, the distributions become very similar.
Also, as r approaches one, both the mean and variance of mz decrease;
hence, the reproducibility of the true location points by the estimated

location points is improved. Therefore, knowledge on the magnitude of
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r 1in a particular trial, used in conjunction with the conditional dis-
tributions of mz, would provide a basis for forming a judgment on how .
"successful" any classification would be. Two approaches might be taken.
Recalling that 02 = cg/n, prior information, if available, on the mag-
nitude of cg and the magnitude of the interaction effects can be used
in the designing of the experiment to make the ratio, r, as close as
desired to ome (by choiceof n). In the absence of prior information,
or the lack of opportunity to choose n, the experimental results them-
selves provide information on the magnitude of r.

Information on the magnitude of r in any one experiment can be

obtained from the f-ratio,

_ 88(a®)/(2=1) (v-1)
SS(ERROR) /n

f

from the analysis of variance where n 1is the degrees of freedom for

error. This f is distributed as a non-central F with (2~1) (v-1)

2

2
i .

/o

. ! .
and n degrees of freedom and non-centrality parameter A= %Zi=l 8

From Searle (1971),

(v=1) -1 f
(2-1) (v=1) + 2A

is approximately distributed as a central F with -
S = [(2-1)(v=1) + 2A]2/[(2-l)(v—l) + 4)] and n degrees of freedom.
The non-centrality parameter‘can be expressed as a function of r as

r(3-1)(v-1)/(1l-r) so that £(l-r) is approximately distributed as

te

}\=
a central F with § = (2-1)(v—l)/(l—r2) and n degrees of freedom.

Using this approximation, the null hypothesis HO: r =T against ‘
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Hl: r>r,  can be tested or altermatively, an approximate confidence

‘ interval estimator for r would be

P{F < (l—r)f < F } =

<p <l = =1 -qa, =-a
¢y 5 L £ £ ) 1 2

1-a

where &y and a, are the lower and upper tail confidence coefficients,
respectively. Now, this confidence interval gives information on T,
" , ; = . A ; ;
which in turn gives information on E(m™); that is, on tae degree to
which the estimated points reproduce the true points. Thus, a decision
rules as to whether or not omne should attempt classification of locatiouns
according to the cultivar by location interaction could be based on the
magnitude of the f-ratio of the cultivar by location interaction mean
‘ square to the error zean square once i decision is made as to what con-
. . 5 - 2
stirutas an acceptabls value oI T .
1

In the absence of direct information on the probability of "correct”

L ; . 2 s o
classification conditional on = , wnieh 1o Turn would be dependent on

[ 1

the clustering algoritim used a2nd on a somewnat arbitrary deiinition o

"

'.—A

what constitutss a ''correct' classificacion, one must resort to zecme-

rrical consideraticns in forming a judgment oun the desired magnitude o

I

k-

2
2. The % true location points are distribured in a = < (v-1)

verage squarad distance €O their centroid

1Y)

dimensional spacs with the

. -m .2 I . , i . .
veing ., 37/ . The sstimatead location points are distributad 3couc
che same centroid with the average squarad distance of a given sestimatad
. . .. . o 2 rm L2, _
point to its corresponding true pelnt being = g;_w 37/2 . Thus,
o A

2° = .25, say, impliss that the average squared distance of an observed



true points to their centroid. Letting the term "standard distance"
mean the square root of the average squared distance, and scaling so that ll
standard distance to the centroid is the unit of measure, the standard

distance between an observed and its true point is m=m = /;Z and the
maximum diameter of the configuration of true points is 2. Thus,
mg = ,25, or m = .5, would be sufficiently small to clearly differen-
tiate the more dominant axes in the location space with a high degree of
- ; ; , . 2
success. Classification applied to situations where m~ 1is of the
order 0.25 or less would be expectad to be successful and repeatable for
the dominant dimensiouns.
L. , = ) = 2 .
Joint consideration of the mean and variance of =~ for the Monte
.. . 2 - . . .
Carlo studies wnen v = 2 =8 shows m~ < .5 with approximate prooa-
bility .95 if r = .5 and m~ < .25 with approximate probability .95

r = .75, When v =8, 2 =4 the corresponding results were .

(1Y

-
g

(3]

. , i1z = - 2
m~ < .61 with approximate probability 0.95 if r = 0.5 and m" < .33
with aporoximate probability .95 if r = 0.75. Thus, it would appear

that requiriag r > .75 for 2 =8 and r > .8 (linear intsrpolation

from the box plots) for ! = 4 would suifice.

The minimum value of r needed so that che classiiicacion caa de

- 3 1 - 7 2 - faed B - 4
axpectad to be successiul (m~ < .25) <for the cases of 1 = 8 and

2 =4 weres .75 and .80, respectivaly. When the number of locations is
Setween % and 8, linear interpolation can be used to detarmine T, OT
she value of r for 2 =4 can be used to be conservative. When I
is greater than 8, it is clear that the minimum value of r nesded will

1

be smallar than .75, but from chis scudy iz is not possible to &

(1]
v
[

—y -
Talne

how much smaller. .



S1
The one-sided confidence interval of r 1is given by

1 , o . .
P(r > 1 - Fa) = 1 =-¢ where Fa ig the critical value of the F-

y)
dstribution with s = (2-1) (v-1)/(~-r”) and n degrees of freedom.

Since s depends on r, a point estimate of r must be used to he

~

able to determine Fa' A biased point estimate of =, r, 1is given by

1 - . Tt should be noted that the effact of the adjustment for T in

i

in s 1is to increase the apparent degrees of freedom for the numerator.
Consequently, conservative results are obtained by using (2-1) (v-1)

for s.
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5. EFFICACY OF USING REDUCED DIMENSIONALITY TO

CHARACTERIZE SPATIAL CONFIGURATIONS

5.1 Results

The m2 statistic as defined in the previous sections used the
full dimensionality (k) of the estimation space with no consideration
given to the relative contributions of the different dimensions to the
estimated interaction sum of squares. It is conceivable that reproduci-
bility of the true location configuration might be improved if some of
the minor dimensions of the estimated space which, presumably represent
only random error, are ignored. This is equivalent to counsidering, for
classification purposes, only the significant components of the inter-
action matrix as detected by, for example, Mandel's (1971) interaction
analysis.

To this end, mz(p) was defined as the standardized sum of squared
distances between the estimated location points in the reduced space
(of p dimensions, p =1, 2, 3, and k), and the true location points.
Any improvement in reproducing the configuration of true location points
will be reflected in a decrease in m(p), compared to = , with a
concomitant decrease, or at least not a. drastic increase, in the
variance of mz(p). Such a result would suggest that greater precision
in classification of locations on the basis of interactions would be
realized by using in the classification only the "dominant' dimensions
of the space of location points, which are represented by the columns of
the interaction matrix. If there is shown to be some advantage in

using reduced dimensionality, a second consideration is to define a
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reasonably consistent method of determining the "appropriate' dimension-
ality in any one case.

The mean values of mz(p) (Table 5.1), showed a clear tendency for
the minimum to occur when p corresponds to the number of dominant
eigenvalues of AA”. Thus, for example, when AA” had three equal non-
zero roots, the minimum a(p) (for those values of p studied) occurs
at p=3 for both r =0.5 and 0.75. In a few cases where this
pattern does not seem to hold it could be argued that the error variance
is small enough that the secondary, but non-zero, roots carry séme
information; for example, when r = 0.75 and AA” had one large and
two small roots, and when AA”~ had two almost equal roots, the minimum
m(p) occurs at p equai to the total number of non-zero roots. The
potential gain, in terms of reduced mz, ranges from trivial, when

0.5 and AA~ has three equal non-zero roots, to

=
]
<
L]

[0}
2]
]

approximately a 75% decrease in m(p) when AA~ has only one non-
zero eigenvalue. It should also be noted that the potential loss in re-
ducing dimensionality too much is much greater than any potential gain;
compare m(l) with (k).

The variances of m2 did not appear to have any distinct pattern
of change, when the dimensionality was changed (Table 5.2). & fairly
definite pattern did emerge, however, when the mean and the variances
were combined by using the value of the 95th percentile (Table 5.3). For
the three cases studied with 2 = 4, there was no advantage to be
gained in reducing the dimensionality below three. When 2 = 8,
however, there were distinct advantages of reduced dimensionality in

several cases. These results suggest that knowledge of the relative
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2 . . ;
Table 5.1. Mean values of m~ calculated using the first p eigen-
values of the estimated interaction covariance matrix, .

AA’, for the different interaction matrices A, and
different ratios r.

Relative sizes of the P
v,% non-zero roots of AA” T 1 2 3 k
2 2 2 .5 722 476 .293 .300
61 = 62 = 63 >0
.75 .688 .388 .107 . 145
.5 .602 274 .301  .315
6% = 6% = l66§ >0
.75 .547 .112 .131 .150
2 2 2 .5 247 .304 . 317 .322
8,8 61 = 1662 = 3.663 > 0
.75 .155 .151 L 141 .151
9 2 .5 .521 244 .320 .354
961 = 1662 > 0
.73 424 .080 144 .172
.5 127 .308 . 380 .413
2
61 > 0
.75 .042 .134 .179 .202
2 2 2 .5 .752 .545 L413
61 = 62 = 63 >0
.75 .708 .437 .209
5 658 L4148 401
8,4 67 =82 =1685 >0
75 579 .199 204
52 ) 1652 ) 1552 - .5 377 .397 .393
1 2 3

.75 .255 .215 .203
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Table 5.2. Variances of m2 calculated using the first p eigen-
. values of the estimated interaction covariance matrix,
AA®, for the different interaction matrices A and
different ratios r.

Relative sizes of the D
v,2 non-zero roots of AA” T 1 2 3 k
.5 .00146 .00470 .01293 .00550
2 2 2
51 = 62 = 53 >0
.75 .00029 .00061 .00147 .00140
.5 .00299 .01352 .00795 .00581
2 2 2 ,
61 = 62 = 1653 > 0
.75 .00039 .00117 .00173 .00151
2 5 2 .5 .00707 .00674 .00737 .00600
8,8 61 = 1662 = 1663 >0
.75 .00063 .00122 .00214 .00152
2 5 .5 .00898 .01321 .00737 .00607
961 = 1665
' 75 .00257 .00110 .00144 .00166
’ .5 .00591 .00639 .00675 .Q0670
§; >0
1 .75 .00057 .00121 .00168 .00190
.5 .00292 .00774 .01429
W2 .2 2
§, =198, = 53 >0
.75 . 00080 .00209 .00507
N 5 2 .5 .00647 .02196 01442
8,4 61 = 55 = 1663 >0
.75 .00146 .00532 .00467
2 5 2 .5 .02786 .01547 .01441
61 = 1662 = 1663 > 0

.75 .00328 . 00406 .00446
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Table 5.3. Values of the 95th percentile of the distribution of mz(p)

p=1,2,3, and k, for the different A matrices and

different ratios r.

Relative sizes of the

v, % non-zero roots of AA~“ T 1 2 3 k
.5 .798 .604 .514 .435
62 =52 = ag > 0
.75 717 .433 176 .214
.5 . 705 .507 463 .450
Si = 6§ = 1662 >0
.75 .585 .175 .207 .220
’ 2 5 .5 .402 L4487 466 454
8,8 61 = 1662 = 1663 >0
.75 .203 .215 .225 .222
9 p .5 .699 477 474 .488
961 = 1662
.75 .530 142 .212 . 244
? .5 .273 447 523 .550
dl > 0
.75 .087 .195 .253 .279
2 2 .2 5 .859 .708 .620
61 = 32 = 03 > 0
.75 .764 .518 . 336
5 5 2 .5 .812 681 611
8,4 Si = 55 = 1663 >0
.73 .652 .330 .325
.5 .709 .624 .608
52 = 1662 = 1663 > 0
.75 .310 .331 .327
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magnitudes of the roots of AA” would provide a basis for determining
the appropriate dimensionality.

The dimensionalities suggested by the above were ¢ompared to thosea
obtained by applying Mandel's (1971) partitioning of the interaction
sum of squares, SS(aB), for the different cases of A matrices. The
results obtained applying Mandel's (1971) partitioning to the average
results are given in Table 5.4. The numbers in the table are what
Mandel calls the "mean squares'for -the partitioned intesraction eifects
divided by the error variance, namely di/vicz , wWhers Vi Mandel's

"

estimate of "degrees of freedom', is the ith eigenvalue of AA” when

d
2 . , R
A=0 and ¢ =1 (these values of vi can be cbtained from a

U
[1}]
(o
._.A
{L

in Mandel (1971)). Thus, the values should be approximately 1.0 if that
root is reflecting ounly random error. The vertical lines in Table 5.4
mark the partitioning which was done; only the =2igenvalues to the lait
of the linmes will be used. To determine the cut-off point, the critical
values of the F-distribution. (a2 = 0.05) with v, and 1 degrees of

freedom was used. Since the error degreaes of Irsedcom wers 1ot Xnown 0

icion obtained was acceptabla. "Onlv che resulcs for che cases

“QJ
1]
2]
(n)
._A
1

in which r is greater chan or equal to .5 were presentad, decause,

[1)]

/.

as was raportad in section 4.2, thers would be littls interest in doing

4

cion of enviromments unless intaractions wers ralativelr

[
T

a classific
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5.2 Discussion

The mean, together with the variance of mz(p), and the value of
the 95th percentile of the distribution of m2(p) were used to deter-
mine the "best" p, and the gain in precision to be realized by reduc~
ing to p the number of eigenvalues of AA” used. When £ =8 and
AA” had only one non-zero root, it was advgntageous to use only the
first root of AA“ because both the mean and the variance of mz(l)
were the smallest. ﬁy going to one dimension in such cases, 5(1) was
reduced to about 1/3 to 1/5, depending on r, of the original m. The
variance was reduced only slightly when r = Q.5, but by 2/3 when.

r = 0.75. Therefore, precision is gained by using only the first root
of @é‘, in this case. When AA~ had two almost equal eigenvalues and
r = 0.75, there is a similar result; both the mean and variance of
m2(2) are the smallest, 2m(2) = o

Comparing the values of the 95th percentile of the distribution of
mz(p), p =1, 2, 3, and k, the "best'" p coincided, in general, with the
aumber of dominant roots of AA° . Therefore, in general, the reproduc-—
tion of the spatial configuration is improved by reducing the dimension
of the estimated location space to the number of ''dominant" dimensions
of the true space when % = 8. Wheﬁ 2 = 4 there seems to be no advan-
tage in reducing the dimension of the space.

Mandel's (1971) approach gave a partitioning of the interaction
effects which was similar to the above. While Mandel's (1971) partition-—
ing was done on the average of 2000 rums, not on the individual trials,
the results suggest that this criterion for partitioning the interaction
sum of squares into a significant part, would be useful for gaining pre-

cision in the classification of locations by reducing the dimensionality
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of the estimated location space. How reliable the procedure is when

Mandel (1971) is applied to a single trial is a problem that will need

further investigation.
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6. MEANS AND VARIANCES OF EIGENVALUES ESTIMATED

"FROM v x . INTERACTION COVARIANCE MATRICES

6.1 Results

Since the eigenvalues were used as the basis for reducing the
dimensionality of the estimated location space, the reliability in the
estimation of the eigenvalues is basic to the decision as to how much
the dimensionality should be reduced. Because of this, the means and

A A

variances of the eigenvalues of 3A“ for differemt A matrices were
studied.

The means of the eigenvalues of AA~ standardized by E(tr AA7),

N

Si , estimated from the Monte Carlo study are presentad in Table 5.1.

. . £ . . " . ,

The i%? eigenvalue (normalized) of all AA® converges, as the ratio =

goes to zero, to a poiat determined only by the dimensions of the matrix
e - 42 . . . .
A, v and 2. These limiting values of di give the sample values ol
the distribution of the eigenvalues of a (v=1) x (v=1). Wishart matrix
with (2=1) degrees of freedom and associated covariance matrix 13

v a= - 2,2, .
(Mandel (1970)). Therarore, al/s (when t = 0) were comparad to

{1

jomit]

()]
Tt
o
‘A

sablas for cthe largest eigsmvalues of the Wishart matrix (Cl
(1971), Schuurmann, 2t al. (1973))7, and they wers Zound fo agree ub =0

rwo decimals.

2
The values oI ST far the case of no interacticn, ¥ = 0, are
given in Table 6.2 for several choices of ! and v up o 1 =V = 8.
B q ) Tt Py N 7 4 N7 1 2 12,’2
These values, multiplied oy (2-1) (v=1), (2=1){(v-1) ST = :l’: , warse
. e

olotted against (4-2) (Figure 5.1). A regressionm through the origin of
Py N -\ 42 s 4t - - N 1 Y

(2=-1) (v=1) $; = (=i + 1) on iv=i (r(a) - 1), r(a) -1, nd
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Figure 6.2. The largest aigenvalue of AA (standardized), S,

against the ratio, r, £for each of the 8 x 8 and
8 x 4 intsraction matrices A.
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Table 6.2. in the case where there is no
interacticn, & =70, for different choices of - %
and v.
N 1 3 4 5 6 7 8
2 1 1 1 1 1 1 i
3 l_ .9098 .85351 .8029 .7802 .7501 .7310
4 1 .8551 .7563 .6981 .6596 .8345 .6096
5 1 .8029 .6981 6434 .5960 .5649 .5388
6 1 .7802 6596 .5960 3474
7 1 L7501 6345 .5649 L4822 4533
3 1 .7310 .6096 .5388 L4553 4271
2 and v changed, RZ = .9998. The regression equation obtained was
2 2 2 N ¢ | I N !
(l-l)(v—l)Sl = dl/c = 2.,83(r(A)-1){.08Lljv=-2; + .029(r(A)=-1) + L:
+ (|v=2| + 1)
where r(i) is cthe rank of ;.

The limiting resul:s as

>

IS

approaches one are the standardized

_~na

values of the parzmetric esigenvalues of the AA”~ matrix. This is
. - p . Lo . .2 -
illustrated in Figure 4.2, where the mean values of 51 for the
differ=snt A matricses are plottad against the ratic . learly, the
. . L2 a4 . .
largest values of 5, are obrained when A“A has only one non-zero ro0L,
and the smallest values are obtained when AA~ has (1-1) equal non-
zero roots, as is sxpectad.
. . - 2 -
Table 6.3 presents the values of the variances of S, when A =0
, ] . ; . . P 2

(r =0). As 1 and v increasad, the variances of Sl were mono-—
tonically decreasing, 2, v > 3, as did the mean. TFrom a regrassion



73

through the origin of (l-l)z(v-l)zv(Sf) on [(2.—2)(\7-2)];i it was
) 1
obtained that (2-l)z(v-l)2v(S§) = v(di/cz) 2 5.26[(2-2)(‘:-—2)]'i ,

2 . . &2 .= - .
R° = .988 . The variance of S, , for the different cases of A matrices

1

and values of r are presentad in Table 6.4. The same effects as in

Table 6.3 are seen . As L decreased from 8 to 4 the variances of

Si increased. TFor the cases where AA”® had three equal roots, two
large and one small, or one large and two small, the variances of Si
and Sé for © = 4 varied from 2.4 to 3.6 times as large as for 1 = 8.

. . R 2
When 2 and v are fixed, the variances oI Si appear to reach a

maximum in the region of r = .1 to r© = .25 and then monotonically

. . 2
decrease to zero as r increases te 1.0. It is also clear that Sl

always has the largest variance.

' - . - 2
Table 6.3. Values of the variance of S in the null case,

for different choices of 2 and v.

N2 3 4 5 6 7 8

2 0 0 0 0 0 0 0

3 0 L4170 L2606 1692 1242 1013 .0853
4 0 .2606 L1441 .0940 .Q710 .0576 L0466
50 1592 094Q .0636 L0452 .0363 02847
6 0 <1242 .Q71Q 0432 .Q312

7 0 .1013 .0576 .0383 .0180 0131
8 0 .0839 0466 .0284 0152 L0118
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The last column of Table 6.1 shows the sum of the means of the S%,

i
2

5 over the 2000 runs. From formula 3.1 it

that is, the mean of Z:=l S

is known that the expectation of this quantity is ome.
k
E Zs§=1.
i=1

In the cases presented in Table 6.1, the observed means are slightly
greater than one, but not significantly so. The fact that almost all
are greater than 1.0 reflects the fact that the same random error samples

were used for all cases having the same values of 2 and V.

6.2 Discussion.

It is clear that the means of the eigenvalues of AA” depend omn the
relative sizes of the non-zero eigenvalues of AA”, where A is the
true interaction matrix, and within each case of A matrix, it depends

. 2

on the error variance o°( or r). In the case when T approaches zero,

. . ; , . 2,2
an approximate relation to characterize the mean and variance ot dl/o

: . s - 2,2
was obtained. The importance of these limiting values of di/o is
seen in papers like Mandel (1971), who uses these values to test the
. ; 2 2 2,2 |
hypothesis that E(di)/vi = o~ where v, = d;/o” in the null case, and
then partitions the interaction according to the result of the test.

2 . o .

Only those di for which the hypothesis is rejected are kept. When the
values of vy obtained from the Monte Carlo study were compared to the
values of vy presented in Mandel (1971), they agreed to ome or two
decimal digits depending on & and v. As explained in section 3.1,
Mandel's partitioning can be used to reduce the dimensionality of the

space where the estimated location points lie.
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The eigenvalues are used to determine the partitioning of the inter-
action effects, that is, to reduce the dimensionality of the estimated
location space, hence the precision with which they are calculated is
basic to the precision in the decision made in reducing the dimension-
ality. Therefore, since the eigenvalues are estimated with greater pre-
cision when the ratio r is close to one, or equivalently when the ratio
of the interaction mean square to the error mean square is large, the
closer r 1is to one, the greater the precision in the decision made in
reducing the dimensionality of the estimated space. (The confidence

interval estimate of r 1is given in sectiom 4.2.)
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7. SUMMARY AND CONCLUSIONS

Analysis of two-way interaction matrices is of interest for many
reasons. In this particular study the motivating objective was to assess
the degree to which the true spatial configuration of locations, as
defined by the cultivar by location interaction effects, 1is reproduced by
the estimated interaction matrix. The ultimate purpose was to define
conditons under which it would be reasonably counsistent and successful
to classify locations so as to minimize within cluster cultivar by
location interactions.

A Monte Carlo experiment was carried out to study the repeatability
of the configuration of the 2 location points each represented by a

(v x 1) vector of estimated interaction =2ffects. This repeatability

2 , . . 2
was measured by the statistic w~, a standardized versiom of R _. .,

min
(Gower (1971)), which measures the degree to which the astimated inter-
action effects in any trial raproduces the ctrue, or parametric, spatial
- . s o 2 , . s .

configuration. This statistic, a~, 1s the standardized sum ot squared
distances of the observed locatiom points, aftar rotation and dilatiom,
Irom the zorrespouding true ocoints. The racionale for allowing rotaticn
and dilation in the assessment of repeatability was chat any consistant
classification procedure would be dependent only on rslative distances

between locatiouns, not on the absolutes distances, nor on the orientation

the configuration.

(o]
Hn

The two aspects of the problem with potsntial impact on the dehavior

a were the nature of the true spatial configuration of the locaction

[#]
rn

P

and the relative importance cf cultivar 5y location iateraction

he]
(o]
'—l.
o
rt
(1]

(X1

scts,

to the experimental error in the estimation of the intaracction af

rix of zrue

3
o
{2
o

<
“r
oy
o
2]
o
T

The true spatial configurations were .defin
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interaction effects, A(v x 2). The three dimensional figures used for
the configurations of the true location points were rectangular paral-
lelepipeds. The relative sizes of the sides of the rectangular paral-

2 2

lelepiped were controlled by choice of the eigenvalues of AA~, 61, 62,

and 62. Such a definition allows for spatial configurations ranging

3
from all locations being ''equally' spaced in three dimensions, if
a
6; = 6% = 6%, to increasing degrees of similarity of pairs or quadrup-
lets of points as 6% and 6§ decrease in size relative to Si . The

relative importance of the interaction effects to the error variance was

controlled by specification of the ratio

m m
r= ] 63/ ] 8+ (1D (Do

i=1 =1

where 02 = Gi/n is the variance of the estimates of the cultivar-
location means (yij.)'

In any specific classification problem, 2 and v are known and
completely under the control of the researcher. The ratic r 1is not
known a priori but is subject to some control by the researcher in the
choice of n and may be estimated from the data. The true spatial con-
figuration, however, is completely beyond the control of the experimenter
and all information derives from the data.

The statistic mz measurad the degree to which the data reproduced
the true spatial configuration in our Monte Carlo studies but, in any

2 . 2
set of real data, m cannot be computed. Therefore, since m was not
uniformly small enough over the cases studied to provide a uniformly high

degree of success of classification, criteria must be developed for judg-

ing whether or not classification would be reliable.
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The study of mz showed that m, the mean of mz, was a mono-
tonically decreasing function of r toward zero from an upper limict,
b(A) < 1, dependent on A. In all cases of A matrices studied, a
linear regression through the origin of a on (l-r) gave a good fit,
m = b(aA)+(l-r). The distribution of mz depended on the number and
relative sizes of the non-zero roots of AA’. However, as Tt increased
toward one these differences in the distributions decreased to the point
that all cases studied, for a given 2 and v, gave satisfactorily low
values of m2 for nearly the same values of tv. Thus, specific;tion of
an upper bound on mz can be translated, for practical purposes, into
specification of a lower bound on r, conditional on the values of 2
and v.

A confidence interval estimate of r can be calculatad by using
the‘approximation of a non-centrzl ¥ distribution by a central ¥ given
by Searle (1971). The ratio [ = ¥S(interaction)/MS(error) 1is distri-
Suted as a non-central F with (2=1)(v=l) and n degreses of Zrzedom

(7 are the error degrzes of freedom) and non-cantrall

..4
or
3
9
o
g
o
(n3
M
"
-

and (2-1) (v=1)£/0(2-1) (v-1) + 23] 1is approximately distributad as 2

v

,
[(2-1)(v=1) + 2217/0(2=1)(v-1) + &3l and 7

]
[
3
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H
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(oW
(o]
g

dagrees ¢ This can be axpressed in zerms of r

. ™

j 2
is aporoximately distributed as a central T with (2=-1) (v=1)/(1-c7)

and n degrzes of freedom. A poiant ascimate of r, r, can be calcu-
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To determine what constitutes a desirable value for m”~ a geome-
2
tric argument was given in section 4.2, and it was decided that an a”

mz < .25 was "sufficiently" small.

The distribution of m2 was seen to change as 2 and v were
changed. The effect of varying % was greater than that of varying v
when the values of the 95th percentiles of the distribution of mz for
the ratios of interest were compared. When v was changed keeping 2
constant, and r > .75, the change in the value of the 95th perﬁentile

of m2 was almost negligible. For the cases of 2L studied (=8 and
2=4) the minimum value of r necessary so that mzli .25 with approxi-
mate probability .95 was .75 for 2=8 and .80 for =4, For values

of 2 between 8 and 4 a linear interpolation can be used to detsrmine r.
For 4 greater than 8 it is clear that a smaller value of r would be
permissible, although, fPom the cases studied, 1t is not possible to

make any inference on how much smaller the value of r will be for 2
greater than 3.

Another problem discussed was the relative gzain or loss of oracision

o9

in the classification when the dimension of the space of estimatad loca-

W

tion pointcs 1s raduced to iaclude only the mora important dimensions as
reflaectad ia the 2igenvalues of the- intaraction covariance matrix.
The Montz Carlo re2sults clearly indicate that thers are situatiocns

cabiliszy of the spatial configuration is improved by imposing

jo
[
s
5]
[
o]
o
s
v

(L

a reduction in dimensionality on the astimation space. 1t was

eneral for the cases studied, that when the dimension

[aW
[
T
tl)
H
'-‘-
s}
)]
.
'-l
s
0g

[t
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of the space cof timated poings was resduced so that it coincided with

oiats,

'

the number of dominant dimensions of :Zhe spacs ¢f true location

there was an improvement in che reoroducibilicy of the true points by
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the observed points. But it was also found that it is better to keep

more dimensions than optimal than to keep fewer. To reduce the dimen-
sionality in a specific problem requires information on the eigenvalues
of the interaction covariance matrix, and it appears that comparison of
the estimated eigenvalues to their averages in the null case (no inter-
action effects), provides a basis for judging what dimensionality should
be used. This approach is explained in Mandel (1971) where he also
provides a table of expected values of the first three largest eigen-
values of the interaction covariance matrix for the null case. ‘To make
the decision as to whether or not the dimensionality should be reduced
the hypothesis E(di/vi) = 02 is tested where di is the ith eigen-

value of the interaction covariance matrix and v, is the expected

: . , 2 ,
value of the ith eigenvalue in the null case, g is the error variance.

If the hypothesis is not rejected, then that component of the interaction '
k .
sum of squares [zi=l di] is assumed to be random error. Therefore,

now SS(aB) = Z?=l di for some k” < k, and since the number of non-

zero eigenvalues of the covariance matrix reflects the dimensionality of
the location space, the dimension of the estimated space has been
reduced. Mandel (1971) uses as a cut-off point to determine the parti-
tioning that point in which there is a 'jump' in di/vi, and the d.;.'_/vi
below this point are declared as random error. In section 5.1, the
table of the F-distribution was used to test these hypotheses, and the
conclusions obtained using this F table agreed with the conclusions
obtained by using the statistic mz(p), p =1, 2, 3, and k.

Recognizing that only a small part of the parametric space has been

studied, the results suggest that, when presented with a real problem

the steps to follow to determine whether or not a classification of
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. locations according to the cultivar by location interaction and a reduc-

tion in dimensionality should be attempted ars:

£

Perform the analysis of variance.

Using MS(AB) from 1 calculate £ = MS(AB)/MSE and test

HO: r =T against le r > by using the approximation
f(l-x) * Fy n where s =(l-l)(v—l)/(l-r2) or compute an
3 I

approximate confidence interval estimate for r

.
Fl-a Fal]
Pl - <r<l-—é—l=l-al-a2.
)
If r is sufficiently large, say r > .75 with probabilirty

l-aand 2>8 or r> .75 and % <21 < 3, then proceed to
step 4. Otherwise stop.

Calculata rthe interaction covariance matrix and deccmpose 1t
according to the singular value decomposition.

Test the "significance' of the eigenvalues of the interactic
covariance macrix 5y using Mandel (1371) or any similar proce-
dure.

Recalculats cha interaction covariance matrim 35y usiag only the

"significant” eigenvalues, and proceed to do the classificaticn

using this mactrix.
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9. APPENDIX

AN UPPER BOUND FOR THE EXPECTATION OF mz

In the following it is proven that 1 - r 1s an upper bound for the
expected value of the statistic m?, and moreover that the bias in mz,
if any, is negative.

Given that m2 =1 - (tr A‘AH)Z/(tr AA“tr AA®) where
E(A) = A(v x 2), and E(tr 84°) > 0, A“A = WCZ” where W 1is the
(2 x 2) matrix of the orthonormalized eigenvectors of (A‘S)(A‘&)‘,
WW=WW" =1, 2Z 1is the (L x &) matrix of the orthonormalized
eigenvectors of (A’A)‘ (A’;), 272 = 22° = 1, and C2 isa (1x2)
diagonal matrix containing the eigemvalues of (A‘&)‘(A‘;), and

L - *“‘ 1 2
H=2W"; r=zr AA"/E(tr A7), then E(m™) <1 -r

Proof:

From Schwarz's inequality (see Hoel, et al. (19710,

2 2
EZ(XY)_i T(X") ' E(Y®) and equalicy holds if and only if P(X = ay) 1

[}

Ny

for some constant 3.

Lat
tr A7AH . \ N
X = =———— and Y =7z AA
Yrr AA”

Then,

2 A e AaRC N
E%(tr ATAH) < E|= : T(Vtr AAT) T
(Ytr AAT)

and 2quality holds if amnd only if
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avtr AA”

/ ~ A

P rr A°AH - f__———} =1
v tr AAT

for some a. Therefore,

2 a4 ey &
E-(er A7AH) (exr A7AH) 1._ - 35
tr AAT - Eltr an”er 447 E(er aa%)

2 R
E (cr ATaH)  _ 2

(tz A‘@H)Z 1 N - .
oy im

E — s
ler AL ex &.A’_i =~ E(ecr AA7) -tT AA7

where QA 15 is the correlation coefficient betwenn the elements of A
sy
and AH. 3But now the laft hand side term of this inequality is equal

to 1 - E(mzj. Therefore,

) > o0 » and equality holds

i

if and only 4if P{cr A“AH = 2 tr AA"} = 1 or equivalently if zand only
2

if 21l - =a H tr AA°) = 1 for some comstant o.

: . ., 2 .
Yow, to prove that E(m) < 1 - r we need to prove that

2
T . > 7, The proof of this is as follows:
A,aH —
2roof.
Iz was given that A°A = WCZ®, and WW™ =WW=1=171"2 = zz°,
4= 7ZW" .
. o7y ﬁ =i . W e N g
Then =:tr(A7AH) = ¢ C = iiay S and tr(d’A) = x(WCZ®) = £z CZ7W.
. — P . - .y - o1 2 -
Let T =2"W. Then TI°T =L, and therefors ', . S, = 1 for
NTa e
all i, which impliess that .t{k: <1 for all i and k.
So we have
2 o 2
.o . - ol 1 i
tr AA = tr CZW = ¢¢cxr CT = - c¢c.t < le it 2L sy
- i7ii — (= 71 it =— &
: i=1 i=1 = i=1
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Therefors, tr(a”A) < tr C = tr A“AH which implies
0 < E(tr A%A) = tr A”A < E(tr A”3H)

All terms are positive, so both sides can be squared,

(ex (a"A) 2 < EX(er a7AE)

g2 (er A“AH)

2 2t
(er A7A)
2 .1 .2 a7
E-(tr A“AH) _ _ET(er ATAH) 2
2 P T . AT
(tr A7A) tr ATACE(tr AA7) ’*
So
02 T
YALAH - 7
Therefors
@) <1 -o; 1
- -0 A,< -7
o > y-\,Aﬂ.—
. . . 2 sy 2 2 . —— .
Also, the bias of 1 -2, E(l-27) - 5y iy » can be seen £o0 Je& Freaclar
A,

chan or 2a2qual Lo zero,



