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RAYMOND NELSON SPROULE. A sequential fixed-width confidence interval
for the mean of a U-statistic. (Under the direction of

W. J. HALL.)

Preliminary properties of a U-statistic Un’ introduced by

Hoeffding (Ann. Math. Statist.'lg (1948) 293-325), are developed along

with an investigation of several related statistics.

The problem of estimating n Var{Un} is considered in some detail,
with emphasis placed on the asymptotic nature of the estimates. Two
prime candidates emerge each possessing good asymptotic properties.

Hoeffding (Univ. of North Carolina, Inst. of Statist., Mimeo
Series No. 302 (1961)) showed that a U-statistic may be expressed as
an average of independent and identically distributed random variables
plus a remainder term. A Kolmogorov-like inequality for this remainder
term is developed and its (a.s.) convergence properties are examined.
These properties are then related to the U-statistic. In addition,

using a result of Anscombe (Proc. Cambridge Philos. Soc.fﬁg (1952)

600-607), the asymptotic normality of UN’ where N is a positive
integer-valued random variable, is established under certain conditions.
Equipped with the preceding results, a sequential fixed-width

confidence interval for the mean of a U-statistic, having coverage
probability approximately équal to some preassigned ¢, is developed.
It is also shown that the sequential procedure (or confidence interval)

is asymptotically efficient, in the sense of Chow and Robbins (Ann.

Math. Statist.’éé (1965) 457-462),
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CHAPTER T

INTRODUCTION

Our primary goal is the development of a sequential confidence
interval for the mean of a U-statistic, having fixed-width equal to 2d
and coverage probability approximately equal to some preassigned o,
where 0 < @ < 1. The problem was solved by Chow and Robbins [3] for
the special U-statistic, the sample mean. Starr [16] evaluated the
Chow and Robbins [3] sequential procedure, assuming that the under-
lying distribution is normal, and concluded that the procedure is
reasonably consistent and efficient for all values of the variance of
the underlying distribution. Generally speaking a U-statistic is a
generalization of a sample mean. This is clearly revealed by a de-
composition due to Hoeffding [9] and which we refer to as the H-
decomposition. By means of this decompositiqn a U-statistic Un can be
expressed as the sum of a sample mean and a remainder terﬁ Rn'

In Chapter II, notation, concepts and preliminary results used
throughout this work are developed. In addition to an examination of
the H-decomposition, two important statistics are introduced, the
W-statistic and the Z-statistic.

In Chapter III we consider the problem of estimating the variance
of a U-statistic. Two estimates, Sén and sin, of n Var{Un} emerge as
prime candidates - based on the W- and Z-statistiecs. It turns out that
Sén is slightly superior theoretically, but that Szn can be calculated

much more easily, in general. Therefore, both estimates are used in



Chapter V to define sequential procedures.

In Chapter IV a Kolmogorov-like inequality for U-statistics is
established. Also, it is shown that the remainder term Rn converges
to 0 in a strong sense. However, the main purpose of Chapter IV is to
develop the asymptotic normality of a U-statistic based on a random
number of observations, in the fashion of Anscombe [1]. This result
leads to the asymptotic consistency of the sequential procedures
offered in Chapter V.

In Chapter V, equipped with the results of the previous chapters,
we present a sequential confidence interval for the mean of a U-
statistic. The confidence interval has fixed-width and is asymptoti-
cally consistent. Making use of the fact that U-statistics are reverse
martingales, the asymptotic efficiency of our sequential procedure is
established, in much the same manner as Simons [15]. The theory is
illustrated explicitly by obtaining sequential (non-parametric) fixed-
width confidence intervals for (1) the population variance and
(2) the probability of a concordant pair of observations in sampling
from a bivariate population.

As a secondary goal, it is hoped that the techniques and results
developed here can be used to extend other sequential procedures
already available for the sample mean (where the variance is unknown)

to the case of a U-statistic.



CHAPTER TII

PRELIMINARY CONCEPTS AND RESULTS

2.1 Introduction. U-statistics, as well as some related
L e e e o W o o e e
statistics, are defined and some relevant properties are presented.
A particular emphasis is placed on a decomposition of a U-statistic

due to Hoeffding [9], and referred to as the H-decomposition.

2.2 Functionals. We now introduce some basic terminology
following closely the lines of Hoeffding [7]. Let ® be a subset of
the set of all c.d.f.'s defined on a finite-dimensional Euclidean
space. Suppose that the random variable X has c¢.d,f, F € 8. We say
that "©(F) is a functional of F defined on " if for each F € § a real
number O(F) is assigned., A functional 6(F) is ''regular over {" if

there exists a positive integer n and a function ¢(x1,---,xn) such that
f...j¢(xl,...,xn)dF(xl)...dF(xn) = O(F)

for each F € 8. 1In such a case ¢(x1,--~,xn) is said to be "an
unbiased estimate of ©(F) over ¥'". Let r be the smallest number of
arguments required for a fgnctidn to be an unbiased estimate of O(F)
over 8, Then r is said to be '"the degree of ©8(F) over " and the
function ¢(x1,---,xr) is referred to as a "kernel of the regular
functional 8(F)". Clearly, for any regular functional 6(F), we can
always find a kernel which is a symmetric function of its r arguments,

namely,



(£ TIE B(x,, beeeax,
1 r

)

where the summation is over the r. permutations (al,---,ar) of the
integers {1,2,++-,r}.

For example, suppose § is the set of all c.d,.f.'s defined on the
real line and having finite variance. Let O(F) be the variance of the

random variable X having c.d.f. F € 8. Then

8(F) = I(xi-xlxz)dF(xl)dF(xz)

2 , 2,5 .
so that ¢(x1,x2) =X - X%, is a kernel of 6(F) and (xl-xz) /2 is the

corresponding symmetric kernel,
Hoeffding [7] shows that a polynomial in regular functionals is
itself a regular functional. This useful result has a very straight-

forward proof.

2,3 U-statistics. U-statistics were introduced by Hoeffding [7].

Let X ---,Xn be independent and identically distributed random

1°72°
variables (henceforth referred to as I.I.D. random variables) having
c.d.f. F. Let f(xl,oo-,xr) be a function of r arguments. Then a
U-statistic is defined by

Uy = UGk e s = [RaD) s ori) 178 £ ook )

where the summation is over all permutations (« ,-'-,a}) formed from
the integers {1,2,.++,n}. We refer to f(xl,--o,xr) as a "kernel of
the U-statistic'., Notice that Un is symmetric in X sKgs et oX o Also,

if f(xl,---,xr) is a kernel of a regular functional 6(F) over § then



Un is an unbiased estimate of ©(F) over 8. Let fo(xl,---,xr) be the
symmetric function corresponding to f(xl,---,xr). We can then write

. n -1 (n r) e oo
Un - (r) £ fo(xozl’ ’xozr)

where Z(n,r) represents here, and in the sequel, the summation over all
the combinations (al,---,ar) formed from the integers {1,2,-+-,n}. We
refer to fo(xl,---,xr) as the "symmetric kernel" of the U-statistic,
Assume from this point on, without loss of generality, that
f(xl,o--,xr) is symmetric in xl,xz,'--,xr.
We now introduce regular functionals denoted by p ﬁhich piay a

central role in what follows, Assume that the symmetric function

f(xl,---,xr) has existing expectation for F € 8, Write

e = o(F)

6{Un} = 6{f(xl:°"’Xr)}'
Define

*e,X )}

fc(xl""’xc) = a{f(xls"’9xc3xc+1" r

for ¢ = 1,2,¢+e,r. Note that fr(xl,---,xr) = f(xl,--o,xr). We

interpret 6{f(x1,-.-,xc,X --,Xr)} as the expected value of

e+l

« X N

f(Xl,-~-,Xr) given that X --,Xc are fixed at the values Xps0 0¥,

1’
respectively. Notice that 6 = €{fc(X1,---,Xc)} for ¢ = 1,2,+°°,r,

Define
pc = Var{fc(Xl,°-°,Xc)}

for ¢ = 1,2,***,r. In particular f (x;) = 8{f(x1,X2,---,Xr)} and
Py = Var{fl(Xl)}. Now p. = p (F) is a polynomial in regular func-

tionals of F, and so, is itself a regular functional of F,



if e{f(xl,---,xr)}2 < w, then Hoeffding [7] shows that the

variance of Un is given by

-1 -
() (o) Go) e

1

(2.1) Var{Un}

n

it

rzp1 + O(n-z)

for n > r. This result is generalized in Theorem 2.2 below. In
Chapter III we consider the problem of estimation of the regular

functional 02 = rzpl. The following lemma appears in Hoeffding [7].

LEMMA 2.1. Assume 6{f(X1,"',Xr)}2 < e, Then
(1) 0<op, /e gpy/dforlge<dgr,

.. 2
(ii) r pl/n‘s Var{Un}.S rpr/n,

(iii) n var{U_ } is a non-increasing function of n, and
. 2
(iv) var{u }=p_ and lim = var{u } = r'p,.
We now introduce notation which is used to represent the covari-
ance between two U-statistics, Let Xl,Xz,---,Xn be I.I.D., random
variables, and let f(xl,---,xr) and g(xl,---,xs) be two symmetric

functions with r and s arguments, respectively. Define

fC(Xl’...’XC) 8{f(x1’-o-’xc’xc+l’-.o’Xr)}, CcC = 1,2’ono’r’

1,2,¢%-,8,

It
]

gd(xls"‘:xd) 6{g(xl’.'.’xdfxd+l’...’XS)}’ d
and
gc = Cov{fc(xl’...’xc)’gc(xl’...’xc)}’ ¢ =1,2,,min(r,s).

Define two U~statistics by

ny -l (n,r) .
U, = <r) z f(xozl’” ’onr)



and

)

s

<:1) -1Z(m’s)g(x31, e ’XB

where n > r and n > m > s,

THEOREM 2.2. Assume e:{f(xl,m,xr)}2 < @ and a{g(xl,---,xs)}2<m.

Then, for m < n,

()R (D) ()

n-lrsg1 + O(n-z).

Cov{Un,Vm}

PROOF. First

COV{U ,V } = ( ) -1< ) 1 (n T) Gn S)Covff(xa ’...’Xa ),80% ,.H,XB)},

1
o's B 1 r 1 s

Now, for each combination (B1,°--,BS) formed from {1,2,:+:,m}, the
total number of combinations (al,---,a}) formed from {1,2,¢**,n} and
having exactly c¢ suffixes in common with (Bl,...,BS) is (i:) (r-c ,
where ¢ = 0,1,°++,min(r,s). Notice also that Cov{f(Xal,°--,XQ}),

g(X, ,°**,X, )} is zero if ¢ = 0, that is, if there are no suffixes

Bl, > BS

in common, Thus

covln myd = (1) 7HE) H{(R) S (2) (22) 1)

which completes the proof. Notice that the final expression for
Cov{U ,V_} is free of m.
n’'m

COROLLARY, If r = s and f(xl,---,xf) = g(xl,---,xr), then for

r <m < n we have

cnttg) = ()5 (D) (D) . = vt



and

1/2

Correlation{Un,Um} [Var{Un}/Var{Um}]

n-l/zml/z[l + O(m-l)].

We next introduce notation used to represent the covariance

between the squares of Un and Um. For ¢ = 0,1, ,r define

2.2) a9 peeeux, )

2r-cy -1/t -1
(59 ) z(c>f(xoq’“"xar)f(xﬁl’m’Xﬁr).

. c) . . .
where the summation Z( ) is over all combinations (. ,---,a}) and

(By»**sB,) each formed from {1,2,---,2r-c} and such that there are

exactly ¢ integers in common. Put Po = 0. Then 8{q(c)(X1,-°°,X2r_c)}=

Pe + 92 for ¢ = 0,1,*++,r. Now, forc = 0,1,+¢+,r and 4 = 1,2,--
define
() = e{q(®)
qL (xl’ ’xf;) - 8{q (x].’ ’XL’XL_'_]_, ’X2r-c)}
and
c c
o$?) = varle{P (x -+ xp )
In particular q{o)(xl) = efl(xl) so that pfp) = ezpl. For each

¢ =0,1,-°+,r define a U-statistic by

@3 vl = (,0) IO ek, ).

1 2r-c

Put t = min(2r-c,2r-d). Finally, for 4 =1,2,---,t and ¢c,d = 0,1,

define

+,2r=cC

"',r



d
5099 = covia ez a1 )
Notice that for 4 =1,2,*+,2r-c and ¢ = d = 0,1,**,r, gif’c) = p%?)

(0,0)

so that, in particular, g 6 P

1.
LEMMA 2.3. Assume a{f(Xl,o--,Xr)}4 < ®, Then, for r <m < n,

cov (.02l = (1) (D) e (D CT G () T

2r-d -2r+d ,d
21 (7) Grnerg g(c ‘

= n-14r262pl + O(m-ln-l).

PROOF. First, from (2.2) and (2.3),

- @,1) 5 (@,1)
o= (1) =S Blg o0 %o )G 577 75%p )

(3) M (5 () v

(e
1

Then

() ™) o mie (D)D) G5 (53) el u®,ul03.

But from Theorem 2.2

2 2
Cov{Un,Um}

d -1 2r-d -2 +d d
COV{UIEC)’UISI )} = <2r -c h ( 7 ><rzlr Z y (C ‘

for ¢,d = 0,1,¢++,r, This completes the proof.

2.4 The H-decomposition. In Hoeffding [9] a means for decom-
posing Un is developed, one which has great value in establishing
properties of~Un. We refer to this decomposition as the "H-

decomposition", Continuing in our development of notation we define



gh(xl,---,xh) = fh(xl,--o,xh) -8 for h =1,2,--+,r., Also, let
N _
g (xl) = gl(xl) and

@6 g™ eg,ex)

= gh(x]_’...’xh) - Z?;iz(h’j)g(j) (xa

s* X )
o,
1 j

for h = 2,3,**+,r, For example, if h = 2,

(2) - Y Y

8 T (X,%)) = gy(x(5%,) - g (%)) - 87 (Xy).
From (2.4) it follows that

gh(xlx""xh) = Z?;lz(h’j)g(j)(xa 30X )

1 %3
, h h
for h = 1,2,***,r, Define gé )(xl,ooo,xh) = g( )(xl,---,xh) and
h h
gi )(xl""’xc) = 6{g( )(Xl’...’xc’xc+l’.."Xh)}
for h=1,2,**,rand ¢ = 1,2,++-+,h=1. Forn >r and h = 1,2,***,r
define
h -1 h) (h
(2.5) vr(l ) - (2) £(®:0) )(xa ,---,xah)-
1
(1 _ ~1.n _(1) _ -l.n - .
Note that Vn = n Zi=lg (xi) =n Zi=1f1(xi) 8. Strictly

speaking Véh) is not a U-statistic, as it may depend upon unknown
functionals. Nevertheless, it does have most of the attributes of a

U-statistic, The proof of the following lemma is simple and appears

in Hoeffding {9].

LEMMA 2.4, For h = 1,2,-+.,r the function g(h)(xl,---,xh) is

symmetric. If &{|f(X,,++-,X )|} < =, then 8{g(h)(X ,e++,X )} = 0 and
Symmetric == 1 r znen 1 Xh anad
g™ (xy,+++ %) = 0 for b= 1,2,++,r and ¢ = 1,2,+++,h-1.

10



LEMMA 2.5. Assume that e{f(xl,---,xr)}2 < » and let

— v (h) —3 * o0
8 = var{g (xl,..-,xh)} for h = 1,2,+++,r, Then

(i) for h = 1,2,+++,r the mean of Véh) is 0 and the variance is
given by
(h)y _ sny\-1, _ ~h
Var{Vn } = (h) § = 0 ).
Also

(1i) for r < m < n we have

(h) - 9=
cov{v(h) V(L)} i Var{Vn } h=4=1,2,"*",r
n m 0 hé 4=1,2,000,1,

PROOF. First, since €{f(X1,~--,Xr)}2 < =, then 6h < o for

h=1,2,"*,r. Part (i) follows from Lemma 2.4 and the fact that

c=

vary™} = (1) T (D) (R2) varle® Lo 20 1.

Part (ii) follows from Theorem 2.2,
We now introduce the H-decomposition by means of the following
theorem given in Hoeffding [9].

THEOREM 2.6, A U-statistic may be decomposed into a linear

combination of U-statistics, specifically,

_ r ,ry Ch) _ (1)
(2.6) U =8+ Zh=l(11>vn =6+ v ") +R

=0 + 10 I5® (£ (x,)-6) + R

= T A RS n

where R.n = Zﬁ;z(\ﬁ)'Véh) and Correlation {Vél),Rn} = 0. Further,

(.E) Véh) satisfies the martingale property, that is,

11



12

s ®

6{(E)Vr(1h)(xl’“.’x X '“’Xn)}= (IT) m

m’ m+12

forr<m<nand h=1,2,--,r,

REMARK 1. Theorem 2.6 is extremely useful in establishing
properties of U-statistics. In fact, it states that Un is a linear
combination of U-statistics, mutually uncorrelated (by Lemma 2.5) and
each successive term having a variance of smaller order. It shows
that a U~statistic is essentially the sum of an average of I.I.D.
random variables Vél) and a zero-mean remainder term Rn’ and that the

two are uncorrelated. Of course, if r = 1 the remainder term Rn is

zero. From Lemma 2.5 we see that Var{Rh} = O(n-z). In Chapter IV we

Yo (B

show that under the assumption that 6{f(X1,-o',Xr)}2 < o, n n

converges to zero almost surely as n = © for Yy < h/2 and h = 1,2,-+-,r,
This implies that nYRn converges to zero almost surely as n - « for
Y < 1. Hoeffding [9] ﬁses the H-decomposition to show that, under the
assumption that 6{|f(X1,---,Xr)|} < 5, a U-statistic converges to its
mean almost surely as n = o, Sen [13] proves a somewhat weaker result
in that he assumes that 6{|f(X1,---,Xr)|1+€} < » for some ¢ > 1 = r-l.
Berk [2] contains a rather simple proof of the almost sure convergence
- of a U-statistic by recognizing that U-statistics are reverse maftin-
gales., More will be said about'U-statistiCS as reverse martingales
in Chapter V.

REMARK 2, Hoeffding [7] proves that if 6{f(X1,°",Xr)}2 < ® and
Py > 0 then /h(Un-G) has an asymptotic normal distribution N(O,cz)
where 02 = rzpl. The result follows directly from the H-decomposition

by noticing that r/n Vél) is asymptotically N(O,oz) by the Lindberg-



13

Lévy central limit theorem and that limn“a>€ﬁ/h Rn}z = 0.
REMARK 3., The H-decomposition along with Lemma 2.5 yields a

second expression for the variance of a U-~statistic, namely,

(2.7) var{u} = 5 (1) T (5) 4,

Compare (2,7) with (2.1). Equating these two expressions for the
variance of a U-statistic enables us to obtain explicitly the relation-
ship between the p's and the &'s., This leads us to the following
lemma, also proved by Hoeffding [7], but in an entirely different
manner,

LEMMA 2.7. The p's and the §'s are related for h = 1,2,-++,r by

(2.8) oy = 221:1(?) %
and
(2.9) 8 = Zoea D () gye-

PROOF., To prove (2.8) we proceed by induction. Putting n = r
. , , _ o r
and equating (2.7) with (2.1) we obtain Py = 2£=1((:> Qy Thus (2.8)
holds for h = r. Now assume that (2.8) is true for r - j <h < r for

some j>1, Put n=r + j and equate (2.7) with (2.1) so as to obtain
fre-s (1) 7 () () pa = 2y GO 78D

Multiply through by (§>-1 (*H) and obtain

ey *Pme-gn (1) 7 () G) = 3R 7 () TG (T e

Thus, from (2.8), we have



@10 o g+ 5 1 (5) 7 () (edn) Zean (0D 5
= Zpe1 (3 )-1( )(rﬂ-h) O
The double sum on the left side of (2.10) with i = r - h becomes
232 (5 YD) (Y
= (5) )L (D) () e
=S (D) D e (DD
= e (1) (D) e { T - ()Y
Thus (2.10) becomes
(D T
=50 (%) &

which is (2.8) with h = r - j. This completes the proof of (2.8).

order to prove (2.9) we make use of (2.8) as follows:
h h-c/h
z:c=1(“1) (c) Pe
h A h-c /h _c c
= 2o DT () 2321 (3) 8

—Z?=1 c-_] h- ( )( )

h=-1 h
Zc=o(-1)c ( c ) Ph-c

But

14

In



h h-c/h h-j h-i-j, h i+]
Zc=j(-1) C(c><j) - Z:i=3>(“]') " J(i+j>(1-;J

(5) SdenPtd (v

() cn

which equals 1 whenever j = h, and 0 whenever j < h., This completes

the proof of (2.9).

15

2.5 The W-statistic. For each i = 1,2,---,n define a U-statistic

based on x.,,¢¢¢,X,

R T S TE LA

- (n;ljdz(n-l,r)f(xa Jeee X )

u,.
(1)n 1 r
where the summation is over all combinations (& ’°"’a}) formed from

{1,++,i-1,i41,++-,n}. Define the W-statistics by

(2.11) Wi = 00, = (=D)U 50

for i = 1,2,+°+,n and notice that they are identically distributed.

.. _ . =l_n
Furthermore, since Un =n Zi=lU(i)n’

= -1l_n
Wn =n Zi=1win = rUn.

The W~-statistics can be conveniently decomposed. To do so, for each

i=1,2,+¢ey,nand h=1,2,**°,r, define

g0  _ ¢ n-ly -1.(n-1,h) (h) e
VB = (R TPy )

where the summation is over all combinations (al,---,ah) formed from

the integers {l,--+,i-1,i+l,--+,n}. Let
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D e,

1,2,+++,r, Then

for i = 1,2,+++,n and h

o ro s T ()

=
il

for i = 1,2,°**,n. The following lemma gives us additional insight
into the decomposition (2.13).

LEMMA 2.8. Assume &{f(Xl,---,Xr)}2 < ® and suppose that n > r

and 1,j = 1,2,--+,n, Then, for h = 1,2,-..,r we have that 8{W£2)} =0

and

-h+l

(2.14) var{w{™M} = (“ﬂl U 4 hm-2n) 18, = 0@,

Also, for h # 4= 1,2,.++,r we have that 00v{w§2),w§f)} = 0, whereas

for h= 4= 1,2,°°,r,

(2.15) 00v{w£2),w§2)} = (“ﬁl) '1[(rz-h)-(n-l)'lh(r-l)z]6h

O(n-h).

PROOF. Lemma 2.4 and (2.12) imply that 8{W§2)} = 0. Also, (2.14)
follows from Lemma 2,5 and (2.12), If h # 4= 1,2,-+,r, then
COV{Wéz),ngO} = 0 by Lemma 2.4; If h =4 =‘1,2,"',r, then by

Lemma 2.5 and (2.12), (2.15) holds.

LEMMA 2.9. Assume E‘i{f(Xl,---,Xr)}2 < ® and suppose that n > r

and i,j = 1,2,+++,n, Then s{win} = re,

varfu, } = 5 (n£l> ’1(\;) 21:% 4 h(n-2r)]8_ = 0(1)
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and

covii W3 = oy (R TH(E) YL m-@en Thee-n e, = 0w,

The proof follows directly from (2.13) and Lemma 2.8. The
W-statistic is closely related to a statistic introduced by Sen [13],
as we shall see in the next section, and plays an important role in

Chapter III.

2,6 The S-decomposition. Sen [13] defined a U-statistic by

in

n-1\ -1_(n-1,r-1
= r-l) Z(n ’ )f(Xi,xaz,...,Xa )
r

for i = 1,2,+++,n where the summation is over all combinations
(c ,---,a}) formed from the integers {1,---,i-l,i+1,--',n}. The

S-decomposition is

U o=a"ts? v, .
n i=1"in

Notice that win = rVin for i = 1,2,+++,n so that Lemma 2.9 may be used
to determine variance and covariance expressions for the Vin's. An
estimate of o = r2p1 can be constructed from the Win's (or the Vin's)
and such an estimate is examined in Chapter III. Sen [13] proves that
Vin converges in probability to‘fl(xi) as n = « for any positive
integer i. This also follows from Lemma 2.9.

Both the H-decomposition and the S-decomposition indicate that for
large n a U-statistic behaves like a sample mean. However, the H-
decomposition has the advantage that the remainder term R.n of
Theorem 2.6 has a fairly explicit representation. There is a great

bulk of theory in the literature developed for the sample mean. It
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appears then that this theory might, in certain cases, be extended to
the case of a U-statistic by showing that, at least asymptotically,
the remainder term is in some sense negligible., A specific result due

to Chow and Robbins [3] is extended in Chapter V.

2.7 The Z-statistic. Let Zr = rUi. For n > r define the

Z-statistic by

(2.16) Z

nUn - (n-l)Un_l.

-1l_n

Note that U =n "Z, .. Now, define
n i=r7i

for n >r and h=1,2,°°,r, By (2.16) and (2.17), along with

Theorem 2.6, we have

_ r r (h)
(2.18) Z =6+ Zh=1<h> z

's

for n > r. An estimate of o‘2 = r2p1 can be constructed from the Z
and such an estimate is examined in Chapter III. The following lemma,

an immediate consequence of (2.17) and Lemma 2.5, gives us some

insight into the decomposition (2.,18).

LEMMA 2.10. Assume €{f(X1,'-',Xr)}2 < ® and suppose that

r <m <mn. Then, for h = 1,2,-+-,r we have that &{Zéh)} = 0 and

@19 var{z®1 = (V1) Tra-owls = 0™,

M) (D5 _
m

n 2 0, whereas

Also, for h # £ = 1,2,***,r we have that Cov{Z

for h = f4=1,2,00+,r,



(2.20) 00v{z§h),zéh)} = - <n;1 -1(h-1)6h.= O(n’h).

LEMMA 2,11, Assume e{f(xl,---,xr)}2 < », Then 8{zr} =

6{Zn} =8 forn >r and

r Pr n=
(2.21) Var{Zn} =

Also, for m < n,

S (h ) ( ) “(n- 1§ = 0™ m=-r

(2.22) Cov{Zn,Zm} = . nels -1 1 s
T o ( a ) (11) (h-1) 8, = 0(@")  m>r.

PROOF. The expectations follow from the definition of Zr and
(2.16). The variance expression (2.21) follows from (2.18), (2.19)
and (2.20), Suppose r <m < n, Then, by (2.18),

r T T r (hl) (h2)
COV{Zn’zm} = Zhl=12h2=l (hl) (hz ) COV{Zn ’Zm }

(h) , (h)
{z, 7.2, "}

2
= % () "Cov

which, upon applying (2.20), reduces to (2.22). Next, suppose
m =1t <n. Then, using (2.16), the corollary to Theorem 2.2, and

(2.7) gives us

Cov{Zn,Zr} rn Cov{Un,Ur} - r(n-l)Cov{Un_l,Ur}

rn Var{Un} - r(n-l)Var{Un_l}

-1 2 1y -1 2
Zoe1(n) () "8 - r-5_ (% COREN

19

r

F D TN Pl g = 2 06T 0>
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which reduces to (2.22)., This completes the proof.
REMARKS. If r = 1, notice that win and Zi each reduce to f(xi).

In general rUn is the average of W ---,Wnn, whereas Un is a near

In?

. -1l.n
average of Z_,««+,Z , that is, U =n 12.
T n n i=r

Zi. In Chapter III we are
2 -
concerned with the problem of estimating o = r Py One estimate is

the sample variance of W ---,Wnn, while a second estimate somewhat

1n’
resembles the sample variance of Zr,---,Zn. From the computational
point of view, the Z-statistic is a little more suited to a sequential
setting than is the W-statistic.

The next two lemmas are used in Chapter III to establish

Theorem 3.3.

LEMMA 2.12, Assume E‘,{f(Xl,---,Xr)}4 < « and suppose that n > r,

Let B, = Var{[g(l)(Xl)]z}. Then
(2.23) Var{(Zn-O)z} = r431 + O(n'l).

PROOF. For convenience write z, = Zél) = g(l)(xn) (see (2.17))

_ or r (h)
and set P = zh=2(tl)zn . Then, by (2.18),
(2.24) (Z -9)2 = r2z2 + 2rz P+ P2
n n nn n
and so
(2.25) var{(z -9)2} = r4B + ArZVar{z'P } o+ Var{Pz}
: n 1 nn n
3 2 2 2 2 2
+ 4r Cov{zn,znPn} + 2¢ Cov{zn,Pn} + 4rCov{znPn,Pn}.
Our major task is to show that

(2.26) var{e’} = 0™%).



that each of the remaining variance and covariance terms in (2.25) is

of or

(2.27

Now,

(2.28

where

(2.29

for h =

much

Once this has been accomplished, it is a simple matter to show

der n-l. To prove (2.26), first notice that

h,) (h)
2 _ r ry 2 (h)2 r r r r (
) PL=To(h) % +an=2zh2=2 (hl)( ) %
h1¥h2
using (2.17) and (2.15), we can write
) 20 Ly ®
n nn
f(h) -1.(n-1,h-1) (h)
) W = h Zy ? g (X _3X_ 500X )
( o's n’a, @
3,*e,r and n > r, (Notice that Wzéh) is related to Véh)
the same way as wnn’ defined in (2.11), is related to Un’ and

21

in

*
that Wnéh) differs slightly from Wéz), defined in (2.12).) Therefore,

from

(2.30

for h =

(2.31

for h =

(2.28)
AR R TR N A S N A
2,3,°++,r. We now are equipped to prove that
) var(zM %) = 0™
2,3,+0¢,vr, From Lemma 2.3 (with m = n) and the fact that

8{V(h)} = 0, we have

(2.32

%*
for h = 2,3,-+-+,r. Although Wnéh) is not a U~-statistic, the proof of

) var{v{™?} = 0%

Lemma 2,3 can be adapted to show that
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(2.33) Var{wzéh)z} - 0(n%

for h = 2,3,+++,r. Notice that, by Lemma 2.4, &{w:éh)vﬁ?i} = 0 for

h =2,3,...,r. Then, by the Schwarz inequality

(2.34) Var{w *(h) (h)} < [a{w*(h)} s{v(h)}4 1/2

¢ (h) 2 (h)}]l/Z (h)2

[Var {V i } 1/2

= [Var{w } 4 var {w } o+ VarZ{Vn 13

for h = 2,3,-++,r. Thus, (2.32), (2.33) and (2.34), along with

Lemmas 2.5 and 2.8, imply that
(2.35) var{u{ *(h) (h)} = 0(n"%)

for h = 2,3,+++,r., Also, (2.32), (2.33), (2.35) and the Schwarz
inequality imply that the three covariances involving W (h)2’ éhiZ
and Wnéh)V§?i are each of order n -2 for h = 2,3,...,r, This proves
(2.31).

An argument similar to that in (2.34), along with (2.31) gives

us

(by) ()

(2.36) Var{z z 2y < O(n'z)

for h; # h, =2,3,-.-,r. Again, by the Schwarz inequality, the
covariances between the terms in (2.27) are each of order n-z. This

- proves (2,26).
We now tackle the remaining terms in (2.25). From Lemma 2.4,

e{sz } =0 for k = 1,3 so that
nn

2 3
(2.37) Cov{zn,znPn} = Cov{zn,Pn} = 0.
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By Lemma 2.10, Var{Pn} = O(n-l); also Var{zﬁ} = 0(1l) for k = 1,2,

Hence, by an argument similar to that in (2.34) we obtain
(2.38) var{z P } = 0(n™})
. n n .

An application of (2.26) and the Schwarz inequality proves that

Cov{zz,Pz} and Cov{z_ P ,Pz} are each of order n !, This, along with
n’'n nn’n

(2.26), (2.37), (2.38) and (2.25), completes the proof of (2.23).

LEMMA 2.13. Assume 6{f(X1,---,Xr)}4 < ® and suppose that

r <m<n. Then
(2.39) Cov{(z -9)2 (z -9)2}
. n b m

- LDy + @Dyt + 0@

(1)2

where Bz = &{g (Xl)g(l)(Xz)g(z)(XlsXZ)} and

B, = eleP xe® xe® x,xe® x5 1.

PROOF. From (2.24), writing z for g(l)(xn),

2 2 2
Cov{zn,(Zm-G) }

(2.40) cov{(z -e)z,(z -9)2} =r
n m

+ 2r3Cov{2 P zz} + 4r2Cov{z P ,z P } + 2rCov{z P Pz}

n'n’m nn’mmn nn’m

2 2 2 2 2 2
+ r Cov{Pn,zm} + 2rCov{Pn,szm} + Cov{Pn,Pm}.

We treat the seven terms in (2.40) one at a time, Since m < n,

2
2 is independent of (zm-e)z, so that

2 2
(2.41) Cov{zn,(Zm-e) }=o.

From (2.26) and the Schwarz inequality



2 2 -1 -1
(2.42) Cov{Pn,Pm} =0(n m "),

We now consider the term Cov{znPn,zi} in (2.40). From (2.28),

(2.29) and the fact that z, is independent of ziVé?i for m < n,

(2.43) Covlz® 20} = 7y, () elzz™ Y = s, (1) elz, 2 )
h—z( )( -1 (n -1,h-1) { 2 (h)(x ,X 2,...,Xah)}.

For convenience we shall write g = g(h)(x ,---,xah) for any

al...a]n al

combination (al""’ah)' Now, for h = 3,4,+++,r, by Lemma 2.4,

2
(2.44) 8{znzmgnaé---ah} =0

for any combination (. ,---,ah) chosen from {1,2,...,n-1}. Also,

for h = 2

(2.45) ef nzmwm(lz)} = (n-1) 152" 1€{znz:1gnl}

@-1)7'p, .
Putting (2.44) and (2.45) into (2.43) gives us
(2.46) Cov{znPn,zi} = ( )Bz + 0(n” )

Next, we consider the term Cov{z P_,z P } in (2.40). Since
nn’mn

8{znPn} =

(2.47) Cov{znPn,szm}

r r r r : (h ) (hZ)
= z:l‘1]_=22hz=2 (hl> ( h2 6 {znzmzn Zm

24



(h)) (h,)
From (2.28) and the independence of z_ from z V Z , we have
n m n-1 "m
(h,) (h,) *(h,) *(h,)
(2.48) e{z 272 Yz 2}=¢elzaw ! 2
nmn m n'm nn mm
*(h;) (hy)
- (hy-Defzz W V]
for hl’hZ =2,3,*++,r. For h1 = h2 = 2
£(2). %(2), _ , 1 -1 -1 a-lom-l
6{znzmwnn W } = (n-1) " (m-1) Zi=12j=16{znzmgnigmj}
where 8{znzmgnigmj} = 0 except possibly when i = j = 1,2,---,m-1.
Thus
#(2)*(2)7 _ o _v=l, o =1 m-l
(2.49) g{znzmwnn W o= (a-1) T(m-1) zj=1&{znzmgnjgmj}
-1
= (n-l) B3'
Higher values of h1 and h2 lead to terms of order n-2 or higher,
that is
*(h,) *(h,)
1 2 -2
(2.50) s{znzmwnn - =0(n 7).

A close examination yields

*(h)) (h,)

4
(2.51) 8{znzmwnn

el = 0@

*(h) (hy)

for hl’hZ = 2,3,+++,r. (More specifically, 6{znzmwnn Vo1 } =0

for by = 2,3 and h, = 2,3,.++,r.) Putting (2.49), (2.50) and (2.51)

2
into (2.48), and then, (2.48) into (2.47) yields

r

(2.52) Coviz P ,z P } = (2 )233n'1 + O(n'z).

nn’mm

We now consider the term COV{ZnPn’Pi} in (2.40). First,

25
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from (2.28)
(2.53) Cov{znPn,PIi} = 2£=2 (;) efz z(h) 2}
Zhez (1) Lo B

since 2 is independent of V(h)P for m < n. For h= 2,3,¢¢,r

ey (B])2
(2.54) &fz W (h)Pz h1 2(h ) 26{2 0 ;r(lh) }
eqy () (1))
+ 21r11=22t]iz=2 (El) (;2> e{ nwm(lh)z Zn 7.
h,#h,
For h = h1 = 2, by (2.28)

2.55)  e{zw Pz (22} _ gf, wFDy* (D)2

n nn m n nn mm

- 28{znw’;é2)w;;§2)vﬁi} + 8{znwzr(12)v$iz}.

But

#(2) *(2)29 _ , -1, =2.n-1ml m-l
&{annn wmm } = (n-1) ~(m-1) z:1 Zz Z£ 16{zngnigmzlgm£2}

where 8{zngnigm£ gmzz} = 0 except possibly when i = m and

4L = 4, = 1,2,.-.,m-1 and when i = Ll = 22 = 1,2,+++,m-1, Thus

*(2).*(2)24 _ -1 -1
(2.56) 8{znwnn W } = 0@ m ).
Also, it is not difficult to show that

(2.57) efz w Py (2) (2)}

n nn mm

and
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(2.58) efz W PyP2y - om a2,

n nn m 1

Putting (2.56), (2.57) and (2.58) into (2.55) gives us

(2.59) ef nwjéz) éz)z} o m™ly.

We now show that
(2.60) e{z w (2) (2) (3)} a7l

For h = h1 = 2 and h2 =
e(z Wt (2 (3)
n nn mm mmn

= (n-l)—l(m-l)-l(\m51> - 2:1Z$¥12E3 - 2)8{2 gnlgngmﬂ L }

where 6{annigmﬂg ) zz} = 0 except possibly when (i, 4) equals

(Ll,ﬂz). Thus

*(2)*%(2)*(3)q _ -1 -1
(2.61) e{znwnn Ut }=0(@m m ).

It is a simple matter to show that

(2.62) e{z w*(z)w*(z) (3)}

(2.63) ef nWZiz) ;21 £3i} - 0 %)
and

(2.64) e{z w (2) (2) (3)} O(n'lm'z).

m-

Then (2.60) follows from (2.61), (2.62), (2.63) and (2.64). Higher
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values of h, h, and h2 yield terms of order n-lm-2 or higher. There-

1
fore, from (2.53), (2.54), (2.59), (2.60) and the extensions of

(2.59) and (2.60) to higher values of h, h. and h2’ we obtain

1

2 -1 -1
(2.65) Cov{znPn,Pm} =0(n m 7).

Further application of the techniques already used gives us

2 2 -2
(2.66) Cov{Pn,zm} = 0(n )
and
2 -2
(2.67) Cov{Pn,szm} = 0(n “).

We have now completed our treatment of each of the seven terms
in (2.40). Combining (2.41), (2.42), (2.46), (2.52), (2.65), (2.66)

and (2.67) yields (2.39). This completes the proof of the lemma.



CHAPTER III

ESTIMATION OF THE VARIANCE OF A U-STATISTIC

3.1 Introduction, Our chief purpose in this chapter is to
obtain an estimate for the variance of a U-statistic having certain
desirable properties. Assume E',{f(Xl,--o,Xr)}2 < = and that p, > 0.

Then, from (2.1), recall that

1.2

Var{Un} =n r + O(n-z)

1

so that we may confine our attention to estimation of 02 = rzpl,
since any good estimate of o% will be a good estimate of n Var{Un},
if second order terms are negligible. More specifically, we are
concerned with obtaining an estimate for 0'2 = r2p1 that has several
basic properties. (1) It converges to 0'2 = r2p1 almost surely as

n =, (2) For each n, it is positive almost surely. (3) The
variance of the estimate may be evaluated for large n. (4) The
nature of the estimate is such that, for it, we can establish the
asymptotic efficiency of the sequential procedure appearing in
Chapter V., (5) In addition, we would hope that the sequential
calculation of the estimate is not too tedious. 1In this chapter
three suitable candidates are examined. The two leading candidates
are compared when Un is the unbiased estimate of the population

variance,



3.2 The U-statistic estimate of Py Recall that

p; = Var{fl(Xl)} = 6{f1(X1)}2 - 92. Now p, is a regular functional,

and so, has a U-statistic estimate., From definition (2.2) in

section 2,3, notice that ] has a kernel

(3.1 q(l) (xl:"'sxzr_l) = q(O) (Xla""xzr)

-1 /2r-1N -1_(1
=r ( ; ) Z( )f(xal,---,xa YE(x see X

: )
R N B

r

..’XB )

- <2r>-12(0)f(xa s X VE(x
r 1 T r

By

where the summation Z(l) is over all combinations (« ,---,a&) and
(By»+++sB,) each formed from {1,2,+++,2r-1} and such that there is
exactly one integer in common, and the summation 2(0) is over all
combinations (al,-o-,a%) and (Bl,...,Br) each formed from
{1,2,-~-,2r} and such that there are no integers in common. From

(2,3), the U-statistic estimate of f is given by
- gD _ 40
(3.2) an = Un Un

n -1_(n,2r-1) (1)
2 e x eeex )
(Zr-l> o % .1

- <,2r) -12(n’2r)q(0)(xa SRRRLNPE
: 1 2r

We next evaluate the variance of this estimate of Py - From

(2.1) and Theorem 2.2,

(3.3) Var{an} Var{Uél)} -2 Cov{Uél),UéO)} + Var{Uéo)}

Aln'l + 0(n" %)

30
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where
(3.4) = ar’e’p - 4r2e-el® D 4 (2ry?o(D
and the functionals §(0 »1) and p(l) are defined in section 2.3,

Then, from (3.4),

(3.5) Al

wrlevar(g™ (1))} - 4r2r-1ycovia{® x) P x))

+ r-n%var{e{P x))

var{2e-1)a{P x) - 20 P xp 1

(0

We would now like to express (2r- 1)q( )(xl) - 2rq1 )(xl) in

1
terms of the g( ) functions introduced in section 2.4. First

2

(0)(x1) = efl(x = eg(l)(xl) + 8 . Define

1
CE (%)) = E{fl(Xz)fz(xl,Xz)}. Then, from section 2.3,

3.6) a{Pxp)

efa'D (x Xy 00Xy )

-1 (2r-1y -1,0.(1) -
e (57) Trefz I L ,xBr>IX1—x1}

r-l (2;-1) -1 [<2r 2) £2 (x 1) + 2(2r-2) (2r 3) £ (x ]

(2r-1)-1[f§(x1) + 2(r-1f (x))].

Now, put g (x;) = E{g(l)(Xz)g(z)(xl,Xz)} and note that 8{gO(X1)} = 0.

From Lemma 2.4



32

el (61 (x,)+0) (8P (x,x,) + 0 + sP xp) + 8P x,)))

(3.7) fo(xl)

g (%) + Gg(l)(xl) +p + o’.

Thus, putting (3.7) into (3.6) yields

atP xp)

= e D2 ) + 2008 x)) + 20e-Dg (5 + 2(6-1) (o6 + 07]
and so

3.8)  (2r-Dq{P ) - 20a{? (x))

P

_ g(l)z(xl) + 2(x-1)g (%) + 2(x-1)p; - 62,

Before we put (3.8) into (3.5), notice that

(1)2

By = Var{g" T (X},

3.9) 8, = eleP2x s 2P x,.x,)]

]

Je D2 ept[s e 0y xyar 0y Jer ey

Je 2 xdg, (x)arxy)

covig' P2 (x)) .8, (X))}

and
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(3.10) 8, = e{sD e @ x,xe® .}
= J{[e® ops® iy nparep}{ 6@ 08P gy ar ey o ey

J&2 e arcx))

var{g (X)) }.
Then, putting (3.8) into (3.5) gives us

(3.11) A = By + r(r-1)B, + 4(r-1)B,.

The variance of an is then given by (3.3) with Al given by (3.11).
an inherits all the. good properties of a U-statistic. It is

an unbiased estimate of P Under the assumption that

E{f(Xl,-o-,Xr)}z < o an converges almost surely to Py as n = o,

One drawback is that an may possibly take on negative values. Also,

it appears that an would require much time for computation.

3.3 Estimation of pe+ In section 2.3 we defined the functionals
Pe for ¢ = 1,2,¢+¢,r, Now Pe is a regular functional of degree 2vr

and has a kernel given by q(c)(xl,---,XZr_C) - q(o)(xl,---,xzr) for

c=1,2,+++,r, The U-statistic estimate of Pe is given by
c 0 )
an = Ué ) . Ué ) for ¢ = 1,2,*++,r. Then, from (2.1) and

Theorem 2.2,

Var{Uic)} -2 Cov{Uéc),Uéo)} + Var{Uéo)}

var{Q_ 1}

-1

An"" 4+ O(n'z)
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where
- 4:26%, - 2y (050) _ey2 (e
AC = 4r"@ Py 4r(2r c)§l + (2r=c) Py
for ¢ = 1,2,++-+,r., It is also possible to write
A, = 4r262Var[g(l)(Xl)} - 4r(2r-c)Cov{q£0)(X1),qic)(Xl)}

+ (2r-c)2Var{q£C)(X1)}

Var{(Zr-c)qlc)(Xl) - 2reg(1)(X1)}

for ¢ = 1,2,***,r. Clearly, for ¢ = 1 we have the situation con-
sidered in section 3.2,

Suppose we define

-1 -
Qn = (:‘.‘1) Z:=1(Z)(I;-<l:> an.

Then Qn is an unbiased estimate of Var{Un}. Also

vario ] = (1) Ely (5) 7 (220) verley,]
-2 - -
+ (2) Zj:ljgil (Z)(Z )(:-Z) (rrl-fl ) COV{an’an}
c
= r4Aln'3 + O(n-4)
where Al is given by (3.11).

For small values of n, where the higher order terms of Var{Un}
may not be negligible, Qn might be a satisfactory estimate of
Var[Un}. However, it is a very tedious estimate to compute, and we
are concerned mainly with large values of n, so that r n-lan is to

be preferred, so far, as an estimate of Var{Un}.



35

2
3.4 8Sen's estimate of ¢ = rzpl. In section 2,5 we introduced

the W-statistic, Now define

2

2 ~l1_n -
(n-1) Zi=1(win-wn) .

s =
wn

(3.12)

Sen [13] introduced (see section 2,6)

2

2 )

-1_n
sVn = (n-1) Zi=1(vin-U

n

as an estimate of Py Recall that Win = rVin for i = 1,2,--+,n and

W = rU_ . It then follows that s2 = r2s2 , So that s2 can be con-
n wn vn wn

n
sidered as an estimate of 0'2 = rzpl. Sen [13] showed that Sén is an
. . . 2
asymptotically unbiased estimate of 02 =T pps and further, that sén
2 \ f
converges to 0o = r2p1 in probability as n = «, 1In the next two
theorems we derive first order expressions for the bias and the
2
variance of sén, as well as prove that S, converges almost surely
2 2
too =71 = as n — ®,

THEOREM 3.1.

(i) If a{f(xl,---,xr)}2 < @, then

(3.13) 6{sén} = rzpl + r2(r-1)[(r-1)62-2p1]n-1 + O(n'z).
(i1) If {£(X;, X )}* < =, then

(3.14) var{s> } = r'an™t 4+ 0@

where Al is given by (3.11).

PROOF, To prove (i) mnotice that

2 -l_n _2 -1 -2
S = (n-1) zi=1win = (n-1) an.
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Then

o5 o]

-7 efw, 1P - (a-1) ne(@ Y

(n-1)'1n[Var{w1n} - Var{ﬁn}]

which, using Lemma 2.9 and (2.7), reduces to (3.13).
To prove (ii) we express Sén as a linear combination of

U-statistics, From the proof of Lemma 2.3

(15) 0= (2) s () (Gl v
In a similar fashion we may write

-lon _.2
(3.16) (n-1) Zi=1win

ooyl yn=ly -1 2 _r r-1\ sn-r (c)
= (a-1) (r-l) rtﬁ%=l(c-1>(r—c>Un :
Then, from (3.15) and (3.16), after some rearranging,

Gan o2, = e (2) I () () tenerin®.

For ¢ = 0,1,°**,r let

an(c) = (n-l)-ln(:) -1 (:)(2:2) [cn-rz].

In particular, an(O) = -r2 + O(n-l) and an(l) = r2 + O(n-l). For

¢ = 2,3,-+-,r notice that a_(c) = O(n'l). Thus

(3.18) sén - rz(Uél)-Uéo)) + 38 (c)Uéc)

c=0o n

where ah(c) = O(n-l) for ¢ = 0,1,***,r. Note that we do not require

an explicit expression for ah(c). For convenience let

(c)

1) ;O
n n n

r
T =12 oa/n(c)U

0 . , and recall from section 3.2 that an =T
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Then
(3.19) Var{s2 } = r4Var{Q } + ZrZCov{Q T } + Var{T_}
° wn 1n 1n’"n n’’

From (2.1), Theorem 2.2 and the fact that an(c) = O(n-l) for

-2

¢ =0,1,+++,r, we have that Var{Tn} = O(h-3) and Cov{an,Tn} = 0(n 7).

Therefore, from (3.19) and (3.3)

2., _ 4 -1 -2
Var{swn} =rAn "+ 0(n ")

where Al = Bl + 4(r-1)B2 + 4(r-1)233. This completes the proof.

THEOREM 3.2. If E{f(Xl,---,Xr)}2 < », then sén converges almost

2 _ 2
surely to 0 =t 0y as n - =,

- PROOF. The theorem follows almost immediately from expression
(3.18) in the proof of Theorem 3.1, First, by Hoeffding [9]
(or Berk [2]), the U-statistic_an = Uél) - U;O) converges almost
surely to its expectation p; @s n = . Secondly, since an(c) = O(n-l)
for ¢ = 0,1,¢0+,r, and U(c) is a U-statistic with finite expectation,

n
* o (c)U(c)

converges almost surely to O
c=o0 n n

¢ = 0,1,e¢e,r, then Tn =3
as n = »©, This completes the proof.

REMARKS. There is not much difference between Sén and erln as
estimates of 02 = rzpl. From expression (3.18), Sén = r2Q1n + Tn'
The difference Tn converges to 0 almost surely as n = », has
expectation of order n-1 and variance of order n-3. Both estimates
have good properties, including the same first order variance. Both,
of course, converge to 02 = rzpl almost surely as n = «, They only
differ on the question of unbiasedness. The estimate r2Q1n is

unbiased whereas Sén is asymptotically unbiased. From the point of

view of small sample theory Sén has the good property that it is
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A , 2
always non-negative, whereas it is possible for r an to take on
negative values. For the problem of finding a fixed-width sequential
2
confidence interval for 6, discussed in Chapter V, the estimate Sn

2
serves our purposes better than does r an.

3.5 Estimate of 02 = rzpl based on the Z-statistic. Refer to

section 2,7 for an introduction to the Z-statistic. For n > r define

2

(3.20) s, = (n-1)"Ls®

2 -1 2
PRI R JCR DRI G R

Notice that if r = 1 then 0'2 = Var{f(Xl)} and sin reduces to a sample
variance. We now consider the merits of sin as an estimate of

2 2
o =r I

THEOREM 3.3.

(1) I e[£(X), ++,X) )" < =, then
(3.21) 6{s§n} = rzp1 + rz(r-l)zézn-llogn + An"t 4 o(n-l)

where A is defined by

A = r(r-l)ztf___l (;)Ahéh’

with A; = -1, A, = 2 (Y - Zf:ii-l), A = h(h-z)'1 for h = 3,4,++,r

and Y = 0.5772... (Euler's constant).

(ii) 1If a{f(xl,.--,_xr)}4 < », then

(3.22) Var{sin} = a7l 4 0@ (log n)?)

where A = Bl + 2(r-1)B2 + 2(r-1)263.

PROOF. To prove (i) let
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'2

Sen T (n- 1) 1 r+1(Z -U )

so that s2 = s*2 + r(n-l)-l(U ~U )2. Now
zn zn r n
-1 2 -l_r r -2
(3.23)  r(an-1) a{ur-un} =m 5 (ll) & +0(m ).
Next
*2 -1_n 2
e{s 7} = (n-1) Zi=r+1Var{Zi-Un}

zZn

(m-1) "L ? papVer{z,} - ;’r+100v{zi,un} + (n-r)Var{U_}].

From (2.16) and the corollary to Theorem 2.2, Cov{Zi,Un} = Var{Un}

for i = r+1,+++,n, so that using Lemma 2.11

(3.24) s{szi} = (n-l)'lz§;r+1Var{zi} - (n-l)'l(n-r)Var{Un}
= zh_l( ) 8K (h,r) - n 1.2 o + 0(n” 2y

where, for n > r and h = 1,2,:--,r,

K (h,r) = (n-1)"'5] S ihl) “Lri-2)het].

Note that K (1,r) = 1 - n"(r-1) + 0(n™%) and that

, -1
Kn(Z,r) 4{n- 1) 1 r+l(1 2) -~ 2(n- 1) 1 r+1(1 1) (1-2) .
_ - -1 . , _
Now, let Yh = Zi=11 - logn for n > 2; then llmn_m\(n = Y, where

Y = 0.5772..., is Euler's constant, Also, notice that

e D TED T = 2t @™ = et - @p!

Then Kn(Z,r) becomes
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27 -t eyt

=1 =
(3.25) K_(2,r) = 4n” [y+log n-3}_ 7

+ O(n-zlogtl) + O(n'len)

4n_1logn + n-1[4Y-4Zf;ii-l

“2(-1) "1 + oYy

From the theory of infinite series

o  eloo-l o=l o=l -1 etk -1
N S CE5 DIREERCEI DN S CH I G

for k = 1,2,+++ and m = 0,1,-++, Notice that the above infinite
series is of order m-k for k = 1,2,+-+., Then, making use of this

series result, for h = 3,4,--+,r, we have that

K_(h,r) = n'lh(h:)zz=r+l(i-2)'1.-.(i-h)'l
- n-l(h-l)(h!)Z;;r+l(i-1)-1---(i-h)-l + 0%
R T O DT BT TS DR RT T o
- n-l(h-l)(h!)Z;lr+1_hi-1(i+l)-1---(i+h~1)-l + 0@
= n—lhz(h-l)(h-Z)-l(:;:g ook (E:i L rom™h
and so

(3.26) I _, (E‘)zéhxn(h,r)

- n'lrz;=3(;) & (0-2) " [(z-Dh42] + om™?y.

Combining (3.20), (3.23), (3.24), (3.25) and (3.26) gives us (3.21).

To prove (ii) first set © = 0, without loss of generality. Then
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*2 (n-l)-lZn z2 -

-1 2 -1
”n 12 (n-1) (n+r)Un + (n-1) 2rUrUn

7]
1

]
>
+
o

where we have set

(3.27) A= (@1l 2t

and

(3.28) B = ~(n~1) F(n+r)U° + (n-1) 12r0 U .
n n rn

Therefore

(3.29) Var{sjﬁ} = Var{An} + 2 Cov{An,Bn} + Var{Bn}.

We now divide the proof of (ii) into two parts. 1In Part (a) we
show that Var{An} is given by the expression in (3.22). 1In Part (b)
we show that Var{Bn} and Cov{An,Bn} are each of order n-zlogrl or

higher.
PART (a). From (3.27)

(3.30) Var{An} = (n-l)—zzg;r+lVar{Zi}

-2.n i-1 2 2
+ 2(n-1) zi=r+lzj=r+1c°v{zi,zj}.
By Lemma 2,12
-2_n 2 -2_n 4 -1
(3.31) (n-1) Zi=r+1Var{Zi} = (n-1) "x_ [r B+ 0(L)]

= r4Bln-1 + O(n-zlogn).
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By Lemma 2.13

-2_n i-1

(3.32) (n-1) i=r+17j=r+1

2 .2
Cov{Zi,Zj}

(-1 %5] T LD P11 4 0T )

4 2., -1 -2 2
r [(r-l)Bz+(r-1) 83]n + 0(n "(logn)™).
Putting (3.31) and (3.32) into (3.30) yields

1

(3.33) Var{An} = a7l 4 0(n"2(1ogx1)2).

PART (b). From Lemma 2.3 (with m = n), since 6 = 0, we have
that Var{Ui} = O(n-z). It is then a simple matter to show from

(3.28) that
-2
(3.34) Var{Bn} = 0(n 7).
In order to prove
(3.35) coviA ,B_} = 0(n 210 n)
. 028y g8

it is sufficient, by (3,28), to show that

-1
(3.36) Cov{An,UrUn} =0(n )
and
2 -2
(3.37) Cov{An,Un} = 0(n “logn).

We now prove (3.36). First
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(3.38) Var{UrUn} = e{uiuﬁ} - [8{UrUn}]2

2 2 2
Cov{Ur,Un} + Var{Ur]Var{Un} - [Cov{Ur,Un}]

O(n'l)

by Lemma 2.3 (since 6 = 0), (2.1) and the corollary to Theorem 2.2.
Then (3.36) follows from (3.38), the fact that Var{An} = O(n-l) and
the Schwarz inequality.

We now prove (3.37). From (3.27) and (2.24)

(3.39) COV{An,Ui} (n-1) 12 f r+lCOV{z }
+ (n-1)'12r ? Cov{z P, U } + (n- 1) 4160 {P U }

where Pi = Zﬁ;z (;i) Z£h> for i = r+l,r+2,-*,n. Now, using symmetry

and (3.15),

1_n

- 2 2
(3.40) (n-1) "z, Cov{zi,U ]

(n-l)—l(n-r)Cov{zi,Ui}

-1 n
1 1 i

(n-l) (n r)Cov{n ,U }

(n-1)" (n r) ( ) ( ) ( ) Cov {n Z (C)}

Notice that n-lzP_lzi is a U-statistic, so that, applying Theorem 2.2,
-1 s 0) .

we obtain Cov{n~ -1 1,U } =0 ). (In this case the & of

Theorem 2.2 equals zero because q( )(xl) 0.) For c = 1,2,-«¢,r it

is clear, by the Schwarz inequality and the fact that the variance



of a U-statistic is of order n-l, that Cov{n-lzz;lzi,Uéc)} = O(n—l).
Thus
2 -2
(3.41) (n-l) 1Cov{z n} = 0(n 7).
In order to prove that
2 -2
(3.42) (n-l) cOv{P ,Un} = 0(n “logn)

recall from (2.26) that Var{Pi} = O(i-z). The Schwarz inequality
then implies that 00v{P§,U§} = 0(1'1n'1) and (3.42) follows.

To prove

2 -2
(3.43) (n- 1) Cov{ziPi,Un} = 0(n “logn)

1 r+1

notice from (3.15) that

(n-l) Cov{z P, ,U }

- '123;0(2)( o) @D joovlz 0O )

We can therefore establish (3.43) by showing that

p,,ulPD} = o™

(3.44) Cov{ (n- 1) z;_ r+1 Pio0,

and

(3.45) (n-1) "1 CoV{ziPi,Uéo)} - 0(n"%1o0g n).

1 r+1

Now

(3.46) Var{(n- 1) P.} = (n-l) Var{ziPi}

1—r+1 1 i 1 r+1

n i-1

-2
-l 2n g j=r+1

Cov{z P, ,zJP }



45
Then, from (2.38) and (2.52) in the proof of Lemma 2.13
Cov{z P ,z P } = 0(1 )
for r < j < i. Thus, from (3.46),
(3.47) var{(n- 1) P.} = O(n'l).
1—r+1 i“i

Therefore (3.44) follows from (3.47), the fact that Var{Uél)} = O(n-l)
and the Schwarz inequality.

To prove (3.45) it is sufficient to prove (by (2.28)) that

(3.48) Cov{z v(h) (0)} = 0(i L )
and
(3.49) Cov{ziWiéh),Uéo)} = O(n-z)

for h = 2,3,***,r and 1 = r+l,r+2,-.-,n, Since z, is independent of

ihi, Lemma 2.5 implies that
(h)y _ (h)y _ g¢s72
Var{ziVi_l} = Var{zi}Var{Vi_l} = 0(i ")
, (0) -2
for h = 2,3,.-+,r and i = r+l,r+2,--+,n. Also, Var{Un }=0m %,

so that (3.48) follows from the Schwarz inequality.

To prove (3.49) notice that for h =

covle} P u® = a7 (2) H(F

+ BT elns D @R PE®, Lok E®, Loty

T B1

for i = r+l,vr+2,+..,n, But
',XB Y} = 0 except possibly

8{zig(2)(Xi,Xj)f(X X X )f(X .

’
al B
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when 1 appears among (al,---,ar) and j appears among (Bl,--~,Br),
or vice versa, The number of possibly non-zero terms is

( ><n r-1 . Thus, (3.49) holds for h = 2. The cases where

h = 3,4,...,r follow in analogous fashion. This completes the
proof of (3.49).

We have therefore shown that Var{sii} = r4Anfl + O(n-z(log n)z).
It is a simple matter to see that Var{(n-l)-l(Ur-Un)z} and
Cov{sZi,(n—l);l(Ur—Un)z} are each of order n-z, and so, (3.22) is

finally verified.

THEOREM 3.4, Assume 8{f(X1,°—-,Xr)}2 < ®, Then Sin converges

2
oo =r1rp almost surely as n = o,

PROOF. Assume that € = 0, without loss of generality, and recall

that
2 *2 -1 2
(3.50) S,n = S, + r(n-1) (Ur-Un)
where
2 2 -1 2 -1
(3.51) s, = (n- 1) 1—r+1zl (n-1) (n+r)Un + (n-1) 2rUrUn.

Clearly r(n-l)-l(Ur-Un)2 converges to 0 almost surely as n = ®, By
Hoeffding [9] (or Berk [2]), the second and third terms in (3.51)

each converge to 0 almost surely as n — =, From (3.27) and (2.24)

2 2 2
(3.52) An = (n-1)" 1_r+1[r z, + 2rz, P + P, ]
1 2 n 2 -1 n
- (n 1) 1 4121 T 2r(n-1) 1—r+1ZiPi
+ (n-l) P2

1—r+1 i
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Now &{zi} = S{g(l)z

(Xi)} = pp» SO that, by the strong law of large
numbers, the first term in (3.52) converges to 02 = r2p1 almost

surely as n = », Thus, to complete the proof we need only show that

(3.53) Lim___ (n-1)'1z;‘=r+lpi =0 (a.s.)

and

(3.54) lim __ (-1)7'E] 2P =0 (a.s)).
From (2.28)

G e, (D - 5, (2) e

for i = r+l1,r+2,+-+,n where wjgh) is given by (2.29). From
Hoeffding [9], Vih) converges almost surely to zero as i = ® for
h=2,3,++,r, Also, it can be shown, in a proof almost identical
to that on pages 108-110 of Wilks [17] (due to Feller [5]), that
Wigh) converges almost surely to zero as i = o for h = 2,3,+-+,r,
Then, (3.55) implies that Pi’ and therefore Pi, converges almost

surely to zero and hence in Césaro-mean a.s. - that is, (3.53) holds.

Next, by the Schwarz inequality, \

n

-1
(3.56) |-z 2P|
~.-1l.n 2,1/2 -1 2.1/2
S o L A e Ly

so that (3.54) holds., This completes the proof.
REMARK 1. Ifr =1, then W, =x,, Z, =x, and U_ = x_, the
—_— in i? 7i i n n

2 2
sample mean. Also, both S and 8.m reduce to the sample variance

(n-l)-lzg;l(xiJ§n)2. (For notational convenience, when r = 1, we
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assume that f£(x) = x.)
REMARK 2. A few comments about the relative merits of Sén and
2 , 2 2 , .
s, as estimates of ¢ =1r p, are in order, Both estimates are
asymptotically unbiased., However, the bias in the case of Sin is of

lower order than that of Sén’ that is
BIAS(sin) = rz(r-1)262n-llogn + An-1 + o(n-l)

whereas the bias of S;n is of order n—l. Notice that Szn tends to
overestimate 02 = r2p1. The variances of the estimates each have
leading terms of order n-l. See (3.14) and (3.22)., It is not
possible to compare Al and A, as BZ + (r-l)B3 may be either negative
or non-negative depending upon f(xl,.-.,xr) and the c.d.f. F. The
second order term of Var{sin} is of order n-z(log n)2, which compares
with n-z, the order of the second order term of Var{sén}. The one
advantage, and it is an important one, that sin has over Sén is that

2

it is by nature more suited for sequential calculation. In Sin’

each of the win terms depend upon X1 sXgyer e X and must therefore

(in general) be calculated at each stage of the sequential procedure,
. 2 . , .

whereas, in 80> Zi depends only on the first i observations and need

only be calculated once., More will be said about the computation of

s2 and 32 at the end of Chapter V. Theoretically, s2 appears a
wn zn wn

little superior to sin as an estimate of 02 = rzpl. However, in
many cases, Sin can be calculated with relative ease, and in such
cases, might be preferred over Sén' Thus, the final choice of
estimate depends upon the function f(xl,---,xr). In Chapter V the

2

. . . . 2
sequential procedure is examined with respect to both Sn and S 0"
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3.6 Example. Define u = 8{Xl} and Mj = 8{(X1-u)3} for
j = 2,3,+++ (when existent). Assume that y < @ and by > 0. Let
2 _ 2 _ _
£(x;,%,) = (x;-%,) /2, so that @ = 8{(X1 X,) /2} = W,. The corres

ponding U-statistic is

n(a-1) " (my-m

(3.57) U = (n-1)'1zgll(xiJ§n)2 D

-l.n ]
R

where §n is the sample mean and mj for j=1,2,---

2 2
Next, f,(x;) = e{(xl-xz) /2} = (%=W) /2 + p,/2 and
2 2 2 2
0y = 61 = (p4~p2)/4, so that 0 = r Py = My = Moo

From (2.4) we obtain g(l)(xl) - (xl-p)z/Z - ,/2 and

2 2 ,
g( )(xl,xz) = —(xl-u)(xz-p), so that 62 = P Therefore, it follows

from (2.7) that
2 -1 2 -1 -1
(3.58) Var{Un} = (By=Ho)n ~ + 2u,n “(n-l) 7,

as is well known.
We now present 32 and s2 the estimates of 02 = - z
ow p nt s_ 0’ stim o = u4 by «

From (2.11)

-1_2
win = n(n-1) [xi - 2m1xi + m2]

for i = 1,2,+++,n, and so, after some manipulation,

2 3 -3 2 2 4
(3.59) S = B (n-1) [m4 + 8m1m - 4m1m -m, - 4m1].

2 3

The factor n3(n—l)-3 in (3.59) may be omitted without affecting the

~ properties of Sén to any appreciable extent. From (3.20)

2 -1._n 2 2 2
(3.60) s_ = (=17 [3_4Z) - ol + 205]
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where Zi for i = 3,4,.+- is given by
(3.61) Zi = 1Ui - (1-1)Ui_1

and Ui is given by (3.57). In this example Ssn is just as easy to
calculate sequentially as Sin’ and so, is to be preferred over Sin

, 2 2
as an estimate of ¢ = My = B

From (3.13) of Theorem 3.1

(3.62)  elsh ] = (woup) + Gug-2u)n’l + 0™

which indicates that the first order bias of Sén is (6u§-2p&)n-l.

From (3.21) of Theorem 3.3

2 2 2 -1
(3.63) a{szn} = (Wy=Hy) + 4u,n “log n
2 -1

+ [(4¥HD) py-y, I

+o@h
where Y = 0.5772... . The dominant term in the bias of Sin is
4p§n-llog n, which is non-negative, and so, as we have already
noticed, Szn tends to overestimate 02 = By - pé. The term of order

n_l in (3.63) may be negative or non-negative depending upon the

c.d.f, F, and therefore, may either help to decrease or increase the
bias.
X , 2 2
To determine the variances of Sun and s, assume that hg < @

(as well as My > 0). From the statement of Lemma 2,12



1

var{gM2x)} = 167 var{(x-w* - 2, (x -0 %)

w0
ot
]

-1 2 2 4
16 “(ug + Blgly, = Algbe = Wy = 4M).

Next, from section 3,2
_ (D (2) - . .
go(xl) = 8{g (Xz)g (xlixz)} = Pﬂ3(x1 |J‘) /2'
Therefore, by (3.9)

(124

B, = Covig D28 ED = ~py (g2, 15) /8

and, by (3.10)
B, = Var{g (X,)} = uip, /4
3 o1 Hghy /%
. 2 .
The variance of s is then
wn
2 -1 -2
(3.64) Var{swn} = 16A1n +0(n ")

. 2, ,
where Al = Bl + 432 + 483. The variance of s 1s given by

(3.65) Var{sin} = 1600t 4 O(n-z(log n)z)

. 2
where A = Bl + 232 + 233. Notice that 8(BZ+B3) = 4p2p3 - W3l may
be either negative or non-negative depending upon the c.d.f. F, and
so, it is not possible to compare the first order terms of (3.64)
and (3.65).

For this particular example we might consider

2

2 = nz(n-Z)'l(n-3)'1[s4 - (nz-s)(n-l)'zsz]

51
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as an estimate of n Var{Un} where sj = Z;;l(xi~§£)j for j = 2,3,°°",
The estimate 32 is motivated by the classical theory of sampling
distributions of sample moments, See, for example, Chapter 12 of
Kendall and Stuart [10], The chief merit of s2 is that it is an
unbiased estimate ofthar{Un}. As 1is evident from (3.59), which

may be written as

3 -3 2
S = D (n-1) [84-52]’

s2 and Sén differ very little (especially for large values of n)
with Sén Being slightly easier to compute. Since we are mainly
concerned with large values of n, we favor Sén over s2 as an estimate
2 -1
of n Var {Un} = (Wy=Hy) + 00 ).
For further examples of U-statistics see Hoeffding [7], [8]

and Fraser [6].



CHAPTER IV
CONTRIBUTIONS TO THE ASYMPTOTIC

THEORY OF U-STATISTICS

4.1 1Introduction. The results of this chapter were developed
with the idea of solving the fixed-width sequential confidence
interval problem of Chapter V., We utilize the H-decomposition intro-

duced in Theorem 2.6, namely

h
Un= o+ Zli:l(‘tl;)vr(l )’

to establish a Kolmogorov-like inequality for U-statistics

(Theorem 4.2), and then, to show that, for Y < 1/2, nY(Un-e) converges
almost surely to 0 as n = ® (Theorem 4.4). 1In addition, if for each
positive integer s, NS is a positive integer-valued random variable,

then Theorem 4.5 states that the U-statistic UN based on
s

S SUNEITIN I is asymptotically normal as s - «, under certain con-
1°%2 N, y

ditions. Theorem 4.5 is used in Chapter V to establish the asymptotic

consistency of the sequential procedure (Theorem 5.2).

4.2 Kolmogorov inequalities. Theorem 2.6 states that for each

h=1,2,..+,r, Séh) = (;:)Véh) forms a martingale sequence. This

fact is used to prove

LEMMA 4.1. Assume that 0 < éh < » for some h = 1,2,.-+,r. Then

the following Kolmogorov-like inequality holds: for A >0
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(4.1) P{hrza;<n s > xaﬁ/z(g)l/z}g 2,

(h)2

n

PROOF. By Lemma 2.5, &{S } = (g) 6 . Thus, by the
Kolmogorov inequality for martingales (see page 399 of Loeve [11]),
for any ¢ > 0,

(h) =2/n
P{ max IS | > e}.g € 6 .
h<a<n o (h) h

Putting e = x&i/z(;:) 1/2 completes the proof of (4.1).

REMARKS. The Kolmogorov-like inequality (4.1) can be applied
directly to show that for any Yy < h/2, nyV§h) converges almost surely
to 0 as n = «, See pages 109-110 of Wilks [17]. However, a different
approach leads to étronger convergence results, as we shall see in
Theorem 4.3. 1In a somewhat classical approach a proof similar to that
on pages 107-108 of Wilks [17], utilizing Lemmas 2.4 and 2,5, can be
used to establish (4.1).

We now use Lemma 4.1 to derive a Kolmogorov-like inequality for

a U-statistic. TFrom Theorem 2.6

e (Der (ML (D) H®

where we have set § = (II)IJ for n > r.
n r/ n =

S

THEOREM 4.2. Assume a{f(xl,---,xr) }2 <ewand 8 >0, and let

6=z_ (1) 6% Then

P{ max Isa-(f)el > M‘n’l/z(:)} < a2
r<o<n

for » > 0.
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PROOF., First, note that éh < ® for h=1,2,--+-,r as a conse-
quence of our assumption, Lemma 2.1(i), Lemma 2.7 and the Schwarz
inequality. Define the events

E={ max |Sa-(:)9|_>_)\5n_1/2(:>}

r<o<n
and

1/2 r1>1/2}

h
E={max ISé)|2)\6h N

B r<o<n

for h = 1,2,*++,r. If each of El’EZ""’Er occurs, then for a > r

()2 (2)(R) s

15 (¢ )el <
< (Dma(D@) he ()

< K&fl/2<:>.
This implies that E.EZU;=1Eh, so that, by Lemma 4.1
P(E) < P(UL_E) < Zi_P(E) < r\'%,

which completes the proof.

4,3 Strong convergence results. The main theorem is
L Y e it et arara s ¥ W W N L]

THEOREM 4.3. Let {bn};.hg‘g positive increasing sequence of real

numbers with 1imn~m bn = o, If, for some h = 1,2,--+,r, 0 < éh < ®
and
(4.3) 52 P2 L e,
=17 7,3
-1, (h)
then bn Sn converges almost surely to 0 as n = =,




. PROOF. From Lemma 4.1 for any ¢ > 0

(h) 2
(4.4) :qhgﬁinlﬂvl zeb Y < b (D).

Then (4.3), (4.4) and the Borel-Cantelli lemma imply that

, -1,(h)
(4.5) 1:.mj szszJ =0 (a.s.).

Next, define

1505
2

T, = max

23<n< it

for j = 1,2,*** and Yn

1]

S(}.l) - S(t.l) for n = 1,2,°++, Then {Yn}olo
2340 2J

is a martingale sequence, so that, by the Kolmogorov inequality for

martingales (page 399 of Loeve [11])

(4.6) P{Tj > eb j} <e

Now, since 6{S(h) (h)} 6{8(?)}2, then

2+1 J 2

(h) (h) 2
(4.7) &{Yzj} = e{s J+1} e{s2J }

pdtl 23
=&l ) -(3)1

PSRN hj
A little computation shows that (h ) - (h ) < K2~ for some

constant 0 < K< », Thus (4.3), (4.6), (4.7) and the Borel-Cantelli

lemma imply that

. -1,
(4.8) 11mj_'°° szTj =0 (a.s.).

' Now, for each n, let j be the positive integer such that
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27 <n< 23+1. Then, since {bn}; is positive increasing,

'Hs(;‘)l + b7 i

-1 ()
(4.9) b s 7] <b .

n

for n = h,h+l,***., Combining (4.5), (4.8) and (4.9) completes the

proof of the theorem.

COROLLARY. Assume 0 < éh < o for some h = 1,2,+¢0+,r,

h/

(i) If ¢ > 1/2, then n 2(log n)-eséh) converges almost surely

o 0 as n = .

(ii) If v < h/2, then nYV§h) converges almost surely to O as

n = o,

(iii) If v < 1, then nYRn converges almost surely to 0 as n = =,

where Rn is defined by (2.6).

PROOF. To prove (i) let bn = nhlz(log n)e so that, since 2¢ > 1,

(4.3) becomes

- -2
(log 2) 262?; i c€

J_l < m.

nh-Y. Then, since h - 2y > 0, (4.3)

]

To prove (ii) let bn

becomes
® ,=j(h-2Y)
Zj=12 < o,
Thus nY-hsih) converges almost éurely to 0 as n = », which is equiva-

lent to (ii).

Part (iii) follows directly from (ii).

REMARK. Theorem 4.3 may be easily generalized to the following
result. Let {bn}; be a positive increasing sequence of real numbers

with lim b =«, If, forn>r, S forms a zero-mean martingalé
n=o n = n
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sequence such that 8|Snls} = O(nh) for some s > 1 and some h > 0 and

-1
then bn Sn converges almost surely to 0 as n = o,

THEOREM 4.4, Assume 8{f(X1,"°,Xr)}2 < ® and that 61 > 0. 1If

Y < 1/2, then nY(Un-O) converges almost surely to 0 as n = .

PROOF., The theorem follows directly from the H-decomposition

(2.6) and Corollary (ii) of Theorem 4.3.

4.4 The asymptotic normality of UN. In this section we extend
[ e ara v oW oW o N o AT AT AT AT av a¥ oV WV W W W W W W W ]
to U-statistics Anscombe's theorem on the asymptotic normality of
averages of a random number of I.I.D. random variables. From

Theorem 2,6 recall that the H-decomposition is

U =60 + rV(l) + R
n n n

L _ r (h) (1) _ ~1n
where Rn = Zh=2(11)Vh and Vn =n Zi=l(f1(xi)-9).

THEOREM 4.5. Assume E',{f(Xl,---,Xr)}2 < and p; > 0. Denote the

standard normal c.d.f. by @(x),lfg:{ns}_hg_gg increasing sequence of

positive integers tending to = as s = », and {Ns}.hg 2 sequence of

proper random variables taking on positive integer values such that

p -~ lim n-lN =1,
S=» S S

Then, with 02 = rzpl,

].ims_-’°° P‘[ (UNS-Q) S n;l/sz} = @(x) .

PROOF. Anscombe [1] introduced the following situation. Let
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{Yn} be a sequence of random variables. Assume that there exists a
real number 6, a sequence of positive numbers {wn} and a c.d.f. F(x)
such that:

Cl. For any x such that F(x) is continuous

lim  P{Y -6 < xw } = F(x).

N=®

C2. Given ¢ > 0 and 7> O there exists a large Ve and a small

Al

¢ > 0 such that for any n > v
G,n

P{|Yn,-Yn < ew  for all n' such that |[n'-n| < en} > 1 - 1.

Theorem 1 of Anscombe [1] states that if {Yn} satisfies Cl and C2,
then

lim P{YNS-O < ans} = F(x)

at all continuity points of F(x). Let C3 be the condition that {wn}

is decreasing, tending to 0 as n = « and lim w-1 w
n=e nt+l n

= 1, Theorem 3
of Anscombe [l] states that C2 is satisfied if Yn is the average of

n I.I.D. random variables, if Cl and C3 hold, and if F(x) is
continuous.

We now apply these results to our situation. Here wo= n—l/zo
so that C3 is satisfied, Hoeffding [7] has shown that Un satisfies
Cl with F(x) = 3(x). (See Remark 2 following Theorem 2.6.) We now

show that Un satisfies C2. First, rV(l)

n satisfies C2 by Theorem 3

of Anscombe [1]. Thus, from the H-decomposition, given ¢ > 0 and

N> O there exists a Ve 1 and a ¢ > 0 such that
H

1/2

P{|Un,-Un-Rn,+Rn < eon for all n' such that |n'-n| < en} > 1 -



for all n> v , and hence

€3T]

(4.10) P{|Un,-Un|-|Rn.-Rn| < ecn'l/2

for all n' such that |n'-n| < en} > 1 - 1

for all n> v By Corollary (iii) of Theorem 4.3,

G,Tl.
11’.mn__.°° nl/an =0 (a.s.). Thus given ¢ > 0 and 1 > O there exists
an N' such that
G’T]
-1/2 '
P{an,-RnI < eon for n' = n,n+1,---,n+k} >1-7
-1

11 N' d for k = 0,1,-++, Let = (1- ' . Th
fo? all n> es1) and for s1, e Ne,ﬂ (1-c) Ne,ﬂ en
n>N implies that n(l-¢) > N' . Therefore

G’TI G,T]

1/2

(4.11) P{IRn,-RnI < gon’

for all n' such that |n'-n| < en} > 1 - 1

for all n > Ne,ﬂ' Let v = max(ve,n,Ne’n). Define the events
A={|u_,-u_|-|r_,-R_| < e:cn“]'/2 for all n' such that |[n'-n| < cn}
n' n n' "n >
-1/2 ' '
B = {|Rn,-Rn| < eon for all n' such that |n'-n| < cn}
and

1/2 for all n' such that |n'-n| < cn}.

C = {|Un,-Un| < 2¢0nm”
Therefore AN B € C, and so, from (4.10) and (4.11)

P(C) > P(ANB) = P(A) - P(ANB) > 1 - 27

for all n> v. Thus Un satisfies C2, and the asymptotic normality of

60
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UN follows from Theorem 1 of Anscombe [1].

The following corollary is a consequence of Theorems 3.2 and 4.5,

COROLLARY. Under the assumptions of Theorem 4.5

1/2 -1 } = 8(x)

s SwN (UN -6) < X
s s

(4.12) lim__,_ P{n

where szS is given by (3.12).

REMARKS. As a result of Theorem 3.4, SN in (4.12) may be

S

replaced by SN ° which is given by (3.20). As a special case of

s
(4.12) it follows that nl/2

-1 , , .
swn(Un-e) is asymptotically normal with
mean 0 and variance 1 as n —* =, (We may, of course, again substitute

s for s__.)
zn wn



CHAPTER V
SEQUENTTIAL FIXED-WIDTH CONFIDENCE

INTERVALS FOR REGULAR FUNCTIONALS

5.1 Egproduction. Assume that X s*++ are I,I.,D, random

1272
variables. Let fixl,...,xr) be the symmetric kernel of a U-statistic
Un whose expectation is ©. The problem is to find a sequential confi-
dence interval for 6 of fixed-width 2d, where d > 0, and such that the
coverage probability either equals, or approaches in some way, a
specified o, where 0 < o < 1, The problem was solved by Chow and
Robbins [3] for a special U-statistic, the sample mean. To adapt
their procedure to deal with a general U-statistic is the "raison
d'eétre" of Chapter V. Chow and Robbins [3] use n-lsi, where si is the
sample variance, to estimate the unknown variance of the sample mean,

. 12 ., . .
In section 5.2, n S.m 1S used as an estimate of the unknown variance

of Un’ and in section 5.3, n-lsin is used,

The sequential procedure may be simply described as follows: at
each stage of sampling the U-statistic Un and an estimate of its
variance are calculated, and sampling is terminated as soon as the
approximate coverage probability for the interval [Un-d,Un+d], based
on a normal approximation, is at least o, It is shown that the
coverage probability is, in a certain sense, asymptotically «; that is,
the sequential procedures are consistent (Theorem 5.2), It is also

shown that the expected sample size of the procedures is asymptotically

equal to the sample size of the corresponding non-sequential scheme
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used when the variance of the U-statistic is known (Theorems 5.3 and
5.8); that is, the sequential procedures are efficient.

In section 5.4 the procedures are illustrated with the estimation
of (1) the variance of Xl’ and (2) the probability of concordance for

bivariate Xl'
5.2 The sequential procedure using sén. For 0 < o < 1 define
"a" (> 0) by

-1/2 -+a

-a

(2m) exp(-u2/2)du = a.‘

Let {an} be a sequence of positive real numbers such that lim a = a.

For d > 0 define the stopping variable

(5.1) N(d) = smallest integer k > r such that Sék < kdzaiz.

Define a closed confidence interval IN = [UN-d,UN+d] of width 2d.
Notice that N and IN have properties similar to those stated in the
theorem appearing in Chow and Robbins‘[3].

LEMMA 5.1. Assume &{f(Xl,---,X.r)}2 < » and Py > 0. Then

(1) N(d) is well-defined and is a non-increasing function of d,

(ii) 1lim O'N(d) = o (a.8.),

d=-
(iii) limg e{N(d)} = =, -and
(iv) 1imd a-zc-zd-zN(d) = 1 (a.8.).
-0 et
PROOF. Recall from Theorem 3.2 that lim s2 = 02 (a.s.). Let
LA n=o “wn

Yo = G-zsén, f(n) = a;zna2 and t = dfzazcz. Then all parts of the

lemma follow from Lemma 1 of Chow and Robbins [3].

THEOREM 5.2. Assume a{f(Xl,---,Xr)}2 < and p; > 0. Then
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lim, P{Q € IN}

Hence, for sufficiently short intervals, the coverage probability is

approximately equal to o.

PROOF. Let t = d 2a’0” and let N, be defined by (5.1) with a2

replaced by t 1a20 . (Note that Nt = N(d).) Refer to Theorem 4.5

and identify Nt with NS and t with n_. Then

P{o € 1.} = P{IUNt-Q| <d} = P{|UNt-9| < 71240}

and so the theorem follows.

THEOREM 5.3. Assume 5{f(X1,---,Xr)}2 < «» and Py > 0. Then

(5.2) lim, , d a*a~ %" 2en(a)} = 1.

Before we tackle the proof of Theorem 5.3 we establish a series of
four lemmas, which are required in the proof.

LEMMA 5.4. Let Xl,Xz,--- be I.I.D. random variaBles and Yn a

function of Xl’X ---,Xn. For each t > 0 let N be a positive

2’

integer-valued random variable depending on (X 2,--~) such that the

event {Nt = n} is in ﬁn, the o-field generated by {Xl,Xz,---,Xn} for

n= 1,2, (i.e., Nt is a stopping variable). If 1imn~m Yn = 0 (a.s.)
and 1imtdw Nt = » (a.8.), then 1imt~«>YNt =0 (a.s.).

PROOF. Define the events
A={(X1,X2,"')llimt_mN = @}, B = {(X,X,, o) | 1im m Y =6}

and



65

C = {(X:Xy,e+)|lim ¥ =6},

N

Then P(A) = P(B) = 1, which implies that P(A N B) = 1. But, it can
easily be shown that AN B € C. Thus P(C) = 1.

LEMMA 5.5. _;ge{lf(xl,---,xr)l} < o, then {Un}:_iﬁ a reverse
martingale.

PROOF. The proof appears in Berk [2], but, because of its simple
nature and the fact that it is referred to several times in the
ensuing pages, is repeated here. Let n > m> r and (ozl,---,ar) be

any r-combination from {1,2,<++,n}. Then

6{f(XOl sc° ’Xo[r) lUn’Un+1’ i '}

1

= e{E(X 500X ) |U LU 15000} =g (say).

Sum over all (:) combinations and obtain

(n’r) LI = n
b3 a{f(xal, ’onr)IUn’Un+1’”'} = (r)q

so that B{UnlUn,Un+1,°°°} = q. That is Un =gq (a.s.). Next, sum
over all (?) combinations from {1,2,+++,m} and obtain
S{UmlUn,Un+1,---} = q. Thus, a{Umlun,Un+1,---} = U (a.s.), and

o
{Un}r is a reverse martingale.

LEMMA 5.6. If &{If(Xl,'",Xr)I} < «, then for any ¢ > 0
-g
(5.3) 8{supnn |Un|} < o,

. PROOF. This method of proof by truncation is similar to that in
Hoeffding [9] and Sen [13]. Also see Siegmund [14]. Define



f(xa 200X ) if [£(¢--0)] < (maxjozj)e/2

0 otherwise

and f"(xa RRLFEN ) = f(xa sereaX ) - f'(xa SERFEN ). Then set
1 r 1 r 1 T

S = Z(n’r)f(xa ’...’xa )’
1 r

P ¢ % ) I e
Sn =2 £ (Xals :xa )
X

and

g" = Z(n’r)f"(x seeesX )
n o o
1 r

(a) To prove 6{supnn-(r+e)|sél} < ®, note that

supnn-(r+e)lsé| < supnn-(r+€)2(n’r)|f'(xa suee X )]

r

-(r+e)z(n,r)(max j)€/2

IN

o4

sup n 5

< supnz(n’r)(maxjozj)-r-e/2

. ~r=-¢e/2
J e/

IA

n j-1
SuPan=r_(r-1

o L =l-g/2
< Zj=r <

w.

(b) To prove 6{supnn-(r+€>|83|} < ®, note that
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efsup n” (79 51|} < efsup nFFIsD ek oo x )|
1 T

-(r+e)2? 2(_;|-1,r-l)
j=r-o's

" ® o0
8{supnn If (Xj,Xaé, ’Xa%)l}

6{2‘? j_(r+€)z(:‘j-l:r-1) |f"(X,,X
j=r a's 3

AN

st X )I}
% 0%

® ,-(r+e)(j-1,r-1) n -
< By T ef|t ®y5%g » ,XQ}>I}
Lo2]

j=r

O (I ] e e [ arcry)

[£¢- ) >3%%)

IA

5 gl
j=r i

|
N
(SN
i
o

where we have set

r
b, = j |f(x1,--.,xr)|ni=1dF(xi)
.e/2
[JECxp,ee % ) [>557]
for j = r,r+l,***, so that bj‘Z 0 and bj > bj+1'

. _ 1 "
(c) Finally, we have Sn = Sn + Sn and
-(r+ -(r+ -(r+e
8{supnn ( €)|Sn|}5 8{supnn ( e)lSél} + E{Supnn ( )|s;|}

which, along with (a) and (b), proves the lemma,
A positive integer-valued random variable M depending on
(Xl,Xz,-o-) such that, for n = 1,2,*++, the event {M = n} is in ﬁé,

the o-field generated by {Xn,X -}, is called a "reverse stopping

n+l’’

variable'", The following lemma appears in Simons [15] and follows
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from Theorem 2.2 on page 302 of Doob [4].

LEMMA 5.7. Let Z 50,2 be a martingale where -® < m, < m
" = -, -m; = = 1 2

< » and let M be a reverse stopping variable with P{ml <ML m2} =1,

Then &{Z_y} = e{z_ml}.

PROOF OF THEOREM 5.3.

(a) As in Simons [15] define a reverse stopping variable for

d > 0 by
[ 1ast integer n > o
2 2 -2 if there is such an n
such that s > nd a
wn n
(5'4) M = . 2 2 _2
n -1 if s < nd a for alln> n
o wn — n =~ "0
\, © if 32 > ndza"2 infinitely often
wn n

where n > r + 1. Let I represent the indicator function and define

t and Nt as in the proof of Theorem 5.2. Then for every t > 0

N_< + (M1)I

nl
t o [M--no- 1] [M> no]

= MI +n I + 1
[M_>_n0] o [M—no-l] [M_>_n0]

-2 2 2
<d AP uM + noI[M_>_ no‘-l]

-2 -2 2 2
a

Lt (o] a.Mst + no.

Thus, for every t > 0
1

-1 -2 =2 22 -
(5.5) t 6{Nt} <a‘o 8{a.Mst} +t n_.

. 2., _ 2 . .
(b) We now prove 11mt_m 6{st} = g . From expression (3.18) in
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the proof of Theorem 3.1

(5.6) elss,} = e{u(l) w7 + zF_ eloy (c)U(c)}

Define Zf;) = Uéc) and Zfi) = lim Z(c) for ¢ = 0,1,°**,r. Then

n=

= 1lim U(c) = o, + 92 (a.s.) for ¢ = 0,1,°**,r. (Recall that

Py = 0.) Then, by Lemma 5.5, {zfi),---,zfﬁ)} is a martingale. There-

fore, from Lemma 5.7 with m=n - 1 and m, = ©, we obtain
(e)q _ () 4 _ 2
(5.7) e{uy, '} = a{Uno_l} =p, + 9
for ¢ = 0,1,***,r. In partlcular, &{U(l)} L * 6% and 6{U§O)} = 2.

From (5.1) and (5.4) note that, for every t > 0, Nt <M+ 1, so that,
as a consequence of Lemma 5.1(ii), 1:’.mt_m=> M=o (a.s.). Also,

Lemma 5.4 implies that 1imt oo Uéc) = Pe + 92 (a.s.) for ¢ = 0,1,s°+,1.

Now @ (c) = 0(n ), so that limt o aM(c)U(c) 0 (a.s.) for

O0,1,¢++,r. Furthermore, by Lemma 5.6, a{supnan(c)|U§c)|} < o for

C
¢ =0,1,*e+,r., We then use the Lebesgue dominated convergence theorem

to obtain

(5.8) lim efon ()U{™} = 0.

t-'co c—o

Finally, from (5.6), (5.7) and (5.8) we conclude that

. 2., _ 2
(5.9) llmt_m e{st} =0o°,

(c) Guided by Pratt [12], we next show that

R 22, 22
(5.10) 11mtda,8{aMst3 = ao”,
. . 2 2
From Lemma 5.4 it follows that lim s ..,=0 (a.s.) and

t=o WM
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1lmt—'co aMSWM

2 2.2 2
for every t > 0, As oy S aySum S Bsuye Thus
22 2 . 22 2
0<a“c” - Ac” = z-:{nmt_.o° (aMstfAst)}
and, by Fatou's lemma,
22 2 . 22 2
(5.11) 0 <a“c” - Ad” < lim 1nft_ub£{aMsWM As
. 2 2 2
= lim inf S{%HSWM} - Ac”.
Also
2 22 - . 2 22
0<Bd -aod = 3{1lmt~m (Bs_y aMszP}
and, by invoking Fatou's lemma once more,
, 2 2 2 R 2 22
(5.12) 0 < Bo" - a“c” < lim inf___ €{Bs  -a s .}

2 i3

2 . 2
Bo =~ lim Sup,_ ., 6{aMst

Then (5.10) follows from (5.11) and (5.12).
(d) We conclude from (5.5) and (5.10) that
lim Suptdqat-la{Nt} < 1, However, Fatou's lemma implies that

lim inftﬁm t-l€{Nt} > 1., This completes the proof of Theorem 5.3.

5.3 The sequential Erocedure using Sin' The results of

section 5.2 also hold if Sin is used as an estimate of 02 = rzpl.

Throughout this section N(d) is defined by (5.1) with Sik substituted
2

for Sk’

immediately. We now consider the analog of Theorem 5.3.

Results analogous to Lemma 5.1 and Theorem 5.2 follow

THEOREM 5.8. Assume 8{f(X1,---,Xr)}2 < ®and p, > 0. Then

70

= a o (a.s.). Now, let A = inf a2 and B = sup az. Then,
nn nn



. 2 -2 -2 _
(5.13) lim,  d“a "o e{N()} = 1.

PROOF .

(a) Examine the proof of Theorem 5.3. It is clear that, in

analogy to (5.5), for every t > 0

-1 -2 =2 22 -1
(5.14) t é',[Nt} <a ‘o e{aMszM} + £ n
-2 22 R .. . .
where t = d "a"c". 1In order to establish (5.13), it is sufficient
to prove
. 2, _ 2

For, assume for the moment that (5.15) is true. Then it is easy to
see that Part (c) of the proof of Theorem 5.3 can be applied, as it

stands, to prove that
. 22,_22
(5.16) lim__ 8{aMszM} = a“0",

As a result of (5.14), (5.16) and Part (d) of the proof of
Theorem 5.3, it follows that (5.13) is true.
We therefore begin the proof of (5.15). First, set & = O,

without loss of generality. Then from the proof of Theorem 3.3

2 *2 -1 2
Syn = Szn + r(n-1) (Ur-Un)
and
%2 -1 n 2 -1 2 -1
S,n = (n-1) zi=r+1zi - (n-1) (n+r)Un + (n-1) 2rUrUn'

We establish (5.15) by proving each of the following four statements:
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(5.17) Lim_,_ &{(4-1) le ol l} y
) -1 2
(5.18) lim e{M-1) (M+r)UM} =
(5.19) lim,__ e{(-1) U0, } =0  and
(5.20) lim, _ e{M-1) "L ~u)? =
t = T M

(b) Proof of (5.17). From the proof of Lemma 2.12 recall that
2
(5.21) Z, =vr z, + 2rz,P, + P,
iti i

_ T T (h)
where P, = Zh:Z(ll)zi and

2 _ .r ry2,(h)2 1) ( 2)
(5:22) By = B () % ¥ Zhl—zzh 2(h )(n ) Z
hy#h,
for i = r+l,..-,n, Now write
-1 2
(5.23) ela-)TEL 20} = efeon) TIEL L a2} + elbonsy 20)
-2 2 ,

where b(M) = O(M “). Clearly, (n- r) 1—r+121 is a reverse martingale,
so that, by Lemma 5.7

2 2,0 2 2 2
(5.24) re{M-r)" Zf;r+1 id=r &{zr+1} =rop =0.

Recall that 1ﬁntqa,M = o (a.s.). Therefore, from Lemmas 5.4 and 5.6

and the Lebesgue dominated convergence theorem, we obtain
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(5.25) lim S{b(M)ZM ra1? } = 0.

t=w
Putting (5.24) and (5.25) into (5.23) yields

-1 M 2 2
} =

(5.26) lim e{(M IR

t=co

Because of (5.21) and (5.26), in order to prove (5.17), we need

only prove

(5.27) lim ef (M- 1) 1_r+1 1} =0
and

‘ . -1 M '
(5.28) lim, e{ (M-1) Ziers1%iP1 } =o0.

But, by the Schwarz inequality (for both the summation and the

expectation),

|6{(M l) 1—r+1 1P }I'S & {((M 1) - 34r+1z§ )1/2 (M- 1) - i£r+1Pi )1/2}
1/2
(5.29) < tefoen el et beforn Tl pE 2

From (5.29) and (5.26), notice that (5.27) implies (5.28).

We now prove (5.27). From the proof of Lemma 2,12 recall that

(5.30) (h) wif ) . (h- 1)v(h)

so that

(h)2 _ *(h)2 (h) (h) 2 (h)2
(5.31)  z;7 " =W - 2(h-DW Vg + (-1

for h= 2,3,++¢,r and i = r+l,***,n. Thén, because of (5.22), (5.31)



74

and an argument similar to (5.29), in order to prove (5.27) it is

sufficient to prove

(5.32) tim__ e{ae-1"'E)_ W M2 =0
and

(h)2, _
(5.33) Lim e{(M-1)" Zr-r+1V1 1 } =0

for h = 2,3,**°*,r.
To prove (5.32), for h = 2,3,++e,vr; ¢ = 0,1,+++,h=1 and

i =1r+l,eee,n, define

(5.34) V(h © - 1) (h- )(h-l-

(h)
s ’xO[ )g (xj’xBZ’ o X

(c)_(h)
g (xj,xO[2 .

(c)

where the summation T is over all combinations (az,-o-,ah) and
(Bz,-'-,Bh) each chosen from {1,2,+++,i-1} and such that there are
exactly c integers in common. (Compare (5.34) with (2.3) which

defines the Uéc)'s.) Then, in analogy to (3.15),

P2 o i-1y-1ohe1 -h y y(hse)
(5.35) W, ;_1 c_o( )(h-l— A :

for h = 2,3,¢*+,r and 1 = r+l,++¢,n, Because of (5.35), (5.32)

becomes

.90 1m0l () () v

. h-1 -1 M -1, i-h (h,c)
+ 11mt~m l ( ) e{ (u-1) 1~r+1 h-l) h-1- c) vy e } =
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for h = 2,3,.++,r, which is to be proved.

We now examine the first term of (5.36), which may be written as

-1 M (h 0)}

(5.37) 1im e{ (M-1) Ziera1Vi

t =0

+ 1lim e{ (M- 1) a(h,i)Vih’O)}

-

i r+l

where a(h,i) = O(i-l) for h = 2,3,+++,r, Notice that the first term

of (5.37) is equal to

LM (h,0),

(5.38) lim e{ (M-1) 1 r+1 i

t= o

. (h,0)
+ lim_, &{b(M)Zl_r+1V1 }

for h = 2,3,«++,r and where b(M) = O(M-z). By Lemma 2.4,

&{v?h’o)} =0 for h = 2,3,++e,r and i = r4l,.+.,n. Also,

y (B0

1—r+1 i is a reverse martingale (the proof is similar to

@-r)"!

that of Lemma 5.5) so that, by Lemma 5.7,

-1 M (h 0)

1 r+1 i } =0

(5.39) e{ (M-r)
for h = 2,3,+--,r, Next, Theorem 4.3 can be adapted to show that

y (R0

11mn b(n )21—r+1 i = 0 (a.s.), and also, Lemma 5.6 can be

adapted to show that 8{sup b(n)Z (b, O)I} < ®, for h=2,3,...,r,

i= r+1IV

Thus, from the Lebesgue dominated convergence theorem

(5.40) lim_ 8{b(M)ZM . fh R N

for h = 2,3,+++,r, From (5.38), (5.39) and (5.40) we find that the
first term of (5.37) equals zero. In a similar fashion it is possible
to show that the second term of (5.37), and hence, the first term of

(5.36), equals zero.
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We now examine the second term of (5.36). Again, Theorem 4.3

can be adapted to show that

-1y (h,c)

1—r+1 i =0 (a.s.)

(5.41) lim _ (n- 1)

and a proof similar to that of Lemma 5.6 demonstrates that

; _y-lan .-1,.(h,c)
(5.42) e{sup_(n-1) L v 1} <

for h = 2,3,+++,r and ¢ = 0,1,+++,h-1, Then (5.41), (5.42) and the
Lebesgue dominated convergence theorem combine to show that the second
term of (5.36) equals zero. This completes the proof of (5.32).
The proof of (5.33) is similar to the proof of (5.32) and is
therefore omitted. We have thus established (5.27), and hence; (5.17).
(¢) Proof of (5.18), (5;19) and (5.20). From the proof of

Theorem 3,1 recall that

2 -l
(5.43) Un = ( ) § ( )(r -c éC)

, (c) . . ny ~-l,r n-r _ -C
with Un given by (2.3). Notice that (r) (c) (r-c) =0(n )
for ¢ = 0,1,+++,r. For ¢ = 0, by Lemma 5.7, &{Uéo)} = 0. For

¢ =1,2,+++,r, by Lemma 5.6,

(5.44) efsup, (7) 7T(E)(EE) 0l <

Also, for ¢ = 1,2,«+¢,r

5.45)  uim _ ()TN fc) =0 (a.s.).

Thus, by (5.43), (5.44), (5.45) and the Lebesgue dominated convergence
theorem, (5.18) holds. Both (5.19) and (5.20) can be easily proved

using the Schwarz inequality. This completes the proof of (5.15) and
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the theorem.

5.4 Examgles.

EXAMPLE 1. We continue our discussion of the example of
section 3.6 in which @ = Var{Xl}. To be specific let a = a for
k = 2,3, although any positive sequence {ak} such that limk*wak= a
would do since we are only investigating asymptotic behavior. From

(5.1) define for d > 0

(5.46) N(d) = smallest integer k > 2 such that sék.5 kdzet-2

where Sék is given by (3.59). Then IN = [UN-d,UN+d] is a sequential
confidence interval for © = Wy having width equal to 2d and cov?rage
probability approximately equal to o, for small values of d. The
sequential procedure is asymptotically efficient in the sense that
(5.2) holds. 1In this case sén is not difficult to calculate sequen-
tially as it depends only on the first four sample moments.

We could also define N(d) by (5.46) with sék replaced by Sik
where szk is computed using (3.57), (3.61) and (3.60), in that order.
However, for this example, the procedure using sék is to be preferred.

Note, incidentally, that the sequential procedure is invariant
under a location shift.

EXAMPLE 2. Suppose that X = (x](_l),x(z)),---,xn = (xél),xéz))

is a bivariate raﬁdom sample of a random variable X = (X(l),X(z)) with

continuous marginal distribution functions. Let

-1 u<o
s(u) ={ O u=20

+1 u> 0
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S(Xil)-xél))s(xiz)-xéz)). The corresponding U-statistic

anﬁ f(xl,xz)

is

-1 -1 (1) (1) (2)__(2)
n (n-1) Za o s(xoz1 -xQ/2 )s(xo[1 -xa,2 )

(5.47) U
n 17%

and is referred to as the difference sign covariance of the sample.
See Hoeffding [7]. Two points Xq and x, are said to be concordant
if s(x{l)-xél))s(xiz)-xéz)) = +1 and are discordant if

s(xil)-xél))s(xiz)-xgz)) = -1, Let
(5.48) m = P{X1 and X, are concordant} = P{(xil)-xél))(xgz)-xgz)) > 0}.

Then the expectation of the U-statistic is
0 = &{s(X(l)-X(l))s(X(Z)-X(Z))} = 2m - 1. Now, let C_ equal the
1 72 1 2 n
number of concordant pairs among XjaXysc oo X . Then (5.47) becomes

TS S |
(5.49) U, =40 (a-1)77C_ - 1L

Next, for i = 1,2,**¢,n, let Tin equal the number of points among

'3 n a—
{xl,o--,xi_l,xi+1,-o-,xn} concordant with x,. Then ¥, T, = 2G

—-n =
and Cn = Zi=2Tii’ so that C Cn + T

ntl nt+l,nt+1°

To determine 32 notice that W, = 4(n-1)-1T. - 2 and so
wn in in

- -1 -1 -1
win - Wn = 4(n-1) Tin - 8n (n-1) Cn

for i = 1,2,+++,n. Thus, after some arrangement

2 -3..n .2 -1.2
(5.50) S = 16(n-1) [Zi=1Tin - 4n Cn]'

Define
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1 if x, and x are concordant
: i n+l
ai(n+1) =
0 otherwise
for i = 1’2’...’11-' Then Ti,n'l']. = Tin + ai(n’l‘l) for i = 1,2,"',1’1.

Notice that the Tin's may be arranged in a triangle as follows:

T2 Ty

T3 Ty3 Tsg

T1n T2n T Tnn

Suppose that the observations X sKgs oo X have been taken and that
Cn,Tln,---,Tnn have been determined numerically. Now, if a further
is taken, then T

observation x can be determined either by

nt1 ntl,ntl
plotting Xl and comparing with xl,xz,-o-,xn, or otherwise. Then
= ' 2
compute Cn+1 from Cn+1 Cn + Tn+1,n+1' The Ti,n+1 s are determined,

for i = 1,2,*++,n, from the last row of the above triangle, and

finally, sé is given by (5.50).

sl

The estimate Sgn is given by

2 -l..n .2 2 2
(5.51) s, = (n-1) [Zi=BZi - nUn + 2U2]
where, for n> 2,
(5.52) Zn = nUn - (n-l)Un_l.

Suppose that Cn, Un and Z?=3Z§ are known numerically and a further

observation x

1 is taken. Determine T and Cn+1 as before.

ntl,ntl



; 2
Compute Un+ from (5.49) and Zn+ from (5.52). Then, finally s,

1 1 sot+l

can be computed from (5.51).

Define N(d) using either sén or Szn as an estimate of 02. Then
IN = [UN-d,UN+d] is a sequential confidence interval for @ = 217 - 1
having fixed-width equal to 2d and coverage probability approximately

equal to o, for small values of d.
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