
ABSTRACT

CHEN, SHIH-YUAN. Mechanics and Dynamics in Soft Matter Systems: From Microscopy
to Bulk Phenomena Across Multiple Time Scales. (Under the direction of Karen E. Daniels).

Soft matter includes various materials, with diverse phenomena crosslinked by several

universal properties in this big family. In this thesis, I focus on two ideas: (1) differentiating

phenomena at particular time scales as well as aiming for a general model that covers all

time scales, and (2) measuring both macroscopic phenomena and the microstructure in a

soft matter system as well as developing a general model to connect the two. I present four

projects to elaborate on how I approach these two ideas.

The first two projects focus on elastocapillary partial wetting: research focusing on soft

matter deformed by the surface tension of the liquid. In the first project, I demonstrate how

we approach this system via an experiment involving elastocapillarity, viscoelasticity, and

swelling. We successfully build a model to describe the gel deformation under equilibrium.

After developing an equilibrium model, I design a dynamics quasi-static experiment

in the second project, aiming to bridge the elastocapillarity between equilibration and

transient dynamics. The experiments study droplet motion on a film with a strain gradient,

referred to as strainotaxis. I develop models to calculate the asymmetric strain field for a

strained film. I then build experiments to make films with strain gradients and create an

observation setup. While I successfully observe slow, quasi-static droplet motion, I find

I have no control over observing strainotaxis using this setup. I discuss the speculated

reasons hiding the strainotaxis effect from observation.

In the third project, I discuss how coculture biofilms develop wrinkles using both macro-

scopic and microscopic measurements. I create a protocol to measure the stiffness of each

monoculture film using a rheometer. Combining my rheology results with two types of

microscopy to locate the bacteria species in the coculture film, my collaborators and I form

and evaluate hypotheses to explain the wrinkle formation.

In the last project, I study grain mixtures containing living larvae, drawing a connection

between the particle-scale fluctuations of mixtures and the rates of macroscopic flow.

Microscopically, we find that the wiggling larvae introduce particle-scale fluctuations to

the mixture, and the fluctuations become faster with more larvae. Macroscopically, we find

that the pile flow induced by gravity depends on the larvae fraction, the grain type, and the

force between the grain particles. Importantly, we observe that the flow rate is faster with a

higher larvae fraction, indicating that the fluctuations cause the pile flow to be enabled



more easily. In contrast what is observed for the pile �ow, we �nd the shear �ow induced

by the shearing spindle is independent of the mixture composition. Since the �ow rate

depends on how the �ow is generated, and the �ow rates in the two measurements are at

two separate time scales, we hypothesize that the fast particle-scale �uctuations induce

slow pile �ows but are less in�uential in fast shear �ows.

These studies illustrate how macroscopic phenomena in soft matter systems emerge

from microstructure, and such phenomena can span a wide range of time scales. Using my

four projects discussed in the thesis, I elaborate on how we can understand soft matter sys-

tems and build general models that connect microstructure and macroscopic phenomena

across multiple time scales.
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CHAPTER

1

INTRODUCTION

In this chapter, I �rst discuss what soft matter is and give examples in the soft matter family

that are related to my research. I then discuss some universal properties in this big family

and propose ideas for general models to describe universal properties in soft matter systems.

To achieve this goal, I explain how to calibrate the material properties within the linear

range, followed by several nonlinear phenomena in various soft matter systems. I then lay

out my thesis structure together with more speci�c experiments that may enlighten the

road to general models.

1.1 What is soft matter?

In his Nobel lecture [1], de Gennes described soft matter properties with two features:

complexity and �exibility. Complexity means that soft matter is a big family that includes

various materials like complex �uids, polymers, gels, colloids, granular materials, active

materials, etc [2], spanning material sizes from nanometers to kilometers. Therefore, the

study of soft matter is “an amalgamation of methods and concepts that...are spread across

physics, chemistry, engineering, biology, materials, and mathematics departments” (Silver-
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Figure 1.1: A polymer network made of two types of polymer with crosslinkers.

berg, APS NEWS, 2015[3]). Flexibility means that the material properties depend on how

large, how fast, and how long one applies force to the material. In the rest of this section, I

introduce four materials in soft matter: polymers, gels, non-Newtonian liquid, and active

matter, so that readers can be familiar with the material names that are widely used in my

thesis. Then, in §1.2, I discuss some universal properties in soft matter systems.

1.1.1 Polymers and gels

A polymer is a high molecular chain that is made of certain repeating shorter units called

monomers [4]. Usually, polymer materials like plastics or rubbers contain more than ten

thousand polymer chains. These long chains tangle, stick, or link each other to form a

solid-like material. Fewer numbers of polymers chains, less than several thousands, form a

liquid-like solution.

When polymer chains crosslink each other, a polymer network is formed (see Fig. 1.1). A

polymer gel is de�ned as a polymer network that is expanded throughout the whole solvent

space [5]. The molecular weight of a gel will be as low as the liquid polymer it is formed

from, yet the crosslinking network holds the polymer chains together so that the gel does

not �ow in a steady state. The gel network can be formed by covalent bonds, hydrogen
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bonds, physical entanglement, etc. The diversity of synthesis methods allows a wide range

of stiffness of the gels. For example, one can use a spoon to scratch agar apart, but one

needs some effort to break a rubber band.

Rubbers, or elastomers, are network polymers that have very high elongation [5]. When

an elastomer is solid below the critical temperature and melts above that temperature, it is

called thermoplastic elastomers, such as styrenic block copolymers. Contrarily, thermoset-

ting elastomers turn from liquid to solid when being heated above a certain temperature,

like polydimethylsiloxane (PDMS) or polyvinylsiloxane (PVS) polymers. In my work, I focus

on the deformation of an elastomer silicone gel. They were chosen because they can be

made at room temperature, and they have a shelf life longer than six months, meaning they

don't change their mechanical properties once they are cured.

In biology, natural polymers can be found everywhere. Proteins are long-chain polymers,

so are DNAs and RNAs. When eating burgers, we are eating proteins(meat), polysaccharides

(bread) and lipids (oil). In soils, small bacteria use protein to chain themselves one by one,

forming a thin living �lm called bio�lm. In my thesis, I discuss the deformation mechanics

of a bio�lm composed of two species of bacteria.

1.1.2 Non-Newtonian liquids

A liquid is said to be Newtonian if its �owing speed is proportional to the stress [6]. A non-

Newtonian liquid is any liquid that falls outside this description, meaning the �ow speed

changes non-linearly as one applies stronger or faster stress. Non-Newtonian liquids can

be found abundantly in our daily life: ketchup, toothpaste, shampoo, blood, to name a few.

Therefore, understanding the behavior of non-Newtonian liquids helps to improve not only

the physics perspective but also industrial designs with non-Newtonian liquids.

For example, corn starch gets harder to �ow when being applied by a faster impulse,

known as shear thickening. Contrary to the corn starch, paint sticks on the wall and hardly

drips down, but a brush easily spreads the paint out to the wall. Such liquids are called

shear thinning liquids as the liquid becomes easier to �ow as a stress is applied.

Similarly, �our particles stick together with humidity but start �owing with applied

force. Thus, one can refer to such �ow as effective shear thinning, which one of my projects

focuses on.
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1.1.3 Active matter

Active matter are materials with built-in mechanisms that consume energy to generate

force and motion on the micro-scale, leading to macroscopic phenomena [7]. The system

constantly consumes and dissipates energy while inputting energy to the surrounding area,

so it is highly nonequilibrium [8, 9]. “Activity” intuitively connects to living organisms, which

indeed forms a big sub�eld in active material that crosses the length scale from microns

to meters. In the micron scale, cells use protein �laments to produce the cytoskeleton

that drives self migration [10]. Macroscopically, the collective cell motion generates tissue

repair and growth [11]. During wound healing, the tissue grows at the wound interface

and generates �ngering patterns [12]. At the millimeter scale, worms like Tubifex tubifex

entangle each other and form a cluster in the water [13], creating a polymer-like solution

with shear thinning behavior. Fire ants hook each other's legs together [14], and as such,

the cluster can be poured, like a liquid, and can withhold shear force like a solid. On the

meter scale, human crowds can be excited by surroundings, forming a gas-like random

motion or a uni-directional �ow [15].

Active matter also includes non-living materials. For instance, particles coated with

a platinum layer generate bubbles in a peroxide solution to create self-propulsion [16].

Particles coated with hydrophobic / hydrophilic surface self-orients at the liquid interface.

Other examples like robots [17], magnetic Janus particles [18], and active spinners on an air

table [19] can have individual spontaneous motion. These particles can self-organize into

packs, forming crystal structures [20], or phase-separation between clusters of individual

particles [21].

My research focuses on two living materials: (1) studying how wiggling larvae in�uence

the stability of passive grains when grains and larvae are mixed together, and (2) bio�lm

systems composed of bacteria.

1.2 Universality and general models

Although soft matter covers many materials, there are some universal traits shared by

the soft matter family. For instance, soft matter is usually amorphous, which means the

molecules have no crystal-like structure. Even though they are amorphous, the chemical

bonds restrict the particles from easily changing their positions. Consequently, most soft

matters can not be de�ned as a solid that has a crystal structure or a liquid whose molecules

change position under stress. In fact, they usually possess both a solid and a liquid trait,

4



known as viscoelasticity. As an example, a polymer gel quickly reacts to a force and deforms

like a solid with the crosslinked network, but also slowly �ows and changes particle positions

like a liquid. Therefore, the time scale in the experiment becomes important: depending on

the observing duration, one considers a soft matter system as a solid or a liquid 1. Another

example for the time scale problem is non-Newtonian liquids. The shear thinning and

shear thickening depend on how fast one applies the force to the liquid. Hence, depending

on the speed of the applying force, one observes higher or lower viscosity.

To explain these macroscopic phenomena, one needs to study the microscopic struc-

ture of the material [23]. The viscoelasticity of a gel is determined by the number of crosslink-

ers, the length of polymers, the intensity of bonds between the polymers, and the network's

topology [24]. The shear thinning and shear thickening behaviors depend on properties

of the small immiscible particles in the liquid, like volume fraction, stiffness, and shape

[4, 25].

Is there a general model that can capture the material properties in both fast and slow

time scales, or a model that can connect microstructure and macroscopy? The answer is

yes, with the caveat that each class of material might need its own model. For example,

de Gennes [26] described the fracture of a gel with an equation that covers very slow solid

deformation to slow viscous �ow to fast elastic response. Tang and Behringer [27] observed

that the macroscopic �ow of granular material suddenly stops when several disks form a

structure with friction force that halts the motion, known as clogging.

The examples given here indicate that, to develop a general model for multiple time

scales, one needs to measure the material properties, quantify all the mechanics from slow

to fast time scales, and draw the transition between the two ends. Likewise, one needs to

observe the microstructure of a material in the particle scale, then link the structure to

the measured macroscopic phenomena. This dissertation manifests how I approach the

general models using the two ideas for more speci�c soft matter systems. To elaborate my

research, I begin with how material properties are de�ned and measured (§1.3), followed by

some nonlinear phenomena related to my work (§1.4 and §1.5). I then discuss my projects

in this dissertation and how they are related to the two ideas (§1.6).

1In rheology [22], it is worth-mentioning the nondimensional number the Deborah number, albeit not
used in this thesis. The Deborah number De is de�ned as the time for a phenomenon to show up compared
to the observation duration. For a viscoelastic material, when De � 1, the material is solid.
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1.3 Material properties in the linear region

One way to characterize the material properties is by using rheology, the study of how

solid materials deform or how liquid materials �ow under stress [28]. Experimentally, we

measure one parameter of a material by applying a de�ned force: shear, bulk compress,

stretch, etc., via various devices such as a rheometer [28], a tensometer [29], an atomic

force microscope [30], etc. This section brie�y discusses the material parameters used in

rheology for isotropic solids and isotropic liquids. These methods are idealized, and real

materials are typically only approximated by assuming a linear model. Beyond the linear

model, the nonlinear phenomena are discussed in §1.4.

1.3.1 Linear elasticity of an isotropic material

If one stretches a spring in a small distance � x , then the stretching force F is proportional

to the stretched distance of the spring. This is Hook's law, which says

F = k � x (1.1)

where k is the spring constant. Since F is proportional to � x , this relation is called linear

elasticity. Equation (1.1) can rewritten in an alternative form. Taking the total length of the

spring as L, the stretched strain � is de�ned as

� =
� x

L
(1.2)

The strain � and the stretching normal stress � are proportional according to

� = E� (1.3)

where E, the Young's modulus, is the spring constant but in another form. The unit of the

modulus is in Pascal, the same as pressure. A stiff material means it has a high Young's

modulus. For example, a diamond has the Young's modulus of around 1 TPa. Comparatively,

the Young's modulus of a soft human brain is around 100 Pa [31].
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Figure 1.2: Measurements of material properties: (a) bulk modulus by compression, (b)
shear modulus by shear stress, (c) viscosity.

If one compresses a solid isotropically, the solid changes its volume from V to V � � V ,

shown in Fig.1.2(a). If the deformation is small, we can assume that the compression

pressure � P and the deformation of the solid is proportional. We can write down the

related relation:

� P = � K
� V

V
(1.4)

where K is called the bulk modulus, taking the role of a spring constant but measures how

a solid deforms under isotropic compression.

We can also apply shear stress � to a solid, shown in Fig.1.2(b). The tested solid is loaded

between two plates with a �xed gap distance h . While the bottom plate stays in position, the

top plate gradually moves to the right until a distance d (t ). Then at a time t , the deformation

of the solid is called the shear strain � , which is de�ned as

� =
d

h
(1.5)

and the related linear shear stress is

� = G� (1.6)

where G is called shear modulus. G works like a spring constant but measures how a solid

deforms under shear stress. In rheology, a solid requires its shear modulus G > 0 while an

ideal liquid is de�ned as G = 0 because a liquid can not withhold any stress [32].

As we only consider linear elasticity, the moduli ( E, K , and G) are constant. However,

once the stretching strain � and shear strain � surpasses the linear elasticity region, the

moduli are not constant anymore. Saying it the other way around, we �nd the limit of the

linear elasticity region by testing when the moduli are not constant anymore.
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1.3.2 Poisson ratio and incompressibility

When one pulls a rubber in a particular direction, the rubber shrinks with a strain in the

perpendicular direction. One can write down the ratio between the transverse strain � ?

and the longitudinal strain � k:

� =
� ?

� k
(1.7)

where � is called the Poisson ratio. When we describe a solid to be incompressible, we refer

the solid to have � = 1
2 � � where � is a small strain satisfying � � 1.

For an isotropic solid, the material property is characterized by two out of four men-

tioned constants: E, K , G, and � . For example, the Poisson ratio can be rewritten as

� =
3K � 2G

2(3K + G)
(1.8)

One might notice that if we set � = 1
2 , the shear modulus G = 0. This is not true as a solid

requires G > 0. Hence, one should bear in mind that when we describe a material to be

incompressible with � = 1
2 , the correct interpretation is that the bulk modulus is several

orders bigger than the shear modulus, or G
K � 1. The Young's modulus for an incompressible

solid is E = 3G.

1.3.3 Linear viscosity

Viscosity � determines how fast a liquid �ows when one applies force to the liquid. The

experimental setup in Fig.1.2(b) can also measure viscosity. If there is no slip (relative mo-

tion) between the liquid and the two plates, then the speed in the liquid changes gradually

(see Fig.1.2(c)). At the bottom plate, the liquid speed is 0 since the plate is not moving, and

there is a no-slip boundary condition. At the top plate, the liquid moves together with the

plate with speed �d . Hence, there is a speed gradient in the liquid, or strain rate �� , which is

proportional to the shear force � . The linear viscosity � is then de�ned as

� �
�

��
(1.9)

In section 1.1.2, we say that a Newtonian �uid �ows with speed proportional to the applied

force. By equation (1.9), it means that the viscosity � is a constant. Beyond the linear model

(constant � ), the viscosity of a non-Newtonian �uid depends on the shear rate; that is, � ( �� ).

A liquid cannot withstand any shear force, but instead it �ows in response. Consequently,
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a liquid has a shear modulus G = 0. An incompressible liquid is de�ned if the applied

pressure P to the volume change of the liquid is not observable, or P
K � 1, where K is the

bulk modulus of the liquid. Note that P > 0 is required; otherwise, the liquid evaporates.
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Figure 1.3: When applying a constant force to viscoelastic materials, the deformation of
the materials can be depicted by various models that combine the dashpots (viscous part)
and the springs (elastic part) in various way.

1.4 Nonlinear phenomena in soft matter systems

Soft matter has a large, nonlinear response [4], which means that the phenomena can not

be explained by linear models we discussed in §1.3. Here I go through several nonlinear

phenomena related to my projects: viscoelasticity, shear thinning, swelling, wrinkling, and

elastocapillarity. I have discussed viscoelasticity and shear thinning behavior previously.

With the quantitative de�nition of elasticity (Eq. (1.3)) and viscosity (Eq. (1.9)), I provide

several models to quantitatively describe these phenomena.

1.4.1 Viscoelasticity

What happens if we apply constant stress to stretch a viscoelastic gel and observe the strain

during the stretch? Since there are various types of viscoelastic behavior [32], the strain

response varies on a case by case basis, as shown in Fig. 1.3. A commonly-used picture to

describe each viscoelastic material is a combination of springs, representing the elastic part

of the material, and dashpots, representing the viscous part of the material [22]. Different
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Figure 1.4: Complex shear modulus of a Eco�ex 00-50 (polyvinylsiloxane) silcone gel as
a function of strain amplitude. Data measured by a Anton Paar rheometer with constant
normal force 1 N.

models correspond to different creep test results.

A creep test is performed under a constant force, but we can instead apply an oscillating

small strain � 0 cos(! t ) to elongate the gel and use Hooke's law to describe the stress-strain

relation [2],

� (! t ) = �
�
E 0cos! t + E 00sin(! t )

�
(1.10)

with E 0and E 00called the complex Young's modulus. E 0, the storage modulus, describes the

in-phase, elastic deformation with the applied strain, which stores the energy in the system.

E 00, the loss modulus, describes the out-phase, viscous deformation which dissipates (loses)

the energy. Likewise, one has the complex shear modulus G0 and G00when applying an

oscillating shear strain � 0 cos(! t ). The difference between the storage and loss modulus is

important as they describe how the material dynamically responds to the applied force.

In a rheometer measurement, one can �x shear frequency ! and increase the strain � 0

to measure the complex modulus as a function of � 0. This is called an amplitude sweep. We

call the material linear viscoelastic if G0and G00remain constant within the probing strain

range. In Fig.1.4, I give an example of an amplitude sweep results with a polyvinylsiloxane

(PVS) gel. We observe thatG0and G00remain constant until the strain reaches 6%. Therefore,

we can treat the tested PVS gel as linear viscoelastic for any deformation with a strain below
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Figure 1.5: Viscosity of honey and ketchup. Data measured on a Anton-Paar rheometer
using a cone-plate geometry with a constant gap 0.1 mm between the measuring spindle
to the plate. The shear strain increases with the shear rate.

this value.

1.4.2 Shear thinning

A shear thinning liquid is a non-Newtonian liquid for which the viscosity � depends on the

shear rate �� . A power-law �uid is a shear thinning liquid that follows

� / �� � n (1.11)

where n is positive. For instance, Fig. 1.5 shows � for honey and ketchup as a function ��

from my rheometer measurement. We see that � of the ketchup is a power-law �uid while

honey is a Newtonian liquid with constant viscosity.

A more general, empirical equation is the Cross model [33],

� = � 1 +
� 0 � � 1

1+ (� �� )n
(1.12)

Fig. 1.6 illustrates the viscosity depicted by the Cross model. Such a liquid has a high
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Figure 1.6: A sample plot of the Cross model of viscosity � , according to Eq. (1.12).

viscosity � 0 at low shear rate as well as a low viscosity � 1 in high shear rate, and there

is a shear thinning transition that connects the two. The Cross model is powerful as it

can depict many different non-Newtonian liquids. Nevertheless, it is only an empirical

model, and the reason why a material follows the Cross model varies case by case. As an

example, Cheng et al. [34] observed the viscosity of dilute silica particles in water-glycerin

liquid with the solution structure. At low shear rates, Brownian motion dominates the

particle motion, so the shearing spindle can not displace the particles and generate a

uni-direction �ow. Therefore, the viscosity is constant at low shear rates. As the shear rate

increases, the particles closest to the spindle start �owing along the shearing direction,

which lowers the viscosity. The higher the shear rate, the more layers of particles line up

with the shearing direction, inducing the shear-thinning behavior. However, this picture

only works for systems with dilute, stiff colloids. For other liquids like polymer solutions

and soft colloids, one needs to look at the microstructure to explain the origin of the shear

thinning behavior.
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Figure 1.7: Wrinkles due to a stretched �lm. Figure from Cerda and Mahadevan [35].

1.4.3 Gel swelling and wrinkle formation

Swelling happens when a gel absorbs the contacted liquid, causing the gel to swell, change

the volume [36–38], and gel stiffness [39]. The gel then deforms and possesses a strain �eld

due to swelling. When the swelling ratio is large enough, the gel ruptures due to the internal

stress[40].

Wrinkles form when a gel is under a strain gradient big enough to generate instability in

the structure. For example, a thin �lm being stretched horizontally generates wrinkles in

the vertical direction [35], as shown in Fig. 1.7. Swelling can also cause the gel to buckle or

to wrinkle, which vigorously changes the surface smoothness and �atness of the gel. For

example, if a hydrogel is attached to a stiff substrate, when it swells, the soft side wrinkles

[41, 42]. When a hydrogel is con�ned in a container and immersed in water, the hydrogel

swells and wrinkles at the free surface [43, 44].

1.5 Elastocapillarity

Although elastocapillarity belongs to part of the nonlinear phenomena (§1.4), it is the main

focus in my thesis from §2 to §4, so I separate it into one section for a comprehensive

discussion.

Elastocapillarity is the study of situations for which the stiffness of a solid (elasticity) is

soft enough that the capillarity deforms the solid [45, 47–50]. Capillarity, or surface tension,

is the tension that deforms a material at its surface. For example, when we gradually push

water out of a pipette, a pendant droplet is formed at the pipette's tip. While gravity drags

the droplet down, the surface tension holds the droplet, shaping the droplet into a spherical

14



Figure 1.8: The surface of a soft solid is curved by its surface tension 
 . Figure from Bico
et al. [45] which is modi�ed from [46]

shape. Remarkably, solid materials also have surface tension, but since most solids are

too stiff for their surface tension to shape their surface, the deformation is not signi�cant.

However, with a soft material with Young's modulus on the order of kPa, the deformation due

to the surface tension is on the micron order, which is observable using a high-resolution

camera. For example, a solid stamp without the surface tension keeps sharp at the corner,

but the corners are rounded with the surface tension (Fig. 1.8).

Another type of elastocapillary deformation happens when a liquid contacts a soft solid,

and the surface tension of the liquid is large enough to deform the solid. In my work, I

focus on one con�guration of this liquid-solid system: a liquid partially wets the substrate,

forming a contact line.

1.5.1 Partial wetting

Wetting refers to the situation in which a liquid is deposited on a solid or liquid substrate

[51]. The spreading parameter S distinguishes the wetting phenomenon in two regimes,

where

S � 
 SV �
�

 SL + 


�
(1.13)
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Figure 1.9: A 2D diagram for partial wetting on two different substrates. Left: A droplet
on a solid substrate, where Young's angle � Y is shown. Right A droplet on a liquid, where
Neumann's angle � N is shown.

depicts the surface energy difference between a dry substrate and a wet substrate. 
 SV and


 SL are the surface energies between the solid and the air (vapor) or the liquid, and 
 is

the surface energy of the deposited liquid. If S > 0, the liquid spreads out on the surface of

the substrate, which is called total wetting. On the other hand, If S < 0, the liquid forms a

droplet on the substrate, called partial wetting.

The study of partial wetting is further distinguished for two kinds of substrate, a stiff

solid substrate and a liquid substrate. An interface can be built on the air-liquid-substrate

contact line, called the triple contact line. On a solid (Figure 1.9, left), where the substrate

is not deformed, one has

U =

Z

d A1 � 
 +

Z

d A2 � 
 SL +

Z

d A3 � 
 SV

where A1 is the surface area of the droplet exposed to air, A2 is the area that the droplet wets

the substrate, and A3 is the area of the dry substrate. Minimizing the free energy gives the

Young-Dupré equation


 SV � 
 SL = 
 cos� Y

It appears that in the Young-Dupré equation, the force is not balanced in the vertical

direction. This is because the Young-Dupré equation assumes the substrate to be �at

(� = 180� ) and ignores any strain on the substrate [52]. Experimentally, one measures

the parameter of 
 and Young's angle � Y and derives the difference between 
 SV and 
 SL.

As a consequence of the constraint, the downward force from the substrate against the

normal force from the liquid becomes in�nite. Therefore, we have lost the information for

individual values of 
 SV and 
 SL, and how they balance in the vertical direction.

On the other hand, when the solid is replaced by a liquid, we use the Neumann picture
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(Figure 1.9, right). Again, the minimization of the surface energies gives


 + 
 LD cos� N + 
 LV cos� A = 0


 cos� N + 
 LD + 
 LV cos� B = 0


 cos� A+ 
 LD cos� B + 
 LV = 0

(1.14)

where � N is the Neumann's angle. In Neumann's picture, two surface tension, 
 and 
 LV ,

can be measured directly from a tensiometer. Meanwhile, the angle � A can be observed. By

knowing three out of six parameters, we can solve the rest unknown. Note that if � B is set to

be � , then the second equation recovers the Young-Dupré equation.

Another way to look at Young's picture and Neumann's picture is to look at the stiffness

of the substrate [53]. We can view the solid substrate in Young's picture as in�nitely stiff

compared to the droplet's surface tension, so the droplet can not deform the substrate.

Meanwhile, Neumann's picture gives an in�nite soft substrate as the liquid can not sustain

any force from the contacted droplet. We then can ask a question: what happens if the

substrate is stiff enough that the elasticity of the substrate balances the surface tension of

the droplet, yet the substrate is soft enough that we still observe some deformation of the

substrate?

1.5.2 Elastocapillary contact line on partial wetting

When a material is so soft that the surface tension of the liquid deforms the substrate, we

observe two deformations close to the surface of the substrate. First, the wetting area of the

substrate forms a curved shape due to the Laplace pressure, similar to Neumann's picture.

Second, the surface tension of the liquid pulls up the substrate at the triple contact line

[54]. A ridge is then formed at the contact line due to the competition between the surface

tension of the ridge and the stiffness of the substrate (Figure 1.10(a)). By dimensional

analysis, one then can estimate the size of the ridge by the elastocapillary length,

Le c =



E
(1.15)

where 
 is the surface energy of the droplet, and E is the Young's modulus of the substrate

[49]. As an example, the surface tension of a water droplet is around 70 mN / m. If one puts

this droplet on a soft PDMS substrate ( E � 3 kPa), then the length scale of the ridge is around

20 � m. In order to see the ridge shape, people use various microscopes: X-ray, �uorescent,

interference, and confocal microscopes [53, 55–59].
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Figure 1.10: Elastocapillary partial wetting. (a) A water droplet on a PDMS substrate.
(b) Young's scale: when observing length LO is longer than 


E , the substrate is �at. (c)
Elastocapillary scale: when LO is shorter than 


E , one observes a ridge. (d) Neumann's
scale: when we observe the tip of ridge, we only consider the surface energy balanced
among 
 , 
 SV , and 
 SL.

Partial wetting experiments in elastocapillarity can be considered three ways: (i) Young's

scale, (ii) elastocapillary length scale, and (iii) Neumann's scale [60], as shown Fig. 1.10,

which depends on the droplet size R and observing length LO . When one observes the

droplet far away from the ridge, the substrate looks �at, as shown in Fig.1.10(b). In elasto-

capillary length, one observes the ridge (see Fig.1.10(c)). If one goes down to the tip of the

ridge, where the three phase contact line is built, the Neumann's angle can be applied (see

1.10(d)) [53]. At Neumann's scale, it can be argued that the tensions on the triple line are

balanced by only counting the surface energy of the droplet, 
 and the surface energy of

the substrate, 
 SV and 
 SL, which gives the boundary condition at the singular point on the

triple contact line in an elastocapillary theory.

By observing the triple contact line at Neumann's scale, we have a new way to investigate

the surface energy of a soft solid [61]. After knowing the angle of the ridge, the angle between

air and substrate, and the surface energy of the liquid, one could calculate the rest of the

parameters with Eq. (1.14).

Meanwhile, near the elastocapillary length, one must take elasticity into account. By

minimizing the free energy for both the elastic energy of the gel substrate and the surface

energy, one derives the ridge shape in equilibrium state [50]. For the free surface boundary

condition, the surface displacement u in the equilibrium state is governed by the elastostatic

Navier equation

(1 � 2� )r 2u + r (r � u ) = 0 (1.16)
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where � is the Poisson ratio. One then obtains the shape of the substrate by applying the

variational principle to Eq. (1.16). Given a particular geometry, one can select an appropriate

transformation to solve the PDE. These include Fourier transforms (2D geometries, Jerison

et al. [56]), Hankel transforms (axisymmetric geometries, Bostwick et al. [62]), and Legendre

transforms (spherical geometries, Style et al. [63]).

1.5.3 The Shuttleworth effect

When a solid is stretched, the solid requires a tangential surface force to balance the stretch-

ing force. This is called the Shuttleworth effect, which connects the surface tension of a

solid � to the surface energy 
 of a solid [64],

� = 
 +
d


d�
(1.17)

It addresses the basic difference between a liquid and a solid. A liquid cannot sustain a

strain � , so the surface tension in a liquid equals the surface energy, � = 
 . Contrarily, the

chemical bonds between the molecules in a solid store elastic energy due to the strain, and

thereby change the free energy on the surface.

In the previous discussion, I had purposely avoided the word “surface tension” and

used “surface energy” since it has been debated whether an elastomer should follow the

Shuttleworth effect [60, 65]. Recent studies now show that the ridge at the contact line

changes its shape under stretching [66, 67]. The Young contact angle, on the contrary, stays

the same [68]. It means that either the elastomer does not follow the Shuttleworth effect, or

the change of surface stress, � SV and � SL, are the same; that is, d
 SV
d� = d
 SL

d� [69].

1.5.4 Elastocapillary dynamics

Unlike static phenomena where everything holds in place and does not change, experiments

in elastocapillary dynamics cross different time scales. It is then important to classify each

experimental observation to each speci�ed time scale, and the combination of all the time

scales leads to a general model for elastocapillary dynamics. Such a general model helps

us to understand dynamics in soft matter systems, for instance, how soft tissues move in

liquid environments, how gels react to forces and deform in different time scales, or how

droplets transport due to a gradient in free energy.

With X-ray microscopy, Park et al. [58] provided a detailed observation of how a ridge

grows under the capillary force (see Fig.1.11(a)). While the triple contact line and the ridge
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Figure 1.11: (a) Observation of ridge growth. Source: Park et al. [58] (b) Observation of
Stick-slip motion. Stick means the contact point is pinned, and the contact angle keeps
growing. Slip means the contact point moves to a new position. Source: Kajiya et al. [70]

angle are formed within milliseconds, they found the ridge grows at a rate of microns per

minute. The growth / decay of the ridge can evolve for minutes or even hours. This provides

a time scale for classifying what motion is fast or slow compared to the change of the ridge.

One typical droplet motion is called advancing / receding angle. The contact angle of

the droplet can change due to the change in droplet volume. We then can compare the

speed of the advancing angle to the speed of the ridge growth. Kajiya et al. [70] observed

that as they increased the droplet contact angle, the droplet evolved with two phases: stick

and slip (see Fig.1.11(b)). At the stick phase, the triple contact line is pinned at the same

position. As the advancing angle of the droplet slowly grows, the ridge of the substrate

changes simultaneously. Hence, the ridge serves as a brake to stop the droplet from moving.

Once a speci�c advancing angle is reached, where the tension is imbalanced at the contact

line, the droplet passes the ridge levee and surf to a new position. This is the slip phase,

where the slip of the contact line happens faster than the deformation of the ridge. This

observation has been modeled by Karpitschka et al. [71].

Another way to induce droplet motion is by a gradient in free energy, like surface energy,

texture, gravity, electricity, etc [51]. The aim is to create a difference in contact angle from

one side of the droplet to the other, leading to an unbalanced force towards a direction.

The leading contact angle is referred to as the advancing angle, while the following contact

angle is referred to as the receding angle. This droplet transportation has been studied on a
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Figure 1.12: The oligomer oils change the surface tension of the deposited droplet in
minutes. Figure from Hourlier-Fargette et al. [76]

stiff solid to model droplet assembly, drug delivery, etc.

In the elastocapillary regime, one needs to consider the deformation of the substrate to

describe droplet motion. By casting a soft gel with a thickness gradient, the droplet deforms

the substrate asymmetrically, leading to droplet motion [72, 73]. Zhao et al. [59] observe

that a sliding droplet drifts to the thicker side of the substrate. Smith-Mannschott et al. [74]

demonstrate that, by pulling the substrate and �attening the ridges, the droplet slides down

faster with gravity.

Droplet motion is also possible for a stiffness gradient or a strain gradient in a soft

substrate. Tensotaxis, or transportation due to strain, is also suggested by simulations in

two different schemes. One is to penetrate the substrate with a needle, dragging or pushing

the substrate with the punctuated singular point [73]. Another way is to pull the substrate

in a nonuniform manner, which generating a gradient in strain [75].

1.5.5 Contamination from oligomers

When the three-phase contact line is formed, the uncrosslinked polymer oil, or oligomers,

is absorbed by the liquid surface. The surface tension of the liquid is then changed because

the oil forms a surfactant layer on the liquid surface [77]. It has been shown that the surface

tension of a water droplet in contact changes over several minutes (see Fig.1.12) [76, 78]. It
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is then important to make the gel clean from oligomer contamination so that the surface

tension of the liquid is not changed. Cleaning also makes the droplet actually contact the

surface of the substrate directly. If the oligomer is not washed away, the droplet �ows on a

layer of oil. The contact angle is then different from the contact angle on a solid substrate

[79].

1.6 Thesis goal and structure

In this thesis, I demonstrate multiple mechanisms behind the mechanical and dynamical

response of soft matter systems to external stresses / strains, leading to phenomena spanning

a wide range of time scales. Many seemingly disparate physical mechanisms can occur in a

single system, making observations of these phenomena more dif�cult to interpret and

motivating the need for experiments that can explore all relevant time scales. Moreover,

to understand the emergence of the macroscopic phenomena, one needs to observe the

microstructure in particle scales.

This thesis discusses four soft matter experiments: static and dynamic wetting elasto-

capillarity, bio�lm wrinkle, and grain-larvae mixture. I show how I design experiments for

both slow and fast time scales, break the phenomena down to corresponding time scales,

measure both microstructure and macroscopic phenomena, and importantly, how these

discoveries shed light on the general models that join phenomena in different time scales

and/ or micro to macro scales.

1.6.1 Modeling elastocapillary partial wetting in equilibration

In order to have a general model in elastocapillary partial wetting that connects from long

time scales to short time scales, I start with an equilibration system, aiming to understand

all the mechanics in the long time scale, which is discussed in chapter 2. I also raise a

speci�c question in the study of elastocapillary partial wetting: the controversy of the force

law at the triple contact line. To calculate the strain �eld, one needs to know the force or the

strain at the boundary. A normal force is necessary to pull the ridge up from the substrate.

However, it remains unclear whether a tangential force is required to balance the surface

tension [61, 80–82]. For an incompressible gel, our group [62] has shown that the models

without a tangential contact line force successfully explain the observed strain �eld for

droplet partial wetting experiments (see Fig.1.13). For a compressible gel, our group also

showed that the tangential contact line force is needed to balance the traction force from
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Figure 1.13: Surface deformation u z of a soft substrate in the radial direction due to a
deposited droplet. Model I: without a tangential contact force. Model II: with a tangential
contact force. Figure from Bostwick et al. [62] with experimental data from Style et al. [61].

Figure 1.14: (a) The force diagram of the partially immersed thread with a tangential
contact line force and the corresponding displacement �eld u in the thread. (b) Experiment
result. Data are in open symbols, and theoretical predictions are in red lines. (c) A sketch of
how the long-range van der Waals force induces tangential contact line force. All �gures
and data from Marchand et al. [57].
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the surface tension [83]. The model for compressible gels, however, has not been tested

experimentally.

When an incompressible gel thread is partially immersed in ethanol, Marchand et al.

[57] found that a tangential contact line force

Fcl = 
 (1+ cos� Y) (1.18)

best explains the observed strain �eld, where 
 is the surface tension of the liquid, and � Y

is the Young's angle. Fig.1.14(a) shows the sketch of displacement �eld u (z) in the thread

due to the surface tension of the liquid with Fcl, and Fig.1.14(b) shows the observed result.

Their explanation for the tangential contact line force is that the polymers at the surface of

the thread are pulled by the long-range van der Waals force at the contact line, as shown in

Fig.1.14(c). The necessity of introducing a tangential contact line force is then discrepant

to the conclusion made in the droplet experiments that observed no tangential contact

line force [62].

The experiments [53, 57] above are said to be done in equilibrium. However, the time

scale of the oligomers effect in §1.5.5 and the swelling effect in §1.4.3 line up with the

equilibration time scale in the elastocapillary experiments. Therefore, it is important to

distinguish these mechanisms in order to have the correct force diagram to capture the

gel deformation. In this work, I perform a liquid-thread experiment and showed that, by

considering the swelling effect in our system, our result agreed with the Young-Dupré

equation at the contact line. This resolves the tangential contact line question. This work

has been published in [84].

1.6.2 Strainotaxis in elastocapillarity

After having the ability to model the elastocapillarity in equilibration, I designed a quasi-

static experiment for a droplet slowly moving on a gel �lm. Since the motion is slow, it is

possible to apply the equilibration model to the system to explain the motion, which helps

to draw a link between the slow elastocapillary and the fast elastocapillary phenomena,

and thereby develop a general model.

The droplet in the experiment was deposited on a soft substrate prepared with a strain

gradient. I expected the droplet to move to minimize the free energy bias due to such a strain

gradient. I refer to this motion as strainotaxis, as it is a motion (taxis) driven by the strain

gradient. In chapter 3, I discuss the mathematics needed to calculate the displacement
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�eld in a strained �lm. I provide three different plans to stretch such a �lm, discussing the

feasibility of mathematical analysis, serving as an inspiration to the experiment setup.

In chapter 4, I investigate possible methods to experimentally drive droplet motion on

a substrate with a strain gradient by synthesizing a two-layer �lm with a strain gradient

and a thickness gradient. I used glzycerol droplets to minimize evaporation, and mixed

droplets the �uorescent dye Rhodamine B to create brightness contrast. I describe my

observing setup and the protocol to perform the experiments, and I found that I could not

control the droplet motion well. After analyzing the data, I found that the droplet motion

does not depend solely on the strain gradient, the thickness gradient, or the surfactant

concentration, leading to a conclusion that the gel heterogeneity created during the �lm

synthesis causes a surface energy difference, which hides the droplet motion due to other

effects. However, my work provides a promising way to observe slow, quasi-static motion

in elastocapillarity and guide further research on the general model, and could be used to

image ridge dynamics.

1.6.3 Wrinkling mechanism in a coculture bio�lm

Bio�lms are �lms made of bacteria cells [85]. These cells grow and produce proteins linking

each other together, forming a viscoelastic, thin, living �lm. While bio�lms composed of

single species have been widely studied, coculture bio�lms composed of multiple species

have been less studied.

Chapter 5 highlights the rheometer work I have done in collaboration with Sarah

Yannarell, Gabrielle Grandchamp, and Elizabeth Shank to study a coculture bio�lm. My

contribution to this work is that I developed a rheometer protocol to measure the complex

shear modulus of the bio�lms with single species and coculture bio�lms. We then linked

the microscopic cell structure to the macroscopic stiffness of the bio�lms, and provided

the hypotheses on the bio�lm wrinkle formation. This work has been published in [86].

1.6.4 Grain-larvae mixture �ow

When active matter is mixed with passive materials, the competition between them deter-

mines the macroscopic behavior. For example, when E. coli are placed in a porous media

made of colloids that are too heavy for the bacteria to push, individual cells are trapped

inside a cage made of colloids until they �nd a gap between the colloids, then they hop

into the neighboring cage [87]. When dilute active spinners are mixed in a dense passive
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particles, spinners only self-aggregate with the activity beyond a threshold to push passive

particles around to generate �ow [88].

Since active matter can disturb the positions of the passive particles to generate �ow,

and small perturbation in granular material causes slow creep �ow [89], this raises the

question of whether we can tune the perturbation by adding different percentages of the

active materials to induce granular �ow; moreover, whether we can establish a general

model that connects the change in microstructure to the macroscopic �ow.

In chapter 6, I discuss the interaction between the passive grains and the active wiggling

larvae, which is a collaborative work with undergraduate students Melia Kendall, Emily

Brown, Bjorn Sumner, and Michael Mann. I developed a rheometer protocol to measure

the effective viscosity of the grain mixtures and compared the results to the other two exper-

iments: diffusing wave spectroscopy, which studies the change of the microstructure due

to the wiggling larvae, and the �ow of the mixture tilted by an initial angle, which measures

the bulk properties. We �nd that increasing larvae fraction induces a faster pile angle �ow,

indicating a connection between the fast particle- scale �uctuations and the macroscopic

�ow that is several order of magnitude slower. On the other hand, the shear thinning viscos-

ity measured by the rheometer is insensitive to the larvae percentage, implying that the fast

shear �ow is primarily induced by the spindle instead of the �uctuations from the wiggling

larvae. Our work demonstrates a possible general model that links the microstructure to

the macroscopic phenomena across multiple time scales. The manuscript for this work is

in preparation.

1.6.5 Conclusion

Chapter 7 concludes my work and discoveries, raises open questions in the �eld, and lists

several possible ways for further studies.
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CHAPTER

2

DISTINGUISHING DEFORMATION

MECHANISMS IN ELASTOCAPILLARY

EXPERIMENTS

This chapter is the complete text of Ref [84]

Shih-Yuan Chen, Aaron Bardal, Michael Shearer, and Karen Daniels

“Distinguishing deformation mechanisms in elastocapillary experiments”

Soft Matter , 2019,15(48), p. 9426-9436

and Appendix 2.6.4 additionally presents a second, unpublished method of performing the

energy calculations presented in the paper.

Abstract

Soft materials are known to deform due to a variety of mechanisms, including capillarity,

buoyancy, and swelling. In this paper, we present experiments on polyvinylsiloxane gel

threads partially-immersed in three liquids with different solubility, wettability, and swella-
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bility. Our results demonstrate that deformations due to capillarity, buoyancy, and swelling

can be of similar magnitude as such threads come to static equilibrium. To account for

all three effects being present in a single system, we derive a model capable of explaining

the observed data and use it to determine the force law at the three-phase contact line.

The results show that the measured forces are consistent with the expected Young-Dupré

equation, and do not require the inclusion of a tangential contact line force.

2.1 Introduction

Elastocapillarity is a study of how surface tension deforms soft materials such as polymers

and biological tissues [45, 47–50, 60], giving rise to such phenomena as �lm wrinkles [90, 91],

the clumping of wet hairs [92], capillary origami [93, 94], substrate deformation due to partial

wetting [49, 50, 56, 61, 62, 83], differences in advancing and receding contact angles [59, 70],

the Shuttleworth effect [66, 95], and more. An improved, quantitative understanding of

elastocapillary effects is crucial to explaining various industrial and biological phenomena,

including soft stamp deformation [46], high-aspect-ratio polymer pillars [96], bending

�exible legs of water striders [97], and passive droplet motion [73] including durotaxis [72].

A complete description of elastocapillary deformation will include all external and internal

forces on the soft material. These can simultaneously include adhesion [50], hydrostatic

pressure [57], electric forces [98], surface tension changes due to uncrossliked oligomers

from silicone [76–78], and swelling [37, 38, 99, 100]. These various mechanisms act within

the bulk, or only at an interface. In any elastocapillary experiment, it is necessary to quantify

both the relative magnitude of these forces, and the timescales over which they act, in order

to develop a valid, predictive model.

In this paper, we examine how hydrostatic forces and swelling dynamics, commonly ne-

glected in many elastocapillary experiments, can signi�cantly in�uence the observation of

contact line forces. Buoyancy is present for any material immersed in a liquid, and swelling

often occurs as the liquid is absorbed by the gel, causing it to increase its volume [44].

To quantitatively resolve these two effects, we perform experiments on polyvinylsiloxane

(PVS) gel threads partially immersed in three representative liquids. These are chosen to be

ethanol (polar and amphiphilic), glycerol (polar and hydrophilic), and Fluorinert FC-40

(nonpolar and hydrophobic). These liquids cover a wide range of physical and chemical

traits and are typical choices in many previously-performed elastocapillary experiments

[57, 61, 68]. We observe that the equilibration of internal stresses takes place over sev-
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eral hours, regardless of the choice of �uid. In contrast, deformation due to swelling is a

�uid-dependent effect: for ethanol we observe that it dominates over buoyancy-induced

deformations, while for glycerol or Fluorinert swelling effects are relatively small. These

observations regarding the swelling of PVS with the these liquids are consistant with those

of Lee et al. [37] for polydimethylsiloxane (PDMS). Speci�cally, they also observed the

swelling ratio of PDMS in ethanol was an order of magnitude larger than PDMS in glycerol

or Fluorinert.

To quantify and understand these deformations, we develop a model that includes all

three effects – capillarity, buoyancy, and swelling. In what follows, we use the term surface

tension to describe the capillary force at the liquid-air interface, and surface stressto de-

scribe the capillary force at the solid-air and solid-liquid interfaces. Our model successfully

reproduces the observed deformations with only surface stress and a small swelling ratio

as free parameters. Using this model, we are able to address a current controversy sur-

rounding the modeling of elastocapillary wetting: the presence or absence of a tangential

component of the contact line force [49, 53, 56–58, 62, 80, 82, 101]. In previous experiments

[57], it was reported that a partially-immersed thread experiences internal deformations

consistent with the presence of a component of the contact line force which is tangential

to the substrate surface:

Fk = 
 (1+ cos� ), (2.1)

where 
 is the surface tension of the liquid, and � is the Young's angle. The presence of this

tangential component, hypothesized to arise from the liquid molecules attracting polymers

at the surface of the thread via van der Waals forces, would mean that the contact line for a

soft solid follows neither the Young-Dupré equation nor Neumann's equation. Importantly,

the experiments of Marchand et al. [57] were done using ethanol as the immersion �uid,

while studies using water, glycerol, or Fluorinert droplets [53, 58, 61, 62] deposited on a gel

substrate found no necessity for introducing a tangential component for the contact line

force in order to explain the observed deformations.

In previous experiments on a thread immersed in ethanol [57], swelling and buoyancy

effects were incompletely included in the explanatory model. In this work, we take into

account both of these forces, together with the viscous equilibration of beads within the

thread, and thereby observe that the contact line force law is in agreement with the Young-

Dupré equation, consistent with previous work on droplets [53, 58, 61, 62].
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Figure 2.1: (a) Schematic of the experiment setup, showing the placement of the gel thread
within the cuvette. (b) A sample image of �uorescent beads located within the gel thread.
Each yellow circle marks a bead used to track displacements. (c) Schematic of the response
of the �uorescent beads to a change in stress, in this case due to a change in the mass of
the metal weights from m1 to m1 + m2. Similar displacement measurements are used in all
experiments, for measuring the response due to swelling, buoyancy, and capillary force.
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2.2 Methods

2.2.1 Apparatus

As was done in the prior experiments by Marchand et al. [57], we measure the internal

deformation of a polyvinylsiloxane (PVS) gel thread immersed in a �uid; the casting process

for the threads is described in §2.2.2. The thread is lowered into a glass cuvette via a linear

stage (Thorlabs), and then one of three �uids (ethanol, glycerol, Fluorinert) is added; a

schematic is shown in Fig. 2.1a. The size of the cuvette (cross section: 2 cm � 5 cm, height:

5 cm) is chosen to be large enough that the liquid surface can be assumed to be �at at the

center since the liquid meniscus is less than 5 mm wide.

Internal deformations are observed via �uorescent beads ( 525 nm absorption, 565 nm

emission) cast into the gel, serving as position markers. A green laser (Laserglow, 532 nm)

illuminates the beads, and the emitted light passes through a notch �lter (Edmund, 568nm

with 2 nm FWHM) before being recorded on a low-noise digital CCD (Andor Luca R 604,

1004� 1002 pixels). In combination with the lens (10 � Mitutoyo long working distance

objective), the resolution is 1.6 � m/ pixel, and the depth of �eld is around 1 bead diameter.

Since the thread is longer than the �eld of view ( 1.6 mm) of our camera, we take pictures

of the thread by moving the camera along its length using a 3-axis linear stage (Thorlabs)

with both coarse and �ne control. We locate the position of each bead using a computer

code built around the MATLAB regionprops algorithm, and then we stitch each series

of images into a single image by maximizing the cross correlation between two adjacent

images. A sample result is shown in Fig. 2.1b.

2.2.2 Gel thread preparation and characterization

Each gel thread is cast inside a glass capillary tube (Wheaton, 5 � 25 � L) from 2-part PVS

(Eco�ex 00-10). To prevent sticking between the gel and the capillary tube, we silanize

the inner and outer surfaces of the tube using a solution of 5% (trideca�uoro-1,1,2,2-

tetrahydrooctyl)trichlorosilane (Gelest) in 95%2-Propanol (Sigma-Aldrich) and dry it in an

oven for 30 minutes at 150� C. Fluorescent polystyrene beads (envy green, Bangs Laborato-

ries, 10 � m in diameter) are mixed into one component of the gel mixture at a concentration

of 10 � L=g (volume of bead solution per weight of liquid). Immediately prior to casting,

we use a petri dish to mix the �rst and second components (1:1 weight ratio), and degas

the mixture in a vacuum chamber until there are no visible bubbles (typically at least 3

minutes). We draw the gel-bead mixture into the capillary tube using a syringe pump. The

31



threads are cured at room temperature for 24 hours, after which we break the capillary

tube and pull it away to reveal the cured thread. The density of the gel is � s = 1040kg/ m3.

We pick one particular thread with a length L = 2.5 cm, and radius R = 475� m. All the

observations presented in §2.4 result from using only this one thread to avoid accounting

for changes in the Young's modulus and surface roughness among different threads. The

reproducibility and aging of the thread are discussed in §2.4.2.

To ensure that the thread hangs straight in all experiments, we glue a small metal weight

(0.38� 0.01g, shown as m1 in Fig. 2.1c) to the lower end of the thread using a small amount of

PVS gel. To measure the Young's modulus of the thread, we temporarily attach an additional

metal weight m2 = 0.09, 0.16, 0.21, or 0.29 g to the thread, as shown in Fig. 2.1c, further

stretching the thread. From the displacement �elds made by comparing the positions of

beads under pairs of loading conditions, we �nd a linear relationship and measure the

average Young's modulus to be E = 100� 15kPa, with the error bounds given by the standard

error across 7 pairwise measurements. All Young's modulus measurements were done in

air.

2.2.3 Cleaning procedure

Typically, a cured elastomer will contain remnants of uncrosslinked polymer oil known

as oligomers; when the elastomer is in contact with a liquid, some of these oligomers

will dissolve into the liquid [37]. These oligomers, when they migrate to the surface of the

liquid, have been observed to act as a surfactant and thereby reduce the surface tension

of the liquid [76–78]. In order to perform controlled experiments, we follow the cleaning

procedure suggested by Hourlier-Fargette et al. [78], modi�ed in duration to account for the

use of ethanol in place of toluene. During two sequential 24-hour immersions in ethanol,

the oligomers dissolve from the thread into the bath and are �ushed away. Finally, we dry

the thread in a vacuum chamber for 15 minutes to remove the residual ethanol, followed by

air-drying for a week. After each experiment, we submerge the thread in ethanol for 1 hour

to remove the residual liquid on the thread surface or absorbed in the thread, followed by

air-drying for one day.

2.2.4 Liquids

Based on previous elastocapillary experiments [57, 61, 68], we select the three representative

liquids (ethanol, glycerol, Fluorinert FC-40), the detailed properties of which are given in
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Table 2.1: The three liquids used in the experiments. Values are measured as described in
§2.2.4, except for the Young's angle � of ethanol, which is given by Marchand et al. [57].

Liquid 95% ethanol glycerol
Fluorinert

FC-40
Density � l 0.8 g/ cm3 1.25 g/ cm3 1.855 g/ cm3

Surface tension 
 22 mN/ m 60 mN/ m 16 mN/ m
Young's angle � to PVS � 45� 106� � 6� 29� � 3�

Evaporation
rate in cuvette

100 � m/ hr < 1 � m/ hr 10 � m/ hr

polar polar nonpolar
amphiphilic hydrophilic hydrophobic

Table 2.1. All liquids are purchased from Sigma-Aldrich; we measure the density � l using a

pycnometer (Kimble, 10 mL) and the liquid surface tension 
 using a tensiometer (Surface

Tensionmat, Fisher). After the thread is immersed in each liquid, we pour the liquid out of

the cuvette and check the surface tension again with the tensiometer. We observe no change

in surface tension, con�rming that the oligomers in the thread are cleaned as described in

§2.2.3. To measure the Young's angle � for PVS, we �rst cast a thick, �at slab and clean it

using the methods given in §2.2.3. We deposit droplets of diameter D ¦ 3 mm, so that the

ratio 
= E D � 1 is satis�ed, image each droplet from the side, and measure � using ImageJ.

Errors reported are the standard error across 6 measured droplets. Finally, to quantify the

in-situ evaporation rate for each liquid, we measure the combined mass of the liquid and

cuvette over a period of 3 hours, and record the loss.

2.2.5 Observing procedure

As summarized schematically in Fig. 2.2, we start from a state in which the gel thread is

hanging, centered, in a cuvette (not shown). We pour in the chosen liquid until the liquid

level is higher than the position of the metal weight ( L 0
s l ) and then wait for a speci�ed

waiting time, t w (ranging from 0 to 24 hrs). The position of the liquid surface is denoted

z0 = 0, and all primed variables are in reference to this initial state. Next, we perform a

vertical scan of images to record the bead positions, and then increase the liquid level by

a speci�ed � L to z = 0 and again wait for time t w . The un-primed variables refer to this

�nal state. We then perform a vertical scan of images to record bead positions, and use

particle tracking [102] to measure the displacements of the beads between the �nal and

initial states.
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Figure 2.2: Schematic diagram for the observing procedure, with the left side representing
the initial state (primed variables, coordinate system z0) and the right side representing
the �nal state (un-primed variables, coordinate system z). The two coordinate systems
are displaced relative to each other by a distance � L, the imposed increase in the liquid
level between the initial and �nal states of the experiment. The horizontal dashed line
on the left separates the segments above (length L 0

sg) and below (length L 0
s l ) the liquid

surface. On the right, the horizontal dashed line also separates the segment above from
the segment below the liquid surface. Segments A and B are de�ned by these two dashed
lines. The thread has a metal weight of effective mass m � (modi�ed by buoyancy) hanging
from its end. Static force equilibrium results from the stress balance (stresses are denoted
F , measured in mN / m) balance among the holder, gravity, buoyancy, capillarity, and the
proposed tangential component Fk of the force at the contact line.
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2.3 Modelling

Our model is based on the differences induced within the gel thread, between the initial

and �nal con�gurations shown schematically in Fig. 2.2. Both the left and right threads

are in static equilibrium, with the only external change being the liquid level. We specify

a different coordinate system for the two states, with the initial (left) state speci�ed by

cylindrical coordinates
�
r 0, � 0, z0

�
, and the �nal (right) state by

�
r , � , z

�
. For an increase in

liquid level by a height � L , r 0= r , � 0= � , and z0= z + � L. Thread segments of length L 0
sg

(above the liquid surface) and L 0
s l (below the liquid surface) add up to the total length L 0.

We further assume that L 0= L and radius R0= R are approximately constant for the two

states; note that our bead displacements are around 25� m, and the length of the thread is

25 mm (see §2.4).

Two segments of the thread form the focus of our work: Segment A ( Above the liquid

in both states) and Segment B ( Below the liquid in the �nal state); we ignore the segment

that remains below the liquid surface in both states. Segment A therefore has z0> � L in

the initial state and z > 0 in the �nal state while Segment B has z0> 0 in the initial state and

z < 0 in the �nal state.

To analyze the different deformations present in the initial and �nal states, we derive the

force balance equation that holds a partially immersed thread in place using the principle

of virtual work. From this formulation, we compare the strain �eld in the initial state ( � 0) to

the strain �eld in the �nal state ( � ), via the strain difference , � � = � � � 0. The integration of

the strain difference gives us the displacement �eld u in the thread. Note that the forces to

be considered in calculating u for Segment A differ from those required in Segment B, due

to the absence/ presence of the liquid.

In writing our model, we consider two forces due to the presence of the liquid: buoyancy

and capillarity. For changes in liquid level on the order of 1 cm, the change in buoyancy

force acting on the thread is approximately 100� N for using Fluorinert. This is slightly

larger than the capillary force from the surface tension present in the experiment, which

the Young-Dupré equation speci�es as 40� N for a 1 mm diameter thread and the material

properties given in Table. 2.1.

2.3.1 Force balance equations from virtual work

As shown in Fig. 2.2, the partially immersed thread in the �nal state is held up by an external

force 2� R Fext, where F has units of surface tension (mN / m). Physically, this external force
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is the sum of both capillary and buoyancy effects, the weight of the partially immersed

thread, and the effective weight of the immersed metal weight. We calculate 2� R Fext by

the principle of virtual work, determining the change in the potential energy as we lift the

thread by an in�nitesimal distance � above the current state:

2� R Fext =
d� U

d�

�
�
�
�
� ! 0

(2.2)

where � U is calculated from the sum of the surface and gravity potential energies: � U =

� Usurface + � Ugravity .

For values of the surface energy at the solid-air ( 
 sg) and solid-liquid ( 
 s l ) interfaces,

the total surface energy changes by

� Usurface(� ) = 2� R
�
(L sg + � )
 sg + (L s l � � )
 s l

�
(2.3)

Differentiating Eq (2.3), the capillary force arising from the surface energy is

d� Usurface

d�

�
�
�
�
� ! 0

= 2� R(
 sg � 
 s l ) = 2� R
 cos� , (2.4)

with 
 (see Table 2.1) the surface tension at the liquid-air interface, and the last equality

coming from the Young-Dupré equation.

The potential energy also changes due to an increase in gravitational potential energy

as the thread is raised by a distance � , determined from both the thread and the metal mass.

This change is

� Ugravity = � R2g

Z �

0

� (z)h (z)dz + m � g

Z �

0

dz (2.5)

The �rst term on the right side is an integral of the thread density over the whole length of

the thread. Above the �uid surface, the thread is in the air, so the density is � = � s. Below

the �uid surface, the correct density for the calculation is the effective density � � � � s � � l .

This gives

� (z)h (z) =
�
� s(L sg + z) + � � (L s l � z )

�

The second term on the right side in Eq. (2.5) is the �xed metal mass. Therefore, the gravita-

tional force is
d� Ugravity

d�

�
�
�
�
� ! 0

= � R2g(� sL � � l L s l ) + m � g. (2.6)

An alternative approach is provided in §2.6.4.
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Adding Eq. (2.4) and (2.6) to form the right side of Eq. (2.2), we have an expression for

the external force holding up the thread:

2� R Fext = 2� R
 cos� + � R2g(� sL � � l L s l ) + m � g. (2.7)

For a given cross section of the thread immersed in the liquid, we assume the cross

section is subject to a force 2� R Fimm ,[57] which equals the sum of gravity, buoyancy, and

surface stress at the solid-liquid interface. Similar to Eq. (2.7), one has

� 2� R Fimm = 2� R� � � R2g(� sL � � l L
0
s l ) � m � g (2.8)

where the �rst term on the right side contains an unknown parameter � that comes from

the change of the thread surface from air to liquid. Unlike Eq. (2.7), which comes from

principle of virtual work, Eq. (2.8) comes from the balance of stress. Therefore, instead of

surface energy, � is the change of the surface stress from solid-air to solid-liquid interface.

The second and the third term in Eq. (2.8) come from gravity and buoyancy on both the

thread and the metal weight. Note that this assumption leaves open the possibility of a

tangential component of the contact line force given by

2� R Fk = 2� R (Fext � Fimm ) = 2� R
�

 cos� + �

�
(2.9)

This expression allows us to measure the value of � , and thereby determine whether or not

a non-zero Fk is present: if � = � 
 cos� , then Fk = 0 and the surface stress of the gel behaves

as if it were the surface tension of a liquid.

2.3.2 Displacement �elds

To determine � , we follow the method suggested by Marchand et al. [57]: we �rst measure

the displacements of the beads, and then �t the observed displacement data to a theoretical

prediction for � . In §2.3.1, we derived the force balance equation for a partially immersed

thread. Now we compare the force difference before and after the liquid level increases,

which corresponds to the initial state (the left thread in Fig. 2.2) and the �nal state (right

thread). We start with the stress tensors and the strain �elds in two states. Then we derive

the displacement �eld by integrating the strain difference between the two states.

From §2.3.1, we know all of the applied forces on the thread, which we can use to

calculate the stress tensor inside the thread. This includes contributions from not only the
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forces in the vertical direction ( z or z0), but also radial stresses which arise from the surface

stress. Again, all primed variables refer to the initial state, and all un-primed variables to

the �nal state.

We begin with the stress tensor in the �nal state: above the liquid surface ( z > 0), � r r = 0

as there is no hydrostatic pressure or the change in surface interface. Below the liquid

surface (z < 0), we assume that the hoop stress is

� r r = �
�

R
+ � l g z

where the �rst term on the right side comes from the change in surface stress from air

to liquid, and the second term comes from hydrostatic pressure. Dividing Eq. (2.7) and

Eq. (2.8) by the cross section of the thread ( � R2), we describe both the vertical and radial

stresses applied to the thread:

� z z(z) =

8
<

:

2
 cos�
R � g � l L s l + � , z > 0

� 2�
R � g � l L s l + � , z < 0

(2.10)

where � � g � sL + m � g=� R2 is a constant, and

� r r (z) =

8
<

:

0, z > 0

� �
R + � l g z, z < 0

(2.11)

The stress tensor for the initial state takes the same form, but with z and L having primes.

Assuming a linearly elastic, incompressible material with L � R (conditions reasonable

for our thread), the vertical displacements u z arise solely from � z z :

@z u z = � z z =
1

E
(� z z � � r r ) (2.12)

A detailed derivation of the strain �elds for both states is provided in Appendix §2.6.1. Since

our experimental measurements arise from comparing the displacements for two different

states, we want to model the difference of the strain �elds, � � = � z z � � 0
z z . We use the

transformation z0= z + � L and L 0
s l = L s l � � L in the calculations that follow. The strain

difference in Segment A ( z0> � L, z > 0, always above the liquid) is

� � A =
1

E

�
� � l g(L s l � L 0

s l )
�
= �

� l g� L

E
. (2.13)
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Note, this value is a constant, and all of the values are known / measured from separate

experiments (no free parameters). The strain difference in Segment B ( z0> 0, z < 0, switches

from above to below the liquid) is

� � B =
1

E

•
�

2
 cos� + �

R
� � l g(z + � L)

˜
. (2.14)

Note that this predicts a position-dependent change in strain, since the hydrostatic pressure

increases along the length of the immersed thread. In Eq. (2.13) and Eq. (2.14), the negative

sign indicates that the thread is compressed in both Segment A and B.

To determine the displacement �eld, we integrate Eq. (2.13)and (2.14)along the vertical

direction and obtain

u z (z) =

8
<

:

�
� l g� L

E z, z > 0

�
2
 cos� + �

E R z �
� l g� L

E z �
� l g
2E z2, � � L < z < 0

(2.15)

where the displacement �eld is referenced to the position in the �nal state. In Segment A, z

is positive so u z is negative, while in Segment B, z is negative so u z is positive. Note that

within Segment A, the displacement of the beads is due only to buoyancy, for which there

are no free parameters. This allows us to use data from this region to measure the magnitude

of the swelling effects in the experiments. However, in Segment B, the displacement of the

beads comes from two effects: capillary forces (both surface tension and surface stress)

and buoyancy. Therefore, we can determine the only unknown quantity, the change in

surface stress� , by measuring buoyancy, the surface tension 
 cos� , and the displacements

of beads u . By �tting this data to Eq. (2.15), Eq. (2.9) allows us to calculate Fk, where 
 cos�

is known, and � is obtained from �tting.

2.4 Results

2.4.1 Equilibration time

To test the effect of waiting time on the deformation �eld, we perform experiments using

Fluorinert, which has been reported to induce little swelling [37]. We repeat an identical

experiment using a liquid level change of � L = 15 mm, for �ve different waiting times t w

(from light to dark green in Fig. 2.3), up to one day in duration. As shown in Fig. 2.3a, the

displacements of the beads u z in Segment A are statistically identical for all t w > 6 hrs. We
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Figure 2.3: Dependence of the measured displacement �eld u z on the waiting time t w = 0
(light green) 6,12,18,24 hrs (dark green). Data is shown (a) in Segment A, which is always
above the liquid surface and (b) in Segment B, which switches from above to below the
liquid surface. The inset pictures show how the thread is compressed. The red arrows
represent the displacement of the tracked beads (marked red). The negative slope indicates
a net compressive stress on the immersed thread. The observable length of Segment A at
t w = 0 (light green) is shorter than the lengths at other waiting times because the initial
liquid level ( z0= 0 in Fig. 2.2) is around 2 mm higher than in the other datasets.
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conclude that beads which remain above the liquid surface reach equilibration within 6

hrs. Within Segment B (see Fig. 2.3b), u z continues to evolve up to t w = 18 hrs, after which

u z above z = � 5 mm is consistent with the values observed at 24 hrs. Therefore, the higher

portion of Segment B reaches equilibration within about 1 day.

This long equilibration time is consistent with previous experiments done on a droplet

deposited on a thin �lm [58, 70, 71, 103]. In those experiments, the surface of the thin �lm

deforms at a rate of several microns per minute. Since our thread is several centimeters long,

we expect timescales to be an order hours rather than minutes. In contrast, Park et al. [58]

showed that the contact angle of a droplet on a thin �lm develops within less than a second,

via a rapid elastic deformation of the substrate. This sets a clear separation of timescales for

our experiment: with the contact angle between the thread and the liquid being determined

within a second by elastic deformation, while the internal strain �eld equilibrates over

many hours by viscous deformation. To further test these viscoelastic traits, we cast a block

of PVS and measure its complex shear modulus using a rheometer (Anton Paar MCR-302).

We �nd the loss modulus to be G00� 7 kPa, while the storage modulus is G0 � 30 kPa. With

these parameters, we expect to observe a slow, viscous motion as well as an elastic response.

2.4.2 Swelling

Because our model (§2.3) doesn't account for swelling effects, we need to both determine

under which conditions they are present. Because all of the parameters in Eq. (2.15) are

known for z > 0, we are able to directly compare the displacements of beads u z in Segment A

with the theoretical prediction. Any difference between the data and the theory will identify

the magnitude of swelling effects. As an additional bene�t, recall that u z in Segment A is

less sensitive to waiting time (see Fig. 2.3).

We perform experiments to measure bead displacements for threads immersed in each

of the three liquids, for a liquid level change of � L = 10 mm; these results are shown in

Fig. 2.4. As given by Eq.(2.15), the buoyancy force compressing the thread increases as we

increase the liquid level; we therefore expect u z < 0 for beads at locations z > 0. We observe

this compressive effect for experiments with both glycerol and Fluorinert. However, for

experiments with ethanol, we observe u z > 0 and attribute this to swelling (as would be

expected from the work of Lee et al. [37]) Although Segment A is not immersed in liquid,

the ethanol absorbed within Segment B can also diffuse into Segment A. This causes the

whole thread to swell enough to overcome the compression due to buoyancy, and appear

as if it is in tension ( u z > 0).
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Figure 2.4: Measured displacement u z for the three liquids considered, all taken within
Segment A (above the liquid surface), where the results are less sensitive to waiting time.
For glycerol and Fluorinert, t w = 12 hrs; for ethanol t w = 6 hrs (to minimize the in�uence
from evaporation).
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Figure 2.5: Measured displacement u z in Segment A (above the liquid surface), compared
to predicted values from Eq. (2.15) where the pair of dashed lines are the upper and lower
bounds of the theoretical prediction, calculated from the standard error on the Young's
modulus measurement. (a) Results for glycerol, t w = 12 hrs. (b) Results for Fluorinert,
t w = 24 hrs.
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Using experiments with glycerol and Fluorinert, we can perform a direct comparison

to the model using the known parameters provided in Table 2.1. In Fig. 2.5(a), we observe

that data obtained from the experiment with glycerol is in agreement with the model. Data

for u r displacements (for experiments with glycerol) are shown in the Appendix (Fig. 2.8

in §2.6.2) and are also in agreement with predictions. From this, we conclude that there

are no swelling effects due to the glycerol, that buoyancy (alone) controls the changes to

strain within Segment A, and that the assumption of constant total length L and radius R

are valid. In Fig. 2.5(b), we observe that u z for the thread in Fluorinert is slightly less than

predicted, suggesting a small swelling ratio.

To make sure that the thread is not aging during the experiments, we also compared

the glycerol data in Fig. 2.4 with the theory, and found the data again match. The two

experiments in Fig. 2.4 and 2.5 were performed around 6 months apart, so we conclude

that there is no aging in that time frame. This also demonstrates the reproducibility of our

experiments.

In separate experiments on a centimeter-sized PVS block, we directly measure the

swelling rate of PVS immersed in Fluorinert, ethanol, and glycerol. As reported in detail in

the Appendix (§2.6.3), we observe a weight change corresponding to a volume-swelling ratio

� 0.2% for using Fluorinert, � 1.3% for ethanol, and none for glycerol, which is consistent

with the discrepancy shown in Fig. 2.4 and Fig. 2.5. Because the swelling occurs within

15 minutes, this timescale is well-separated from the hour-long equilibration time for the

bead position measurements.

Note that although we use PVS for our experiments, the swelling effect we observe is

consistent with previous elastocapillary studies using polydimethylsiloxane (PDMS) sub-

strates. Under room temperature, Lee et al. [37] found that the volume of PDMS immersed

in ethanol increased 4%, but by less than 1%for PDMS in glycerol, water, ethylene glycol, or

per�uorocarbon liquids (such as Fluorinert). Importantly, since the swelling ratio changes

as a function of temperature [104], it is important to �x the experimental conditions in such

experiments.

2.4.3 Electrostatic forces

In our model, we excluded electrostatic forces, which can arise due to triboelectric charging

when the thread is removed from the silanized capillary tube. Such forces are observed in our

experiments before the intial-state measurements, when the thread is electrically-attracted

to the wall of the glass cuvette. Polar solvents such as glycerol could shield these forces, while
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nonpolar liquids like Fluorinert have limited shielding ability [105]. To determine whether

electrostatic forces are present in our experiments, we neutralize the charges on the surface

of the thread and the cuvette with an anti-static gun (Zerostat 3, Milty ™), and observe the

same displacement results as presented in Fig. 2.5b. Therefore, we determine that there is

no signi�cant in�uence from electrostatic charges on the results of our experiments.

2.4.4 Tangential component of the contact line force

Finally, we are able to use the results from our experiments on waiting time, swelling, and

electrostatics to determine whether there is a measurable tangential component to the

contact line force Fk in Eq. (2.9). To select a liquid, we consider several requirements. To

avoid both signi�cant swelling and a high evaporation rate, we need to select either glycerol

(no swelling) or Fluorinert (small swelling). However, glycerol has an additional dif�culty:

its lack of optical clarity makes it unsuitable for measurements in Segment B, where images

must be collected below the liquid surface. This leads us to a choice of Fluorinert, which is

optically clear, with the caveat that we will then need to account for the measured swelling

ratio by adapting the model.

Since the swelling ratio is small, we approximate its effects in Eq. (2.15)as being constant

throughout the whole thread. We modify this equation to include a swelling parameter �

which takes the same value in both Segment A and Segment B. Thus,

u z + u A � � z = �
� l g� L

E
z, z > 0

u z + u B � � z = �
2
 cos� + �

E R
z �

� l g� L

E
z �

� l g

2E
z2, z < 0

(2.16)

We have additionally included a constant offset ( u A and u b ) to each displacement �eld to

account for measurement uncertainty in the determination of the location of the liquid

surface (z = 0), due to the presence of the meniscus. The unknown parameters in Eq. (2.16)

are the swelling parameter � and a constant material property � which represents the

change in surface stress from immersion in air vs. liquid.

This gives us two equations, and two �tting parameters, for each experimental run.

We determine the optimal values for � and � by simultaneously �tting (using MATLAB

function lsqnonlin ) the data from Segments A and B, for two separate experiments. Two

experiments were done, with liquid level changes � L = 15 mm and � L = 20 mm. The

difference in the liquid level between these two experiments (5 mm) corresponds to 20% of

the total thread length L. The boundary condition of the �uid diffusing into the swelling
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Figure 2.6: Measured displacement u z in Segment A (above the liquid surface) and Seg-
ment B (below the liquid surface), compared to predicted values from Eq. (2.16). The
continuity of the �t across the two equations is guaranteed by the simultaneous �tting
process. The two datasets are for � L = 15 mm (green circles) and 20 mm (black diamonds),
both with a waiting time t w = 24 hrs. Fitting parameters are discussed in the text.

thread is set by the amount of liquid in contact with the thread (Segment B) and the amount

of dry thread surface, since liquid evaporates from the thread (Segment A) [106, 107]. These

boundary conditions are different in the two experiments, due to differing values of � L .

Therefore, the amount of diffusive �uid is not the same, so the magnitude of the swelling

changes. Hence, we allow � to be different for the two experiments, but we expect � to

match.

The data and �tting results are shown in Fig. 2.6. We �nd that the best-�t swelling ratio

is � = 0.11% for � L = 15 mm and � = 0.24% for � L = 20 mm. These values are both

consistent with our direct measurements of the swelling ratio (see §2.4.2 and Appendix

§2.6.3.) We determine that the surface stress consistent with both sets of measurements
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is � = � 12.8 � 10.0 mN / m (95%con�dence interval). Using the known values of 
 and �

in Eq. (2.9), this gives the measured value of the tangential component of the contact line

force

Fk = 1.2� 10 mN =m,

which is consistent with Fk = 0. As a comparison, the reported value in previous liquid-

thread experiments [57] is F eth
k = 43.3� 8.2 mN / m. Using values from Table 2.1, we normalize

Fk and F eth
k by the surface tension 
 for each liquid. The results are Fk=
 Fluorinert = 0.1 � 0.6

and F eth
k =
 ethanol = 2.0 � 0.4. Because these two normalized values are mutually outside

each other's con�dence intervals, we conclude that our value of Fk disagrees with what was

measured previously.

Note that the brand of PVS used in previous liquid-thread experiments [57] was EC00

RTV rather than Eco�ex 00-10, and therefore might have a slightly different composition.

However, since we found the force law at the contact line to be consistent with those found

in the droplet-PDMS experiments [58, 61], we believe that the force law is independent of

the elastomer chemistry.

Several other explanations are possible for the discrepancy between the reported Fk

and F eth
k . First, ethanol causes large swelling during the observation period (see §2.4.2).

However, in our thread experiments and previous droplet-PDMS experiments, liquids with

small swelling ratio like water, glycerol, and �uorinert are used, which reduces the swelling

problem. Second, if data were recorded quickly (to minimize the swelling effect, and also

the effect of evaporation), the beads would not yet have reached their equilibrium positions

(see §2.4.1). In this case, a static theory cannot be applied. Third, in both cases the models

are based on linear elastic theory. However, when the gel thread experiences swelling, gel

porosity should also be taken into account [108–111]. Finally, the measured strain in our

experiments is an order of magnitude smaller than was present in the Marchand et al.

experiments. It is unknown what effect the magnitude of strain has on the magnitude of

the tangential component of the contact line force.

Recent papers [60, 65–69] aim to disentangle how the surface stress of an elastomer

changes under tangential stresses. This effect, known as the Shuttleworth effect [64] argues

that the solid surface stress changes in response to any applied tangential stress. If the

strains of the substrate are different for solid-air vs. solid-liquid surfaces, the Young's angle

� might change due to the Shuttleworth effect. It has been shown that the Young's angle for

PVS gel does not change when a uniform strain is applied to the substrate [68]: the vertical

strain due to our hanging weight m � does not affect Young's angle. Second, the strain of the
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Figure 2.7: Comparison of the timescales for various dynamical processes observed in
elastocapillary experiments. The surface contact timescale is from Park et al. [58]; other
values are measured here.

thread in Segment A comes only from buoyancy, while in Segment B, the strain comes from

both capillarity and buoyancy. Therefore, there is a strain difference between the solid-air

surface and the solid-liquid surface. Our results suggest that � � � 
 cos� = � 
 sg + 
 s l , such

that the Young's angle � remains constant. This is consistent with the expected lack of a

Shuttleworth effect in our system.

2.5 Conclusions

We perform controlled experiments to quantify the elastocapillary effects on a PVS gel

thread partially immersed in a variety of liquids. We show that swelling and buoyancy have

effects of a similar magnitude to capillary forces. We also demonstrate that the differing

swelling ratios among various liquids render some as poor choices for elastocapillary

experiments: glycerol and Fluorinert are favored over ethanol. In the worst cases, swelling

can overwhelm what would have otherwise been compressive forces. However, glycercol

also presents dif�culties due to a lack of optical clarity. Because the swelling ratio for using

Fluorinert is less than 1%, as well as excellent optical clarity and slow evaporation, we �nd

it to be a good choice for elastocapillary experiments.

In quantifying each of these effects, we observed several distinct timescales, shown

in Fig. 2.7, that need to be considered when undertaking experimental designs. In our

experiments, the beads in the thread take hours to reach their equilibrium positions, while

the deformations due to capillarity and swelling take less than an hour.

Finally, guided by these choices of material and timescale, we performed experiments
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in which only two free parameters remained: a swelling ratio � and the change in surface

stress � . Our results show that the tangential component of the contact line force is likely

zero, as suggested by the results of droplet-�lm experiments [53, 58, 61, 62]. Moreover, we

observe that the solid surface stress remains unchanged under tangential compression,

suggest that a Shuttleworth effect is not present for this system, consistent with prior work

[68, 112, 113].
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2.6 Appendices

2.6.1 Strain derivation

Due to the cylindrical geometry of the thread, we choose a cylindrical coordinate system.

The linear stress tensor is given by

� i j =
E

1+ �

h
� i j +

�

1 � 2�
� kk � i j

i
(2.17)

where E is the elastic modulus, � is the Poisson's ratio, � i j is the strain tensor with i , j as

(r , � , z ), � kk = � r r + � �� + � z z is the trace, and � i j is the Kronecker delta function. Formulas

for the strains are given by

� r r = @r u r , � �� =
u r

r
+

1

r
@� u � , � z z = @z u z (2.18)

where u i is the displacement of a given position in the thread. In the experiment, u i is

the displacements of the beads. We assume the solution is axisymmetric, as no torque is

applied to the thread. Thus, all variations with respect to angle � can be set to zero. For

a small radius thread ( R � L), � r r � � �� and the trace of the strain tensor can be written

as � kk � 2� r r + � z z . Hence, � r r = 1
2(� kk � � z z). The following calculation then isolates an

expression for axial strain � z z = @z u z :

� z z � 2�� r r =
E

1+ �

h
(@z u z � 2�@r u r )+

�

1 � 2�
(1 � 2� )� kk

i

=
E

1+ �
[(@z u z � � (� z z � @z u z ))+ �� kk ]

= E@z u z

(2.19)

We take our thread to be incompressible ( � = 1=2) as assumed for most elastomer experi-

ments, leading to Eq. (2.12) in the main text.

By Eq. (2.10), (2.11), and (2.12), the strain �eld in the �nal state is

� z z(r , z) =

8
<

:

2
 cos�
E R �

� l g Ls l
E , z > 0

� �
E R �

� l g(z + L s l )
E , z < 0

(2.20)
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Transforming L s l ! L 0
s l and z ! z0, the strain �eld for the initial state is

� 0
z z(r , z0) =

8
<

:

2
 cos�
E R �

� l g L0
l s

E , z0> 0

� �
E R �

� l g
�
z0+ L 0

l s

�

E , z0< 0
(2.21)

From incompressibility ( � = 1=2), one has � z z + 2� r r = 0, giving a strain difference in

radial direction as � � r r = � � z z=2. With Eq. (2.13) and (2.14), the displacement in the radial

direction is

u r (r , z) =

8
<

:

� l g� L
2E r , z > 0

•
2
 cos� + �

2E R +
� l g(z + � L)

2E

‹
r , � � L < z < 0

(2.22)
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Figure 2.8: Measured displacement u z in Segment A (above the liquid surface), compared
to predicted values from Eq. (2.22) for glycerol, where the pair of dashed lines are the upper
and lower bounds of the theoretical prediction, calculated from the standard error on the
Young's modulus measurement. t w = 12 hrs.

2.6.2 Displacement �eld in radial direction

In Fig. 2.8, we show that the displacement �eld u r is in agreement with the theoretical

prediction from Eq. (2.22).

2.6.3 Measuring swelling ratio

To determine the swelling ratio for PVS immersed in our three liquids, we perform soaking

experiments of various durations. Each experiment uses a PVS block, cast either with or

without �uorescent beads, and cleaned as presented in §2.2.3. Each block was weighed

before and after immersion for a duration up to 60 minutes, placed in ethanol, glycerol

or Fluorinert FC-40. The blocks are dry initially, and are dried with an compressed air
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Figure 2.9: PVS gel weight swelling ratio with different liquids. w / : gel with beads. w / o: gel
without beads.

afterwards. The %-difference in weight gives the swelling ratio. The resulting measurements

are shown in Fig. 2.9. Glycerol is observed to be non-swelling (no statistically-signi�cant

change in weight), consistent with the thread experiments in Fig. 2.5a. However, the weight

change ratio when using ethanol can reach more than 1% in an hour. For Fluorinert, the

measured swelling ratio depends on whether beads are present (swelling ratio 0.3%) or

absent (swelling ratio 0.5%). The difference between results with absent / present beads

might come from the swelling in polystyrene beads. The swelling occurs on timescales less

than 15 min. Assuming the weight change is dominated by the absorption of liquid, the

density ratio for PVS ( � s = 1.040 g/ cm3) predicts a volume change ratio for using ethanol

(� l = 0.8 g/ cm3) is 1.3%, and 0.17%for using Fluorinert ( � l = 1.855 g/ cm3), for gels with

beads.

2.6.4 Another way to derive gravitational potential energy difference

As a sanity check, we calculate the gravitational potential energy of the thread that is

raised by � , U �
gravity , and compare to the energy before raise, U 0

gravity . The energy difference,

� Ugravity = U �
gravity � U 0

gravity , gives the virtual work again when � ! 0.
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The gravitational potential energy density is � gravity = � g z + C, where C is a constant

depending on the reference point. Assuming that � is continuous along the whole thread,

we then set � (z = 0) = C = 0; that is, the zero gravity potential energy is at the liquid level.

Then the gravitational potential energies are

U 0
g r a v i t y = � R2

Z Lsg

0

g� szdz + � R2

Z 0

� Ls l

g� s l zdz + m � g(� L sg)

U �
po t e n t i a l = � R2

Z Lsg+�

0

g� szdz + � R2

Z 0

� Ls l +�

g� s l zdz + m � g(� L sg + � )

The difference gives

� Ugravity = U �
gravity � U 0

gravity

= � R2

Z Lsg+�

Lsg

g� szdz � � R2

Z � Ls l +�

� Ls l

g� s l zdz + m � g

= � R2g� (� sL � � l L l s + � l �= 2+ m � g)

Then the virtual work is

dUgravity

d�

�
�
�
�
� ! 0

= � R2g(� sL � � l L s l ) + m � g (2.23)

which is Eq. (2.6).
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CHAPTER

3

SEEKING STRAINOTAXIS I: THEORY AND

MODELLING

3.1 Introduction

Droplet motion plays a key role in many applications: water harvesting [114], removal

of dust particles [115], charge collection by rolling droplet [116], for instance. The force

to drive droplet motion could be gravity, an asymmetrical substrate [117], electric �elds

[118], a pressure gradient [119], surface energy gradients on the substrate [120, 121], or

temperature gradients [122]. The driving force competes with the surface tension of the

liquid 
 to control whether droplet moves.

The competition between the driving force and the droplet can be estimated by dimen-

sional analysis. For instance, when a droplet sits on a tilted plane, the driving force is gravity,

which tries to drag the droplet downhill, while the surface tension holds the droplet in

position. By dimension analysis, the capillary length is [51]

L c =

v
t 


� g
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where � is the liquid density, and g is the gravitational acceleration constant. This length

describes whether the gravity or the surface tension dominates the force diagram. For

R � L c , the droplet moves downhill. For R � L c , the surface tension halts the motion.

When a droplet is deposited on a soft substrate, 
 deforms the substrate with elastocap-

illary length,

Lec =



E

where E is the Young's modulus of the substrate [49, 50]. As shown in Fig. 1.10, the substrate

is pulled up by the surface tension of the droplet, forming a ridge at the contact line. The

speed of the advancing / receding angle of the droplet competes with the speed of the ridge

deformation to determine the droplet motion. Depending on the speeds between the two,

the contact line can be either pinned at the ridge, or slip to a new contact line [70]. Such a

speed competition can be controlled by the speed of the driving force, like the increasing

speed of the droplet volume [123], the impact speed of the dropping droplet [124], the

evaporation rate of the droplet [125], or dragging / pushing the gel at various speeds [73].

Alternatively, the competition can be controlled by changing the ridge height. For example,

Smith-Mannschott et al. [74] have shown that, comparing to an unstretched substrate, a

droplet driven by gravity slides downhill faster on a stretched substrate, which decreases

the ridge height.

Even without a driving force, a droplet with R � Le c moves spontaneously on a soft

substrate subjected to a thickness gradient [72, 126]. The contact angle is a function of the

thickness. Therefore, a thickness gradient creates a difference in contact angle, leading

to droplet motion. Likewise, our prior calculations [127] predict that a substrate with a

stiffness gradient will induce the spontaneous motion of a droplet with R � Le c. Since the

stiffness differs across the interface, the deformation of the substrate is asymmetric, leading

to a difference between the left and right contact angle and hence droplet motion.
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Figure 3.1: Different mechanisms causing motion for different droplet radii R and different
speeds v . (a) The speed of the center of mass of a droplet on a substrate with thickness
gradients [72]. The droplet spontaneously moves to the thicker side of the substrate. (b)
The speed of the ridge due to droplet evaporation [125]. (c) The speed of the center of mass
of a droplet sliding down a vertical plane. [59, 74]. (d) The speed of the ridge controlled by a
pipette changing the droplet volume [70].

Fig. 3.1 shows the length scale and the droplet speed for various prior experiments on

droplet motion. Recent studies [71, 125, 128] showed that when the droplet speed is around

1 � m/ s, the contact line is pinned, and the ridge shape is determined by the surface tension

of the substrate instead of the viscoelastic deformation of the bulk. This is consistent with

what we observed in §2. Moreover, the surface tension of the substrate is tuned by the strain

at the ridge, known as the Shuttleworth effect [66, 129]. In this speed range, the system

becomes nonlinear: the speed at the contact line determines the ridge shape, and the ridge

shape feeds back to determine the contact line speed. Therefore, modeling in this regime is

hard and remains at an early stage.

While fast dynamics in elastocapillarity has remained unsettled, static elastocapillarity

has been well-established [56, 62, 63, 83]. Therefore, it is easier to model droplet motion in

a quasi-static experiment: the contact line is slowly distorted to a new equilibration state

by slightly varying the droplet position, the contact angle, and the substrate deformation,

so the whole substrate reaches equilibration. In the quasi-static regime, our group [127]

proposed a model that predicts the droplet motion by comparing the energy difference

between the two different equilibration states, and requires the energy gained from the

new state to fully dissipate with the gel viscosity.
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Figure 3.2: Schematic of a droplet on a strained-unstrained �lm. Upper: before the droplet
is deposited. Left part of the �lm is stretched in the x direction. � is the strain, and U is
the energy density. The subscripts l and r represent the left, strained region and the right,
unstrained region. E is the stiffness of the substrate. Lower: After the droplet is deposited.
" is the strain due to the droplet deformation.

Here I propose a slow ( � 1 � m / s), quasi-static experiment to control the spontaneous

motion of a droplet on a soft substrate, with droplet motion induced by a strain gradient.

Theoretically, the strain heterogeneity creates a bias in energy density, which induces the

droplet to move in one direction to minimize this bias. I refer to this motion as strainotaxis ,

as it is a motion (taxis) induced by a strain gradient. In the next paragraph, I provide a brief

discussion of how this strainotaxis happens.

Suppose an incompressible 2D �lm is subjected to a strain heterogeneity, where the left

side of the �lm has a strain � l > 0, and the right side of the �lm is a region with no strain

(� r = 0), as shown in Fig. 3.2. Due to incompressibility, the strained region is compressed

with � � l . Therefore, the energy density in the left region is

Ul =
E(� � l )2

2
(3.1)

where E is the Young's modulus, and Ur = 0 in the right region. Now, we deposit a droplet

at the interface of the two regions. At the contact line, the surface tension of the droplet
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pulls the �lm upward with a strain " > 0. Therefore, the energy density U becomes U � with

U �
l =

E(� � l + " )2

2
, U �

r =
E" 2

2
(3.2)

The difference between the energy density before and after the droplet deformation is

� U =
�
U �

l � Ul

�
�

�
U �

r � Ur

�
= � E"� l (3.3)

Thus, we see that, although the droplet deformation increases the energy density in the

right region, the total energy density decreases because the droplet pulls the left region

towards an less unstrained state. Therefore, we conclude that the droplet should move

toward the strained region to minimize the free energy.

In a quasi-static state, the energy gained from moving toward the strained side is dissi-

pated by both the droplet viscosity and the gel effective viscosity. The substrate used in my

experiment is polydimethylsiloxane (PDMS), for which the effective viscosity is larger than

10 Pa�s [71]: 10 times larger than glycerol and 1000times larger than water. Therefore, the

energy dissipation in our quasi-static experiment is primarily determined by the substrate,

and that determines the time scale of our experiments. When the PDMS gel is deformed

� 50 nm by a creep indentation test [130], the retardation time is � 1 s. Using this slow

creep motion ( 50 nm / s) as a reference, if we want to observe the droplet motion move

1 � m, the observation duration would be 20 minutes; that is, the droplet speed would be

around 3 � m/ hr, which is slower than all mechanisms listed in Fig. 3.1. To my knowledge,

such a slow droplet speed and the strainotaxis mechanism have not been performed in any

elastocapillary experiments. Thus, the proposed experiment examines the possibility of

creating the strainotaxis, tests the quasi-static model [127], and indicates a possible setup

for droplet motion at a long time scale.

In the remainder of this chapter, I propose and develop three plans which would pro-

vide a promising route to create a strain gradient. For each plan, I study the feasibility of

mathematical analysis. In §4, I extend these plans to the experiments to �nd a realizable

stretching setup, and discuss the experiment detail and the results.

3.2 Stretching a thin elastic �lm

To generate strainotaxis, I would �rst need to have a �lm with a strain gradient. I therefore

develop three theoretical plans to stretch a thin elastic �lm, each of which would generate
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Figure 3.3: Schematics of a �lm with strain gradient. The length of �lm lies in the x direc-
tion, the thickness b in the y direction, and the width w in the z direction. (a) Plan 1a: side
view of a droplet sitting on a substrate with a strain gradient and the resulting thickness
gradient arising due to incompressibility. Larger displacements between the dots represent
larger strain. This convention will be used throughout the chapter as a visual aid. (b) Plan
1b: a �lm is pulled from one edge and is clamped on the wall from the other edge. We then
approximate the strain �eld in the second quadrant as the strain �eld in (c) Plan 2: a top
view of a �lm being stretched asymmetrically. (d-f ) Boundary conditions for Plan 1b and
Plan 2. (d) Boundary Condition 1 for Plan 1b. The �lm is pulled by uniform stresses � 0 from
the left and right edges and point forces F � (x ) at upper and lower edges. The dimension of
F is force per length. (e) Boundary Condition 2 for Plan 1b where we change point forces
F � (x ) to forces with �nite length ` . (f ) Boundary Condition 3 for Plan 2.
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a strain gradient in the �lm, as shown in Fig. 3.3. These plans were chosen because the

boundary conditions of the plans are possible to realize in experiments.

Let us consider a thin �lm with thickness b , length L � b , and width w � b . For Plan 1a,

the �lm is stretched in the x direction along the y axis, introducing displacement �elds, as

shown in Fig. 3.3(a). Note that the vertical direction is in the y direction, and the horizontal

directions lie in the x –z plane. We allow the half part of the bottom of the substrate to be

stretched (moving boundary) and the other half to be �xed (clamped boundary). This is

a highly nonlinear system since we introduce a discontinuous displacement boundary

condition. Therefore, we modify Plan 1a using an alternative design, Plan 1b (Fig. 3.3(b)).

In Plan 1b, the �lm is stretched with stress � 0 at one edge and is pinned by a wall on the

other edge. We then approximate the strain �eld in Plan 1a by the strain �eld in the second

quadrant in Plan 1b.

For Plan 2, we consider the thin �lm being stretched in the x direction along the z

axis with asymmetrical stress. As shown in Fig. 3.3(c), we apply no stretch at z = 0 and

apply maximum stress at z = w . The asymmetrical stress boundary condition leads to an

asymmetric strain �eld.

3.2.1 Boundary condition for Plan 1b

In order to calculate the strain �eld for Plan 1b, we need to know the stress applied by the

wall at x = 0. If we allow the substrate to move freely in the y direction, we can imagine

a �ctional substrate in the wall pulled from the other side with the same stress, as shown

in Fig. 3.3(d). Because we want no displacement at the wall, we add a point force F � (x )

pulling the substrate in the y direction. By introducing F � (x ), we obtain all the boundary

conditions that we need to determine the stress tensor.

As we will see later, we observe that � 0 (Fig. 3.3(d)) seems to diverge when we calculate

its value with a constant point load force F . Thus, we instead turn to the second modi�ed

boundary condition by replacing the point forces with a stress applied with a �nite length

` , shown in Fig. 3.3(e). We de�ne the stress � 1 at the upper and lower edge by

� 1 =
1

2`

Z L

� L

� 1H (` � j x j)dx =
F

2`
(3.4)

In Fig 3.3(d-e), we assume the width of the �lm is larger than its length, w � L. Since

the width lies in the z direction, we can ignore any change in the z direction. Then the force

acting on the x y plane is independent of the z coordinate, so the deformation in the x y
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plane has no z component. Hooke's law for the stress-strain relation in Plan 1b is [131]

� x x =
1+ �

E

�
(1 � � )� x x � �� y y

�
= k1� x x � k2� y y

� y y =
1+ �

E

�
(1 � � )� y y � �� x x

�
= k1� y y � k2� x x

� x y =
1+ �

E
� x y = (k1 + k2)� x y

(3.5)

where � is the strain, � is the Poisson ratio, E is the Young's modulus, and � is the stress.

3.2.2 Boundary condition for Plan 2

In Fig. 3.3(f), the asymmetric stress applied to the �lm is

� x x = �
2� 0

w
z

where � 0 is the stress applied to the substrate at z = � w . For Plan 2, we consider the �lm is

in�nitesimally thin , b � L � w . There are no stress elements � y y , � x y , and � y z , and the

strain has no z component. Hooke's law for the stress-strain relation in Plan 2 is [131]

� x x =
1

E
[� x x � �� z z ]

� z z =
1

E
[� z z � �� x x ]

� x z =
1 � �

E
� x z

(3.6)

3.3 Airy stress function calculation of the strain �eld

For a homogeneous, linear elastic 2D substrate, the strain and the stress are related to the

Airy stress function � that satis�es the biharmonic equation [132]

r 4� = @i i i i � + 2@i i j j � + @j j j j � = 0 (3.7)

The subscripts
�
i , j

�
can be either

�
x , y

�
for plane strain, Plan 1a (Fig. 3.3(b)) or (x ,z) plane

stress, Plan 2 (Fig. 3.3(c)). For Plan 1b, the relationship between the stress elements and � is

� x x = @y y � , � y y = @x x � , � x y = � @x y � (3.8)
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Note that if � is an even function in x , then � y y is an even function. The displacement

�elds u and v are

� x x =
@u

@x
, � y y =

@v

@y
, � x y =

1

2

•
@u

@y
+

@v

@x

‹
(3.9)

The general solution for the Airy stress function is

� = sin � x
��

A0+ C 0� y
�
sinh � y +

�
B0+ D 0� y

�
cosh � y

�

+ cos� x
��

A + C� y
�
sinh � y +

�
B + D � y

�
cosh � y

�

+ sin � y
��

E 0+ G0� x
�
sinh � x +

�
F 0+ H 0� x

�
cosh � x

�

+ cos� y [(E + G� x )sinh � x + (F + H � x )cosh � x ]

+ � 0 + � 1

(3.10)

where

� 0 = I0 + I1x + I2x 2 + I3x 3

� 1 = J1y + J2y 2 + J3y 3 + J4x y + J5x 2y + J6x y 2
(3.11)

For Plan 2, we replace the subscript y with z.

In the following sections, we �rst discuss the strategy of solving the strain �eld in Plan

1b with Boundary Condition 1 in Fig. 3.3(d), then Boundary Condition 2 in Fig. 3.3(e), and

�nally Plan 2 with Boundary Condition 3 in Fig. 3.3(f ). We start with an Airy stress function

that satis�es the boundary geometry. Then, we calculate � from the Airy stress function

at the boundary and calculate the coef�cients using Fourier series. Finally, we apply the

boundary condition to derive the displacement �eld.

3.3.1 Plan 1b with Boundary Condition 1

Coef�cients of the Airy stress function

Since the boundary is symmetric, we expect that both � x x and � y y are symmetric in both

the x and y directions. Then the Airy stress function is

� = cos� x
�
C � y sinh � y + B cosh� y

�

+ cos� y [G� x sinh � x + F cosh� x ] + I2x 2 + J2y 2
(3.12)
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with coef�cients B, C, F , G, I 2, J2, � , and � . The boundary conditions are

� x y (x , � b ) = 0

� x y

�
� L , y

�
= 0

� x x

�
� L , y

�
= � 0

� y y (x , � b ) = N � (x )

(3.13)

The �rst and the second boundary conditions in Eq. (3.13) give

� n b = n � , B = � C
�
1+ � b coth � b

�

and which gives

� m L = m � , F = � G (1+ � L coth � L)

Hence, the stress function becomes a Fourier series with m and n ,

� x x =
1X

m =1

� 2
m Cm cos� m x

�
� m y sinh � m y +

�
1 � � m b coth � b

�
cosh � m y

�

�
1X

n =1

� 2
n Gn cos� n y [� n x sinh � n x � (1+ � n L coth � n L)cosh� n x ] + 2J2

(3.14)

� y y = �
1X

m =1

� 2
m Cm cos� m x

�
� m y sinh � m y �

�
1+ � m b coth � b

�
cosh � m y

�

+
1X

n =1

� 2
n Gn cos� n y [� n x sinh � n x + (1 � � n L coth � n L)cosh� n x ] + 2I2

(3.15)

� x y =
1X

m =1

� 2
m Cm sin � m x

�
� � m b coth � m b sinh � m y + � m y cosh� m y

�

+
1X

n =1

� 2
n Gn sin � n y [� � n L coth � n L sinh � n x + � n x cosh� n x ]

(3.16)

The third boundary in (3.13) gives

� 0 =
1X

m =1

� 2
m Cm cos� m L

�
� m y sinh � m y +

�
1 � � m b coth � b

�
cosh � m y

�

�
1X

n =1

� 2
n Gn cos� n y [� n L sinh � n L � (1+ � n L coth � n L)cosh� n L] + 2J2

(3.17)
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which can be written as

1X

n =0

G �
n cos� n y =

1X

m =1

� 2
m Cm cos� m L

�
� m y sinh � m y +

�
1 � � m b coth � b

�
cosh � m y

�
� � 0

(3.18)

with

G �
0 = � 2J2, G �

n = � 2
n [� n L sinh � n L � (1+ � n L coth � n L)cosh� n L]Gn

Applying a Fourier cosine integral to Eq. (3.18) and comparing each term, we have

J2 =
� 0

2
, G �

n =
1X

m =1

Cm cos� m L
4� 2

n � 3
m cos� n b sinh � m b

b
�
� 2

n + � 2
m

�2 (3.19)

Similarly, the fourth boundary in (3.13) gives

I2 =
N

4L
, C �

m =
1X

n =1

Gn cos� n b
4� 2

m � 3
n cos� m L sinh � n L

L
�
� 2

n + � 2
m

�2 �
F

L
(3.20)

Eq. (3.19) and Eq. (3.20) form a system of equations for Cm and Gn

Cm =
1X

n =1

1X

s=1

Rm ,n Ps,n Cs � F Qm

Gn =
1X

m =1

Pm ,n Cm

(3.21)

where

Rm ,n =
4� 3

n cos� m L sinh � n L cos� n b

L
�
� 2

n + � 2
m

�2 �
� m b sinh � m b �

�
1+ � m b coth � m b

�
cosh � m b

�

Pm ,n =
4� 3

m cos� n b sinh � m b cos� m L

b
�
� 2

n + � 2
m

�2
[� n L sinh � n L � (1+ � n L coth � n L)cosh� n L]

Qm =
�
L � 2

m

�
� m b sinh � m b �

�
1+ � m b coth � b

�
cosh � m b

�� � 1
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Eq. (3.21) can be rewritten into a vector equation

2

6
6
6
6
4

C1

C2

C3
...

3

7
7
7
7
5

= F

2

6
6
6
6
4

P
n R1,n P1,n � 1

P
n R1,n P2,n

P
n R1,n P3,n � � �

P
n R2,n P1,n

P
n R2,n P2,n � 1

P
n R2,n P3,n � � �

P
n R3,n P1,n

P
n R3,n P2,n

P
n R3,n P3,n � 1 � � �

...
...

...
...

3

7
7
7
7
5

� 1 2

6
6
6
6
4

Q1

Q2

Q3
...

3

7
7
7
7
5

(3.22)

We numerically solve the matrix with MATLAB up to a limit term m = M ma x and n = Nma x ,

which gives the displacement �eld u and v up to truncation errors.

The displacement �eld

Using Eq. (3.5) and Eq. (3.9), we can write down the displacement �eld

u
�
x , y

�
= f (y ) +

•
k1� 0 � k2

F

2L

‹
x

+
1X

m =1

Cm � m sin � m x
�
(k1 + k2)� m y sinh � m y +

�
k1 � k2 � (k1 + k2)� m b coth � m b

�
cosh � m y

�

+
1X

n =1

Gn � n cos� n y [(2k1 + (k1 + k2)� n L coth � n L)sinh � n x � (k1 + k2)� n x cosh� n x ]

(3.23)

v
�
x , y

�
= g(x ) +

•
k1

F

2L
� k2� 0

‹
y

+
1X

m =1

Cm � m cos� m x
��

2k1 + (k1 + k2)� m b coth � m b
�
sinh � m y � (k1 + k2)� m y cosh� m y

�

+
1X

n =1

Gn � n sin � n y [(k1 + k2)� n x sinh � n x + (k1 � k2 � (k1 + k2)� n L coth � n L)cosh� n x ]

(3.24)

where f (y ) is an arbitrary function only depending on y , and g(x ) only depends on x .

Using Eq. (3.5) and Eq. (3.9), we have

@f

@y
+

@g

@x
= 0 )

@f

@y
= �

@g

@x
= �

which gives

f = � y + u 0, g = � � x + v0 (3.25)
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Since we integrate the strain to derive the displacement, we introduce three more coef-

�cients, � , u 0 and v0, to the equations. If we set the boundary conditions that u (0, y ) = 0

v (x ,0) = 0, we have � = u 0 = v0 = 0.

Connecting Fig. 3.3(b) and Fig.3.3(d)

We look for the displacement �eld in the second quadrant in Fig.3.3(b) to approximate the

�eld in Fig. 3.3(d). The difference between the two is that there is no displacement at the y

axis in Fig. 3.3(b) while no constraint is applied at the y axis in Fig. 3.3(d). Therefore, we

introduce a third boundary condition in Fig. 3.3(d): the displacement �eld Eq. (3.23) and

Eq. (3.24) have to be 0 at the y axis. For a loose boundary condition, we require the two

endpoints to satisfy v (0,� b ) = 0, which gives

0 =
•
k1

F

2L
� k2� 0

‹
b

+
1X

m =1

Cm � m

��
2k1 + (k1 + k2)� m b coth � m b

�
sinh � m b � (k1 + k2)� m b cosh� m b

�

+
1X

n =1

Gn � n sin � n b [(k1 � k2 � (k1 + k2)� n L coth � n L)]

(3.26)

Using Eq. (3.26), we can use F to represent � 0. Physically, it means that we allow the point

force F to work against � 0, pulling the substrate back to its original position.

3.3.2 Plan 1b with Boundary Condition 2

The boundary conditions are

� x y (x , � b ) = 0

� x y

�
� L , y

�
= 0

� x x

�
� L , y

�
= � 0

� y y (x , � b ) = � 1H (` � j x j)

(3.27)
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with the same Airy function in Eq. 3.12. The third boundary condition is the same as in

Eq. (3.13), which gives us Eq. (3.19). The fourth boundary condition gives

I2 =
N

4L
, C �

m =
1X

n =1

Gn cos� n b
4� 2

m � 3
n cos� m L sinh � n L

L
�
� 2

n + � 2
m

�2 �
2� 1

L� m
sin � m ` (3.28)

Replacing � 1 with N =2` , the equation set is

Cm =
1X

n =1

1X

s=1

Rm ,n Ps,n Cs � F Q �
m

Gn =
1X

m =1

Pm ,n Cm

(3.29)

where

Q �
m =

�
L � 2

m

�
� m b sinh � m b �

�
1+ � m b coth � b

�
cosh � m b

�� � 1 sin � m `

� m `

Rm ,n and Pm ,n are as same in Eq. (3.21). Note that Q �
m / sin � m `

� m ` . In the extreme case where

� m ` ! 0, sin � m `
� m ` ! 1; then we recover Qm in Eq. (3.21).

We solve the equation set by the following matrix

2

6
6
6
6
4

C1

C2

C3
...

3

7
7
7
7
5

= F

2

6
6
6
6
4

P
n R1,n P1,n � 1

P
n R1,n P2,n

P
n R1,n P3,n � � �

P
n R2,n P1,n

P
n R2,n P2,n � 1

P
n R2,n P3,n � � �

P
n R3,n P1,n

P
n R3,n P2,n

P
n R3,n P3,n � 1 � � �

...
...

...
...

3

7
7
7
7
5

� 1 2

6
6
6
6
4

Q �
1

Q �
2

Q �
3
...

3

7
7
7
7
5

(3.30)

which can be written as Cm = F Sm . The relation between � 0 and F is

� 0

F
=

k1

2Lk2
+

1X

m =1

2k1

b k2
Sm � m sinh � m b (3.31)
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3.3.3 Plan 2 with Boundary Condition 3

The boundary conditions are

� x x (x = � L ,z) = �
2� 0

w
z

� z z (x ,z = 0,� w ) = 0

� x z (x = � L ,z) = 0

� x z (x ,z = 0,� w ) = 0

(3.32)

Hence we choose the Airy stress function to be odd in z,

� = sin � x
�
A0sinh � z + D 0� z cosh � z

�
+ cos� x

�
Asinh � z + D � z cosh� z

�

+ sin � z
��

E 0+ G0� x
�
sinh � x +

�
F 0+ H 0� x

�
cosh � x

�

+ J1z + J3z3 + J4x z + J5x 2z

(3.33)

In the fourth equation in Eq. (3.32), the lower edge gives

� x z (x ,z = 0) = 0

= � � 2 cos� x
�
A0+ D 0

�
+ � 2 sin � x [A + D ]

� � 2
��

F 0+ G0+ H 0� x
�
sinh � x +

�
E 0+ H 0+ G0� x

�
cosh � x

�

� J4 � 2J5x

(3.34)

Hence, J4 = J5 = 0. The coef�cients for hyperbolic functions need to be 0 as well, which

leads to E 0= F 0= G0= H 0= 0. The upper edge gives

� x y (x ,z = � w ) =0 = � � 2 cos� x
�
D 0� w sinh � w +

�
A0+ D 0

�
cosh � w

�

+ � 2 sin � x
�
D � w sinh � w + (A + D )cosh� w

� (3.35)

Together with Eq. (3.34), we derive A = D = 0 and A0= D 0= 0. The stress becomes

� x x = 6J3z � z z = � x z = 0 (3.36)

The �rst equation in Eq. (3.32) gives J3 = � � 0
3w . Using Eq. (3.6), we have

� x x = �
2� 0

w E
z, � z z =

2�� 0

w E
z, � x z = 0 (3.37)
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Letting the Poisson ratio � = 1=2, which is used in all cases in this chapter, the displacement

�eld is

u (x ,z) = �
2� 0

w E
x z + � z + u 0

v (x ,z) =
� 0

2w E

�
2x 2 + z2

�
� � x + v0

(3.38)

If we �x the two points at (� L ,0), then the displacement boundary condition gives

u 0 = � = 0 and v0 = � � 0L2

w . Then the displacement is

u =
2� 0

w E
x z , v =

� 0

w E

�

x 2 +
z2

2
� L 2

�

(3.39)
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(a) (b)

Figure 3.4: Results for Plan 1 with Boundary Condition 1 (Fig. 3.3(d)). (a) Coef�cients Cm

and Gn with each m or n . (b) � 0 as a function of M ma x = Nma x . The dashed line is a �t with
a logarithmic function. Parameter: L = b = 2 m and E = 3 kPa.

3.4 Results

3.4.1 Plan 1b with Boundary Condition 1

The results of Cm and Gn from Eq. (3.29) for m ,n = 1 to 40 are shown in Fig. 3.4a while

negative values of Gn are not shown in the logarithmic plot. We see that Cm is always positive.

As a result, we observe that � 0 by Eq. 3.26 appears to grow logarithmically as a function of

M ma x and Nma x , as shown in Fig. 3.4b. On the basis of these numerical results, we conclude

that � 0 ! 1 when M ma x ! 1 , suggesting that the point force condition is not realistic.

Therefore, we turn to Boundary Condition 2.

3.4.2 Plan 1b with Boundary Condition 2

In Fig. 3.5, we show Cm and � 0 with various values of ` . We observe that Cm oscillates

between positive and negative values, which comes from the extra term sin � m `
� m ` in Eq. (3.29),

leading to a �nite value for � 0. The results are similar to previous studies with point-loading

contact models [56, 62, 83]: the point-loading force is regularized by introducing a traction

force with a �nite length.

Fig. 3.6 shows the results of the strain gradient �elds. We see the results are consistent

between 50 summation terms and 200 terms until x ! � L . We conclude that the difference

at the edge is due to the truncation error. Thus, we demonstrate a stable way to create a
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