Free vibrations of hyperboloidal shells
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SUMMARY

By use of different approximation methods formulas are deduced, which
allow to calculate the lowest eigenfrequencies of hyperboloidal shells
of revolution and to discuss their dependence on parameters and boun-
dary conditions. Comparision with results gained by use of multiplace
method (FDM) shows the quality of the approximation methods.

1 BASIC EQUATIONS

If we eliminate in the equations of motion for shallow shells (rotato-
ry inertia neglected)
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the transverse forces Q and substitute the membrane forces N and

bending moments M®F by using the law of elasticity
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we obtain three coupled partial differential equations for the tangen-
tial displacements vg and the radial displacement w.

With the metriec tensor (Figure 1)
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and the curvature tensor
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we get the Christoffel symbols and the covariant derivatives. Recogni-
zing that at a natural frequency every point in the elastic system
moves harmonically we obtain the system of differential equations in
physical components v& and w as
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Figure 1. Coordinates and notations

The differential operators Lijk for the cylindrical shell have con-
stant coefficients because of the simplicity of (3), for instance L
is:
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For the hyperboloidal shell the differential operators depend on the
coordinates in a very complicate manner, for example L]] is:
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2 ANALYTICAL SOLUTION FOR THE CYLINDRICAL SHELL

Only for the cylindrical shell the system (4) is analytically solvable.
For a simply supported cylindrical shell a considered solution with tri-
gonometrical functions cosnd cosm 5= TZ leads to a cubic equation for
A(m,n). Numerical results show, that the three roots have very different
magnitude: one small A with large w, and two great A with large v&. For
this reason we may neglect .the inertia -terms X vj in the first equa-
tion (4) for an approximation of the small root and for the lowest fre—
quency (which appears always for m = 1) we get
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The first term describes the membrane influence (k = 0), the second
one represents the bending influence. We receive the minimum with re-
spect to the Rumber of waves in circumferential direction n by consi-
deration of o = 0 as
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For other boundary conditions the analytical procedure is very cum—
bersome even for the cylindrical shell and for this reason we make use
of approximation methods.

3 APPROXIMATE SOLUTION BY ENERGY METHOD

Energy methods are helpfull to estimate eigenfrequencies. Thereby the
Rayleigh-Quotient is the simpliest method. The deformation energy for
linear elastic shells is:
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The kinetic energy is:
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The Rayleigh-Quotient has minimum property, i.e. his value always is
greater than that of the exact solution. The procedure is demonstrated
at the example of a hyperboloidal shell of revolution which is simply
supported (w = v = My = Ny = 0) at both ends. The parameter € (Fig. 1)
is assumed to be small, i.e. we consider only shells of small meridian
curvature. Because of the fact that the exact eigenforms of the hyper-
boloidal shell are unknown, we assume the eigenforms of the associated
cylindrical shell with same supports. This is motivated by comparison
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of numerical results, which show strong similarity of the shapes of the
eigenforms for small values of € (g < 0,15).
The Rayleigh-Quotient is
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If we again neglect the inertia terms for the tangential direction in
II* and relate the unknown amplitudes V_ to the w-displacement two pa-
rameters remain in A. The deformation énergy I[{ can be obtained after
some computations by insertion of (2) in (7). The parameters of (9) are
the amplitudes Vy of the vj-displacements. In the nominator only inte-
grals (Zy...Zg) remain which depend on the assumed solution and on the
variables r, rg, r, resp. their derivatives.

If we evaluate these integrals numerically with help of a desk com—
puter the nominator of (9) becomes

(10) Z = (VL)2 Z, + (Vz)2 Zo + V1Vo Z3 + ViZy + VpZs + Zg

Because of the minimum property of the Rayleigh-Quotient from
(11) 22 -0, — =0

we get two definitive equations for both unknown amplitudes Vy. In Fi-
gure 2 the lowest eigenfrequency 1s plotted over the small parameter €
for different numbers of waves in circumferential direction (chain-
dotted line). For comparison numerical values are given which are com-
puted from the initial equations by use of the multiplace method

(full line).
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Figure 2 Eigenvalue of hyperboloidal shells of revolution
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4 GALERKIN METHOD

Another possibility of approximation is the Galerkin method. If we in-
sert the assumed approximate solutions in (4) differences of large num-
bers of almost same value appear during elimination of the amplitude

of V3. We avoid this by introduction of the Stress function ¢ with
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The first equation (1) — the inertia term is neglected again - becomes
identity and from the compatibility equation and the other equations
of motion (1) we get two coupled differential equations for w and 0.
For the cylindrical shell these are
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Let w and ¢ be given by

w = Wo(6n? - 4n® + n*)cosnd ,
(14) n=
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which satifies the boundary conditions of a clamped-free shell:
w(0) =w'(0) = w'(1) = w"(1) =0,
3'"(0) = 9"(0) = ¢(1) = @'(1) =0 .

With Galerkin method we obtain
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which has the same structure as (5).

In the case of a special numerical example the results are compared
in table 1 with those of FDM., The discrepancy for the lowest eigen-—
frequency at n = 5 is only 47.

Table 1. Related Eigenfrequencies computed by two different methods

n 3 4 5 6 7
Galerkin 4,75 2,81 2,32 2,58 3,28
1072
FDM 4,20 2,64 2,23 2,51 3,19
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An approximate formula for the lowest eigenfrequency of the hyper-
boloidal shell can be derived from an extension of (13) for this type
of shell. If we restrict ourselves to small meridian curvatures
(small €) the operators can be expanded to this small parameter €.
Details and solutions concerning this method will be presented during
the lecture.
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