GEOMETRIC ERGODICITY IN A CIASS
OF DENUMERABLE MARKOV CHAINS

by
H. D. Miller
University of North Carolina, Chapel Hill

and
Birkbeck College, ILondon

Institute of Statistics Mimeo Series No. 431

June 1965

We study the question of geometric ergodicity in a class
of Markov chains on the state space of non-negative integers
for which, apart from a finite number of boundary rows and
columns, the elements pjx of the one-step transition matrix
are of the form Ckj where {ck} is a probability distribution
on the set of integérs., Such a process may be described as
a general random walk on the non-negative integers with
boundary conditions affecting transition probabilities into
and out of a finite set of boundary states. The imbedded
Markov chains of several non-Markovian queueing processes
are special cases of this form. It is shown that there is an
intimate connection between geometric ergodicity and geometric
bounds on one of the tails of the distribution {cx). This

connection is explored fully.

This research was supported by the office of Naval Research
Contract No. Nonr-855(09).

DEPARTMENT COF STATISTICS
UNIVERSITY OF NORTH CAROLINA
Chapel Hill, N. C.



GEOMETRIC ERGODICTY IN A CILASS
OF DENUMERABLE MARKOV CHAINS
by

H. D, Miller

University of North Carolina, Chapel Hill
and
Birkbeck College, London

1. Introduction

Consider a homogeneous, irreducible, aperiodic Markov chain with a
countable number of states identified by the non-negative integers. We denote
the transition probai)ility matrix by P = (p Jk) , where p 1k (3,k = 0,1,2,..‘.)
is the one-step transition probability from state J to state k. ILet
PP = {p jk(n)} be the matrix of n-fold transition probabilities, It is well
known (see, eg., Chung (3)) that for each 3,k the limit

nl_i_,mw ij(n) s
exists; this 1limit is positive for all pairs J and k if the chain is ergodic
and zero if the chain is null-recurrent or trmsienf. The chain is said to be
geometrically ergodic (Kendall (7)) if for each pair of states j,k the rate
of approach of p ;jk(n) to its limit is geometrically fast‘. More precisely,

the chain is geometrically ergodic when numbers M,jk and p;jk exist such that

0<My <=, 0oy <1,
|(“) | < M, o (n =0,1,2,...) (1)
Pik = ™k 3k Pax = Or0sCseeels

for all pairs of states J and k. Kendall showed that the property of geometric
ergodicity is a class property of an irreducible set of states in the sense
that the geometric rate of approach for one state implies that for all pairs

of states, More precisely again, an irreducible eperiodic Markov chain will



be geometrically ergodic if and only if
TS T
Q0 o
for some finite non-negative M and some p satisfying 0O < p <1l . State O
is here meant to represent any given state, the choice of O being a matter
of labelling only.

Vere-Jones (13) went further and showed that the rate parameters
Pyx in (1.1) may all be replaced by a single parameter p (0 < p < 1) uniform
for all pairs of states,

Kendall (8) and Vere-Jones (14) examine the question of geometric
ergodicity for some particular Markov chains, namely the imbedded Markov
chains of certain queueing process, For example, Kendall considers the que=-
ing system M/G/1 . In this system there is a single server; customers,
arriving in a Poisson process of rate B , are served in order of arrival.

The service times of successive customers are independent, identically distri-
buted random variables with distribution function S(+) which is assumed to
have a finite non-zero mean, conveniently taken to be the unit of time. It

is further assumed that S(0+) = O. The Poisson rate P is in fact the traffic
intensity, i.e., the ratio of the mean service time to the mean inter-arrival
time, If we consider the number of customers present (waiting or being

served) immediately after each successive departure then this number forms a

Markov chain for which the one-step transitim matrix has the form

—

8y 8 8B 85 o ..
8y 8, 8 8 . ..
P = 0. 8y, 8 8 .. ’ (1.2)
o, 0. ‘a.o al P
o e e o5 85 00 s e




where

® n .
a,n = L e-Bx ‘%l d S(X) (n = 0,1,2,...) .

(For a full derivation of this result see Kendall (5)).

A1l the imbedded Markov chains considered by Kendall and Vere-Jones
have a property in common, They may all be described as being of the random
walk type, by which we mean that the transition probabilities p Jk are, apart
from a finite number of boundary rows and colums, functions of k-j only.
That is, the p 1k are, apart from a finite number of bounda.ry rows and columns,
constant along any one diagonal of P, The matrix (1.2) in the above example
clearly hes this property. In general these Markov chains are random walks
on the non-negative integers subject to certain boundary conditions.

The aim of the present paper is to consider the geometric ergodicity
of a random walk on the non-;negative integers whose increments are governed
by a general distribution {cj; J=0, %1, £2, ...}, The walk is subject
to boundary conditions affecting one-step transition probabilities into and
out of the finite set of boundary states (0,1,...,%). The one-step transi-

tion matrix is of the form

Poo Por ***  Poa  Po,arr  Po,au2 ccrr
Pro P o P Prom Prae ot

P = L * L] L] * ] . [ 4 ] L] . [ ] . . [ ] . LJ . . . Ll . ] . . * L]

Poo  Pog e Pax  Poor1 Poyoue e
PCt+l,0 ees Pa“"l’ co Cl c2 'c.o‘o
Pasp,0  *°* Posp, a1 o €y o
_ooooooocnoooo c“a C_l CO...-J
5

(1.3)



Here p ik = Cp_ 3 for  >a and k > a , while otherwise the p Ik are arbitrary,

but given, and are subject of course to the conditions

fopdk =1 (j = o}l} "’,a) (l‘,'")
a=J
| pJO+le+°" +P,ja= z ci (j >C‘) (1-5)

= =0
The imbedded Markov chains considered by Kendall and Vere-Jdones are particular
cases of the above form (1.3). In addition, the form (1.3) includes the
imbedded Markov chein of certain many-server queueing processes discussed by
Kendall (6). As an example we consider one such process in Section 7.

A As a starting point we discuss in Section 3 a particular case of (1.5) s
namely the random walk on the non-negative integers in which the origin acts
as a natural reflecting ba.rrie‘r. Here the one-gtep transition matrix is of
the form (3.5) beloﬁ. The main result for a Markov chain represented by
(3.5) is roughly that geometric ergodicity occurs if and only if there is
some suitable kind of spatial geometric rate of decrease i.e. a geometric
bound on one of the tails of the distribution fc j} . This kind of result,
in which, roughly speaking, spatial and temporal geometric bounds imply one
another, has been given for the case of the strong law of large numbers of
Baum, Katz and Read (l) These authors consider, amongst other questions,
the partial sums Sl,sa, eee, Of a sequence of independent, identically dis-
tributed random variasbles with common distribution function F(x) and mean p .

They show that for given € , the probabilities

pn= Pr(l——-ul<€,|n+l-ul<€,cno )

V.I.

have a geometric upper bound, i.e. satisfy pp < AP" for some A >0,



0 < p<1, if and only if the tails of the distribution function F(x) are
exponentially bounded, i.e., if and only if

& (x > 0)

F(-x) + 1 - F(x) < Be~
for some B > 0, 7\>O}.

In Section 5 we examine the connection between spatial and temporal
geometric bounds for the more general process represented by (1.3) eand again
we shox;r that thié connection is an intimate one. The question also occurs as
to whether there is any necessary such onnecton for general Markov cha.ins‘.
A simple sufficient condition for geometric ergodicity in a general Markov
chain, given in Section 8, shows that the answer to this question is in the

negative,

2., Some preliminary definitions and results.

Iet X be a one~dimensional real random variable., Define

4

X max(0,X) ,

(2.1)

X~ = min(0,X) ,

Then X = X* + X~ . Clearly, if E(|X|) < o, then E(X") < = and E(X") > -=.

We say that

E(X) = + o (2.2)
if E(X') = + ©» and E(X”) > -® ; correspondingly we say that

E(X) = - » (2.3)

if B(X™) = -0 and E(X') < .
We now define a class P of regular functions by saying that a regular

function belongs to P if and only if its power series has non-negative

coefficients and radius of convergence greater than unity.

We require the following lemma.



Lemma A Let Xl, X2, ess be identically distributed,independent

random variables satisfying Pr(Xl > 0)> 0, Pr(x1 <0) >0.

Then Pr(Xl-l- ces X2 0) <A o (n=12,...) for some constants

=

A>0and p (0<p<1) if and only if -«SE(xl)<o§_n_dPr(lex)SBe"

(x >0) for some comstants B >0 and 1 >0 .

M Suppose first that for A > 0 and 0 < p < 1
Pr(X; + *X, 2 0) < Ap” (n = 1,2,.,”). (2.4)
For any real numbers kl, eesey kn +1 satisfying the condition kl+k2+ ees kK ] o,
we have that
Pr(X, + o0 + X 3 2 0) > Pr(X; >k, )Pr(X, > ky) eee Pr(X ., 2 K 4p) e

Choose A > O such that Pr(x1_>_-7\) >p and take k; =18k,

k2=ooo=k = = N, Then

A"t 2Pr(X) +oee +X >0) > Pr(X; >k r(x, 2- NP,

and, defining the number 7 > 0 by

/N .
{_ﬁﬁ%___z e

we have that for n = 1,2, «es

Pr(X; > nN) < Ap {?r-(-}(f—;j\)}n = Ape~TRA -.

Now for nA< x < (n+l)A,

Pr()(:L >x) < Pr(Xl >n)
< Ap e-nnk

= ap eN(x-AN-m

_<- Ape'ﬂ?\"'ﬂx

since x-nA\< A, Define B = Apen)‘ and then we have imdependently of n and



for all x > 0 ,

Pr(X, >x) <B e”™ (2.5)

It follows now that E(X{) < o '. We cannot have E(Xl) > 0 for by the week
law of large numbers this would violate (2.4).

Nor can we have E(Xl) = 0 for then, according to a result of Spitzer
((11), Theorem L.1), the‘ series I % Pr(}(l teeo vX 2 0) is divergent and
this also violates (2.,4), Hence we must have - < E(Xl) < 0, and the
necessity part of the lemma is therefore proved.

To prove the sufficiency part, suppose that

- <E(X) <0

and that for some constants B>0, n >0,

Pr(X; > x) <Be ™ (x > 0).

Let H(x) be the distribution function of X,.  Then the laplace integral

f ”etx a H(x)
o

exists for t <n . Let 'r+(n < 7, < =) be the abcissa of convergence of
this integral so that the integral is convergent for t < 7 and divergent for

t >, (Widder (15)). Define 7_(< 0) to be the abcissa of convergence of the

integral

fo e™* g H(x) .

Tt now follows that the moment generating function

M(t) = f "ot an(x) (2.6)

=00

exists for T_<t < 7_and so do all its derivatives, We have that

M (t) = Lw etX xzdl-l(x) >0 (v_<t<rm)



so that M(t) is a strictly convex function of t .

Since - o < E(X;) <0 it follows that

-» < lim M'(t) <O
t -0+

and so M(t) is decreasing in an interval immediately to the right of t = 0.
Hence by convexity there exists a number to such that
0 < to <7,

0 < M(to) <1

M(t) > M(t) (ogt<t, , tEL).
Actually, it is clear from convexity that t is the value of ¢ at which M(t)
attains its unique minimum, Either M(t) is decreasing for 0 <t <t _and
increasing for to <t<~7 . or M(t) is strictly decreasing for

O<t<'r+<oo a.ndto=

.

Ty

Let H(n) (x) be the distribution function of X; + .. + X , SO that
® tx...(n)
[M(t)}n = f e deI (X) (T_ < 't < T_I_; n = 1,2,000)0
L%

Then, since to > 0, we have

Pr(xl + '..'. + Xn >0) = f wdH(n)(x)

< f wexp(tox) dH(n)(x)

< (e )Y

Since 0 < M(t ) < 1, this completes the proof of the lemma.

Corolla.x;x Lemma A remains true if we subst:.tute Pr(x +...+X > 0)

for Pr(X,+ ... +X >0) and Pr(X; > x) gg:_c_rr(xlzx).

The proof is exactly the same as that of the lemms except for the



replacement of ‘greater than or equals' by 'greater than' at the appropriate
places.,

We shall have occasion to use taboo probabilities (Chung (3)). Let
H be a given set of states in a homogeneous Markov chain {Yn; n = O,l,..‘.}
whose state space may be taken to be the non-negative integers. The n.fold
transition probability of reaching state k from state J under the taboo H
is defined as
Hpgi) = Pr(Yy £H oo, Y, § BY = k| Y, = 1)

(n = 2,3,...)

20 =

where P ik is the one-step transition probability for the chain.

ij

3, Geometric ergodicity in the random walk with a natural reflecting barrier

gprocess Az.

Let xl,xz, ... be & sequence of independent, identically distributed,

integer-valued random veriables with common probability distribution
{c1 ;s k=0, 11, ¥, ... Je Thrmlghout this paper we make the following assump-
tlons about the distribution {c e

Al The distribution {c } is strictly two-sided i. e,

Pr(Xl <0)>o0, Pr(Xl >0) >0 ‘. (3.1)

A2 The set of values of k for which Cx > 0 does not belong to the set of

miltiples of a fixed integer greater than unity.

Let
=xl+... +Xn (n=l,2,onl) (302)

denote the partial sums of the sequence )L_L,xa, eee o Defining So =0, we



may regard the process [Sn; n =0,1,2, ...} as a free random walk on the one-
dimensional lattice of integers.
In this section we consider in detail, from the point of view of

geometric ergodicty, a new process {Tn; n =0,l,,.. } defined as follows

TO

T
n

where j is a given non-negative integer representing the point at which the

320,

mex[0, T

WSS (a = 13,2,...),

process starts, The process '1‘n is a random walk on the non-negative integers
in which the origin acts as a reflecting barrier. The origin is a natural
barrier in the sense that movement off the barrier is governed essentially

by the distribution [ck] and not by some other given boundary condition.

For the sake of brevity we refer to the process [Tn} as process A, Process

A is clearly a Markov chain with transition probabilities

P, = a_ (3 =0,1,2,...),
o ™ (3.3)
pjk = ck-,j (J 2 O, k Z l),
where
: (3.4)
= X C. 3.
.
The metrix of one step transition probabilities is thus of the form
qb cy o c3 e o o
i1 % @ %2 e
P = c c c 2 (305)
9 -1 o 1 R
Q._5 PR c._2 . .c_l C‘O . e o 0
® L ] L ] L L [ * L] L] * L] [ ] [ ] * [ ] * L] _

a particular case of the more general form (1.3)., The assumption Al and A2

ensure that the process is aperiodic and irreducible.

10



Let Foo(s) denote the generating function of first return probabilities

B r the origin, that is

Fo(s) = Zl fgrol) 5, (3.6)
n=
where
£0) - prob (2, 40, vesy T, A0, T, =0 l7 =00 (3.7)

It was shown by Kendall (7) that an irreducible aperiodic Markov chain with
& countable number of states is geometrically ergodic if and only if the
power series (3.6) has radius of convergence greater than unity or alternatively

if and only if the function

1-s .8
1- Foo(s) ©-8)

is analytic for |s| <1 + &, for some & > 0, Thus according to Kendall's
first condition mentioned ?.bove, the process ['I‘n} is geometrically ergodic
if and only if Foo(s)eP .

Now it follows from a theorem due to Baxter (Spitzer (12), Theorem
3,1) that Foo(s) has the following form:

(-] n .
Zl%-l-Pr(SnSO)] (Is] < 1) (3.9)
n=

Foo(s) = 1 - exp {-
where S 1s the free partial sum defined at (5‘.2). In Spitzer's statement
of Bexter's theorem there is a condition on the first moment of the distri-
bution {ck} ‘. However, by a suitable interpretation of the generating
functions involved, this condition can be seen to be unnecessary. Thus we
can assunme (3'. 9) to hold for a process governed by & quite arbitrary distri-
bution {ck} . Regarding the nature of process A we have the following

result. Process A is



(i) ergodic if and only if
g |
nfl = Pr(s, >0) <« ; (3.10)

(1) trensient if and only if

o l )
n:,l =Pr(s, <0) <w; (3.11)

(i11) null-recurrent if and only if the above series (3.10)and (3.11)

are both divergent.

To prove this we let & —1- in (3.9) and use Abel's theorem and its
converse for power series with non-negative coefficients, If (3.11) holds
then Foo(l) < 1 which gives transience, If the series (3;11) is divergent
then Foo(l) = 1 and we have that the process is recurrent, Since for all n,

Pr(Sn <0)=1-~ Pr(sn > 0) and since

Y g sn
exp (-2 =}=1-5 (sl <1),
n=1 -
it follows that
[ ] Sn

Fo(s)=1- (1~s) exp n§1 = pr(s_ >0)} (3.12)
and hence that

1-F_(s) © n ‘

"‘T?)‘s"' = exp( T Eﬁ-Pr(Sn>O)} . (3.13)

n=1

Assuming that Foo(l) = 1, and letting s-»1- in (3.13) we have that the mean

recurrence time is given by

Foo) = eml I = pr(s, >0))

a result due to Spitzer ((12), p. 158). The results (i), (ii), and (iii)

therefore follow,



Tt was shown by Spitzer ((11), Theorem 4,1) that a sufficient
condition for (5'.;0) to hold is that E([X;]) < and E(X;) <O . Using
the definitions (2.2) and (2.3) of Ainfinite expectation, it follows that a
slightly more general condition for (3.10) and hence for process A to be

ergodic is & fortiori that
0> E(xl) > - . (3.14)

Similarly a sufficient condition for the transience of process A is that

0 <E(X)) < 0 . (3.15)

We now turn to the question of geometric ergodicity. We need only deal
with the cases where process A is either ergodic or transient since a null-
recurrent Markov chain, not possessing finite moments of recurrence times,
can clearly not be geometrically ergodic, Note that in our terminology
geometric ergodicity does not imply that the chain is ergodic; it implies
that the n;fold transition probabilities converge geometrically fast to their
limits‘. The limits will be zero in the case of a transient chain,

We now prove the following result connecting geometric ergodicity with
the tails of the distribution {ck} .

(i) Necessary and sufficient conditions for process A to be ergodic

and geometrically ergodic are that - = < E(Xl) < 0 and that ¢ < o 'Ak

(k = 1,2, oeo ) for same C >0 and some A (0< A<1) .
24 e ————— et —

(i1) Necessary and sufficient conditions for process A to be transient

and geometrically ergodic are that 0 < E(Xl) <o and that ¢, <D uk

(k = 1,2,...) for same D >0 and some p (0 < p<1).

We may express this result alternatively as follows.

(i) F_(s)epP and F_(1) =1 if and only if
00 (0. ¢} K
-msg(xl)<0g_1§_ Box? €P -

13



(11) Foo(s) eP and Foo(l) <1 if and only if 0 < E(xl) < w and

k
Z'.k>oc_lZ€P.

To prove (i) suppose first that for given C,A (C >0, 0 <A< 1),

o < E(X;) <0 (3.16)

e SC A (k = 1,2, eee )o (3.17)

Tt follows from (3.17) that for same constatts B >0 and n >0
Pr(x, >x) <Be " . (3.18)

We then have from the Corollary to Lema A that there exist constants A >0

end p (0 < p < 1) such that
n
Pr(s > 0) <Ap

In fact we may take A =1leand p = M(to) where t_ >0 is the unique value

of t at which the moment generating function,

- .
kt
M(t) = Z c e, (3.19)
k-...--oo
assumes its minimm velue., It follows that the series Ii‘.(ZL/n)Pr(Sn > 0) is
convergent and so the process is ergodic, Further, the power series

Z(sn/n)Pr(Sn > 0) has radius of convergence at least 1/M(t ) and hence the

function
Lt cem E Loex(s, >0)) (3.20)
oo n=1l

is regular for 0 < |s| <1/M(t ). Geometric ergodicity now follows from
Kendall's condition (3.8). Tt follows also from (3.12) that the radius of

convergence of F_ (s) is at least l/M(t ).
Now suppose that process A is ergodic and also geometrically ergodic.

Then the function )
l-s
1~-F s
00

14



is analytic in the circle |s| =1+ & for some & > 0 and is, clearly, also
free of zeros in this circle., Hence the function

log{ l-8 } = - ;-s—riPr(s > 0) (3.21)

1I-F_ (s) n n ¢
00 n=1
is also regular for |s| <1 + & ., Hence
Pr(s_ > 0) < Ap”

for some A >0 and p (0 <p<1)., The conclusions that =» < E(X;) <0

end ¢, <C ' now follow from the Corollary to Lemma A and the proof of (i)

is complete,
The proof of (ii) is similar: suppose that

0 <E(X)) <=
and
k
c, <Dy (x = 1,2, ...)
for same D >0 and some p (0 < p < 1). By applying Lemma A to the sequence

X5 X5y ses W find that
Pr(3_ <0) < Mz )" (3.22)

where 0 < M(to) <1 and t <O is the unique value of t at which M(t),
defined at (3.19), essumes its minimum value. The convergence of the series
=(1/n)Pr(s n < 0) and hence the transience of the process now fo]loﬁ. From
(3.9), Foo(s) is regular for at least |[s| < 1/M(t,) a.n‘d so we have geomet-
ric ergodicity. Further, the radius of convergence of (3.6) is at least

l/M(to). This completes the proof of (ii)

15



4, Some further results for process A.

The results of this section are required for the following section,

As usual, let
de(s) 5 emgn (3 £k, 3,k =0,1,2,.4.)

be the generating function of the first passage probabilities f(n) (n=1, ,...)

from state J to stake k., Then for process A, the theorem of Baxter which

gives the expression (3.9) also gives the result
gn

rlo(s) =1-exp { - z —Pr(S <0)} . (L.2)
n=l

Note that on the right hand side of (4.2) we have strict inequalities S5 <0,

whereas in (3.9) we have s, <0.

We wish to prove some inequalities concerning the generating functions

Fjo(s) (3 = 1,2, eos)s Suppose that

0

-»< I ke <O, (4.3)
== =00

z ckzkeP

k>0

so that process A is ergodic and geometrically ergodic, It then follows, as
in Section 2, that the moment generating function

M(t) = = e e (k1)

k= =00
exists for 0 <t <7, (7, <) and is strictly decreasing for 0 <t <%t ,
where t o(_<_ T +) is the unique value of t for which M(t) attains its minimum
value, Consider the equation

sM(t) = 1 (1<s< [M(to) }'1 , 0<t< to) . (.5)

This equation has a unique real root t = tl(s) which satisfies

16



_-g---_—

0 < ty(8) < %, (1<s < Ms))™) (4.6)

and tl(s) is a strictly increasing,continuous function of s with tl(l) =0,

We have the following result. Suppose that the distribution {ck}

satisfies (4.3), i.e. that process A is ergodic and geometrically ergodic.

Then (&)
jt, (s
P (s) 2 e 1 Lcs< )™, (b7a)
Fdo(s) <8+ H%l eJt (o<t < t,1<s< {M(t)}-l)'.

- (L. 70)
Consider first the proof of the inequality (4.7a). We modify the free
rendom walk defined by (3.2) in such a way that it starts at j > O and that
the states 0, -1, -2, ... are all made absorbing sta.tes; If N 1is the time

to absorption and if F 3 c.(s) is a generating function for process A, then
F, (s) = E(s") (£.8)
Jo )

An extension of the argument by Miller (10) easily shows that Wald's
identity,

[ M(6) ) Nexp(15,)] = &%, (4.9)
holds for 0 <t <t . Here S.(< 0) is the state reached at the time of
absorption. We now make the substitution

s = (M(t)} 0<t<t)

and obtain
t.(s)

J
Els" exploy(s)s )] =" ©  (1<s < 0u(t) . (k.20)

Since 8, <0 and t,(s) > 0 we have
3, (s) '
B(s") > B exp e (s)sgll = e T (18 <0u(e))™) (h11)

17



which, by virtue of (4.8), gives the result (k.7a).

To prove (4.7b), let (n) denote the taboo probabilities for process

. oPjx
A. 'These are clearly identical with the transition probabilities of the

modified random walk with absorbing states defined in the previous paragraph.

We clearly have that
[+ ]
pr(¥>n) = £ p 4,
(>n) = 5 org (h.12)
and also that
o0
Fuo(8) = s + (1) 2 s'pr(N >n)  (ls] <1) . (4.13)
n=1
Now if {gl((n); k=0, ¥, #2,,,.} is the probability distribution of the

unrestricted sum Xl+ eeas Xn , we must have that

opgﬁ) < g}(;fg (n =1,2,...5 3,k >0) .
Hence
P >n) = kglop'gz) . kgl g}(‘r’lg
= kglekt gl(:?I (t 20)
= eIt kgl e(k-d)tgl({r_xg

<ol S ¢ )L gl({’:?j = P ae(t) P . (ha2N)

k: - 00

In particular we may set t = to > 0 and obtain
'jto n
Pr(N>n) < e {M(to)] , (4.15)

from which it follows that the series on the right hand side of (k.13) is
convergent for |s| < {M(to) ]-l . This also follows from the results of

Vere-Jones (13). Hence by analytic continuation (L4.13) holds for

18
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ls| < oa(t) 11 and in addition we have from (4.14) and (4.15) the desired

inequality (4.7v),

F,jo(s) <s + (s-1) ejt ;sn M) 1°
n=l

o g 4 S(s-LM(E) gt (0<t<t, 1<s< M)y
1-s M(t) °

We now turn to the case where process A is transient and geometrically

ergodic, In this case we have

0

0< Z kaS_oo

e 00

. (4.16)

Y ¢,z €f

k>0 ¢

and the moment generating function (4.4) now exists for 7_ <t <0 (7_ > =» )
and is strictly increasing for t <t <O where t (> 7_) is again the
unique value of t for which M(t) attains its minimum value, We observe

that to is now negative.

We have the following result. Suppose that the distribution {ck}

satisfies (4.16) i.e. that process A is transient and geom srically ergodic.

P, () < SME It (¢ <t <0, 058 < ()1 (k)
To prove this we observe that

o < pr(s, < -9) (3>0),

where S 1is defined at (3.2). Hence

fgﬁ) < 53' (n)

< I g

< B, olTENEg(n) (t < 0)

< e'jt kg-oo ektgl({n) = &% M(t) 1° .
19
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n

On multiplying by s (0 <s < (M(t) }'l) and suming over n, we obtain

(%.17).

5. Geometric ergodicity of random welk with imposed boundary conditions.

We now consider the question of geometric ergodicity in the more
genem 1 Markov chain with transition matrix (1.3)‘. We assume that the p 3k
are such that the process is irreducible. For the seake of brevity we call
this Merkov chain process B, Logically, it would be more appropriate to
consider first the relation between processes A and B in respect of transience,
recurrence, null-recurrence, etc'. We shall see in this section that processes
A and B are recurrent together or transient together, but we postpone until
the next section the question of ergodicity and null-recurrence.

To distinguish from process A we use Greek letters for the transition
probabilities, etc., of process ﬁ. Thus ﬂ(;), q)gﬁ) s 1" §k) denote respectively

transition, first passage and taboo probabilities for process B while

(n) n

(g i (s) = ; H gk S

Ty (s) = nz_:l e, 0 () = zep

denote the corresponding generating functions,

Throughout this section H will denote the set of states {0,1,...CQ} .
Our first task is to obtain some relations between the generating functions
of process A and process B,

We have the following decomposition of the first passage probabilities

cpgz) based on first returns to states in the set H. For j = 0,1,...,

(1) _
‘p,jo Pjo
@_ M, S () (sr) _ |
¢Jo = H JO + kil rfl Hﬂjk ¢k° (n = 2,5, ooo)l (501)
20



By taking generating functions we obtain the following set of equations

a

%00(8) = loo(8) + 2 o (80 (5) (Isl <1) (5.2)
o .

TRORSE SORSLE SROLWL) (3=1..0,00sl<1) (5.3)

Consider the row sums of the coefficients Hnjk(s) on the right hand

side of (5.2) and (5.3). For jeH ,

HHJH(S)

= (p,. * +-v--+p )s + 8 ; P (s) (5.k
jo a1 o sy D31 wHu )

5 (
Z Hk 8)

Now for 1 = a+l,a'i'2, eee

ag(s) = (54 mil+ cee +Dyg)s + skzﬂ+ L ik (8) (Byotepyy) (5.5)

and the generating functions HP:Lk(s) on the right hand side are now those of
process A since they are ba.sed on transitions among the states o4l,x42, ...

only. Using (1.5) and (3.&) we obtain from (5.5) that

wlyp(s) = 945 * 8 z i (89 i (1 >a)‘. (5.6)

k=0+1
The right hand side of (5.6) is easily seen to be the generating function

F (s) of process A, Hence it follows from (5.4) that

11, 0
o " .
S ine) = Bygreemigle v E oyl g o0) (@) ()
The relation (5.7) will be our main tool in relating the behavior of process

B to that of process A,
We have the following result. Process B is ergodic and geometrically

ergodic if and only if the following conditions hold:




(i) the corresponding process A is ergodic and geometrically ergodic,

i.es (4.,3) holds;

(ii) the series

- J -] - 3
k k k
ZPyZ » IZP;pZ 5 eees I Py 2 (5.8)

k=0 k=0 k=0

g1l belong to the cless P .

To prove this result suppose first that (i) and (ii) hold. With a

view to writing (5.3) in matrix form we define the matrices

n(s) =

Equations (5.3) then become

e(s) = =(s) + 1(s) @(s) (5.9)
i.e. (I - m(s)} o(s) = =n(s) , (5.10)
where I is the uwnit o x C matrix. It follows from the irreducibility of

process © that for 0<s <1

Hn,jk(s) >0 (3, k € H) (5.11)

and so far 0 < s <1 all the elements of the matrices n(s) and TI(s) are

positive. Since we are assuming process A to be ergodic we have that F jo(l) =1

(3 = 0,1, ses). It follows from (5.7) that



(04
kf:o Hn,jk(l) =1 (J,keH) (5.12)

Hence the row sums of II(1) are all strictly less than unit&. Now the maximel
positive eigenvelue of a positive matrix does not exceed the maximal row sum
of the matrix (see, e.g., Debreu and Herstein (4)). Thus I -I(1) is non-
gingular and, & fortiori, so is I-N(s) (0 <s < l’. Thus we may write (5.10)

as

o(s) = (I - T(6)Y™ n(s) = ( go P(s)) 7(s), (0 <5< (5.13)
n

vhere IT°(s) is defined to be I

Now (5.9) may also be written in the form

(o ] = [raie ] (2] - o

The matrix
1l 10 0.4 0
SRRt 6.15)
is a stochastic matrix all of whose elements, apart from those in the first
row, are positive, It follows that the matrix (5,15) has a simple eigenvalue
1 corresponding to which there is a column eigenvector all of whose elements
are equal and this eigenvector is unique up to a mltiplicative constant, On

setting s =1 in (5.14) we must have that

L :
(1) . i 1 ’
i.e. Qjo(l) =1 (3 = Lye00,0) & (5.16)

Thus if we set s = 1 in (5.2) and (5.7) it follows from positivity and (5.16)

that ¢°o(l) =1 . Hence process B is recurrent. To prove that process B

23



is ergodic and geometrically ergodic we observe that we can, by assumption,

choose t (0 <t < to) so that for all j €H

2 p. < w . (5.17)
k=0 9

Now for § = 0,1, ..., Fy (s) is reguler in the circle ls] < pu(e) 1. By

applying the inequality (4.7b) and taking the value of t for which (5.17)

holds we see that the right hand side of (5.7) is regular for 1 < [s| < {M(t)}'l

ower series
and a fortiori for 0 < |[s] <{M(t)}'l . Since the/goefficients of all the
functions in (5.7) are non-negative it follows that each of the functions
Hn‘_jk(s) (3,k ¢ H) on the left hand side of (5'.7) is regular for
0< |s| < M(%) }1 .  fTherefore each element of the matrix I(s) is regular
for 0< |s] < {M(t)]'l . Since I-N(s) is non-singular for 0 <s <1 it
follows b& continuity that I-Ii(s) is non-singular for 0 < s <1 +5, for
some 8 >0 ., Thus by (5.13) and non-negativity each element of o(s) belongs
to the class P. Finally, by (5.2), ¢ (s)e P and so process B is ergodic
and geometrically ergodic,

Conversely, suppose process B is ergodic and geometrically ergodic,

Then quo(l) =1 for j =0,1,2,0s. Hence from (5.2) and (5.3)
: (1) ( ) (5.18)
s 1) =1 jeH 5.1
k=0 H gk ’
and so from (5.7)
Pjo*ee+*Pya ¥, =§+1P31Fi-a,o(1) =1 (3 € H). (5.19)
Since O < Fjo(l) <1 and g‘;o Py =1 (je H) it follows from the non-

negativity of the p 3k that F,_, 0(1) = 1 for all i and j for which p 31 >0
. ¢4

(i = o#1,042,..., JeH). That some such i and J exist follows from the

2k
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irreducibility of process B, Thus process A is recurrent. Since process B
is geometrically ergodic the left hand side of (5.7) belongs to the class P .

Choose 1 >a and je H such that Pyy >0 . From (5.7) it follows that

Fi-a,o(s) € P . Now from (4.,12) and (%.13) we have
Pl = 8+ (1) ZaNE B)) (=0n2.) 6.20)

Since process A with zero as a taboo state has independent increments we have

that
kil op‘()ﬁ) < kil opgﬁ) (3 = 1,2,...) (5.21)

Thus since Fi-a,o(s) € P for some i >a it follows from (5.20) and (54.21)
that F oo(s) €P . Hence process A is geometrically ergodic and since it is
recurrent it is also ergodic.

Further, from the inequality (h’. 7a), it follows that unless all the
functions (5.8) belong to the class P , the right hand side of (5.7) would,
for some jeH, be divergent for s > 1, contradicting the fact that the left

hand side of (5.7) belongs to the class © . The proof of our result is now

complete,
Next, we deal with the question of transience and geometric ergodicity

and we have the following result. Process B is transient and geometrically

ergodic if and only if process A is.

The proof of the previous result shows that process B is recurrent if
and only if process A is recurrent. Thus process B is transient if and only

if process A is transient.
Now suppose process A is transient and geometrically ergodic. We apply
inequality (4.17) to the right hand side of (5.7). Since for j = 0,1,...

F:jo(s) is regular in the circle [s| = {M(to) }'1 and since t < 0 in (4.17)
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it follows that the right hand side of (5.7) belongs to P. So therefore does
the left hand side and the same argument used for the previous result shows
that QOO(s)e P . Fence process A is transient and geometrically ergodicv.
Conversely, suppose that process B is transient and geometrically
ergodic. Then the left hand side of (5.7) belongs to P and so for some i > Q,

i-a 0(s)<—: P. For this i, write k = 1-0, Choose m so that op(m)> 0. Now

forn>nm

(n) > 2 }(;?) (n-m) ,

from which it follows that Flo(s)eP . Hence from (4.2) we have that

n
. §— Pr(s <0) e P ,
n=1
and so from Lemma A and from the results of Section 3 it follows that process

A is transient and geometrically ergodic.

6. Null-recurrence and ergodicity in process B

We have seen in Section 5 that processes A and B are recurrent together
or transient together. However, the relation between these processes in

respect of ergodicity and null-recurrence is a more delicate question, If we

assume that

z |k| ¢, <® (6.1)

=00
then it is possible to explore fully the relation between these processes,

If however we assume, say, that process A is ergodic with

E()L_L)= ; ke, =-o (6.2)

k:—oo k
in the sense of (2.3), then it seems that the ergodicity of process B will

depend on that rates at which Cx O as k —» =0 and ij - 0as k » =
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for j € H. We shall not explore any further the implication of (6.2) for
ergodicity in process B in the absence of further assumptions.
Suppose (6.1) holds. Then it is necessary and sufficient for the

ergodicity of process A that

E(Xl) = ; ke <O (6.3)

k
-l
This follows from the results of Section 3., We investigate now the ergodicity

of process B when (6,1) and (6.3) hold.
If (6.1) and (6.3) hold and if we let E(xl) = =B (B > 0) then it

follows from a renewal-type theorem of Chow and Robbins ((2), Theorem 2), that

P(1) ~ 3 (1m0 ) (6.1)
Differentiating (5.7) and setting s = 1 we have
p) '(1))=1+ = p,F! (1) (j € H) (6.5)
kog H Ik jeopy 9% %0
Thus provided that
Z dpg; < (jeH) , (6.6)
i=0
we have from (6.4) and (6.5) that
z (1) <o (3eH) (6.7)
g Bk
while if for some J € H
. = 6.8
then from some j € H
! = o .. 6.
I i (1) (6.9)
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Hence if (6.6) holds for all jeH then for all j,keH

H113'“1{(3.) <o (6.10)

while if (6.8) holds for some j € H, then for some j,k € H,
HJld'k(l) =, (6.11)

Thus if we apply these results to (5.2) and (5.3) after differentiating and
setting s = 1, then we have that process B is ergodic if (6.6) holds for all
jeH and mill-recurrent if (6.6) does not hold for all jeH.

Next suppose that (6.1) holds and that

E(}C_L) = ; ke, =0 , (6.12)

so that process A is null—rec‘urren‘b.. Then FS]o(l) = for j =0,1000 s
Tt follows from (6.5) that (6.11) is true for same j,keH and again using (5.2)
and (5.3) we see that process B is null-recurrent,

Agein let (6.1) hold and suppose conversely that process B is ergodicv.
Then process A must be ergodic and (6.6) must hold since the ergodicity of

process B precludes the transience or null-recurrence of process A, If (6.1)

holds and process B is null-recurrent then clearly either process A is ergodic

and (6.8) holds for some je H or process A is is null-recurrent.

Summérizing, we have the following. If (6.1) holds then process B is

ergodic if and only if process A is ergodic and (6.6) nolds for all je H;

if process A is null recurrent
process B is null-recurrent/or :Lif process K 1s ergodic and (6.6) does not

hold for all j eH.
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7. An Example
We consider the imbedded Markov chain of the queueing system GI/M/m,

(general, independent, identically distributed inter-arrival times, exponential
service times, m (> 1) servers, natural queue discipline); Let A(u) be the
distribution function of inter-arrivel times and let b be the mean service
time. Kendall (5) showed that the number of persons ahead (weiting or being
served) of a newly arrived customer at the instant of his arrival forms a

Merkov chain with one-step transition matrix of the form

% %
% %

Here Ql is an m x m matrix, and Qh is a matrix of the form

| bl bo 0O 0 O ...
b3 b2 bl o 0O oo

Apart from the element in the lower left hand corner, Q2 is composed entirely
of zeros, From the point of view of geometric ergodicity only the form of

Qh concerns us. The non-zero elements of Qh are given by
w e (mu/b) k .
b, = f (mu/b) d A(U.) .
k 1
o] k]

Tt follows from our results that the process is

(i) ergodic and geometrically ergodic if

0
o < % (k+l)o, <0 ,

~ k=0 k
. o«
e € 1< Sk < 3
P k=0
29



(ii) transient and geometrically ergodic if

(-] -] k ‘
Zkbk<l end Z‘.bkzeP .

k=0 k=0

For 0<z <1 we have

B(z) = T b, Z" = e aau) . (7.1)

k=0k

X w m(z-1)/b
A

Hence
m 2 1
( = — - —
B'(1) = = fudA(u)- =
o .
where p is the relative traffic intensity, and p = 0 if [ ud A(u) = =,

Hence the process is ergodic and geometrically ergodic if 0 < p <1,

From the theory of moment generating functions the integral (7.1) defines
a regular function of z in at least the half-plane Rz <1 (Lukacs, 1960,
Chepter 7). For B(z) to belong to P the integral (7.1) must converge

for some z >1, i.e. A(u) must satisfy

1 - A() < Ce™" (7.2)

for some positive constants C,c . In other words, the process in transient

and geometrically ergodic if p > 1 and if (7.2) holds,

8., General Markov chains

In the special class of Markov chains we have considered so far we have
seen that there is an inevitable connection between geametric ergodicity and
same form of geometric bound on the one-step transition probabilities. As
part of the general and as yet unsolved problem of determining conditions on
the one-step transition probabilities of a general Markov chain which will be
necessary and sufficient for geometric ergodicity it is natural to ask whether

there is any similar connection in a general Markov chain. That such a
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connection is not in general necessary is shown by the following result.

A sufficient condition for an irreducible aperiodic Markov chain to be

ergodic and geometrically ergodic is that the elements in any one column

of the one-step transition matrix, apart from the diagonal element, be bounded

away from zero.

To prove this we label the state corresponding to the given column as
state O and assume that the state space is the set of non-negative integers.,

With the usual notation for transition probabilities etc., we have the

relation
(e e G g e -
(n = 1,2,..;’). (8.1)
Now

By assumption there exists a number p (0 < p < 1) such that for k = 1,2,... ,

Pko Z l - p ioeo l "Pko S p .
Hence
o0 [}
(n) (n-1)
2 pn’'< P E D (n =2,3, «.0)
k=1 0 ok kel ook

and from repested applications of this inequality we have that

ot (n) n

kf;il oPex S P (n =2,3,..0)0
Hence from (8.1),

T n

Z foo _>_l- p (n=2,3,.00 )

r=1

and ergodicity and geometric ergodicity follow immediately.
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