ABSTRACT

HUTTON, SHARON ELIZABETH. Exact Sums-of-Squares Certificates in Numeric
Algebraic Geometry. (Under the direction of Erich L. Kaltofen.)

We consider the problem of finding the nearest polynomial/system with either a
fixed or arbitrary root. Our distance measure to the nearest polynomial/system is the
weighted Euclidean, one, or infinity coefficient vector norm. Although much work has
already been done on this problem, we offer a new proof in the Euclidean norm case,
which uses parameterized Lagrangian multipliers. We present formulas for when the root
is real or complex, and when the function has real or complex coefficients. Our formulas
also allow fixing selected coefficients of f to their input values and only deforming the
other coefficients in f , thus preserving sparsity or monicity, for instance. We present an
algorithm for computing the nearest polynomial with given linear equality and inequality
coefficient constraints. Linear inequality constraints on the coefficients of f, for instance
non-negativity (¢; > 0), can now be imposed via Karush-Kuhn-Tucker (KKT) conditions
and the arising systems solved via linear programming, at least for a fixed real root. We
further extend our algorithms to systems.

Furthermore, we consider the weighted infinity norm and one norm as the distance
measure. We give explicit solutions for finding the nearest polynomial with a given
root. The resulting functions are optimizable over the root in the unconstrained case.
We also consider finding the nearest polynomial with linear inequality constraints on the
coefficients. For a given root, this results in solving a linear program, due to Tchebycheft,
and for an arbitrary root, this results in conducting a grid search.

In addition, we explore using sums-of-squares certificates to certify a lower bound for
the distance to the nearest polynomial with a real root. Some polynomials that cannot
be written as a sum-of-squares, such as a modified Motzkin polynomial, have a positive
distance to the nearest polynomial with a real root and a sum-of-squares certificate
for a positive lower bound on that distance. These sums-of-squares certificates offer
an alternative proof that a polynomial has no real root and a deformation analysis for
Seidenberg’s problem.

Our last result is on a somewhat separate area of research than the rest of our results,

approximate GCD. We generalize the univariate resultant to several polynomials.
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Chapter 1

Overview and Problem Statements

1.1 Introduction

1.1.1 Hybrid Symbolic-Numeric Computing

Hybrid symbolic-numeric computations should involve both a symbolic computation com-
ponent and a numerical computation component. Numerical computation is the study
of approximate techniques for numerically solving mathematical problems. Some ex-
amples are solving linear programs, numerical PDE’s; or optimization problems. The
computations often involve floating point numbers of fixed size. In numerical computing,
sometimes complex operations are solved using table lookup. Symbolic computing is dif-
ferent from numerical computing in two ways, namely that the results are symbolic and
exact, instead of numerical and approximate [16]. In symbolic computation, the compu-
tations are exact in the sense that they guarantee a certain precision or the algorithms
guarantee a real root lies within a given interval. Furthermore, the numerical arithmetic
performed cannot have digit overflow, since the computation is exact. Algorithms within
symbolic computation can also have symbolic variables as input variables versus only

numerical data. Hybrid symbolic-numeric computation includes topics such as [5]:
- Polynomial problems which are converted into eigenvalue problems
- The use of numerical coefficients in polynomial arithmetic

- Problems where the pre-computations utilize symbolic computation and later com-

putations use efficient and/or stable numerical algorithms



- Problems where exact computations are combined with faster intermediate floating-

point arithmetic computations

Within hybrid symbolic-numeric computation, our focus is on exact computations that
utilize prior numerical approximation techniques. Our algorithm first utilizes the speed
of numerical sums-of-squares algorithms within Matlab’s solvesos package and then
utilizes the exactness of symbolic sums-of-squares algorithms. This hybrid approach is
faster than performing solely symbolic computations. It also achieves an exact solution
instead of a numerical approximate solution. We consider the problem of computing
the nearest polynomial, using some distance norm, which satisfies a property which the
original input polynomial does not. More specifically, given a polynomial that is positive
definite, we consider finding the nearest polynomial with a real root, with the distance
measure being the distance in coefficient vector Euclidean, one, and infinity norms. We
further extend this to finding the nearest consistent system to an inconsistent one. Using
semidefinite programming and exact sums-of-squares certificates, we certify a lower bound

on the distance to the nearest polynomial with a real root.

1.2 Problem Statements

Our problem of finding the nearest polynomial with a real root to a given positive semidef-
inite polynomial (see Section 1.2.2, Problem Formulation 2) can be formulated in a num-
ber of equivalent problem statements. We discuss three different problem formulations

below.

1.2.1 Problem Formulation 1: Coefficient Perturbation

Imprecision of empirical data can create ill-conditioned polynomial inequalities. For
example, for a given near singular matrix A and solution vector x, a slight deformation
in the matrix A can radically change the solution vector. This principle is also true for
inequalities: a tiny deformation in the coefficients of the polynomial f can cause the

inequality f > 0 to become invalid. For example, consider the inequality

0.3322 — 0.66 2 + 0.33 > 0.



Is this inequality true for Vx € R? In Figure 1.1, we see that this is an ill-conditioned
inequality. The middle polynomial f(z) = 5(z — 1)? has a double real root at z = 1.
In fact, it is the nearest polynomial with a real root to the polynomial z? + 1 under
the infinity norm [11]: [|f(z) — (2* + 1)]« = 2, where for a polynomial g the norm
lg]loo is the maximum of the absolute values of the coefficients of ¢ (i.e. the height of
g). Small perturbations in the leading coefficient (one could also perturb the constant
coefficient) make the polynomial f either indefinite (left polynomial in Figure 1.1, the
polynomial changes sign) or positive definite (right polynomial). Therefore, the right
polynomial, although positive definite, as an approximate polynomial is not numerically
positive because a small change in its coefficients can make the polynomial indefinite.

So, computations of approximate data can give rise to problems of ill-conditionness.
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Figure 1.1: Root sensitivity. This figure is from [13]

Therefore, one possible problem formulation is for the infimum h € R of a polynomial
f € Rlxy,...,z,), we want to find the largest perturbation allowed in the coefficients of
f such that f(&,...,&,) —h >0, for all z; = & € R. In other words, given a positive
semidefinite polynomial f (denoted by f > 0) with imprecise coefficients, then what is
the most the coefficients can be altered in order for the polynomial to remain positive

semidefinite?



1.2.2 Problem Formulation 2: Nearest Polynomial with A Real
Root

This problem is equivalent to finding the nearest polynomial with a real root. As stated
in [18] deciding if a polynomial is not positive semidefinite is equivalent to deciding
if f(z1,...,2,)2%2,; + 1 has a real root. Seidenberg’s Problem is: Determine whether
a multivariate polynomial has a real root. Therefore, all polynomial inequalities can
be reduced to solving Seidenberg’s problem. Given a polynomial f, what is the nearest
polynomial with a real root? The solution to an approximate polynomial (i.e., the nearest
polynomial with a real root) may be as useful as the exact solution and may be more
efficient. This problem can be extended to systems and reformulated as finding the
nearest system with a non-trivial GCD. We want to find the nearest polynomials f and
g, where f = f(z) + Af(z) and § = g(z) 4+ Ag(x) to the given polynomials f and g that

have a common root or non-trivial GCD.

1.2.3 Problem Formulation 3: Global Minimum

As stated in [18] any polynomial inequality f > h, where h is the infimum of all values of
f,is equivalent to f—h being positive semidefinite. Thus, if we can write f—h as a sum-of-
squares then we have proven the inequality. We use hybrid symbolic-numeric computing
to answer this problem. First, we use numerical optimization algorithms for semidefinite
programming. Then we convert the imprecise sum-of-squares to an exact identity over the
rational numbers [[29],[19],[20]]. Our method utilizes the speed of numerical algorithms
within Matlab’s solvesos to obtain an approximate sum-of-squares, while utilizing the
exactness of symbolic computation by converting this imprecise sum-of-squares to an
exact sum-of-squares certificate with exact rational scalars and polynomials. Thereby we
solve a truly hybrid symbolic-numeric problem.

If you have an equation resulting from imprecise measurement, how do you prove that
h is the global minimum? Many numerical algorithms will converge to a local minimum,
but not necessarily the global minimum. Certifying that f — h is a sum-of-squares
guarantees that we have obtained a lower bound for the global minimum. Consider the
polynomial f = 1/4a* — 5/32% + x* 4+ 8z + 6, which has a local minimum at (4,34/3)
and a global minimum at (—1,11/12) (see Figure 1.2). If we are able to certify a local

minimum, i.e. f — 11/12 = SOS, then we know that it is the global minimum.



1.3 Sums-Of-Squares Approach

Consider the polynomial
f=1/42" —5/32° + 2> + 82 + 6

and its derivative
f=@-=2)(x—4)(z+1).

Using methods from Calculus, we know that there are relative minima at x = —1 and

x = 4. See Figure 1.2.

Figure 1.2: Polynomial with relative minimum that is not the global minimum

If we are able to write f as a sum-of-squares then we know that f is positive semi-

definite. In order to find a sum-of-squares certificate for f, first we write f as

q11 412 413
f:[1a93>552] qi2 Qo2 Q23 [1,93>552]T-
qi1s 423 (ss

When we multiply-out the right-hand side of the equation and combine coefficients, we

obtain the equation

1/4934 — 5/3:E3 + 22+ 82 +6=q + (2q12)x + (213 + ng):)§2 + (2q23):)33 + gsqat. (1.1)



Next, we equate the coefficients in Equation (1.1) and solve for the unknown g; ; values.

We then substitute these values into our matrix, which we call .

6 4 -1
W=|4 3 -5/6
~1 -5/6 1/4

After we have our matrix W, we perform a Cholesky factorization on the matrix W. Note
that by construction W is symmetric. A symmetric matrix W is positive semidefinite if
xTWz > 0, for all z # 0, or equivalently, if all of its eigenvalues are non-negative. The
values for W were determined in such a way that W is symmetric positive semidefinite.
Recall that a symmetric positive definite matrix W can be factored as W = RT R, where
R is the Cholesky factor of W, an unique upper triangular matrix with positive entries
on the diagonal.

The Cholesky decomposition of W is:

V6 0 0 V6 2/3v6 —1/66
W= 2/3v6 1/3v3 0 0 1/3v3 -1/6V3 (1.2)
~1/6v6 —1/6/3 0 0 0 0

So we have that:

f = [z, 2)W[1, 2,22
(V6 + (2/3)V6a — (1/6)v62)* + ((1/3)V3x — (1/6)v/327)?
= 6(1+2/3z —1/622)” +3(1/3z — 1/622)".

Remark 1 As shown in the previous example, we identify 1 x 1 matrices by their entries.

This problem becomes challenging when you increase the number of variables in f
from 1 to n variables. Bezout’s inequality states that when you increase the number of
variables in a polynomial, f, then the increase in the number of critical values of f is

exponential in the number of variables of f. Consider the polynomial

f(g:l,...,a:n):Zf,-(a:i):xf—x1+x§l—x2+...+xfl—xn.



Then

of d—1 a1 1
= de; " — 1= - ==
oz, 0 & dx; 0 & 7] 7 0

There are d — 1 solutions for each x; where ¢ = 1...n. Thus, we have (d — 1)" critical

values of f of the form

279\ a1/ 1 ‘
(a1, ...,0p) = <...,exp<d7i‘71) d\l/;,...), where 1 < 7, <d—1

Note that there are [[(d; — 1) real points if all f; have only real roots. Therefore, an

increase in the number of variables is an exponential increase in the number of critical
values. We thank Mohab Safey El Din for this example. We further note that the com-

putation is even more difficult because the matrix W is singular at the minimizer.

1.4 Semidefinite Programming

We use a fixed-precision semidefinite programming solver in Matlab to obtain a numerical
positive semidefinite matrix W as described in section 1.3. Semidefinite programming can
be solved using interior-point methods of linear programming. Theoretically, a semidefi-
nite program (SDP) can be solved in polynomial time [19]. In semidefinite programming
we minimize a linear objective function over the intersection of the cone of positive
semidefinite matrices with an affine space, which is a convex optimization problem.

Semidefinite programming solves global optimization problems of the form [19]

* [ ]
r*=min p(z)

s.t. qi(x) >0,...,q(x) >0 (1.3)
where D, q1,q € R[le’ .- 7XTL]

where the g; are the constraints.

We compute a lower bound 7 < r of our computed function > r, where

| | o x) 9(X)
is the formula for the distance to the nearest polynomial to f with a real root from

FX)? 2
Sy 27 [(X)? = rg(X) > 0. 1f we

can write f(X)? —rg(X) as a sum-of-squares (i.e. f(X)*—7g(X) = mq(X)T W m4(X)),

Theorem 2. We can reformulate the inequality



then we have shown that f(X)? —rg(X) > 0. We compute the matrix W by solving the
sums-of-squares program [15, 28, 19, 20]:

r*:=sup r

reR,W
st f(X)2=7g(X) = ma(X)T W mg(X) (1.4)
W=0, Wh=w

where my(X) is the column vector of all terms in Xy, ..., X,, up to degree d. The
dimension of mg4(X) is (";d). Using the SDP solver in Matlab, we can only obtain a
numerical positive semidefinite matrix W and floating point number r* which satisfy

approximately
f(X)? = r*g(X) &~ ma(X)" - W -ma(X) =0, W 0. (1.5)

See section 5.3 for more details.

1.5 Related Previous Results

Real polynomial or rational function global optimization is equivalent to establishing a
polynomial inequality: the infimum h € R of a polynomial f € R|xy,...,z,] satisfies
f(&,..., &) —h >0 for all x; = & € R. In other words, the polynomial f — h is pos-
itive semidefinite. For univariate f (i.e., n = 1) Sturm sequences [14] yield an efficient
algorithm for deciding semidefiniteness. The bivariate case n = 2 can be solved by Sei-
denberg’s [37] algorithm (see also [14] and [17]), which is generalized to arbitrarily many
variables via Lagrangian multipliers in [1, 36] or used in nonstandard decision meth-
ods [41]. Alternatively, one can use Artin’s theorem of sum-of-squares and semidefinite
programming (see, e.g., [19, 20]).

Here we consider the more difficult situation when the coefficients of f are not ex-
actly known, which is the case when f is the result of an empirical measurement or a
computation with floating point numbers. As a simple example consider Figure 1.1.

As in Kharitonov’s [25] interval polynomial stability criterion, we seek to compute by
how much the coefficients in a polynomial can be deformed while still preserving non-
negativity. This distance is the coefficient vector norm distance to the nearest polynomial

with a real root, which we shall call the radius of positive semidefiniteness. Note that



there may not exist an affine optimizer—hence radius of positive semidefiniteness rather
than distance to the nearest polynomial with a real root.

We follow the approach by Karmarkar and Lakshman [24] (see also [4]) which first
fixes a real root (ay,...,q,) € R™ and gives a rational function A/(aq,...,a,) in the
indeterminate a’s for the minimal distance from the given f to the nearest polynomial
f with f(oq, ..., a,) = 0. One then can compute the infimum of A'(aq,...,a,) over all
real a’s. The case n > 2 is from [38].

We rederive the multivariate formula for A(ayq, ..., a,) in [38], for weighted ¢? dis-
tance norms, by the method of Lagrangian multipliers. The weighted norms subsume
the fixing of coefficients in [34] (see [5, Section 2.12.3.2.6] and Remark 7 below). Our ap-
proach also allows us to introduce linear constraints on the coefficients of f, as is done in
[22] for the approximate GCD problem. Linear equality constraints on the coefficients of
f generalize sparsity, which are equations of the form ¢; = 0. Because the Jacobian of the
Lagrange function remains linear in the control variables and multipliers, determinantal
formulas parametric in the real root coordinates can be computed. Linear inequality
constraints on the coefficients of f , for instance non-negativity (¢; > 0), can now be im-
posed via Karush-Kuhn-Tucker (KKT) conditions (see, e.g., [6]) and the arising systems
solved via linear programming, at least for a fixed real root. Parametric root coordinates
or non-linear constraints necessitate non-linear techniques on the Lagrange and KKT
conditions and are therefore in general of much higher computational complexity. Our
approach allows multiple simultaneous f’s and complex coefficients without modification.

Seidenberg’s algorithm (and Safey El Din’s generalization) computes to a given real
point in R™ the nearest real point on f in terms of Fuclidean distance. If f has no
real solution the tangent equations have no real solutions. Our algorithm computes the
nearest surface (in terms of coefficient norm) that has a real point. If f has a real point,
the nearest surface is f itself. However, if a lower bound on the radius of semidefiniteness
for any weight vector is greater than zero, f has no real point, even when the coefficients of
f are approximate. The latter can be certified by a sum-of-squares of rational functions,
which leads to an entirely new verification that f is definite, i.e., has no real point, with
possibly a very short certificate.

Polynomials with a radius of positive semidefiniteness greater than zero are quite
special. Our Example 27 below demonstrates that a positive polynomial that is not
a sum-of-squares of polynomials can have a lower bound certificate for the radius of

positive semidefiniteness that is in fact a sum-of-squares of polynomials, which implies



positive semidefiniteness of the polynomial itself. For such polynomials, sum-of-squares
denominators in Artin-style certificates may never become necessary (see our conjecture
at the end of Chapter 5).

The computation of the nearest polynomial with a real root can be interpreted as
a dual of Seidenberg’s method that decides if a real hypersurface contains a real point.
Sums-of-squares rational lower bound certificates for the radius of semidefiniteness pro-
vide a new approach to solving Seidenberg’s problem, especially when the coefficients are
numeric. They also offer a surprising alternative sum-of-squares proof for those polyno-
mials that themselves cannot be represented by a polynomial sum-of-squares but that
have a positive distance to the nearest indefinite polynomial.

Our method is conceptually that of hybrid symbolic-numeric computation, such as
computing approximate polynomial greatest common divisors and factorization.

Hitz and Kaltofen [10] derive Lakshman’s and Karmarkar’s formula for univariate f by
a least square fit for the cofactor f(z)/(z—a) and introduce linear equality constraints on
the deformed coefficients. Zhi, Wu, Noda, Kai, Rezvan and Corless [43, 42, 33| generalize
the formula to roots with given multiplicities. In [11] /*°-norm distances are introduced
and Markus Hitz in the Summer of 1999 considered dual ¢P-norms. Stetter [38] then
generalized Lakshman and Karmarkar’s formula to an arbitrary number of variables and
dual /P-norm distances via Holders inequality. We generalize the infinity norm results for
the multivariate case (see section 4). Results from [11] are generalized.

In [34, 30] Stetter’s multivariate (complex) formula is applied to the important prob-
lem of computing the nearest consistent polynomial system, with zeros of a minimum
given multiplicity, and a different proof via generalized Lagrangian interpolation is given.
We observe that the £°°-norm formulas apply to the problem of consistent systems as well
(see Theorem 4 below). In our setting, we determine the smallest deformation where all
inequalities are simultaneously violated.

A related result [11] computes the nearest matrix in Frobenius norm that has a real
eigenvalue. Sum-of-squares rational lower bound certificates were introduced in [19] to
overcome the high algebraic degree in the exact real algebraic minima.

This section was adapted from [13].

10



1.6 Owur Contributions - Results

We present five new results. The first four results are within the area of hybrid symbolic-

numeric computation. The last result is in the somewhat separate field of approximate
GCD.

Result 1:

Stetter [38] proved an inequality for the distance to the nearest polynomial with a real
or complex root. Szanto and Pope [30] generalized the result for systems with roots with
higher multiplicities. In Chapter 2, we present a new proof of [38] and [34] based on La-
grangian multipliers for finding the nearest polynomial in weighted Euclidean coefficient
vector norm with a constrained root (see Theorem 2). We present formulas for when
the root is real or complex, and when the function has real or complex coefficients (see
Theorem 2, 3). Our formulas also allow the keeping of selected coefficients of f as their
input values and only deforming the others in f , thus preserving sparsity or monicity, for
instance. Since our formulas allow weighted norms, we can just set the weights of those
coefficients to infinity in the limit (see Remark 7). Sometimes there may not exist an
affine optimizer. We explore some examples where the radius of positive semidefiniteness

is 0 or when the infimum is not attainable (see Example 4).

Result 2:

We present an algorithm for computing the nearest polynomial with given linear equality
and inequality coefficient constraints. Because the Jacobian of the Lagrange function re-
mains linear in the control variables and multipliers, determinantal formulas parametric
in the real root coordinates can be computed (see Equation (2.11)). Linear inequality
constraints on the coefficients of f , for instance non-negativity (¢; > 0), can now be im-
posed via Karush-Kuhn-Tucker (KKT) conditions (see, e.g., [6]) and the arising systems
solved via linear programming, at least for a fixed real root (see Equation (2.15), Equa-
tion (2.18)). In Chapter 3 we extend our algorithms to systems (see Equation (3.1)). We
are able to compute the nearest consistent system to an inconsistent one with additional

equality and inequality coefficient constraints.

Result 3:
We expand upon Stetter’s result [38] for finding the nearest polynomial with the weighted

infinity norm and one norm as the distance measure. In Chapter 4, we give explicit

11



solutions for a given root (see Theorem 8 and Theorem 9). The functions are optimizable
over the root in the unconstrained case (see Example 21). We also consider finding the
nearest polynomial with linear equality constraints on the coefficients. For a given root,
this results in solving a linear program due to Tchebycheff [11] (see Linear Program 4.3
and 4.4). If we want to find the nearest polynomial with coefficient constraints on f with

an arbitrary root, we conduct a grid search (see Example 24).

Result 4:
In Chapter 5, we use sums-of-squares certificates, as were introduced in [19], to certify
a lower bound for the radius of positive semidefiniteness. Given a polynomial f, then

in Theorem 2, we give a formula for the distance to the nearest polynomial to f with

2
root «, denoted here by N(a) = f ((Z))

positive semidefiniteness, denoted by ian N («), is greater than or equal to zero, call it
acR™

, a rational function in a. If the radius of

r, then minimizing the rational function A/(«) is equivalent to maximizing r such that
f(a)* —rg(a) > 0. We compute a lower bound of the radius of positive semidefiniteness,
ian N (a), by solving a a sums-of-squares program to write f(X)? —rg(X) = SOS (see
acR™

f(X)?

9(X)
polynomials, which themselves are not a sum-of-squares, are positive semidefinite via a

SOS Program 5.1). We thereby prove = r. As a result, we are now able to show

sums-of-squares certificate (see Example 27).

Result 5:
Our last result is on a somewhat separate area of research than the rest of our results.
We wanted to include a result in the research area of approximate GCD. In Chapter 6,

we generalize the univariate resultant to several polynomials (see Theorem 14).
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Chapter 2

Nearest Polynomial and Coefficient

Constraints

2.1 History

We give a stability criterion for real polynomial inequalities with floating point or inexact
scalars by estimating from below or computing the radius of positive semidefiniteness.
That radius is the maximum deformation of the polynomial coefficient vector measured
in a weighted Euclidean vector norm within which the inequality remains true. A large
radius means that the inequalities may be considered numerically valid.

The radius of positive (or negative) semidefiniteness is the distance to the nearest
polynomial with a real root, which has been thoroughly studied before.

Hitz and Kaltofen [10] derive Lakshman’s and Karmarkar’s formula for univariate f by
a least square fit for the cofactor f(z)/(z—a) and introduce linear equality constraints on
the deformed coefficients. Zhi, Wu, Noda, Kai, Rezvan and Corless [43, 42, 33| generalize
the formula to roots with given multiplicities. In [11] *°-norm distances are introduced
and Markus Hitz in the Summer of 1999 considered dual ¢P-norms. Stetter [38] then
generalized Lakshman and Karmarkar’s formula to an arbitrary number of variables and
dual /P-norm distances via Holders inequality.

In [34, 30] Stetter’s multivariate (complex) formula is applied to the important prob-
lem of computing the nearest consistent polynomial system, with zeros of a minimum
given multiplicity, and a different proof via generalized Lagrangian interpolation is given.

We solve this problem for the Euclidean norm by parameterized Lagrangian mul-

13



tipliers and Karush-Kuhn-Tucker conditions. Our algorithms can compute the radius
for several simultaneous inequalities including possibly additional linear coefficient con-

straints.

2.2 Stetter’s Results

Stetter proved an inequality for the distance to the nearest polynomial with a real root.

We discuss in more detail the results presented in [38, 5].

Definition 1 We consider C" equipped with some norm ||...||. The associated dual
norm or operator norm || ...||* for the column vector v € C" is defined by
T* __ | T _ T
[v" || = sup = = sup |v ul.
wto [l =1

Since we are taking the supremum over a compact domain, the maximum value is

attained.

Proposition 1 (Proposition 1 in [38]) For each u € C", with ||u|| = 1, there exist

vectors v € C", with |[vT||* =1, such that [vTu| =1. O

It is well known that with % + % =1,1<p, qg< o0,
|...|| = P-norm < || ... ||" = {%-norm.

Theorem 1 (see [38]) Let the vector of possible term values of f and f be given by
f, f € C" respectively. Let the given root be denoted by o = [y, ..., ap) € C". Let

_ i1 i
T=1[l0q,...,0p,...,a" -l .

..] the term vector evaluated at the root. Let || ...|| be
the given norm and || ... ||* the associated dual norm. The nearest polynomial with a real

root, i.e. f(a) = 7T f =0 requires

7]

I

7=l >

14



2.3 Nearest Polynomial with a Real Root in Weighted

Euclidean Norm

We present a new proof (see Theorem 2) using Lagrangian multipliers for finding the
nearest polynomial with a real/complex root. This new approach allows us to consider

linear inequality and equality constraints on the coefficients of the polynomial.

Definition 2 Let w € R?, be a vector of positive weights. For x = [z1,...,x,]T € R"

the weighted £*>-norm is

lallaun = fuwia? + ...+ woa?.

Definition 3 Let o = [aq,...,a,) € R™ be a prescribed real root and w € RZ, a weight

vector. The distance to the nearest polynomial with a real root o is defined as

@)= inf  |f—fl3.

feR xlrnﬂvn}

s.t. f(a) =0, (2.1)

deg(f) < deg(f).

If f and the used norm are clear from the context, we may write A/(«) for the above

infimum, which is actually a minimum (see Theorem 2 below).

Theorem 2 Let f € Rlxy, ..., x,),

d
f(xh - ,l’n) = Z fh,---,inxlll T xizn

i1 4-tin=0

Form = [l,ai,...,ap,...,ci ---ai .. ]7, the vector of possible term values in f, the

n

distance to the nearest polynomial with a real root o is

7 () = L (2.2)

2w T DL
Furthermore, the coefficient vector f , for the polynomial f as in Equation (2.1), is

— ———D_'7 (2.3)

15



where f s the coefficient vector of f and D, is a diagonal matrix of the weights. The

polynomial f is the only polynomial that attains the infimum given in Equation (2.2).

Remark 2 The infimum
pow(f) = inf NG’ () (2.4)

aeR”

is the unconstrained radius of positive semidefiniteness.

Remark 3 If the weighted norm is the Euclidean norm then the formula becomes

f(@)?
= . . 2.5
-/\/‘2(05) Zi—i_m—i_inzo Oé%ll . Cl{%i” ( )

Remark 4 The formulas in [10] and [24] use the weights w; in the denominator of

Equation (2.2), not correctly their reciprocals 1/w;.

Remark 5 A degree constraint is required. If we are allowed to grow the degree of the
polynomial then the radius of positive semidefiniteness is always 0. To illustrate this
point consider a given polynomial f(x) which does not have a real root, and construct
the polynomial g(z) = (ex + 1)f(z) = f(z) + ex f(x). Notice that g(x) has the root
(—1/€). Therefore, po(f) = 0.

Remark 6 Different degree conditions in Equation (2.5) give different rational functions.
For example, if the individual variable degrees are bounded by d, where deg,, (f) < d for
all j with 1 < j < n, then for the />-norm,

Na(a) = — f(a)?

d 2i1 21 :
Zilzo Zin:o Qp = Qg

Comparing the denominators, we have

d d d
2iq 2i 2iq 2i
E g oyt ot > E o]t o,
’i1:0 in:O i1+"'+i7L:0
SO
2 2
. fla) . fla)
inf d d 2i 2% < inf d 2i 2%,
... z 1,.. i
Zilzo Zin:O Qy Q™ Zi1+~~+in:0 Qy ay™

which must be, since we optimize over a larger set of f.
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Remark 7 Theorem 2 is the real case of the theorems in [34] and [30] for complex roots.
However, they use generalized Lagrangian interpolation for their proof. They also allow
keeping selected coefficients of f as their input values and only deform the others in
f, thus preserving sparsity or monicity, for instance. Our Theorem 2 has theirs as an
immediate corollary by setting the weights of those coefficients to infinity in the limit.

However, the problem may have no solution. Consider the case that f has a nonzero
constant coefficient which is fixed, and o = 0. Then the set of f is empty. Notice that
lim N 0) = 1)0.

If a weight w; — 0 in the limit then the corresponding coefficient in f becomes a
“don’t care” deformation, i.e., any change in that coefficient is not taken into account in
the distance measure. The “nearest” polynomial f with o € (R\{0})" as a root then has
distance 0, namely f(z) = f(x) — (f(a)/a’) ¢, unless there are additional constraints on
the coefficients of f in effect.

In Section 2.6 we generalize our approach to handle arbitrary linear constraints on
the coefficients of f.

Proof of Theorem 2. Let f, 7, and f be as above. Denote the coefficients of f in

Equation (2.1) by

d
f(x17”.’xn> = Z fil,...,inx? ..~J;‘il”.

Let f be the coefficient vector of f. Also, f(o, ..., o) = TT]? = 0. We have
If = Fllzw = (f = )" Dul(f = £).

the weighted ¢?-norm, where D,, is a diagonal matrix of the weights. Let A be the

Lagrange multiplier and
L(ab s aana)\) = (f - f)TDw(f_ f~) + )\TT.f

the Lagrange function of our constrained optimization problem. We must check that «
is a regular point (i.e., the gradient of the constraint is not 0 at a). Since Vf(a) # 0
if 7 # 0, then « is a regular point as long as a # 0. In the case a = 0 the constant

coefficient of f is deformed to 0 and the formulas hold. The Jacobian of L w.r.t. f and

17



A s

AL > 7
7= o | = | 2P = ) AT
%1 L 'f ]

Looking at the first block of the vector we have
D (f — )4+ 7A = —2Duf +2Duf +7A = 0. (2.6)
Multiplying by 77 D! we have
~27" D Dy f + 277D Dy f + 7T DA = 0.
Recalling that f(aq, ..., o) = 0 which means that TTfj = 0, then we have

27 TIf +277If + DT\ = —27Tf + DA = 0.

27T f -7 Dy'th
Solving for A we get \ = Tif Looking at Equation (2.6), we have f — f = —*& Ly
D7 2
— = TT]?
Substituting in for A we obtain as the only solution f — f = — e D '7. Finally,
D1t
T T FT_ T-1..TFf
Aoy T ) e _JmT DT f
20(@) = (TTDngDw ™) Dw(WDw )= ' DA D
fla)?
Therefore, 2[@(@) = D O

Example 1 Consider the polynomial f = 2% + 3> + 1. We want to find the nearest
polynomial f = a9 0T? + a117Y + ag2y® + a1 0T + a1y + ago with root (o, 8) = (0,0). In

other words, we are trying to find

zm(O, 0) = f R[inf ](1—a2,0)2+(0—a171)2+(1—a072)2+(0—a170)2+(0—a071)2—|—(1—a0,0)2.
eRl|z1,..., In
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Using Theorem 2 we get that

(02 _|_02 + 1)2

[/]
0.0) = =
2 (0,0) [0,0,0,0,0,1][0,0,0,0,0,1]T

1

and
f: 22 —+ y2.

The nearest polynomial with a real root is:

pa(f) = inf AL (e, ) = 1. O
Example 2 Given the polynomial f(z) = z? + 1, what is the relationship between p(f)
and p(g) where g(z) = f(z)(y?> + 1)? According to [10], the nearest polynomial to f
occurs at the root & = 0. Theorem 2 gives us that AJ (0) = 1. However, ps(g) = 0.
Consider g(z,1) = 22% + 2. If we subtract ez?, we have g(x,1) — ex? = —ex? + 222 + 2,

—2+ /4 + 8¢

—2¢
increased the degree of the terms allowed in the root vector 7; therefore, we will always
have pa(g) =0. O

which has the root x = for all e. This is similar to Remark 5. We have

The majority of this section is from [13].

2.4 Deformation Analysis
As mentioned in Section 1.5, there may not exist an affine optimizer.
Example 3 Consider the polynomial

f=2+y*—2ay +4.

The deformed polynomial (1 — €?)a? + y? — 22y + 4 attains for any ¢ > 0 negative
values at © = y > 2/e. Thus the polynomial x2 + y? — 2zy + 4 has a radius of positive

semidefiniteness = 0 although its global minimum is 4. [J
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Example 4 Similar to Example 1, if we consider the polynomial f = 2% + 1 then
po(*+1)=1, and f=2"
Notice that f = 1, with po(f) = 1. Consider the polynomial
g=a"y? + 2%y + 25— 3% + 1= 1

However, the nearest polynomial with a real root has distance ps(g) = 0 because (%, %, )

is a root of g — e82%y%2%. [

Remark 8 Within any e of the radius, as in Equation (2.4), there is a polynomial that

attains negative values: for any € > 0 there is an fe with a real root a and

1f = fell3w < powl(f) +€/2.

Then (f. — §)(a) < 0 for all § > 0, and in particular if w;6* < €/2 we have

1f — (J?e - 5)”%10 < paw(f) te

In Section 2.6 we permit constraints for the coefficients of f . Then a negative evalu-
ation may be impossible: e.g., f(x,y) = foor? + foou? and fo > 0, foo > 0. However,
within less of the distance to the nearest polynomial with a real root, a deformed f

remains positive definite.

Example 5 Here we give another example for the case that the infimum in Equa-

tion (2.4) is not always attainable. Consider the polynomial
flz,y) =1—2zy +2%* + 2> = (1 — 2y)* + 22

We have that

(1= af)+ o2

Na(a, B) = Z?ﬂ':o 232

Then inﬁf Na(a, B) = 0. Suppose now that there exists «, § such that the numerator is 0.
Then (1 —af) =0and a = 0. But if @ = 0 then a5 = 0. Then 1—af # 0, contradiction.
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Thus f does not have a real root and the infimum is not attainable.

We have

1. €

NZ(Ea _):_
e’ 0

and the nearest polynomial to f with («, 5) = (€, 1/€) as its root is

2 2 1 1
,0=3+426"+ S 42"+ e+ 4 4+,
€ € € €

6 4 2

3 __ ¢ 4 € 3 RVCIC IR S S

f(z,y) =—35T 57 y+(1—g)95 Y Y a5y
e 4 € € 1 el

—— P ——?y——ry*— -+ (1——)2?

o 0 0 2 o
€ 1, & ¢ €
—(2+g)xy—5y —gx—gyjtl—g.

Note that f(e,1/€) — €* = 0 has squared distance €¢* from f, which is larger than ¢!/3 >
€t/§ for all e #0. O

Example 6 Given a polynomial

f=a??+2" —ay+y' =y’ +1
= (zy —1/2)%* + (v* — 1/2)* + 2* + 1/2,

decide the minimum perturbation such that the perturbed polynomial has a real root.
We can perturb f by any monomial term with degree bounded by 4, so we consider
f(z,y) — ex?. For f(x,y) — ex? one has for x = y? that g(y) = f(y? y) — ey®. Notice
that g(y) always has a real root, because g(0) = 1 and g(oo) = —oo. We see that f has

a radius of positive semidefiniteness that is 0. [

Example 7 Consider the polynomial f(z,y) = (zy)*>+ 1. Then f(z,y)— ex has the root
(2/€,€/2). Hence p(f) =0. O

Another example of when the infimum is not attainable is given in Example 23. Most

of this section is from [13].
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2.5 Nearest Polynomial with Complex Coefficients
and/or Roots in Weighted Euclidean Norm

Theorem 2 can be generalized to a complex root v and real/complex coefficients for f,
which is the original setting of [4, 24, 38, 34].
Below we present a proof for the Euclidean norm case. This can be easily generalized

to include weighted norms.

Theorem 3 Let f € Clxy, ..., z,),

f(xla---7$n>: Z fil ,,,,, anlllxizn

Fort = [l,aq,...,qp,.. Lol ain .|, the vector of possible term wvalues in f, the

distance to the nearest polynomial with root o € C™ s

(f(@)(f(2)

THr

N (@) = (2.7)

Here " denotes the Hermitian transpose and ~ complex conjugation. Furthermore, the

coefficient vector f, for the polynomaial f as in Equation (2.1), is

[ (2.8

THr

where f is the coefficient vector of f. The polynomial f is the only polynomial that
attains the infimum (Equation (2.7)).

Proof of Theorem 3. Let f, 7, and f be as above. Denote the coefficients of f by
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the ¢*.-norm. Let f =Ry + 17t and f= Rj; + I]gi where R, Rfr are vectors of the real

parts of f and f and [ il 7 are vectors of the imaginary parts of f and f respectively.

Let A be the Lagrange multiplier and

o T T, R j: 7:_ . o
Ly, ... ap, N —(Rf—i-lfz (Rf Ifz))(Rf—i-Ifz (Rf—i-lfz))
+ MRE +Ifz')(Rf:+[f:i) + M(RL — [TTi)(RJ; —1:1) (2.9)

the Lagrange function of our constrained optimization problem.

The Jacobian of L with respect to Rf and I]; is

Sk R+ — 2R+ + AR + i + A\R. — M4
(R ; 7
J, = —

0 Y . N .

aé | 20— 2I; + ARei — A, = ARyi — Al |

Adding the first block of the vector with —z times the second block of the vector we see
that

~2(Rp —Iyi — Ry + Izi—) +2M(R, + L,i) = 0.

Multiplying by (R, — I4)” and recalling 77 f = 0 we get

—2(R, — I3)"(Ry

— I7i) + 2\(R + L4)" (R, — i) = 0.
7T f

TH'

Adding the first block of J;, and % times the second block of J;, we obtain

Solving for \ we get A =

2(R:+ 176 — Ry — Ipi) + 2\R, — 2\ = —2(f = F) +2)7.

Multiplying by (R, + I,4)” and recalling 77 f = 0 we get

—2(RTRy + RIIpi + I'Rpi — I' 1) + 2\(RY + ITi)(R, — Ii) = =277 f + 2A7" 7.
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—

T
Solving for A we get A\ = TT Solving Equation (2.5) and substituting in for A we obtain
THr

Loz LT
f—f=XM= —THTT.
TF TF T= T-_TF T=
. (] L N Ty I ) (f(@)f(e)
FlnaHYa 2,w(a) - (7'H—’7'T) (TH’TT) - o TH T [
Remark 9 For a € R then
inf  |f—fl3, = inf If = Fl3.
fEClar,zn] ’ feR@1,....zn ’
st fla) =0, (2.10)

deg(f) < deg(f).

Notice that [|f — f [l = (Ry — (Rz = I:)(Rp — (Rz +17)) = | Ry — R l> — I;:. Thus,
1 = 0. Therefore if we want to find the nearest polynomial to f € R[xy,...,z,| with a

real root o then we only need to consider polynomials with real coefficients.

2.6 Coeflicient Constraints

2.6.1 Linear Constraints

Our method can be further generalized to include problems with linear constraints of the
form Hf = p, where H € R, p € R, on the coefficient vector f of f. We define

H . 5
Sy = inf - 3.0

feR[z1,....xn

s. t. f(oz) = O,Hf =p, (2.11)

deg(f) < deg(f).

We note that the Jacobian of the Lagrange function corresponding to Equation (2.11)
constitutes a linear system in the unknown coefficients of f and the multipliers, hence a
determinantal formula parameterized by the real root for the solution can be computed,

which one can minimize.

Example 8 Given a polynomial f(x,y) = 2? + y*> + 1 find the nearest polynomial
f(x,y) = faor® + fooy® + frazy + fror + fory + foo with fi1 = foo and fo, =0 and
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with the root («, 5). The Lagrangian function is

L(auﬁv >\) = (f - J?)T(J? - J?) + )\OTTJ?ﬂL )\1(f71,1 - fo,o) + >\2f0,17

with term vector 7 = [a2, 82, a3, o, 8,1]. The Jacobian of L in f and X is zero for

—0?2-2B%+a?B2—2a08—1+035 7

f270 2024234204 +a2 B2 +208+1
f~ 20242a%—a2p24208+1— 52— 33
0,2 20242814201 +a2 32 +2a8+1
- ]F Bi+at—ap®—adp—p>
f _ |JL1) 202+2B8% 1204 +a2B2+2a8+1
f~ i a(14+282 +aB+202) )
1,0 202 +2p%+ 208+ a2 B2 +208+1
Joa 0
f.’ ﬁ4+a4—a53—a35—52
0,0 | 20212871208 1 a2 B2 1 208+ 1
) 2(20% + aff +28% + 1)
0

T 204 f2a% + a2fB? +2af + 1+ 26Y
—2(a* +a’ B+ a? B2 +af+ fPa+ 5 — 57
204 + 202 + 2P + 2a8 + 1 + 244 ’
N — —2(202 + aB+2p%+1)8
7 20 + 202 + 0282 + 208 + 1 + 28%)

The minimum perturbation is

>\1:

_3a’ 207 +502 f2 4302+ 20+ 2a 82 +14-3514-25°

N 20242044284 +a232+2a8+1

(2.12)

Running the Minimize procedure in Maple 14 we obtain min A5 = 1 at the root (0,0)

aiﬁ

and f = 22 +y2 That is the same deformed polynomial as for the unconstrained problem
but derived from a different norm expression (Equation (2.12)).
Note that before minimizing Equation (2.12) one could restrict (o, ) to lie on a

parametric curve, thus constraining the variables rather than the coefficients, as is done
in [10]. O

Example 9 Given the polynomial f = 2% + y* — 2xy + 4, find the nearest polynomial
f(:):,y) = fg,oxz + fo,ng + flley + fmx + fo71y + fo,o with fl,l = —3 and with the root
(a, ).
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The Lagrangian function is
L(a, 8,0 = (f = P =)+ 207" f + Mi(fia+3),

where the term vector 7 = [o?, %, a3, o, 3, 1].

The Jacobian of L in f and A is zero for

- - -1—3052+52+B4—052ﬁ2+30535-
f20 1+a?+32+al+p1
~ 1+02-3824+a*—a2p2+3a 63
Joz2 T+oZ+F2+ad+71
A iR —3
f=1% = a (4+a2+52—3a5)
fl,O - 1+a2+52+a4+54
foa B (4+a2+52—3aﬁ)
7 ~ 1+ +f2+al 11
fo 0 3af+3a2+38%2+4ar+4 54
L [ 1+a2+52+a4+64 |

24+ + 3% -3ap)

Ao =
T l+a2+ B+l + Bl

20+ a2+ B2+t + 8 —4aB —a®B—ap®+3a26%)
l+a?+p32+at+ 4

A=
The minimum perturbation is

208 — 6B +9a?+ 11?82 —6ap® —24aB+17+95%2 4234

2.1
1+Oé2+52+0é4+54 ( 3)

No =

Running the Minimize procedure in Maple 14 we obtain {mBI; N2 = 1 at the root (—2, —2)

and f=a22+y2—3zy+4. O

Example 10 Looking at the same polynomial as in the last example f = 22 +y>—2zy+4

but with the constraint fi; = —4f,0 we obtain
N _ 5a*—40038+76 a*+98 a? B2 —72 o B3 —288 o f+21 544140 524276 (2 14)
2= 17417 o2 +17 2417 fA+a* -8 a3 3+16 a2 32 : :

The nearest polynomial is

f = 0.5294117644 22 4 0.9999999996 3> — 2.117647058 zy + 3.999999998
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at
(3.58092825040923168, 5.68559836091241166)

with

:(rmﬁr;/\/é = 0.235294117647058626. [

This section has been adapted from [13].

2.6.2 Inequality Constraints

Our method can be generalized even further to include inequalities, Gf < ¢ with G €
R™*5. Then

ey = mf |f—fl.
fER[Z1,. 0] . .
s.t. fla)=0,Gf <q,Hf =p, 219

deg(f) < deg(f).

Note that our constraint functions, being linear, are always convex. We can use the
Karush-Kuhn-Tucker (KKT) conditions and the quantities as defined in Theorem 2.
The KKT conditions (for a regular point) are then (see [6]):

Given the canonical form nonlinear programming problem

min fo()

subject to  fi(z) <0 i=1,...,m,

if the Lagrangian function is given by

L(x,u) = fo(z) + Zuzfz(x>

then the KKT conditions for the problem are

oL . . . )
=0, 57=1,...,n, gradient condition
O(z;)
wifi(x) =0 i=1,...,m orthogonality (2.16)
filx) <0 i=1,...,m feasibility
u; > 0 1=1,...,m non-negativity J

A point (Z,u) satisfying the KKT conditions is called a KKT point. If the functions

fi(z) are all convex, the points Z are global minimizing points.
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Using the conditions in Equation (2.15) with the KKT conditions as defined in Equa-
tion (2.16) with the Lagrange function:

L=(f —F)Dulf = F)+ 2T F + AT(HF —p) + 4T (Gf —q). (2.17)

the KKT conditions (for a regular point) become

oL
— =0, 1=1,...,s,

o(f )i
Tf =0,
H]izp, \ (2.18)
Gf <q,

ILLZ'>O, izl,...,m,

WT(Gf —q) = 0. )

The last orthogonality conditions constitute branching: p; = 0 or (G f - q); = 0, and

(2.18) form linear programs.

Example 11 Given a polynomial f(z,y) = 2> + y*> — 2y + 1 and constraint fo,1 > 0,
we determine the nearest polynomial f(z,y) = f27()£l§'2 + f072y2 + lexy + f1,o$ + fo,ly
+ f(),o with real root (0,0). The term vector for the root is 7 = [0, 0, 0, 0, 0, 1]. The
Lagrangian function is L(c, 8, A\, p) = (f — ]?)T(]? - fj) + )\TTf + 1(—fo1). We can
formulate the KKT conditions as solving two linear programs:
Minimize 1
subject to aL/a(f),- =0, i=1,...,6
foo =0,
_fO,l <0,
=0,
and
Minimize 1
subject to 8L/0(ﬁ)i =0, i=1,...,6,
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The first linear program is infeasible; for the second linear program we obtain:
f=a* 4+ A=2u=4, and NJ =5

The minimum perturbation can also be obtained by running the Minimize procedure in

Maple 14 on the original optimization problem Equation (2.15). O

Example 12 Given a polynomial f(z,y) = 1+ x + 2? — 223y + 2*y® and constraint

fg’l > 0, we determine the nearest polynomial
Jg(ﬁfa y) = JF4,0$4 + f0,4y4 + f3,1$3y + ng,sfb’y3 + f2,2$2y2 + f3,0$3 + f0,3y3
+ for®?y + froxy? + foox? + fo20® + frizy + fror + fory + foo,

with real root (2,0). The Lagrangian function is
L(OQﬁv >\7:u> = (f - .]E)T(f - f) + )\TT.]E + lu’(_f3,1)-

We can formulate the KKT conditions as solving two linear programs:
Minimize 1
subject to  AL/A(f); =0, i=1,...,15
Tf=0
—f31 <0,
p=0,
and
Minimize 1
subject to  OL/O(f); =0, i=1,...,15,

TTf =0,
_f3,1 = 07
>0,

The first linear program is infeasible; for the second linear program we obtain:

f= —0.328445747800586440z" — 0.1642228739002932762° + 22>
+0.917888563049853224 72 + 0.958944281524926944x + 0.979472140762463250,
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A = 0.0410557184750733190, p =14

and

N = 4.143695016.

For f without constraints, A (2,0) = o A2 0.1436950147. O

Example 13 We consider the polynomial f(z,y) = 2* + %> + 1. We have seen that
the nearest polynomial with the root (0,0) is f(x,y) = 22 + y2, but what is the nearest
polynomial with the root (1,1) an§ the consl:raint that f070 > 17 The Lagrangian function
is L(a, 8,0 1) = (f = F)'(f = F) + M7 F + p(l = foo)-

We can formulate the KKT conditions as solving two linear programs:

Minimize 1

subject to aL/a(f),- =0, i=1,...,6
f,1 =0,
—foo < —1,

p =0,
and

Minimize 1
subject to 8L/8(f)2- =0, i=1,...,6,

f(1,1) =0,
f0,0 = 1a
1> 0.

The first linear program is infeasible; for the second linear program we obtain:

f =042 + 0.4y*> — 0.6z — 0.6y — 0.6zy + 1

A=12, pu=12

and
AN =18 O

This section has been adapted from [13].
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Chapter 3

The Case of Several Polynomials

3.1 System of Polynomials with a Real Root in Weighted

Euclidean Norm

Theorem 2 can be extended to systems. The distance to the nearest system with k

equations and common root « is defined as

.....

fUeR[zy, ... zn), i=1,....k
deg(fl) < deg(f, i=1,....k

Vs

Applying Theorem 2 to each individual fl easily yields the following. Since we are
summing up the smallest deformation of each individual fI* for i = 1,..., k then we will

have the nearest system with a common root «.

Theorem 4 Let f1 ... fll € Rlzy, ..., 2,], with d; = deg(f), The distance to the

nearest system with a common root o € R™ is (in £*-norm)

{ri., f[k]}( ) = f[l}(a)z R f[k}(a)Z (3.2)
2 Q)= =4, 21 %, dr, 2i1 % ’
D it tetinm0 Q1O Dt in=0 Q1 O
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The nearest polynomials, if they exist (see Example 5) are again determined by Equa-
tion (2.3). Theorem 4 easily generalizes to include weighted norms. Linear equality
and inequality constraints on the coefficients as described in Equation (2.11) and Equa-

tion (2.15) can also be applied.

Example 14 Given polynomials
W@, y) =a* +y* + 1and fPla,y) =2 + 2% — 20y + 1

we shall determine the minimum perturbation such that the deformed system of 2 equa-
tions has a real root.

For that, we compute the Grobner basis of the numerators of the partial derivatives
of Equation (3.2) (cf. [2]). The Grobner basis computation took 150.54 seconds'. In
Section 5 we present an alternative approach based on sums-of-squares certificates. The
first equation in the obtained Grobner basis is a polynomial in terms of 5 of degree 195.
Next, we find all real roots of this polynomial and plug all 9 choices into a second
polynomial in the Grébner basis. We compute the norm of each possible point and select
the minimum value. The minimum perturbation obtained by solving the Grobner basis

of Equation (3.2) in Maple is
Ny = 0.64597306998078277667 (3.3)

for
(e, B) = (—0.9138289555225176138,

—1.1947071766554875688).

Note that for this example at least 25 mantissa digits must be used in Maple 14 in order
to obtain the correct minimum.
We can then find the nearest polynomial system by plugging the root into Equa-

tion (2.3) for each of the two polynomials:

FIU = 0.83448994938 + 0.15028000318 z + 0.19773604528 yy — 0.17954059831 xy —
0.13645140747 22 — 0.23623667238 y* + 0.12389530347 3 + 0.21449844130 zy* +
0.16301947576 z%y + 0.28223364788 3> + 0.88750540206 z* — 0.14801860821 23y —
0.19476053763 x?y* — 0.25626282720 xy® + 0.66281343538 y*,

LAll reported timings were run on an 8 CPU (2.8GHz Xeon) MacPro with 8GB of memory under
Linux 2.6.32-31 (Ubuntu) using Maple 14 and/or Matlab R2010a.
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FB = 0.96296934167 + 0.03362313909 2 + 0.04424079327 y — 2.04016980557 xyy +
0.96947082410 22 — 0.05285479322 y* + 0.02771991571 3 + 0.04799115499 zy* +
0.03647342555 x?y + 0.06314600078 y> — 0.02516916045 z* — 0.03311718223 23y +
0.95642493674 x?y* — 0.05733537729 xy®> — 0.07544098031 y*. [

Example 15 We consider the overdetermined system
My =22 +y2 =1, fAay) =222 -1, fOla)=2>-2

Using Theorem 4 we obtain

{f[ll’f[2]7f[3]}(a 5) (@ + 8% —1)° (a2 —p2—1)°
2 U Tt a? P rat+ a2 T a? 52+ al + f a2
(0” —2)

_|_
L+a?+ 2 +at + Bt + a?f3?

Running Minimize on ,/\/'2{f[1]’f[2]’f[3]}(oz, f) we obtain
po(F11 F21 £y = 0.151159953434232108

with
(o, B) = (1.19718389644442, 0.3153893315661)

and

fU = —1.11240274409999995 — 0.134566755152683015 o
—0.0354506263278943912 8 — 0.0424409189517329297 o
+0.838898847836248018 o* + 0.988819250656115645 32

B = —1.07042663899999990 — 0.0843136380915045502 av
—0.0222118105986570287 8 — 0.0265916219552682041 o
+0.899061070290003483 a? — 1.00700536809929386 32

fBl = —1.88041678439999993 + 0.143163100001361149 o
+0.0377152704346088233 5 + 0.0451521144070290079 o
+1.17139255777836793 o* + 0.0118949939351104834 32. O

This section has been adapted from [13].

33



Chapter 4

Infinity Norm and One Norm

4.1 Nearest Polynomial with a Real Root

In this chapter we further explore finding the nearest polynomial or system of polynomials
with the weighted infinity norm and one norm as the distance measure. Furthermore, we
consider the problem of linear constraints on the coefficients of the polynomial.

As mentioned in Section 2.2, Stetter proved the following theorem.

Theorem 5 (see Theorem 1) Let the vector of possible term values of f and f be given

by f, f € C™ respectively. Let the given root be denoted by o = a1, ..., ap) € C". Let

T=[la1,...,0n ..., ---ain .. ], the term vector evaluated at the root. Let ||...|| be
the given norm and || ... ||* the associated dual norm. The nearest polynomial with a real
root, i.e. f(a) =77 f =0 requires
P P s (@)
If = riF= :
I~

Theorem 1 shows that Theorem 2 can be extended to any ¢P-norm. We extend the
results from Theorem 1 to the weighted ¢! and ¢*°-norms. We prove Holder’s inequality
for weighted ¢*, ¢ and ¢>-norms, which allows us to then follow the same proof as in

38] for Theorem 1. We further give an explicit formula for f .

Theorem 6 Let u, v € C" and weights w;. Then [v"u| < ||ulloowl|v||1,1/w, where 1/w is

the vector of reciprocals of entries of w.
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Proof. Looking at |vTul:
|'UTU| :‘ E ViU _‘ E wzvz Uj
, w;
(2

Corollary 1 Let u, v € C", and let w; be the weights. Then

1
maxw]|v]|)2—|ui| = |[v/lcowllwll1/w- O
. Wi
0" u] <l wl[v]lso,1 /-

Proof. Looking at |vTul:

1
o] = ‘Z%Uz = ‘Z —vwiu;| < (
i i Wi

Theorem 7 Let u, v € C" and let w; be the weights. Then vl u] < [Jul|2,w|v]2,1/w-

1
max —|[v;1) > wilui| = [[vlloc 1wl O
J wj p

Ui Using the Cauchy-Schwartz inequality,

%

| = [673] < (Z(\/Eui)2>l/2<2(\/v—;7)2>1/2.

(2

Proof of Theorem 7. Let w; = Jwu;, v; =

we have:

Therefore, \vTu| < Hqu,wHUHZl/w' O

Now that we have proven Holder’s inequality for the weighted ¢!, #2 and ¢*°-norms, we
can follow the proof of Theorem 1 to extend Theorem 2 to the weighted ¢! and ¢>°-norms.

Theorem 7 would also yield an alternative proof of Theorem 2.

Theorem 8 For 7, f, and f as described in Theorem 1, and for v = [1,segn(7;),...],
1 fort; >0
where v € R*, Kk is the dimension of f and sgn(r;) = 0 fort; =0, with the
-1  form; <0
distance measure being the weighted (*°-norm (with weights w;) then

(] | f(e)]
Nog,w(a) - ||7-||1,1/w (41)
and B
Fof- fla) M) py,
||TH11/w

Proof of Theorem 8. From [38] and Theorem 6 we know that

F@)] = 1(F = I < I = Fllooull7ll1.1/0-



/()]

Therefore, T <\f - f lloosw- For all j construct (f); such that
Tl1,1/w
fl = 7
e~ 0 =1
From this we get that wj(j?)j = wj(f)j 1 fH(a) . Therefore,
TI1,1/w
F_F flo)
=f - D, v,
R Py

which yields equality in the above inequality. This gives

f(oz) = TTf— H fH(Oé) D' = 0.
T11,1/w

w

Thus the constraint that f(a) = 0 is satisfied. [
In the same way we obtain the following theorem.

Theorem 9 For T, f, f, and sgn(7;) as described in Theorem 8 with weighted (*-norm

and weights w; > 0 we have

(@) = f (@)
" HTHOO,l/w
and .
- fi for i # iz
i = — 1 . .
/ fi—sen(n;) AG)) for i = timu
||7_||oo,1/w W;

s = e { 1}
where Tz = argmax{ — .

i 7

Proof. From [38] and Theorem 6 we know that

F@) =1(F = Y7 < I = Fllwll7llon/m-

Therefore,

L@l 7= (42)

||7-||oo71/w
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Let

B fi for & # imag
P = - 1 .
/ fi— sgn(n)ﬂ— for i = 4,4
1701w wi
where %,,,, = argmax {u} This gives equality in inequality 4.2. Substituting into the
i Wi
above inequality, the inequality becomes
|f(a)| P 7
T <If = flie
17 oo,/

fla) 1

|T||0071/U) wimam

)|

= 0 + |wi77l(l.ll'(-f i’!?L(L(L‘ - -f i’!?L(L(L‘ + Sgn(szaac) |
/()

il

We also need to check that 0 = f(«).

fla) 1

0= f(a) = TTf - Sgn(ﬂmax) ||7_|| L Wi

Tmax *

Therefore, f(a)=0. O

4.1.1 Coefficient Constraints with a Given Root

Next, we consider finding the nearest polynomial with equality constraints on the coef-
ficients. For the /> and ¢'-norms, we cannot follow the same method as in Section 2.6.
In order to compute the nearest polynomial with real coefficients using the ¢*°-norm as
the distance measure, one reformulates the problem as a linear program [10]. For a given
polynomial, f of dimension x, we want to minimize

with constraints f7r =0 and f; = f ;. This is equivalent to solving the linear program
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Minimize w

subject to fTT:O,
fi=7s (4.3)
Fe—fr<w k=01 x
—(fk—ﬁk)ﬁw, k=0,1,...x

Similarly, for the ¢! - norm we want to minimize

S k= fal
k=1
We obtain the linear program:

Minimize Z(cﬁF +d},)

subject to  fTr =0,
f

dﬁ—dEka—fk, k=0,1,....k
df >0, k=0,1,...x
d; >0, k=0,1,...k

For several linear constraints on the coefficients of f, we can embed the constraints

into a matrix H and the problem becomes

NLH(a) = inf | 1 = Flloosw

feR[z1,..., Tn

s. t. f(oz) =0, H]g =p, (4.5)

deg(f) < deg(f).

Note that we can impose inequality constraints on the coefficients of f in the same

way.

Example 16 We want to find the nearest polynomial, f = fo02® + fooy? + fiazy +
frox + fo1y + foo in £*-norm distance to the polynomial f(z,y) = 4a? + 2y + 5z + 3
with coefficient constraint foo = fa0 and given root (a, ) = (0,0). The linear program

in 4.3 becomes
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Minimize w

subject to fTT =0,
fo,o :~JE2,07
fe—fe <w, k=1(0,0),(1,0),(0,1),(1,1),(2,0),(0,2)
—(fe = fi) <w, k=1(0,0),(1,0),(0,1),(1,1),(2,0),(0,2)

Running LPSolve in Maple 14 we obtain
NL(0,0)=4, f=1.0718y>+ dzy + = + 4y.

The distance to the nearest polynomial in />*°-norm without constraints is A7 (0,0) = 3.
One can deform the constant coefficient to 0 to obtain this result, however the polynomial
£ is not unique. Also, A7 (0,0) = 3. If we consider a different root, («, 8) = (1,1), then

NL(1,1) =25, f=15—25y+ 25z —2.5zy — 0.5y + 1.52°
and if the linear constraint is removed then
NJ(1,1)=98/3, and f =2/3 —7/3y +8/3x — 7/3zy — 1/3y> + 5/3z”
and
NL(1,1)=2333 and f =2/3 —7/3y+8/3x — 7/3xy — 1/3y* + 5/3z%. O

Example 17 Next, we consider a polynomial where the nearest polynomial in ¢*°-norm
is different from the nearest polynomial in £2- norm. We consider the bivariate polynomial
f(x,y) = 322 + y? + 2 with the constraint fo = fo0 and root (o, 8) = (1,1).
Minimize —w
subject to  fTr =0,
fo,o = fz,oa
fk - fk < w, k= (07 0)7 (]-7 0)7 (07 1)a (]-7 1)a (27 0)7 (07 2)
_(fk - fk) < w, k= (07 0)7 (17 0)7 (07 1)7 (17 1)7 (27 0)7 (07 2)

Using Theorem 2, the distance to the nearest polynomial in /?>-norm is

N (1,1)=26/4=6.5
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and
F1 = 3/22% —axy —x —y+3/2.

Then, the distance in £*-norm between f and f is ||f — f“!|| = 1.5. However, if we
calculate NZ (1,1) by running LPSolve in Maple 14 on the above linear program, we

obtain

NL(1L,1) =7/6

and
N =11/6 — 7/6y — 7/6x — 7/6ay — 1/6y> + 11/62°

for the infinity norm. Notice that
ML) =7/6 < 3/2= I = [ at (1,1).
Similarly, for the root (a, 8) = (0,0) and constraint vy o = vp o we obtain:
NZL(0,0) =3 and f = 3y + 3z + 3xy

and
NZ(0,0) =13 and f = 32

If we want to find the nearest polynomial to f without any coefficient constraints, then

we use Theorem 2 and obtain
N{(0,0) =4 and f = 32% + ¢°.

This example will be continued on page 45. [J

4.1.2 Nearest Polynomial with an Arbitrary Root

We have explored how to find the nearest polynomial to a given polynomial f with a
given root . Namely, we can use the formulas in Theorem 8 or Theorem 9 or we can
use the linear programs described above (see 4.3 and 4.4). In the unconstrained case,
we have a formula in Theorem 8 and 9, which we can minimize over the root «. In the
constrained case, we do not have a formula, so we construct a grid and sample at every

point on the grid. We consider several examples below.
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4.1.3 Nearest Polynomial without Constraints and an Arbi-

trary Root

First, we consider finding p(f) when there are no constraints on the coefficients of

|/ (e, )]

f. To solve this problem we consider minimizing T (see Theorem 8) in the four
quadrants: aZO,BZO;aZO,ﬁSO;aﬁO,BZé;aSO,BSO. We make the
substitution @ = u? and 8 = v?, which increases the degree of the problem, but allows
us to drop the absolute value of the denominator. Since there are no absolute values in

the expression in the Euclidean norm case, this substitution is not necessary.

Example 18 We consider the polynomial in Example 17 but without coefficient con-
straints on f . The polynomial f = 32 4+ y? + 2 has the property that f > 0 for all
x,y € R. The value of the polynomial is invariant depending on which quadrant we are
in. Therefore, we only need to consider the case a > 0 and S > 0 and therefore do not
need to make the substitution o = u? and 8 = v Using Minimize in Maple 14, for

Example 17 we obtain
Poo(f) = 0.7639320225, o = 0.61803383, and 5 = 2.618033705.

and
f=1.236—0.7642 — 0.764y — 0.764 zy + 2.236 22 + 0.236 3>

This example will be continued on page 43. [

Example 19 We consider the polynomial in Example 16 but without a constraint on
the coefficients of f. Since the polynomial f = 422 + 2y2 + 5z + 3 is symmetric in y, we
compute the minimum for the two quadrants, « < 0 and § > 0, and o > 0 and § > 0.
For @ > 0 and 8 > 0 we obtain p..(f) = 1.56949912595693952 and for & < 0 and 8 > 0
we get poo(f) = 0.563757167. Taking the minimum of the two solutions we achieve the
value po(f) = 0.563757167. We obtain this solution using Minimize in Maple 14 and
substituting o < 0 and 8 > 0 into our polynomial f. The solution is

Poo(f) = 0.563757167, v = —0.8391797248 and = 0.3609594177.

and
f = 2.436 + 5.564 2 — 0.564 y + 0.564 zy + 3.436 2* + 1.436 y>. O
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Example 20 Given f = 2? + y? + 1, what is the nearest polynomial? In Theorem 8 we
have a formula for finding the nearest polynomial in />*°-norm for a given root. We now

follow the procedure described above and minimize Equation (4.1). The solution is
Poo(f) = 0.5 and (o, B) = (1,1).
This gives us that
f=0.5-0.5z — 0.5y — 0.5zy + 0.52% + 0.5y, O

Example 21 Consider the polynomial f = (z—y)?+ (z+2y)*+1 = 222 4+ 22y +5y* + 1.

We want to find the nearest polynomial f in ¢*-norm. We use Equation (4.1) and

|f(a, B)]

compute the minimum of W in the 2 cases:
Tl

Case l: a>0,5>0
min N7 (o, 8) = 0.837722339831620699

Case 2: and a <0,5>0
min A7 (o, B) = 0.713254935043394989.

S0 poo(f) = 0.713254935043394989 and («, B) = (—0.5475652821, 0.2564812120)
F=0.2867+0.71332 — 0.7133y + 2.7133 2y + 1.2867 2% + 4.2867y% O

Example 22 Given the polynomial f = 1 — 2xy + 2%y + 2% = (1 — 2y)? + 22 (see
Example 5), find the nearest polynomial with root («, 5) = (¢,1/€). We have that
(1 —aB)?+ o

ivi=o laB

N (o, B) =

Then
(619 a
N —
(6 1/ 3t +263 4224+ 14265 4+266 + €7 + €8
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and the nearest polynomial to f with («, 8) = (e, 1/€) as a root is

. 3et 428 +22 +e+1+2 + S+ € + €8 — Sy — 5y? — by® — byt — b

fla,y) = 5
(—66*—4e3—4e2—2¢—2—46> -5 —26" —268) ay — Say? — Sayd
)
+(364—1—263—1—262+€+1+265+66+67+68)x2—eﬁmzy
)
Be*+23+2 +e+ 1426+ 46+ €8) 2?y? — fa® — fay — b2t
)
Fe1/e) 2t -+ B +28 428 +e+1+260 + 8+ € +€8) €
€,1/e) =
’ )
—e2—26"—3e8 —2e7" -8 — ¥ — €0
5 Y
where
§=3c"+26+2 +e+1+2+2e8 +€ + €.
For ¢ = 1/10,

./\/'0{3(1/10, 10) =100/112232211. O

Remark 10 The distance to the nearest polynomial in ¢*° -norm is zero if and only if

the distance to the nearest polynomial in £? -norm is zero. i.e.

0 = poo(f) = inf |F(a)] < inf fle)® _ p2(f) =0.

o il e il

This can be seen using the fact that ||v]|e < ||v]l2 < v/7||v]|eo. Note that in the same
way, p1(f) = 0 if and only if po(f) = 0.

Example 23 In this example we consider the nearest polynomial £, f2 and f to
f =322 +y*+2in £, (% and (' -norms respectively. We also compute ||f — fHHOO,
If = U2, and || f — f1]; for each f.
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Table 4.1: Norm Comparison Table

= 2+432°+y° 1f = oo | IF = FENE I = FHIN
Il = 1,236 —0.7642 — 0.764 y
—0.764 £y + 2.236 22 + 0.236 12 0.764 3.502 4.584
= 1.999 — 0.001 y + 3.0 22
—0.00000099 y> 1.000001 | 1.000003 1.001
f = 24 322 — 0.000002y2 1.000002 | 1.000004 | 1.000002

The last line would have all entries of 1.000002 if it was | f — fI!||, instead of the
squared distance || f— fI]|2. Tt is already known that || f— e < 1 F=FU 2 < I1f—=FY1-

We also know that the diagonal entries are the minimum for each column. What is

interesting is comparing the other two entries in each column.

Notice that the optimum for f[fl} is f[fl} = 24 322 — ey? = 0. Rewriting the

D) _
equation, we have 322 = ey? — 2. This gives us that y = \/j Thus, | f — [, = 1,
€

If = f]|s = 1, and there is no real root. This is another example of when the infimum

i1s not attainable.

Table 4.2: Norm Comparison Table With Corresponding Roots

f= 24327 +y? Root = (a, B)
fT = 1.236 - 0.7642 — 0.764y
—0.764 zy + 2.236 22 + 0.236 y* | (0.618,2.618)
@ =" 1.999 — 0.001y + 3.0 22
—0.00000099 3/ (0, 1000)
FI'Y = 2 4 322 — 0.000002y2 (0,1000)

In Table 4.2 the nearest polynomial to f = 2+ 322 + 4?2 is given for ¢*°, ¢* and ¢! -norms
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and the corresponding root. [

4.1.4 Coefficient Constraints with an Arbitrary Root

We have seen how to find the nearest polynomial with an arbitrary root using the coeffi-
cient vector infinity norm distance measure if there are no constraints. Now we consider
the case of when there are coefficient constraints on f . We cannot follow the same method
as we did for the Euclidean norm. When our distance measure is the Euclidean norm
then the distance measure is differentiable. For the ¢! and ¢>°-norm this is not the case,
since we have absolute values in the formulas we are trying to minimize. Therefore, we
cannot use the KKT conditions as with the Euclidean norm. Unlike in the unconstrained
case, we do not know a norm expression to minimize for the constrained case. Therefore,
we cannot minimize over the four quadrants for the root like we did in the unconstrained
case. Instead, we lay a fine grid for the root and run the linear program described in
4.3 at each grid point. In the following examples we have polynomials of two variables,
a and B. We use the grid —100 < o < 100 and —100 < 8 < 100 in steps of 0.1 and
obtain (min 1, Bmin,1), the root that corresponds to poo(f) on the grid. We want an extra
decimal place in the solution for the root, so we search in steps of 0.01 in our refined grid.
We refine the grid around the solution and search in a 4 x 4 grid around (umin,1, Bmin,1) i
steps of 0.01 to obtain (umin2, Smin,2). The number of times the solution has been refined

is given as the second coordinate of the subscript of the root.

Example 24 Example 17 continued. For f(z) = 32% + y* + 2 with the constraint

f2,o = fo,o we compute

Minimize w

subject to f?TT =0,
fo,o :fz,o, (4.6)
Je—=fe <w, k=1(0,0),(1,0),(0,1),(1,1),(2,0),(0,2)
—(fe = fi) <w, k=1(0,0),(1,0),(0,1),(1,1),(2,0),(0,2)

at the roots —100 < o < 100 and —100 < 5 < 100 in increments of 0.1.
We obtain the minimum omin1 = —1.0, Bming = —4.4, poo1(f) = 0.813863928112965.

The maximum value on the grid is max pe1(f) = 3 at (@max.1, Bmax1) = (0,0). The
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average value is avg(ps(f)) = 1.481924505. The average time for one iteration is 0.02
seconds and the total time to run all of the linear programs was 9612.940 seconds!.

Next, we can further refine the grid around the solution (min,1, Bmin1) = (—1.0. —4.4)
in order to obtain an extra decimal place in accuracy in the solution. We compute the
minimum on the grid —3 < a <1 and —6 < 8 < —2 in steps of 0.01. Our refined root
(Otmin,2s Pmin,2) 18 (—1.00, —4.37) which gives us

Poo2(f) = 0.813859369781010.
The distance to the nearest polynomial with a real root has improved by
Pooi(f) = Poc2(f) = 0.0000045583.

So by obtaining an extra decimal place in accuracy in the root, we get an improvement in
Poo(f) of 0.00000456. Running the linear program 4.6 for («, 5) = (—1, —4.37) we obtain

f(z,y) = 2.186140630 + 0.813859369781010 = + 0.813859369781010 y
—0.813859369781009 zy + 2.18614063021899 22 + 0.186140630218991 2.

The maximum value on our refined grid was
max foo(f) = 1.36

at the root (umax2, Bmax2) = (=3, —2).
The average value for po.(f) on the grid —3 < a <1 and —6 < § < —2 was

avg(pso(f)) = 0.8881288462.

We don’t use the bisection method when computing the minimum on the refined grid
because we don’t know how the values for p..(f) will change. The average time for one
linear program to run was about 0.217 seconds and the total time to compute all of the

linear programs for the refined grid was 346.971 seconds. [J
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4.2 Systems

As in Chapter 3, we now consider the problem of finding the nearest system to an

inconsistent one. Applying Theorem 8 to each individual fV! yields the following.

Theorem 10 Let fl, ... fM € Rlzy,...,z,], with d; = deg(f1) and w; the weight
vector for the j-th polynomial. The distance to the nearest system with a common root
a € R™ in £>°-norm is '

/()]

(..., rty ) = max ————— 4.7
Nooijmaac ( ) 1<j<k ||TH1,1/wj ) ( )

(5]
where Jmaz = argmax {7” ()] }

J ||TH1,1/wj

Proof. For each fUl 1 < j <k we have that

. [4]

[F19] _ |Y(a)]

Noo,wj(a> - .
17111/,

We want to find what the maximum change is in a single coefficient. So we take the
e

maximum over all polynomials. Therefore, _/\/’O{Of 5}]] maf [k]}(a) = max M 0

Remark 11 We cannot have a system of equations that has an equation with weight
vector w = [00,...,00|. For this reason, we cannot formulate root constraints as a
system of equations. For example, for the root («, ) if we want to impose the constraint
g(a, B) = 2a* — 352 + 1 = 0, then we would also have the corresponding weight vector
w = [00,...,00] for g. Now we are dividing by zero in Equation (4.7) in Theorem 10.
For the same reason we cannot formulate root constraints as a system of equations in the

/' or /P -norms.

We can impose linear constraints on the coefficients of a system of polynomials. These
constraints can be coupled, where the constraint applies to the coefficients of multiple
polynomials, or uncoupled, where the constraint is on the coefficients of just one of the
polynomials. The distance to the nearest system with £ equations, a common root «,

and linear coefficient constraints of the form #| fof KT = b is defined as
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N34 0) = max f9 ()]
> 1<i<k |71

s.t. fll(@)=0,i=1,... .k

-

AP, T =

feR[zy,..., 2], i=1,...
deg(f1) < deg(f1), i=1,...
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Chapter 5

Exact Sums-of-Squares Distance
Certificates

5.1 History

In Hilbert’s famous 1900 lecture, Hilbert posed the problem: For any f € Rz, ..., z,],
is it true that f > 0 on R™ implies that f is a sum-of-squares of rational functions?

In 1927, Emil Artin solved this problem. His theorem states:

Theorem 11 Given a polynomial f € Q[X1, ..., X,| then the following statements are

equivalent:

1. f>=0

Il
—

3

2. There exist u;,v; € Q[X1,..., X,]: f(X1,...,X,) ==

S

(%
1

<.
Il

my Wl m,

3. There exist rational W = 0, WE =0 such that f=—rc,
mI WElm,

with mg( Xy, ..., X,) and me(Xq, ..., X,) term vectors
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5.2 Motzkin

Artin proved that if f > 0, then f can be written as a sum-of-squares of rational functions.
Is it true that f > 0 on R™ implies that f is a sum-of-squares? In 1967, T. S. Motzkin
discovered a polynomial that cannot be written as a sum-of-squares (without introducing

a denominator as Artin proved). Recall that the arithmetic mean (average of n numbers)
ol + ol + o

and the geometric mean is {/|z;] - [22] - - - |2,|. From the AGM

inequality,

the geometric mean < arithmetic mean.

Multiplying this by 3 and rewriting the inequality we have

3(arithmetic mean) — 3(geometric mean) > 0

For the monomials x%y?, x%y*, 2% this equation becomes the Motzkin polynomial
M(z,y, 2) = 2y + 22" + 2° — 302222

We will show that a modified Motzkin polynomial M = M (2,9, 2)+2% = 2hy? + 22yt +
228 — 32%y%2? cannot be written as a sum of squares in R[z,y, z]. Later in Example 27

we will prove, using a sum-of-squares, certificate that M (x,y,1) = 0.

Theorem 12 For M = M(z,y, z) + 2° = 2%y + 2%y* + 225 — 322y22% then M > 0 and

M is not a sum of squares in Rz, y, z].

Proof of Theorem 12. Clearly M > 0 since M (z,y, z) > 0. Following the proof from [32],
if M were a sum-of-squares, then M= Z hi(z,y, z) for some polynomials h; € Rz, y, z].
k

Writing out M as a ternary sextic using all potential monomials, we have:
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02% + 02° + 12%% + 023y + 12%y? + 02° + 0y°
+02°z + 02tyz + 023y 2 4+ 0%y 2 + Owyz + 0y°2
+02% 22 4+ 023y 2* — 322y?2® + 0xy32% + Oy'2?
+02323 + 022y 2% + 0xy?23
+02%2* + Oxy2* + 0y?2*
+022° + 0yz°
+225.

Using the same geometric scheme we write out hy(x,y, 2).
Az + Byay + Cray® + Diy?®

+Epa?z + Furyz + Gry’z
+Hyx2® + Ly2?
—|—sz3.

Since the coefficient of 2% in M is 0, the corresponding coefficient in 3 LR ST A2 also
equals 0. Thus Ay = 0 for all k. Next, we look at the coefficient of 2*2? in >, h, we
have that Y, Ef + 2A,Hy. Since Ay = 0 and the coefficient of 2*z? in M is 0, it follows
that Ej = 0 for all k. Continuing down the xz edge, we see that the coefficient of 222* in
M is 0,80 Y., 2E,J, + HZ = 0. Since By = 0, then Hy, = 0. A similar argument applied
to the coefficients of y%, y*2% and y?2*, shows that D, = G, = I, = 0. We now have
that 2ty? + 2?y* + 220 — 32%y?2? = >, (Be2?y + Cray? + Frayz + Jp2*)?. Looking at

the coefficient of the 22y?22 term in M, we have —3 = 3, F2. Contradiction. [J

Remark 12 Notice that the polynomial M in Theorem 12 is just the homogenization
of M(z,y)+1=2— 32>+ 2%y* + 2%

Remark 13 Notice that the polynomial M + g(z), where deg(g(z)) < deg(M) is also
not a sum-of-squares since the highest degree has to be a sum-of-squares in order for the

polynomial to be a sum-of-squares.
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Remark 14 The polynomial f(xy,...,z,) € Rlzy,...,z,] is homogeneous and a sum-

of-squares if and only if f(z1,...,2,_1,1) is a sum-of-squares.

5.3 Lower Bound Certificates

fla)?
g(a)

Equation (2.2) can be reformulated as maximizing r such that f(a)? — rg(a) is non-

The minimization of the rational function _/\[2[11 = where g = 77 D7 defined in

negative. We compute a lower bound of ian _/\/2[’31(@) by solving the SOS program
acR? ’
[15, 28, 19, 20]:

r*:=sup r
reR,W
s. b f(X)2=rg(X) = mag(X)T W mg(X) (5.1)

W=0, Wh=w

where mgy(X) is the column vector of all terms in Xy, ..., X,, up to degree d. The

")

The SOS program (5.1) can be solved efficiently by algorithms in GloptiPoly [9],
SOSTOOLS [31], YALMIP [26] and SeDuMi [39]. One can use GloptiPoly as described

in [9] to extract the solutions o which achieve the global minimum. However, since we are

dimension of my(X) is (

running fixed precision SDP solvers in Matlab, we can only obtain a numerical positive

semidefinite matrix W and a floating point number r* which satisfy approximately
f(X)? = r*g(X) & ma(X)" - W - my(X), W 5 0. (5.2)

So r* is a lower bound of inf,cgn /\/’2[]2, (av) approximately. Since it is a fixed precision SDP
solver it is subject to numerical error.

We convert the imprecise SOS to an exact SOS certificate with exact rational scalars
and polynomials. The lower bound 7 < r* is certified if 7 and W hold the following

conditions exactly:

F(X)? = 7g(X) = ma(X)" - W - ma(X), W = 0. (5.3)

We can use Artin’s theorem of sum-of-squares and semidefinite programming (see,

e.g., [29, 19, 20]) to certify the computed minimum. This is different from a validated
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numerical algorithm, since we do not insist on the accuracy of the SDP solution.

The method is described in Figure 5.1, where the affine linear hyperplane, L, is

L={A|AT = A, f(X) = m(X)T - A-m(X) = SOS .

Wespp Newton iteration

Figure 5.1: Rationalizing a Sum-of-Squares

The numeric semidefinite matrix obtained from solvesos in Matlab satisfying Equa-
tion (5.2) is represented by Wspp. We compute the rank of Wspp. If Wspp is rank
deficient then this may be caused by extra monomials in the SOS decomposition, so we
delete the rows and columns of Wgpp with small elements (remove the monomials which
should not appear in the SOS). More reasons for why Wgspp may be rank deficient are
discussed in [20]. According to [19] sometimes Wspp is too coarse to allow successful
projection to w using Maple 14’s exact linear algebra. Therefore, the Wspp is refined
by rank-preserving Gauss-Newton iteration to Wygwron. After we have refined Wepp

to WNEWTON such that
1f(X) = r*g(X) = ma(X)" - Wyewron - ma(X)|| < 7,

where 7 is the given tolerance, we approximate r* by a nearby rational number 7 < r*.
Next, if Wygwron is of full rank (easy case), then we convert Wygwron to a rational

matrix and perform an exact orthogonal projection, using least squares, to the rational

93



matrix W on the hyperplane Leasy. If Wy gwron is not of full rank or is near to a singular
matrix (hard case), then we use rational vector recovery to compute W. If W is positive
semidefinite we have our solution to Equation (5.3). If W is not positive semidefinite, we
can try a smaller value for 7 or increase the precision of the Newton iterations and then
repeat the previous computation. [19, 20]

We have done so for

min Ay =1
(a,8)

of Equation (2.12) of Example 8 and the rational lower bound
Ny = 64597306998078108/100000000000000000

of the real algebraic optimum of Equation (3.3) of Example 14.
This section has been adapted from [13].

5.4 Examples

Example 25 ([41]) Given a polynomial
f=a?+2 —ay+y =P+ 1= (oy —1/2*+ (* —1/2)* + 2® + 1/2

decide the minimum perturbation such that the perturbed polynomial has a real root.
If we allow dense perturbations, after running solvesos in Matlab, we get the lower
bound
Ny = 2.453484553428391600 x 10715,

This is caused by the assumption that we can perturb f by any monomial term with
degree bounded by 4. As illustrated in Example 6, we see that f has a radius of positive
semidefiniteness that is 0. Hence, it would be more interesting to consider a weighted
norm for this polynomial. For instance, if we only allow terms which appear in f to be

perturbed, then the lower bound computed by solvesos in Matlab is

N3 = 0.2469160193369205900.
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After applying the certification algorithm in [19, 20], we obtain the certified lower bound
/\72 = 24691601933692029 /100000000000000000.

This means that f is positive since f(0,0)=1>0. O

Example 26 Consider the Robinson polynomial
glx,y) =1+2° —at —y? — a2ty — 2% —y' = 2?y" + 4% + 32%°

According to [3] g(z,y) + B(x° + y® + 25) is a sum-of-squares if and only if 3 > 1/8.
Therefore, we consider f(z,y) = g(z,y) + 15(2° + y° + 2°). We have that

1111 4 2 4 2 2 4 o 4, 11 4 2 92
f(:)s,y)—lo—l—lozz =y —xtyt —a" —yt — a7y +10y + 3z%y”.

We allow only perturbations in the coefficients of f. The lower bound computed by
solvesos in Matlab is

N2 = 0.008999999999993343200.

After applying the certification algorithm in [19, 20], we obtain the certified lower bound
N3 = 899999999999334317/100000000000000000000.
We have that
Fla,y)? = No(1 4 2t + 2ty + 2% + vt + 2% + 8 + 289" + 22 + ¢'?) = SOS.
The sum-of-squares is a sum of 28 polynomial squares. [
Example 27 (see [27]) Consider the polynomial
f(z,y) = 2 = 32%* + 2%y* + 2*y? = M(x,y) + 1.

Notice that f is the result of adding one to the Motzkin polynomial. It is well-known that
f is positive semidefinite but not an SOS, as seen in [27]. In fact f > 1 for all z,y € R.
First, we consider using a dense perturbation to obtain a lower bound for A5. We use

Matlab to compute the approximate lower bound of A5 and obtain 0 as the minimum,
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which is easily proven by considering f(x,y) — ex®. Hence, we consider a weighted norm.
We use infinite weights on the terms that have zero coefficients in f. Thus, we only allow
the terms which appear in f to be perturbed (sparse deformation). The lower bound

computed by solvesos in Matlab is
Ny = 0.1285480262594671800.
After applying the certification algorithm in [19, 20], we obtain the certified lower bound
Ny = 12854802625942833,/100000000000000000.
We have computed an exact rational certificate (as in Equation (5.3))
f(z,y)? — 12854802625942833/100000000000000000 x (1 + z*y® + 2%* + x*y*) = SOS.

This is a sum-of-squares of 10 polynomial squares. This means that the non-zero coef-
ficients of f need to be perturbed (by at least 0.128 in ¢*>-norm squared) for f to have
a real root. Since f(0,0) = 2, we have proven that f(z,y) > 0 for all real z,y via a

polynomial sum-of-squares certificate. [

Example 28 Similar to Example 27 we consider the polynomial
f(z,y) = 2ty + 2%y* + 1 — 2272

Notice that f(x,y) is similar to the inhomogeneous Motzkin polynomial except that the
coefficient of the x?y? term is —2 instead of —3. We consider a sparse perturbation to
obtain the lower bound for A5. We follow the algorithm described above and compute
an approximate lower bound for A5 using solvesos in Matlab and obtain 0.25 as the
minimum. After applying the certification algorithm in [19, 20] we obtain the certified
lower bound

Ny = 12499999999997733/50000000000000000.

We have computed an exact rational certificate that

f(z,y)? — 12499999999997733 /50000000000000000 x (1 + y¥z* + y*z® + y'z*)
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is a sum-of-squares (10 polynomial squares). The sums-of-squares is

9 12499999999997733 8.4 | A8 | A 4\ _
S (2 9)” — s5000000000000000 (L +¥°2" +ytat +ytat) =
50000000000000000 (193572598687033141 _ 20264700255252805093 .2, 2
103572598687033141 \ 50000000000000000 3000000000000000000 Y
4 2570547051 ToALSS301 2, 4 | 51513435803808317131 4, )2
150000000000000000000 300000000000000000000
4 1219507371 728308788300000000000000000000 (538286774925237776369510195686169642029 222
538286774925237776369510105686169642029  \ 1219507371728308788300000000000000000000 -~ Y
280075435710117381270205408634305494277 .2, 4 __ 563947636415300810152200015551583871937 .4 2)2
T 1742153388183298269000000000000000000000 % Y T 3484306776366596538000000000000000000000 © Y
10092877029848208306928316169115680788043750000000000000000000
500757872747132365690124695205465203642370941 1 2928 1099380729
(209TOTST2T 471323606901 246952054652986423T0941129281099380729 _ 2
T00938770208 4520850602836 1691 156807880 43730000000000000000000 £ Y
67967716482407468803230561352245342792200595791 7373516759599 _ .4 )2
13457169373130944409237754892154241050725000000000000000000000 * ¥
269291686084117286470844299844523905472546400431968191771723990335383 .
1223418894593117677656299268493116704741690258710274638513749600000000000000000000 7y
T5000000000000000000 ( 429452064824S851160 > _ 1860326281 7549652237 :):3y2)2
12045206482458511609  \ 75000000000000000000 43750000000000000000
946718361624764130953148817 46
G3TI9TE35203 10 12065230000000000660000000 £ Y
4 150000000000000000000 (84865641966916828769 Ry — 388174220311 x2y3)2
84865641966916828769  \ 150000000000000000000 140000000000000000000
n 37357609989079608434186766607 iy
5105049873827354765808600000000000000000000
4 1500000000000000000 (2264790255252805093 py — 528008236420682041 $3y3)2
2264790255252805093  \ 1500000000000000000 700000000000000000000
n 59418914101946391613553086871 e
GGERIS3350.1432 16973120000000000000000066000 © Y’

+

+ 4+ +

This means that the non-zero coefficients of f need to be perturbed (by at least 0.25

in (*.-norm squared) in order for f to have a real root. [J

This section has been adapted from [13].

5.5 Future Work

We conjecture that such polynomial sums-of-squares always exist. More precisely, if for
a real polynomial f(zq,...,z,) there exists a vector w of positive and infinite weights
(excluding an infinite weight for the constant coefficient) such that ps,(f) > 0 then in
(5.1) 7* > 0. We have seen that ps,(f) easily is no larger than 0, provided f has a

projective root at infinity, and the condition ps,,(f) > 0 makes f and w quite special.
Remark 15 Note that if ps(f) = 0 then we have f(a, 3)? — 0= SOS .

Remark 16 We have considered the case f(a) — pt(a)? is a sum-of-squares, where #(«)
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is a single term of the 7-vector. Consider the polynomial
f=@"+y* =20y +4)7? = ((z—y)?*+4)>
We subtract €2, where € > 0 and obtain the sum-of-squares
(2 +y*—22y+4)? - =(x—y) ' +8(x—y)* +16 — .

Notice that f is a sum-of-squares, so this is a trivial example. Can this be proven for

polynomials which are not sums-of-squares?

Remark 17 Consider Example 5 with f(z,y) = 1 —2zy + 2*y* + 2%. We can choose any
weighted norm for 7 where 7 is reduced to one monomial (a single term support), call it 7;
and then p,(f) = 0. Take the root (y/€, 1/1/€) and the polynomial f(z,y) = f(z, y)—%n.
Then we have that

F(Ve,1/ve) = (Ve 1/\/e) — — —0.

The distance between f and f is e. So as € — 0 then ||f — f|l» — 0. Notice that this
is true for any polynomial g where inf g(«) = 0 can get arbitrarily close to 0 as long as
the root does not cause 7; to be 0. If the root was (0,0) instead of (y/€,1/4/€), then we

would be dividing by 0 in f . Therefore the root must not cause 7; to be 0.
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Chapter 6

Approximate GCD

6.1 Background

The problem of finding the nearest polynomial with a real root to a given polynomial, can
be extended to systems and reformulated as finding the nearest system with a non-trivial
greatest common divisor. In this chapter we consider finding the approximate GCD of
several univariate polynomials.

The problem can be formulated as a minimization problem as follows [23]:
The input for the problem is s univariate polynomials, namely fIU, ..., fls) € C[z] with
deg(fM) = my, ..., deg(f¥) = m,. For a positive integer k with & < min(m,, ..., m,), we
wish to compute AfIH, ... Afll € C[z] such that deg(A ) < my,...deg(AfE) < mj,
deg(GOD(fU+AfI £l AfI81)) > K and such that [|AfH])2+. .. ||A£E]|2 is minimized.

In [40], the authors use Bezout matrices to compute an approximate GCD of several
univariate polynomials. We extend some of their results to Sylvester matrices, namely we
generalize the univariate resultant to several polynomials. In [7] they prove for several
univariate polynomials the degree of the GCD in terms of the rank of the companion

matrix.

6.2 Univariate multi-polynomial Sylvester matrices

We introduce the convolution matrix C»™(f), which for the coefficient vector @ of a

polynomial u(x) of degree < I produces the coefficient vector of (u(x) - f(z)) mod z™**
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as CLmI(f) - @, If m = deg(f) + I, we can write CU(f) [21, 22]. For instance,

(ap2® + arx + ag) - (byx® + by + by) mod 0 = [0 ]
by a 0 O by
CP(apa® + a1z 4 ag) - |by| = ooz 0 by
b, ap a; ap b,
0 ay a
i 0 ao |

The matrix has dimensions (m + 1) x (I +1).

Theorem 13 Let fi,..., fs € Klz] \ K, where K is a field, s > 2, and let d; = deg(f;)
for1 <i<s. Supposed; >dy>--->ds. Let 6 =dy +ds — 1 and let

S:[C[d5—1,5](fl) C[ds—l,é}(f2) C[ds_1,5](fs_l) C[d1—1,5](f8)] € KO+D)x(di+(s=1)ds)

Then rank(S) = § + 1 — deg(GCDi<;<s(fi)).

Note that for s = 2, the matrix S is the classical Sylvester matrix for two polynomials.

Theorem 13 is stated in [35, Section 5.2] for the somewhat larger matrix
g — [C[k—dl,k](fl) Cli—dzbl( ) C[k—ds,k](fs>] e Kl+Dxv

where k =d; +ds and v =s(dy +ds + 1) —dy — -+ - — ds.
Proof. Let g = GCDj<;<s(fi). Then there exist polynomials u; € K|z] such that
>oo_ uifi = g and therefore for any h(z) = 27 with j > 0 we have Y ;_, (hu;) fi = hg.

We can replace
(hw) fi = (hu; — qifs) fi + (qifi) fs where deg(@;) < dg forall 1 <7 <s—1,
N
Uy

where ¢; are polynomial quotients. Suppose now that deg(h) = j < § — deg(g). We have

(ﬁus +aqfi+-+ q$—1fs—5)f8 =hg — 1 fi —Uafo — - — Us—1fs—1,

~”
N

Us
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where the degree of the right polynomial is < §. Therefore deg(us) < 0 —ds. We consider

the ansatz
Ul(z)fl(x)++vs(x)fs(x) :zjg(x)> (6 1)
deg(v;) <ds —1for 1 <i<s—1, deg(vs) <dy — 1, j <0 —deg(g), .

where the coefficients of all v; are the unknowns and the rows correspond to the coefficients
of the powers 2°, z, ..., 2°. The coefficient matrix for the left side of (6.1) is S, and by the
above considerations, all right side coefficient vectors are in the range of S. Furthermore,
the coefficient vectors of x’/g(x) are linearly independent, hence the dimension of the
column space of S is at least § — deg(g) + 1. But no other linearly independent vector
can be in the column space, since all corresponding polynomials are multiples of ¢, so

the dimension cannot be more. [

Theorem 14 The deg(GCDi<i<s(fi)) > k if and only if 6 + 2 — k rows are linearly
dependent in S.

Proof. Let S be as defined in Theorem 13. Let deg(GCD<;<s(f;)) = > k. Let E be the
reduced column echelon form of S. From Theorem 13, we know that rank(S) = d+1—+.
Therefore, there are exactly 0 + 1 — v pivots in E. First, we want to show that all of
the pivot elements of E will be in the first § + 1 — v rows. Suppose this is not the
case, that there exists a pivot element in the § + 1 + 7 — v row, where j is a positive
integer. Since the last nonzero column of E gives the coefficients of GCD;<;<4(f;), then
deg(GCD1<;<s(fi)) < 7, which is a contradiction. Therefore, all of the pivot elements
of E are in the first 6 + 1 — v rows. Since there are § + 1 rows in E with the last ~
rows containing no pivots, then d + 2 — ~ rows are linearly dependent. Since k£ < 7, then
0+2—v<06+2— k. Therefore 0 + 2 — k rows are linearly dependent in S.

To see the converse, let § + 2 — k rows be linearly dependent in S. Since the last
nonzero column of F gives the coefficients of GCD1<;<,(f;), then deg(GCD;<;<5(f;)) must

be greater than the remaining number of rows. So,
deg<(1}<C<I)(fi)> So 41— (6+2—Fk)>k— L.

Therefore, deg(GCD<;i<s(fi)) > k. O
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Chapter 7
Conclusion

We present a new approach to the old problem of least squares fitting. When finding
the nearest consistent system to an inconsistent one (or the nearest system with a non-
trivial GCD), we use optimization techniques, such as semidefinite programming and
linear programming in symbolic computation, as opposed to exact Grobner basis methods
(see Example 14). How beneficial semidefinite programming and linear programming in
symbolic computation would be for our problem was not initially realized. Semidefinite
programming allows for more efficient computations.

While conducting research, we were further surprised that the formulas in [38] allow
the use of linear and non-linear optimization. This is very fortunate, since it allows us
to optimize the distance to the nearest polynomial with a real root in infinity or one
norm with given coefficient constraints. We are now able to optimize a non-differentiable
function with constraints.

When I first began research in hybrid symbolic-numeric computation, I did not foresee
how fertile the use of optimization in symbolic computation would be in both problem
applications and in the creation of new problems. In searching for a research topic for
my PhD thesis, it was very important to me that my PhD research area have many real-
world applications. We did not expect all of the applications that currently exist. For
example, there is an application in biochemical systems [12]. Furthermore, this research
area is fertile in the creation of new problems. New problems or questions are constantly
arising and being studied around the world. As mentioned in Section 5.5, I hope to
continue contributing to the area of numerical optimization in symbolic computation in

the future.
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