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Mbstract

The stresses caused by the external loads can be analyzed successfully by means of
modern computational alds such as finite element method. The existence of uncertain intrinsic
stresses, however, cannot be ignored in the process of elabolating the stress evaluation
under the surveillance regarding structural safety and reliability. One of the well-known
intrinsic stress is the residual stress generated locally along a weldment which has been
investigated analytically or experimentally. On the other hand, suppose structural members
with uncertain initial imperfections are assembled into an integrated form. When the misfits
are cancelled in the assemblage, uncertain initial stresses whould be formed in a global
sense. Owing to the difficulty to assess uncertain misfits, the latter case has not been
analyzed systematically.

The present paper proposes a methodology tJ deal with the uncertain initial stresses of
this sort. The formulation is based on the stochastic finite element method the authors have
been developing. Uncertain initial imperfections are expressed by taking the representative
parameters of the member as probabilistic., The element stiffness matrix is expanded in terms
of those probability variables, and so are the initial nodal forces which reform the above
imperrections. The members are assembled after the reformation, in which the context of
conventional finite element method for initial strains is utilized. On the other hand, it is
assumed that the unknown displacements are expanded with respect to the above probability
variables. On the line of the second order perturbation method, the unknown coefficients of
the displacements are determined. It 1s emphasized that the global stiffness equation is
solved only once in this procedure. The expectation and variance of initial stress are sub-
sequently evaluated for a given covariance matrix of the probability variables representing
the uncertain imperfections., 4 numerical example is successfully given in the case of curved
beams with uncertain radius and central angle integrated into a closed ring.

A use of the present stochastic finite element method in the field of structural safety
and reliability Is discussed especially from the aspect of reliability indeces. In the dis-
cussion, the present method 1s interpreted as a useful tool to estimate a quadratic-type
failure surface as well as that to output the said statistics. It is found that the probabil-
ity of fallure is conveniently evaluated in the case of Gaussian random variables based on
the recent development of gquadratic 1imit state. The evaluation of ‘generalized reliability

index' is exemplified in the above case of a closed ring.
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1. Introduction

Modern computational vehicles have enabled us to analyze varicus structural problems in
good accuracy, while this fact does not necessarily guarantee the structural safety and reli-
ability. This is because numerous uncertainties are invelved in actual structural systems,
and some of which are sensitive to the results. One of them which should be borne in mind in
assembled structures is the misfits caused by geometrical uncertainties of members and the re—
sultant initial stress. Suppose structural members are assembled intc an integrated form.
Although the members have misfits more or less in actual, the assemblage must be completed so
that the misfits are cancelled in the structure. This causes initial stress distribution
which is no longer local. Owing to the difficulty to assess misfits, the intrinsic stresses
of this kind have been left out of scope of usual stress analyses. The objective of the pre—
sent paper is to apply the stochastic finite element method the authors have been developing
[1}] to the ahove problem and to discuss the role of the proposed technigue in the field of

structural safety and reliability.

2. Stochastic FEM in assemblage of members with initial imperfections

There seems tc have been at least two approaches to solve the initial stresses caused by
the assemblage of imperfect members. A simple example is given in Fig. 1l(a), in which two
columns with deviations @3 and Gz in length are put between the walls. The initial axial
stress may be evaluated by imposing a displacement 0; + O3z on a column of length 28 + ay + oz
as shown in Fig. l(b). Figure l(c} depicts the other approach, where two columns of length % ’
and with different initial strains are assembled. The latter approach, which is similar to
that given by Martin [2], is superior to the former for complex structures. In the follewing
formulation use is made of the concept of Fig."1l(ec) in conjunction with the second order per-
turbaticn technique which allows a nonlinear relation between the imperfection and initial

stress.

Firstly it is assumed that an element stiffness matrix [k} is expanded in terms cof pro-

bability wariables o, (r=1,2,...,m) which represent uncertain initial imperfections in the ele-
ment.
m m m
0 1 1 2
= = 1
[k} (k"] + I [kr]dr + 5 r z [krS]araS (1)
r=1 r=1 s5=1

0y is defined so that the ensemble average, E[0,.] equals zero. Secondly it is assumed that
the initial imperfections of the element at the nodes are reformed by giving a small displace-
ment {#} to the nodes. {Z} is calculated simply by the geometrical relation and is approxi-

mated as eq.{2). This provides the corresponding nodal force {f} in the form of eq. (3} .

Gy =siohe + 5 lae (2
r r r 2rs rs Ir s

(£}

pe{a) = 30 e s GO HEE T o1 (] Y o a ) w IUEa B Ja e ()

The reformation generates the initial strain and {%} is nothing but the nodal force which re-
stricts this initial strain. Therefore the element stiffness equation in the assemblage of
initially imperfect members is given as follows according to the context of conventicnal PEM
for initial strains [3].

kjfu} + {£} = {£} (@)

Merging eq.(4) after proper transformation of co-~ordinates whose matrix is given in the form
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of eq.(5), we have the global stiffness equation as egs. (6} to (8).

71 = fp0 oot T . Sy
[T] = [T ] + %{Tr]ur + 2§§[Tr5]arus {5) (ki{u} + {F} = {r} (6)
o oo 1o ~ L i non
= MY . IR 7 = g o EAp© i
[kl =[]+ Lo+ kL A Kl (D (7 k),:l{rk]ak 5 25_51 A 1{ Alh L (8)

Suffices k& and © vary from one to R, the total number of probability variables involved in
the structure. We re-define at this stage the mechanical boundary condition, corresponding
unknown displacements, initial nodal forces and giocbal stiffness matrix by {F}, {U}, {;} and
{¥] sc that eq.(6) represents the reduced global stiffness equation. Substituting eqs.(7),
(8} and the following (3) assumed for {ul} inte eq. (6}, we have egs.{10) to (12) based on the

principle of the second order perturbation method.

o 1 1 0 -1 .~ 1 a
= + = K . K 1
wh={v'} + PIUSI {U}\Z}akaz (2) b= -0y T e} + g HO"Y)
- 2 0. -1 ,~ 2 0
% = 217 1o {Ukl} = ~[K ] ({piz} * [Ki]{u.l} + [Kl]{lj;} + [K}(Z]{U 1) amy
Equation {12) is obtained under the condition; K2z] = [ng Z} = {Uﬁk} and {sz} = {FZk}'

The unknown vectors {UO}, {Uk} and {Ukl} can be evaluated based on the single computation of
[x%p-1, Finally, a stress is evaluated in the form of eq. {14} through eq.{13) which is cb-
tained by the substitution of {4} of the part of eq.(9} into eqg. (4.

RN 7,05 €
A P [ »Z KIVRME

The expectation and variance of a stress are subsequently given by egs.{l5) and (16) based on

1 0 !
e = 1%+ DAC Lr{f e to o (12) O = 0 Uy o+ ),.L o o, (14)
k

the second corder approximation method and by egs.(l5-a) and (l6-a) based on the first order

1 2
ene ko = o $ 515G Elg 0] (15)
ki

- 2 oy - 1
Varf{g} = izo glf:[a CLZ] !};:}L;U o“ua u[u 1o+ gizl.‘;{o}, om(L[ukqupuq] b[dkﬁz]fj[ﬂpag]); (16)

Elo} = 00 (15-a) Var{g] = )EU 011:[0: Ky {16-a)

2., Analysis of uncertain initial stress in ‘assemblage of curved beams intc ring

3.1 Stochastic stiffness matrix

According to the notation in Fig. 2, the stiffness matrix [k} of a curved beam element
with redius R, central angle B and flexural rigidity ET is given as follows provided the

thickness t and height %4 are much smaller than & [2].

&k k.7 u v f ! Y o=k = ek {17-c)
k1= | 12 S e S N "1z 21 11
&, & - |2 B /R p k
21 22 &11 - Jgi_ PTI (17-a) -~ cosh ~sing o]
!
ke noER/B L4 o= sing -cosf o (18)
;
SYH . “P /B ( K({cesg~1) Rsinpg -1
k22 = {kll in which B and E are replaced by -B and —E} {17~b)

A= 52/8 -d, g=bh~-ae/fi, C=ad ~ be, D= a2/8 - ¢, E=ce - ab

F = bz— cd, G = L{b - 2ae/B) + c(e2/ﬁ -da) + adz/ﬁ = hB + cA + ac/R3 }
a = fi-sinf, b = cosp + l/2-sin2B - i, o= 3/2:f - 28inf + 1/4-5in28
d=1/2- - 1/4-5in2B, e = cosp - 1 }

(19}

(20)
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We deal with the imperfections of radius R and central angle B as defined in eq.(21), and
expand the above eguations with respect to € and U in order to evaluate [ko], [ki] and [kisj
appearing in eg.{1). € is taken as equal to 03 and U to Q.

R = R(1 + &) ' B =Br2+ ) (21)

3.2 Stochastic initial nedal force

In Fig. 2 a curved beam with initial imperfection is denoted by I-2 and an as-designed
one without imperfection by 1'-2'. Following the context of the preceding chapter, nodes 1
and 2 are superposed on 1' and 2' respectively in the sense of tangent as well as co-ordinate.

This reformation is eguivalent to the displacements given in the followings.

I3

u; = (R - RysinB/2 + Rsin(B - Bis2 , v; = R - (R - RjcosB/2 - Reos(B - B)/2

(22)

i

B, = (B - Bi/2, u, = —uz, v, =vy, 0p=-8;

Expanding eq.{22) in terms of & = 03 and Y = &5, we have {4} in the form of eq.{2), and then,
{}} in the form of eg.(3). Aall the expansions are truncated properly to fit with the second
order perturbation method.

3.3 Transformation matrix of co-ordinates and evaluation of stress

Ccurved beams are assembled into a closed ring, and nodes and elements are numbered up to
eight in the example as shown in Fig. 3. It should be noted that the transformation matrix
of co-ordinates, from local to global, must be formulated upon the proper expansion as re-
gards € and M.

To evaluate the stress, ed.{13) is calculated firstly via eg.(4) to which {u} on the
basis of 1U} and [T] is applied. Then substituting m and p, which are the components of {r},
into egs.(23) and (24), we have the bending stress Op on the inner side of the ring and the

hoop stress Op in the form of eg.(14).

g, = —6mn/th2 (23} with N = (1 - hf6R)/{1 — h/2R) = (1 - h/6R)/ (1 ~ h/2R)
~ (h/IRI/(1 - By2R) % - (B/3R)/(1 - h/2§)3-e2 (23-a) G, = p/th (24}

3.4 Numerical example

A numerical example is given in the case of eight elements with rectangular section.
Node 1 is fixed and the external force {F} is taken as {0}. The second moments of & and/or

U are assumed to have the form of
2 .. 2 .
Covie,, ej] = cOv[ui,ij = x (1 -2d|j-1|/7), covie,, uj] = yx" (1 -2d|j-1|/7) {25}

where i and j denote element number. When the variance of stress is evaluated based con the
second order approximation, the third and fourth moments of € and/or U need to be given as
seen in eq.(16). The following relations, which are known in the case of Gaussian random va-
riables, are assumed herein.

E[ukalap] =0, E[akalapaq] = E[akal]E[apaq] + E[akup]E[alaq] + E[akaq]E[alap] (26)
Figure 5 shows a typical distirubion of the resultant standard deviation of 0 aleng the ring,
in which 03 is normalized by e{(1 - g/6)/¢1 - £/2)}E/2. E denotes the ratio of the height of
the beam to the expected radiuSJ1/E, admissible range of which may be 0 < £ < p.2 when the
accuracies of egs.(17) to (20) and eq.(23-a) are taken into account. Through the computa-

tions, it is found that the hoop stress O is much smaller than the bending stress 0.
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4. A use of stochastic FEM in structural safety and reliability

As stated in the preceding chapter, stochastic structural systems are well analyzed by
the present method, that is to say, the expectation E[Y] and variance Var[¥] of the structural
behaviour Y are successfully evaluated, These statistics should be made much of from engi-
neers' intuitive point of view. The well known principle of reliability index [4} may be
adopted as its interpretation. It is desirable, however, that the solution of the present

method in the form of

- 0 1 = 0 1 z
y = ¥? & }Erkak + E%Y}ch"kal vV o vii{al + arv?iiad (27

such as egs.{9), (13) and (14) serves something else besides to evaluate the said statistics,
This will be made feasible because eg. (27} takes the guadratic form and is expected to be ac-
curate for the wide range of probability variables. &an idea is presented on the basis of the
recent development in structural reliahility.

In general @.'s in eq.(27) are correlated each other and Var[ak] is not equal to Var[al]
when k # L. As is done in the advanced first order second moment method, it is convenient to
transform {2} into {a'} so that fcg}, the covariance matrix of {a'} is equal to the unit

matrix {I]. The transformation is given as [5)

o'} = (ro1diagi/hi] (91 T) el = 1aj~1{al (28)

where [@] is the modal matrix of {Cy] as the covariance matrix of {a} and A;'s are the cor-
responding eigenvalues, ie. ’

{Ccylfd] = [(dldiag{h;] {29}

[%] is normalized so as to satisfy 797 = 9] . Substitution of the inverse form of eq.(28)

into eqg.{27) leads to

v=y0 o+ vliai{or) + ety a1Tiv?iaiiett = ¥0 vl lar) a2 e (30)

It should be noted that Ef{a'}] = {0} holds. As shown later, eg.(30) gives a good approxima-
tion for Y over the wide range of {a}({a’}) even when fairly strong nonlinearity is present.
Therefore, in many cases, eq.(30) may be applied to the limit state equaticn. In case the
approximation is not good enough, the expansion point may be moved from the means tawards the
failure surface by a suitable algorithm or even by an engineering judgement. as mentioned in
the above, the expansion point needs not to be put very close to the failure surface by vir-
tue of the guadratic approximation used here. Therefore, in general, a limit state may be

written in the form of

v_- ¥ - ey - e ety =0 a1

At this stage, one can find that the recent development of guadratic limit state is conven—
iently utilized. BAccording to the work done by Fiessler et al, [6] , {a'} is again trans-
formed as eq.(32) so that eq.(31) is rewritten as follows, {ar} = mp1~{a} {32)

v_- % - ) femd - ey Tt jper{en) = vo = ¥0 -l o} - ety v} = 0 (3

¢
where [¥) is the modal matrix of [Y2 ] which is normalized to satisfy fvj=d = [W]T, and thus
[qu] is equal to the diagonal matrix whose components are the eigenvalues of [Ygr]_ After
some calculations it is found that eq.(33) is reduced to the followings [(8].
(tavy = 18 (¥ 1elar} - (81 = 2/t v T H{yl"} 4oy, - W0 (34) with

" "

" a2 o5 " o " _
{6} = -2/20¢¥2")7H¥ ") (35) or L Yistes - §,0% = 1/a0A "y 27T + v - 60 = K (340
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Again E{{a"}J equals {0} and it should be noted that [Cl], the covariance matrix of {a"},
still remains as unit matrix. In case {g} are believed to be Gaussian random variables, then
so are the linearly transformed {a’} and {a"}, and it is found [6} that the probability of
failure Py can be calculated based on eq.(34-a) with a linear combination of noncentral chi-

squared distribution formula [7}, ie.

R :
_ 2" " - ,,‘ 2 —_ l_ i mms-lne (U)
Pp= POL Yjif0y = 05)% 2K =5+ 5 fo up(uy 9
where
: (38)

1 -1 " 2 2" . 2,-15 _ L

Qru) = 54, ftan~t(rfje) + 83055l + (Vim®) T - G
n n

_ on 2 1/4 2 2 " 2

prw) = L1+ (V3w expl 8 (85021 ¢ (rym®))

In case {0} are not subjected to Gaussian distributions, the notion of generalized reliability

index proposed by Ditlevsen [5] may ke employed as a useful criterion, ie.
= o1
EE = -0 (Pg) (37)

where @ 1(.} is the inverse form of standard normal distribution function, to which Pras eval-
uated in eq. {36} is substituted.

A numerical example is given in the case of two preobability variables, ©; and Gp. 0O
represents £7 as well as Uy of the seventh element in Fig. 3. That is to say, full correla-
tion exists between £; and U;. Also Uy denotes €g = Hg of the eighth element. It is assumed
there are no cother imperfections in the ring. The normalized bending moment m = m‘EyEI at
node 7 is evaluated for various combinations of &; and ©; through the conventional (determi-
nistic) FEM. The broken lines in Fig. 5 are the estimated contour lines of # in Gy — Oy
plane. The solid lines of this figure dencted 'SOP' show the variation of the bending moment

along the indicated sections as approximated by the present stochastic FEM, whose form is

2
- 0.204a% + 0.03183; - 0.221a

m = —-0.1000 2

1 - 0.02350;0, (38)

When compared with the so0lid lines denoted 'EXACT' as obtained by the conventional FEM, the
superiority of the second order perturbation method to the first order one (shown by the solid
lines denoted 'FOP') is obvious. At least in this case, the mean centered second order per-
turbation method seems good for the evaluation of probability of failure or the reliability
index for a proper magnitude of a3 and 2.

Suppose the covariance matrix of {a} takes the following value.

1l 0.5

[Cy) = 0.012 [0'5 ; :l (39)

Then the following relation is derived from the aforementioned context.
Py = P{0.0000110(c; - 30.81)% + 0.0000336 (ct,, + 8.48)2 > 0.0129 + fﬁc] 140)

EC denotes the critical bending moment, to which £.001, <.002 and 0.003 may be substituted

for instance. Pg'S are easily calculated by virtue of eq.(36) as 0.141, 0.0169 and 0.000895
respectively. The corresponding Bgp's are 1.07, 2.12 and 3.12. Even if many random variables
are involved in this procedure, CPU time is expected to he short, because only a single fold

integral appears herein.
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