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MATRIX OF TRANSMISSION IN STRUCTURAL DYNAMICS
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SUMMARY

The problem of close-coupled systems and cantilever type buildings can be treated
efficiently by means of the very general and versatile method of transmission matrix.

The expression “matrix of transmission” is used to point out the fact that the method to
be described differs fundamentally from another method related to matrix calculus, and also
successfully used in vibration problem. In this method, forces and displacements are intro-
duced as the “unknowns” of the problem. The “matrix of transmission” relates these
quantities at one point of the structure to those at the neighbouring point. For example,
consider a system analysed as a series of segments and such that specification of certain
generalized forces and displacements at any division point, say the (i — 1) th, between segments
allows calculation of the corresponding quantities at i-th point. If these quantities are
arranged into a column vector {z};_ for (i—1)-th point, linear behaviour of the system
ensures that {z}; can be obtained by premultiplying {z},_, by a square transmission matrix
and adding the effects of external forces acting between points (i—1) and (i).

The quantities mentioned above are: W, @, M, Q

where: W = Displacement M = Moment
¢ = Rotation Q = Shear force

Thus
(2} = [T){Zh-

From an assumed {z} that satisfies the boundary condition at point 0, we can obtain the
entire configuration of the system by applying equation repeatedly.

The natural frequencies of a freely vibrating elastic system can be found by applying
proper end conditions. The end conditions will yield the frequency determinate to zero. By
using suitable numerical method, the natural frequencies and mode shapes are determined,
by making a frequency sweep within the range of interest.

Results of analysis of a typical nuclear building by this method show very close agreement
with the results obtained by using ASKA and SAP IV Program.
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Introduction

The expression "matrix of transmission" is used to point out the fact that
the method to be described differs fundamentally from another method rela-
ted to matrix calculus, and also successfully used in vibration problem.
In this method, forces and displacements are introduced as the "unknows"

of the problem. The"matrix of transmission" relates these quantities at

one point of the structure to those at the neighbouring point. For example,
consider a system analysed as a series of segments and such that specifi-
cation of certain generalised forces and displacements at any division
point, say the (i—l)th, between segments allows calculation of the corre-
sponding quantities at ith point. If these quantities are arranged in a

1
ensures that{z}i can be obtained by premultiplying{z}

. th . . .
colum vector {z} i+ for (i+1) point, linear behaviour of the system
141 by a square trans-
mission matrix and adding the effects of external forces acting between

points(i+l ) and (i).
The quantities mentioned above are: w,b, M, Q

w = displacement M = moment

¢ = rotatiom Q shearforce

Thus: {2}, = h]i fab, |+ {Z}S,i (1)

Where:{z}S idenotes the effects of external forces
s

From an assumend{z}i that satisfies the boundary condition at point i,
we can obtain the entire configuration of the system applying equation
repeatedly. The above statement may be made clearer by turning our atten-

tion to a simple specifiec case:

Taking the quantities w,¢, M, Q at point i in Figure 1. and the correspon-
ding quantities at the point i+1 of a beam, the matrix depending upon the
governing differential equation of the field (i, i+1) (Fig.1) with
materices written for each field we can by successive multiplication go
from LA ....Qi to the values of w, . Q.

i+177 " i+

If the conditions at point 1 are known (x = o), then the quantities at,

be determined from the conditions at x =1 and due to the matrix pattern

at any point of the beam.

it is convenient to formulate these conditions. Thus, the "matrices of
transmission'" provide a definite method for the determination of the

quantities defining the behaviour of a beam or any structure.
Analvtical Method
For a straight beam, the displacement at the point i are L and the slope

[

i
W, and moment Mi corresponding to slope ¢ i According to figure 1.

The internal forces are shaerforce Qi corresponding to the displacement



The state vector at end ' = {2}1
W
and {z}i )
M (2)
v 1
Applying the equilibrium equations refering to figure 1
and noting that R L
Qi - Qi+l 3)
L L L
e 0 M7 Q4 Lin )
in matrix notation, the equilibrium equation can be expressed in the
following form
- b 1 1 12 ;3 W (5)
2EJ 6EJ
2
[ o] 1 1 1
EJ 2EJ
M 0 0 1 M
Q 141 0 0 0 Q
L
Here w% . MP QP refer to the
i+ i+l i+! i+1 X R R R R
displacement, and forces for the left of point i+1, and Wi ¢i, i Qi

are displacements and forces to the right of point i.

The above matrix formulation can be written as follows:

L R
= I
(2 [F]i+1‘Z}i (6)
Where F iv1 is the field transfer matrix of massless flexular beam.

If a mass L igs attached to one of the vibrating beam, the vibrating

+ 1
mass will introduce a discontinuity in the shear. Then form the simple
equilibrium consideration, the following relation is derived:

R L 2
- - w
iv T Qiga” Mi® My, (7

Q

In addition to above, if the rotary inertia in required to be Consider

the point matrix can be written in the following form:

L R
-w o] 0 o] -
" (8)
) 1 0 0 ¢
M —Ju? 0 M
p
Q ) 0 Q
it+1 it i+ i+
R L
= 9
Or {Z}i+1 [P]i+1{z}i+1 (9)
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Substituting for {z}i+‘from equation (&) we get
R R
{Z}i+1 [P] it [F-.,i+1 % (10)
R R
or {Z}i+1 [T]i+1 i (11)

15 the final matrix of transmission connecting the two state

Where T.
* 4R
and {2},

i

t1

vectors {z},
i+1

.Field transfer matrix for flexural vibration of beam as continuum including

the effect of shear deflection and rotary inertia

The Governing equation for the mentioned above is a fourth order differential

equation in W:

2 .
a*w 4 }lwz (EJ! + iy ) alw - uu.? (1- 11132!_ w? W =0 (12)
2 2
GA dx EJ G A
dx EJ s % v s

With the substitution

o :Uw2]_2
GA
s y
BU :um21‘+
EJy
Equation (12) becomes
a*e opr a?2% gY_ot W 0 (13)
axt 12 ax 2 i

It is from this equation that the field transfer matrix is determined. The

Alx /1

solution W = ¢ e is now substituted in the above equation, which

leads to the characteristic equation in N

A e o) A% S(BY - ot) = o (143

)\l ‘JBL‘ . % (c-1)2 ¥ % (0+1) (15)

The field transfer matrix now finally has the following form: (_F] =

- - C -(o " 6?
g, - oc, 1ocy- (o41) C ac al -(oc, + (B' + 0% ¢
4 ot
g C c - 1cC a

3 o 2 T [Cl_TCS] ac,

1
4 w, 2
glc, 1 [-repe(gte el e tey 1fe,-(o+rrc]

a 4a
" Y I
Bl (Cy-oCy) B c, B" Cy co -0 ¢,
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Wh : 2
ere Co =A AQ Cosh .t Al Cos ) ;]
[T 2 . 2 .
¢, A2 sinh A ; + A7 sind ;]
LA Ay
C2 =A[ Cosh)x« - Cos )\2 j
€y =A ;inkt sind, ]
L 2
And:
a l2 A = 1
2 2
EJy ATHAS2

Determination of Eigenfrequencies and Mode Shapes

If{z} and{zé are the state vectors at point i, and o, and the transfer
matrix connecting these vectors is T then from the relation previously

stated, one can write down the following equation:

=3, = [f 2},

W -w
Where {z}i ) {Z}o
M
Q Q 4

By applying proper boundary conditions we can eventually formulate the
frequency condition. For example, in case of a cantelever type struc-

ture, with one end fixed and the other free:

M., = 0 Q. 0 (free end)

i i
w_ =0
o ()

0 (fixed end)

The above end conditions will now yield the frequency determinate

Mw) =1 %33 a (17)

au:‘3 a

The natural frequencies of an elastic vibrating system can be obtained
by numerical method, by making a frequency sweep within the range of

interest.
Determination of Mode Shape

When the natural frequencies of an elastic system are determined, it
will be a comparatively easy matter to compute the vibration modes. For
example with boundary conditions¢, = o w, = o, we can obtain the
relation between V_ and M_; i.e.
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¥ a + Q a 0 (18)

M a + Q a =0 (19)

From the above relation, we obtain

Q. = M, ass (20)
Fau
Now all the state vectors can be written in terms of only, MO which how-

ever, remains undetermined. This can be resolved by choosing arbitrarly

equal to unity.
Response Calculation

The mode shapes which are defined by the Eigenvalues and Eigenvectors
are now formed, by means of matrix of transmission,the damping terms
were omitted for this purpose. For each mode there is a natural frequency

and mode shape or eigenvectors.

Having established the normal modes, the uncoupled equation of motion

may be written in matrix formulation:

f'.‘.:"]ﬂ.'.?'[‘n"J [‘ﬂ.:_] i&/}n+ [‘U'}.] {O'in = -Rir}n G(‘-)

(21)
Where i%i,i%l and iq} are vector of acceleration,
velocity and displacement,
R is an earthquake scaling factor
rn participation factors arranged in a column
G(t) Time varying earthquake input
T
~
Yn = i¢jn[m\!
T
MR NITIN
[ :
Where WJ diagonal mass matrix
mode shape vector
¢ d hap
-
‘¢! Transpose of mode Shape vector
{DS Column matrix governing the direction
of earthquake excitation
The displacement response is therefore:
t
' . ~ Bn Wn (£-T) 3
Tl =R (&) & ain [un [T-AT -0)] AT
“'""4_'(4—# (22)
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Finally, the acceleration response, and earthquake loads arecalculated

from the displacement response.

Application of Matrix of Transmission in the Studv of Primarv-

Secondary Structure Interaction Problem

A Power Plant contains so many inter-connected items such as pressure
vessels, pipes, and fuel handling machinery etc, that a lumped mass model
of the entire system can become unmanageably large. In such a case it is
necessary to reduce the model so that it describes smaller components and
appendages rigidly attached with the larger components. However, this
approach can lead to erroneous results when the motions of the primary
system are greatly amplified in the appendage and dynamic feedback becomes

significant.

For a clear understanding of the applied method we start with a simple
example of a two mass system representing the primary and secondary struc-
ture, and analyse the feedback effect by means of matrix of transmission.

(Fig.2).

The main problem now is to set-up a transfer matrix connecting the State

R . . .
Vectors {z}i and{z}i vthich will include the effects of the secondary mass
m, upon the primary system M, and vice-versa. The effects of wheel fric-

tion and damping are neglected.

The first step is to treat this secondary system separately and establish

necessary state vectors.

It follows that: {z}? : E]j {Z}O
R = [Py {z "

and {Z}j J ]

or (2} = Bl (9 =) (23)
R

Or {z}j = ﬁji {zg

T = Transfermatrix for the secondary system

i

Let us assume that the complete system vibrates at a frequency Qn
(system frequency), and the inertia force acting on mass m is:
m X
Qn ]
R. . . .
Where X"j is the displacement of the mass m (Displacement component of the
state vectors &}§)

Wherby it should be noted that at point j, x? = x?
Therefore the Transfermatrix for the Secondary System can be written as

follows: R 1
X x

Q —mQQH Q o (24)

w.
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From the above matrix equation we can derive the following linear

equations:

- Q
kBT T (25)
i X
R _
Qj = mQ X * Qq (26)
Now from the end condition QE 0 follows
4 27)
mQT % (
that, Q0 Ejﬁaﬁ
K
or Q n (28)
2
ano 1-gm
2
W
Where m _ 1 (wg=Natural circular frequency of the secondary system)
K w;7
Let Qg - &m (gn) (29)
2
Q1 Xo
the Qn) = o
; Sm@n) = g
n
w_2
s
énﬂﬂn) is the frequency dependent dynamic mass.
We may note here that when wg v R Sn@n) > =

This however, is not the case, because the secondary system has damping,

and therefore the max. response is limited to 1/(2 B.

The additional dynamic mass 8§ ;@) is now added to mass M, and hence the
. s . R
final transfer matrix connecting the state vectors {z}? and {z}i has the

following from

=
o

L

{2? {2} (30)

i
2
- Mo+ S @ N
Where Qn is the System frequency due to interaction effect between the
primary and secondary system.

We will now extend this idea to flexular beam model of a Reactor building

supporting multiple secondary systemsat different nmodal points.Fig (4).

For the purpose of simplicity, we will only concentrate on the secondary

system having mass myj

From the figure (3), the following relation may be written for the

secondary s*ructure: L o 1L
R 1 VR L PR 3 (3L
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Applying proper end conditions, in{z}é , that is Qa = o0
It can be shown that at the point of support the additional frequency
i m
dependent dynamic mass\ nR,)
' m., s Qn13
z1 ita,z
14 (32)
B(EJ) .
z,i+1

A more exact procedure of analysis would be to expand the final transfer
matrix of the secondary system under consideration by prescribing proper
end conditions. The expanded matrix will render two simultaneous equations
with elements Mi+1 Qi+1 of the vector as unknowns., From these two

equations the component vectors M and Qi+l are cumputed in terms of

i+a
givrn Support montion (Primary structure) and end conditions Ml = Ql = o0
Mi+1 and Qi+1 are the resultant shearforce and moment at the base of the
secondary system at the point of attachement.

i+l
the primary system, and Qi+ Qwi will contribute to the nodal point mass

M will contribute to the additional rotation of the nodal point of
2

to which the secondary system in question is attached.

In practice however, the initial values of additional dynamic mass and
rotation of the nodal point due to interaction effect are obtained as a
first approximation by using primary system frequency, without the

effect of the secondary system,

These values are then introduced in the primary system transfer matrix,
Finally, from the frequency determinate the eigenfrequency for each
mode can be determined. This process is repeated several cycles until
the system frequency is stabilised. Once the exact system frequency is
found, it is a comparatively easy matter to find the mode shape, modal

moment and forces for both primary and secondary system.
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Discussion

A number of Nuclear Reaetor buildinss have been analysied by this method,
including interaction problems between structures and the influence of
installed heavy equipment. For the purpose of Comparison, some of the
most interesting results obtained from the dynamic analysis of a typical
concrete Shield building are presented in Table 1. The Shield building has
a diameter of 41.5 m, is 68.0 m high, and has a wall thickness of 1.0 m.

The results shows a fairly good agreement with the conventional methods.

The response calculation is based on response spectra derived from five

artificially generated time-history aculeration.

Conclusion

The problems in structural dynamics are conveniently and readily solved
by means of this very general method of Transmission matrix. As there is
no necessity to form stiffness matrices, thecomputation time is shorter.
The nature of the Transmission matrix, together with the arrangement of
elements in the coloumn vector, allows the nodal displacements, rotation,
Moments, and shearforces to be conveniently obtained without requiring
the stiffness matrices. In some complex problems, such as close coypled
Systems, or Structures with varibale end conditions such as elastic
support, fixed end support, or fixed-free end conditions can be solved
very conveniently by this method. Eigensolutions of systems with very
large degrees of freedom, do not pose any special problems except at
higher freequencies (f =25 C/S), where the accuracy of eigenvalues are
questionable. This can be handeled effectively by using "shifted Transfer
matrix". However as far as the Structural response is concermned, an
Eigenfrequency of 25 C/S is in most cases a cut-off frequency in the
response spectra diagram, this limitation has therefore no practical
significance.The method discussed in this paper therefore can be used

for static and dynamic analysis of structures speedely and accurately.

K 4/4
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Table I

Results of dynamic analvsis of a tvpical concrete Shield buildi

dia = 4,1 m, h = 68,0 m, t.= 1,0 m

Transmission matrix mehtod Conventional method

Program HT/173 BBC

MODE
MODE
MODE
MODE
MODE

o F ow N

Max Base M
5
Base Shear
1
Max displa
5
Max accln.

0

2,318
6,017
13.6u47
21.10u4
25.367

oments

92800

3650

cement

.91

.68

Program ASKA-Dynan

Natural Frequency

c/s 2.309 C/S
Cc/s 6.014 C/S
c/s 13.532 C/S
c/s 20.933 C/S
c/s 25.132 C/S

Response Calculation (SRSS values)

Max Base Moment

(mt) 594000 (mt)
Base Shear

(t) 13000 (t)
Max displacement

cm 5.86 cm
Max accln,

g 0.7 g
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