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1 INTRODUCTION

As' for the creep of shells of revolution many investigations have been 
made for not only simple geometries such as spherical shells, conical 
shells, cylindrical shells, but also general shells of revolution by 
Penny (1964),Murakami and Iwatsuki (1969),Takezono et al.(1973a, 1973b, 
1975,1980,1981,1983,1984),and Yagawa et al. (1975). These investiga­
tions, however,are almost all concerned with the case of single layered 
shells and few studies on the layered shells composed of different 
materials are reported in spite of their importance in engineering.

In the present paper the authors study the creep deformation of the 
multi-layered thick shells of revolution under asymmetrical loads. The 
equations of equilibrium and the strain-displacement relations are 
derived from the Reissner-Naghdi theory (1941,1957) for elastic shells 
where a consideration on the effect of shear deformation is given. In 
the theory of creep it is assumed that in a given increment of time the 
total strain increments are composed of an elastic part and a part due 
to creep. The elastic strains are proportional to the stresses by 
Hooke's law. For the constitutive equations in the creep range, 
McVetty's equation modified by Arrhenius' equation for thermal effect 
is employed.

The basic differential equations on the creep problems derived for 
the incremental values with respect to time are numerically solved by a 
finite difference method and the solutions at any time are obtained by 
summation of the incremental values. Resultant forces and resultant mo­
ments are given from numerical integration of the stresses by Simpson's 
1/3 rules.

As a numerical example, the creep deformation of a simply supported 
two-layered cylindrical shell composed of mild steel SB42 and stainless 
steel SUS316 subjected to locally distributed loads is analyzed. The 
numerical computations have been carried out for three cases of the 
ratio of the thickness of the stainless steel layer to the shell 
thickness.

2 FUNDAMENTAL EQUATIONS

If the middle surface of the shells of revolution is given by r=r(s) 
where r is the distance from the axis and s is the meridional distance 
measured from a boundary along the middle surface, the relations among 
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the nondimensional curvatures we{=alRs\ we(=a/Re) and the nondimensional 
radius p^r/d) become:

o=-(r+r2)/e,®,=11-(o‘)2/0 o=r(o—o), p”lp=-cota>, y—p'/p, ^ = s/a,( Y=d( VdS (1) 

where a is the reference length. An arbitrary point of the shell can be 
expressed in the orthogonal coordinate system (£, 6, g) .

Application of the Reissner shell theory to the shells of revolution 
and differentiation of the equilibrium equation with time yield:

A*+x(N,-N)+}8o++a,0+aP,=0

ONee +( Me + Me) + 1 Ne +a>eQe+aPe=QOs p 00

204+ 70,+12- + 0>eNe) + aPf^Ooz p oo

Q,—A28++yM,—M.+38s6-1—0
0,—A[9MF-+7OM,+M.„+4888-]—o

where the notations are shown in Fig.l.
The strain rates of the middle sur­

face, Ee0m are given by the dis­
placements U(, Ue, Uc in the next equa­
tions :

e=A[-2]++a,U], 6=2[}23++r0,+a.0]
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Fig.l Notations.
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P

where 640m is half the usual engineering shear strain rates.
The bending distortion rates xe, xo, xte, *e are given as follows:

2=48 2=2(3 89+y0,), *„=24(39-2,0.). =„=2243-284—70,+200,) -) 
where rotation rates d>e,<f>e,d>„ are:

0,=1(-84++a,0.)+2r, 0,=1(-120+0.0.)+24.- ,0,=2(-128++2%++r0.) ....... (5)
The strain rates at the distance § from the middle surface are: 

E,=( em+ ^XeilLt, £ •=( £ em+ £xe) iLe, e «== E tlmlLt,EK= £ emlLe, Le=l+ KlRs, L,e=\~}-^lRe 

ee=={2( «om+ 0„)+ s(xe+ <i>n/Rs)^/Lf + (30 m- 0)+ ^(xet~ <^n/Re^/Le

In the theory of creep it is assumed that in a given increment of 
time the total strain increments are composed of an elastic part and a 
part due to creep. Then the total strain rates may be expressed as 
follows:

()=[D](0)+(67)+(66)......................................( 7)

where P E
PJ 1—v2

()=(e, Ee, See, e, Lo)7 {eT} = {ate, ate, 0, 0, 0)7

{}={ at, de, die, de, detV {“)={es, S, 8, &, 28)7

1 V 0 0 0
v 1 0 0 0
0 0 1-v 0 0 --(8)
0 0 0 1-v 0
000 0 1-v

where, a is thermal expansion coefficient and Te is a temperature rise 
from the original temperature T to the present temperature T , namely, 

T(, e,t, t^T^, e, s, t)—To..... (9)
Now, if it is assumed that the creep strain in the uniaxial state for 

constant stress may be given by McVetty’s equation modified by 
Arrhenius’ equation for thermal effect:

e®=Ae=PTo"(1-e=9+ct) .............................(10)
Then the creep strain rates (EH in the multi-axial state assumed in 
the shell theory may be written as follows for the time hardening
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theory:
{‘}=Ae"Tom-(qe-"+c)[B]{o} (11)

[B]=

1 -1/2 0 0 0 '
-1/2 10 0 0

0 03/200
0 003/20
0 0 0 0 3/2.

Middle Surface , _ .
p Inner Surface

11y n '

(12) he hi

where A, m, q, c, and B are material 
constants to be obtained from a fit 
of uniaxial test data, and T is the 
absolute temperature, and 0e is ef­
fective stress given by:

Outer Surface

h=£ hi
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91 & LI co

En Vn

E, V;

0,=(o?+0-0,0+302+30%+308)12 ................................. (13)
Fig.2 Multi-layered shell element.

Substituting Eqs.(6) into Eqs.(7) and solving them about stress
rates,the stress rates are written as:

0,=1E,H(m+**o/L,+v(e=+[xo)/L.) _ o- oT
p

de=1=y2(dem+Kxo)/Le+v(em+Ske)/Le - de-dT

1

Ei >i

e

0„=1,[{2(wm+d„)+t(*w+2:)}/L, +(»- d)+E(xo—2e)/ L.]- os

de=14.6am/L,-*% do=,mm/L,—d$ (d€)=[DXe®), (o"]=[D]eT)
...... (14)

By the use of Eqs.(14) with the next approximation, the rates of 
change of the resultant forces and the resultant moments for the multi­
layered shell (Fig.2) may be obtained as Eqs.(16).

H-1-(—-1)+1(1A)r ............ (15)
Lt is 1e / AsA6 1@ /

...... as)
where L 0

[N^N^N^N^N^Q^QeY [L]= ], [L]=
- 0 L2 -
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(17)
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erS (a) =2(-5)+92—s (b) =2 (.- st)+(ss.—ddzszr
(c) =}(z-t)+Wtg-CDe.g,,, (d) =1(,/-*)+Ws-Cegt*

5h.=l(xr-*r)) („=1,2,-,5) / _n (n=1, 2, 3)

st.==hna--------1(,-0o)8n41.+2$(o,-@o)En-2,., stt=s-Z(- wp)En-.+% ((Ue- (Vt)^n+2,i

and c and c are the shear correction factors.

If » = I is selected in the Eqs. (16), (17), they coincide with the 
equations for the ordinary single layered shells by Takezono and Uchida 

(1984).
A complete set of field equations for 55 independent variables:

Nt, Ne, Nte, Net, Mt, Me, Mee, Met, Qe, Qe. Nt, NS, Nte, NSt, MS,MS, Mee, MSt, QS, QS, Nt, Ne, Mt, Me, de, de, dee, dtt, 

det, dt, de, d te, det, det, T, de, dee, d &, det, Ct, Ue, Ct, ^t, Oe, @n, d tm, dem, deem, d ecm, detm, Xe, Xe, Xee, Xet 

is now given by 55 equations, (2),(3)-(5),(11),(14),(16),(17).

3 NONDIMENSIONAL EQUATIONS

In order to analyze the problem of the shells under arbitrary unsymmet- 
rical loads, the loads Pe,P, P, t and the 50 independent variables except 
the creep-strain rates ej, £«,£«,£«,£« are expanded into Fourier series.

Substituting these into the above fundamental equations, the equa­
tions among the Fourier coefficients relating to the variables are ob­
tained. Eliminating appropriately the coefficients, the resultant set 
for the displacement rates ut,ue,ut and the rotation rates pe. po then 
can be derived as follows:

aiu? +azu,+aste + atUe+ asue+asul+azu,+as$¥+as@,+anpe+an@e+anPe=Ci 

an,+aude+ais1, +ais1s+ande+ai*,+anPe+azQe+a21$%+a20e+ 223Qe=C2 

an41e+ azsue+azue+azu” + az‘+ azu:+ asoPe+ a31 Pe+as2.== C3

@33 Ue + aitu'e"^ assde+ ass 6+ a37e+ ass(+ as1,+aq07++aa Pe+ a42e+aae+ an<pe = Ct 

aqsue + UttUe + aqde 4" as*+ a41.+ asour + as 0e+ as2Pe+ as30e+ as40+ Uts&e- Cs

(18)

where the superscript (n) on Fourier coefficients will be omitted for 
convenience. a~ass are the coefficients determined from the shell geome­
tries and the elastic constants, Et, vi . CiCCs are constants determined from 
the distributed loads and the internal forces due to thermal load and 
creep in addition to the shell geometries.

The rates of the internal forces related to the creep and the temper­
ature rise are given as follows:

onhoZ[Anl{n{!n), W, nc^\ nceT\ ^n\ 48=2 
n=0 i=1.G-]

— Z(B„)(ngm, mJ"”, mctSn\ msmy‘2 ("[L2][D,](ee)*gd ........(19)
a n=0 i=15-1

[An]=[cos n6, cos nd, sin nd, sin nd, cos nd, sin nd] [Bn]=[cos nd, cos nd, sin nd, sin nd]
The creep strain rates in right hand sides of Eqs.(19) are related to 

the stresses by Eqs.(11). The integrations are carried out numerically 
by the use of Sympson's 1/3 rule.

4 NUMERICAL METHOD

The incremental solutions at any calculation stage are obtained from 
Eqs. (18) with appropriate boundary conditions. The solutions at any 
time are given by summation of the incremental values. The equations 
(18) are numerically solved by the finite difference method as de­
scribed in the paper by Takezono and Uchida (1984).

602



5 NUMERICAL EXAMPLE

As a numerical example of creep deformations of multi-layered shells of 
revolution, a simply supported two layered cylindrical shell composed 
of stainless steel SUS316 and mild steel SB42 subjected to locally dis­
tributed loads is treated (Fig.3).

The material constants of stainless steel SUS316 and mild steel SB42 
have been determined from experiments at 600 °C as follows (Fig.4):

SUS 316 : £>=164 GPa, V1 =0.3 SB 42 
mi=6.69, A'\=Aye~f'IT 
=2.8 X10-19 MPa-" 
ci=0.51 h’1, ?=0.9h-'

: £2=155 GPa, V2=0.3
m2=5.53, A‘,=Aze=BalT
=2.9 X IO’13 MPa""1

C2=0.5h-1, 42= 0.39 h 1

—
SB42 -

SUS 316

b

nn P=P.cos46

IAU.I1

The calculations for the shell have been
carried 
free at

out under 
600 °C.

assumption of stress thff
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Some of the essential features of the solutions from the time harden­
ing law are shown in Fig. 5-13. The numerical computations have been 
carried out for three cases of ratio of thickness of stainless steel 
layer to shell thickness. It is found from the computations that the 
deformations and the stress distributions are significantly varied de­
pending on the ratio.

The numerical calculations for these examples need about 10-15 min­
utes in FACOM M-382S+VP100.
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