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SUSAN W. AHMED. Discriminant Analysis When the Initial Samples are

Contaminated. (Under the direction of PETER A. LACHENBRUCH. )

This paper investigates one aspect of the robustness of Fisher's
linear discriminant function—robustness against contamination in the
initial samples. Asymptotic results are derived for normal location
contamination and for normal scale contamination with the contaminating
covariance matrix a multiple of the uncontaminated population covariance
matrix. It is shown thaf when the prior probabilities of the two under-
lying populations are equal, scale contamination of the initial samples
has no effect on our ability to make correct classifications. When the
prior probabilities of the two populations are unequal, scale contamina-
tion can have a harmful effect. Location contamination can be even more
harmful than scale contamination.

Small sample results are presented for the case of scale con-
tamination with equal prior probabilities: Finding that for small
samples, Fisher's LDF may perform very poorly when the initial samples
are scale contaminated, three types of "robust discriminant functions"
are proposed as alternatives to Fisher's LDF. The three types of dis-
criminant functions are evaluated for various combinations of parameters
(sample size, distance between the underlying populations, amount of
contamination, type of contamination). It is found that for mild con-
tamination, Fisher's LDF performs as well as the "robust procedures."
For more severe contamination, a Type I LDF, formed from Fisher's LDF

by replacing 21, 22, and S by robust estimates of location and scale,

improves our ability to discriminate.
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CHAPTER I

INTRODUCTION AND REVIEW OF THE LITERATURE

1.1. Introduction

Discriminant analysis deals with the proﬁlem of classification.
We make a number of measurements on an individual and on the basis of
these measurements we wish to classify him into one of several well-
defined categories.

' be a vector of obser-

More specifically, let (xl, ceny xm) = x
vations on m variables. This vector (corresponding to an individual)
is known to come from one of k groups or populations Tys Moy eees ﬂk.
Assume that the probability density function of x in T is given by

px(ilni) = fi(z) and that the prior probability of ﬂi is Py- Assume

also that the loss due to assigning an individual to T when he is

really from nj is wij' Then, having observed x, a discriminant pro-
cedure assigns the individual to ﬂi if the point x is in region Ri’

Ri n Rj = ¢,g Ri = Q. In other words, a discriminant procedure parti-
tions m-dimensional space into k mutually exclusive and exhaustive
regions such that if x is in region Ri’ the individual is assigned to

i Any particular discriminant procedure tells us how to find Rl’ R2,

.
ooy Roo

The optimal discriminant procedure [2,35] consists of choosing

Rl’ ooy Rk to minimize the expected loss:



Expected Loss (expected loss|nj) P(nj)

I
N =

j=1
k k }loss due to assign
L I |assigning ﬁ_ggﬂj Pix to

j=1 i=1{to " m

XET, P(m,
- ] ( J)

k k
= I Y w,, P(assign to 7 |ﬂ.) P(rm.)
j=1 1=1 173

oo £,()dx py
1

]

[ag}

L e I
(=4

e

[

S

e r p,w,.f,(x)dx.
1 I R J j=1 3133

[l
LI o -

If we let w,, = 1 for 1 # j and w,, = 0 (a loss of 1 for an incorrect

i3 i3

classification and no loss for a correct classification) then the

formula for the expected loss becomes

Expected Loss = I I P(assign to wilﬂj) P(nj)

i#j

L X P@A,|r.) p.
#y  —3

P(misclassification)

1 -3 PA,|m, .
3 J| J) pJ

1 - P(correct classification).
Thus by choosing this particular loss function, the optimal discriminant
procedure will minimize the probability of misclassification. To mini-

mize the probability of misclassification, Ri should be taken as the

set of points for which I p.w,.f.(x) = I p.f.(x) is minimum, i.e.,
PR B S s g4 =
] j#i
k k
Ri is the set of points x for which I p.f.(x) = min I p.f.(x) or
jAi 3 B itg

equivalently pifi(z) = max pgfg(i) g=1, ..., k. Thus the optimal rule
g



for discrimination is: "Assign x to m, if pifi(g) = max{plfl(g),
Pof,(®), «ovy Py k(x)} " j.e., assign to the population which has
maximum posterior likelihood.

If we consider only two groups, “1 and "2’ then the optimal rule
becomes: '"Assign x to m, if plfl(z) > pzfz(ﬁ); assign x to T, if
Py l(x) < pzfz(x) " If plfl(x) 2 (x) then x can be assigned at

random to T, or W

1 2°

When the parameters involved in the optimal rule are unknown,

the corresponding sample optimal rule can be obtained by taking initial

samples of size n, and n, from my and T, and obtaining estimates of the
parameters based on these samples. This is the case met most often in
practical situations.

If k = 2, fl(ﬁ) = Nm(Ei,t), an m~variate normal distribution with
mean vector Ei and covariance matrix t, and f2(5) = Nm(E2,$), then the
optimal discriminant rule is: "Assign x to ™ if {x - %(Eifgz)}'I-l(yiﬁﬁz)
> Qn(lgE)," where p = Pys (1-p) = Pye The corresponding sample rule

if {5_— (x +x )} S~ 122) > Qn(lgﬂﬁ, where S is a

assigns x to Ty ;
pooled covariance matrix based on samples from ™ and Tye This is a
common assumption in application: we wish to classify individuals into
one of two groups and X is assumed to be normally distributed with
equal covariance matrices within each group.

In 1936, R. A. Fisher introduced the linear discriminant

function [10]. He approached the problem in the following manner:
find the linear function D(x) = A'x to be used as a basis for dis-

criminating between my and T, which maximizes the quantity

2
(E(D|m)) - E(D[m,))

v(D) ’




i.e., find the linear function of the observations which maximizes the
ratio of the between group sum of squares to the within group sum of
squares, The linear function which saéisfies this restriction is

DGO () '$ e, If we take DG=(u, ) ' e = Sy i) T ),
then the corresponding rule assigns x to m, if D(x) > Qn(lgz); otherwise

x is assigned to ™ The corresponding sample function is DS(E) =

2
(x,-x )'S-lx - l{§ -x )'S—l(§ 4+x,). The function D (x) is Fisher's

=] =2 = 21 =2 =1 =2 s =

linear discriminant function (denoted LDF).

Note that Fisher's LDF is optimal (in the sense that it
minimizes the probability of misclassification) when fl and f2 are
normal with equal covariance matrices. In general, however, Fisher's
rule is different from the optimal rule. Nevertheless, statisticians
have applied Fisher's procedure in many different situations: with
non-normal distributions, unequal covariance matrices, qualitative data,
and when the initial samples are misclassified.

An important question to be considered then is, how robust is
the linear discriminant function? How well or how poorly do we do in

our classification if we use Fisher's linear discriminant function when

the assumptions for optimality do not hold?

1.2, Objectives of the Present Study:
Statement of the Problem

This study will investigate one particular aspect of the
robustness of the linear discriminant function: robustness against
contamination of the initial samples. Very littie research has been
done on the robustness of the linear discriminant function. Mosteller
and Wallace [27]) did a study using the LDF and a Bayes procedure;

Gilbert [15] has looked at the effects of unequal covariance matrices;



Revo [30]} and Gilbert [14] have examined the use of the LDF with quali-
tative variables; Lachenbruch has investigated the effects of misclassi-
fication in the initial samples [20,24]; and Lachenbruch, Sneeringer and
Revo have studied the robustness of the LDF to certain continuous non-
normal distributions [23]. These results are discussed further in
section 1.3.2.
The purpose of the present study is to iqvestigate another
aspect of the robustness of the LDF: the effect of contamination of
one or both of the initial samples. Assume that we wish to classify
individuals into one of two groups:
NS RO
LIS fz(?i) = Nm(g 1.
We know that Fisher's LDF is the optimal solution to this problem.
If the parameters HysHys and t are unknown, we take samples from ﬂl
and ﬂz and use the sample discriminant function. (Hoel and Peterson
[18] have shown that the sample LDF gives an asymptotically optimal
solution.)
Suppose that one or both of the initial samples is scale

contaminated or location contaminated. We say that sample 1 is scale

contaminated if it is really a sample from ﬂi: (1-a) Nm(El’t) +

aGm(El,g) rather than 7,, where a is the proportion of contamination

1

(0 <a<1), 8 stands for the parameters of G other than U,, and the

contaminating distribution G is assumed to be symmetric, unimodal,

centered at By and have greater variability and heavier tails than m .
Then ni is a symmetric long-tailed distribution. Figure 1.2.1
illustrates a scale contaminated distribution. For this example, we

have taken o = 0.10, m = 1, ul = 0, and 0 = 1. Two contaminating
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Fig. 1.2.1. Examples of a scale contaninated density function:
o=0.10; G(u1,0)=N(0,S), Cauchy.*®
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The three graphs in the figure (from top to bottom at x=0)
correspond to thc uncontaminated density N(0,1); G(ul,0)=N(O,S);
G(ulbe)-Cauchy.
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distributions are illustrated: G(y,0) = N(0,3) and G(y,0) = = Tr ,

along with the N(0,1) density.

Sample 1 is said to be location contaminated if it is really a

sample from n;: (1~0) N (;,) + o6 (v;,}) rather than m . In this

1°
study, we shall consider the particular location contamination model
where Gm(gl,t) = Nm(g_,I), i.e.,the contaminating distribution is
normal. The density of ™ is either an asymmetric unimodal distribution
or a distribution with one major mode and one minor mode. Figure 1.2,2
illustrates some location contaminated distributions with o = 0.10,
m=1, My = 1, and 0 = 1. Three contaminating distributions are
illustrated: N(-1,1), N(-3,1), and N(-5,1), along with the uncontami-
nated distribution N(1,1).

To see the possibility of such situations arising in practice,
consider the following examples.

A scale contaminated sample can arise as an accidental mixture.
Suppose that we wish to discriminate between two groups: ™, is the

1

population of individuals having disease D and 7, is the population of

2
individuals free of disease D. The classification into m, or T, will
be made on the basis of m measurements x thought to be important in
determining whether or not an individual has the disease. It is
assumed that x is normally distributed in both populations. Samples
will be taken from the diseased and well populations. The sample from
Ty will be drawn from hospital patients and the m measurements on each
of the sample individuals will be made in the hospital with hospital

instruments. The sample from m, will consist of individuals contacted

in a home survey. Some of these measurements will be made in the

hospital, while others will be made by local nurses or doctors. Suppose
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that the instruments used by the local nurses and doctors are not as
precise as the hospital instruments. Then we have some contamination

in the m, sample due to the varying precision of the measuring instru-

2
ments. In the future, when we wish to classify an individual as
diseased (nl) or free of disease (ﬂz) we will bring him to the hospital
and make all measurements with hospital instruments (i.e., we wish to
classify him into one of Ty OF T,, not m, or n;). Note that only the
sample is contaminated, not the underlying population.

Rather than looking at the way HZ is constructed, we can also
look at the shape of its density function. It is a long or heavy-
tailed distribution. Thus, another example of a scale-contaminated
sample is a sample which includes some 'gross errors" or "outliers" or
in Tukey's words "dirt in the tails" [33]. Hampel [17] suggests that
the proportion of "gross errors'" or "outliers" in data is normally
between 0.1% and 10% depending on circumstances, with several percent
being the rule rather than the exception. Any other situation which
gives rise to long or heavy-tailed samples will also fit this model.

As an example of location contamination, suppose that we wish
to discriminate between individuals with a specified psychiatric dis-
order (ﬂl) and normal individuals (ﬂz). The classification is to be
made on the basis of a battery of psychiatric tests. The results of
the tests for an individual are represented by the vector
X = (xl, ey xm). The vector of test results x is distributed as
N(Elat) in m; X is distributed as N(Ez’t) in m,. In order to form
the linear discriminant function, samples are drawn from m and Moo

The sample from my is drawn from a group of individuals who have

recently been diagnosed by a psychiatrist as having the disorder.
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The sample from Ty is drawn from a supposedly normal population. Sup-
pose that among the "normal" sample, there are some undiagnosed cases
of the disorder. Then the m, sample is location contaminated.

Suppose, then, that although both of the underlying populations
are normal, when initial samples are taken, one or both of them are
contaminated. What effect does this have on the use of the linear
discriminant function? Does the LDF still do a good job of classifica-
tion? How does the performance of the LDF change as o increases and as
G changes? Can the LDF be modified to improve the results with con-
taminated samples? Suppose we guard against the possibility of con-
tamination of the initial samples by using some '"robust" estimation
procedures. How do these robust procedures perform when there is no
contamination, i.e., when a = 0?

Throughout this study, our criterion for evaluating the LDF or
any other procedure will be the probability of misclassification, the
probability of incorrectly assigning an individual from Ty to m, or
assigning an individual from m, to M. This appears to be a reasonable
criterion since our major concern in the classification problem is the
correct assignment of an individual to the group of which he is a member.

In Chapter II, we shall investigate several of the questions
raised above for large samples. The asymptotic probabilities of mis-
classification using the LDF with contaminated samples will be derived
and compared to the optimal probabilities of misclassification (based
on uncontaminated samples).

Chapters I1I, IV, and V consider the same questions for small
sample scale contamination with equal prior probabilities. The small

sample investigation is carried out through sampling experiments.
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Chapter III describes the approach to the small‘sample problem and pro-
poses several alternatives to Fisher's.LDF when the initial samples are
scale contaminated.

Chapter IV presents the results of the sampling experiments for
m = 1. The performance of the LDF and of the proposed alternatives to
the LDF is evaluated.

Chapter V contains the results for m = 4,

Chapter VI summarizes our conclusions with suggestions as to
when the LDF may be used with contaminated samples and when an alterna-
tive should be considered. Also included in Chapter VI are suggestions

for further study.

1.3. Review of the Literature

1.3.1. General Background on Discriminant Analysis

The general theory of discriminant analysis is described by
Anderson [2]. Fisher intrbduced his linear discriminant function in
1936 [10] and the optimal discriminant rule described in the intro-
duction was formulated by Welch in 1939 [35]. These are the two basic
approaches to the discrimination problem. The first application of
discriminant analysis appearing in the literature (1935) is a study
concerned with the dating of a series of Egyptian skulls by Barnard [4].

Since that time, the field of discriminant analysis has grown
rapidly. The problem of more than two groups has been studied by
Lachenbruch [22] and others. New methods for discrimination have been
introduced: the logistic discriminant function [32], a general maximum
likelihood discriminant [1,9]), quadratic discriminant functioms [7],

and several non-parametric procedures such as statistically equivalent
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blocks [13] and density estimators [29,31]. In addition, methods have
been developed to deal specifically with qualitative data [6,8,14,25,
30].

Other problems encountered in the discrimination procedure have
also received attention. Suggestions have been made as to how to
select variables to be included in the linear discriminant function
[5,26,34). Lachenbruch and Mickey [21] give a discussion and evaluation
of eight approaches to the problem of estimating-the probability of mis-
classification, some of them based on underlying normal distributions,
the others empirical estimates.

1.3.2. Robustness of the LDF

The problem of particular interest in this study--robustness
of the LDF--has received limited attention.

The first paper in the literature related to this problem is
that of Mosteller and Wallace in 1963 [27]. They present a study
dealing with the authorship of twelve disputed Federalist papers. The
analysis is based on the frequency of occurrence of certain words in
the papers. The data is thus discrete or qualitative data. The
analysis is carried out by two procedures: (1) Fisher's LDF and
(2) a Bayesian approach. The second approach is based on the optimal
discriminant rule: assign X to m; if plfl(z) > pzfz(gg. But since the
parameters are unknown, the authors use a Bayesian approach to their
estimation, assigning prior distributions for the parameters. The
density functions fl(z) and f2(§) are assumed to be Poisson or negative
binomial. The conclusions reached were similar under the two
approaches, but weaker for the LDF.

In 1966 and 1974, Lachenbruch studied the effect of incorrect
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classification of the initial samples [20,24]. 1In the first of these

papers, it is assumed that o, % 1007% of the individuals from 7

1 2°

Nm(gz,t) are classified as coming from My Nm(El’t) and a, x 100% of

the individuals from nl are classified as Wz. The individuals are mis-

classified at random. The discriminant function based on the mis-

classified samples is

o, - o
_ 17 % o2
D) = KO &x) + ———2 %)
where
DT(g) = Fisher's LDF (for correctly classified
samples)
2 -1
6% = (@ - u'F @y - uy
l-ocl-cnt2
K= c.+¢
1+ (nl+n2)62
1 72
¢y = ai(l - OLi)n:.L

The asymptotic probabilities of misclassification are given by:

B

P(A2|n1) O(-(8/2) (L + oy - a,))

P, = P(Al|n2) P(-(6/2) (1 + &y = o))

oc1+cx2<1.

If the two proportions of misclassification are equal and the total
proportion is not too large, then the probability of misclassification
will not be affected. As Ial - a2| increases, the LDF is affected
more. Small sample studies reach the same conclusions.

The second paper investigates the same problem but assumes a

more practical model of misclassification. The earlier model assumes
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that the elements are misclassified at random and each observation has
the same chance of being initially misclassified. The later model
assumes two models. Under the "complete separation model," x is
initially assigned to Ty if (x - Bi)'(g_— Hi) > (x - EQ)'(i _-HZ);
otherwise x is assigned to "l' The initial misclassification rate
is ®(~-8/2). The second model is a generalization of the first. An
individual x is initially assigned to m, if (x - El)'(z_— Ei) >
(x - M) "(x - uy) and (x - ¥y)"(x - Yy) > vy, where vy is a percentile
of the x2 distribution. Sampling experiments indicate that the
probabilities of misclassification are only slightly affected by this
sort of misclassification. In fact, the populations are better sepa-
rated, i.e., the probability of misclassification based on the mis-
classified samples is smaller than the corresponding probability based
on correctly classified samples. Thus the LDF is robust against limited
amounts of misclassification in the initial samples.

Gilbert [14] and Revo [30] have investigated the robustness of
the LDF when it is used with qualitative data. Gilbert studied the use

of the LDF for discriminating with dichotomous variables. Let X =

(Xl’ X2’ ceey Xm) where Xi is a Bernoulli random variable and let
Y=11if x € Tys Y=071if x € Tae Let Pyy = P(X =x, Y=1y). Then
the optimal rule for discriminating between LN and Ta is: '"Assign

. " . P T Mo
X to ﬂA if pXB/pXA < CA/CB where CA is the cost due to misclassifying

an individual from T and CB is the cost due to misclassifying an

individual from = When parameters are unknown, the optimal rule is

B
A ~

applied with pXB/pXA replaced by pXB/pXA' Five methods of discrimina-

tion are compared:

(1) mu%tlnomlal model: pXB/pXA is estimated by nXB/nXA
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(2) logistic model (R,n(pXB ) = 2B8'x) with maximum

/pr
likelihood estimation of 8

(3) logistic model with minimum logit X? estimates

(4) independent variable model: assuming independence,
use the maximum likelihood estimates of pXB/pXA

(5) moment estimates of Fisher's LDF.

Performance of the methods is indicated both by the probability of
misclassification and by the correlation between the optimal discrimi-
nant function and the function being evaluated. Comparing Fisher's

LDF with the optimal rule, assuming parameters known, it was found

that in most cases the LDF and the optimal discriminant function were
very highly correlated. Computer experiments were used to evaluate

the five procedures when parameters were unknown. It was found that
procedures (2) through (5) are all better than (1). Based on the
probability of misclassification, with six variables the ordering of
the procedufes from best to worst is (4), (3), (2), (5), (1). The four
best procedures are very similar, however. The results indicate that
the loss due to using the LDF as opposed to the other procedures is too
small to be of much importance.

Revo's study of discrimination with ordered qualitative vari-
ables supports Gilbert's conclusion that the LDF is robust against
qualitative data. He considered three types of qualitative distribu-
tions: Poisson, negative binomial, and discretized normal; m = number
of variables = 1, 2; and four discriminant rules:

(1) multinomial model

(2) Fisher's LDF

(3) optimal rule
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(4) likelihood ratio procedure based on Hill's "nearest neighbor

rule." (If X = (Xl, Xoy ooy Xm), Xi is a Bernoulli random

2’
. e ) . : 2 m

variable, X has a multinomial distribution with 2 states,

the likelihood ratio rule assigns x in state j to m, if

/n /

Hill's N.N. rule assigns x to T, if

Rya/fp 7 P31/
(nj2 + njz)/n2 > ( jl)/nl, where nJl is the number of
observations from "l which fall into states whose x values
differ from the x value in state j with respect to exactly
one variable.)

He found that the linear discriminant function performed very well.

Using the probability of misclassification as a basis for comparison,

it was found that the LDF and the optimal rule performed best, followed

by the nearest neighbor rule and last the multinomial model. The LDF

did as well as the optimal rule except when the two populations were

widely separated.

In 1969, Gilbert [15] investigated the effects of unequal
variance-covariance matrices on the performance of the LDF. She con-

sidered the case 7

1= Nm(gl,tl), m, = Nm(Ez,IZ) which is equivalent

to m, = Nm(g,l), T, = Nm(l,D), where D is diagonal. In this case,

1

the optimal rule is a quadratic discriminant function:

- - S |
e = ' (4] - 150x + iyt - wiThx

HI
HI

Gilbert considered the special case tz = d$1 (one covariance matrix is

1, -1
+ iy - }izj?z Hy -

a constant multiple of the other). Then D = dI. The conclusions drawn
' 2
2_ 1 Yi

= , an estimate of the
R R =T

depend on the values of d, T
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linear separation between the two populations, and p = P(ﬂl). For m = 1,
the QDF does little better than the LDF, provided T2 >1. Asm
increases, the improvement provided by the quadratic discriminant func-
tion increases. The squared correlation p2 between the two functions
increases as the distance between the populations increases and
decreases as d moves away from 1 (the covariance matrices become more
different). This effect levels off for d < 0.2 or d > 5.0. The
squared correlation p2 also decreases as m increases.

If 02 = 0.8 is considered good for the LDF, then if 0.2 < d <

5.0, Fisher's LDF performs well as long as T2 >2,m=1, or T2 > 4,
m= 2, or T2 > 8, m= 6,10. Smaller values of T2 can be tolerated if
d is further restricted, while larger values of T2 permit a wider range
of d.

Thus the results indicate that Fisher's LDF will do well if
the covariance matrices are not too different and if there is some
linear separation between the two populations.

Lachenbruch, Sneeringer, and Revo [23] look at another aspect
of the robustness of the linear discriminant function. They consider
the robustness of the LDF to certain types of continuous non-normality.

They assume m independent variables whose distributions are generated

from the normal distribution by applying certain non-linear transforma-

X

tions: (1) log normal: vy = fn x, x = ey; (2) logit normal: y = &n T’
x = ey/(1+ey); (3) inverse hyperbolic sine normal: y = sinhul x),
X = ginh(y). The random vector y is assumed to be distributed as

Nm(Ei’I) in ™ and as Nm(EQ,I) in Moy My = (5, 0, ..., 0), B, =

(0, 0, ..., 0). Samples of x were generated by taking samples of y

from the m-variate normal distribution and making the appropriate
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transformation.

The LDF was then used for classification of the observed x's.
The optimal procedure is to transform éhe x's to y's and then use the
LDF on the y's. Sampling experiments were performed to compare the
LDF used on the non-normal distributions to the optimal LDF (using
transformed variables). Two other techniques were also considered:

(1) modifying the cutoff point for the LDF; (2) using the quadratic
discriminant function since the x's will have unequal covariance
matrices. For the log-normal and inverse hyperbolic sine normal, there
is a significant increase in the mean probability of misclassification
due to using the LDF on non-normal data. For the logit normal, there
is no such increase. In all cases, the individual probabilities are
altered, the logit-normal being the least affected.

Modifying the cutoff point helped to reduce the probability of
misclassification when using the non-normal data. The quadratic dis-
criminant function did not seem to help and sometimes even made things
worse. Thus the LDF is greatly affected by certain kinds of continuous
non-normality.

The literature on the robustness of the LDF indicates that
Fisher's LDF is not robust to certain kinds of non-normality; it is
somewhat robust to mildly unequal covariance matrices; it is robust to
qualitative data and to some misclassification of the initial samples.

1.3.3. Contaminated Distributions

This study will investigate the robustness of the LDF against
contamination of one or both of the initial samples. The main surveys
of contaminated distributions have been given by Tukey [33] and by

Andrews, et al. [3]. It is Tukey's discussion which motivates our
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consideration of the scale contaminated distribution nc.

Tukey uses the contaminated distribution as a means of investi-
gating'the robustness of point estimates or, more precisely, the
robustness of the efficiency of point estimates. The sample variance,
for example, is the most efficient measure of scale for a normal distri-
bution. Suppose, however, that our distribution is mildly non-normal.
The variance may no longer have a high efficiency. The sample mean and
variance are very good estimates of location and scale for a normal
distribution, but they do not behave well when the underlying distribu-
tions are long-tailed.

Tukey investigated several estimates of location and scale.

For location he examined the t% trimmed mean with t = 0,1,3,6, and 50.
As estimates of scale, he studied logarithmic estimates A = eT with T
based on (1) the sample variance; (2) the pth degree absolute moment,
0.2 < p < 5.0; (3) the Gaussian mean (I e—cx%/n, 0 < c <«); (4) the p%
interfractile distance (distance from the observation p% from the bottom
of the sample to the observation p% from the top of the sample);

(5) the p% trimmed variance. All of Tukey's discussion is based on the
contaminated distribution (1 - a) N(0,1) + aN(0,9), 0 < a < 0.10. His
major criterion for evaluating the various estimates of scale was the

asymptotic effective variance:

asymptotic . _
3 to

effective = asymptotic variance -

variance [1 + d/dt (asymptotic bias)]

Tukey's conclusions may be summarized as follows:
(1) The 6% trimmed mean is a good estimator for

0.05 < o < 1.0; the 3% trimmed mean is good for

0.03 < a < 0.05 and the 1% trimmed mean for o < 0.03.




20
(2) The sample variance is the worst estimate of scale among
those considered.
(3) The use of the Gaussian mean with c = %-is recommended if
o is suspected to be large. For a < 0.07, the 27 truncated
variance shows good performance.
Tukey's conclusion is, then, that the sample mean and variance
are poor estimates of location and scale if scalg contamination is
suspected.

1.3.4. Robust Estimation

An alternative to the usual LDF which will be investigated in
this study is a robust linear discriminant function. The first type

of robust LDF to be considered is

1, RN SS ~
Dps® = & - 3G, + Hy)) 77 @ - 5

where

~

m, -1+, -1,

i N n, + n, - 2

and Ei’ gi’il’ iz are robust estimates of the corresponding mean
vectors and covariance matrices. The second type of function we will
consider is based on robust regression coefficients.

A general overview of the concept of robustness has been given
by Huber [19]. He has summarized the historical development of the
concern over long tailed distributions and the use of the sample mean
as an estimate of location. Several different concepts of robustness
are reviewed. Three general classes of robust estimators are presented.

Gnanadesikan and Kettenring [16] have given particular atten-

tion to multivariate robust estimators of location and scale. They
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seek estimators which protect against outliers in the tails of the data
distributions. Three location estimators are considered:

1) X;, the vector of medians of the observations on each
response variable
(2) XSL’ the vector of Hodges-Lehman estimators for each
variable (the median of all pairwise means of the sample)
(3) X;(a)’ the vector éf o~trimmed means for each response
variable, o = 0.10, 0.25.
These estimators are vectors of univariate estimators which can be
obtained by analyzing the observations on each response separately.
To compare the various estimators, Monte Carlo experiments were per-
formed and three measures of the relative efficiency of zf with respect
to E:(the mean vector) were evaluated. These measures are based on the
eigenvalues (Ki) of the Monte Carlo covariance matrix of E:and 1&:
(1) JFX; , (2) § Ai’ (3) /?Xf . The relative efficiency is the ratio
of the value for E:to the value for Xf- The vector of medians 2; is
the least efficient by any measure, 1;(0.25) is somewhat better and the
* *
most efficient estimators are Yy and XT(O.lO)'
The robust estimators of variance S:i considered by Gnandesikan
and Kettenring are
(1) the c~trimmed variance
(2) the Winsorized variance from an a-Winsorized sample
(the 0% smallest observations are all replaced by x[an+l]
and the a% largest are replaced by X[n(l-a)])'
Both procedures need corresponding location estimators. They suggest

an a'-trimmed mean for (1) and an a'-Winsorized mean for (2) with

a' > a. Both scale estimators must be corrected for bias. A simple
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method for estimating the covariances as a function of the estimated
variances is derived. Monte Carlo studies showed the two estimators to
be similar. Finally, methods for obtaining non-singular covariance
estimates are discussed.

Andrews,et al. [3] have recently completed a very comprehensive
study of the robustness of univariate measures of location., The study
includes 68 estimators in all, some having appeared earlier in the
literature, some being new ones suggested by the authors. The 68
estimators can be divided into four general classes: (1) M-estimates
(maximum likelihood type estimators); (2) linear combinations of order
statistics; (3) skipped procedures (omitting observations outside a
certain range); (4) others. Various properties of these estimators
are investigated including: variances for samples of size 5, 10, 20,
and 40, percentage points, influence and sensitivity curves (indicating
how much the estimator depends on extreme observations), and ease of
computation. The distributions considered as alternatives to the normal
distribution are contaminated distributions with contaminating densi-
ties G(x) = N(0,K2), Cauchy, N(0,1)/U(0,1), and N(0,1)/U0,3). Since
these are the same types of contaminating distributions we will be con-
sidering in this study, these results are a good basis for our selection
of estimators to be used in our first type of robust linear discrimi-
nant function.

Gentleman [12] has considered another robust estimate of
location, a multivariate location estimate obtained by minimizing qt
power deviations. The idea here is the same as that used by Forsythe

to obtain robust regression coefficients. Instead of minimizing the

squared deviations X(yi—y)z, Gentleman suggests minimizing the qt
- i
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power deviations: Zlyi—qu 1 < q < 2., The estimate is evaluated under
several alternativeidistributions, among them--the contaminated normal.

' One of the robust discriminant functions to be considered in
this study is based on the relationship between the linear discriminant
function and regression analysis. If we perform a regression analysis
using Xis Xgs ceey X3S the independent variables and let the depend-

ent variable y be defined by

2
if xenn
n1+n2 1
y =
- nl if xen
—— 3
n1+n2 2

then the resulting regression coefficients will be proportional to
Fisher's linear discriminant function coefficients [2,10]. Robust
linear discriminant function coefficients might be obtained then, by
using robust regression coefficients. Forsythe [11] has given a method
for obtaining robust linear regression coefficients by minimizing qt
power deviations (1 < q < 2). Let y; = ¢ + Bxi + €53 i=1, ..., N
n=n, +n,. If the €, are distributed independently and N(O,Gz) for

1 2

all i, then the least squares estimators

o= - 8%

L) (y9)

B == 5
?(xi—X)

are best linear unbiased estimators. Forsythe considers the case where
€ is distributed according to a contaminated distribution:

(1-a) N(O,1) + uN(S,Rz) 0 <o <1, Instead of applying least squares

estimates, he minimizes
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F=71ly, -a-bx 1« q < 2.
{71 i
For a symmetric contaminated distribution, he compared the relative
mean square errors of the least squares estimates and the qth power
estimates and found that as the amount of contamination increased,
lower powers of q gave better results. A good compromise is q = 1.5.
It is always at least 95% as efficient as least squares and can do much

better when the underlying distribution is a contaminated normal.



CHAPTER 11

THE LDF UNDER CONTAMINATION: ASYMPTOTIC PROPERTIES

2.1. Introduction

In this chapter, we shall develop some theoretical results
related to the asymptotic performance of Fisher's linear discriminant
function when the initial samples are contaminated. TFor the asymptotic
problem, the contaminating distribution will be assumed to be normal.
After deriving an expression for the probability of misclassification
under contamination, graphical results will be presented, illustrating
the increase in probability of misclassification due to the use of

contaminated samples.

2.2, The Model
The general contamination model assuming a normal contaminating
distribution may be written as follows:
nl: Nm(H1,$)
T,* Nm(gz,i)
1S (o) N @b +a N i) 0<a <l

myt (1-8) N_(uy,%) + B Nm(xz,iiz) 0<8=<1.

We wish to classify individuals into one of two groups, T, or

s Since the parameters El’ HQ’ and ¥ are unknown, we will draw an

2°

initial sample of size n, from 7, and a sample of size n, from Ty and

1
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form the sample linear discriminant function:
cix-La rior st G-

where x, and x, are the sample means and S is the pooled covariance

1 2
matrix. We will then assign an individual with measurements x to m,

if Ds(g) Z_ln(lgg), where p is the prior probability of population 1;
otherwise x is assigned to Ty When the initial samples are drawn,
however, they are contaminated, i.e., they are actually samples from

ﬂ: and ﬂ;. The contaminated distributions n; and ﬂ; represent a combi-
nation of location and scale contamination. The special éase of pure
location contamination is obtained by setting t: =1 = $:. The pure
scale contamination model‘is obtained by setting Vi o= My ¥y = My

The single sample contamination problem is obtained by setting o = 0

or B8 = 0.

Throughout this study, we shall consider the special case

t: = klx’ x; = k2$9 i.e.,

i Ny
My N (1,,1)
mir (o) N (u,$) + o N Lk 0<a<l, k21
mSr (1-8) Ny (uyed) + BN (k) 0B <1, k) 2 1.

Since the linear discriminant function is invariant under non-singular

linear transformations, the above model can be simplified to the

following:
"l: Nm(QQI)
m

¢ N ((5,0,...,00,1)



(1-a) N_(0,T) + & N ((¥135Y125050+4,0) k1)

-0

(1-8) N_((8,0,..,00,1) + B N ((Y3157,5553505 -+ 500, kyD)

N0

0<acx<1l 0<Bg<1 ky 21 k, > 1 § > 0.

The simplified model is arrived at by applying a series of
nonsingular linear transformations as described below:
(1) We first transform } to I. We are given that §_A/Nm(gi,$)

inm E_AtNm(EQ,t) in T,. The corresponding contaminated

1’
populations are ﬂi and ﬂ;.

C, such that clxci = I (Appendix A, Corollary 4 of

Anderson [2]). Applying the linear transformation w, = Cc %

our model becomes °
m Nm(ClEl’I)
My Nm(cl}iz,l)
nir (1-a) N (Cqpy,T) + o N (Cv kD)
n;: (1-8) N_(C;u,,I) + B N _(Cyv,,k,1).
(2) We next translate axes so that ClHl becomes the new origin,

i.e.. w. =w, - C,Uu.. All covariance matrices are left
* =2 -1 1-1

unchanged.
My Nm(g,l)
Ty Nm(Cl (p_z-p_l) »I)
mit (1-a) N (0,1) + a N (Cq(v=p), kD)
S (1-B) N_(Cp (uymky), ) + B N (Cy (Wymhy) Ky

There exists a nonsingular matrix
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(3) We now apply a series of rigid rotations (orthogonal trans-

(4)

(5)

formations) to transform Cl(EQTEi)’ Cl(glfgl), and C (v2 Ei)

to (690,°",0)a (Y119Y12,09°'°,0)9 (YZl’YZZ’YZ:i’O’."’O)

respectively. Rotate axes about the origin (leaving the

origin fixed) so that Cl(EQ_Ei) lies along the first coordinate

axis, i.e., apply the orthogonal transformation w, = C,w, such

3 2=2

that €,C, (W, 1)) = (8,0,...,0).

M Nm(g,I)

Myt N_((8,0,...,0),1)
ni: (1-0) N_(0,I) + & N_(C,Cy (v =b;)=Vy,k )
(o
Tyt (1-B) N ((8,0,...,0),I) + B N (C,C;(Vy-},)=Y,,k 1)

Rotate axes about the first coordinate axis (determined by

0, (6,0,...,0)) so that v

plane.

3,0, and (6,0,...,0) lie in the same

Let W, = C3y3, C3 orthogonal, C3v (Yll’Y12’ seses0)
L Nm(g,I)
Mt N_((6,0,...,0),1)
ni: (1-a) N (0, 1) + a N_((y;1571,50,-++50),k 1)
ﬂ;: (1-8) N_((8,0,...,0),I) + B N_(Cyv,,k,I).

Rotate axes about the plane determined by 0, (§,0,...,0),

(Yll’le’o’ 0) so that C3__4, v, (6,0,...,0),

(Yll,ylz,o,...,O) lie in the same three dimensional space:

w

_5=

Chiy

C, orthogonal, 0403_4 (Y21,Y22,Y23,0,...,0).

4
m,: Nm(_Q,I)

T, : Nm((6,0,...,0),1)
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(1-0) N _(0,I) + a N ((Y715Y12505-2450),k 1)

=0

(1-8) N_((5,0,...,0),1) + B N_((Y,15¥5p5Yp3505c+50),k, D).

N0

2.3. The Minimum Probability of Misclassification

Given that we wish to classify an individual into one of the

two populations T Nm((G,O,...,O),I), the optimal

1 2°

discriminant function is the same as Fisher's linear discriminant

: Nm(g,I) or T

. , . 1 '
function, i.e., x is assigned to "1 if (x - Z(Eifﬁz)) (_E_l EQ) >
2, l:.E. = - (S . . . . .
n ( > ), By = Q,‘EQ = (6,0,...,0); otherwise x is assigned to T, This
procedure gives the optimal (minimum) probability of misclassification.
Using the optimal procedure, the probability of incorrectly

classifying an individual from m, into T is given by:

P, = P(assign x to ﬂ1|§pﬂ2) = P(Al[ﬂz)

2

PCx - 3+,)) " (b)) > D) |m))

POx' (ugmhy) > ) ' (o) + 2SR [y)

Jw ¢ (s (Wy-1,) "Ly (Hl-gz) ' (gl—_ez))'dt
h

_ 1 Voo 1-p
h = 2(E-1+£2) (;l }iz) + 2n( 5 )

i

o(-6/2 - Ln{(1=p)/P )

where ¢(v;V v2) represents the normal density function with mean vl

l’
and variance v? and ¢ denotes the cumulative normal distribution,

Similarly,

b = paylny) = 8(-6/2 + (/D)

The total optimal probability of misclassification is
P = pP1 + (l—p)Pz. This is the probability of misclassification using

the optimal discriminant function, assuming known parameters. Since



the sample discriminant function based on uncontaminated samples,

- _]_-" bt [ -1- = l ]
D_(x) = (x - 3(x;+x,))" 8§ (x,-%,), approaches (x - 7 (g0 " (1))
as n » ©, P is also the asymptotic probability of misclassification
based on uncontaminated samples.

2.4, The Asymptotic Probability of Misclassification
When the Initial Samples are Contaminated

In order to evaluate the asymptotic effect of contamination in
the initial samples on the performance of Fisher's linear discriminant
function, we derive an expression for the asymptotic probability of
misclassification due to using the LDF with contaminated samples and
compare this probability to the optimal probability (based on uncon-

taminated samples).

Theorem 2.4

Given the contamination model

My Nm(Q,I)

m,: N ((6,0,...,0),T)

ni: (1-0) N_(Q,1) + o N ((Y115Y7550,0,...,0), k)

ot (1-B) Nm((a,o,...,oj,l) + B N ((Yy137595Yp3:050++50),KkpD)

0<a<l 0<B<1l k21 k21 6>0

then the asymptotic probabilities of misclassification using Fisher's
linear discriminant function to discriminate between ﬂl and ﬂz with

c c .
and T, are given by:

contaminated initial samples from nl 2

. gn(l:B)
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. —ln(l:RQ
P2 = ¢ .-——B-—gld - 84 §8/2
p® = pP] + (1-p)Pj

where

13

8 = {[(acll—(1-8)—Bc21)all+(ac12—8c22)a12-6c23a ]2

+ [(acll—(1-—8)—Bc21)aZl+(0Lc12—8c22)a22—8c23a23]2

+ [(acll—(1—8)—Bc21)a31+(ac12—8c22)a32—8c23a33]2}1/2

09
N
n

- -;—‘I{ fac, |- (1-8)-Be, [’ (aey +(1-B)+Be,))

21 31
+ a (aclz+8c22)+a Bc23]

12

+ [oc, ,-Bey,lla (ac11+(1—8)+8c21)+822(ac12+8c22)+a323c32]

- Bc23[313(acll+(1—B)+Bc21)+a23(ac12+8c22)+a338c23]}

B 2 . 11 ) 12 13
83 = "8 Eai[acll (1-B)-Bc,qJa” +lacy )=Be,yla "Beyya )
13 = Y1179 c1g = Yp/8
€1 = Ypp/8 Cop = Ypo/8 Cy3 = Yp3/d
al1 = [(a +a c 6 +a c S )(a 6 Y-(a,c 8 )2]

Al 16129 %3262 02 23 22223

12 21 1 2 2

a " =a = TZ\l—l]— [(a2c22c235 )(—az(l—c21)c236 )
2 2
- (ayey40998 —a2c22(1-c21)5 )(ao+32°236 )]

13 31 _ 1 2

an T E T [(ajeqpe 12 —a,(1-cyy)cy,d )(azczz 2387
2
+ a2(1—c21) 6 (a +alc126 +320226 )]




22

0

1 [(a
A7,

- (az(l—c

23
a

33
a

]

0

. [(a
A, ]

- (8329999

2

*t31€91

2
1711

+a.c

(a0+a c

2 2.2 2 .2
§ +az(1—c21) ) )(a0+a2c236 )

21)

a32 - [(a,c,,c
|All| 1711712

2
1711

62+az(1-c21)262)(a

62

2.2
€938 7]

Gz—az(l-c

O+a

-a,(1~cyy)eyy

(nl+n2—2)+(n1—1)a(kl—l)+(n2—l)B(k2—1)

(nl—l)a(l—a)

ni+n2-2

_ (n,"1DBA-B)

1+n2-2

n

+a c2

A ot21%11

11| = [a

lajeq;€

[32(1—c

[a2c22c

[alcllc

n

12

21723

23

52-

12

1

2

62]2[a0+a c

+n2—2

62+a2(1-c21)262][a

8 —az(l—c

2.2
[az(l—c21)c235 ] [a0+a c

4222

521 (a

0t2112

2
91)€928 1la

c,.C 62—3 c
1711712 272

2 .2

1 126 +a2c
2 .2

1 116 +a2(l—c2

2.2
(l-c21)6 ] [a0+

21722

62)(—az(l—c21)c2362)

(o}

2 62+a c

1712

2 .2
§ +a2c22

2

2
22

2
7

a,C

2723

§2) 2]

2

2%22%23

8

2

2 2.2 2
8 +a2(1—c21) § )(azc22c236 )]

2

2
2 22(S )

2

2 2
) ][a0+a2c236 ]

62][a2(1—c21)c2362]

2 2
(1-c,) 871 aye,50,58 ]

%]

%)

§21.

32
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PROOF:
The optimal discriminant function for discriminating between Ty

and T, is given by

1 -
Dopr@® = (x = F(;H,)) i l(El“}iz)

1 '
= & = S0 H,)) T (U -E,)
~ 1.2
= %0+ 38

where Y = 0 and By = (5,0,...,0). The corresponding sample discrimi-
nant function is given by
b_(e) = (x - L& 45,5 G, -5,)
s = = 2=1=2 =1 =2
where x., and x, are estimates of By and By based on samples from T

1 2

and m, and S is the pooled covariance matrix based on the same samples.

Because of the contamination in the samples, however, we are

actually using

N

D) = (x - FEHED) (89T E R

where g; and i; are the sample means for the contaminated samples
from m° and T- and s¢ = [(n —1)SC+(n —l)SC]/(n +n.,-2) The matri
1 2 17T g Syl Ay, T e She ces

c c . : .
Sl and 82 are the sample covariance matrices for the contaminated

samples.

As ny and n, become large,

-c ey _ 1.
X, E(gjnl) (L-o)uy +ory)

f

(0ry;15%Y7250505...,0)

X, > E&IT) = (1-B)u,+8y,

((1—8) 6+BY21’ 6Y229 BY23;03 s e 90)




c (o
Sy v(x|m)

Bl G- (1= 0iyy) - (10 w0y, ) ' 3]

/

(1-0)EL G (L-o0 sy =y ) G (-0 -0y) | xN Gy, 1]

+ GE[ (e (1m0 =0y, ) (e (L= =0y ' 2N (yy g D)

(=) E (e-pp+a (g =Y )) Gyt =y ) |z, D]
+ QB[ (x-y, - (1-0) (U -y, )) (x=yy - (1-0) (=g ) " 2Ny, & 1) ]

1 2 !
(1-00) T (L-0) (g =, ) (b =) "otk Thar(1-0) (g =1 ) Gy =Yy

(140 (k;=1) T TH(1-00 (=Y ) (=)

55 + V(x| T3
$€ > {(n-1) [l =1)) Ta(1-0) (g =Y;) (47 ) ']

+(n,-1) [(1+3(k2-1))1’+8(1-8) (Uy-Y,) (U,-Y,) '] }/(nl+n2-2)

[}n1+n2—2)+(nl—l)a(kl-l)+(n2—l)B(kz-l)

I
n1+n2-2 .

(nl-l)a(l—a)

¥ T, 2) (g =xy) (g =)
(n,~1) B(1-) '
¥ T ,2) (uy=Yp) (UyXp)
Ay, O
- = A
0

apl,-3

where



11

—

2
agta)%1

2 2.2
) +a2(1—c21) §
2

2
8 —a2(l—c21)c226

4111%12

2

ma,y(1-cy;)cyq8

0
It

1j Yij/G

_ (nl+n2-2)+(n

2
alcllchG —az(l—c

2 2 2.2
a0+alc126 +a2c226

52
89922%23

1—1)a(kl—l)+(n2—1)B(kz—l)

nl+n2—2

) (nl-l) a(l-a)

1l n1+n2—2
(n,~1)B(1-8)
a =
2 nl+n2—2

Therefore, for large samples,

DS(x) » {x - F1(1-0) +ay,+(1-B) 48y, 1} " A

{(

The inverse of the matrix A is

1-a)p, +oy, - (1-B) u,-BY, }.

[ -1

. A7 0

A =
1
0 =1
L ao m-3
11 12 13 -
a a a
) 21 22 a23 0
31 32 33
a a
1

i 0 aOIm—%_

2
217¢228

-1

35

3
—a,y(l-cy))eyq6

52
87€22%23

2 2
a0+a2c236




where

11
a

12
a

13
a

22

23

33
a

1ll

the aij are the elements of AIi

= T———WKa +a1c126 +a2c226 )(a0+a2c236 ) (azc22 238 ) ]

a1 20, 2
=a’ = "[X';I]’[(az‘:zz"zs‘S ) (-ay(1=cyy)eyq0T)

(l-c21)62)(ao+a 2 5%

2
~(ayc11¢1987 2,599 223

il
[\

11 2 2 2
= '[TsIIT[(‘""lcu‘:lz‘S ~a,(1-cy;)e,)87) (a,95¢9587)

2
+(a2(1—c21)c235 )(a ay 126 +a2c226 )]

1———T{(a +a1 116 +a (1- -c, ) 6 )(a +a2c236 )- (a (1- c21)0236 ) ]

"
[+
w

1 2 2 2
= |A11|[(31°11°126 —a,(1=cy)eyy87) (ma,y(1mey)eg36)

—(a +a c116 +a (1 c21) 6 )(azc22 23 )]

1
= [(a +a c 6 +a, (1- -c, )262)(a +a c 6 +a c 5 )
l I 1711 01712 2722

2 2.2
—(a1c11c126 —az(l—c21)c226 y°1.

= {[a +a c § +a (1- -, ) 6 ][a +a c126 +a,c, 62][3 a, 236 ]

01711 1

2
-lajeqy 12 ~a,(l-cy )yl ][azczz 238 ”""2“'“21“23‘S ]

2 2 2
'[az(~l”‘:21)°23‘S 1la e ie9507 -2, Cpp(l-cyy)? ][azczz 238"

2.2 2 .2 2 .2
—[az(l—c21)c236 ] [a0+alc126 +a2 226 ]

2.2
—[a2c22c236 ] [a +alc116 +a (l c21) 8§71

2 2
—layeyq¢)87ma,8p (1=cy))8 ]2[30+a2c236 ]

36
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Thus
DS(x) » {x - Sloy +(1-B)p,+8y,1}" A oy - (1-B =6y, )
=[xy - 30,6 - 21-8)6 - 3Bc, &a’l +
(x, - %aclzé - %B°225)321+(x3 B %6°235)331] :
[oc, ,6-(1-8)6~Bc,, 8]
+l(xy - 3ac,,8 = 3(1-8)8 - e, Sa'” +
(x, - %"Clz6 - %B°225)322+(x3 B %BC235)332] :
[ac, ,8-Bc,,0]
#l0x, - Jac; 8 ~ F(1-B)8 - 2Bc, &)a’> +
(x5 - %GC126 - %ﬁczzd)a23+(x3 B %B°235)a33][‘8°236]
= dghd %+ x4
where
dg = - 6% lac, ;- (1-8)-Bc, 11a' (e +(1-B)+Bc,))
21 31

+a (ac12+8c22)+a (8623)]

+[ac12—8c22][alz(acll+(l—8)+8c21)

32

+a22(ac12+8c22)+a (Bc,,)]

23

13

~[Bc,yz]l[a™" (ac, ; +(1-R)+Bc, ;)

+a23(ac12+8c22)+a33(6c23)]}

dl = 6{[ucll—(l-B)—BCZl]all+[aclz—Bczz]a12—6c23313}

d2 = 6{[acll-(l—s)_8c21]321+[aC12-8C22]322_8C23323}

33).

d, = 6{[acll—(l—B)—Bczl]a3l+[aclz—Bczz]a32~8c23a
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if D:(_)_c_) > R.n(-l—;-P-); otherwise x is assigned to

of misclassification are given by

We assign x to T,
Ty The probabilities
P] = PODL(X) < SLn(l—;E)hrl)
P = PS> D) [my)
p¢ = pPi + (l—p)Pg.
Since D:(gg) - d0+dlxl+d2x2+d3x3

and (xl’XZ’XB) ~ N(y_i,I) in T

v. = (0,0,0), Y, = (5,0,0), therefore for large n,

1
DS (x) ~ N(do,di+d§+d§) in
c 2 .2 .2, .,
Ds(_i_t_) NN(d0+d16,dl+d2+d3) in TT2.
Then
4 1- r 1-
ln(—P‘)—d an(_‘R)
P(1:=¢___E.___Q=<I>——°-—6P———g25/2
2 2 2 =3
L./c11+<:12+c13 L
( 1- 1-
o0 (==R)+d +d. 8 -2n ()
- c _ P 01 _ R
P2 o) TTratia? o) P g3(5/2
k d1+d2+d3 J 1
P¢ = pPi + (1-p)P‘2’
where

2
g1 = {[(Otcll—(l—B)—£3c21)alll+(0tc12—Bcz?_)a1 ~Bc,qa
+[(acll—(l—B)—Bc21)a21+(ac12—6c22)a22—8c23a

+[(acll—(1-8)-8021)a31+(ac12—8c22)a32—8023

g
2 1

13,2

]

23,2
]

a33]2}1/2

- - é—{[acll—(l—s)-sc211tall(ac11+<1-e)+ec21>

21 31
+a (ac12+8c22)+a 8c23]
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12

+lac, ,-Be,,1la (acll+(l—8)+8c21)+a22(ac12+8c22)+a328c23]

—Bc23[al3(acll+(l—8)+8021)+323(ac12+6c22)+a338c23]}

83 = ~8,72d;/g;6

B 2 L 11 _ 12 13
= -8, - gl{[0tc11 (1-B)-Bc,, 1a" +[ac, ,~Bc,,]a -Bc,qa }

The special cases of pure scale and pure location contamination
follow easily from Theorem 2.4 by setting LT 0, Yoy = §,
= 0 for pure scale contamination and kl = k2 = 1 for pure

location contamination., Because of their special interest, these

Y92 = Va3

results are stated explicitly in Corollaries 2.4.1 and 2.4.2. Two

other special cases are presented in Corollaries 2.4.1.1 and 2.4.2.1,
The first, the pure scale contamination problem with equal prior
probabilities (p = %p is of particular interest in this study.

Chapters III, IV and V are devoted entirely to small sample results for
this particular problem. Corollary 2,4.1.1 indicates that in this

case, with large samples, contamination has no effect on our ability to
discriminate between Ty and Tos i.e., the asymptotic probability of
misclassification based on contaminated samples is equal to the optimal
probability of misclassification. Corollary 2.4.2.1 is a generalization
of a result alrcady known in the literature: the asymptotic probability
of misclassification when the initial samples are misclassified at

random [20]. Lachenbruch gives an expression for this probability when

= %n The random initial misclassification problem is a special case

of the location contamination problem, obtained by taking
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Y = (6,0,...,0) and Y, = 0, f.ev, V) = Hps ¥y =y in the original

model.

Corollary 2.4.1

Under pure scale contamination:
s Nm(Q,I)
m Nm((s,o,...,O),I)
(1—a)Nm(Q,I)+aNm(g,k I)
: (1-BIN_((8,0,..,0), )+BN, ((8,0,...,0),k,T)
0<a<l O <Bxg1 kl >1 k2 >1 &6>0
the asymptotic probabilities of misclassification using Fisher's linear

discriminant function to discriminate between ﬂl and ﬂz with contami-

nated initial samples from ﬂi and n; are given by
. ’g'n(_l:..?.)
P, =0 "_P'_ga - §/2
{
. _gn(l:ﬂ)
P, = o ————P-—gG - §8/2
\
P¢ = pPi-i-(l—p)PZ
n,+n -2

1 2
where g = — — —
n1+n2—2+0.(k1-1)(n1 1)+B(k2 1)(n2 1)

Corollary 2.4.1.1

Under pure scale contamination with equal prior probabilities
for m and Tos the asymptotic probabilities of misclassification based

on contaminated initial samples are equal to the optimal probabilities

Cc Cc

c
of misclassification, i.e., P1 = Pl, P2 = P2, P = P.
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PROOF:

Corollary 2.4.2

Under pure location contamination:

T, Nm(—Q’I)

"2: Nm((a’o"",o)’I)

nr (L-@)N_ (0, T)+oN (y;,T)

C

“22 (l-B)Nm((sso"",0)’I)+8Nm(x231)

Y, = (cllé,clzﬁ,0,0,...,O)
X, = (c215,c226,c236,0,...,0)
0<acx<1 0<B<1 §>0

thé asymptotic probabilities of misclassification using Fisher's
linear discriminant function to discriminate between T and My with

. s e c c .
contaminated initial samples from T and T, are given by

. gn(kﬂ)
P1 =0 glé - g26/2
\
(o (LR
c -n (=)
P2 = ¢ 816 - 836/2
P¢ = pP(1:+(1—p)P(2:

where 81> Bos g3’aij, ays 85, and lAlll are as given in Theorem 2.4.

The constant ag is equal to 1.
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Corollary 2.4.2.1

Under the random initial misclassification model, i.e., the
pure location contamination model with Y, = (5,0,...,0) and Y, = o,

and o + B < 1, the asymptotic probabilities of misclassification are

given by
. gn(l:B)
P1 = QL g16 - g26/2
. _gn(l:Eg
P2 = §|—P— - g.6/2
pC = pP§+(1-p)P;
where

g = (1-a-8) / (1+a, 8%+2,67)

gz = 1+a"8
8y = 1+B-a .
(nl—l)a(l—a)
a =
1 n1+n2-2

(n,~1)B(1-8)

a =
2 . n1+n2—2

a+ B < 1.
Lachenbruch points out the necessity for taking o + B < 1.
Otherwise, we could end up classifying an individual with other members
of his own population, but calling them members of the other population.

2.5. The Asymptotic Effect of Contamination in the
Initial Samples: Scale Contamination

Corollary 2.4.1 gives the asymptotic probabilities of mis-

classification when Fisher's linear discriminant function is used to
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discriminate between T, Nm(g,I) and T

1 Nm((G,O,...,O),I), based on

X
scale~contaminated initial samples. In order to evaluate the effect of
scale contamination in the initial saméles, we compare these probabil-
ities to the optimal probabilities of misclassification based on uncon-
taminated samples, i.e., we compare Pc, P;, and P° to Pl’ P2, and P.
The effect of scale contamination depends upon the parameters
p, 6, a, B, kl and kz, and on the relationship between the two sample
sizes, n, and n,. The two sets of probabilities were calculated for

1 2

the following combinations of parameters and sample sizes:

0<px1
2
6° = 1,2,3,4,5,6,7,8,9
(a,B) = (0.10,0),(0.25,0),(0.10,0.10), (0.10,0.25), (0.25,0.25)
k, = 4,9,25,100
k, = 4,9,25,100

(n1 = “z)’ (n; = np, n, = n(l-p))

Figures 2.5.1 through 2.5.24 illustrate the effect of scale

contamination for § = 1,2,3; (a,B) = (0.10,0), (0.25,0);

1 - Mo

kl = 4,9,25,100; n The probability of misclassification is
plotted as a function of p, the prior probability of population 1.
Figures 2.5.1 through 2.5.12 illustrate the effect on P, the overall
probability of misclassification. The three graphs in each figure
(from top to bottom) correspond to (a,B) = (0.25,0); (a,B) = (0.10,0);
and (a,B) = (0,0), the optimal probability of misclassification.
Figures 2.5.13 through 2.5.24 illustrate the effect of scale-

contaminated initial samples on P the probability of misclassification

1’
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in population 1. The three graphs in each of these figures (from top to
bottom at p < 0.5) correspond to (a,B) = (0.25,0); (a,B) = (0.10,0);
(o,B) = (0.0). Since P;(p) = P;(l—p), i.e., the probability of mis-
classification in population 2 when the prior probability of population
1 is p is equal to the probability of misclassification in population 1

when the prior probability of population 1 is (1-p), the graphs of P

HONO

as a function of p are reflections of the corresponding graphs for P,
reflected about p = 0.5.
Consider first the effect of scale contamination on the

individual probabilities, P, and P2. We have PS > Pl for p < %;

1 1
PS¢ < P, for p > i, PS¢ = p. for P = 1 The relationship is reversed
1 1 2> 71 1 2°
c 1 _c 1l _c _ 21
for P2: P2 < P2 for p < 25 P2 > P2 for p > 73 P2 = P2 for p = >

Thus, contamination hurts us in classifying individuals who belong to
the population having the smaller prior probability, while it improves
our ability to classify individuals from the population with larger
prior probability. Note, however, that the detrimental effect in the
less likely population is greater than the beneficial effect in the
population with larger prior probability. The above relationship holds,
no matter which of the two samples is contaminated, i.e., (0,B) =
(0.10,0) gives the same probabilities of misclassification as (a,B) =
(0,0.10). In general, scale contamination has a significant effect on
the individual probabilities of misclassification, even when the con-
tamination is mild.

The effect of scale-contaminated initial samples on the overall
probability of misclassification is illustrated in Figures 2.5.1 through
2.5.12. The graph of PS¢ as a function of p is symmetric about p = 0.5;

therefore only the left half of the graph is illustrated.
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The overall probability of misclassification is less affected
by scale contamination than the individual probabilities. For mild
contamination (k = 4,9), there is little effect. (When k = 9 and
a = 0.25, we see some mild effects.) When we reach k = 25, however,
contamination begins to hurt our ability to discriminate between T and
T, using Fisher's LDF with 10% contamination. For k = 100, contamina-
tion has a definite harmful effect.

All of the above results are based on single sample scale

contamination with n, = n Similar calculations were made for

1 2°

n. = np, n, = n(l-p), i.e., sample sizes proporticnal to the prior

1 2
probabilities of the two populations. In this case, the graph of p¢

as a function of p is not symmetric about p = 0.5. The contaminated
probability of misclassification is closer to the optimal probability
when the prior probability of the contaminated population is less than
0.5. Figure 2.5.25 illustrates the effect of scale contamination for

§ = 2, k = 100, and n, = np, n, = n(l-p). This figure corresponds to
Figure 2.5.8 with equal sample sizes. The general conclusions regarding
the performance of the LDF with contaminated initial samples are the
same, whether we take equal sample sizes or sample sizes proportional

to the prior probabilities of the two populations.

Similar conclusions are drawn when both samples are contami-

nated. Figures 2.5.26 and 2.5.27 illustrate the effect of two-sample

scale contamination for n (§ =3, k, = k2 = 9) and

17 M 1

(S = 3, kl = k2 = 100). The four graphs in each figure (from top to
bottom) correspond to (o,B) = (0.25,0.25); (a,B) = (0.10,0.25);
(a,B) = (0.10,0.10); (a,B) = (0,0). As expected, two sample scale

contamination hurts our ability to make correct classifications more

L —



than single-sample contamination. Even with kl = k2 = 9, our proba-

bility of misclassification may be significantly increased (depending

upon the value of p, the prior probability of population 1).

46
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2.6, The Asymptotic Effect of Contamination in the
Initial Samples: Location Contamination

Corollary 2.4.2 gives the asymptotic probabilities of mis-
classification when Fisher's linear discriminant function is used to

discriminate between U Nm(Q,I) and L Nm((S,O,...,O),I) based on

location-contaminated initial samples. 1In order to evaluate the effect

c [od

of location contamination; Pl, PZ’ and P can be compared to P P

1 -2

and P respectively.

The effect of location contamination depends upon the parameters
P, 8, a, B, €11» €125 S0 Cop» and o3 and on the relationship
between the two sample sizes ny and n,. Since our major interest in
this paper is with scale contamination and because the five location
contamination parameters (Cll’ C12s €215 €995 c23) give rise to so many
different possible location contamination situations, we present only
a few special cases. Figures 2,6.1 through 2.6.18 illustrate the
effect of location contamination for § = i,3; (a,B) = (0,0.10),

(0,0.25); ¢, = (-1,0,0), (0.5,0,0),(3.0,0,0); n, = n,. Figures 2.6.1

2+
through 2.6.6 illustrate the effect on P; figures 2.6.7 through

2,6,12 illustrate the effect on P figures 2.6.13 through 2.6.18

1’

illustrate the effect on PZ'

The overall probability of misclassification can be greatly
affected by location contamination, depending upon the direction of
the contamination. When the contaminating mean lies between the two
population means, (e.g., cy = (0.5,0,0)), the contamination has little

effect. When ¢, = (3,0,0) (the contaminating mean is in the direction

2

opposite to the uncontaminated population), the contamination may have

some effect, depending upon the size of § and p. For § = 3, contamina-

tion does increase the probability of misclassification for p > 0.3,
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As expected, the greatest effect of location contamination occurs when
the contaminating mean is on the opposite side of the uncontaminated
population mean. When c, = (-1,0,0) and 8 = 3, location contamination

greatly increases the probability of misclassification.
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2.7. Summary

In this chapter, we have investigated the asymptotic perform-
ance of Fisher's linear discriminant function when the initial samples
are contaminated. We have seen that with scale contamination and equal
prior probabilities for m and Tos the LDF is optimal, i.e., the con-
tamination has no effect on our ability to discriminate between the two
populations. When the prior probabilities are unequal however, i.e.,
p# %3 scale contamination can hurt our ability to discriminate. With
mild contamination (the contaminating covariance matrix four or nine
times as large as the uncontaminated matrix), only mild effects are
observed. When the contaminating matrix becomes twenty-five to one
hundred times the uncontaminated matrix, contamination has a definite
harmful effect.

Location contamination can be even more harmful than scale
contamination, depending upon the direction of contamination. The
worst effects occur when the mean of the contaminating distribution is

on the opposite side of the mean of the uncontaminated population.



CHAPTER III

INTRODUCTION TO THE SIMULATION STUDY

3.1, Introduction

In Chapter II, it was shown that for large samples scale
contamination of the initial samples has no effect on our ability
to discriminate between the two populations ™ N(0,I) and

L N((§,0,...,0),I) when the prior probabilities of the two popula-

X
tions are equal, i.e., p = %u In the remainder of this study, we shall
examine the small sample effects of such scale contamination., We wish
to answer the following questions:

(1) How well does the usual sample LDF perform with scale-
contaminated initial samples when p ='%?

(2) How is the performance of the LDF affected by changing the
amount of contamination, o and B, and the type of contaminating
distribution?

(3) In investigating questions (1) and (2) we will find that with
small samples, scale contamination can have a harmful effect on our
ability to discriminate between Ty and m, using Fisher's LDF. There-
fore, several "robust linear discriminant furnctions" will be proposed.

Are any of these functions worthwhile alternatives to the usual LDF

when the initial samples are scale contaminated? How do these robust

LDFs perform when ¢ = 8 = 0, i.e,, when there is no contamination?
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We seek to answer these questions through a series of computer
sampling experiments. This chapter describes the methodology involved
in carrying out the experiments and the proposed alternatives to

Fisher's LDF.

3.2. Proposed Alternatives to Fisher's LDF When the
Initial Samples are Scale Contaminated

3.2.1. Restatement of the Problem

Let us first restate once again our model. We have:

M Nm(g,I)
m,: N ((5,0,...,0),T)
s (1-0) N (0,I) + a6 (0,8

C
e (1-8) N ((5,0,...,0),I) + BG,((8,0,...,0),8)

0<a<l 0<B<1l &§>0 p=pRm) =%

We wish to classify individuals into my or T,. When we attempt

to draw initial samples of sizes ny and n, from T and m, in order to
form the sample linear discriminant function, however, we obtain
contaminated samples from ﬂi and ﬂ;. If we proceed to form the sample

linear discriminant function, we will be using the contaminated LDF:

x - 2EHEDH Y O TTEED

D, (x)
c _ _ c _ c _ -c =-Cc LC c
where §~ = [(nl 1) Sl + (n2 1) Sz]/(nl+n2 2) and x> Xg» Sl’ and 52 are

the sample mcans and covariance matrices based on the contaminated

samples, rather than the uncontaminated function
D (x) = {x - 2(x,4%,)}" ST (% %)
s — = 212 =1 =2

which we would like to be using. (Note that DS(E) does not actually
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exist under our model since we are unable to obtain the estimates 21’

X., and S. The function D_(x) is the sample optimal rule, the rule
_2 g =

which, if it could be obtained, would best discriminate between T and

1r2.)
The sample discriminant function Ds(§) is obtained by replacing

Hys Eo» and I by 21, 22, and S in the optimal discriminant function

1 -
Dopr @ = {x - S+ }' § ' 1y -uy)

The sample means and sample covariance matrix, gi’-EQ’ and S, are used
as estimates of Eis Hos and I, based on the assumption that the under-
lying distributions are normal. In order to protect against the long
or heavy tails arising in'the distribution of the scale-contaminated
samples, we suggest three types of alternatives to Fisher's LDF, three
types of "robust linear discriminant functions" to be used when there
is concern about the possibility of scale contamination in the initial
samples: (1) a robust LDF formed by replacing Hys Hoo and $ in the
optimal discriminant function by Ei’ EQ, and i, robust estimates of
location and scale, (2) a robust LDF based on robust regression
coefficients, and (3) a "trimmed" LDF. 1In the following three sections,
we describe these three types of robust linear discriminant functions
and the particular alternatives to Fisher's LDF to be evaluated in
this study.

3.2.2, The Type I Robust Linear Discriminant Function:

Combinations of Robust Location and Robust Scale
Estimates

The first type of alternative to Fisher's linear discriminant

function to be considered in this study is a straightforward modifica-

tion of the LDF. Instead of using 21, 22, and S to estimate Ei’ EQ,
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and § in the optimal discriminant function, we use_ﬁl, EQ, and i, robust
estimates of Hps By and x. Sixteen robust LDFs of this type will be
considered in this study. Each of eigﬁt robust location estimates will
be paired with each of two robust scale estimates. The resulting

robust sample linear discriminant function may be written as

Dp @ = {x - TG, Y T -

The location vectors El and EQ will be made up of m univariate
estimates. The location estimates studied here were selected on the
basis of the extensive study by Andrews, et al. [3], described in
section 1.3.4. Two criteria were considered in selecting from among
the sixty-eight estimates considered in that study: (1) simplicity:
an estimator was desired which could be fairly easily exﬁlained to a
layman; (2) performance of the estimator in the Andrews study. The
following location estimates were selected:

(1) 15% Trimmed Mean (TRIM15)
The 15% trimmed mean of the n ordered observations

xl,xz,...,xn is given by

. %0 150417 * *[0.250+2) * 00 T *n-[0.15n1-1 F VX [0.150]°

n(1-2(0.15))

where w = 1 + [0.15n] - 0.15n and [ ] denotes the greatest integer
function. This estimate is essentially the mean of the observations
which remain after deleting the 15% smallest and 15% largest observa-
tions. When 0.15 is not a multiple of 1/n, [0.15n] points are removed
from each end and the largest and smallest remaining points are
weighted accordingly.

(2) 25% Trimmed Mean (TRIM25)
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(3) Huber Proposal 2: k = 1.2 (HUB)

Huber estimates are one type of what Andrews, et al., have
called M-estimates (maximum likelihood'type estimates). An M—estiTate
of location is a solution ji of an equation of the form E Y (fii%:—i) =0
where ¥ is an odd function and s is estimated independgntly or
simultaneously from an equation of the form § X (fii%:g) = 0. (The
x(i) are the order statistics 6f the sample.)

Estimates (3) - (6) are all M-estimates. The corresponding Y
functions are illustrated in Figure 3.2.2. Note that if ¥(x) = x for
all x, the resulting estimate is the arithmetic mean. The M-estimates
used as robust estimates reduce the influence of observations in the

tails of the distribution.

Huber's estimates take ¥Y(x;k) as

-k -0 < x < =k
Y(x3;k) = X -k <x <k
k k €< x < w

and X(x) = Wz(x;k) - J Wz(x;k) ® (dx). The baéic idea here is that

if the observation is within a certain range, or equivalently if the
residual (x—ﬁ)/g is within a certain range, say (-k,k), then the
observation is left as it is. If the residual is large (>k), it is
replaced by the value k (x is replaced by ks + {i); if the residual has
a large negative value (< -k) it is replaced by -k. Huber solves the

two equations

™~
<
~
L
e
ot V'
=
~
fl
o

X,.y—H
px (& -0
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Pig. 3.2.2. Psi Punctions Corresponding
to M-Estimates of Location.
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simultaneously for s and 1, using an iterative procedure beginning with

Mg = median and s, interquartile range/1.35.

The Huber estimate is similar to a Winsorized estimate. In
Winsorization, all observations larger than x[n(l—a)] are replaced by
x[n(l—a)] and all observations smaller than x[an+l] are replaced by
¥lon+1]”

Qur third estimate is Huber's estimate with k = 1.2.

(4) Hampel's Huber: k = 1.5, robust scale (HAMHUB)

Hampel suggested a modification of Huber's Proposal 2. The
estimate uses the same ¥ function described in (3), but s is estimated
independently by (medlx(i) - med|)/0.6754.

Our fourth estimate is Hampel's modification of Huber's estimate
with k = 1.5,

(5) Hampel's Estimate: a = 2.5, b = 4.5, ¢ = 9.5 (HAMP)

Hampel's estimates are another type of M—estimate with

x| 0< Ix| <a

Y(x) = sign (x) ° a a f.'xl <b
c-|x|

5 a b §_|x| <c

0 x| > c.

Again §i is found by solving § ¥ (zﬁi%:i) = 0 iteratively beginning at
ﬁo = median X (1) The estimator s is taken to be med IX(i) - med].
Estimate 5 is Hampel's estimate with a = 2.5, b = 4.5, ¢ = 9.5.

(6) Sin Estimate (SIN)

The sin estimate is another M-estimate, introduced by Andrews.

The Y function is taken as
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sin(x/2.1) x| < 2.1 7

Y(x) =
0 x| > 2.1

~

The equation E be (fil%:EO = 0 is solved iteratively with
s = 2.1 med Ix(i)—ﬁl. The initial estimate of i is taken to be
ﬁo = med X gy

Note that this estimate is a smoothed version of Hampel's
estimate.

(7) Gastwirth Estimate (GAST)

This simple estimate proposed by Gastwirth is a linear

combination of certain of the order statistics: the median and the

upper and lower tertiles:

1= 0.3 + 0. . .
M X 0.4 med + 0.3 x(n—[n/3])

([(n/3)+1])
(8) Trimean (TRI)
The trimean is another simple estimate based on a linear

combination of order statistics:

~ 1 1 1
ue=gh +5 (med) + 7 h,
where
h. = *([n/4]) n # multiple of 4
1 1 _ '
Z(X(n/é) + X(n/4+1)) n = multiple of 4
R B CBR(CLERD n # multiple of &
2

multiple of 4.

o]
fl

1
7 (at1-(n/8) " *(@-n/4)
The symbols in parentheses are used to identify the corresponding

LDFs.

We have thus selected eight robust estimates of location to be

paired with a robust scale estimate in order to produce a robust linear
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discriminant function. Two of the estimates are trimmed means, four are
M-estimates, and two are linear combinations of selected order statis-
tics.

Before describing the covariance estimates to be paired with
these robust location estimates, let us try to give some idea of how
these eight estimates performed in the Andrews study. Several criteria
were considered by Andrews, et al., in the evaluation of the relative
performance of the various estimators, including variances and per-
centage points of the distributions of the estimators, correlations
between the estimators, and breakdown points (how many extreme outliers
an estimator can tolerate before it breaks down completely). Four
general classes of estimators were considered: (1) linear combinations
of order statistics (including trimmed means and the Gastwirth and
trimean estimates), (2) M-estimates, (3) skipped estimates (estimates
which involve simple iterative rejecting based on a simple scale
estimate), (4) others. All of the estimates considered in cur study
fall into one of the first two categories.

There is no one estimator in the Andrews study which can be
said to be "best" in all cases. Among the four general classes of
estimators, however, the second class--M-estimates--seems to do best.
The Hampel estimates and the closely related sin estimate are highly
recommended in the Andrews study. They restrict the influence of any
fixed fraction of wrong observations on the value of the estimator;
they reject outliers which are too far from the bulk of the data; they
are little affected by rounding, grouping and other local inaccuracies.

For mild contamination and samples of size 20, the Hampel estimate

performed better than the sin estimate; for heavy contamination, the
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sin estimate performed better.

The Huber estimate performed quite well for mild contamination
but was not recommended for heavy contamination.

The 25% trimmed mean was recommended by several of the investi-
gators when simplicity is desired or when the estimate is to be calcu-
lated by hand.

Based on a study of sixty-five of the es;imators and seventeen
distributions, Hampel classifies the estimators into five classes:
"mildly bad" (an estimator whose variance is two to four times the
variance of the best available estimator), "seriously bad" (variance
four times the minimal variance), "catastrophic" (variance ten times
the minimal variance),"completely disastrous" (variance one hundred
times the minimal variance), others. Among the "never bad" estimators
(never bad for any distribution or sample size investigated by Hampel)
are the 25% trimmed mean, the Gastwirth estimate, the sin estimate,
and Hampel's estimate with a = 2.5.

If, therefore, the performance of the Type I LDFs parallels
the performance of the corresponding location estimate in the Andrecws
study, we might expect that LDFs (5) and (6) would come out at the top
with (5) performing better than (6) for mild contamination and (6)
performing better than (5) for heavy contamination. Ve would expect
LDF (3) to perform well under mild contamination. LDF {(2) would be
expected to perform better than (1) and (7) better than (8). The
Gastwirth and 25% trimmed mean LDFs might be recommended for their
simplicity.

Our robust covariance estimates will be based on the procedure
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described by Gnanadesikan and Kettenring [16]. This procedure guaran-
tees a non-singular estimate. The procedure is outlined below.

(a) Let 5-’52""’§n denote n observations. Rank the x; in terms
of di = (gi—ﬁ)' Sal(gifﬁ) where E.is a robust location estimate
and S0 is a diagonal weighting matrix whose diagonal elements
are robust estimates of the scales of the m variables. The
quantity di is a weighted distance of the point X from the
location estimate E: We will take S, to be diagonal with

0

. — med x.,l.

s,, = med [x
! ij i 1]

i3
(b) Delete the 100 a% observations with largest ranks, where
0<a<1and [n(1-a)] >m. (Recall that m denotes the number

of variables.)

(c) Compute

17 T D e D
where G denotes those observation; not deleted in (b). The
restriction [n(l-a)] > m insures that Sl is nonsingular.

(d) Rank (zifg)' SIl (§i—ﬁ) for all n observations.

(e) Delete the 100 b% observations which have largest ranks,
[n(1-b)] > m,

(f) Compute

k ~ ~a
" Tmaony] Ly G

S
where R denotes those observations not deleted in (e).
The constant k should be chosen to make S an unbiased estimate of X.
Gnanadesikan and Kettenring have indicated that the problem of

determining the constant k is not easy. They suggest that it may

depend on factors other than the trimming proportions a and b, such as

=
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the sample size and number of variables. In order to investigate the
problem of the choice of k for the type of model considered in this
study (Eﬁ"Nm(EJI))’ a small simulatioﬂ experiment was performed. For
each combination of parameters (n,m,a,b) considered, 1000 samples were
drawn from a Nm(g,l) distribution. For each sample, the Gnanadesikan-
Kettenring covariance matrix was calculated as described above. Know-
ing that X = T in our model, we determine the value of k which makes
z sii/m =1, i.e., the average of the diagonal elements equal to 1.

i
The simulation was performed for m = 1, 4; n

10, 25, 100;

b = 0.05, 0.10. Note

a=5b= 0,05 0.10; and m = 8; n = 20, 50; a
that the sample sizes for m = 8 are different from those for m = 1, 4.
When the small sample studies of the LDF were originally planned, it
was intended to consider the eight variable case and to consider unequal
prior probabilities (p # %). Samples of size 20 and 50 were considered
more reasonable for the eight variable LDF sampling experiments than
samples of size 12. Samples of size 100 were not included in the
experiments to determine k for m = 8 because of the limitations in
computer funds.

The same procedure was then carried out for 1000 samples from
the moderately contaminated distribution: 0.90 N(0,1) +
0.10 N(0,1)/U(0,1). (The N(0,1)/U(0,1) distribution has density

f(x) = ——

_ 2
—e 1/2 x ]
27 x2

[1 . It is a long tailed distribution. The

75th, 95th, 97.5th, and 99.5th cumulative percentage points of the

contaminated density 0.90 N(0,1) + 0.10 N(0,1)/u(0,1) are 0.72, 1.85,
2.36, 7.98 as compared to the corresponding points for the N(0,1)

distribution: 0,675, 1.645, 1.96, 2.58.) If we knew the amount and
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type of contamination in our sample, we would determine k for that
particular contaminated distribution. In practice, however, we would
not know the amount or type of contamination. Thus, we would base our
estimate either on a normal distribution or on some moderately contami-
nated distribution. The value of k determined on the basis of the
normal distribution will be too large if there is any contamination in
the sample.

Tables 3.2.2.1 and 3.2.2.2 give the average values of k obtained
(over the 1000 replications) and the corresponding standard deviation
for each set of parameters. The appropriate value of k does seem to be
dependent on sample size, number of variables, the trimming proportions
a and b, and the type of distribution sampled. In general, as the
trimming proportion increases, the value of k increases; as the sample
size increases, the value of k decreases; as the number of variables
increases the value of k decreases; as the contamination becomes more
severe, the value of k decreases.

We would like to be able to choose a value for k independent
of the contaminating distribution in order that our estimate be robust
against various long tailed contaminating distributions. Since the
best value of k seems to be dependent on the type of contaminating
distribution, if we had no idea about the type of contamination in our
samples (mild or heavy), we would most likely select a moderate contami-
nating distribution and base our estimate of k on that distribution.

In the particular case considered in this study (p = %), the
value of k is not important. An individual with measurements x is
assigned to "l if Ds(i).i 0; otherwise x is assigned to “2' Changing

the value of k multiplies DS(E) by a constant and thus does not change
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the assignment of any individual. When p # %3 x is assigned to M, if
Ds(i) Z_Qn(lgg). In this case, the choice of k does affect the classi-
fication of individuals.

The results of the sampling experiments related to the determi-
nation of k are presented here to give some idea as to how one might
go about getting an estimate of k if such an estimate were required, to
indicate the magnitude of the factor k and its dependence on the sample
size, number of variables, and amount of contamination. If an estimate
of k were required, one might fit an analysis of variance model to the
simulated data and estimate k on the basis of the model.

The two covariance estimates to be used in this study are the
Gnanadesikan-Kettenring estimates with a = b = 0.05 and a = b = 0.10.
Each of these robust scale estimates will be paired with each of the
eight robust location estimates described above to give sixteen Type I
robust LDFs. The vector § in the Gnanadesikan-Kettenring estimate will
be the corresponding location estimate (1) - (8) being used for that
particular LDF. Separate robust scale estimates will be computed for

ﬂi and ﬂ; and the two estimates pooled to give s€.

3.2.3. The Type 11 Robust Linear Discriminant Function:
LDF Based on Robust Regression Coefficients (ROBREG)

The second type of robust discriminant function to be considered
is based on the relation between Fisher's LDF and regression analysis
described in section 1.3.4. If we perform a regression analysis using
as the independent variables and let the dependent variable

XigeoesX
1 ’"m

y be defined by
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)
if X €T
_ n1+n2 1
y-—
n
" n +i 1f x¢ TT2
1 72

then the resulting regression coefficients will be proportional to
Fisher's linear discriminant function coefficients. So a robust dis-
criminant function may be constructed by performing a regression analy-
sis and using robust regression coefficients. A procedure for obtaining
such robust coefficients is described by Forsythe [l1l1]). The idea behind

this procedure is that instead of minimizing the sum of squared devia-

)2 as we do in finding the usual least

n
tons L (y4-Bo=Byxys=e - ~Bu¥ms

'q

n
squares regression coefficients, we minimize ~leyi_60-slxli_"'—Bmxmi ,

1=
l1<qc<2.
The resulting discriminant function may be written as DRS(E) =

b'x where b_ is chosen to minimize the sum of qth power absolute

g -

deviations. An individual with measurements x is assigned to T, if
b'x > c; otherwise x is assigned to Tye In general (for any discri-
minant function b'x), the cutoff point c is chosen to minimize the

total probability of misclassification: P = pPl + (l—p)Pz. The general
formula for c is derived below.

We wish to find the value of c which minimizes P = pP., + (1-p)P

2t

1
Since in m ., x /L/N(Ei,l) then _b_'_:i/x/N(_t_)_'_Ei,h'_ll) in m . Therefore,




= & —
2'b
P, = P(A|T)) = P(b'x > c|m))
' —-—
_ [pmp - e
vb'b
c-b'p b'u, - ¢
=1 2E
P = pd + (1-p) &|——2
2’ '
Minimizing P with respect to c, we obtain
c -Db' b'p, - ¢
b _ | p l[ =k - 2 =0
de VR | AR /'
( 3
c-b'u
¢ = =1
( vdD'b ) _ 1-p
R b'y, - ¢ P
; b'b
\ J
b' 2 b' 2
exp-lc--_}il b il I Q]
2 mE | | AR ?
(3'11_1)2 - (g'_gz)z +25b'b R,n(l—;P-)
c = ) _l_)_'@l - Hz) > My ?‘ P'Z'

Note that when p = —;-, then

_ (_13'11_1)2 = (_b.'}iz)z

¢c =

=1
z.t_"(}ll'ﬂz) S 2

('Y, +b'Y,),

i.e., the cutpoint for discriminating between m and T, is halfway

between E(_tg_'g:_lﬂl) and E(_'p_'_)_c_l‘lrz). When p # %, the cutpoint is modified
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to account for the unequal prior probabilities of the two populations.

Thus the discriminant rule using the robust regression discri-
minant function becomes: "Assign x to m if Eéz_z_c; otherwise assign
X to "2’" where
2 2 1-
b - @' +2b' b n(=E
) - Gy bl b n(=D)
¢ 20 (4, - 1)

~q-1 =

and bq is the vector which minimizes the sum of qth power absolute

e Conre |4
deviations: §|yi E'Zil .

3.2.4. The Type III Robust Linear Discriminant Function:
Trimmed LDF (TLDF15, TLDF25)

The third type of linear discriminant function proposed as an
alternative to Fisher's LDF when the initial samples are contaminated
is the "a% trimmed LDF." It is constructed in a manner similar to the
usual sample LDF. However, those observations which are poor for
discrimination are eliminated before forming the LDF. The procedure
is outlined below.

(1) Draw a sample of size n, from 7, and a sample of size n2

1 1
from Tye (The samples actually obtained are from ﬂ; and “2')
(2) For each of the ny individuals in sample 1, compute the usual
sample LDF: D (x) = {x - 1(2 + x )}'S—l(§ - %)
: s = = 2= =2 =1 =27

(3) Rank the Ds(g) computed in (2) and eliminate the observations
corresponding to the a% smallest ranks and the observations
corresponding to the aZ largest ranks.

(4) Repeat steps (2) and (3) for the n, individuals in sample 2,

(5) Compute a new linear discriminant function based on those

observations not eliminated in steps (3) and (4):

lllIlllllIlllllllIllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll...............J
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1,-T , =T

DRS(z) = {x - 2(51 + 52)}' (ST)_1 (gi - ig) where g? and g?

are
2

1
the sample means of the "trimmgd samples' and ST is the pooled
covariance matrix.

Those observations in the tails of the two samples will be eliminated.

If the sample is scale contaminated, these are the observations most

likely to have come from the contaminating distribution. Two trimmed

LDFs will be evaluated in thisvstudy: the 15% trimmed LDF and the 25%

trimmed LDF.

We thus have a total of nineteen procedures to be evaluated in
addition to the usual linear discriminant function. Our criterion for
evaluating each of the nineteen procedures will be the probability of
misclassification.

3.3. Probabilities of Misclassification Corresponding
to the Three Types of Robust LDFs

The evaluation of the performance of the three types of
alternatives to Fisher's linear discriminant function will be made
through a series of computer sampling experimeﬁts. Samples will be
€ and 1¢ and the probability of misclassification

1 2

conditional on the particular pair of samples will be calculated for

generated from T

each method being evaluated. These probabilities will be compared

over the twenty methods.

3.3.1. Probability of Misclassification for
Fisher's LDF

The probability of misclassification using Fisher's linear dis-

criminant function to discriminate between “1 and ﬂz is derived below.

Conditional on 21, X., and S, the sample LDF Ds(g) =

=2
“1(z. - %.) is normally distributed with the
22

{x - %(21 +x,) 8T
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following means and variances:

i

%1
=
48]

E(D |75 %5,%,,8) = [y - +x)1" S T - X

~
e

(ST

. X X = -— X ' -—
EQD_|7,5 X;,%,,8) = [1, L FEN] ST - k)

v(p_|m; X,,%,,8) = V(D [T,; %,,%,,5) = V(Dsl?cl,gz,S)

= (21 - 22)' S—l 1 S—l(gi - 22)'
Thus
1- - -
P, =P(D (®) < Rn(—I;R)Iﬂl; X13X555)
( _ . 3.3 1-py _ P
. D, (x) - E(D (@) |75 X;,X,,5) ) 20 (5) E(D_(x) |73 X;,%,,S)
| N _I%,,%,,8) M| 5%,,5)
_]'_—_P. - _ l < > v o—l,= .z
e n( > ) -y - & F xS T Ey - X))
= - =1 Py po
\ /(-.g.l - 5_2)' S Is (51 - ?_{_2)
1- - -
P, = P(D,(®) > In(=SB) )5 X,,%,,8)
.:.L_:R - - .l. b - R _ =
. q,f‘“‘ ) -y - 7G) + xS - )
- - ' -1 3 e —
l /(')il - .)iz) S s (51 - 2(_2)
P = pP1 + (1—p)P2.

These are the exact probabilities of misclassification for Fisher's LDF,

conditional on 21, 22, and S.

3.3.2. Probability of Misclassification for the Type I
Robust Linear Discriminant Function

The probability of misclassification due to using a Type I

robust LDF: DRS(E) = {f_— %(ﬁl + EQ)}' X_l(gi - EQ) is derived in the

same manner as the probability for Fisher's LDF. The estimates X1 Xy»

-~

and S are replaced by Ei’ EQ, and § in section 3.3.1 giving
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1- 1, o o~ vl
9‘“(_52)'(51 - o 5 E l(1“—1 - )

J
|

1 - P(Azlnl; E_lsﬁz’x) =&

/(il - il.z)' 1-1 I i-l(ﬁ,l - Ez)

_]£R_ __..J;“' 1 v 31 -
R -y - 5 + BN G - 0

rd
[

p = BlAglmys Bl P =1 - ¢ y e
OHESTOLS Sl & R (NS

la)
i}

pPl = (l-p)Pz.

3.3.3. Probability of Misclassification for the Type II
Robust Linear Discriminant Function

The Type II robust linear discriminant function is the robust
regression LDF. An individual with measurements X is assigned to LB if
b'x > c where gq and ¢ are defined in section 3.2.3; otherwise the
individual is assigned to Tye The probabilities of misclassification
were derived in section 3.2.3 in the process of determining the
appropriate value of the cutoff point c:

} (c - b'E11

P pPl + (1—p)P2.

The cutoff point c and the arguments of ¢ in Pl and P2 involve the
parameters H, and e Since the parameters are assumed to be unknown,
the Robust Regression procedure requires estimates of By and 1, as well
as estimates of the regression coefficients bq' These estimates will

be obtained in the same manner as the estimate of bq’ i.e., by mini-

mizing the sum of qth power deviations:
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n
R AT Sl LA gl -,

1j j=1,...,m, where

(k)

xij denotes the measurement of the j th variable on the ith individual

in sample k, k = 1,2.

3.3.4. Probability of Misclassification for the Type TII
Robust Linear Discriminant Function

Recall that the trimmed LDF may be written as

-2 + iy DTG -5

DRS x) =
where xl, x2, and ST are the sample means and pooled covariance matrix

for the trimmed samples. Thus the conditional probabilities of mis-

classification (conditional on the given samples) are the same as those

given in section 3.3.1 with 21, 22, and S replaced by gi, gg, and S°:
_ =T =T .T
P, = P(a |1r1, X1:%5,87)
1-p, _ 1,-T _ =T
] @[zn( By - (g - 3G ) GD” LG - 5
T T,-1,.T,-1,=T -T
»/(1 )(S)()(z{_l—gz)
=T =T T

)
]

9 P(Allﬂz; xl,xz,S )

(0B - @, - 3G + ) DTG - §

1 -9
[ G- 2hsh DTG - i

-}
1l

pP, + (l—p)Pz.

1

3.4. Methodology for the Small Sample Studies

3.4.1. General Procedure for the Simulation

In order to evaluate the small sample performance of Fisher's

linear discriminant function and of the nineteen proposed alternatives
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to Fisher's LDF when the initial samples are scale contaminated, a
series of computer sampling experiments was performed. Samples were

drawn from the two contaminated distributions ni and ﬂ;:

wi: (1-o) N_(0,I) + a6 (0,8)

[
TS: (1-B) N, ((8,0,...,0),1) + BG ((8,0,...,0),8)

0<acx1l 0<B<1 § >0

for the following combinations of the parameters m,a,B,S,nl,nz,c,

and 8: m = 1,4; 6 = 1,3; n, = n, = 12,25; (a,B) = (0,0), (0,0.10),

1
(0,0.25), (0.10,0.10), (0.25,0.25); G(x) = N_(u,91),
- - -1 1
6G) = N, (1,250, 00 = Ny, 100D, Glx) = 3 T3 Gy 57
i=1,2 j=1,...,m cov(xj,xj,) = 0. To give some idea of the

relationships among the four contaminating distributions G(x),
Table 3.4.1 gives cumulative percentage points for the contaminated
distributions (1-a) N(0,1) + aG(0,6).

Ten pairs of samples (one from ﬂi and one from “3) were
generated for each combination of parameters. For each pair of samples,
the twenty discriminant functions (Fisher's LDF, sixteen Type I LDFs,
one Type II LDF, two Type III LDFs) were determined and the correspond-
ing probabilities of misclassification were computed. Within each
combination of parameters, each of the ten pairs of samples can be
thought of as a block and the twenty discrimination procedures as

treatments.

After the twenty probabilities of misclassification (P) were
calculated for each of the ten pairs of samples, the mean and variance

of P (over the ten samples) were computed for each procedure within
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TABLE 3.4.1

CUMULATIVE PERCENTAGE POINTS FOR SCALE
CONTAMINATED DISTRIBUTIONS

Distribution P75 Pos  Pogss  Ploggs

N(0,1) 0.68  1.65  1.96  2.58
0.90 N(0,1) + 0.10 N(0,9) 0.73  1.93 2.53  4.93
0.90 N(0,1) + 0.10 N(0,25) 0.74  2.10  3.42  8.22
0.90 N(0,1) + 0.10 N(0,100) 0.75  2.32  6.74  16.44
0.90 N(0,1) + 0.10 Cauchy 0.69  1.78 2.23 6.31
0.75 N(0,1) + 0.25 N(0,9) 0.83 2.65  3.85  6.16
0.75 N(O,1) + 0.25 N(0,25) 0.88  4.21  6.41  10.27
0.75 N(0,1) + 0.25 N(0,100) 0.92  8.29  12.81  20.52
0.75 N(0,1) + 0.25 Cauchy 0.73  2.07 3,16  15.89

each combination of parameters. The average values of P were then

compared across the various procedures.

3.4.2, The Computer Simulation Program

The computer program used to carry out the simulation study is
a FORTRAN program consisting of a main program and thirty subroutines.
The subroutines are used to generate random samples, sort the data,
compute robust estimates of location and scale, determine Fisher's LDF
and the three types of robust LDFs, and calculate probabilities of mis-
classification. The programs used to compute the robust estimates of

location were adapted from those given by Andrews, et al. [3]. All

other programs were written by the author.
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The sampling experiments require the generation of random
samples from the contaminated population 7¢ = (1-a) N(,I) + oG(u,0).
The remainder of this section describes the procedure used for the
generation of these random samples.

In order to generate a sample of size n from the contaminated
distribution ﬂc, first determine how many of the n observations are to
be drawn from N(u,I) and how many are to be drawn from G(p,0). The
probability that an observation in the sample comes from N(y,I) is 1l-a
and the probability that the observation comes from G(y,6) is a. Thus
we begin by drawing a sample of size 1 from a binomial distribution
with parameters n and a. This tells how many observations to draw
from G(u,8). Denote this number by n®. We then proceed to draw n®
observations x from G(y,8) and n-n_ observations from N(u,I). Each
observation is an m-dimensional vector. Since the variables are
independent and the observations are independent, the n€ or n-n°
m-dimensional vectors can be drawn by calling the random number
generating program n“n or (n—nc)m times.

To carry out the sampling experiments, random samples from a
N(u,oz) distribution and a Cauchy distribution centered at u are needed
in addition to the binomial observation. The binomial observation is
generated in the following way: n observations are drawn from a uni-
form (0,1) distribution. The binomial observation is the number of
these uniform observations which lie between 0 and a. The IBM
Scientific Subroutines Package Subroutine RANDU was used to generate
uniform random numbers.

Samples from a N(u,02) distribution are generated by drawing

samples from the N(0,1) distribution, multiplying the observation drawn



99
by 0 and adding p. N(O,1) observations were gcnerated by Marsaglia and
Bray's adaptation of the Box Muller technique [28].

Cauchy observations were obtained by taking the ratio of a
N(0,1) random number to a half-normal random number, i.e., x = r/s
where r ~N(0,1) and F(s) = P(S < s) = 2(®(s) - 0.5), s > O;

f(s) = 2¢(s), s > 0.

3.5. Summary

In Chapter II it was shown that for large samples scale con-
tamination of the initial samples has no effect on our ability to
discriminate between T N(0,I) and Ty N((5,0,...,0),I) when the
prior probabilities of the two populations are equal. We have described
in this chapter the methodology to be used in carrying out a sequence
of sampling experiments to see if scale contamination has an effect on
our ability to make correct classifications when the initial samples
are small. If small sample scale contamination does have a harmful
effect on our ability to discriminate, we have proposed several
alternatives to Fisher's linear discriminant function. These alterna-
tives will be evaluated along with Fisher's linear discriminant function
in the simulation experiments. In addition, we shall see how the robust
procedures perform when there is no contamination, i.e., a = f8 = 0. In

Chapters IV and V we present the results of the small sample studies.

Chapter IV presents the results for m = 1; Chapter V presents the

results for m = 4.




CHAPTER 1V

SMALL SAMPLE RESULTS FOR THE UNIVARIATE STUDY

4.1, Introduction

In this chapter, we shall examine the results of the small
sample simulation experiments for the univariate case. We wish to
evaluate the performance of Fisher's linear discriminant function when
the initial samples are scale contaminated and to compare its perform-
ance to that of the three types of alternatives described in Chapter III.
Note that when m = 1, we have only eight Type I discriminant functions
instead of sixteen. This is due to the fact that changing the value of
s in D (x) = [(x - (%, + %)) " (%, - %.)1/s> multiples D _(x) by a

s 271 2 1 2 s
constant and thus has no effect on the probability of misclassification,
i.e., a Type I LDF with a = b = 0.05 in the Gnanadesikan Kettenring
variance estimate gives the same probabilities of misclassification as
the corresponding LDF with a = b = 0,10. Thus there are a total of
eleven (instead of nineteen) robust linear discriminant functions to be
considered in the univariate study.

As indicated in Chapter III, the following parameter combina-

tions (n,d, (a,B),G(x)) will be considered:

n=12, 25

8

1, 3

(a,B8) = (0,0.10), (0,0.25), (0.10,0.10), (0.25,0.25)

1 1
T (x-)2

G(x) = N(u,9), N(u,25), N(u,100),
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and
n =12, 25

§=1,3
(a,B) = (0,0),

giving a total of sixty~-four contaminated parameter combinations to be
considered, along with four uncontaminated paramcter combinations. For
each parameter combination, ten pairs of samples were generated, one
from ﬂi: (1-a) N(0,1) + 0G(0,8), one from ﬂ;: (1-B) N(S8,1) + BG(S,0).
For each pair of samples, Fisher's LDF and the eleven robust LDFs were
determined, along with the corresponding probabilities of misclassifi-
cation. The twelve discriminant functions were evaluated by (a) com-
paring (within each parameter combination) the average probabilities of
misclassification for each procedure, (b) performing analyses of variance
on the contaminated probability of misclassification PC, the relative
increase in probability of misclassification due to using a linear
discriminant function based on contaminated initial samples rather than
the optimal discriminant function (PC—P)/P, and on the two transformed
variables Qn(PC/P) and Rn((l—PC)/PC), (¢) investigating the relative
performance of the twelve procedures by looking at the rank of each pro-
cedure within each parameter combination.

From these compariscns we wish to see how well Fisher's linear
discriminant function performs with contaminated initial samples, how
other variables of interest (sample size, distance between the two under-
lying populations (§), amount of contamination (a,B), and type of con-
tamination G(x)) affect the probabilities of misclassification, and
which of the eleven robust discriminant functions perform best when the

initial samples are scale contaminated.
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4,2, Average Probabilities of Misclassification
for Each Procedure (m=1)

For each of the sixty-eight parameter combinations (sample size
by distance between ™ and Ty by amount of contamination by type of
contamination), the average probability of misclassification for each
discriminant procedure was calculated. The averages are presented in
Tables 4.2.1 and 4.2.2. Table 4.2.1 gives the results for § = 1;

Table 4.2.2 gives the results for § = 3. The standard deviations of

the probability of misclassification were also computed for each method
and are presented in Tables 4.2.3 and 4.2.4. Each mean and standard
deviation in Tables 4.2.1 through 4.2.4 is based on ten pairs of samples.
Comparisons across methods are felt to be justified in thgt each pair of
samples acts as a block, i.e., within each parameter combination, all
methods are performed on the same ten pairs of samples. Care should be
taken in making other comparisons (across n, 6, (a,B), or G(x)), however,
since in this case each mean and standard deviation is based on different
sets of samples.

In general, those methods which gave larger mean probabilities
of misclassification also showed more variability from sample to sample.
These methods which have relatively larger variances perform poorly with
samples having extreme observations but perform well with more normal
samples. Such methods are not recommended if we are looking for a
robust procedure. Thus, conclusions drawn on the basis of the variabil-
ify of the procedures will be the same as those based on the average
probabilities of misclassification.

Based on Tables 4.2.1 through 4.2.4, the following conclusions

can be drawn:
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TABLE 4.2.1

AVERAGE PROBABILITY OF MISCLASSIFICATION FOR FACH PROCEDURE (m=1, &=1)
(OPTIMAL PROBABILITY = 0.3085)

Discriminant Procedure

1 1 1 1 1 1 1 1 11 111 111

6(x) (o, B) n___ TRIMIS TRIM25 HUL HAMHUB __ PAMP __SIN GAST TR _ROBREC TLDF15 TIDF25 FISIER
- (0,0) 12 0.311 0.312 0.311 0.311 0.311 0.311 0.311 0.311 0.311 0.311 0.312 0.311
25 0.312 0.312 0.312 0.312 0.312 0.312 0.312 0.312 0.312 0,312 0.312 0.312

N(u,9) (0,0.10) 12 0.350 0.356 0.350 0.350 0.351 0.351 0.350 0.350 0.350 0.350 0.351 0.351
25 0.310 0.310 0.310 0.310 0.310 0.310 0.311 0.311 0.310 0.310 0.310 0.310

N, (0,0.25) 12 0.320 0.319 0.320 0.321 0.321 0.322 0.320 0.319 0.358 0.321 0,319 0.360
25 0.312 0.312 0.312 0.312 0.312 0.312 0.311 0.311 0.312 0.312 0.312 0.314

’(u,9) (0.10,0.10) 12 0.314 0,314 0.313 0.314 0.314 0.314 0.314 0.314 0.353 0.314 0.314 0.354
25 0.311 0.311 0.311 0,310 0.310 0.310 0.311 0.312 0.311 0.311 0.311 0.312

N(1,9) (0.25,0.25) 12 0.318 0.315 0.318 0.318 0.318 0.317 0.316 0.317 0.318 0.322 0.315 0.327
25 0.310 0.310 0.310 0.311 0,311 0,310 0.310 0.311 0.311 0.311 0.310 0.313

8w, 9) _— - 0.318 0.318 0.318 0.318 0.319 0.318 0.318 0.318 0,328 0.319 0.318 0.330
N(u,25) (0,0.10) 12 0.313 6.313 0.313 0.313 0.313 0.313 0.313 0.313 0.313 0.313 0.313 0.314
25 0.311 0.311 0.311 0.311 0.311 0.311 0.312 0.311 0.311 0.311 0.311 0.312

N(u,25) (0,0.25) 12 0.313 0.312 0.313 0.313 0.312 0.311 0,313 0.313 0.352 0.316 0.312 0.355
25 0.312 0.312 0.312 0.312 0,312 0.312 0.312 0.311 0.312 0.312 0.312 0.313

R(u,25) (0.10,0.10) 12 0.314 0.313 0.314 0.316 0.315 0.314 0.313 0.314 0.316 0.315 0.313 0.322
25 0.314 0.315 0.314 0.314 0.312 0.312 0.315 0.316 0.316 0.314 0.315 0.322

N(u,25) (0.25,0.25) 12 0.318 0.318 0.318 0.318 0.317 0.317 0.318 0.318 0.395 0.320 0.318 0.399
25 0.351 0.352 0.351 0.352 0,314 0.314 0,353 0.350 0.390 0.351 0.352 0.391

N(u,25) -— -— 0.318 0.318 0.318 0.319 0.313 0.313 0.319 0.318 0.338 0.319 0.318 0.341
N(u,100) (0,0.10) 12 0.311 0.312 0.312 0.312 0.312 0.312 0.312 0.312 0.350 0.311 0.312 0.352
25 0.310 0.311 0.310 0.310 0.310 0.311 0.311 0.311 0.425 0.310 0.311 0.425

X (u,100) (0,0.25) 12 0.318 0.310 0.312 0.312 0.311 0.311 0.310 0.316 0.314 0.324 0.310 0.331
25 0.348 0.310 0.311 0.311 0.310 0.310 0.310 0.311 0.388 0.349 0.310 0.396

N(u,100) (0.10,0.10) 12 0.357 0.35 0.353 0.352 0.351 ©0.352 0.353 0.356 0.431 0,359 0.354 0.443
25 0.311 0.311 0.311 0.31) 0.310 0.310 0.311 0.311 0.312 0.311 0.311 0.322

N(u,100) (0.25,0.25) 12 0.368 0.371 0.369 0.371 0.407 ©0.373 0,370 0.369 0.438 0.405 0.371 0.434
25 0.3186 0.3)3 0.3} 0.315 0.312 0.311 0.313 0.312 0.359 0.322 0.313 0.380

N(u,100) - - 0.330 0.324 0.324 0.324 0.328 0.324 0.324 0.325 0.377 0.337 0.324 0.386
Cauchy (0,0.10) 12 0.315 0.316 0.315 0.315 0.314 0.314 0.315 0.315 0.342 0.316 0.316 0.332
25 0.309 0.309 0.309 0.309 0.309 0.309 0.310 0.310 0.309 0.309 0.309 0.310

Cauchy (0,0.25) 12 0.352 0.354 0.316 0.316 0.316 0.317 0.354 0.353 0.348 0.315 0.354 0.334
25 0.311 0.311 0.311 0.311 0.311 0.311 0.311 0.311 0.387 0.311 0,311 0.385

Cauchy (0.10,0.10) 12 0.316 0.316 0.315 0.315 0.314 0.314 0.316 0.316 0.316 0.316 0.316 0.320
25 0.310 0.310 0.310 0.310 0.310 0.310 0.310 0.310 0.310 0.310 0.310 0.313

Cauchy (0.25,0.25) 12 0.314 0.314 0.316 0.314 0.315 0.315 0.314 0.314 0.372 0.353 0.314 0.392
25 0.312 0.312 0.312 0.3J2 0,312 0.312 0.313 0.312 0.35L 0.3]1 0.312 0.371

Cauchy - - 0.317 0.318 0.313 0.313 0.313 0.313 0.318 0.318 0.342 0.318 0,318 0.345

- - - 0.321 0.31%9 0.318 0.319 0.318 0,317 0.320 0.320 0.346 0,323 0.319 0.350




TABLE 4.2.2

(OPTIMAL PROBABILITY = 0.00668)

AVERAGE PROBABILITY OF MISCLASSIFICATION FOR FACH PROCEDURE (m=l, §=3)
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Discriminant Procedure

1 1 1 1 1 1 I I I1 111 Til1
G(x) (a,B) n TRIM1S TRIM2S HUB _HAMHUB _ HAMP __ SIN GAST _TRI ROBREG TLDF1S TLDF25 FISHER
—_ (0,0) 12 0.070 0.070 0.070 0.070 0.070 0.071 0.070 0.070 0.070 0.070 0.070 0.070
25 0.068 0.068 0.068 0.068 0.068 0.068 0.069 0.069 0.068 0.068 0.0686 0.068
N, 9) (0,0.10) 12 0.074 0.075 0.074 0.074 0.073 0.074 0.075 0.074 0.074 0.074 0.075 0.074
25 0.070 0.070 0.070 0.070 0.070 0.070 0.070 0.070 0.070 0.070 0.070 0.070
Nu,9) (0,0.25) 12 0.077 0.076 0.076 0.077 0.076 0.075 0.076 0.077 0.078 0.077 0.076 0.082
25 0.070 0.07F 0.070 0.070 0.071 0.071 0.072 ©0.072 0.070 0.070 0.071 0.070
R(p,9) (0.10,0.10) 12 0.070 0.071 0.070 0.070 0.070 0.071 0.071 0,070 0.071 0,071 0.071 0.071
25 0.070 0.070 0.070 0.070 0.070 0.070 0.070 0.069 0.06%3 0.069 0.070 0.069
N, 9) {0.25,0.25) 12 0.076 0.075 0.075 0.075 0.075 0.075 0.075 0.076 0.076 0.076 0,075 0.082
. 25 0.070 0.070 0.070 0.070 0.070 0.070 0.070 0.070 0.070 0.070 0,070 0.070
Nu,9 -— -— 0.072 0.072 0.072 0.072 0.072 0.072 0.073 0.072 0.072 0.072 0.072 0.074
N(u,25) (0,0.10) 12 0.070 0.07F 06.071 0.071 0.071 0.071 0.072 0.070 ©0.071 0.071 0.071 0.072
25 0.071 0.071 0.070 ©0.070 0.070 0.070 0.072 0.070 0.072 0.071 0.071 0.074
N(uw,25) {0,0.25) 12 0.078 0.079 0.078 0.079 0.078 0.077 0.079 0.077 0.080 0.080 0.079 0.087
25 0.071 0.071 ©0.071 0.072 0.071 0.070 0.072 0.072 0.073 0.071 0.071 0.077
R(u,25) (0.10,0.10) 12 0.073 0.072 0.073 0.073 0.072 0.072 0.072 0.072 0.159 0.073 0.072 0.160
25 0.072 0.073 0.072 0.072 0.072 0.073 0.072 0.073 0,071 0.072 0.073 0.070
N(u,25) (0.25,0.25) 12 0.080 0.07?5 0.080 0.077 0.075 0.075 0.078 0.C7 0.166 0.085 0,075 0.180
25 0.073 0.072 0.072 0.073 0.074 0.072 0.072 0.071 0.073 0.073 0.072 0.079
K(u,25) - -_ 0.073 0.073 0.073 0.073 0.073 0.073 0,073 0.073 0.096 0.074 0.073 0.100
K(u,100) (0,0.10) 12 0.074 0.071 0.071 0.071 0©.070 0.070 0.071 0.073 0.074 0.078 0.071 0.103
25 0.071 0.071 0.070 0.070 0.069 0.069 0.071 0.072 0,072 0.070 0,071 0.085
N(u,100) . (0,0.25) 12 0.092 0.080 0.085 0.084 0.081 0.077 .0.081 0.088 0.08% 0.106 0.080 0.113
25 0.074 ©0.071 0.073 0.074 0.073 0.071 0.070 0.073 0.076 0.077 0.071 0.104
N(u,100) (0.10,0.10) 12 0.072 0.071 0.070 0.070 0.071 0.072 0.070 0.072 0.072 0.074 0.071 0.100
25 0.069 0.069 0.070 0.070 0.070 0,070 0.069 0.070 0.070 0.070 0.069 0.086
R(u,100) (0.25,0.25) 12 0.114 0.090 0.110 0.100 0.081 ©0.075 0.099 0.105 0.200 0.146 0.090 0.268
25 0.070 0.072 0.070 0.070 0.072 0.072 0.07?3 0.072 0.070 0.070 0.071 0.074
N(u,100) -- - 0.080 0.074 0.077 0.076 0.073 0.072 0,075 0.07& 0.090 0.086 0.074 0.117
Cauchy (0,0.10) 12 0.071 ©0.071 0.071 0.070 0.071 0,071 0.071 0.07¢ 0.071 0.070 0.071 0.087
25 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.069 0.068 0,068 0.068 0.068
Cauchy (0,0.25) 12 0.072 0.072 0.072 0.072 0.072 0.072 0.072 0.072 0.156 0.072 0.072 0.118
25 0.070 0.070 0.070 0.070 0.070 0.070 0.070 0.071 0.073 ©.070 0.070 0.122
Cauchy (0.10,0.10) 12 0.074 0.075 0.074 0.074 0.074 0.075 0.075 0.075 0.074 0.073 0.075 0.126
25 0.070 ©0.070 0.070 0.070 0.069 0.069 0.070 0.070 0.155 0.070 0.070 0.133
Cauchy (0.25,0.25) 12 0.079 0.076 0.076 0.076 0.075 0.075 0.077 0.076 0.084 0.099 0.07¢ 0.122
25 0.070 0.070 0.070 0.070 0.070 ©0.069 0.070 0.0¢9 0.157 0.070 0.070 0.151
Cauchy - - 0.072 0.072 0.071L 0.071 ©0.071 0.07Y 0.072 0.07FL 0.105 0.074 0.072 0.116
—— - - 0.074 ©0.073 0.074 0.073 0.072 0.072 0.073 0.074 0.091 0.077 0.073 0.101




TABLE 4.2.3

STANDARD DEVIATIONS OF THE PROBABILITY OF MISCLASSIFICATION FOR FACH PROCEDURE (m=1, §=1)
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Discriminant Procedure

1 1 I I 1 1 1 1 II 111 111

G(x) (0, B) n TRIMIS TRIM25 HUB HAMHUB HAMP SIN GAST TR1 ROBREG TLDF15 TINF25 FISHER
- (0,0) 12 0.006 0.006 0.006 0.005 0.005 0.005 0.006 0.005 0.004 0.005 0.006 0.004
25 0.004 0.004 0.004 0.004 0.004 0.004 0.004 0,004 0.004 0,004 0.004 0.004
N(u,9) (0,0.10) 12 0.118 0.117 0.118 0.118 0.118 0.118 0.117 0.117 0.118 0.118 0.117 0.119
25 0.002 0.002 0.002 0,002 0.002 0.002 0.002 0.002 0,001 0.002 0.002 0.001
Ku,9 (0,0.25) 12 0.015 0.013 0.015 0.016 0.018 0.019 0.0l14 0.014 0.118 0.016 0.013 0.117
25 0.003 0.003 0.004 0.004 0.004 0.004 0.003 0.001 0.003 0.004 0.003 0.005
N(v,9) (0.10,0.10) 12 0.007 0.007 0.007 0.008 0.007 0.006 0.007 0.007 0.119 0.008 0.007 0.11%
25 0.003 0.003 0.002 0.002 0,002 0.002 0.003 0.004 0.002 0.002 0,003 0.003
N(u,9) (0.25,0.25) 12 0.011 0.008 0.010 0.011 0.010 0.010 0.008 0.009 0.011 0.016 0.008 0.021
25 0.002 0.001 0.002 ©0.003 0.003 0.002 0.001 0.002 0.003 0.002 0.001 0,007
N(v,25) (0,0.10) 12 0.007 0.009 0.007 0.007 0.007 0.008 0.009 0.008 0,008 0,007 0.009 0.006
25 0.002 -0.002 0.003 0.003 0.003 0.003 0.003 0.003 0,003 0.002 0.002 0.004
N(u,25) (0,0.25) 12 0.006 0.004 0,005 0.005 0.005 0.005 0.005 0.005 0.118 0.009 0.004 0.109
25 0.003 0.003 0.003 0.004 0,004 0.003 0.003 0.003 0.003 0.003 0,003 0.007
N(u,25) (0.10,0.10) 12 0.006 0.005 0.006 0.008 0.008 0.006 0.004% 0.006 0.008 0.008 0.005 0.016
25 0.006 0.006 0.006 0.006 0.003 0,004 0,007 0.008 0.008 0.006 0.006 0.014
N(u,25) (0.25,0.25) 12 0.022 0.022 0.021 ©0.020 0.019 0.020 0.022 0.022 0.156 0.023 0.022 0.151
25 0.120 0.120 0.120 0.119 0.008 0.009 0.119 0.120 0.159 0.120 0.120 0.159
R(»,100) (0,0.10) 12 0.005 0.005 0.005 0.005 0.006 0.006 0.006 0.006 0.119 0.005 0.005 0.1l4
25 0.002 0.003 ©0.002 0.002 0.002 0.003 0.003 0.003 0,183 0.002 0.003 0.169
N(u,100) (0,0.25) 12 0.024 0.002 0.004 0.006 0.003 0.003 0.002 0.021 0.014 0.037 0.002 0.051
25 0.118 0.002 0.003 0.004 0.002 0.002 0,002 0.003 0.156 0.115 0.002 0.138
N(1,100) (0.10,0.10) 12 0.118 0.118 0.118 0.118 0.120 0.120 0.119 0.118 0,175 0.118 0.118 0.149
25 0.003 0.004 0.004 0.004 0.004 0.003 0.004 0.003 0.005 0.004 0.003 0.013
N(1,100) (0.25,0.25) 12 0.112 0.113 0.112 0.112 0.148 0.115 0.113 0.113 0.159 0.147 0,113 0.140
25 0.017 0.006 0.012 0.010 0.004 0.004 0.006 0.005 0.118 0.022 0.006 0.115
Cauchy (0,0.10) 12 0.009 0.009 0.009 ©.009 0.007 0.007 0.008 0.008 0.091 0.010 0.009 0.060
25 0.001 0.001 0.001 0.001 0.001 0.C01 0.001 0.001 0.001 0.001 0.001 0.002
Cauchy (0,0.25) 12 0.116 0.117 0.0i! ©.011 0.011 0.013 0.117 0.117 0.106 0.010 0.117 0.059
25 0.002 0.002 0.002 0.002 0.002 0.002 0.003 0.002 0.159 0,002 0.002 0.136
Cauchy (0.10,0.10) 12 0.015 0.015 0.016 0.016 0.014 0.014 0.015 0.016 0.017 0.015 0.015 0.021
25 0.001 0.002 0.001 0.002 0.001 0.001 0.002 0.002 0.002 0.001 0.002 0.010
Cauchy (0.25,0.25) 12 0.005 0.005 0.005 0.005 0.005 0.005 0.004 0.004 0,127 0.119 0.€25 0.120
25 0.003 0.004 0.003 0.003 0.003 0.004 0.004 0.004 0.119 0.003 0.003 0.104
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Diecriminant Procedure

I I I I 1 I 1 I I 111 111
c(x) {a,B) n TRIM1S5 TRIM25 HUB__HAMHUB HAMP SIN GAST _ TRI ROBREG TLDF15 TLDF2S FISHER
-— (0,0) 12 0.004 0.004 0.004 0.006 0.004 0.004 0.004 0.004 0.003 0.003 0.004 0.003
25 0.002 0.002 0.002 0.002 0.002 0,002 0.002 0.003 0.002 0.002 0.002 0.002
n(u,9) (0,0.10) 12 0.011 0.013 0.011 0.011 0.010 0.011 0.014 ©0.012 0.012 0.011 0.013 0.012
25 0.003 0.003 0.003 0.002 0.002 0.002 0.004 0.003 0.003 0.002 0.003 0.003
",9 (0,0.25) 12 0.012 0.012 0,012 0.011 0.010 0.010 0.011 0.011 0.011 0.011 0.012 0.014
25 0.005 0.007 0.005 0.005 0.005 0.005 0.009 0.006 0.006 0.015 0.007 0.005
R(u,9) (0.10,0.10) 12 0.005 0.006 0.005 0.004 0.005 0.006 0.006 0.005 0.005 0.006 0.006 0.006
25 0.002 0.002 0.002 0.002 0.002 0.003 0.002 0.002 0.002 0.002 0.002 0.003
N(u,9) (0.25,0.25) 12 0.018 0.014 0.018 0.018 0.018 0.016 0.014 0.017 0,017 0.019 0.014 0.026
25 0.004 0.003 0.004 0.004 0,004 0.003 0.003 0.005 0.004 0.004 0,003 0.005
K(u,25) (0,0.10) 12 0.002 0.005 0.004 0.004 0.004 0,005 0.005 0.003 0.004 0.003 0.005 0.005
25 0.004 0.005 0.004 0.004 0.004 0.005 0.006 0.004 0.005 0.004 0.005 0.007
W(u,25) (0,0.25) 12 0.007 0.009 0.007 0.007 0.010 0,010 0.008 0.007 0.008 0.010 0.009 0.015
25 0.004 0.004 0.004 0.004 0.003 0.003 0.004 0.006 0.004 0.004 0.004 0.007
n(p,25) (0.10,0.10) 12 0.006 0,007 0.006 0.005 0.006 0,007 0.007 0.006 0.268 0.006 0.007 0.258
25 0.005 0.005 0.005 0.005 0.005 0.006 0.005 0.007 0.004 0.005 0.006 0.003
H(u,25) (0.25,0.25) 12 0.015 0.007 0.015 0.009 0,010 0.008 0.010 0.010 0.267 0.028 0.007 0.260
. 25 0.008 0.008 0.008 0,009 0.010 0.008 0.005 0.006 0.010 0.011 0.008 0.013
"(1,100) (0,0.10) 12 0.010 0.005 0.005 0.004 0.006 0.006 0.005 0.008 0.007 0.020 0.005 0.037
25 0.004 0.003 0.0046 0.004 0.003 0.002 0,004 0.004 0.005 0.004 0,003 0,021
¥(u,100) €0,0.25) 12 0.031 0.013 0.021 0.022 0,026 0.023 0.015 0.026 0.021 0.046 0.013 0.040
25 0.009 0.005 0.009 0.010 0.011 0.008 0.004 0.008 0.009 0.012 0.005 0.029
®(p,100) (0.10,0.10) 12 0.009 0.007 0.005 0.005 0,008 0.008 0.006 0.C08 0.007 0.015 0.007 0.039
25 0.003 0.003 0.003 0.003 0.004 0.003 0.003 0.004 0.003 0.003 0.003 0.036
R(1,100) (0.25,0.25) 12 0.074 0.037 0.076 0.051 0,020 0.010 0.059 0.062 0.263 0.100 0.037 0.235
25 0.003 0.009 0.005 0.005 0,008 0,009 0.011 0.007 0,005 0.003 0.008 0.0l1
Cauchy (0,0.10) 12 0.004 0.005 0.004 0.004 0.003 0,004 0.005 0.004 0.0064 0.004 0.005 0.041
25 0.001 0.002 0.001 0.001 0.002 0.002 0.002 0.002 0.002 0.001 ©.002 0.002
Cauchy (0,0.25) 12 0.009 0.009 0.009 0.009 0.009 0.009 0.009 0.009 0.264 0.009 0.009 0.135
25 0.003 0.003 0.003 0.004 0.004 0,006 0,004 0.006 0,009 0.003 0.003 0.134
Cauchy (0.10,0.10) 12 0.009 0.010 0.009 0,009 0.009 0.010 0.010 0.0C3 0.008 0.008 0.010 0.119
25 0.003 0,002 0.003 0.003 ©0.002 0.002 0.002 0.023 0.268 0.003 0.002 0.149
Cauchy (0.25,0,25) 12 0.015 0.009 0.010 0.010 0.011 0.010 0.011 0.010 0,028 0.072 0.009 0.127
25 0.004 0.004 0,004 0,004 0.003 0.003 0.004 0.003 0.272 0.004 0.004 0.211




(1)

(2)

(3)

(4)

(5)

(6)

107
When there is no contamination, i.e., o = B = 0, all methods are
equivalent. Thus, in the uncontaminated situation, any of the
eleven robust procedures is as good as Fisher's LDF.
For mild single sample contamination, e.g., 107 of N(i,9) or
N(u,25), Fisher's LDF performs as well as the robust procedures.
For samples of size 25, Fisher's LDF performs well for any
amount of N(u,9) contamination, i.e., (a,B8) = (0,0.10), (0,0.25),
(0.10,0.10), (0.25,0.25).

In general, however, Fisher's linear discriminant function
does not perform as well as the robust procedures when the
initial samples are scale contaminated.

The Type II robust LDF, the Robust Regression disériminant
function, does not perform well when the initial samples are
scale contaminated. In general, when Fisher's LDF performs
poorly, so does the Type II discriminant function.

For mild contaminating distributions,e.g., N(u,9),the other
robust discriminant functions (Type I aﬁd Type II1) are equiva-
lent, i.e., they give essentially the same probabilities of mis-
classification.

For moderate contaminating distributions, e.g., N(u,25), most
of the Type I and Type III procedures remain similar to each
other. The Type I Hampel and Sin LDFs tend to perform better
than the other procedures when n = 25,

For heavier contamination, e.g., N(i,100), a few other differ-
ences appear, especially for n = 12. The 15% Trimmed LDF tends

not to perform as well as some of the other robust procedures.

The Type I 15% Trimmed Mean LDF and the Type I Trimean LDF also
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tend not to perform as well as the other procedures. The Type I

Sin estimate again tends to pepform better than the other methods

in many cases.

(7) For Cauchy contamination, the Type I and Type III discriminant
functions perform quite similarly to one another for most
parameter combinations. Note, however, the following exceptions.,
For (a,B) = (0,0.25), n = 12, § = 1, the Type I Huber, Hampel
Huber, Hampel and Sin LDFs perform better than the other pro-
cedures. For (a,B) = (0.25,0.25), n =12, § =1 and 3, the 15%
Trimmed LDF does not perform as well as the other procedures.

(8) Differences among the methods decrease as the sample size
increases, i.e., there are smaller differences among the methods
when n = 25 than when n = 12, This is to be expected from the
asymptotic results presented in Chapter II. When n goes to
infinity, Fisher's LDF becomes optimal. With n = 25, there are
still many situations, however, where Fisher's linear discrimi-
nant function does not perform well.

Overall, the Type I and Type III LDFs are very similar to one
another. Fisher's linear discriminant function and the Type II Robust
Regression discriminant function can perform very poorly when the initial
samples are scale contaminated.

4,3. The Effects of Sample Size, Distance Between

Populations, Amount of Contamination, Type of

Contamination, and Procedure on the Probability
of Misclassification (m=1)

To assess the effects the control variables (namely, sample

size, distance between LY and Tos amount of contamination, type of
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contamination, and procedure used for discrimination) have on the proba-
bility of misclassification, an analysis of variance was run on the
simulated probabilities. The model assumed was

(o

Pijklmn =u + n, + dj + Cx + By + m +r

n(ijk{)
+ (nd)ij + (nc)ik + (ng)il + (nm)im
+ (dc)jk + (dg)jz + (dm)jm

to(egdyp + (em)y o+ (em) g + (0D sk

+ E:iijmn

where

Pijklmn is the probability of misclassification corresponding
to the nth replicate (n = 1,..,,10) for the ith sample
size (i = 1,2), jth distance between populations
(g =1,2), kth amount of. contamination (k = 1,2,3,4),
lth contaminating distribution (2 = 1,2,3,4), mth
method (m = 1,2,...,12)

v is the overall mean probability of misclassification.

n, is the effect of the ith sample size (i = 1 for sample

size 12; 1 = 2 for sample size 25).

dj is the effect of the jth distance between populations
(3 =1 for § = 1; j = 2 for § = 3)
. th . .

S is the effect of the k amount of contamination

(k =1 for (o,B) = (0,0.10); k = 2 for (a,B) = (0,0.25);

k =3 for (a,B) = (0.10,0.10); k = 4 for (a,B) =

(0.25,0.25))
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is the effect of the kth contaminating distribution
(¢ = 1 for N(0,9); & = 2 for N(0,25); & = 3 for
N(0,100); & = 4 for Cauchy)

m is the effect of the mth discrimination procedure
(m = 1 through m = 8 correspond to the Type I LDFs:
m = 1 for the 15% Trimmed Mean; m = 2 for the 25%
Trimmed Mean; m = 3 for the Huber LDF; m = 4 for
Hampel's Huber; m = 5 for the Hampel LDF; m = 6 for
the Type I Sin Estimate LDF; m = 7 for the Gastwirth
LDF and m = 8 for the Trimean; m = 9 for the Type IL
Robust Regression discriminant function; m = 10 for
the Type III 15% Trimmed LDF; m = 11 for the 25%
Trimmed LDF and m = 12 for Fisher's LDF)

. th . oy
rn(ijkl) is the effect of the n  replicate nested within the

t .
ith sample size, j h distance, kth amount of contamina-

tion; lth contaminating distribution.
The other terms in the model correspond to the two factor interactions
and an error term. Three factor and higher order interactions are
assumed to be zero and are used to obtain the pooled error term.

Note that replicates (or blocks) are crossed with methods (each
method is performed on each of the ten blocks) but are nested within
the other factors. Sample size, distance, amount of contamination, and
type of contamination are assumed to be fixed factors in the analysis;
replicates are assumed to be random.

The results of the analysis are presented in Table 4,3.1., All

main effects are significant. The probability of misclassification is
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lJower with n = 25 than with n = 12; it is lower for § = 3 than for § = 1;
as the amount of contamination increases, the average probability of mis-
classification increases; as the contamination becomes more severe, the
average probability of misclassification increases; the twelve discri-
minant procedures differ significantly from one another.

Three of the two factor interactions are statistically signifi-
cant: methods by distance, methods by amount of ;ontamination, and
methods by type of contamination. The methods by sample size inter-
action is only slightly above the five percent level of significance.
Thus the relative performance of the twelve discrimination procedures
differs for different levels of &, for different amounts of contamina-
tion, for different types of contamination and to a lesser extent for
different sample sizes. The presence of these interactions makes it
difficult for us to make general statements about the comparison of
methods without always qualifying our statements. We have observed
this already in section 4.2 where our conclusions concerning the rela-
tive performance of the twelve discriminant procedures were dependent
upon sample size, distance between populations, amount and type of con-
tamination. The major difference is between the Fisher and the Robust
Regression LDFs versus the Type I and Type III discriminant functions.

Table 4.3.2 gives the mean probability of misclassification for
each method within each level of the main factors. The overall means
and the means for each level of & are given. The value of b given in
parentheses in the left column is the number of blocks, i.e., the number
of pairs of samples, involved in the mean. This table is based only on
contaminated parameter combinations, i.e., O = B = 0 is not included in

the calculations.
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TABLE 4.3.2

AVERAGE MARGINAL PROBABILITIES OF MISCLASSIFICATION
(m=1)

Discriminant ®tvocedure

I I 1 I 1 1 1 I 11 I I11
TRIM1S TRI!25 HUB HAMHUB __HAMP  SIN GAST _ TRI ROBREG TLDF1S TLDF25 FISHER
Cverall (b=640) 0.198 9.196 0.196 0.156 0.195 0.194 0.1%96 0.197 0.219 0.2C0 0.196 0©.226
§=1 (b=320) 0.321 0.319 0.318 0.319 0.318 0.317 0.320 0,320 0.346 0.223 0.319 0.350
§=3 (b=320) 0.074 G.073 0.074 0.073 0©.072 0.072 0.073 0.074 0.091 0.077 0.073 0.101
12 &=l (b=160) G.326 0.325 0.323 0.323 0.325 0.323 0.325 0.326 06.354 0.32% 0.325 0.357
=25 &~1 (b~160) 0.316 0.314 0.314 0.314 0.311 0.311 0.314 0,314 0.338 0.317 0.314 0.343
=12 é=3 (b=163) 0.078 0.075 0.077 0.076 0.074 0.074 0.076 0.077 0.100 0.083 0.075 0.115
a5 4&=3 (b=160) 0.070 0.070 0.070 0.071 0.071 0.070 0.07%: 0.07F 0.C82 0.071 0.070 0.C88
=12 (b=320) 0.202 0.200 0.200 0.199 0.200 0.138 0,200 0.201 0.227 0.206 0.200 0.236
=25 {b=320) 0.193 0.192 0.192 0.192 0.191 0.191 0.1%2 0.192 0.210 0.19 0.192 0.215
(0,B)=(n,0.10) 8=1 (b=80) 0.316 0.317 0.316 0.31¢ 0.317 0.317 0.317 0.316 0.339 0.316 0.317 0.338
(a,8)-(0,0.25) §=1 (b~80) 0.323 0.317 0.313 0.314 0,313 0.313 0.318 0.318 0.346 0.320 0.318 0.348
(a,8)=(0.10,0.10) ¢&=1 (b=80) 0.318 0.318 0.318 0.318 0.317 0.317 0.218 0.319 0.333 0.319 0.318 0.339
(@,8)=(0.25,0.25) d&=1 (b~€0) 0.326 0.326 0.326 0.326 0.326 0.321 0.326 0.326 0.367 0,337 0.326 0.276
(a,8)=(0,0.10) §=3 (b=60) 0.07). ©0.071 ©0.071 0.071 0.070 0.G70 0.071 0.071 0.072 0.C71 0.071 2.073
(,8)=(0,0.25) 6=3 (b=80) 0.075 0.074 0.074 0.075 0.074 0.073 0.074 0.075 0.087 0.078 0.074 0.097

(a,B)=(0.10,0.10) &=3 (b=80) 0.07F 0.071 0.071 0.C71 0.071 0.072 0.071 0.071 0.9%3 0.071 0.071 0.102
(a,8)=(0.25,0.25) &=3 (b=80) 0.079 0.075 0.078 0.076 0.074 0.073 0.077 0.077 0.112 0,086 0.075 0.128

(a,6)=(0,0.10) (b=160) 0.194 0.194 0.193 0.194 0.193 0.193 0.19 $.194 0.205 0.194 0.194 0,209
(a,B)=(0,0.25) (b=160) 0.199 0.196 0.194 0.194¢ 0.194 0.193 0.196 0.197 0.217 0.199 0.196 0.222
(0,8)=(0.10,0.10) (b~160) 0.195 0.195 0.194 0.194 0.194 0.1964 0.195 0.195 0.213 0.195 0.195 0.220
{0,B8)=(0.25,0.25) (b=160) 0.203 0.200 0.202 0.201 0.200 0.197 C,201 0.201 0.232 0.212 0.200 C.252
¢(x)=N(u,9 8«1 (b=80) 0.318 0.318 0.318 0.318 ¢€.319 0.318 9.318 0.318 0.328 0.319 0.318 0.330
C(x)«N{u,25) =1 (b~-80) 0.318 0.313 0.218 0.319 0.313 0.313 0.319 0.318 0.338 0.319 0,318 0.341
C(x)~N(p,100) =1 (b=80) 0.330 0.324 0.324 0.324 0.328 0.324 0.324 0.325 0.377 0.337 0.324 G.336
€(x)=Cauchy 6=1 (b~80) 0.317 C¢.318 0.313 0.313 0.313 0.313 0.318 0.318 0.342 0.318 0.318 0.345
C(x)=N{,9) S=3 (b~80) 0.072 0.072 0.072 0.072 ©0.072 0.072 0.073 0.072 0.072 0.072 0.072 0.C74
C(x)=N(y,25) 6=3 (b~80) 0.073 0.073 0.073 0.073 0.073 0.073 0.073 GC.073 0.096 0.074 0.073 0.100
C(x)*¥(u,100) 6=3 (b-30) 0.080 0.074 0.077 0.076 0.073 0.072 0.075 0.078 0.090 0.086 0.074 0.117
G(x)=Cauchy =3 (b=8C) 0.672 0.072 0.071 0.071 0.071 0.071 0.072 0.071 0.105 0.074 0.072 0.116
C(x)=(1,9) (>~160) 0.195 0.195 0.19% 0.195 0.195 C.195 0.195 0.195 0.200 0.1%5 0.135 0.202
G(x)=8(u,25) (b~160) ©.196 0.196 C.196 0.196 0.193 0.193 0.196 0.196 0.217 0.197/ 0.1%6 0.220
C(x)=N(v,100) (b=-150) 0.205 0©.199 0.201 %5.200 ©.201 ©.192 0.200 0.201 0.234 0.211 0,199 0.251

C(x)~Cauchy (b=160) 0.194 0.195 0.192 0.192 0.192 0.192 0.195 0.195 0.223 0,196 0.195 0.230
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Overall, Fisher's LDF gives the largest probability of misclassi-
fication, i.e., Fisher's LDF does not perform as well as the robust
discriminant functions when the initial samples are scale contaminated.
Among the robust procedures, the Robust Regression LDF does not perform
quite as well as the others. The Type I and Type III discriminant func-
tions are very similar to one another. Among the ten Type I and Type III
discriminant functions, the Sin LDF gives the smallest probability of
misclassification and the 15% Trimmed LDF gives the largest probability.
The difference between the two, however, is only 0.006.

The same analysis of variance model was used to analyze (1) the
relative increase in probability of misclassification due to using a
linear discriminant function based on coﬁtaminated initial samples rather
than the optimal discriminant function, i.e., (PC—P)/P, (2) Qn(PC/P),
and (3) ln((l—PC)/Pc). The results of these analyses were similar to
those for PC, with a few additional significant two factor interactions.
All main factors were again significant (p < 0.05); all two factor inter-
actions involving methods were significant; the‘sample size by distance
and amount of contamination by type of contamination interactions were
significant. In addition, for 2n((1-P%)/P), the distance by amount of
contamination and distance by type of contamination interactions were
statistically significant.

Table 4.3.3 gives the marginal mean values of (P®-P) /P for each
method within each level of the main factors. The general conclusions
concerning the relative performance of the twelve discriminant procedures
based on (PC—P)/P are the same as those based on P¢. TFisher's LDF may
not perform well when the initial samples are scale contaminated. Over-

all, Fisher's LDF gives a 32% greater probability of misclassification
g g
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TABLE 4.3.3
AVERAGE MARGINAL VALUES OF (PS-P)/P
(m=1)
Discriminant Procedure
1 z 1 ) ¢ 1 1 1 1 1T nr oI
TRIM1S TRIM2S _WUB _HAMHUB _HAMP __SIN _ GAST __ TRI ROBREG TLDF1S TLDF25S FISHER
Overall (b=640) ©0.073 0.060 0.064 0.062 0.055 0.050 C€.064 0.068 0.238 0,095 0.059 0.324
8=1 (b=320) 0.039 0.034 0.030 0.031 0.030 0.026 0.034 0.035 0.121 0.045 0.034 0.133
83 . (b=320) 0.105 0.085 0.097 0.092 0.081 0.074 0.094 0.101 0.355 0.145 0.085 0Q.515
w12 &=l (b=160) 0.054 U.052 0.045 0.046 0.052 0.045 0.052 0.054 0.146 0.066 0.052 0.157
=25 &=l (b=160) 0.026 0.01S 0.016 0.C16 G.007 0.007 0.016 0.016 0.095 0.025 0.0l15 0.110
=12 §=3 (b=160) 0.161 ©0.119 0.143 0.131 0.109 0.099 0J.132 0.144 0.488 0.235 0.119 0.722
=25 . §=3 (b=160) 0.052 ©.051 0.051 0.053 0.053 0.048 0.056 0.057 0.222 0.055 0.051 0.307
=12 (b=320) 0.107 0.086 0.094 0.089 0.080 0.072 0.092 0.099 0.317 0.150 0.086 0.440
pe25 (>=32C) 0.038 0.033 0.034 0.034 0.030 0.028 0.036 0.036 0.159 0.040 0.033 0.208

(a,B)=(C,0.10) =1 (t=80) 0.026 0.025 0.024 0.024 0.024 0.024 0.025 0.024 0.097 0.024 0.025 0.095
(a,B)=(0,0.25) é=1 (b=~80) 0.046 0.027 02.014 0.0i5 0.014 0.013 0.028 0.030 0.121 0.036 0.027 0.127
(a,8)=(0.10,0.10) &=1 (b=80) 0.C30 0.029 0.028 9,029 0.026 0.026 0.029 0.031 0.078 0.032 0.029 0.096
(a,B)=(0.25,0.25) &=1 (b=80) 0.056 0.054 0.055 0.05¢ 0.054 0.040 0.055 0.054 0.187 0.090 0.054 0.216

{a,B)=(0,0.19) =3 (b=80) 0.058 0.060 0.9564 0.053 0.050 0.052 0.055 0.062 0.068 0.067 0.060 0.180
(a,£)~(%,0.25) 6=3 (L=60) €.127 0,100 0.112 0.115 9.105 0.050 0.104 0.124 0.296 0.163 0.100 0.440
. (a,8)=(C.10,0.20) &=3 (b=80) 0.063 0.065 0.960 0.059 0.063 0.C68 C.062 0.065 0.383 0.0646 0.065 0.523

(a,8)=(0.25,0.25) 6=3 (b=£0) 0.17¢ 0.116 0.164 0.141 0.105 0.086 0.145 0.152 0.673 0.285 0.il6 0.915
(a,B8)=(0,0.10) (b=169) 0.041 0,042 0.039 0.039 0.037 0.038 0.045 0.043 0.083 0,045 0.042 0.137
{a,8)=(0,0.25) (b=160) 0.086 0.064 0.063 0.065 0.053 0.052 0.066 0.077 0.209 0.099 0.064 0.284
{a,B)=(0.10,0.10) (b=160) 0.046 0.0%7 0.044 C©.044 0.045 0.047 0.045 0.048 0.230 0.048 0.047 0.309
(a,8)=(0.25,0.25) (b=160) 0.117 9.085 0.109 0.099 0.079 0.063 0.100 0.103 0.430 0.188 0.085 0.566
C(x)=3(y,9) =1 (h=80) 0.030 0.02¢ 0.030 0.03¢ 0.031 0.030 0.029 0.029 0.061 0.032 0.029 0.068
C{x)~N(b,25) &=1 (b+80) 0.030 0.030 0.030 0.031 0.014 0.013 0.031 0.030 0.094 0.033 0.03G 0.103
C(x)=N(1,100) §=1 (b~80) 0.069 0,048 0.049 0.050 0.061 0.048 0.048 0.051 0.22) 0.089 0.048 0.248
C{x)=Cauchy =1 (b=80) 0.027 0.028 0.012 0.012 0.012 O0.012 0.028 0.028 0.106 0.028 0.028 0.115
C(x)=K(u,9) =3 (b~80) 0.075 0.077 0.075 0.075 0.074 ©0.074 0.082 0.079 0.080 0.077 0.077 0.099
C(x)=N(1t,25) =3 (b=890) 0.094 0.089 0.096 0.094 0.09%1 0.085 0.097 0.092 0.426 0.109 0.089 0.486
C(x)=N(1s,100) §=3 (t-80) 0.188 0.108 0.156 0.137 0.961 0.750 0.126 0.165 0.349 0.290 0.108 0.741
C(x)=Cauchy =3 (b=G60) 0.068 0.068 0.063 0.062 0.062 ©.061 0.071 0.066 0.565 0.103 0.068 0.733
C(x)-N(v,9) (b-260) 0.052 0.053 0.052 0.053 0.052 0.052 0.056 0.054 0.071 0.054 0.05) 0.084
C(x)=N(u,25) (b=160) 0.062 0.059 0.063 0.062 0.053 0.049 0.064 0.06} 0.260 0.071 0.059 0.295
G(x)=N(p,100) (b~160) 0.123 0.078 0.102 0.093 ©0.079 C€.061 0.087 0.108 0,285 0.189 0.078 0.49%

G (3.)=Cauchy (b>~160) 0.047 0.048 0.038 0.037 0.037 0.037 0.050 0.047 0.336 0.065 0.048 0.424
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than the optimal discriminant procedure, as compared to the best of the
robust discriminant functions, i.e., the Sin LDF, which gives a 5%
greater probability of misclassification than the optimal procedure.

The Type II LDF (the Robust Regression discriminant function) does not

perform well compared to the other robust procedures. The Type III 15%
Trimmed LDF also does not perform as well as the other procedures. (It
is much better than the Robust Regression procedure, however.)

4,4, The Relative Ranking of the Twelve
Discriminant Procedures (m=1)

Another approach to evaluating the relative performance of the
twelve discriminant procedures when the initial samples are scale con-
taminated is to consider the relative rank of each procedure. Recall
that within each parameter combination (n,§,(o,B),G(x)) ten pairs of
samples were drawn, one sample from ﬂi, the other from ﬂ;. Each of the
twelve discriminant procedures was applied to each of the ten pairs of
samples and the corresponding probabilities of misclassification were
calculated. 1In sections 4.2 and 4.3 we examined the values of these
probabilities in order to evaluate the relative performance of the
twelve discriminant procedures. In this section, we look at the rela-
tive ranking of each procedure rather than the actual numeric value of
the probabilities of misclassification. For each block (pair of samples)
within each parameter combination, the twelve procedures were assigned
ranks from 1 to 12. If two or more procedures gave the same probability
of misclassification, they were each assigned the average of the ranks
that would have otherwise been assigned.

Tables 4.4.1 and 4.4.2 give, for each parameter combination, the

average rank of each discrimination procedure. Table 4.4.3 is a summary
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TABLE 4.4.1

AVERAGE RANK OF EACH DISCRIMINANT PROCEDURE BASED
ON THE PROBABILITY OF MISCLASSIFICATION

(m=1, &=1)

Discriminant Procedure

II1 111
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TABLE 4.4.2

AVERAGE RANK OF EACH DISCRIMINANT PROCEDURE BASED
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table giving the average rank for each level of the factors considered
in section 4.3. The latter table is based only on contaminated param-
eter combinations, i.e., it does not include o = B = 0.

Although the rank approach does give an indication of how the
twelve procedures perform relative to one another, the results can be
misleading. Suppose, for example, that for one particular block,
method 1 gave a probability of misclassification of 0.068 while methods
2-12 gave probabilities of misclassification of 0,067. The ranks for
methods 2-12 would be 6; the rank for method 1 would be 12. Thus a
small difference in probability can be heaviiy weighted in the rank
approach.

The general conclusions concerning the relative performance of
the twelve discriminant procedures when the initial samples are scale
contaminated are the same whether we consider the actual values of the
probabilities of misclassification or the .relative ranks. Based on the
relative rank of each discriminant function, the Type I Sin LDF ranks
best (5.8) followed by the Type I Huber and Hampel (6.1). Fisher's LDF
and the Type II Robust Regression LDF are again the poorest procedures
(ranks 8.3 and 7.3 respectively).

When there is no contamination, i.e., o = B = 0, Fisher's LDF
and the Type II LDF perform best. The Type I 25% Trimmed Mean LDF, the
25% Trimmed LDF, and the Type I Gastwirth LDF have the largest ranks.
The Sin LDF has a large rank for § = 3. Although the rank approach
suggests some systematic differences among the twelve procedures in the
uncontaminated situation, the differences among the procedures are
actually very small. Table 4.4.4 gives the actual probabilities of

misclassification for each of the ten pairs of samples drawn within each



121

TABLE 4.4.4

PROBABILITIES OF MISCLASSIFICATION FOR INDIVIDUAL PAIRS OF SAMPLES
VREN THERE IS NO CONTAMINATION
v (m=1)

Plecriminant Procedure

I I 1 I I 1 I I 11 1 III
Sample Number TRIMIS TRIM25 W4 HAMMUB HAMP SIN CAST __ TRI _ROBREG TLDF15 TLDF25 FISHER

0.309 0.309 0.309 0.309 0.309 0.309 0.309 0.309 0.309 0.309 0.309 0.309
0.326 0.328 0.326 0.326 0.325 0.326 0.328 0.325 0.322 0.325 0.328 0.322
0.310 0.310 0.310 0.309 0.309 0.309 0.310 0.310 0.309 0.309 0.310 0.309
0.312 0.315 0.312 0.313 0.312 0.313 6.314 0.313 0.314 0.311 0.315 0.311
0.309 0.309 0.309 0.3¢9 0.309 0.309 0.309 0.309 0.309 0.309 0.309 0.309
0.309 0.30% 0.309 0.3i0 0.310 0.310 C.309 0.309 0.309 0.309 0.309 0.309
0.309 0.309 0.309 0.309 0.305 0.3069 0.309 0.309 0.309 0.309 0.309 0.309
0.310 0.310 0.310 0.210 0.310 0.310 0.310 0.310 0.310 0.310 0.310 0.310
0.309 0.309 0.309 0.309 0.309 0.309 0.309 0.309 0.309 0.309 ©.309 0.309
0.309 0.309 0.309 0.309 0.309 0.3C9 0.309 0.309 0.309 0.309 0.309 0.310

o~12
S=1

COBNOELRIWN»

-

0.309 0.309 0.309 0.30¢ 0.309 0.309 0.309 0.309 0.309 0.309 0.309 0.309
0.321 0.319 0.322 0.322 0.322 0.321 0.318 0.316 0.320 0.321 0.319 0.322
0.318 0.319 0.318 0.317 0.317 0.318 0.319 0.322 0.318 0,318 0.319 0.315
0.309 0.309 0.309 0.309 0.309 0.309 0.309 G.309 0.309 0.309 0.309 0.310
0.312 0.311 0.312 0.311 0.311 0.312 0.310 0.311 0.310 0.312 0.311 0.310
0.313 0.315 0.313 0.312 0.312 0.312 0.316 0.313 0.316 0.313 0.315 0.312
0.309 0.310 0.309 0.309 0.309 0.310 0.210 0.310 0.309 0.309 0.310 0.309
0.309 0.309 0.309 0.309 0.309 0.309 0.309 0.309 0.309 0.309 0.309 0.309
0.309 0.309 0,309 0.309 0.309 0.309 0.309 0.309 0.309 0.309 0.309 0.309
0.313 0.313 0.313 0.313 0,313 0.313 0.314 0.314 0.213 0.313 0.313 0.312

n=25
Sa1

SORNORIWN-

-

0.075 0.677 0.075 0.076 ©.075 0.076 {C.077 0.C?7 0.076 0.074 0.077 0.073
0.073 0.673 0.074 0.073 0.073 0.073 0.073 0.071 0.072 0.074 0.073 0.074
0.070 0.070 0.070 0.0/0 0,070 0.070 0.069 0.068 0.0€8 0.070 0.076 0.070
0.074 0.074 0.074 0.073 0.0%4 0.076 0.074 0.076 0.073 0.073 0.074 0.070
0.067 0.068 0.067 0.068 0.068 0.068 0.067 0.067 0.068 0.068 0.068 0.067
0.067 0.067 0.06?7 0.067 0.067 0.067 0.067 0.068 0.068 0.067 0.067 0.068
0.067 0.067 0.067 0.067 0.067 0.067 0.067 0.067 0.067 0.067 0.067 0.067
0.067 0.067 0.067 0.G67 0.067 0.067 0.067 0.067 0.067 0.067 0.067 0.068
0.074 0.074 0.073 0.074 0.074 0.075 0.073 0.073 0.073 0.074 0.074 0.075
0.067 0.067 0.067 0.068 0.066 0.068 0.067 0.067 0.067 0.068 0.067 0.068

12
§-3

CORANIONIWBNI~

-

0.069 0.069 0.069 0.06% 0.069 0.069 0.069 0.068 0©.069 0.069 0.069 0.069
0.067 0.067 0.067 0.067 0.067 0.068 0,067 0.067 0.067 0.067 0.067 0.067
0.069 0.069 0.069 0.069 0.069 0.069 0.07¢ 0.070 0.069 0.069 0.069 0.063
0.067 0.067 0.067 0.068 0.068 0,067 0.067 0.067 0.067 0.067 0.067 0.068
0.074 0.073 0.073 0.072 0,072 0.072 0.073 0.076 0.072 0.073 0.073 0.072
0.067 0.067 0.067 0.067 0,67 0.067 0.067 0.067 0.067 0.067 0.067 0.067
0.067 0.068 0.067 0.067 0.067 0.068 0.069 0.067 0.068 0.067 0,068 C.067
0.068 0.0¢8 0.068 0.068 0.067 0.068 0,068 0.068 0.068 0.068 0.068 0.067
0.067 0.067 0.067 0.067 0.067 0.057 €.068 0.068 0.067 0.067 0.067 0.067
0.067 0.067 0.067 0,067 0,067 0.067 0.067 0.068 0.067 0.067 0.067 0.067

8=25
8=3

QOUANAOWVNSIWNM
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uncontaminated parameter combination. The results indicate that there

is very little difference among the twelve procedures when o = 8 = 0.

4.5. Summary

In this chapter, we have examined the results of the small
sample simulation experiments for the univariate case. We have seen
that when there is no contamination in the initial samples, i.e.,

o =B = 0, all twelve procedures (eight Type I LDFs, one Type II LDF,
two Type III LDFs and Fisher's LDF) perform equally well. For mild
contamination, Fisher's LDF performs as well as the robust procedures.
In general, however, Fisher's linear discriminant function does not per-
form as well as the robust procedures when the initial samples are scale
contaminated. Among the robust discriminant functions considered in
this study, the Type II Robust Regression LDF does not perform well.
When Fisher's LDF performs poorly, the Type II LDF also performs poorly.
Among the Type I robust discriminant functions, the M-estimate LDFs seem
to do best, although all the Type I and Type III discriminant functions
are remarkably‘similar to each other. The Type I Sin LDF is overall the
best procedure. The 15% Trimmed LDF and the Type I Trimean LDF do not
tend to perform quite as well as the other Type I and Type IIT discri-
minant functions.

It should be noted that differences among the methods decrease
as the sample size increases. Fisher's discriminant function performs
better when n = 25 than when n = 12, This supports the asymptotic
results derived in Chapter II: as n becomes large, Fisher's LDF becomes

optimal.
In the next chapter, we shall investigate the results of the

small sample simulation experiments for the four variable case.



CHAPTER V

SMALL SAMPLE RESULTS FOR THE FOUR VARIABLE STUDY

5.1. Introduction

In this chapter, we continue our study of'the small sample per-
formance of Fisher's linear discriminant function and of the three types
of discriminant functions proposed as alternatives to Fisher's LDF when
the initial samples are scale contaminated. We turn to the case where
we have four independent variables x = (xl,xz,x3,x4) to be used as a
basis for classifying individuals into one of the two populations
UIE N(0,I) or Tyt N((§,0,0,0),I). There are a total of twenty discri-
minant functions to be considered in the four variable model: Fisher's
LDF, eight Type I LDFs with a 5% Gnanadesikan-Kettenring variance esti-
mate, eight Type I LDFs with a 10% Gnanadesikan-Kettenring variance
estimate, the Type II Robust Regression LDF, and the two Type III LDFs.

The same parameter combinations (n,d, (a,B),6(x)) considered in

the univariate case will be considered here:

n =12, 25

§ =1, 3
(a,B) = (0,0.10), (0,0.25), (0.10,0.10), (0.25,0.25)
G(x) = N(u,91), N(y,25I), N(y,1001), Cauchy

and
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n=12, 25

8

1, 3

(a,B) = (0,0).
The fourth contaminating distribution, G(x) = Cauchy, refers to the dis-
1

tribution G(xi) = T;:ﬂ;;f , 1 =1,2,3,4; cov(xi,xj) =0 1i# j. For

each of the sixty-eight parameter combinations, ten pairs of samples

were purnicrated, one from ﬂi: (1-a) N(0,I) + aG(9,8), one from ﬂ;:
(1-8) .((8,0,0,0),1) + 8G((8,0,0,0),8). For each pair of samples, all
LDFs were determined, along with the corresponding probabilities of mis-
classification. The twenty discriminant functions were evaluated by
comparing average probabilities of misclassification for each procedure,
by performing several analyses of variance, and by investigating the
relative rank of each procedure. '

In the univariate case, we found that Fisher's discriminant
function can perform very poorly when the initial samples are scale
contaminated. This is also true for m = 4. As in the univariate case,
we will see in section 5.3 that sample size, distance between the two
underlying populations, amount of contamination, and type of contamina-
tion all affect the probabilities of misclassification. Finally, in
comparing the twenty discriminant procedures, we shall see that as in
the univariate study, the Robust Regression LDF may perform very poorly.
The Type I LDFs will prove to be quite similar to one another. The

Type IIT LDF will be seen not to perform as well for m = 4 as it did

for m = 1.
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5.2. Average Probability of Misclassification
for Each Procedure (m=4)

Tables 5.2.1 and 5.2.2 give the average probability of misclassi-
fication for each discriminant procedure within each parameter combina-
tion. Table 5.2.1 gives the results for § = 1; Table 5.2.2 gives the
results for § = 3. The standard deviations of the probability of mis-
classification are presented in Tables 5.2.3 and 5.2.4.

As in the univeriate case, those methods which gave larger mean
probabilities of misclassification generally gave larger standard devia-
tions.

Based on Tables 5.2.1 and 5.2.2, the following conclusions can
be drawn.

(1) Consider first the uncontaminated situation, i.e., a = 8 = 0.
When n = 25, the twenty procedures are very similar to one
another. The robust procedures perform as well as Fisher's LDF.
When n = 12 and § = 1, the Type I and Type III discriminant
functions give probabilities of misclassification 0.01
to 0.02 higher than the Fisher and Robust Regression LDFs. The
Type I Sin LDF gives the highest probability of misclassifica-
tion (0.375 for the 5% Sin LDF, 0.372 for the 10% Sin LDF), as
compared to Fisher's LDF (0.357). The best of the Type I dis-
criminant functions in this case is the 15% Trimmed Mean LDF
(0.363, 0.364). When n = 12 and § = 3, the Fisher LDF and the
Type I LDFs give essentially the same probabilities of mis-
classification. The Type II and Type III LDFs give slightly

higher probabilities.

(2) For single sample N(U,91) contamination, Fisher's LDF performs
Lk p




TABLE 5.2.1

AVERAGE PROBABILITY OF MISCLASSIFICATION FOR EACH PROCEDURE (m=4, &=1)
(OPTIMAL PROBABILITY = 0.3085)

Discriminant Procedure

1 1 1 1 1 1 1 be

TRIMLS  TRIM2S HUB HAMHUB HAMP SIN GAST TRI

G(x) (a,8) n -05 -05 -05 -05 -05 -05 -05 -05
-_ (0,0) 12 0.363 0.366 0.365 0.368 0.369 0.375 0.365 0.365
25 0.337 0.338 0.337 0.336 0.336 0.336 0.340 0.336

Ny, 91) (0,0.10) 12 0.415 0.410 0.420 0.418 0.420 0.416 0.421 0.422
- 25 0.342 0.345 0.342 0.343 0.345 0.345 0.346 0.346

N(y, 91) (0,0.25) 12 0.374 0.373 0.373 0.373 0.371 0.369 0.377 0.375
25 0.336 0.337 0.336 0.336 0.337 0.336 0.338 0.338

N(y,91) (0.10,0.10) 12 0.370 0.370 0.369 0.371 0.371 0.311 0.370 0.368
25 0.357 0.355 0.356 0.357 0.356 0.355 0.356 0.361

N(y, 91) (0.25,0.25) 12 0.382 0.372 0.380 0.377 0.372 0.367 0.384 0.378
25 0.347 0.346 0.348 0.351 0.346 0.343 0.344 0.348

N(y,91) - - 0.365 0.363 0.366 0.366 0.365 0.363 0.367 0.367
N(y,251) (0,0.10) 12 0.385 0.384 0.386 0.391 0.390 0.390 0.383 0.385
25 0.348 0.353 0.348 0.347 0.349 0.349 0.356 0.356

N(3, 251) (0,0.25) 12 0.415 0.412 0.414 0.417 0.409 0.408 0.410 0.411
25 0.340 0.341 0.340 0.345 0.349 0.344 0.340 0.346

N(p,25I) (0.10,0.10) 12 0.371 0.377 0.370 0.371 0.370 0.372 0.375 0.371
25 0.346 0.346 0.347 0.348 0.345 0.344 0.343 0.344

NQu,251)  (0.25,0.25) 12 0.409 0.410 0.412 0.408 0.408 0.406 0.414 0.409
25 0.354 0.359 0.355 0.355 0.358 0.362 0.361 0.356

B(p,251) - - 0.371 0.373 0.371 0.373 0.372 0.372 0.373 0.372
N(p,1001) (0,0.10) 12 0.378 0.380 0.376 0.378 0.385 0.383 0.376 0.374
25 0.340 0.341 0.340 0.339 0.335 0.335 0.340 0.342

8(y,1001) (0,0.25) 12 0.387 0.398 0.390 0.397 0.411 0.407 0.394 0.391
25 0.366 0.361 0.363 0.364 0.359 0.360 0.364 0.371

N(y,1001) (0.10,0.10) 12 0.382 0.391 0.380 0.380 0.383 0.377 0.381 0.382
25 0.378 0.373 0.378 0.377 0.365 0.365 0.375 0.380

W(p,1001) (0.25,0.25) 12 0.444 0.446 0.446 0.441 0.446 0.438 0.443 0,455
25 0.380 0.373 0.378 0.375 0.376 0.373 0.370 0.376

N(p,1001) - - 0.382 0.383 0.381 0.382 0.382 0.380 0.380 0.384
Cauchy (0,0.10) 12 0.363 0.367 0.362 0.361 0.357 0.360 0.366 0.366
25 0.340 0.340 0.339 0.339 0.339 0.340 0.340 0.337

Cauchy (0,0.25) 12 0.374 0.378 0.372 0.370 0.374 0.373 0.381 0.376
25 0.335 0.337 0.335 0.335 0.336 0.336 0.341 0.336

Csuchy (0.10,0.10) 12 0.387 0.330 0.381 0.382 0.370 0.369 0.381 0.381
25 0.332 0.333 0.332 0.332 0.332 0.331 0.333 0.333

Cauchy (0.25,0.25) 12 0.398 0.398 0.398 0.397 0.391 0.391 0.399 0.399
25 0.354 0.357 0.353 0.353 0.349 0.348 0.356 0.350

Cauchy - - 0.360 0.362 0.359 0.359 0.356 0.356 0.362 0.360
- - - 0.370 0.370 0.369 0.370 0.369 0.368 0.371 0.371
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Discriminant Procedure

1 1 1 1 1 1 1 I 11 111 111

TRIM1S TRIM25 HUB HAMHUB HAMP SIN  GAST TRI ROBREG TLDF15 TLDF25 FISHER

G(x) (a,B) n -10 -10 -10 ~10 -10 -10 ~10 -10
- (0,0) 12 0.364 0.365 0.366 0.369 0.369 0.372 0.365 0.368 0.354 0.365 0.362 0.357
25 0.339 0,340 0.339 0.337 0.337 0.337 0.343 0.338 0.340 0.344 0.343 0.340
N, 91) (0,0.10) 12 0.419 0.420 0.422 0,422 0.425 0.423 0.424 0,424 0,423 0,423 0.430 0.418
25 0.344 0,346 0.344 0,345 0.348 0.348 0.348 0,348 0.331 0.335 0.333 0.331
N(p,91) (0,0.25) 12 0.377 0.377 0.375 0.373 0.370 0.371 0.381 0.379 0.371 0.374 0.368 0.371
25 0.336 0.336 0.336 0,336 0.337 0.337 0.339 0.339 0.343 0.329 0.330 0.340
N, 91) (0.10,0.10) 12 0.365 0.367 0.370 0.371 0,367 0.368 0.369 0.366 0.385 0.383 0.377 0.379
25 0.353 0.353 0.352 0.352 0.350 0,349 0.352 0.358 0.385 0.372 0.383 0.386
Ny, 91) (0.25,0.25) 12 0.369 0.357 0.367 ©0.363 0.358 0.354 0.367 0.363 0.419 0.422 0.423 0,420
25 0.349 0.345 0.350 0.352 0.348 0.345 0.344 0.35% 0.369 0.357 0.357 0.367
Ny, 91) - - 0.364 0.363 0.365 0.364 0.363 0.362 0.365 0,367 0.378 0.374 0.375 0.376
N(u, 251) (0,0.10) 12 0.379 0.376 0.379 0.381 0.378 0.376 0.375 0.378 0.387 0.391 0.387 0.385
25 0.340 0.344 0.340 0.340 0,337 0.336 0.347 0.344 0.361 0,350 0.3:6 0.359
N(y, 251) (0,0.25) 12 0.397 0.401 0.398 0.399 0.396 0.395 0.399 0.395 0.421 0.409 0.4246 0.419
25 0.339 0.342 0,341 0.348 0.351 0,348 0.344, 0.346 0.361 0.355 0.357 0.365
N(y, 251) (0.10,0.10) 12 0.378 0.381 0.376 0.376 0.374 0.377 0.380 0.376 0.394 0.379 0.391 0.388
25 0.342 0.342 0.343 0.344 0.338 0.336 0.338 0.338 0.382 0.362 0.372 0.375
N, 251) (0.25,0.25) 12 0.419 0.415 0.420 0.416 0,403 0.401 0.419 0.416 0.447 0.440 0.435 0.445
25 0.355 0.360 0.356 0.356 0.361 0.363 0.363 0.355 0,341 0.341 0,338 0.347
N(y, 251) - - 0.369 0.370 0.369 0.370 0.367 0.367 0.379 0.379 0.382 0.380 0.382 0.378
N(p,100I) (0,0.10) 12 0.377 0.376 0.369 0.376 0.316 0.376 0.371 0.3270 0.380 0.376 0.375 0.380
25 0.338 0,339 0.338 0.337 0.332 0.333 0.33% €.338 0.372 0.362 0.367 0.369
N(y,1001) (0,0.25) 12 0.386 0.393 0.387 0.390 0.395 0.393 0.387 0.387 0.397 0.399 0.397 0.397
25 0.384 0.367 0.376 0.375 0.358 0.360 0.370 0.387 0.417 0.394 0.378 0.419
N(p,1001) (0.10,0.10) 12 0.380 0.396 0.382 0,379 0.393 0.368 0.388 0.384 0,425 0,403 0.419 0.419
25 0.366 0,364 0.365 0.369 0.351 0.352 0.366 0Q.370 0.4%8 0.407 0,399 0.456
N(y,1001) (0.25,0.25) 12 0.439 0.441 0.456 0.454 0.463 0.453 0.443 0.454 0.467 0.435 0.407 0.458
25 0.361 0.354 0.362 0.362 0.356 0.351 0.349 ©.359 0.401 0.387 0.376 0.413
N(y,1001) - - 0.379 0.379 0.379 0.380 0.378 0.376 0.377 (©.381 0.415 0.395 0.390 0.414
Ceuchy (0,0.10) 12 0.364 0.369 0.360 0.360 0.357 0.360 0.3¢& 0.367 0.374 0.360 0.367 0.368
25 0.337 0.339 0.336 0.337 0.336 0.336 0.341 0.336 0.373 0.352 0.365 0.368
Cauchy (0,0.25) 12 0.367 0.370 0.369 0.365 0.371 0.372 0.375 0.370 0.397 0.404 0.380 0.392
25 0.335 0.335 0.335 0.336 0.336 0.335 0.337 0.336 0.401 0.36% 0.357 0.404%
Cauchy (0.10,0.10) 12 0.375 0.386 0.380 0.379 0.372 0.374 0.38C 0.377 0.417 0.400 0.408 0.409
25 0.332 0.332 0.331 0,332 0.332 0.331 0.333 0,331 0,341 0.333 0.334 0,342
Cauchy (0.25,0.25) 12 0.397 0.39 0.397 0.395 0.391 0.390 0.39%98 0.39% 0.434 0.470 0.419 0.433
25 0.347 0.347 0.346 0.346 0.339 0.338 0.347 0.345 0.410 0.349 0.358 0.41)
Cauchy - - 0.357 0.359 0.357 0.356 0.354 0.35% 0.360 0.357 0.393 0.373 0.374 0.391
- - -- 0.367 0.368 0.367 0.368 0.366 0.365 0.368 0.368 0.393 0.380 0.380 0.352




TABLE 5.2.2

AVERAGE PROBABILITY OF MISCLASSIFICATION FOR EACH PROCEDURE (m=4, 6=3)
(OPTIMAL PROBABILITY = 0.0668)

Discriminant Procedure

I I I 1 1 I I I

TRIMLS  TRIM25 HUB HAMRUB HAMP SIN GAST TRI

G(x) (a0, 8) n ~05 -05 =05 ~-05 -05 -05 -~05 -05
— (0,0) 12 0.096 0.096 0.096 0.096 0.096 0.097 0.095 0.095
25 0.083 0.082 0.083 0.083 0.084 0.084 0.082 0.082
N(y,91) (0,0.10) 12 0.089 0.091 0.090 0.090 0.090 0.089 0.091 0.089
25 0.081 0.081 0.081 0.081 0.081 0.082 0.081 0.082
N(y,91) (0,0.25) 12 0.109 0.106 0.110 0.110 0.109 0.110 0.107 0.108
25 0.079 0.079 0.078 0.078 0.079 0.079 0.078 0.079

N(y,91) (0.10,0.10) 12 0.098 0.100 0.098 0.098 0.097 0.098 0.098 0.097
25 0.079 0.080 0.079 0.079 0.079 0.080 0.081 0.080
N(yp,91) (0.25,0.25) 12 0.104 0.102 0.102 0.105 0.105 0.104 0.103 0.103
25 0.088 0.089 0.089% 0.089 0.090 0.0%0 0.090 0.091
Ny, 91) — - 0.091 0.091 0.091 0.091 0.0%1 0.091 0.091 0.091
N{p, 251) {0,0.10) 12 0.090 0.090 0.089 0.0%0 0.090 0.090 . 0.0%0 0.089
25 0.076 0.076 0.077 0.076 0.076 0.076 0.075 0.075
N(y,251) (0,0.25) 12 0.108 0.111 0.107 0.107 0.108 0.110 0.110 0.110
25 0.096 0.098 0.096 0.096 0.099 0.098 0.101 0.097
N(y,251) (0.10,0.10) 12 0.109 0.106 0.103 0.102 0.098 0.099 0.105 0.103
25 0.089 0.089 0.089 0.09%0 0.088 0.088 0.090 0.090
N(y,251) (0.25,0.25) 12 0.123 0.118 0.124 0.125 0.123 0.123 0.119 0.123
25 0.119 0.116 0.119 0.122 0.129 0.130 0.116 0.116
N(p, 251) - - 0.101 0.101 0.101 _ 0.101 0.101 0.101 0.101 0.100
N(y,1001) (0,0.10) 12 0.118 0.117 0.118 0.119 0.119 0.119 0.117 0.116
25 0.098 0.098 0.098 0.099 0.101 0.099 0.098 0.098
N(p,1001) (0,0.25) 12 0.150 0.149 0.151 0.150 0.157 0.155 0.150 0.151
25 0.109 0.107 0.107 0.107  0.108 0.107 0.108 0.113
N(p,1001) (0.10,0.10) 12 0.116 0.118 0.115 0.115 0.117 0.117 0.118 0.115
25 0.090 0.090 0.089 0.0390 0.089 0.088 0.090 0.091
N(p,1001) (0.25,0.25) 12 0.251 0.230 0.249 0.242 0.240 0.230 0.243 0.248
25 0.129 0.127 0.128 0.128 0.131 0.129 0.126 0.129
N(p,1001) - - 0.133 0.129 0.132 0.131 0.133 0.131 0.131 0.133
Cauchy (0,0.10) 12 0.101 0.105 0.101 0.100 0.099 0.101 0.103 0.100
. 25 0.080 0.080 0.080 0.080 0.080 0.080 0.080 0.081
Cauchy (0,0.25) 12 0.125 0.126 0.125 0.125 0.124 0.124 0.125 0.125
25 0.077 0.077 0.077 0.078 0.080 0.078 0.078 0.077
Cauchy (0.10,0.10) 12 0.096 0.098 0.096 0.095 0.095 0.096 0.099 0.098
25 0.084 0.085 0.084 0.084 0.085 0.085 0.085 0.085
Cauchy (0.25,0.25) 12 0.133 0.131 0.136 0.139 0.141 0.140 0.132 0.133
25 0.086 0.086 0.086 0.085 0.085 0.085 0.087 0.086
Cauchy - - 0.098 0.098 0.098 0.098 0.098 0.099 0.099 0.098
- - - 0.106 0.105 0.105 0.105 0.106 0.106 0.106 0.106

128



TABLE 5.2.2 (Continued)

129

Discriminant Procedure

1 I 1 1 I 1 1 I I1 111 111
TRIM1S TRIM25 HUB HAMHUB HAMP SIN  CGAST TR1 ROBREG TLDF15 TLDF25 F1SHER
G(x) (a,8) n -10 -10 -10 -10 -10 -10 -10 ~-10

- (0,0) 12 0.094 0.095 0.094 0.096 0.09% 0.096 0.093 0.094 0,098 0.099 0.104 0.095
25 0.082 0.083 0.082 0.082 0.083 0.083 0,083 0.C83 0,077 0.080 0.083 0.077

Ry, 91) (0,0.10) 12 0.089 0.092 0.089 0.089 0.090 0.091 0.090 0.089 0.101 0.100 0.112 0.101
25 0.082 0.083 0.082 0.081 0,081 0.081 0.084% 0.084 0.083 0.079 0.032 0.085

N(y,91) (0,0.25) 12 0.106 0.108 0.108 0.109 0.109 0.108 0.108 0.107 0.118 0.109 0.110 0.118
25 0.078 0.078 0.078 0.078 0.078 0.078 0.077 0.077 0.079 0.079 0.081 0.081

N, 91) (0.10,0.10) 12 0.101 0.101 0.100 0.100 0.099 0.100 0.100 0.101 0.107 0.099 0.106 0.107
25 0.076 0.077 0.076 0.076 0.076 0.076 0.078 0.079 0.078 0.079 0.084 0.080

N(y, 91) (0.25,0.25) 12 0.110 0.111 ©0.110 0.111 0.110 0.111 0.109 0.109 0.111 0.122 0.117 0.112
25 0.084 0.084 0,084 0.084 0.084 0.085 0.084 0.066 0.101 0.093 0.098 0.107

N(y,91) - - 0.091 0.092 0.091 0.091 0.091 0.092 0.091 0.092 0.097 0.095 0.09%9 0.099
N(p,251) (0,0.10) 12 0.097 0.097 0.097 0.097 0.097 0.096 0.097 ©.099 0.103 0.099 0.112 0.101
25 0.074 0.074 0.074 0.073 0.074 0,074 0.075 0.075 0.094 0.086 0.093 0.099

N(y, 251) (0,0.25) 12 0.105 0.109 0.106 0.106 0.109 0.111 0.107 0.109 0.113 0.121 0.114 0.116
25 0.091 0.094 0.093 0.097 0.096 0.095 0.096 0.091 0.101 0.09 0.099 0.119

Ny, 251) (0.10,0.10) 12 0.107 0.111 0.105 0.105 0.101 0.105 0.110 0.107 0.109 0.125 0.116 0.112
25 0.081 0,082 0.080 0.081 0.080 0.080 0.084 0.082 0.099 0.095 0.098 0.100

N(p,251) (0.25,0.25) 12 0.120 0.127 0.120 0.120 0.129 0.127 0.129 ©0.130 0.105 0.103 0.109 0.114
25 0.102 0.101 0.102 0.104 0.109 0.109 0,100 0©.098 0,133 0.125 0.126 0.146

N, 251) - - 0.097 0.099 0.097 0.098 0.099 0.100 0.100 0.099 0.107 0.106 0.108 0.112
N(y,1001) (0,0.10) 12 0.103 0.095 0.106 0.101 0.098 0.097 0.099 0.100 0.145 0.112 0.111 0.140
25 0.090 0.090 0.090 0.090 ©0.050 0.089 0.092 0.088 0.104 0.091 0.103 0.11)

N(},1001) (0,0.25) 12 0.139 0.137 0.139 0.138 0.149 0.149 0.140 0.139 0.139 0.121 0.133 0.14)
25 0.117 0,113 0.116 0.117 0.118 0,116 0.114 0.116 0.174 0.119 0.139 0.207

N(p,1001) (0.10,0.10) 12 0.119 0,123 0.118 0.118 0.121 0,123 0.119 0.117 0.179 0.155 0.170 0.183
25 0.100 0.100 0.101 0.101 0.098 0.098 0.103 ©.101 0.119 0.104 0.113 0.135

N(y,1001) (0.25,0.25) 12 0.234 0,224 0.233 0.226 0.224 0.220 0.232 0.226 0,260 0.23% 0.207 0.295
25 0.126 0.124 ©0.125 0.125 0,119 0.117 0.125 0.121 0.140 0.133 0.127 0.15%
N(p,1001) - - 0.129 0.126 0.128 0.127 0.127 0.126 0.128 (.126 0.158 0.134 0.138 0.170
Cauchy (0,0.10) 12 0.101 0.105 0.101 0.100 ©0.0%9 ©.101 0.103 0.100 0.095 0.092 0.093 0.092
25 0.086 0.087 0.086 0.086 0.086 C.086 0.028 (.086 0.083 0.C84 0.085 0.0%5

Cauchy (0,0.25) 12 0.088 0.090 0.088 0.087 0.085 0.086 0.089 ©€.C69 0.123 0.096 0.117 0.120
25 0.079 0.079 0.079 0.079 0.081 0.080 0.081 (.079 0.182 0.056 0.127 0.178

Cauchy (0.10,0.10) 12 0.092 0.094 0.093 0.092 0.091 0.092 0,095 0.09% 0.096 C.097 0.097 G.09%
25 0.087 0.087 0.086 0.087 0.087 0.087 0,086 0.087 0.143 0.133 0.143 0,151

Cauchy (0.25,0.25) 12 0.101 0.096 0.102 0.105 0.105 0.104 0.09¢ 0.101 0,136 0.089 0.127 0.1¢€1
25 0.083 0.084 0.083 0.083 0.062 0.083 0.084 0.033 0.132 0.083 0.099 0.132

Cauchy - - 0.089 0.089 0.089 0.089 0.089 0,089 0.089 0©.C39 0.124 0.095 0.i11 0.12
-- -- - 0.101 0.101 0.101 0.101 0.101 0,101 0.102 0.101 0.12} 0.107 0.114 0.127




STANDARD DEV

IATTIONS OF THE PROBABILITY OF MISCLASSTFICATION FOR FACH PROCEDURE (m=4, §=1)

TABLE 5.2.3

Discriminant Procedure

I 1 I 1 1 1 I 1

TRIM15  TRIM2S iiuB HAMIIUB HAMP SIN GAST TRI

G(x) (a,B) n -05 -05 -05 -05 ~05 -05 -05 ~05
- (0,0) 12 0.049 0.045 0.049 0.051 0.052 0.050 0.047 0.047
25 0.020 0.023 0.020 0.019 0.019 0.019 0.025 0.019

N(,91) (0,0.10) 12 0.084 0.068 0.093 0.091 0.0%0 0.078 0.085 0.086
25 0.026 0.026 0.027 0.029 0.032 0.032 0.026 0.027

N(y, 91) (0,0.25) 12 0.047 0.038 0.047 0.045 0.048 0.044 0.046 0.047
25 0.019 0.019 0.019 0.019 0.021 0.020 0.019 0.018

N(y,91) (0.10,0.10) 12 0.034 0.034 0.033 0.033 0.032 0.032 0.035 0.034
25 0.053 0.049 0.052 0.052 0.050 0.051 0.049 0.053

N(y,91) (0.25,0.25) 12 0.041 0.027 0.040 0.031 0.023 0.025 0.040 0.037
25 0.031 0.026 0.030 0.032 0.034 0.031 0.027 0.034

Ny, 251) (0,0.10) 12 0.086 0.082 0.092 0.096 0.054 0.095 0.084 0.083
25 0.028 0.030 0.028 0.029 0.030 0.028 0.030 0.033
N(p,251) (0,0.25) 12 0.076 0.077 0.074 0.074 0.072 0.075 0.077 0.080
25 0.030 0.030 0.030 0.029 0.037 0.031 0.032 0.029

N(y,251) (0.10,0.10) 12 0.050 0.058 0.047 0.041 0.041 0.044 0.057 0.048
25 0.035 0.039 0.034 0.035 0.035 0.035 0.034 0.035

N(y, 251) (0.25,0.25) 12 0.072 0.069 0.071 0.070 0.066 0.064 0.069 0.071
25 0.022 0.021 0.022 0.023 0.018 0.016 0.021 0.023

N(y,1001) (0,0.10) 12 0.081 0.085 0.079 0.081 0.078 0.079 0.083 0.081
25 0.020 0.021 0.019 0.017 0.015 0.016 0.021 0.022

N(,1001) (0,0.25) 12 0.068 0.073 0.058 0.071 0.085 0.075 0.060 0.067
25 0.032 0.034 0.032 0.032 0.031 0.033 0.034 0.030

N(p,1001) (0.10,0.10) 12 0.053 0.062 0.054 0.053 0.050 0.045 0.050 0.052
25 0.048 0.046 0.049 0.050 0.044 0.042 0.042 0.049

N(y,1001) (0.25,0.25) 12 0,055 0.060 0.056 0.064 0.067 0.071 0.055 0.053
25 0.059 0.053 0.056 0.052 0.053 0.051 0.054 0.053
Cauchy (0,0.10) 12 0.036 0.039 0.035 0.035 0.03¢ 0.037 0.037 0.036
25 0.025 0.029 0.025 0.023 0.023 0.024 0.030 0.023

Cauchy (0,0.25) 12 0.052 0.057 0.052 0.052 0.051 0.050 0.051 0.053
25 0.026 0.026 0.026 0.027 0.029 0.028 0.029 0.026

Cauchy (0.10,0.10) 12 0.047 0.048 0.051 0.054 0.045 C. 044 0.047 0.044
25 0.018 0.017 0.019 0.020 0.020 0.019 0.018 0.019

Cauchy (0.25,0.25) 12 0.061 0.063 0.063 0.063 0.054 0.056 0.063 0.063
25 0.038 0.042 0.038 0.039% 0.036 0.037 0.041 0.040

130
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TABLE 5.2.3 (Continucd)

Discriminant Procedure

1 1 1 1 1 1 1 1 1 IIr It
TRIMIS TRIM25 HUB HAMNUB HAMP  SIN  GAST  TRL ROBREG TLDFIS TLDF25 FISHER
c(x) (@,B) n -10 -10 -1 -0 =-10 -10 -10  ~-10

— (0,0) 12 0.059 0.057 0.059 0.061 0.061 0.059 0.060 0.C:0 0,040 0,049 0.039 0.039
25 0.024 ©0.026 0.023 0,021 0.020 0.021 0.030 0.C2¢ 0.020 0.020 0.020 0.021
Ny, 91) (0,0.10) 12 0.095 0.081 0.096 0.097 0.096 0.089 0.09¢ 0.C91 0.072 0.077 0.072 0.030
25 0.026 0.025 0.027 0.028 0.029 0.030 0,025 0.CI5 0.018 0.017 0.017 0.019
Ry, 1) 0,0.25) 12 0.059 0.044 0.058 ©0.056 0.056 0.053 0.053 0.C6D 0,060 0.061 0.061 0.058
25 0.020 0.023 0.019 0.023 0.022 0.020 0.029 0.013 0.039 0.014 0.012 0.030
Ny, 91) (0.10,0.10) 12 0.028 0.028 0.035 0.034 0.025 0.026 0.030 0,033 0.047 0,043 0.043 0.044
28 0.050 0.051 0.04% 0.049 0.048 0.049 0.050 0.032 0.050 0.047 0.048 0.050
N(, 91) (0.25,0.25) 12 0.032 0.028 0.034 ©0.027 0.031 0.034 0.031 0.€39 0.084 0.082 0.093 0.079
25 0.025 0.02] 0.026 0.027 0,031 0.028 0.022 0.C13 0.032 0.024 0.032 0.021
Ny, 251) (0,0.10) 12 0.087 0.08] 0.092 0.094 0.090 0,091 0.082 0.€3: 0,085 0.073 0.089 0.086
25 0.022 0.023 0.023 0,025 0.020 ©0.018 0.025 0.023 0.048 0.028 0.040 0.045
N(y,251) (0,0.25) 12 0.081 . 0.081 0.080 0.079 0,077 0.078 0,083 0.0S2 0,088 0.087 0.088 0.C89
25 0,024 0.023 0,023 0.027 0.033 0.027 0.024 0.026 0.032 0.027 0.034 0.032
N(p,251) (0.10,0.10) 12 0.046 0.048 0.041 0.039 0.062 0.045 0,049 0.Gi2 0.037 0,034 0.032 0.033
25 0.033 0.036 0.033 0.035 0.031 0.030 C.028 0.032 0.057 0.060 0.052 0.050
W(u,251)  (0.25,0.25) 12 0.082 0.075 0.080 0.077 0.076 0.078 0.077 C.0Sl 0,074 0.065 0.085 0.067
25 0.020 0.018 0,020 0.020 0.019 0.019 0.018 0.871 0,016 0.023 0.017 0.019
N(y,1001) (0,0.10) 12 0.066 0.069 0.065 0.067 0.068 0.064 0.067 0,082 0.082 0.078 0.075 0.075
25 0.021 0.023 0.020 0,017 0.013 0,015 0.023 0.0i1 0.036 0.038 0.036 0.037
N(y,1001) (0,0.25) 12 0.079 0.093 0.076 0.083 0,084 0.083 0.080 0,(32 0,064 0.073 0.060 0.059
25 0.058 0.040 0,046 0.042 0.035 0.035 0.036 0.253 0.074 0.070 0.032 0.054
N(p,1001) (0.10,0.10) 12 0.057 0,076 0.055 0.057 0.062 0.052 0.062 ¢.Gi2 0.087 0.033 0.082 0.085
25 0.036 0.037 0.036 0.03% 0.033 0.031 0.035 0.C3> 0.086 0.060 0.054 0.086
N(p,1001) (0.25,0.25) 12 0.072 0.082 0.075 0.075 0.083 0.084 0.079 0.0?S 0.067 0.062 0.057 0.052
25 0.057 0.045 0.059 0.057 0.049 0.045 0,046 0.C3% 0.081 0.088 0.065 0.076
Cauchy (0,0.10) 12 0.038 0.035 0.038 0.037 0.035 0,035 0.036 0.035 0.064 0.050 0.047 0.060
25 0.018 0.019 0,019 0.017 0.016 0.015 0.021 .22 0.060 0.018 0.044 0.058
Cauchy (0,0.25) 12 0.053 0.053 0.053 0.052 0.054 0.054 0.054 0.%34 0.078 0,070 0.063 0.075
25 0.030 0.027 0.030 0.030 0.032 ©0.030 0.026 0.2:T 0.073 0.069 0.048 0.073
Cauchy (0.10,0.10) 12 0.047 0.061 0.053 0.055 0.050 0.05 0.053 0.5:% 0.092 0.070 0.0€3 0.075
25 0.013 0.012 0.0l4 0.015 0.015 0.014 0.013 0,214 0.051 0.021 0.C25 0.031

Cauchy (0.25,0.25) 12 0.069 0.069 0.070 0.069 0.064 0.068 0,070 O. 0.113 0.097 0.03% 0.1C& ’
25 0.041 0.041 0.040 0.040 0.034 0,033 0.04% 0.l3% 0.105 0.054 0.057 0.100




132

TABLE 5.2.4

STANDARD DEVIATIONS OF THE PROBABILITY OF MISCLASSIFICATION FOR FACH PROCEDURE (m=4, 6=3)

Discriminant Procedure

1 I 1 1 I 1 1 I

TRIM15  TRIM2S HUB HAMHUB HAMD SIN GAST TRI

G(x) (a,B) n -05 -05 -05 -05 -05 -05 -05 -05
- {0,0) 12 0.026 0.023 0.027 0.026 0.027 0.024 0.022 0.023
25 0.008 0.010 0.008 0.007 0.007 0.008 0.010 0.009

N(p,91) (0,0.10) 12 0.020 0.020 0.019 0.019 0.019 0.019 0.019 0.020
25 0.009 0.009 0.010 0.010 0.011 0.011 0.009 0.010

N(u, 91) (0,0.25) 12 0.031 0.031 0.030 0.030 0.029 0.030 0.032 0.032
25 0.007 0.007 0.007 0.007 0.007 0.006 0.007 0.007

Ny, 91) (0.10,0.10} 12 0.015 0.017 0.015 0.014 0.014 0.015 0.016 0.015
25 0.019 0.020 0.019 0.018 0.018 0.019 0.021 0.019

N, 91) (0.25,0.25) 12 0.024 0.025 0.024 0.025 0.028 0.028 0.027 0.024
25 0.014 0.014 0.014 0.014 0.014 0.014 0.015 0.015
N(p,251) (0,0.10) 12 0.018 0.018 0.018 0.019 0.018 0.017 0.018 0.018
25 0.006 0.006 0.007 0.006 0.006 0.006 0.005 0.005

N(u,251) (0,0.25) 12 0.021 0.021 0.020 0.021 0.022 0.022 0.022 0.022
25 0,016 0.020 0.016 0.015 0.015 0.015 0.022 0.017

N(u,251) (0.10,0.10) 12 0.018 0.020 0.015 0.016 0.014 0.014 0.020 0.016
25 0.013 0.012 0.013 0.014 0.011 0.011 0.012 0.013

N{u,251) (0.25,0.25) 12 0.053 0.048 0.055 0.056 0.054 0.054 0.050 0.053
25 0.043 0.044 0.044 0.046 0.065 0.067 0.042 0.038

N(u,1001) (0,0.10) 12 0.095 0.094 0.094 0.092 0.091 0.092 0.095 0.094
25 0.034 0.033 0.034 0.034 0.035 0.034 0.033 0.033

N(u,1001) (0,0.25) 12 0.086 0.083 0.086 0.086 0.093 0.095 0.085 0.087
25 0.031 0.030 0.030 . 0.032 0.032 0.031 0.030 0.039
N(u,1001) (0.10,0.10) 12 0.059 0.060 0.058 0.058 0.059 0.060 0.061 0.060
25 0.021 0.021 0.020 0.021 0.016 0.016 0.020 0.020

N(u,1001) (0.25,0.25) 12 0.090 0.085 0.090 0.087 0.058 0.062 0.092 0.084
25 0.034 0.034 0.033 0.033 0.032 0.032 0.035 0.032

Cauchy (0,0.10) 12 0.035 0.040 0.034 0.032 0.031 0.033 0.040 0.033
25 0.010 0.010 0.010 0.009 0.008 0.009 0.011 0.010
Cauchy (0,0.25) 12 0.130 0.129 0.130 0.130 0.130 0.130 0.129 0.130
25 0.007 0.006 0.007 0.007 0.011 G.008 0.007 0.008

Cauchy (0.10,0.10) 12 0.025 0.024 0.025 0.025 0.025 C.025 0.026 0.025
25 0.012 0.010 0.012 0.013 0.012 0.012 0.009 0.011
Cauchy (0.25,0.25) 12 0.107 0.107 0.108 0.107 0.109 0.110 0.106 0.108

25 0.017 0.017 0.017 0.015 0.015 0.616 0.019 0.015
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TABLE 5.2.4 (Continued)

Discriminant Procedure

1 1 I I 1 1 1 I 11 III 111
TRIM15 TRIM25 HUB HAMHUB HAMP SIN  GAST TRI ROBREG TLDF15 T1.DF25 FISHER
G(x) (a,8) n -10 ~10 -10 -10 -10 ~-10 -10 -10
-— (0,0) 12 0.023 0.020 0,023 0.022 0.023 0.021 0.018 0.021 0.040 0.050 0,047 0.031

25 0.007 0.009 0.007 0.007 0.008 0.008 0.009 0.009 0.004 0.007 0.009 0.004

N(p,91) (0,0.10) 12 0.021 0.024 0.020 0.021 0.019 0.020 0.020 0.019 0.026 0.026 0.031 0.024
25 0.010 0.012 0.009 0.009 0.010 0.010 0.013 0.011 0.014 0.004 0,014 0.021
N(y, 91) (0,0.25) 12 0.030 0.033 0.029 0.030 0.030 0.030 0.033 0.031 0.062 0.039 0.051 0.065
25 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.006 0.005 0.005 0.006 0.006
N(py, 91) (0.10,0.10) 12 0.021 0.021 0.021 0.022 0.021 0.021 0.019 0.020 0.022 0.022 0.026 0.027

25 0.012 0.013 0.012 0.011 0.011 0.011 0.014 0.014 0.011 0.007 0.017 0.015

N(u, 91) (0.25,0.25) 12 0.032 0.029 0.031 0.031 0.032 0.031 0.032 0,034 0.028 0.030 0.030 0.028
25 0.020 0.020 0,020 0.020 0.021 0.020 0.020 0.020 0.026 0.016 0.017 0.030

N(y, 251) (0,0.10) 12 0.021 0.021 0.021 0.024 0.024 0.022 0.021 0.025 0.029 0.026 0.031 0.029
25 0.004 0.003 0.004 0.004 0.004 0.003 0.003 0.005 0.021 0.017 0.019 0.030
N(y, 251) (0,0.25) 12 0.031 0.032 0.031 0,029 0.032 0.033 0.030 0.034 0.035 0.031 0.034 0.042

25 0.019 '0.024 0.019 0.019 0.017 0.017 0.027 0.019 0.018 0.015 0.018 0.030

N(y, 251) (0.10,0.10) 12 0.027 0.032 0.027 0.028 0.027 0.030 0.032 0.029 0.027 0.028 0.032 0.026
25 0:009 0.009 0.009 0.011 0.009 0,009 0.011 0,012 0.036 0.019 0.024 0.036

N(u,251) (0.25,0.25) 12 0.051 0.051 0.051 0.051 0.047 0.045 0.051 0.052 0.020 0.025 0.021 0.024
25 0.020 0.016 0.021 0.022 0.039 0.040 0.013 0,016 0.070 0.065 0.065 0.058

N{},1001) (0,0.10) 12 0.060 0.040 0.054 0.040 0,031 0.031 0,049 0©.054 0.090 0,039 0.034 0,093
25 0.027 0.029 0.027 0.026 0.026 0.026 0.028 0.026 0.026 0.018 0,026 0.035

N(u,1001) (0,0.25) 12 0.064 0.060 0.065 0.063 0.070 0.072 0.063 0.066 0.054 0.043 0.047 0,060
25 0.036 0.032 0.036 0.038 0.037. 0.035 0.029 ©0.040 0.117 0.041 0.048 0.125

N(u,1001) (0.10,0.10) 12 0.054 0.057 0.052 0.053 0.058 0.057 0.057 0.054 0,106 0.100 0.088 0.105
25 0.033 0.033 0.034 0.035 0.031 0.031 0.036 0.033 0.035 0.025 0.028 0.060

N(p,1001) (0.25,0.25) 12 0.070 0.061 0.071 0.061 0.044 0.064 0.062 0.066 0.098 0.094 0.069 0.102
25 0.046 0.046 0.046 0,045 0.041 0.037 0,046 0.037 0.053 0.053 0.052 0.063

Cauchy (0,0.10) 12 0.022 0.026 0.022 0.021 0.021 0.018 0.023 0.022 0.027 0.018 0.023 0.026
25 0.019 0.020 0.0i9 0.017 0.016 0.017 0,020 0.017 0.018 0.017 0.021 0.030
Cauchy (0,0.25) 12 0.018 0.017 0.017 0.917 0.014 0©0.015 0.019 0.019 0.128 0.026 0.105 0.126
25 0.008 0.009 G.008 0.009 0.012 0.0i1 0.012 0,011 0,166 0.014 0.065 0,163
Cauchy (0.10,0.10) 12 0.018 0.019 0.0i7 0.016 0.017 0.018 0.021 0.020 0.0%0 0.033 0.022 0.027
25 0.017 0,015 0.017 ¢©.018 0.017 0.017 0.012 0,016 O.111 0.106 0.110 0.116
Cauchy (0.25,0.25) 12 0.023 0.016 0.024 0.026 0.028 0.027 0.018 0.023 0.076 0.023 C.045 0.117

25 0.008 0.008 0.008 0.008 0.008 0.008 0.008 0.008 0.127 0.020 0.028 0.121
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as well as the other procedures. In general, however, Fisher's
linear discriminant function does not perform as well as the

jfobust procedures when the initial samples are scale contami-
nated.

(3) As in the univariate case, the Type II Robust Regression dis-
criminant function does not perform well. The Type II discri-
minant function and Fisher's LDF give very similar results.

(4) For mild contaminating distributions, e.g., N(u,91), with both
samples contaminated, the Type 1 LDFs perform better than the
others. With 10%Z contamination, the Type I discriminant func-
tions are very similar., For § = 3 and 25% contamination, there
is little difference among the Type I functions. For § = 1 and
25% contamination, there is a little more variation among the
Type I LDFs. The Sin LDF performs best followed by the 25%
Trimmed Mean LDF and Hampel's LDF.

(5) For moderate contaminating distributions, e.g., N(u,25I), the
Type I LDFs again perform better than the other discriminant
functions. There is generally a difference of 0.01 to 0.02 in
probability of misclassification between the best and worst of
the Type I LDFs. The Sin LDF and the Trimmed Mean LDFs tend to
perform very well in this case.

In the following special cases Fisher's LDF and the Type
II and III LDFs performed very well:
(5=l,(a,B)=(0.25,0.25),n=25)and (6=3,(a,B)=(O.25,0.25),n=12).

(6) For heavier contaminating distributions, e.g., N(u,100I), the

situation is very similar to that of moderate contamination.

The Type 1 LDFs perform better than the others with the



(7)

(8)
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following exceptions: (6=1,(a,B)=(0.25,0.25),n=12), (3=3,(a,B)=
(0,0.25),n=12), (8=3,(x,B)=(0.25,0.25),n=12). There is generally
a difference of 0.01 to 0.03 in probability of misclassification
between the best and worst of the Type I LDFs. The Hampel, Sin,
and Trimmed Mean LDFs often give the smallest probabilities of
misclassification.

Cauchy contamination gave results similar to those for moderate
and heavy contamination. A Type I LDF is generally the safest
procedure in this situation, with the Hampel and Sin discrimi-
nant functions usually performing best. There were several
cases, however, where Fisher's LDF or one of the Type III LDFs
performed as well as or better than the Tvpe I discriminant
functions: for (8=1,(0,B)=(0,0.10),n=12) the 15% Trimmed LDF
performed well; for (6=1,(a,B)=(0.10,0.10),n=25), the Type III
LDFs performed well; for (8=3,(0,B)=(0,0.10),n=12) Fisher's

LDF and the Type II and Type III LDFs gave smaller probabilities
of misclassification than the Type I LDFS; for (3=3,(u,B)=
(0.25,0.25),n=12 and n=25), the 15% Trimmed LDF performed as
well as or better than the Type I discriminant functions.

As in the univariate study, differences among the methods
decrease as the sample size increases, supporting once again
our asymptotic results which indicate that for large samples,
Fisher's linear discriminant function is optimal even when the
initial samples are scale contaminated. With samples of size
25, however, Fisher's LDF may still perform very poorly with

contaminated samples.

Overall, the Type I LDFs are very similar to each other.
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The Type III Trimmed discriminant functions usually do not per-
form as well as the Type I LDFs but perform considerably better
than the Robust Regression LDF or Fisher's LDF.
5.3. The Effects of Sample Size, Distance Between
Populations, Amount of Contamination, Tvpe of

Contamination, and Procedure on the Probability
of Misclassification (m=4)

To evaluate the effects the control variables, i.e., sample
size, distance between m and Tos amount of contamination, type of con-
tamination, and procedure used for discrimination, have on the probabil-
ity of misclassification when m = 4, the same analyses of variance
described in section 4.3 were run on the four variable simulated proba-
bilities. 1In this case, the number of discriminant procedures to be
evaluated is 20 rather than 12,

The results of the analysis on P¢ are presented in Table 5.3.1.
As %n the univariate case, all main effects are highly significant.
Methods interact with all other factors, making it difficult once again
to make general statements about the relative performance of the twenty
discriminant functions without always qualifying our statements. In
addition to the highly significant interaction of all factors with
methods, the amount by type of contamination interaction, the sample
size by distance interaction and the sample size by amount of contamina-
tion interaction are significant. This makes it difficult to make con-
clusions about the effects of any factors without careful qualifications.

Table 5.3.2 gives the mean probability of misclassification for
each method within each level of the main factors. The overall means
and the means for each level of 8 are given. Recall that b is the num-

ber of blocks, i.e., the number of pairs of samples, included in the
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TABLE 5.3.2
AVERAGE MARGINAL PROBABILITIES OF MISCLASSIFICATION
(m=4)
DPiscriminant Procedure
I 1 1 1 I I 1 1
TRIM15 TRIM25 HUB HAMHUB HAMP SIN GAST TRI
-05 -05 -05 -05 -05 -05 -05 -05
Overall (b=640) 0.238 0.238 0.237 0.237 0.237 0.237 0.238 0.238
§=1 (b=320) 0.370 0.370 0.369 0.370 0.369 0.368 0.371 0.371
=3 (b=320) 0.106 0.105 0.105 0.105 0.106 0.106 0.106 0.106
n=12 $&=1 (b=160) 0.389 0.391 0.389 0.389 0.389 0.387 0.391 0.390
n=25 §=1 (b=160) 0.350 0.350 0.349 0.350 0.348 0.348 0.350 0.351
n=12 §é=3 (b=160) 0.120 0.119 0.120 0.119 0.120 0.119 0.120 0.119
n=25 &=3 (b=160) 0.091 0.091 0.091 0.091 0.092 0.092 0.092 0.092
n=12 {b=320) 0.255 0.255 0,254 0.254 0.254 0.253 0,255 0.255
n=25 (b=320) 0.220 0.220 0.220 0.221 0.220 0.220 0.221 0.221
(a,B)=(0,0.10) §=1 (b=80) 0.364 0.365 0.364 0.365 0.365 0.365 0.366 0.366
(a,8)=(0,0.25) S=1 (b=80) 0.366 0.367 0.365 0.367 0.368 0.367 0.368 0.368
(a,B)=(0.10,0.10) &=1 (b=80) 0.365 0.367 0.364 0.365 0.362 0.361 0.364 0.365
(a,B)=(0.25,0.25) =1 (b=80) . 0.383 0.383 0.384 0.382 0,381 0.378 0.384 0.384
(0,B)=(0,0.10) &=3 (b=80) 0.092 0.092 0.092 0.092 0.092 0.092 0.092 0.091
(a,B)=(0,0.25) §=3 (b=80) 0.107 0.107 0.106 0.106 0.108 0.108 0.107 0.108
(a,B)=(0.10,0.10) 6=3 (b=80) 0.095 0.096 0.094 0.094 0.093 0.094 0.096 0.095
(a,B)=(0.25,0.25) 6=3 (b=80) 0.129 0.125 0.129 0.129 0.130 0.129 0.127 0.129
(o, 8)=(0,0.10) (b=160) 0.228 0.229 0.228 0.228 0.228 0.228 0.229 0.229
(0, 8)=(0,0.25) (b=160) 0.236 0.237 0.236 0.237 0.238 0.237 0.238 0.238
(a,£)=(0.10,0.10) (b=160) 0.230 0.231 0.229 0.229 0.228 0.227 0.230 0.230
(a,B)=(0.25,0.25) (b=160) 0.256 0.254 0.257° 0.256 0.256 0.254 0.255 0.256
G () =N(g,91) S=1 (b=80) 0.365 0.363 0.366 0.366 0.365 0.363 0.367 0.367
G(x)=N(u,251) §=1 (b=80) 0.371 0.373 0.371 0,373 0.37 0,372 0.373 0.372
G{x)=N(),1001) =1 (b=80) 0.382 0.383 0.381 0.382 0.382 0.380 0.380 0.384
G(x)=Cauchy 6=1 (b=80) 0.360 0.362 0.359 0.359 0.356 0.356 0.362 0.360
G{x)=K(},91) §=3 (b=80) 0.091 0.091 0.091 0.091 0.C31 0.091 0.091 0.091
G(x)=N(},251) =3 (b=80) 0.101 0.101 0.101 0.101 0.101 0.101 0.101 0.100
G(x)XN(y,1001) §=3 (b=80) 0.133 0.129 0.132 0.131 0.133 0.131 0.131 0.133
G(x)=Cauchy 6=3 (b=80) 0.098 0.098 0.098 0.098 0.098 0.099 0.099 €.098
G (x)=N(,91) {b=160) 0.228 0.227 0.228 0.228 0.228 0.227 0.229 0.229
G(x)=t(y,251) (b=160) 0.236 0.237 0.236 0.237 0.237 0.237 0.237 0.236
G(x)=K(;,1001) . (b=160) 0.257 0.256 0.257 0.256 0.258 0.255 0.256 0.258
G{(»)=Cauchy (b=160) 0.229 0.230 0.229 0.228 0.227 0.227 0.230 0.229
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TABLE 5.3.2 (Continucd)

Piscriminant Procedure

1 1 1 1 1 1 1 I 11 111 ITI

TRIM1S TRIM25 HUB HAMHUB HAMP SIN  GAST TRI ROBREG TLDF15 TLDF?5 FISHER
-10 -10 -10 -10 -10 ~-10 -10 -10

Overall (b=640) 0.234 0.235 0.234 0.234 0.234 0.233 0.235 0.235 0.257 0.244 0.247 0.260
6=1 (b=320) ©0.367 0.368 0.367 0.368 0.366 0.365 0.368 0.368 0.393 0.380 0.350 0.392
&=3 (b=320) 0.101 0.101 0.101 0.101 0,101 0.101 0.102 0.101 0.121 0.107 0.114 0.127
n=12 &=l (b=160) 0.387 0,389 0.388 0.387 0.387 0.366 0.389 0.388 0.409 0,401 0.401 0.405
n=25 §&=1 (b=160) ©0.347 0.347 0.347 0,348 0.344 0.344 0.347 0.349 0.378 0.360 0.360 0.378
n=}2 6=3 (b=160) 0.113 0.113 0.113 0.112 0.113 0.113 0.114 0.113 0.128 0.117 0.122 0.132
n=25 6=3 (b=160) 0.090 0.090 0.090 0.090 0.090 0.090 0.091 0.090 0.115 0.098 0.106 0.123
=12 (b=320) 0.250 0,251 0.250 0.250 0.250 0.249 0.251 0.250 0.268 0.259 0.261 0.268
n=25 (b=320) 0.219 0.218 0.218 ©0.219 0.217 0.217 0.219 0,219 0.247 0.229 0.233 0.251
(a,B)=(0,0.10) =1 (b=80) 0.362 0.364 0.361 0.362 0,361 0.361 0.364 0.363 0.375 0.368 0.373 0,372
(a,B8)=(0,0.25) 8§=1 (b=80) 0.365 0.365 0.365 0.365 0.364 0.364 0.366 0.367 0.389 0.379 0.374 0.388

(a,B8)=(0.10,0.10) é=1 (b=80) 0.361 0.365 0.362 0.363 0.360 0.360 0.363 0.363 0.398 0.380 0.386 0.394
(a,8)=(0.25,0.25) &=1 (b=80) 0.380 0.377 0.382 0.381 0.377 0.374 0.379 0.380 0.411 0.394 0.389 0.412

(a,B8)=(0,0.10) §=3  (b=80) 0.089 0.089 0.089 0.089 0.089 0.088 0.090 0.089 0.101 0.093 0.099 0.102
(x,B)=(0,0.25) §=3 (b=80) 0.100 0.101 0.101 0.102 0.103 0.103 0.101 0.101 0.129 0.103 0.115 0.134
(c,B)=(0.10,0.10) 6=3 (b=80) 0.095 0.097 0.095 0.095 0.094 0.095 0.037 0.096 0.116 0.111 0.116 0,120
(o, B)=(0.25,0.25) 6=3 (b=80) 0.120 0.119 0.120 0.120 0.120 0.119 0.120 0.119 0.140 0.123 0.126 0.153

(a,B)=(0,0.10) (b=160) 0.226 0.226 0.225 0.225 0.225 0,224 0.227 0.226 0.238 0.231 0.236 0.237
(a,8)=(0,0.25) (b=160) 0.233 0.233 0.233 0.233 0.234 0.234 0.234 0.234 0.259 0.241 0.244 0,261
(a,B)=(0.10,0,10) (b=160) 0.228 0.231 0.229 0.229 0.227 0.227 0.230 0.229 0.257 0.245 0.251 0.257
(a,B8)=(0.25,0.25) (b=160) 0,250 0.248 0.251 0.250 0.249 0.247 0.249 0.250 0.275 0.259 0.258 0.282
G(x)=N(y,91) =1 (b=80) 0.364 0.363 0.365 0.364 0.363 0.362 0.365 0.367 0.378 0.374 0.375 0.376
G(x)=N(}, 251) &=1  (b=80) 0.369 0.370 0.369 0.370 0.367 0.379 0.379 0.379 0.382 0.380 0.382 0.378
G(x)=N(y,1001) S=1 (b=80) 0.379 0.379 0.379 0.380 0.378 0.376 0.377 0.381 0.415 0.395 0.390 0.414
G(x)=Cauchy §=1 (b=80) 0.357 0.359 0.357 0.356 0.35 0.354 0.360 0.357 0.393 0.373 0.374 0.391
G(x)=N{u,91) =3 (b=80) 0.091 0.092 0.091 0.091 0.091 0.092 0.091 0.092 0,097 0.095 0.099 0.099
G(x)=N(j, 251) 6=3  (b=80) 0.097 0.099 0.097 0.098 0.099 0.100 0.100 0.099 0.107 0.106 0.108 0.112
G(x)=N(y,1001) 5=3  (b=80) 0.129 0.126 0.128 0.127 0.127 0.126 0.128 0.126 0.158 0.134 0.138 0.170
G(x)=Cauchy 6=3 (b=80) 0.089 0.089 0.089 0.089 0.089 0.089 0.089 0.089 0.124 0,095 0.111 0.128
G{x)=N(y,91) (b=160) 0.227 0.227 0.228 0.228 0.227 0.227 0.228 0.229 0.238 0.235 0.237 0.238
G(x)=N(p,251) (b=160) 0.233 0.235 0.233 0.234 0.233 0.233 0.235 0.234 0.247 0,242 0.245 0.249
G(x)=N(}1,1001) (b=160) ©0.254 0.252 0.254 0.254 0,253 0.251 0.252 0.25 0.286 0.265 0.264 0.292
G(x)=Cauchy (b=160) 0.223 0.224 0,223 0.223 0.222 0.222 0.225 0.223 0.259 0.234 0.242 0.25¢




140

calculation of the mean.

Overall, Fisher's discriminant function again gives the largest
probability of misclassification, viz., 0.02 to 0.03 higher than most
of the other procedures. The Robust Regression LDF continues to behave
very similarly to Fisher's LDF. The Type III Trimmed LDFs give a
probability of misclassification about 0.0l higher than the Type I
functions. The Type I LDFs with 5% trimmed variances give slightly
higher probabilities of misclassification than the corresponding Type 1
LDFs with 10% trimmed variances. Overall, the Type 1 discriminant
functions with 5% trimmed variances give essentially the same probabili-
ties of misclassification; similarly the Type I estimates with 107
trimmed variances give very similar results.

The other ahalyses of variance (on the variables ((PC—P)/P,
%n(PC/P) and Qn((l-Pc)/Pc)) gave similar results with some additional
significant two factor interactions. All two factor interactions except
the sample size by amount of contamination and the sample size by type
of contamination interactions were significant in these analyses.

Table 5.3.3 gives the marginal mean valucs of (P°-P)/P for each
method within each level of the main factors. The conclusions concern-
ing the relative performance of the twelve discriminant procedurcs arc
the same as those based on pC. Overall, Fisher's LDF gives a 587
greater probability of misclassification than the optimal discriminant
procedure, as compared to the best of the robust discriminant functions,
i.e., the Sin LDF, which gives a 35% greater probability = misclassifi-
cation than the optimal procedure. The Type II LDF does not perform

;

well as compared to the other robust procedures. The Type III discrimi-

nant functions do not perform as well as the Type I LDFs.
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TABLE 5.3.3

AVERAGE MARGINAL VALUES OF (PC-P)/P

(m=4)
Discriminant Procedure
1 1 1 1 1 I 1 1
TRIM1S TRIM25 HUB HAMIUB HAMP SIN GAST TR1
=05 -05 ~05 -05 - =05 ~-05 -05 ~05
Overall (b=640) 0.387 0,382 0.384 0.385 0.388 0.383 0.387 0.388
$=1 (b=320) 0.196 0.199 0.195 0.196 0.194 0.190 0.199 0.200
§=3 (b=320) 0.577 0.566 0.573 0.573 0.582 0.575 0.575 0.57¢6
n=12 §=1 (b=160) 0.260 0.265 0.260 0.260 0.260 0.254 0.266 0.263
n=25 §=1 (b=160) 0.131 0.132 0.131 0.132 0.128 0.126 0.133 0.136
n=12 6=3 (b=160) 0.791 0.770 0.786 0.782 0.784 0.777 0.784 0.782
n=25 §&=3 (b=160) 0.364 0.361 0.360 0,364 0.380 0.374 0.366 0.370
n=12 (b=320) 0.526 0.518 0.523 0.521 0.522 0.515 0.525 0.522
a=25 (b=320) 0.248 0,247 0.246 0. 248 0.254 0.250 0.250 0.253
(a,B)=(0,0.10) 6=1 (b=80) 0.177 0.181 0.178 0.180 0.181 0.181 0.185 0.184
{a,B8)=(0,0.25) &=1 (b=80) © 0.1B4 0.188 0.183 0.188 0.191 0.187 0.192 0.191
(a,B)=(0.10,0.10) <=1 (b=80) 0.182 0.188 0.178 0.180 0.170 0.168 0.179 0.181
(a,B)=(0.25,0.25) &=l (b=80) 0.241 0.238 0.242 0.237 0.232 0.225 0.242 0.242
(a,B)=(0,0.10) 6=3 (b=80) 0.370 0.377 0.370 0.369 0.374 0.374 0.374 0.363
(a,B)=(0,0.25) 6=3 (b=80) 0.589 0.591 0.588 0.588 0.612 0.605 0.600 0.606
(a,B)=(0.10,0.10) ¢&=3 (b=80) 0.421 0.430 0.405 0.402 0.35%4 0.400 0.429 0.416
(a,8)=(0.25,0.25) &=3 (b=80) 0.930 0.864 0.929 0.932 0.948 0.924 0.895 0.920
(a,B)=(0,0.10) (b=160) 0.273 0.279 0.274 0.275 0.277 0,277 0.279 0.273
(a,8)=(0,0.25) (b=160) 0.387 0.389 0.385 0.388 0.402 0.396 0.396 0.398
(x,8)=(0.10,0.10) (b=160) 0.301 0.309 0.292 0.291 0.282 0.284 0.304 0.298
(a,B8)=(0.25,0,25) (b=160) 0.585 0.351 0.586 0.585 0.59%0 0.574 0.569 0.581
G(x)=N(y,97) §=1 (b=80) 0.182 0.176 0.183 0.183 0.18¢ 0.174 0.188 0.187
G{x)=N(u,251) §=1 (b=80) 0.201 0.207 0.202 0.206 0.205 0.204 0.207 0. 205
G(x)=N(},1001) =1 (b=80) 0.235 0.239 0.234 0.235 0.238 0.229 0.231 0.242
G(x)=Cauchy =1 (b=80) 0.166 0.173 0.162 0.160 - 0.152 0.152 0.172 0.164
G(x)=N(3,91) §=3 (b=80) 0.357 0.361 0.358 0.361 0.365 0.365 0.363 0.360
G(x)=N(},251) §=3 (b=80) 0.510 0.502 0.501 0. 506 0.513 0.515 0.504 0.499
G(x)=N(},1001) =3 (b=80) 0.981 0.932 0.971 0.959 0.580 0.949 0.960 0.980
G(x)=Cauchy 6=3 (b=80) 0.461 0.468 0.464 0.466 0.470 0.473 0.471 0.465
G(x)=N{1,91) {b=160) 0.270 0.268 G.270 0.272 0.272 0.270 0.27¢6 0.274
G(x)=N(},257) (b=160) 0.356 0.354 0.351 0.356 0.359 0.359 0.355 0.352
G(x)=N(},100I) (b=160) 0.608 0.585 0.603 0.597 0.60% 0.5E9 0.596 0.611

G(x)=Cauchy : (b=160) 0.314 0.320 0.313 0.313 0.311 0.313 0.322 0.314
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piscriminant Procedure
1 I 1 1 1 1 1 1 I1 111 111
TRIMLS TRIM25 HUB HAMHUB HAMP SIN  GAST TR1 ROBREG TLDF15 TLDF25 FISHER
-10 =10 -10 -10 -10 -10 -10 -10

Overall (b=640) 0,350 0.352 0,350 0.351 0.349 0.347 0,358 0.353 0.543 0.417 0.466 0.584

6=1 (b=320) 0.188 0.190 0.189 0.150 0,183 0.180 2191 0.192 0.272 0.231 0.231 0.267
&=3 (b=320) 0.512 0.515 0.511 0.512 0.515 0.514 0,524 0©.513 0.813 0.604 0.701 .90l

a=12 =1 (b=160) 0.251 0.258 0.255 0.254 0.252 0.248 0.259 0.255 0,322 0.298 €.296 0.31

=25 &=1 (b=160) 0.124 0,122 0.123 0.126 0.115 0.112 0.124 0.130 0.223 0,164 0.165 0.2.25
n=12 §=3 (b=160) 0.685 0.690 0.684 0.676 0.688 0.690 0.695 0.689 0.904 0.752 0.820 C.9¢0
n=25 §&=3 (b=160) 0.340 0.339 0.338 0.347 ©0.342 0.339 0.353 0.337 0.722 0.457 0.582 0.836
n=12 (b=320) 0.468 0.474 0.470 0.465 0.470 0.469 0.477 0.472 0.613 0.525 0,558 0.638
n=25 (b=320) 0.232 0.230 0.230 0.236 0.228 0.226 0.239 0.233 0.472 0.310 0.374 0.520
(a,B)=(0,0.10) 521 (b=80) 0.172 0.177 0.169 0.172 0.169 0.168 0.179 ©0.175 0.214 0,192 0.206 0.20%
(a,B)=(0,0.25) =1 (b=80) 0.182 0.182 0.180 0.181 0.179 0.178 0.186 0.188 0.257 0.227 0.210 0.257
(a,B)=(0.10,0.10) §=1 (b=80) 0.169 0.181 0.173 0,174 0.164 0.164 0.175 0.174 0.289 0.229 0.248 0,276
(a,B8)=(0.25,0.25) &=1 (b=80) 0.228 0.219 0.235 0.232 0.221 0.211 0.226 0.231 0.330 0.275 0.259 0.333
(a,B)=(0,0.10) 6=3 (b=80) 0.336 0.334 0.335 0,325 0.322 0.316 0.342 0.332 0.510 0.387 0.474% 0.524
(a,B)=(0,0.25) §=3  (b=80) 0.498 0.504 0.506 0.516 0.539 0.536 0.514 0.507 0.918 0.538 0.394 0.405
(0, 8)=(0.10,0.10) ¢=3 (b=80) 0.422 0.447 0.416 0.421 0.405 0.422 0.446 0.433 0,734 0.651 0.730 0.797
(a,B)=(0.25,0.25) §=3 (b=80) 0.794 0.774 0,788 0,785 0.793 0,783 0.794 ©0.780 1.090 0.841 0.88% 1.260
(a,8)=(0,0.10) (b=160) 0.254 0.255 0.252 0.248 0.246 0.242 0.260 0.254 ©0.362 0,290 0.340 0.364
(a,B8)=(0,0.25) (b=160) 0.340 0,343 0.343 0.349 0.359 0.357 0.350 0.348 0.588 0,383 0.463 0.628
(e, 8)=€0.10,0.10) (b=160) 0.295 0.314 0.294 0.298 0.285 0.293 0.311 0,303 0.512 0.440C 0.489 0,537
(a,8)=(0.25,0.25) (b=160) ©0.511 0.497 0.512 0.508 0.507 0.497 0.510 0.506 0.709 0.558 0.572 0.E&3%
G(x)=N(y,9) §=1 (b=80) 0.178 0.173 0.180 0.179 0.174 0.171 0.183 0.186 0.224 0.211 0.215 0,218
G{x)=N(u,251) =1 (b=80) 0.193 ©0.198 0.194 0.197 0.189 0.226 0.226 0.227 0.235 0.230 0.238 0.224
G(x)=K{},1001) §=1 (b=8B0) 0.226 0.226 0.227 0,230 0.224 0.216 0.219 0.233 0.342 0.279 0.261 0.340
G(x)=Cauchy 6=1 (b=80) 0.154 0.162 0.155 0.153 0.146 0,147 0.164 0.156 0.272 0.208 0.20% 0.2€4
G(x)=N(y,91) §=3 (b=80) 0.355 0.370 0.355 0.358 0.355 0.366 0.363 0.366 0,450 0.415 0,473 0,474
G(x)=N(y,251) 6=3 (b=80) 0.449 0.481 0.448 0.462 0.482 0.486 0.490 0.478 0.600 0.58) 0.616 <C.€77
G(x)=x(x,1001) =3 (b=80) 6.918 ©0.878 0.916 0.898 0.896 0.883 0.911 0.880 1,353 1.001 1.058 1.%344
G(x)=Cauchy &=3  (b=80) 0.327 0.329 0.325 0.329 0.326 0.323 0.334 0.328 0.849 0.419 0.657 0.%09
G{x)=N(y,91) (b=160) ©0.266 0.272 0.268 0.268 0.265 0.269 0.273 0.276 0.337 0.313 0.344 C.246
G(x)=N(4, 251) (b=160) 0.32] 0,340 0.321 0.330 0.335 0.336¢ 0.344 0.335 0.626 0,403 0.477 0,462
G(x)=N(z,1001) (b=160) 0.572 0.552 0.571 0.564 0.560 0.550 0.565 0.557 0.847 0.640 0.6(0 0,942
G(x)~Cauchy (b=160) 0.241 0.246 0.240 0.241 0.236 0.235 0.249 0,242 0.561 0.314 0.433 0,557
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5.4. The Relative Ranking of the Twenty
Discriminant Procedures (m=4)

In this section, we evéluate the relative performance of the
twenty discriminant procedures by considering the relative rank of each
procedure. For each block, i.e., pair of samples, within each parameter
combination, the twenty procedures were assigned ranks from 1 to 20.
Tied procedures were each assigned the average of the ranks that would
have otherwise been assigned.

Tables 5.4.1 and 5.4.2 give, for each parameter combination, the
average rank of each discrimination procedure. Table 5.4.3 is a summary
table giving the average rank for each level of the factors considered
in section 5.3, Recall the problem with the rank approach described in
Chapter IV. Relatively small differences in actual probabilities of
misclassification were weighted as large differences. This continues to
exist when m = 4, but the problem is not quite as severe, since there
are fewer cases where several procedures give exactly the same probabil-
ity of misclassification.

The general conclusions concerning the relative performance of
the twenty discriminant procedures are the same whether we consider the
actual values of the probabilities of misclassification or the relative
ranks. The 10% Type I discriminant functions tend to give slightly
lower ranks than the 5% Type I LDFs. The Hampel and Sin LDFs rank best
(9.5) followed by the Huber (9.8). Fisher's LDF and the Type II Robust
Regression LDF are again the poorest procedures (ranks 12.7 and 12.6
respectively). The Type III LDFs do not perform as well as the Type I

discriminant functions.

When there is no contamination, the Robust Regression LDF ranks




TABLE 5.4.1

AVERAGE RANK OF EACH DISCRIMINANT PROCEDURE BASED
ON THE PROBABILITY OF MISCLASS1FICATION

(meb, &=1)
Discriminant Procedure

1 1 1 1 1 1 1 1
TRIM1S5 TRIM25 HUB HAMHUB HAMP SIN GCAST TR1
c(x) (@, 8) n -05 -05 -05 -05 -05 -05 -05 -05
- 0,0 12 7.9 10.6 9.9 11.7 12.5 14.5 10.0 9.7
25 10.6 9.5 10.0 7.9 8.3 7.2 12.0 8.7
- 9.2 10.0 9.9 9.8 10,4 10.8 11.0 9.2
N(3,51) (0,0.10) 12 8.0 7.5 9.7 8.7 9.0 8.1 10.3 10.6
25 8.7 12.5 8.9 9.7 11.3 12.2 14.0 12.1
NQ,91) (0,0.25) 12 10.5 1.4 9.6 10.8 10.2 8.8 12.7 10.7
25 10.9 1.0 - 10.3 10.3 1.2 11.7 11.9 14,1
N(p,91) (0.10,0.10) 12 9.6 8.6 8.4 9.5 9.9 10.6 9.8 8.1
25 10.8 10.6 10.5 10.8 9.8 10.4 10.7 9.5
NQ,91) (0.25,0.25) 12 12.1 10.8 11.9 11.7 10.9 11.4 12.6 9.9
25 8.7 8.2 10.1 11.8 9.7 6.9 7.8 10.3
N, 91) - - 9.9 10.1 9.9 10.4 10.3 10.0 11.2 10.7
N(g,251) (0,0.10) 12 12.0 11.3 11.0 11.4 10.1 10.5 11.4 12.7
25 11.2 12.1 1.1 12.0 11.9 11.8 13.4 13.9
N(y,251) (0,0.25) 12 12.1 10.5 12.0 13.2 10.6 10.0 11.8 10.9
25 9.8 9.6 8.5 9.2 8.7 8.1 9.3 11.6
N(u,251) (0.10,0.10) 12 9.1 11.0 7.8 7.3 7.5 9.5 9.3 9.5
25 10.7 10.3 11.0 11.5 10.4 1.2 9.8 10.8
N(u,251) (0.25,0.25) 12 8.5 9.3 9.7 8.1 10.4 10.1 10.8 8.8
25 9.1 12.6 10.1 9.8 11.3 12.9 13.5 11.5
N(u,251) - - 10.3 10.8 10.2 10.3 10.1 10.5 11.2 11.2
¥y, 1001) (0,0.10) 12 10.4 10.8 9.5 9.7 9.5 9.7 9.5 8.3
25 10.2 11.8 11.0 10.7 8.8 8.6 10.3 10.8
N{p,1001) (0,0.25) 12 8.6 1.1 10.3 12.1 11.9 12.8 11.4 10.4
25 11.4 9.5 10.5 11.6 7.7 8.5 9.5 12.1
N(u,1001) (0.10,0.10) 12 9.9 7.8 9.2 9.0 10.7 7.4 7.6 8.9
25 1.1 10.5 10.6 8.9 7.7 7.7 11.4 11.3
N(3,1001) (0.25,0.25) 12 10.6 8.6 11.3 1.4 1.7 8.5 9.4 11.2
25 11.1 9.0 11.0 12.0 16.6 10.9 11.0 11.3
N{p,1001) - -- 10.4 9.9 10.4 10.7 9.8 5.3 10.0 10.5
Cauchy (0,0.10) 12 9.2 11.0 8.8 8.4 7.6 10.1 12.0 10.6
25 10.3 11.8 9.4 11.3 11.3 12.4 11.1 9.2
Cauchy (0,0.25) 12 11.4 10.1 11.3 9.1 11.0 1.4 13.8 11.4
25 8.7 10.4 9.4 9.3 8.4 8.5 12.1 16.7
Cauchy 0.10,0.10) 12 12.3 13.4 11.5 11.0 8.2 9.0 13.1 10.9
25 10.4 10.9 9.5 9.5 9.5 8.2 11.8 10.4
Cauchy (0.25,0.25) 12 9.7 9.0 9.4 8.5 8.3 7.7 10.1 10.0
25 11.7 10.1 11.6 9.8 9.7 8.8 9.7 11.1
Cauchy - - 10.5 10.8 10.1 9.6 9.3 9.5 11.7 10.5
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TABLE 5.4.1 (Continued)

Discriminant Procedure

1 I I 1 1 1 1 1 11 111 111
TRIM15 TRIM25 HUB HAMHUB HAMP SIN  GAST TRI ROBREG TLDF15 TLDF25 FISHER
G(x) (a,B) n -10 ~10 -10 -10 ~-10 -10 ~10 -10

-— (0,0) 12 9.0 10.7 1.2 12.5 12.7 13.9  11.5 11.4 5.9 9.6 8.1 7.2
25 10.8 11.4 10.5 8.6 9.4 8.6 14,7 9.8 11.1 14.0 14,0 13.3

- 9.9 11,0 10.9 10.6 11.0 11.2 13.1 10.6 8.5 11.7 11.0 10.2

N(y,91) (0,0.10) 12 9.3 10.7 11.4 11.6 11.7 11.9 1l.1 12,1 12,0 12.3 15.0 9.9
25 10.6 12.5 10.9 11.4 14,0 14.8 13.0 13.% 4.9 5.8 5.7 4.0

NQ,91) (0,0.25) 12 11.0 13.1 9.6 9.9 8.5 8.8 13.9 11.5 8.4 11.9 9.4 8.7
25 9.2 9.1 9.1 9.0 10.7 10.7 10.4 11.9 10.1 9.9 9.8 9.2

N(i,91) (0.10,0.10) 12 10.6 11.1 10.0 10.6 10.8 11.3 11.5 10.8 12,7 13.8 10.7 11.1
25 8.4 10.2 6.9 7.5 7.0 5.7 9.2 8.6 16.5 13.9  16.0 17.4

NQ,91) (0.25,0.25) 12 10.0 7.1 8.2 8.0 8.2 8.2 8.1 6.7 14.1 14.8  10.7 15.3
25 10.9 9.3 11.4 12.9 9.0 6.7 7.9 12.9 15.6 12.4 12,2 15.9

NQ,91) — - 10.0 10.4 9.7 10.1 10.1 9.8 10.6 11.0 11.8 11.9 11,2 11.4
N(¥,251) (0,0.10) 12 9.6 ., 9.5 9.1 9.1 8.7 8.8 8.7 10.0 11.0 13.4 11.9 9.2
25 7.1 9.1 7.1 7.0 6.5 5.6 10.0 8.9 l4.1 12,2 12,4 13.2

N, 251) (0,0.25) 12 9.6 10.1 9.7 10.3 8.1 8.2 10.7 8.6 11.9 10.1 11,1 11.1
25 9.5 9.9 9.0 10.8 11.1 11.6 10.2 10.8 12.7 12.3 12,6 15.3

N(u,251) (0.10,0.10) 12 11.5 12.6 9.6 10.8 9.0 10.4 11.4  10.2 14,4 12.2  13.9 13.5
25 8.7 8.1 8.9 9.0 7.8 7.6 7.9 7.2 16.1 12.3 15.4 15.7

N, 251) (0.25,0.25) 12 9.6 9.1 11.0 9.9 8.6 8.4 10.7 9.2 16.9 13.4 12.4 15.7
25 8.8 12.2 9.4 10.3 12.3 12.2 13.3 9.6 8.0 7.3 6.9 9.3

N(u,251) - -_ 9.3 10.1 9.2 9.7 9.0 9.1 10.4 9.3 13.1 11.7 12.1 12.9
N(u,1001) (0,0.10) 12 13.6 11.1  11.5 11.6 10.5 12.0 12.4 13.4 8.7 8.0 9.7 10.6
' 25 8.3 9.4 8.7 8.1 5.6 5.6 8.5 9.1 17.6 14.7 16.0 16.9

N(¥,1001) (0,0.25) 12 9.2 9.3 8.8 9.9 9.9 11.1 8.8 9.2 11.2 10.5 12.8 11.2
25 12.6 9.7 12,0 12.4 5.2 5.9 10.5 10.7 14.0 10.4 10.3  1s5.9

N(¥,1001) (0.10,0.10) 12 10.3 9.7 10.4 10.7 10.7 8.5 10.3 9.9 16.8 10.6  16.8 15.3
25 10.6 8.9 9.7 9.9 4.4 4.7 10.8  10.6 17.1 14,4 13.5 16.8

N(¥,1001) (0.25,0.25) 12 10.1 7.5 12,2 12,0 13.1 9.1 8.0 1.1 13.8 11.5 7.2 12.1
25 8.2 8.2 9.0 10.1 9.4 8.9 7.4 £.8 14.3 12.4 11.8 15.1

N(¥,1001) -- _ 10.4 9.2 10.3 10.6 8.6 8.2 9.6 10.¢4 14.2 11.6 12.3 14,2
Cauchy (0,0.10) 12 12.7 14,1  10.4 8.9 8.8 10.8 4.5 13.2 11.0 9.4 10.1 8.8
. 25 6.7 10.6 7.0 9.9 9.2 9.6 11.5 7.3 14.3 14.1 12.2 11.3

Cauchy (0,0.25) 12 8.6 10.0 8.6 6.7 8.9 10.2 11.0 9.8 11.5 13.8 11.4 10.4
25 8.7 8.9 9.6 9.6 9.5 8.4 10.5 10.4 15.8 12.6 12,6 16.4

Cauchy (0.10,0.10) 12 10.4 11.7 9.9 9.0 8.1 9.4 9.9 8.9 11.5 10.1 11.7 11.6
25 11.7 11.8 10.6 11.2 1.5  10.1 13.1 11.9 8.7 10.8 9.2 9.6

Cauchy (0.25,0.25) 12 12.9 12,4 12,7 11.5 8.9 8.2 12,4 11.5 12.0  11.9 10.4 12.4
25 12,2 10.9 11.7 10.9 6.4 7.0 10.4 10.4 12.8 9.0 10.1 14,2

Cauchy -— - 10.5 11.3 10.1 9.7 9.2 9.2 11.7 10.4 12.2 11,5 11.0 11.8
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TABLE 5.4.2

CE KANK OF EACil DISCRIMINANT PROCEDURE BASED

ON THE PROBABIL1TY OF MISCLASS1F1CATION

AVERA

(m=4, 8=3)

piscriminant Procedure

I
TRI
-05

I
GAST

1
SIN
-05

I
HAMP

1

HAMHUB

I
HUB

1
-05

TRIM25

TRIM15

-05

-05

-05

-05

-05

(a,8)
(0,0)

G(x)

12
25

11.7 . 10.4 10.8

11.5

N - Ll ]
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— 0 ~T GO
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WO Ot
— ot
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Ny NN
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~ o~
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o o
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(=] o
g ¢
~ -
-t f ol
o N
3 3
= Z

12
25
12
25

(0.10,0.10)

N(,97)

(0.25,0.25)

N{},91)

9.7 9.6 10.1 10.2 . 10.6 10.7

10.4

N(p,91)

8.6
10.5

6.4
10.9

7.4

10.2

7.0
11.2

9.1
10.0

12
25
12
25

(0,0.10)

N(y,251)

9.0

(0,0.25)

N(y, 251)

12
25
12
25

(0.10,0.10)

N(u,251)

™~

ool

(0.25,0.25)

N(y, 251)

~

10.2 10.3 10.2 10.2 11.0

10.5

Ll

-

N(p,251)

12

(0,0.10)

N(p,1001)

25
12
25

(0,0.25)

N(z,1001)

(0.10,0.10) 12
25

N(y,1001)

(0.25,0.25) 12
25

N(p,1001)

10.1 10.1 10.0 10.6 9.9 10.5 10.

10.5

N(u,1001)

12
25
12
25
12
25
12
25

(0,0.10)

Cauchy

(0,0.25)

Cauchy

(0.10,0.10)

Cauchy

(0.25,0.25)

Cauchy

-

9.7 9.7 9.9 10.6

9.3

10.4

9.5

Cauchy
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TABLE 5.4.2 (Continued)

DPiscriminant Procedure

1 I I 1 I 1 1 1 11 111 I
TRIMLS TRIM25 HUB HAMHUB HAMP SIN  GAST TRI ROBREG TLDF15 TLDF25 FISHER
G(x) (a,B) n -10 -10 ~10 ~-10 -10 -10 -10 -10

- (0,0) 12 9.2 12.2 9.5 11.8 9.5 11.0 10.9 10.1 8.0 9.0 11.6 8.9
25 9.9 11.6 10.2 10.1 1.1 12.0 11,3 10.9 5.2 7.9 11.5 6.9

— 9.5 11.9 9.8 10.9 10.3 11.5 11l.1 10.5 6.6 8.4 11.5 7.9

N(y,91) (0,0.10) 12 8.1 9.9 9.7 9.7 10.3 10.8 9.9 8.6 12.6 15.0 13.9 12.3
25 12.5 13.2 11.6 10.1 10.8 11,8 12.9 1.6 10.1 8.6 9.9 12.3

Ny, 91) (0,0.25) 12 9.3 8.7 10.7 11.2 10.8 10.3 10.2 10,5 11.8 13.0 10.0 10.4
25 12.0 9,5 11.1 10.3 10.8 11.6 8.4 7.8 11.7 11.3 13,1 12,6

Ry, 91) (0.10,0.10) 12 10.8 11.6 10.6 10.5 9.7 10.8 10.1 10.3 13.3 9.2 10.2 11.2
25 7.0 10.0 7.0 7.0 8.3 8.7 10.5 11,7 11.9 11.5 15.3 13.6

N(p,91) (0.25,0.25) 12 1.1 11.2 9.7 11.7 9.8 12.0 9.8 9.8 11.1 13,9 11.6 10.6
25 7.9 8.5 7.7 6.9 8.7 9.1 8.2 10.9 1l4.4 13.7 15.4 15.9

N(,91) - - 9.8 10.3 9.8 9.7 9.9 10.6 10.0 10.5 12,1 12,0 12,4 12.4
N(y, 251) (0,0.10) 12 31.8 - 11.8 11.8 11,3 11.9 10.3 12,5 13,2 13.8 12.4 17.5 11.7
. 25 7.1 8.4 7.0 6.9 7.2 1.4 9.1 10,1 16.8 15.6 16.8 17.2

R, 251) (0,0.25) 12 8.1 9.8 8.2 9.1 10.1 10.5 8.4 10.2 12,4 12.9 12.2 11.7
25 7.7 8.5 8.5 9.0 9.8 8.3 9.7 7.1 12.6 9.7 12,4 15.4

N(y,251) (0.10,0.10) 12 9.8 11.1 8.4 8.2 4.9 6.8 10.9 9.7 10.1 15.1 13.8 10.8
25 7.8 10.6 6.6 7.8 6.5 7.3 12.9 9.2 12,6 13.1 13,2 12.6

Ny, 251) (0.25,0.25) 12 9.5 11.5 9.9 10.6 12.3 13.2 11.7 11.4 8.6 9.0 10.9 10.0
25 9.4 1.9 9.1 9.6 8.9 9.4 8.5 7.3 15,0 11,5 10.9 18.2

N(p,251) - - 8.9 10.0 8.7 3.1 9.0 9.2 10.5 9.8 12,7 12,4 13.5 13.5
R(p,1001) (0,0.10) 12 9.8 7.9 11,7 12.6 11.3 11,0 9.2 7.9  15.4 14,2 13.2 15.5
25 9.1 7.5 9.4 9.2 9.6 8.8 8.7 5.9 14.9 9.1 12.1 14.6

N{},1001) (0,0.25) 12 10.4 10.0 10.2 9.4 10.2 10.2 11.4 10.4 9.2 5.7 9.4 9.7
25 9.8 7.5 9.5 10.5 10.6 8.7 8.9 9.5 14.2 9.6 13.9 17.6

N(,1001) (0.10,0.10) 12 10.2 9.8 9.7 9.4 8.9 8.7 9.5 7.9 15.8 13.3  13.4 16.8
25 10.5 11.6 9.7 9.8 8.3 7.1 12,7 12.1  16.0 12.7 15.2 16.2

N(p,1001) (0.25,0.25) 12 11.4 9.1 10.4 9.2 7.6 8.1 12.6 9.5 13.5 13.5 6.8 15.1
25 10.5 8.7 10.3 11.1 8.3 7.7 9.9 8.3 11,7 10.0 8.9 13.7

N(u,1001) - - 10.2 9.0 10.1 10.2 9.4 8.8 10.4 8.9 13.8 11.0 11.6 14,9
Cauchy (0,0.10) 12 9.9 11.4 9.2 8.2 9.9 9.0 10.0 .7 y.7 10.2 11.4 B.6
. 25 12,9 13.9 12,3 13.6 14,7 14,3 15.1 12.6 9.0 10.1 7.9 9.4

Cauchy (0,0.25) 12 10.1  12.2 9.4 10.1 7.8 s.1 11.6 10.2 12.8 15.4 11.7 8.9
25 11.3  12.1  11.6 11.3 12.2 11.8 13.5 J1l.i 12,5 13,2 13.8 13.5

Cauchy (0.10,0.10) 12 10.2  13.2 9.7 9.7 9.6 11.4 13.6 12.1 8.5 10.8 11.9 8.3
25 10.0 0.8 9.4 10.6 11.4 11,5 11.2  11.1 10.0 12,8 12.8 12,0

Cauchy (0.25,0.25) 12 10.2 7.6 11,4 13,8 12.> 12.5 7.8 9.2 11.4 4,6 12,0 10.6
25 10.4 11.2 9.6 9.7 8.6 10.0 10.9 10.4 11.5 7.3 13.1 13.8

Cauchy - - 10.6 11.6 10.3 10.9 10.8 11.1 11.7 10.8 10.7 10.6 11.8 10.6




AVERAGE MARGINAL RANK OF EACH DISCRIMINANT PROCEDURE

TABLE 5.4.3

(n=4)
piscriminant Procedure
I 1 1 1 1 I 1 1
TRIM1S  TRIM25 HUB HAMHUB HAMP SIN GAST TRI
-05 -05 -05 -05 -05 -05 -05 -05
Oversall (b=640) 10.2 10.4 10.0 10.1 10.0 9.9 10.8 10.6
§=1 (b=320) 10.3 10.4 10.1 10.3 9.9 9.8 11.0 10.7
é=3 (b=320) 10.1 10,4 9.8 9.9 10.1 10.0 10.7 10.5
n=12 Sul (b=160) 10.3 10.1 10.1 10.0 9.8 9.7 11.0 10.2
n=25 6=1 (b=160) 10.3 10.7 10.2 10.5 9.9 9.9 11.1 11.3
n=12 §=3 (b=160) 10.4 10.6 10.1 10.1 10.0 10.1 10.7 10.2
n=25 &=3 (b=160) 9.8 10.1 9.5 9.7 10.3 10.0 10.6 10.7
a=12 (b=320) 10.3 10.4 10.1 10.0 9.9 9.9 10.8 10,2
n=25 (b=320) 10.1 10.4 9.9 10.1 10.1 10.0 10.9 11.0
(a,8)=(0,0.10) Sel (b=80) 10.0 11.1 9.9 10.2 9.9 10.4 11.5 11.0
(a,B)=(0,0.25) =1 (b=80) 10.4 10.5 10.2 10.7 10.0 10.0 11.6 11.5
(a,B)=(0.10,0.10) 6&=1 (b=80) 10.5 10.4 9.8 9.7 9.2 9.3 10.4 9.9
(a,8)=(0.25,0.25) 6=1 {b=80) 10.2 9.7 10.6 10,4 10.3 9.7 10.6 10.5
(a,B)=(0,0.10) 6=3 (b=80) 9.4 9.8 9.4 9.3 9.8 9.6 9.9 9.4
(a,B8)=(0,0.25) §=3 (b=80) 10.1 10.5 10.2 10.1 10.4 10.1 10.9 10.8
(a,B)=(0.10,0.10) 6=3 (b=80) 10.2 11.6 9.4 9.3 9.2 9.4 11.8 10.9
(a,8)=(0.25,0.25) 6=3 (b=80) 10.6 9.6 10.3 10.9 11.2 11.1 10.0 10.7
(a,8)=(0,0.10) (b=160) 9.7 10.5 9.7 9.8 9.9 10.0 10.7 10.2
(a,B)=(0,0.25) (b=160) 10.3 10.5 10.2 10.4 10,2 10.0 11.2 11.1
(a,8)=(0.10,0.10) (b=160) 10.4 11.0 9.6 9.5 9.2 9.3 11.1 10,4
(a,B)=(0.25,0.25) (b=160) 10.4 9.6 10.5 10.6 10.8 10.4 10.3 10.6
G(x)=N(y,91) &=1 (b=80) 9.9 10.1 9.3 t10.4 10.3 1.0 11.2 10.7
G(x)=N(y,251) 6=1 (b=80) 10.3 10.8 10.2 10.3 10.1 10.5 11.2 11.2
G(x)=N(4,1001) §=1 (b=80) 10.4 9.9 10.4 10.7 9.8 9.3 10.0 10.5
G(x)=Cauchy 6=1 (b=80) 10.5 10.8 10.1 9.6 9.3 9.5 11.7 10.5
G(x)=N(y,91) &=3 (b=80) 9.8 10.4 9.7 9.6 10.1 10.2 10.6 10.7
G(x)=N(y,25T) §=3 (b=80) 10.6 10.5 10.2 10.3 10.2 10.2 11.0 10.4
G(x)=N(y,1001) §=3 (b=80) 10.5 10.1 10.1 10.0 10.6 9.9 10.5 10.7
G(x)=Cauchy §=3 (b=80) 9.5 10.4 9.3 9.7 9.7 8.9 10.6 10.0
G(x)=N(},91) (b=160) 9.9 10.2 9.8 10.0 10.2 10.1 10.8 10.7
G(x)=N(y,257) (b=160) 10.4 10.7 10.2 10.3 10.1 10.3 11.1 10.8
G(x)=N(p,1001) (b=160) 10.4 10.0 10.3 10.3 10.2 9.6 10.3 10.6
G(x)=Cauchy (b=160) 10.0 10.6 9.7 9.7 9.5 9.7 11.1 10.3
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TABLE 5.4.3 (Continuced)

Discriminant Procedure

1 1 I 1 1 1 1 1 11 II1 I11
TRIM15 TRIM25  HUB HAMHUB HAMP SIN  GAST TRI ROBREG TLDFLl5 TLDF25 FISHER
-10 ~-10 -10 -10 -10 -10 -10 =10
Overall (b=640) 10.0 10.2 9.8 10.0 9.5 9.5 10.6 10.1 12.6 11.e 12,0 12.7
Se1 (b=320) 10,0 10.3 9.8 10.0 9.2 9.1 10.6 10.3 12,8 11.6 11.6 12,6
6=3 (b=320) 9.9 10.2 9.7 9.9 9.8 9.9 10.6 10.0 12.4 11.5 12.3 12.8
n=12 6=1 (b=160) 10.6 10.6 10.2 10.0 9.6 9.7 10.8 10.4 12.4 11,7 11.6 11.7
n=25 &=1 (b=160) 9.5 9.9 y.4 10.0 8.9 8.4 10.3  10.2 13.3  11.5 11.7 13.5
n=12 &=3 (b=160) 10.0 10.4 10.0 10.3 9.9 10.2 10.6 10.0 11.9 11.8 11.9 11.4
n=25 6=3 (b=160) 9.7 10.0 9.4 9.6 9.8 9.6 10.7 10,0 12.8 11.2 12.8 14.3
a=12 (b=320) 10.3 10.5 10.1 10.2 9.7 10.0 10.7 10.2  12.1 11.8 11.7 11.5
n=25 (b=320) 9.6 10.0 9.4 9.8 9.3 9.0 10.5 10.1 13.1 11.4 12,2 13.9
(a,8)=(0,0.10) &=1  (b=80) 9.7 10.9 9.5 9.7 9.4 9.9 11.2 10.9 1l.7 11.2  11.6 10.5
(a,B)=(0,0.25) 8=1 (b=80) 9.8 10.0 9.6 9.8 9.1 9.4 10.8 10.4 12.0 11.4 11.2  12.3
(a,B)=(0.10,0.10) &=1 (b=80) 10.3 10,5 9.5 9.8 8.7 8.5 10.5 9.8 14,2 12.3 13.4 13.9
(a,B)=(0.25,0.25) 6=1 (b=80) 10.3 9.6 10.7 10.7 9.7 8.6 9.8 10.0 13.4 11.6 10.2 13.8
(a,B)=(0,0.10) 6=3  (b=80) 10.2  10.5 10.3 10.2 10.7 10.4 10.9 10.3  12.8 11.9 12,8 12,7
(a,B)=(0,0.25) 6=3 (b=80) 9.8 9.8 9.9 10.1 10.3 9.9 10.3 9.6 12.2 11.4 12.1 12.5
(a,B)=(0.10,0.10) 6é=3 (b=80) 9.5 11.1 8.9 9.1 8.5 9.0 11,4 10,5 12.3 12.3 13.2 12.7
(a,B)=(0.25,0.25) 6&=3 (b=80) 10.1 9.5 9.8 10.3 9.7 10.3 9.9 9.6 12.2 10,4 11.2 13.5
(a,B)=(0,0.10) (b=160) 9.9 10.7 9.9 10.0 10.0 10.2 11.1 10.6 12.2 11.6 12.2 11.6
(a,B)=(0,0.25) (b=160) 9.8 9.9 9.7 10.0 9.7 9.7 10.5 10.0 12,1 11.4  11.7 12,4
(a,B8)=(0.20,0.10) (b=160) 9.9 10.8 9.2 9.5 8.6 8.8 11.0 10.1 13,3 12.3 13.3  13.3
(a,B)=(0.25,0.25) (b=160) 10.2 9.5 10.2 19.5 9.7 9.4 9.9 9.8 12.8 11.0 10.7 13.6
G(x)=N(y,91) =1 (b=80) 10.0 10.4 9.7 10.1 10.1 9.8 10.6 11.0 11.8 11.9 11.2 11.4
G(x)~N(y,251) 8-1  (b=80) 9.3 10.1 9.2 9.7 9.0 9.1 10.4 9.3 13.1 11.7 12.1 12.9
G{x)=K(1,1001) §=1 (b=80) 10.4 9.2 10.3 10.6 e.6 8.2 9.6 10.4 14,2 11.6 12,3 14.2
G(x)=Cauchy 6=1 (b=80) 10.5 11.3 10.1 9.7 9.2 9.2 11.7 10.4 12.2 11.5 11.0 11.8
G(x)=N(u,91) §=3  (b=80) 9.8 10.3 9.8 9.7 9.9 10.6 10.0 10.5 12.1 12.0 12.4 12.4
G(x)=N(u,251) §=3 (b=80) 8.9 10.0 8.7 9.1 9.0 9.2 10.5 9.8 12,7 12.4 13.5  13.5
G(x)=N(u,1001) §=3 (b=80) 10.2 9.0 10,1 10.2 9.4 8.8 10.4 8.9 13.8 11.0 11.6 14,
G(x)=Cauchy §=3  (b=80) 10.6 11.6 10.3 10.9 10.8 11.1 .11.7 10.8 10.7 10.6 11.8 10.6
G(x)=N(y,91) (b=160) 9.9 10.4 9.7 9.9 10.0 10.2 10.3 10.8 12,0 11.9 11.8 11.9
G(x)=N(u,251) (b=160) 9.1 10.0 9.0 9.4 9.0 9.1 10.4 9.5 12,9 12.0 12,8 13,2
G(x)=N{(;;,1001) (b=160) 10.3 9.1 10.2 10.4 8.0 8.5 10.0 9.6 14,0 11.3 11.9 14,6
G(x)=Cauchy (b=160) 10.6 11.4 10.2  10.3 10,0 10.1 11.7 10.6  11.4 11.0 11.4 11.2
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best (8.5 for § = 1, 6.6 for § = 3). The 10% Gastwirth and 15% Trimmed
LDF rank poorest for § = 1 (13.1 and 11.7 respectively); the 5% TRIMLS
LDF ranks poorest for § = 3 (rank 12.3) followed by the 5% Sin LDF and
the 10% TRIM25 LDF (rank 11.9).

Table 5.4.4 gives the actual probabilities of misclassification
for each of the ten pairs of samples drawn within each uncontaminated

parameter combination.

5.5. Summary

In this chapter, we have examined the rcsults of the small
sample simulation experiments for the four variable case. In general,
the probabilities of misclassification were higher for m = 4 than for
m = 1.

When there is no contamination and n = 25, the twenty procedures
give very similar results. For n = 12, the Type I and Type III discri-
minant functions give a probability of misclassification 0.01 to 0.02
higher than the Robust Regression LDF and Fisher's LDF.

For mild single sample contamination, Fisher's LDF performs as
well as the robust procedures. In general, however, as in the uni-
variate study, Tisher's linear discriminant functicn does not perform
as well as the robust procedures when the initial samples are scale
contaminated. The Type II Robust Regression discriminant function per-
formed very much as it did for m = 1, i.e., when Fisher's discriminant
function performed poorly, the Type II LDF also performed poorly. The
Type III Trimmed LDFs did not perform as well in the four variable case
as in the univariate study. The Type I discriminant functions performed

better than the Type III LDFs. Overall, the Type I LDFs with 107
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TABLE 5.4.4

PROBABILITIES OF MISCLASSIFICATION FOR INDIVIDUAL PAIRS OF SAMPLES
WHEN THERE IS NO CONTAMINATION

(m=4)
Discriminant Procedure
I 1 I 1 I 1 1 I
TRIM15  TRIM25 nus HAMHUB HAMP SIN GAST TRI
Sample Number -05 -05 -05 -05 -05 -05 -05 -05
1 0.471 0.471 0.474 0.477 0.477 0.476 0.473 0.469
2 0.347 0.345 0.349 0.350 0.350 0.349 0.346 0.348
3 0.327 0.333 0.329 0.330 0.330 0.336 0.332 0.325
4 0.330 0.339 0.329 0.329 0.329 0.333 0.337 0.336
n=12 5 0.354 0.355 0.358 0.368 0.373 0.396 0.354 0.356
6=1 6 0.342 0.350 0.347 0.346 0.343 0.348 0.350 0.349
? 0.332 0.345 0.335 0.333 0.332 0.343 0.337 0.336
8 0.397 0.391 0.401 0.414 0.417 0.412 0.389 0.396
9 0.319 0.320 0.320 0.321 0.326 0.329 0.319 0.320
10 0.414 0.405 0.413 0.413 0.418 0.422 0.411 0.412
1 .0,321 0.320 0.323 0.325 0.326 0.324 0.321 0.322
2 0.368 0.383 0.364 0.359 0.355 0.358 0.396 0.367
3 0,311 0.311 0.311 0.311 0.311 0.310 0.312 0.310
4 0.357 0.357 0.357 0.356 0.356 0.356 0.359 0.362
n=25 5 0.325 0.324 0.325 0.325 0.325 0,325 0.326 0.327
Sel 6 0.344 0.342 0.344 0.343 0.344 0,342 0.346 0.345
7 0.312 0.312 0.311 0.309 0.309 0.310 0.316 0.317
8 0.337 0.331 0.335 0.334 0.333 0.335 0.336 0.334
9 0.361 0.358 0.364 0.363 0.365 0.361 0.353 0.348
10 0.337 0.339 0.336 0.334 0.334 0.334 0.334 0.332
1 0.090 0.097 0.090 0.084 0.082 0.085 0.098 0.092
2 0.154 0.140 0.156 0.152 0.154 0.148 0.136 0.146
3 0.099 0.099 0.101 0.099 0.098 0.100 0.098 0.097
4 0.081 0.085 0.081 0.096 0.099 0.098 0.086 0.084
o=12 5 0.091 0.089 0.090 0.090 0.089 0.088 0.G%0 0.091
6=3 6 0.071 0.072 0.071 0.068 0.067 0.071 0.072 0.071
7 0.075 0.070 0.070 0.075 0.070 0.074 0.070 0.075
8 0.106 0.117 0.101 0.098 0.097 0.102 0.105 0.106
9 0.076 0.074 0.076 0.075 0.075 0.075 0.074 0.075
10 0.120 0.120 0.122 0.125 0.126 0.124 0.122 0.117
1 0.074 0.074 0.074 0.075 0.076 0.075 0.075 0.075
2 0,095 0.096 0.095 0.094 %.093 0.094 0.096 0.095
3 0.084 0.086 0.034 0.085 0.086 0.085 0.086 0.033
4 0.077 0.068 0.077 0.076 0.076 0.077 0.068 0.069
n=25 5 0.094 0.093 0.093 0.091 0.091 0.092 0.092 0.094
§=3 6 0.076 0.078 0.076 0.077 0.082 0.081 0.079 0.079
7 0.073 0.0/2 0.073 0.073 0.C73 0.072 0.071 0.072
8 0.081 0.075 0.082 0.082 0.082 0.081 0.073 0.076
9 0.090 0.087 0.089 0.049 0.090 0.090 0.088 0.091
10 0.088 0.089 0,088 0.087 0.087 0.087 0.088 0,085
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TABLE 5.4.4 (Continued)

Discriminant Procedure

1 1 I 1 1 1 1 I 1T ITI 111
TRIML5 TRIM25 HUB HAMHUB  HAMP  SIN CAST TRI ROBREG TLDF15 TLDF25 FLSHER
Sample Number -10 -10 =10 -10 -10  -10 -10  -10

1 0.511 0.510 0.513 0.515 ©0.514 0.513 0.511 0.509 0.437 0.475 0.435 0.435

2 0.348 0.335 0.353 0.357 0.355 0.350 ¢.336 0.339 0.365 0.369 0.388 0,381

3 0.341 0.337 0.342 0.343 0,343 0.341 0.337 0.338 0.327 0.331 0.363 0.331

4 0.327 0.339 0.325 0.3?5 0.325 0.331 0.337 0.335 0.332 0.335 0.330 0.432

n=12 5 0.332 0.332 0.335 0.340 0.342 0.348 0.330 0.333 0.341 0.382 0.372 0.358
6=1 6 0.357 0.366 0.362 0.362 0.358 0.364 0.366 0.366 0.335 0.356 0.345 0.335
7 0.319 0.328 ©0.321 0.320 0.319 0.327 0.324 0.321 0.31% 0.311 0.311 0.322

8 0.409 0.408 0.411 0,427 0.433 0.430 0.409 0.416 0.401 0.377 0.388 0.398

9 0.320 0.321 0.321 0.322 0.323 0.326 0.321 0.320 0.314 0.315 0.311 0.319

10 0.378 0.370 0.378 0.378 0.383 0.388 0.407 0.407 0.369 0.402 0.374 0.368

1 0.326 0.323 0.329 0.331 0.331 0.330 0.325 0.327 0.334 0.339 0,340 0.329

2 0.375 0.391 0.371 0.367 0.364 0.366 0.41C 0.376 0.367 0,375 0.377 0.362

3 0.310 0.311 0.310 0.310 0.310 0.310 0.312 0.310 0.309 0.311 0.312 0.311

& 0.376 0.376 0.375 0.366 0.366 0.366 0.378 0.380 0.363 0,371 0.367 0.366

n=25 5 0.328 0.326 0.328 0.327 0.328 0.328 0.336 0.328 0.335 0,346 0.347 0.332
6=1 6 0.348 0.346 0.348 0.346 0.347 0.34€ 0.349 0.334 0.345 0.346 0.341 0.352
7 0.310 0.310 0.310 0.309 0.310 0.309 0.31Z 0.314 0,311 0.323 0.324 0.311

8 0.332 0.335 0.330 0.329 0.329 0.331 0.333 0.330 0.328 0.329 0.329 0.330

9 0.353 0.342 0.356 0.355 0.357 0.354 0.339 0.351 0.363 0.350 0.356 0,364

10 0.332 0.336 0.331 0.332 0.331 0.330 0.338 0.331 0.340 0.345 0.337 0.339

1 0.092 0.095 0.091 ©0.105 0.103 0.107 0,095 0.093 0.093 0.087 0,087 0.055

2 0.145 0.131 0,347 0.143 0.145 0.139 0.127 0.137 0,159 0.174 0.140 C.150

3 0.096 0.098 0.097 0.095 0.094 0.096 0.094 0.094 0.077 0.077 0.07/ 0.0S5

4 0.089 0.079 0.091 0.095 0.081 0.102 0.079 0.092 0.083 0.091 0.098 0.099

n=12 5 0.085 0.090 0.084& 0.092 0.091 0.090 0.091 0.077 0.083 0.083 0.078 0,092
6=3 6 0.072 0.074 0.071 0.072 ©.071 0.072 0.074 0.072 0.068 0.071 0.080 0.008
7 0.069 0.077 0.070 0.070 0.070 0.069 0.076 0.078 0.073 0.076 0.083 0.074

8 0.113 0.125 0.105 0.078 0,096 0.102 0.107 0.115 0.0690 0.087 C€.C92 0.076

9 0.075 0.079 ©0.075 0,075 0.075 0.075 0.079 0.075 ©0.071 0.C71 0.078 0.074

10 0.108 ©0.107 0.110 0.113 0.114 0.112 0.110 0.105 0.186 ©.172 0.225 0.153

1 0.075 ©0.077 0.075 0.077 0.078 0.078 0.073 0.076 0.075 0.071 0.074 0.077

2 0.092 0.089 0.092 0.091 0.090 0.091 0.08¢% 0.088 0.0%2 0,035 0.0%2 0.050

3 0.088 0.090 0.088 0.059 0.090 0.089 0.0%0 0.084 ©.076 0.073 0.070 0.079

4 0.071 ©.072 0.071 0.07} 0.071 0.072 0.072 0.072 0.070 0.070 0.078 0.073

n=12 5 0.087 0,100 0.067 C€.055 0.085 0.686 0.0y 0.102 0.07¢ ©.C78 0.096 0.0

6=3 6 0.081 0.083 0.083 0.083 0.094 0.092 0.083 0.085 0.075 0.(% 0.089 0.07
7 0.070 0.070 0.070 0.070 0.0670 0.070 0.07G 0.070 0.077 0.0 0©.077 0.077

8’ 0.086 0.082 0.087 0.0%7 0.087 0.056 0.079 0.082 0.07¢ 0.076 0.076 0.0/5

9 0.086 0.086 0.085 0.035 0.085 0.086 0.067 0.090 0.032 0.085 0.081 C.052

10 0.085 0.084 0.085 0.084 0.084 0.085 0.083 0.082 0.084 0.093 0.094 0.084
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Gnanadesikan-Kettenring variance estimates performed better than the
Type I LDFs with 5% variance estimates. This varied from one parameter
combination to another, however, with no clear pattern. The 5% Type 1
LDFs gave remarkably similar results; similarly for the 10% Type I LDFs.

As in the univariate study, differences between methods decrcased

as the sample size increased. This is consistent with our asymptotic
results, i.e., as n increases, Fisher's LDF becomes optimal. For

samples of size 25, however, there are still many cases where Fisher's

LDF performs poorly when the initial samples are scale contaminated.




CHAPTER VI

SUMMARY AND RECOMMENDATIONS FOR FURTHER RESEARCH

6.1, Summary

In this study we have investigated one aspect of the robustness
of Fisher's linear discriminant function--robustness against contamina-
tion in the initial samples. In Chapter II, we examined the asymptotic
effect of normal contamination, both location contamination and scale
contamination. We found that with scale contamination and equal prior
probabilities for ﬂl and ﬂz, Fisher's LDF is optimal, i.e., when the
prior probabilities of the two underlying populations are equal, scale
contamination has no effect on our ability to make correct classifica-
tions. When the prior probabilities are unequal, however, scale con-
tamination adversely affects ability to discriminate between the two
populations, With mild contamination, only small increases in probabil-
ity of misclassification are observed. With heavier contamination, viz.,
the contaminating covariance matrix twenty-five to one hundred times
the uncontaminated matrix, contamination has a definite harmful effect.
Location contamination may be even more harmful than scale contamina-
tion, depending upon the direction of the contamination. 1In single
sample location contamination, for example, the worst effects occur when
the mean of the contaminating distribution is on the opposite side of

the uncontaminated population.
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In Chapter II we found that for large samples scale contamina-
tion of the initial samples has no effect on our ability to discriminate
when the prior probabilities of the two underlying populations are
equal, We described in Chapter III the methodology to be used in a
small sample study of such contamination. The small sample study con-
sisted of a series of computer sampling experiments. Finding that with
small samples Fisher's LDF may perform poorly when the initial samples
are scale contaminated, we suggested three types of alternatives to the
usual linear discriminant function to be used when scale contamination
is suspected. The Type I LDF is based on robust estimates of location
and scale; the Type II LDF is based on robust regression coefficients;
the Type III LDF is a trimmed sample discriminant function.

In Chapters IV and V we presented the results of the small
sample experiments. Chapter IV gave the results for the univariate
study (m=1); Chapter V gave the results for the four variable study
(m=4). The results were quite similar in the two studies. 1In both
cases we found that for mild single sample contamination, Fisher's
linear discriminant function performs as well as the robust procedures.
In general, however, Fisher's LDF does not perform as well as the robust
procedures when the initial samples are scale contaminated. Among the
robust procedures, the Type II Robust Regression discriminant function
was not protective against contamination. When Fisher's LDF performed
poorly, the Type II LDF also performed poorly.

For m = 1, all the Type I and Type III discriminant functions

were remarkably similar to one another. For m = 4, the Type III func-

tions tended not to perform as well as the Type I LDFs.
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When the initial samples are scale contaminated, there is little
difference among the Type I discriminant functions. Overall, the Sin-10
LDF gave the smallest probability of misclassification. However, the
difference in probability of misclassification between the Sin-10 LDF
and the worst of the Type I procedures was only 0.004 for m = 1, 0.005
for m = 4.

It should be pointed out that all the discrimination procedures
became more similar to one another as n increased. Fisher's LDF gave
probabilities of misclassification closer to the robust procedures for
n = 25 than for n = 12. This is to be expecﬁed on the basis of our
asymptotic results. However, for n = 25 there were still many situa-
tions where Fisher's LDF performed quite poorly.

If we are uncertain as to whether or not our initial samples are
scale contaminated, we would like the robust procedure we use also to
perform well when there is no contamination. For one variable, all the
robust procedures performed as well as Fisher's LDF when there was no
contamination. For four variables there was a little more variability
among the robust procedures in the uncontaminated situation. The Sin

LDF gave the largest probabilities of misclassification (0.375, 0.372

12, & = 1; 0.084, 0.083

it

as compared to 0.357 for Fisher's LDF for n

25, &

3).

as compared to 0.077 for Fisher's LDF for n
In summary, if only mild scale contamination of the initial
samples is suspected, Fisher's discriminant function will perform as
well as the robust procedures. For heavier contamination, however, we
may be able to discriminate better if we try a Type I robust discrimi-
nant function. Since the differences in probability of misclassifica-

tion among the Type I functions are so small, any one of the Type I
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LDFs would be a feasible alternative to Fisher's LDF when the initial
samples are scale contaminated. The 25% Trimmed Mean LDF might be a
good selection since it is quite easy to compute, ecasily understood by
a layman and performs quite well for both contaminated and uncontami-

nated parameter combinations.

6.2. Recommendations for Further Research

The results of this study suggest several areas where further
research might lead to useful results.

In the area of large sample scale contamination, we have examined
the effect of normal contaminating distributions where the contaminating
covariance matrix is a multiple of the uncontaminated matrix. These
results might be extended to other types of contaminating covariance
matrices and to other types of contaminating distributions. Similarly
for large sample location contamination, the results of this study might
be extended to other types of location contaminating distributions.

In the area of small sample contamination, we have dealt in
this study only with the case of scale contamination with equal prior
probabilities. In addition, we dealt with only a limited number of con-
taminating distributions, normal and Cauchy. It might be useful to look
at other types of long or heavy tailed contaminating distributions such
as Normal(0,1)/Uniform(0,1) and Normal(O,l)/Uniform(O,%). We might
also wish to reproduce the results of this study for a larger number of
variables such as m = 8 or 10. A consideration of larger sample sizes
such as n = 50 or 100 would be useful to determine when the asymptotic

results begin to apply with moderate to heavy contamination. A natural

extension of the results presented here is the consideration of unequal
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prior probabilities with scale contaminated initial samples. 1In this
case, the problem mentioned in Chapter III concerning the bias correction
factor for the Gnanadesikan-Kettenring covariance matrix must receive
further attention. We might also investigate other robust scale esti-
mates to be used in the Type I LDF.

Perhaps the most interesting and productive area for further
research is in the area of small sample location contamination. The
small sample effect of location contamination on Fisher's LDF should be
investigated. The three types of robust discriminant functions studied
in our small sample investigation of scale contamination can be studied
in the context of location contamination. Modifications of the three
types of robust LDFs (such as a one-sided Trimmed LDF) might also be

considered.
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