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Introduction

In a general cense "multivariate" analysis would include practically the
whole of statistical theory, Even in so=called univariate problems, such as
tStudenttst test of the mean, we require the idea of independence (of mean and
variance in normal samples) and the complementary idea of dependanced and indeed
any sample is a special case of a multiple variate in which the individuals,
as a rule, are independent and identically distributed,

By general consent the term "mnltivariate analysis" is used in a much
narrower sensee We find it easier to say what it is not than what it isy, and
many writers prescribe their domain of discussion by enumeration rather than
by definitions When we look at the whole field, however, we discern two main
featuress

(a) We are concerned with a set of n individuals each of which bears

the value of p different variates. The multivariate character, so
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to speak, lies in the multiplicity of the p variates, not in the
size of the set n,

(b) The variates are dependent among themselves so that we cannot split
off one or more from the others and censider it by itself, The
variates.must be considered together.,

Another important characteristic of multivariate analysis arises from a
divergence of interest between the mathematician and the statistician, The
natural inclination of the mathematician is towards generalization., Give him
a result for one variate and he inquires after the result for twoy give him
that and he inquires after the result for p. The statistician, on the other
hand, is continually struggling to reduce the dimensions of his problem, In
multivariate analysis he usually has an embarrassing profusion of variates and
his object is to make p a8 small as he can., (He still prefers n as large as
possible,) Diseriminant analysis, for example, tries to reduce the problem
of distinguishing between multivariate populations to the scale of a single
variate,

We may thus define multivariate analysis as the branch of statistical
analysis which is concerned with the relationships of sets of dependent
variates, We shall subdivide the main block of the subject into two parts,

according to whether we are concerned with dependence or interdependence,

In dependence, one (or more) of the variates is selected for us by the
conditions of the problem and we require to investigate the way in which it
depends on the other variates = the so-called but badly=named "independent
variates, The regression of one variate on others or the variance analysis
of a set of yields in a factorial experiment are of this type. A

In interdependence we are concerned with the rela tionship of a set of

variatee among themselves, no one being selected as special in the sense of
the dependent variate, The analysis of functional relationships, correlation

and component analysis fall into this group,
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Some parts of this scheme are covered at a comparatively early stage
in statistical training, For example, partial association, partion correla-
tion, the regression of one scalar ;ariate on a set of others, analysis of
variance, We shall not go over such ground again in this course, On the
other hand, there are some portions which are rarely covered in quite advanced
courses, such as component analysis and the analysis of functional relation~
ships. The reasons for this unbalanced scheme of instruction are partly
historical_and partly due to didactic convenience (and perhaps we ought to
add, partly to the very severe theoretical protlems which arise). The present
course will attempt to exhibit the subject as a connected whole, though,
naturally, more time will be spent on those branches which are less familiar
to the student, Mathematical results will be proved or quoted, as seems
convenient, but an attempt will be made to explain their significanée s0 that
the student who does not wish to delay over mathematical details'can take the
results on trust and return to their justification laters The emphasis
throughout will be on practicél applications, Computational methods will be
taken for granted except (as in the case of component analysis) where they are
of an unfamiliar type.

To give concreteness to the exposition we list here some types of

practical problemswith which multivariate analysis is concerned., Some, but

| not all, of these problems will be discussed in the sequel,

(a) Biometrics. A number of skulls are dug up on an ancient burial
ground, They may all come from one race or they may be a mixture
of two oppoeing races, friend and fbé having been flung into one
pit together, 4n unlimited number of measuremenﬁs'can be made on
any one skull, What are the best measurements to take, what is the
minimum number we require and how do we use them to test homo=

genelty or heterogeneity in the sample?



(b) Education. 4 numbef of candidates n take an examination in p parts
and are given a mark for each part. What is the best system of
arranging the candidates in order of merit and does the notion of
“order of merit" have any justifiable meaning?

(c) agriculture, A number of n different areas each produce yields of
p different crops. OCan we make any comparisons of general pro=-
ductivity between areas, and, if so, how? Which crops are the best
indicators of such a quality if it exists?

(d) Sociology. The replies given by members of a population to a
questionnaire are expected to vary according to their social class.
Information is collected about certain objective broperties of a
sample, e.gs rent, possession of a telephone, type of education.
Can an index of social class be constructed from such material?

And how should we test the significance of the difference between
two samples?

(e) Medicine. A drug such as cortisone is injected into rats, which
are subsequently killed and examined, Various organs are found to
be affected as compared with a control group, How many of these
effects are significant? Which are the organs most affected?

(f) Physicse A set of plastics are tested for various physical pro-
pertieé such as resilience, strength, elasticity, ability to with-
stand abnormal temperatures, Can we detect in the resulis any
systematic effects such as would enable us to predict them from
known molecular properties of the plastios? Can we then use the

results to design better plastics for given purposes?
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. (g) Anthropologye For a set of Red Indian tribes there are recorded a
numbér of items such as whether a tribe has a rain god, whether it
uses totems, whether it has any agriculture, It is required to
produce from this material criteria to decide whether a tribe
belongs or not to certain ethnic groups, or to suggest what such
groups nmight be,

(h) Economics, Each year there is produced for a given country data
which are in some way bound up with its general business activity,
such as national income, rate of interest, freightw-car loadings,
steel production, unemployment, bank clearings and marriage rate,
Can we produce an index-number of "business activity" from this
complex, and if we can does it have any objective meaning?

(1) Experimentation. By accident or design a multifactor experiment is

conducted with no proper balance or orthogonal properties, How do
we assess the significance of the main effects?

(3) Industry. A firm of tailors making ready-to-wear suits of clothes
wishes to produce enough to cover the requirements of its large
clientel with the minimum of misfits and unsold garments, The
operative measurements are leg length, hip girth, trunk length, arm
length, chest girth, shoulder width and perhaps a few others. On
what measurements should it work and'how should it proceed to pro-
duce maximum satisfaction at mirimum cost?

These examples, written down more or less at random, illustrate the

wide field of appliocation for multivariate analysis, This course is concerned
with the methods, many of them imperfect and incomplete, which have been

devised to investigate them,

.
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2., Component Analysis

Suppose we have p variates Xq eee xp, each observed on n individuals,
We write xij for the jth observation on the ith variate so that the obser-

vatione may be arrayed in a matrix

xll X12 ¢ & 9 0 Xln )
X1 F¥pp e ‘' %o
r] [ ] [ ) [ N ] [ ] [ 3

xp2 o 0. e xrm (201)

The object of component analysis is to economize in the number of variates.
To do this we shall seek for linear transformations of type

1 = jﬁi aij xj, is= 1, 2, Y p. (2.2)

o

(We confine ourselves throughout to linear transformations. There is no
reason why more complicated types should not be considered but ;he theory
would become very difficult,)

It may be that we can express the data in terms of fewer than p of the
§ 'ss We have then effected a genuine reduction in the dimensions of the
problem, the whole complex of variation being expressible in m< p variates,
But this is exceptional, Where it is not possible we shall try to carry out
an appfoxiﬁate reduction in this sense: we shall choose the coefficients a
80 that the first of our new variates é’l has as large a variancé a8 possible}
we shall then choose the second g?z 80 as to be independent of fhe first and
to have as large a variance as possible; and so on, In this way we transform
to new independent variates (a useful thing in itself) which account for as

much of the variation as possible in decending order, It may be that the
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first two or three of these variates acocounts for "nearly" the whole of the
variation, say 85 or 90 per cent, and the contribution of the other p~2or

P = 3 is small, We can then say that the variation ig represented approximately

by the first two or three variates and in favourable circumstances may be able
to neglect the remainder,

Basic theorem on effective dimensionnumber

We consider first of all thé case when the number of & 's is less than
p$ and we require the following results!

1, If the matrix Cxij),-i =1y eese Py J =1, esee n is of rank m
all the valués xij are linearly dependent on m sets of them, In geometrical
language, if we represent the n points in a Euclidean space of p dimensions
by taking Xy seee xp a8 coordinates, they will lie in a flat space of m<p
dimensions,

2, The rank of the product of a matrix by its transpose is equal to
the rank of the matrix,

Now let me take each %y measured about its mean, so that

J&l xij = O’ i= 1, ,2’ see P (203)

and also let us standardize so that the x's have unit variance, Then

2 xi‘a. =1, 151, 2, vees po (244)
Then the p x p matrix whose i, jth term is
n
cov (xi, xj) = % k;l ik X3k
1s 1/np times the product of (xij) and its transposé. Except for a factor in

n this is the correlstion matrix
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Then it folléws thats if and only if the correlation matrix is of rank
me p the variation lies in a linear space of m dimensions (and consequently
it is possible to find a linear transformation to m new variates which
completely account for the variation).

Example 2.1

Consider a four-var/iate case with matrix
N - N - \
/ .8 1 96 0
% o6 096 1 =28
V6 o -2 2

An examination of the matrix shows that it is of rank 2 (p = 4 ym=2), It
is therefore possible to find a linear transformation to two new variates
& 1 and 3o and only two variates are needed to express the data, One such

set would be given by

% 5
x2=0.8 51
X3=006 51*008 2,2

+ 0,6 ‘gz

XL‘ =006 5:1'008 ?.’,2

but there are others,
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Example 2.2

Consider the matrix (p x p)
/
1 rrrvtoc r
r 1 k r

\0 L] * 2 0 b ]

\‘\P r o o 00 1
\

The determinant is easily seen to be

(1 - r)Pl {1+ (= 1)r} 0
This cannot vanish unless r =l or r = 1/(p - 1). Except in these special
cases the rank of the matrix must then be p and hence we cannot represent
a set of equally correlated variates in fewer than p dimensions,

2.4 We shall require later a result concerning the rank of a matrix which
relieves us of the necessity for testing every minort if one merowed
prineipal minor is not zero and if that minor vanishes (a) when one row and
the corresponding column is annexed to it and (b) when two rows and the
corresponding columns are annexed to it, the rank is me

There are p rows and a row can be annexed in P = m ways and two rows in
% (p =m)(p - m - 1) vayse The number of conditions on a matrix for it to

be of rank m is then % (p=m)(p~m+ 1), These are, in fact, independent

condidtions. (Cf., Lederman, W,, 1937, Psychometrika, 2, 85),

Principal components

245 Consider the n points in the space of p dimensions when the x!'s are
expressed in standard measure (zero mean, unit variance), Consider the line

with current coordinates X

Xl'mlsfa_'__"‘z.=,,,,}f2_'._‘".e (246)
¥/ 3 ¥ »
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vwhere the ¢'s are direction cosines and ars therefore subject to the condition

3 8 (2.7)
i=1

The sum of squarss of the distances from the n points on to this line is

p
2
- - - 2 [ 8

If this is a stationary value the partial differentials with respect to m's

vanish and hence

- E(xij - mi) + Egi S‘gi(xlj - i) =0 . (209)
J 3 i
is= 1, 2, evo Do

and since fgxij = 0 this leads to
j -

m,
zi = constant,
i

Hence the origin lies on the llne (246) and without lcss of generality we

may take all the m's to be zero., Then

S = E i 2 (§l 8ixij)2:}

j=1  i=1 13
il % (lal 4 ij) (2a10)

We then find the stationary values of this for variations in ¢ subject to

(247)s If )\ is an undetermined multiplier thid leads to

-E xia (38 xij) + )\,«B = O, i= l, 2, sce P (2.11)
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. or the set of p equations ’
LA N+, v & T =0
» & T,y (1) et ep Top = O (2.12)
] [ ] * ® 0 [
81 rpl * '82 rp2 LRSI ‘gp(l"}\) = 0/

If we eliminate the #!s we get the so~called characteristic equation of the
correlation matrix which may be written
r=AI =90 (2.13)

For known r this gives us, in general, p roots in A\, To each root corresponds
a set of ¢'s for which 5 has a stationary value. Moreover, by using (2,11)
we find from (2.10)

S=peh (2.14)
A cannot be negative,

Furthermore, it follows from (2,14) that the root which gives the
minimum S is the one with the largest A, Choosing the largest root of (2,13)
therefore gives us the line we require, The sum of 8quares of distances of
the points from it is a minimum and the variate measured along it has the

maximum variance. The variate is given by

g
E.= 2 4., x, (2,15)
1T

where we write glj to indicate that this set of £'s relates to Xl. We see
also from (2,16) that the variance of §q is Mo

246 It is not obvious, at least to me, that if we now seek for the direction
(perpendicular to our line) for which the sum of squares of perpendioulars is

& minimum we shall arrive at the line corresponding to Az, the second largest

. root of (2,13); and so on. But such is the fact. Let us prove in the first
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place that if ¢ i Bi are the £'s corresponding to any two different roots

A 2 and ).B then the 4!s are orthogonal, that is to say
D ,

4 X
4 '
fe1 Bi

= 0 (2 016)
In fact, from (2.12) we have

2% Ty A Ly

¢
2 % T3 "% %1
Multiply the flrst by 3[3:1 and the second by ¢ 49 Sum over i and subtract.

We have

2 (b 45 gy = 4y 4y Tyy) = 2(" b B1m M b by
Since rij = p 31 the left hand side vanishes and thus
- =
=) 2, %y =0
from which (2 »16) follows unless X-( = )\E.
Thus if ¢y see & p correspond to the roots Ay, cas A, the lines form
an orthogonal set. In geometrical terms we have rotated our axes of

coordinates from the x = set to the T set,

It follows that since

E

iJJ

we have also

=24y % (2.17)
J

Also

m m

cov( §i’ 'Ej) = cov(geik X, E‘Bjm x_)
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- :2 e, &, T
nym ik “jm “lm

- ki ;? zim ij
= 0 unless 1 = J

and hence the variates ¢ are statistically independent.

We have thus transformed to new variates Z whiech are independent and

| have variances hl, x2, ese Xp in decreasing order., We note that p = ZS)\

as is also evident from (2.13)) for the sum of the roots of p = i ¢ in A

is the sum of p units in the main diagonal. We may regard the variates as

splitting off independent components of variance xl, A2’ ses kp from the

total p.

Note the following points which we state without propf3

(a) All roots of the characteristic equation (2.10) are real and non-negative,
This is a property of non-negative definite matrices such as the :
correlation matrix.

(b) In degenerate cases certain A\'s may be equal] they may even be all equal.
This is not of much practical importance, If it occurs the problem of
determining a unique line or lines minimizing the sum of squares is
indeterminate and an infinite set will satisfy the conditions,

(6) 1If certain A's vanish, say p = m of them, the éorrelation matrix is of
rank m and we are back to the case of 2,3 in vhich the variation
collapses into a space of m dimensions, The last p = m g's are then
not required, |

(d) We have standardized the variates by reducing them to unit variance
before finding the x's. Had we not done so, but left the scales un-
changed, we should have found different & 's which are not transformable
into our set by standardization after the new variates are determined.

In geometrical language, lines of closet fit found by minimizing sums

of squares of perpendiculars are not invariant under change of scale.
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Example 2,3
(Kendall, 1939, J, Roy. Statistical Soc., 102, 21,)

The ylelds of ten crops were recorded for 48 counties in England,
(n =18, p=10), The crops were wheat, barley, oats, beans, peas, potatoes,
turnips, mangolds, hay (temporary grass) and hay (permanent grass)., The
correlation between the various crops were nearly all positive, suggesting
that there might be some quality Yproductivity" associated with an area
irrespective of the crops actually grown. To allow for climatic variations
four years were choseny the results for them agreed quite closely.
The correlation matrix was computed and the largest root ascertained,
For 1925, for instance, )\ = L,760 and thus the correspondhngf accounts for
476 per cent of the total variation. The corresponding g was given by
T = 0439%; + 0437x, + 0.39x3 + O.27xu +
0.22xS + O.30x6 + 0,32x7 * O.26x8 +
O.th9 + O.3uxlo. (2.18)

This variate was provisionally identified with productivity and the
counties were arranged in order according to the magnitude of as given by
(2,18). They wére then grouped into very good, good, moderate, poor, bad
according to the values of z which they bore, The results agreed with
general knowledge about the geagraphical distribution of productivity exe~
cept in one or two instances,

In this case a value of \ = 4,76 is not very high and we suspect that

another variate, at least, is required to Yexplain" the variation., A more

.detailed analysis is given by Banks, C. H. (195L), J. Roy. Statist. Soc, B,

- ‘Je note that all coefficients in (2,18) ars positive.
From one point of view (2.18) may be regarded as determining an index

z of productivity, In the ordinary way one might expect the crop yields
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to be weighted in some way according to the production or acreage of the
various crops. In the 1939 paper Kendall tried alternative methods tf:_eight-
ing both by value and by starchae.quivalenﬁ _bu’o the results were much the
same as by the unse of (2,18), ‘

The problem he’re was to reduce the lO-dimensional variation to a one=
dimensional variation so that the resulting variate might be used as a
measure of productivity. The attempt was partly successful, and as success=-
ful as any attempt can be which endsavours to express productivity as due
to the variation of one component only,

Nume-rieal solution of vthe characteristic equation

The best method of solving the characteristic equation is by iteration,
It has the advantage that the £'s corresponding to any root are found simule
taneously., ™e will illustrate §n the matrix of example 2,1, which we al-

ready know to contain two components onlyt

1 .8 6 6 1?0* 1.3000
81 096 0 0.92 997
N 96 1 ~0,28 0.76 .3632
.6 0 =0,28 1 Oclih - .3368
3.0 2,76 2,28  1.32 (2.19)

‘Je add the columns as shown, divide by the largest and write vertically as
at column A, Ye multiply the rows of the matrix by the figure in the core

responding row in A to obtain a new matrix

1.0000 « 8000 +5000 «6000
+ 1360 + 9200 4832 +0000
4560 . 7296 7600 = .2128
2600 L0000 -,1232 11400
24560 24496  2.1200  0,8272 (2.20)
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Again we sum columns, divide by the sum in the same column as before and
write the results at B in (2,19). We repeat the process until we get two
columns of types A and B identical., At that stage we have the £!s cor=

responding to the largest \ given as proportional to the numbers in the

‘final colum. Thus, after 12 iterations on (2,19) we find 1,0000, 1.10000,

1.0000, 2000, (This, as it happens, is exact,) These are proportional
to the ¢'s. The sum of their squares is 3,25 and hence the &'s are

L (1, L1, 1, 0.2) (2.21)
3025

The corresponding \ is given by multiplying these figures by the corresponde-
ing terms in the first row of the matrix and dividing by 51, giving
7 -
- }L(lx1>+(1.1x.a)+(1x.6)+<.2x.5)j

V325
3

The validity of the process is evident from equation (2,9). Since

= 2:6

the correlation matrix is symmetrical the first stage of addition by columns

is equivalent to trying &1 =l = = 8& = 1 in the equations of type

7
438i rij = 6ik
and the sums are, as a second approximation, proportional to the right hand
side, namely to the £!'s, Using these new values we obtain a third approxie

mation, and so on until the process converges, We state without proof (a)

that it always will converge if the A's are different and (b) that unless

by accident we happen to hit on a case where the first trial is exactly a

root corresponding to a smaller A (a possibility so remote as to be negligi=-

ble) the process will converge to the largest A,
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2,10 Having found the largest root we proceed to find the next largest., To
do so we "extract" from the original matrix the first component in the
following manners

-
Form the matrix x_gsziej to get

8 88 8 16
.88 +968 +88 2176
8 .88 o8 16 (2,22)

16,176 ,16 032
Subtract this from the original matrix to get
02 =08 =2 olik
-,08 32 08  -,176
-2 .08 o2 ~olily
Al =176 =l .968 (2.23)

Then proceed to apply the same procedure as before to this residual mabrix,
In this instance we find for the sums of columns in (2,23) ¢ 0. 36,
=0.14k, «0436, 0,792 and the iteration converges at once to £!'s proportional

to 1, «0.k, ~1, 2,2 with A = 1.4 1If we go on to extract this from (2,23)
we find a vanishihg matrix and hence we have exhausted the variationy this
is confirmed by the fact that our two A's, 2,6 and 1.l add up to L, the value

of p, The second and final component has then £'s equal to

L (1, -0k, -1, 2.2) (2.24)

T
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The validity of this extraction procedure may be seen as follows!

Since

¥y =il 3,

0
cgv (xi, xj) = E ﬁf; &kiamjfkgm

- .
=< 1ek:l.&m,j)‘kﬁkm

where Skm =0uwnless k=mand =1l if k=mn

=
=Ll by (2.25)
S
If we then subtract )ﬂﬁéﬁglizlj from both sides we get a residual mabrix

giving us, on the right, the matrix of covariances of 52, ¢« 0 gp.

Acceleration by powering

The convergence procedure of 2,8 may be greatly accelerated by the
foilowing devices reverting again to the original matrix 2.19, square it
to get

2,3600 2,1760 1,8000 1.0320
2,1760 245616 2,4000  0,2112
1,8000 2.44000 2,3600 -0,2000
1.0320 0,2112 =0,2000 1,438L (2.26)
7368 7,388 6. 3600 2,L81L

If we now form the column sums and proceed as before our first trial column
1s 140, 997k, 8682, 43368, which is the second column of (2,19), We
should f£ind that the second trial column of (2.26) would be the fourth of
(2.19)3 and, generally, that the convergence is twice as fast,

Nor need we stop here, If we square (2.26) and operate on the resultant
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1L, 6096 15.2474 13,5120 1.0195
15,2474 17,101, 15,6864 2,6104
13,5120 15,6864 1. 6096 1.6048
4.0195 2,610, 1.6048 3.2186
L7.3885 50,6456 45,4128 11.4333 (2.27)

and the first trial column gives
1.0 1,0687 0,9583 0.2417

which is the same as we should get by four iterations on the original
matrix, Generaliy, if we raise the matrix to the t th power the conver=
gence 1s t times as fast. (Convenient numbers for practice are ¢ = L or
t = 8,)

2,13 The reason for this is easlily seen, If 65 is a trial set of £'s so
that the next set is

1 P
%=Aa8.r

14
3 J

where A i1s a constant, the next set is

¢ =B BAg., b
k=BGl ryy = Bry Lty
- 1;‘ T
s BAdb, 20, L0,
; 1 3 kj=" ji

and the second summation on the right is rij squared,

2.14 Other methods of extracting roots are known, Burt (1937, Brit, J.
Ed. Psyche 7, 172) points out that in the powered matrix the diagonal
elements tend to become proportional to the squares of the #'s, Aitken

(1937, Proc, Roy. Soc. Ed, A, 37, 269) proceeds by pivotal condensation,

Anyone who has much of this kind of arithmetic to do is probably well

advised to consult an expert,
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2,15 Note one possible source of confusion. As we have defined the come
ponents they do not have unit variance., In our example tae new variates
! ’

from (2.21) and (2.24) are

! {l =/3—-.é.; {xl * Ll x, + Xy + O'th} (2.28)
§2=—-—— {l-Ohxz-x "'2. hj (2o29)

vith variances 2.6 and l.L respectively. (Ve note immediately that they
are orthogonal, as they must be,) In factor snalysis it is more usual to
standardize the 5 's s0 that they themselves have unit variance, Thus ve
should have two "factors", say £, and f,, such that 51 = /(2'6)f1 and
£2 = \/(l.h)fa. On substitution in (2,28) and (2.29) this .ives us

£, =/0.8 {xl + Llx,+x, + o,2xhj

3
= ,89L, X) + 49839 x, + 854l Xy + «1789 x), (2.30)
and f2 = \/002 {Xl -O.lez - x3 + 2.2 xh}
= J4h72 Xy = 41789 X, = Jlli72 Xy + 49839 %, (2.31)

Example 2.l
(Stone, 1947, Supp. J. Roy. Statist. Soc, 9, 1)

Stone took Kuznet'!s and Barger's data for the U.,Sede comprising, for
each of the years 1922-1938, 17 series regarded as constituent elements of
total national income or outlay, e.g., employers! comper;sation, consumers!

- perishable goods plus producers! durable goods, net public outlay, net in-
crease in inventidns, dividends, interest, foreign balance and so on. He
did a principal component analysis on the observations taken about their

. mean and extracted three principal components with A = 80,76, 10,59, 6.09 per

cent, accounting for 97.45 ver cent of the variance, Lvidently these three



. components account for nearly all the variation and we have thus reduced
the effective dimensions of variation from 17 to 3. This illustrates the
economy in effective dimension number which it is the object of component
analysis to achieve,

The remarkable feature of Stone's work, however, igs that he was able
to interpret his components. In many cases our principal components do
not have an identifiable separate existence and are to be regarded as con=
venient mathematical artefacts, In others (the "general intellignece"
factor is a notorious case) it is arguable whethef the components can be
given any reality, Stone, however, had reason to suppose on economic
grounds that the variation was mostly accounted for by three components
(a) total income i or some similar quantity, (b) rate of change of i, say
A i, and (¢) a trend term ex_.ressing expansion or contraction of the econonmy,
'thich we may take as a linear term in the time t. lioreover, these three
quantities were separately measurable, Stone correlated his three principal

couiponents, say Fl’ F2, F3 (in his notation) with i, 41 and t to obtain

Fl F2 F3 i Ai t
F1 1
F, 0 1
F‘3 0 0 1

i 995 =0b1 057 1
M -0 946 124 -,200 1
t -.369 "0282 -.836 -Ohlh "‘0112 l

The three underlined figures stand out andit seems very reasonable to

. identify Fl with i, F2 with A1 and F3 with t,
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The results of the inyuiry are to be interpreted cautiously because
there were only 17 observations, but the study is a remarkable one. Stone
notes that in demand analysis, when including a price we ought to include a
large number of other prices, This is usually impossible but we may be uble
to introduce a principal component or two representing the price=complex

through an index number,

The centroid method

Psychological workers have developed numerous methods of component
analysis which avoid the arithmetic required by the solution of the characte-
ristic equation. Iy personal opinion is that they are objectionable and
should not be used when they can be avoided, So much published work has
been based on them, however, that some account is necessary. Perhaps they
can be justified to some extent as giving approximations to the principal
component method, but any discussion of their sampling properties seems
quite impossible,

The matrix of observations (2,1) can be regarded not only as defining
n points in p dimensions but » points in n dimensions, Actually these p
points, one corresponding to each variate, will, together with the origin,
define a p dimensional space embedded in the n-space. We may imagine them
as radiating from the origin like the spokes of an umbrella. Their lengths
are proportional to the variances (in our case all unity) and the cosines
of the angles between them are the correlation coefficients,

If the correlations rij are large the angles between the vectors are
small and they bunch together. If there is a common component we may exe
pect it to go somewhere through the "middle" of this bunch. The centroid
method formalises this idea by supposing that the first component passes

through the centre of gravity of the points,
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Let the coordinates of the points in the new pespace be ¥y Y i, J, =
ly 2, vses po (Some of the jis may be zero if there is degensracy to a
space of m( p dimensions)y that is, v i is the coordinate of thgi‘oh point
in the jJ th dimension. ‘e take variances to be unity so that 2 yi,j = 1,

The coordinates of the centroid G of the points is then given by

P

1 .
: hond 2. 2
Vo3 ° 5 sfl Viy (2.32)

Also, we have p

2y 43 T ¥k (2.33)

Suppose we take the axis of 'bhe'first. coordinate to go through G, as we

may without loss of generality, Then y . = O unless J = 1. Hence

P "
- - 4 -
2 P{fi 13 T2V Vi T Va1 g (2.34)
Let us sum the columns in the correlation matrix, giving us sum Al oo Ap
such that A
Aj = PI‘,J p y-lygl

- 2

and T ’&B/JA p y'l y.1 = (py 1) (2435)

This gives us ‘

and pr A
o J J
y. R aeweme BN e (2. 36)
Y I

Thus the first component, going through the centroid, has elements pro=-
portional to Aj/ /T, which are easily found from the correlation matrix.
Example 2,5

Congider again the matwrix of Example 2,18
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01 08 06 .6

8 1 096 0
06 096 l -.28
06 O ~028 l

Sung Aj 3.0 2,76 2,28 1,32
We find T = .;gAj = 9,36,
1/ VT = 326,860
and hence the first component is proportional to

1 3
JT Sk Xy
= 49806 x; + 49021 x, + J7U52 x5 + U315 x, (2.37)
The sum of squares of these coefficients is 2,516,876, The variance is
% :g AjAk rjk = 6,427,692, If wé standardize (2,37) by dividing by
24516, 876 the variance is 2,58L, compared with 2.6 in the case of principal
components,

2419 The determination of the first component is comparatively simple, but
the real trouble lies ahead, If, in the previous example, we form the
matrix of (2,37):

09616 +80L6 7307 4231
«88L6 +3138 6722 3893
7307 6722 «5553 «3216
4231 » 3893 3216 »1862 (2.38)
and subtract from the original matrix, we get a residual
038l =,08l6  =y1307 L1769
-,08L46 «1862 02878 =,3893
-.1307 +2878 Lblh? -.6016
21769 =,3893  -,6016 8138
»0000 «0001 »0002 -,0002 (2439)
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Bub we cannot now proceed to extract a second component by the same method
becauvse all the column sums are zero (within errors of rounding up)s, And
this must always be so. Geometrically, in the p=-space we have found a vector
passing through the centroid, and in (2.39) we have, in effect, projected
the complex of vectors on to a space perpendicular to this veotor. The
centroid of the projected points obviously lies at the origin and we cannot
draw a new vector through this origin and a new centroid,

We therefore proceed by reflecting one or more of the vectors in the
origin so as to "break the centroid away" from the origin, Unfortunately,
this involves an element of subjective judgment, Several rules have been
proposed, e.g. to reflect the vectors with the most negative signs in the
residual mabtrix, But there is no absolube rule,

Example 2.6
In example 2,5 the procedure is fairly clear, The signs in (2.39)

run
+ - -~ +
- + 4 -
- + + -
+ - L] +

We then "reflect" the vectors corresponding to X, and x3. This will change
the signs of the terms in the second and third columns and again those in
the second and third rows, leaving the terms in both unchanged. The terms
in the transformed matrix are then all positive and the sum of terms in
(2.38) is

«11306 9h79  1.L648 1,9816
We find T = L,82L9, 1/ VT = 455,256, The second component has then co-
efficients proportiocnal to

21960 4315 « 6669 9021,
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But we must now "put the signs back" by changing those of the second and
third terms, The second component is thug proportional to
+ 1960 Xq = 211315 Xy = 6669 X+ +5021 X), (2.,40)
It is readily verified that this is independent of the factor (2.37).
2.21 The following points may be briefly noteds
(a) the sum of cross products in (2,37) and (2.40), namely
(49806 x 41960) + (49021 ¥ =,4315) + (.7L52 x =,6669)
+ (oL315 x =,9021)
does not vanish, The centroid components are not orthogonal in the p-space
which ve considered in arriving at the principal components, They are
orthogonal in our second p-space., Only the principal components are
orthogonal in both,
(b) For a proof of the validity of the centroid procedure see Kendall,

1950, J._Roy. Statist. Soc. B, 12, 60.

(¢) If we have to proceed to determine third, fourth components, etc.,
we do not put the signs back wuntil the very end of the operation.

(d) If we are to proceed as far as p components any method of break=-
ing the centroid" from the origin will do in the sense that we get p inde=
pendent components, But they will not in general have any optimal properties
in regard to variance,

A ranking approximation

2422 If our object is to arrange the individuals in some sort of order
according to a principal component (as, for example, if we wish to arrange
students in order of a putative general intelligence as shown by test per=
formances) a very fair approximation can often be obtained by simple ranking
methods, For any variate we rank the n individuals from 1 to n, We then
add the p ranks for each indiﬁidual and so0 arrive at a score for him, The
ordering of this score 1ill give us a ranking of the individuals according

to a common component,
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Such a procedure, in fact, maximizes the average Spearman correlation
between the ranking so reached and the rankings according to the p variates,
(Kendall, 1948, Rank Correlation Methods, 7.10), The rankwvector therefore

gets as close to the p rankwvectors as it can, so to speak, and will approxie
mate to the first centroid component and to the first principal component,
Example 2.7

In the case referred to in Example 2,3 Kendall ranked the L8 counties
according to the yields for each of the 10 crops, summed the ranks and com=
pared the order with that given by the first principal components The
agreement was strikingly closs and a Spearman p between the orders given by
the two methods was 0,99,

Stamp (1952, Land for Tomorrow, Bloomington Press, Indiana) has recently
applied this idea to an agricultural grading of certain countries, The
average ranks on nine crops (wheat, rye, barley, oats, corn, potatoes, sugar

beet, beans and peas) were as follows!

1934=8 ' 1946
Belgium 2,2 Belgium 243
Denmark 2,6 Denmark 2.4
Netherlands 2.9 Netherlands 2.
Germany b3 New Zealand L2
Britain L7 Britain L8
Treland Le7 Ireland 5.3
New Zealand 5.8 Egypt 6.2
Egypt 63 Germany 746
Austria 7.2 U.Sa Ay 8.2
France 942 France 20
Japan 10.4 Canada 9.1
Italy 12,0 Austria 11,2
UeSe An 12.0 Chile 11,5
Canada 12,3 Argentina 12,4
Spain 12,6 China 12.7
Chile 12,9 Italy 12,7
China 13.6 Japan 1,1
Argentina 1.3 Spain 14,2
Australia 16,0 India 17.0
India 17.8 Australia 17.2
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With all its imperfections, this is an interesting table, The lower-
ing of the positions ocoupied by countries which are éupposed t0 have lost
the war in noticeabley and the rise in countries remote from the actual
battlefields, New Zealand, U,S.A., Canada and Argentina (but not Australia
or India) is also brought out. Stamp uses the data to discuss which areas

appear prima facie most likely to be worth more intensive cultivation,
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3. Factor Analysis

In component analysis ve begin with the observations and look for COlfm
ponents in the hope that we may be able to reduce the dimensions of variation
and alsc that our components may, in some cases, be given a physical meaning,
Ule work from the data toward a hypothetical model, In factor analysis we
work the other way rcund} that is to says we begin with a model and require
to see whether it agrees with the data and, if so, to estimate its para-
meters,

This is a broad distinction but it is often blurred in practice be~
cause, at different stages of the development of a subject, we may be doing
both of these operations, For example, Spearman, working on material given
by paychological tests, was led to formulate the model of a single gefactor
which he identified with intelligence, This was working from data to model,
But once the model was ;iven it was compared with further data, Some of
these could not be made to fit and the model was modified to include further
factors. This model was now compared with further observation, and so on,
Most science progresses in this way and we shall find in the examples con-
sidered below that it is not always easy to classify‘them into component or
factor analyses, This need not vorry us. They are often both at different
stages of the cycle from experiment to hypothesis and back again,

Ve will suppose, as before, that we have a matrix of observations x, .3

iJ
and we wish to consider whether they can arise from a situation with a

structure given by
. -

Xy =1fi Ak Tt D38y * ey,

is= 1, vee P (301)
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where the f, are factors which way appear in more than one x, sy is a

factor specific to x, and &y is an error terms The f, s, and ¢ are re-

garded as having unit variance and assumed to be all independent inter se,

With this degree of generality the model is underdetermined. In fact,

by a component analysis we can always express the x's in terms of fls withe

out invoking specific or error terms at all, But we shall often consider

the case where thers are only one, two or three f£'s which is equivalent to

setting up a model where a number of the coefficients a are zero, In such

a case any residual variation may be ascribed to specifics or error terms,

3el We shall also find it necessary to draw some distinctions between types

of model,

Let us consider first of all the case where the given x's comprise ali

the data, that is to say we are not regarding them as a sample from some

larger population,

(a) We can take a model with p components in which case no specifics

(b)

or errors are involvedj
we can take m factors (m <p) and consider the residual as 2 simple

error term
m

Xy =k;4i 8, & + & (3.2)

In this form & does not necessarily have unit variance. If we

wish 1t to do so we have to insert a parameter cy t0 have

n
™

X, =& a,, £ + c.6 | (3.3)
i kel ik "k i'i
Now "error!" here msy have two meanings, It may refer to errors

of observation in the x's or it may be a synoptic way of saying

that we have run together parta of the model whieh cught to be
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kept distinct (or a mixture of both)s If we wish to attribute any
residual variation to Xy it makes no difference in this model
whether we call it & or s, The only distinction arising is be=
tween the situation where residuals are particular to the xts and
that where they may be entangled because they comprise factors
which should have been separately included in the model,
345 On the other hand, further distinctions arise when we regard the x's
ag a sample,
(c) Taking fir;t of all the principal component model
J
xi = 2 .(ik ¢k + Si (3-)4)
k=1
we may regard the @'s as fixed variates, and the e¢'s as errors due to sample
ing expressing the deviation of the particular observed x's from the popu~
lation values. The problem is then to estimate the «'s and the f's con~
sidered as parameters of the population,
(d) The same may be true if we consider m<p factors
a, ,
Xy =l A, P+ 8 (3.5)
i Jeml ik 7k i :
(e) But if we wish to consider specific factors we have a model
m

BN
X, = Ay B+ Byoy * Ky (3.6)
k=1
in which € is an error of observation in the x's, Apart from this we regard
any member xi,j as an observation on a variate which is composed of two parts,
a linear sum of @'s and a specific o, Ve regard o as distributed over the
population in a particular way (usually normally with zero mean and unit

variance), But we may also regard f§ in the same way. In such a case our

object is to estimate «,pgand k but not @,
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. . 3.6 These distinctions are subtle bubt important., The student vho comes to
them for the first time can nass over them for the time being, merely noting
their existence, The importance of the distinctions will probably be clear
after we have considered some examples,

3.7 Let us revert to the model of (3.,1)s The f's are called common factors,
If an f occurs in all x's it is called sz general factor., If it cccurs only
in certain x's it is called a group factor,

The factor 8y is said to be gpecific to the variate Xge The element

ei is called the unrelisbility factor.

On our assumptions concerning the independence and unit variance of the
factors we have

b
cov (x xj) = 7 k 8y jk + b, bj cov (s, 49 B4 )

+ ¢, C. COV (ei, ej)

173
and if we also assume that the specifics and unreliability factors are ine

dependent this reduces to

1
cov (xi, xj) =ay, 34k 2 i# (3:7)
- 2 .
var X, =_¢3a§k + by 4 °§ s 1= (3.8)

Thus the factors b and ¢ appear only in the variances and do not affect the
covariances. If we now standardize so that the variances are unity we have

mn

1 =;S as. + b2 + el (3+9)
e LTI 3

The quantity ci is called the unreliability in psychological terminology,

The statistician would more often call it an error variance, The quantity

‘ BN
bi is called the specificity. The quantity .2 ik is called the communality

.' and ie usually written h2. The complement l-h is called the uniqueness,

h2 + b is called the reliability,
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In many types of scientific inquiry the unreliability would be deter~
mined from replicated experiments as an error variance., This is undoubtedly
the best eourse when it can be followed, But in the social sciences repli=-
cation may be impossible; and in psychology it is often difficult owing to
the memory factor., For this reason a good deal of attention has been given,
especially in psychology, to the adjustment or estimation (or guessing) of
the communality element,

Before we consider this topic let us note the effect of communalities
on the analysis of faoﬁors._ If we know the communalities we know all the
elements entering into the covariance matrix of the x's (for (347) does
not involve specifies or errors), lle may therefore apply our previous
methods to the covariance matrix, or more conveniently to the correlation
matrix with communalities hi in the main diagonal instead of unities., This
is perhaps a rather heuristic method of estimation but is obviously cone
sistent,

For instance, consider the determination of principal components in
section 2, We then minimized the sum of squares of distances on to a line
in a situation where sampling was not in question, Suppose that we minimize
the expectation of § = equation (2,10) = instead of S itself, The analysis
leading to (2,11) applies except that the axpectations of.;gxikxjk appear

instegd of the sample covariances, We may replace them by the observed cow

2

o
variances except for the terngsxik which must be replaced by nhi.

The treatment of communalities

Whefe the h2 are completely unknown one method of approach has been
to regard them as being at choice; and in particular to assume that they
are such as to minimize the number of féctors. In general this seems to
assume on Nature's part a much more indulgent behaviour than we have any

right to expect, but it is interesting to see what happens in such cases,
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The correlation matrix with h2 instead of unity in the main diagonals
has then p quantities at choice, The number of independent conditions for

it to have rank m is (from 2,}4)

-21- (p=m) (p-m+1)
Thus we can reduce a matrix of rank p to one of rank m if
P2 %— (pem) (p=m+1) (3.10)

or >
P - p (2m+l) + m(m=1) 2 O

leading to
2mel = /(8m+1) ¢ 2p ¢ 2mrl + A Bm+l) | (3.11)
For example the following are some values of p and m
P ¢ 3 L 5 6 8 10 15
m 1 1 2 3 3 5§ 6 10
Thus for p = 2 and 3 we can always choose the communalities so that only
one component (general factor) is required, the obsexved correlations are
of a particular kind,
3,11 Spearnan's theorem, If there is only one general factor the corre~
lations are given by
i3 % %1 %0
and hence

Tyy

T = same for a1l i
ik

Thus (apart from diagonal terms) the coefficients in any two rows or columns
of the correlation matrix are proportional, To put it another way, for any
different a, b, ¢, d

Tab Tcd ™ Yac Tpa = O (3.22)
these being the so-called tetrad differences,
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Spearman's theorem says that if there is one general factor the tetrad
differences vanish, This, as we have just seen, is easy to proves, The cone
verse says that if‘the tetrad-differences vanish there is only one factor.
This is much more difficult but under certain general conditions is true,
(see Camp, 1932, Biometrika, 2L, L18,)

Estimating,communalities

Psychologists give a number of recipes for guessing communalities., One
is to take the largest correlation in the corresponding colum of the core
relation matrix, another is to take the mean of the correlations in the
corresponding column - the so=called averoid method, |

Suppose we have, by some means or other, guessed the communalities,

We then perform an analysis of the data and arrive at certain factors, fewer
than p, being content to neglect the rest, 1le can then use the coefficients
occurring in these factors to estimate new communalities, iterate and pro-
ceed until the communalities converge. An example of the method is given
below in Example 3,6, What this process amounts to is that we sssume m
factors and assume that they account for as much as possible of the variance,
this determines the communalities and consequently the Yerror!" variances,
But we have not, by a mathematical manoeuvre plus assumptions, estimated

the error variances such as might arise in practice, ‘e have only estimated
what they would be if the number of factors is what we think it is and the
error variances are minimal,

Example 3.1

Holzinger and Harman (1941, Factor Analysis, Chicago University Press)

using' data by Gosnell and Schmidt (1936, J. Am, Statist, AsSsy 31, 507)s
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Chicago was divided into 147 election areas in the 193} presidential
elections (n = 147). For these areas Holzinger and Harman pick out 8
variates (p = 8) from 17 considered by Gosnell and Schmidt, as follows
1, % Democratic vote and Republican vote for Lewis (a Democratic candidate),
2o Ditto for Roosevelt (also a Democratic candidate),
3¢ Party vote;, % that straight party votes bore to total votes,

L+ Median rental in dollars,
5. Home ownership: % of total families owning their own houses,

6, Unemployment: % unsmployed in 1931.of gainfully employed workers over
nine years in age.

7s¢ Mobility: % of total families living more than ons year at their
present address,

8s Education: % of population over 17 years of age who completed at least
ten grades at school,

Holzinger and Harman assumed & two factor pattern for this complex,
estimated communalities by averaging correlations and did a centroid analysis

to obtain the following coefficients

Variate Pirst factor Second factor -
l 369 “523
2 188 --_»Z.'G
3 087 -92.7
b. -688 '509
5 28 .65
6 89 .01
7 "‘066 —956
8 '-96 ’ "015

The first factor was found to contribute about 62% of the variance and the
second about 14%, making about 76% for the two,

The absolute values of these coefficients is not of primary importance,
we are more concerned with their signs and their relative magnitudes. We
note that the first factor appears strongly in variates 1, 2, 3 and 6 in a

positive way and negatively in variates L, 7 and 8, This factor may therefore
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be tentatively called "Traditional Democratic Vote", Those areas possessing
it had greater unemployment, greater mobility and less education than the
Republican complement,

The second factor is much less important but seems significant, The
greatest coefficients are those for home~ownership (positive) and votes for
Roosevelt and immobility (negative), This may be even more tentatively
identified with a "home-permahency" factor, |

The inference would be that the features which most affected the voting
were (a) the,hay in which individuals traditionally voted and (b), indepen=
dently of (a) and much weaker, some feature associated with home~ownership,
I must leave it to American citizens to Judge whether these results are
reasonable. In any case the methodology is interesting and seems capable of

development,

Examgle 3,2 .
T (Rhodes, 1937, JoRe Statist, Soc., 100, 18)

Rhodes took monthly series for the 48 months July 1931 = June 1935 of

13 series contributing to the ﬁEconomist" Index of Business Activity, e.g.
Employment, Coal Consumption, Merchandise on Railways, Postal Receipts,
Imports of Raw Materials, Bank Clearings, He assumed a lgeneral business
activity" factor and considered other effects as residual, giving him, in
our notation '

x; = a; £, 4 by (3.13)
He determined the a's by a least=squares solution of

cov (xi, xj) =8y 8
after taking logarithms to give

log a; + log ay = log cov (xi, xj) A (3.1L)
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The results were not very unlike those given by the "Economist" Index,
Note that

(a) successive values of the series are correlated so that the

observations are not independent,

(b) the least=squares solution is therefore somewhat heuristic;

(c) Rhodes calculated the residuals after extraction of the first

factor and came to the conclusion that they were not independent.
This led him to suggest the existence of group factors,

Rather oddly, Rhodes' pioneer work in this field does not seem to
have been followed up, This may be due to the fact that economists dis-
claim a knowledge of multivariate methods (at least of this kind) and
statisticians are nervous about the serial correlation effect in component

analysis. The subject would probably repay further study,

Example 3,3 .
~ (Burt and Banks, 1941, Ann. Eugen. Lond., 13, 238)

2L00 male volunteers for the Royal Air Force were divided into 8 age
groups, The total range of age was 17-38 and the results for the 8 groups
were so similar that consolidated figures could be presented and are dis-
cussed here.

An analysis was carried out on "types! of body build, The nine variates

specified below were available

1 2 3
1 Standing height + - -
2 Sitting height e -
3 Arm length + - -
L Ieg length e 4
5 Thigh length - 4
6 Abdomen girth + * +
7 Hip girth 4 -
8 shoulder girth + + -
9 Weight + + -
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Six factors were extracted by the centroid method, The first three
accounted for 35%, 13.5% and 10.1% (78,6% in all) of the variance, The
remainder were small and of very doubtful significance,

The foregoing table gives the signs of the coefficients of the factors -
we have not bothered to write down the actual values, The main factor f1
is positively associated with every measurement, This was identified as a
general "gize! factor., (This might meen that there was some quality of an
individual which determined the size of his body or that there are qualities
which preserve some rough sort of proportionality in different individuals,)

Factor 2 has negative signs for measurements on the length of the body
and positi%e signs for those on girth and on the weight, This was held to
support the dichotomy, propo sed by some anthropcmetrists, into two types of
body build, the leptosomic or lean type and the pyknic or thickset type,

If this factor has any reality (e.g. if it could be identified in a gene)
it would imply the existence of some effect vhich might vary from one end
of a range, involving a very spare lean individual, to the other end at
which the individual was very thickset - irrespective of the actual size,
vhich is determined by the first factor,

Factor 3 has positive coefficients for me asurements above the waist
and negative coefficients for those below the waist, This suggests a dif=
ference between trunk length and leg leﬁgth.

The 1odel conjured up by the analysis is one for which the measurements
of the individual are determined by three independent factors, The first
determines how big the individual is to be; the second decides whether he is
to be leptoeqmic or pyknic or somewhere between the twoy the third differ-
entiates his trunk and leg lengths, Thether this is a plausible model
must be left for the anthropometrist or the geneticlst, The analysis has
shown that about 80% of the variation can be accounted for by three
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independent components, but it is open to question whether this is more than
& convenient mathematical representation,

Example 3.4 '
(Harper and others, 1950, Brit, J. App, Phys., 1, 1)

A number of measurements were made on a set of plastics with the

following results,

A+ Tensile strength + 486 + 410 + 407
Be &% elongation at break + 475 + ,03 + 410
Cs» % elongation under deadload

in 5 minutes + .92 + o1h + 430
Ds % recovered of C in

S minutes + ,35 + 408 + 411
Es+ B.S, Hardness number + .92 + ,27 + 429
F. % indentation in 24 hours

by a loaded wire + .81 + 16 + o42
G, Minus c° to which lovered before

breaking in a standard way + o71 - .57 =~ 41

He log volume of resistivity + 469 + ,17 - o436
I. Dieletric constant + .68 + ,19 - 450
Je« Power factor + 17 - .58 + o4l

The analysis was done by an estimation of communalities aad a centroid
method,

Three factors were extracted, accounting respectively for 52.2, 8.7
and 1049% of the variance (totalling 71.8%)s Note that the second accounts
for less than the third, This can happen in a centroid analysis, but not,
of course, in a principal component analysis,

The interpretation of these results is a matter of difficulty. With
the exception of the first factor there seems nothing to suggest reality.,
The first factor itself seems to have something to do with molecular coe

hesion.
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This paper has one point of theoretical interest, namely that the
estimated communalities can be judged in the light of what is known about
the experimental error,

Example 3. 5

-(Buckatzsch, 1947, Population Studies, 1, 229)

Buckatzsch's study concerned Ehe influence of social conditions on
morbality rates and the latter were taken as dependent variables, From
his results, however, we can consider the possibility of expressing the
dependent variables in terms of principal components,

For 81 County Boroughs (= large towns and cities) in England and Wales

in the 1931 Census the following were ascertained

£ £,
1, % families living in one room + -
2, % males unemployed ' + -
3¢ % of male population in
- working classes + +
4o % women engaged in factory
occupations + +
5. Latitude N of 50°30¢ + +

The signs of coefficients are shown for two factors extracted, which
accounted for about 80% of the variance. (Buckatzech estimated come
munalities and proceeded by principal components.)

The results are very tentative., The first factor is identified with
"eocial conditions", The second, so far as it msans anything, seems
associated with the employment of women in factories, the coefficient of

this variate in f2 being much larger than for the others.



ik

i

Lol

L2

-l 3=

L. Punctional Relationship

We have referred in the previous chapter to the importance oS distin-
guishing between various kinds of model which are apt to become confused in
factor analysis. It is equally important to distinguish certain types of
model in other multivariate situations,

The source of a good deal of the trouble lies in the overfacile way
in whici, a statistician sometimes gives the name M"error" to any discrepancy
between model and observation and then is misled by his étm terminology to
postulate stochastic behaviour in the "error" term, An extreme example may
make the point clear,

Suppose a physicist begins with the intention of investigating the
behaviour of a gas under changes in pressuré and volume, By a few nrimitive
experiments he is led to expect a relation of the Boyle type

log P+log Ve logK=0 (Lel)
where P is the pressure and V the volume, but he forgets to take changes
in témperature into account. He may then wish to conduct more exact ex=
periments to verify the two more closely and takes a number of readings of
the variables P and V over a period of time, If he plots the variables on
a logarithmic scale he will get points lying nearly on a straight line, and
the best line he can draw will give him an estimate of the constant Ke The
problem arises because tie points do not lie exactly on a straight line.

Such a situation, simple as it is, requires at least three different
techniq ues of analysis according to the way we approach it,

(a) We may regard (L.1) as the true underlying law of behaviour and
conduct our experiment so that P is given what values we choose without error,

Any discrepancy between observation and hypothesis is then due to errors in

log V. These are errors of observation and the model is (for observed Y, say 1)

logv= log P~ log K + ¢ (Le2)
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We now suppose that ¢ is a random variable or variate and have a simple
regression model, Conversely we might arrange the experiment so that V
was determined without error and p observed, in which case we should have
a different regression model |

logp==logV+logK+e (L.3)
There is nothing, on the face of it, to lead us to suppose that methods of
estimation applied to (L.2) and (La3) would lead to the same estimate of K,

(b) As 2 second model we may regard (Ls1) as the true law of behaviour

but contemplate errors of observation in both varisbles, The model now is
that we observe p, v, given by

p=P+ e

vVeV4+ (Leby)
and P, V are related by (4,1)s We now have a completely different.situation.

(¢) Again, we may suspect that (L4e1) is not the right model and that

we have left out a part of the true model (as in this case we have, namely
the temperature T), We do not quite knoﬁ what we have omitted, but we hope
that it is not very important. 'Je can now suppose, if we like, that P and V
are observed without error, but we shall have for the model

log P+ log V=~ log K= ¢ (Le5)
where { stands for "something-left-out-which-we-piously-hope—is-not-veryh
lmperbant®, If we like, we can assume that this behaves like a random
variable, in which case the model (4.5) becomes formally equivalent to
either (L.2) or (L.3), whichever we prefer. But obviously we are making an
enormous assumption here, very unlike the more customary assumption concern=
ing errors of observationy which we know on empifical grounds to behave
stochastically, The statistician makes this assumption very often, more

often perhaps than he realises.
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I assume that the reader is already acquainted with the standard
regression theory required to deal with situations of type (L.2) where
there are several independent variasbles, (For a more detailed discussion
see the expository articles on HRegression, Structure and Functional
Relationship", Biometrika, 1951, 38, 11 and 1952, 39, 96)., In this chapter
we shall be concerned with models of the second kind where both variables
are subject to errors of observation.

We consider the case where two variables U and V are related by a linear
function

Vex+pU (L6)
These variables are not directly observed, In fact if d and e are random
variables we observe
xé = U+d (Ls7)
ypeV+e (148)
Throughout we take d and e to be independent,
Substituting in (4.6) we have
y' =V+e=L+pU+e
= &+ B(x’ -d) +e
x4 px =pd+e (4 9)
Now for this to be treated as a regression of y' on x! we should require
the "residual" - Bd + e to be distributed independently of x'. But from
(Le7) %' and d are not independent and ordinary regression theory does
not apply.

We shall discuss four cases:

(1) Geary's case; U is a random variable but is not normal,
(2) The classical case 1! U is not a random variable.
(3) The classical case 2i U is a random normal variable.

(L) Berkson's caset the residual - Bd + e is independent of x!,
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It appears that the problem of estimating < and B is soluble in cases
(1) and (L4) but not in (2) and (3) without some further restriction among the
conditions.

Berkson's case

Le6 It is convenient to consider Berkson's case first because it can be
referred back to the regression model., Beginning effectively from (L.9)
Berkson considers a situation where d is independent of x! by introducing
the idea of a controlled variable, (If x' is a !fixed! variable we mean
that 4 is mathematically independent; if x' is a variate d is'séatistically
independent. ) |

Consider an experiment in which we are testing Boyle!s law by adjusting
pbressures and then measuring the corres?onding volumes, e decide, shall

we s&y, to adjust the pressure to 28 1lbs per square inch and do so as far

as_our apparatus and instruments will allow, We shall commit an error in

calling this 28 1lbs per square inch but we ignore this error and proceed as
if 28 is the correct value., Ve require to assume only that positive and
negative errors are equally likely, This curious and subtle manoeuvre
alters the model of (L.9), In fact if we call this observed and controlled
variable X the 'true! value u is a random variable connected with X by the
relation
u=X+d
or better perhaps
X=uwed ~ (L,10)
. The linear relation (Le6), with (Le8) and (4.10) then becomes
Y'=L+B(Etd) +e

=<+ BX+pd*te, (Ly11)
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Now this is an ordinary regression model with a 'fixed! varicble X and a
residual fd + e which is independent of ¥» The standard theory applies and

we have unbiased estimators of « and B given by

a = il 7 ()4012)
b=ZyX (1e13)
3.2
2%

where X is measured about its mean, The usual tetest for significance
applies under assumptions of normality, we shall see that this ceases to be
true in non-linear cases.

Iy Those who refer to Berkson's paper (1950, J, Am, Statist, Assocs, L5,

16L) should also consult Lindley (1953, Biometrika, LO, L47)s Berkson was
ostensibly discussing the question whether there are two regression lines

in a bivariate situation., There certainly are, and Berkson's negative answer
really relates to the problem of functional relationship,

Non=linear Berkson case (Geary's extension)

L8 Geary (1953, J. Am, Statist, &ss, 48, 94) has extended Berkson's

argument to the non linear case,
Suppose that X is observed at m points and, since the scale is at

choice, we arrange it so that odd moments of the X's vanish, i.e,

m

., -
2 XL w0, k= 1, 2, sues (Lo 1k)
i=

Then if E relates to expectations over repetitions of the experiment with

the same X'!'s we find, from (L.11)

m m
2k T 2k
< Xy B(ys) = 4 X5
i=1 i=]

= m.cl(u?k, k= 0, l, X (hilg)
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i i i
=m Bu2k, k = 1’ 2, XX} (h’lé)

The simplest solution is given by k = 0 in (L,15) and k = 1 in (L4.16),

Jleading to
:‘J .
m = ZE(y, ) (L4.27)
-
mBp, = LX,E(yy) (4.18)
and consistent estimators are then
15
a==Zy | (Le19)
b=l ixy (Lh20)
Mkiy

These are also maximum likelihood estimators if the errors d and e are
-normal and in any case (for zero means in d and e) are GausseMarkoff
estimators. This confirms our previous analysis of Berkson's case,

L9 Consider now the case when the underlying relationship is non linear,

say cubic of the form

T E &+ BU +us U (Le21)
We standardize as in (L4.,10) and then have
V'edk+pEed) +5@X=d)?+6x=-4d)2>+e (L,22)
Multiplying by 1, X, X2, X3 and summing over 1 = 1 ,4,, m we have
Yop =5+ i (Le23)
0= DHe t by (Lo2L)
Yo = Sk + 'y, (L4e25)
r31 = «2.% + 5p.6 (Le26)
where
Y At EG) (be27)
S =&+ yvard (L, 28)

D=p + 36 vard, | (L.29)
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We tien find for ¥ and &
(W, = B3) 7 = Yy =y o (L. 30)
(hghy = uﬁ) 5= by rgy = Wy, rige (L.31)
This will give us consistent estimators for 7 and & in terms of the
observables,

But there are two remarkable features about this situation. The first
is that, although we can estimate ¥ and & s Wwe cannot estimate < and 8, The
quantities which occur in equations 1ike (4,23) - (L.26), however many of
thein we take, are & and 7 which we can accordingly estimate., But from
(Le28) and (Le29) we see that we cannét estimate « and 8 without a knowe

ledge of the nuisance parameter var de The only way round this difficulty

so far suggested (by Geary himself) is to replicate the experiment, Since

the whole analysis is applicable mainly to experimental situations this is
usually possible,

The second feature is that no ordinary test of significance is
applicable. In fact the Merror variance" is no longer = Bd + e but varies
from one value of X to another. The usual tests dependent on variance-ratios
such as Student's t do not ap)ly,

Geary's case

In the case we now consider the random variables u and v are connected

by ;
Ve L+ Bu (Le32)

and there are errors of observation in u and v
xt = u+d (Le33)
yl = VvV + e (ho3h)
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We may attach a dummy variate to « to make the equation homogeneous and

write the more general form in P variates as

N

_&plui =0 (’4035)
with
!
X, = u +d, (Le36)
We assume that the d!s are independent of the u's and hence if K! refers

to a cumulant of x! and X to a cumulant of u we have.

t
Kpl ee e pr = Kpl soe pr (h'37)

provided that at least two suffixes are not zero, Thus we can take cumu=
lants calculated from observation as estimators of the cumulants of the uls,

o
Now the characteristic function of .5 Bivy is unity and thus
B
l= /Exp (G‘{Jeiui) dF(ufl) vee dF (up)

g (e !31: & .323 ;" e Bp): Say, (L438)

where © = it, From the property of homogeneous functions we then have

= log @

giving
~ A
<
MBi Kplspg: o p(i-l)’ p; *+ 1, Pyjq eoP, = 0 (Le39)

This gives us a set of linear equations in the B's and the K's which, in
virtue of (L4,38), are calculable from the observations, Hence we may
éstimate the @,

Unfortunately, this method fails to give a result in the case when we
most need it, namely when the variation is normal, for then cumulants of
order higher than two all vanish and the equations (4.39) are empty except

for a few in the cumwlants Kll which are not enough to determine +the Bts,
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4,13 Moreover, in cases where the distribution of the u's is nearly normal
the values of K's observed will often have a high sampling error compared
with the true values and estimates of the B's given by (L44s39) may therefore
be rather wide of the mark. It is somewhat strange that ‘normality, which
we often invoke to make a method work at all, should stultify this partie
cular method. There appears, however, to be some fundamental connection
between normality and indeterminacy in this and related subjects which has -
not been fully brought to light,

Classical case I

Lok We now revert to the model
V=do+ By
where V, U are not random variables and each is subject to errort
xt=U+d
y'=V +e

If d, e are normal variates the likelihood is proportional to

L—'

C
F

2

2(440? Lo fu 2y 2 (re0)?
26 ! & d Egg i ‘}

2
2
where 55, 62 are the variances of d, e, and are supposed the same for

each observation. Thus

1 1 S, 1 o 2
0g L « = n log 8 =n log &, =~ =3 & (x7=U)" = =5 &i(y! = « = BU)
261 262

(44LO)

If we now maximise for the n + L parameters 815 85 %y 8, Uy we find

——b_.a =n «-.?----.hj 1 2=
55, 5 26§Aﬁ(x 5 =0

s 22 i) 2
giving 6 = & a(x - U:ﬁ_) (L.l1)
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Similarly

B i A -« puy? (bob2)

St

Differentiating for Ui’ 4y By gives us

E% (x = ) + E% (75 =«=pU) B =0 (Lobi3)
1 2
Syt =& =pU) =0 (Lobk)
ZU(F! - =T =0 (Loli5)

Now summing (L.Lk) and using (4.43) we have

A(x' - U) = 0 (L"ohé)
Also from (L,41) and (L.L2), using (L.43), we find
a2 A2
8] = &, (Lek7)
This is unacceptable, for we have no reason to suppose that the error
variances of d and e are equal, The basic reason for the breakdown of the
maximum likelihood method seems to be that we are trying to estimate too
many parameters, There are uere n + L paramsters against only n observations.
L.15 It appears that no progress can be made in this direction unless we

make some assumption about the error variances, 'Je shall assume that their

ratio is known!

62 / 62 = (L,L8)

The maximum likelihood equations are now

- 2-.‘?. 1 g( ' « U ..7.&_2 ! - = 3U L9
5 * —gg x )74 53 (y' = « = pU) (Leb9)
Xi - Ui + A [3 (y; o . ﬁUi) =0 ()-J-DSO)
2(}" A e ﬁU) = 0 _ (h.51)

—
A )

Zi U(yt=u=pl) =0 (L.52)
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Without loss of generality take X = O, ¥ = O. Then from (4.51)
«+ g0 =0

and from (LllSO)

=T+ap («+pl) =0

Hence i =0 (Le53)
Z=0 (LoSk)
and for the estimator of B from (L4.52) we find
' !
Xo + ABys = M
u = L . (L.55)
1+

and hence -

&yt = Bx') (x? + My') = 0

AT < AT

ALyl (- Sayr w2k =0 (L4 56)
This gives us a formula for the estimation of B .

A D ' 2 12 12 BN

B Naxlyt m B (ALY “=w.fix ©) = Zxly1t = 0 (La57)
I Do12 17 12

0 =LY - FLx (4058)

=
%xlyl

then

Beo+ J(14dd (4.59)
where we take the positive root to maximise the likelihood,

L.16 We notice that if A = O (corresponding to no error in U) the estimator

of 8 from (L4,56) is
A Zxly
p B—:-—-—.-—
12
LX
and, in fact, we are back at a regression situation, Similarly, if A is
infinite we have a regression of U on V., For values of )\ between O and

A
infinity the line V = « = U = 0 lies between these two extremes. In
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particular if A\ = 1 the line takés the direction of the first principal

component, It was this line which Frisch called "diagonal regression',

A
Le17 If U and V are measured about their means the estimator of £ is zZero
and
Tl - 2 1 2
2V " BlV =B 40U (4460)
Thus

-y - -
E(2x'%) s g *E:Tl"52

2
Nwl 51

—
E(ﬁxlyl) nAUV
= -
By ) marts B 2

Hence © of (L.58) converges in probability to

52
2V2+ E:}. ..l

2  nel /2
= )

-3
K (.—{JH +'-'ri.- 61 =ﬁ2-’.}]:.
P

< W 2B

|
bg |

2

andg from (L44+59) then becomes

2
2 1 2 1
E.......).‘:_ + \/{(LZL) +%- =f3‘ (Ls61)

A
Thus § is a consistent estimator of g,
Le18 But even here there are still peculiarities in the situation, Cone

sider what happens if we estimate Gi o From (4e55) we have

,\52 5— {.d(x' - U) + Ké(y 2 - BU)Z-Z

with -( = 0 and using (L4.50) we have

Bl <1+P}§?.>£(xr- G | (k. 62)
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6: = 3 1+ 2% LGy - p0)°
A
-k 1+ ) Zy (7 - By
- A
) %‘ (1 + mz).ziy'{y. - Bfx! + 2ey!) }
n ' 1+ )\pa
A A
= 5=yt (y! - pxt) (4.63)
Hence A
21’161 - 4 -
—— Y - B ‘_Jxlyl
.“-
and
A ] i "1 Ot I
b (ks 2r o ant o} [R5 520
1
+ %Zx'y!]?}
1 17 1 .2 P
-2‘}\ ﬁ'.ﬂuz'l--}:ﬁl-g.(.:UV}
2
— 6 (La6ls)

A
and thus Si is not a consistent estimator of Gi. “Je need to multiply
it by 2 to get such an estimator,
Lel9 4 more comprehensive treatment of the classical case 1 has been given

by Lindley (1947, Supp. J. Roy. Statist., Soc, 9, 218), who also shows that

if N is known the same equations of estimation arise when u and v are
Jointly normally distributed ~ our so-called Case 2, We shall not pursue
the matter further here except to point out that unbiased estimators of
functional parameters may be obtained in certain cases by distribution ~
free methods. |

L.20 Suppose that we have a set of observations x! s ¥ and that they can be

divided into two groups such that the values of v for one group are all
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greater than the values of v for the other. (This is ot the sa.e as
dividing them according to the values of ', which of course is a trivial

matter.) e can, to put it broadly, then determine a typical point, such

as a centre of gravity, for each group and make our linear relation pass

through the two points, 4 fortiori, if we can divide into more than two
groups we can fit a relationship of greater accuracy, the extreme case
(Theil, 1950, Indagationes Mathematicae, 12, No., 2) is when the order of
the points with regard to one variable, say y', is the same as the order
with regard to the underlying v, in which case we can determine a distrie-
bution=free regression line,

The assumption about division into groups can often be made when the
errors of observation are small compared to the intervals between the
variables u and v, Logically, the subject offers more of a problem. Wald

(1940, Ann, Math. Statist., 11, 28l4) who first discussed the division into

two groups, gave a condition for the validity of the procedure but une
fortunately it is not obeyed by normal varisbles u and v. Although much
more 1s now understood about the whole problem of determining the “ara=
meters in a functional equation, it can hardly be said that the subject is

closed,
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5. Some multivariate sampling theory

This chapter merely notes without proofs the theory which is required
to discuss sampling problems in multivariate analysis. For the mathematics

reference may be made to Kendall's Advanced Theory of Statistics, vol. 2,

especially the chapter on Iultivariate Analysis and Wilks Mathematical
Statistics, Practically everything that is known about exact distributions
in the multivariate case depends on the assumption that the parent distrie
bution is multivariate normal. This assumption will be made throughout.

It will be recalled thet in samples from a univariate normal population
the mean and variance are independently distributed, Also, in samples from
a bivariate population the means are distributed independently of the variances
and covariance, This tyve of result holds generally. In samples from a p=
variate normal population the set of p means are distributed jointly normally,
the correlation between Ei and'is being pij’ the correlation between Xy and.
X;e The covariances and variances have a much more complicated form known

as Wishart's distribution. Supvose we have a multivariate distribution with
dispersion (covariance) matrix

A= (o )7t » (5.1)

ij ij : ¢
where we take the variates to have zero means and unit variances. (A simple
transformation gives us the more general case if we need it.) The distri-
bution is then
;
= A x {1 2
dar -———-—-;—p—eap { 3 AAlJ Xixj} ﬂdx (502)
(2n)°
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Let the sample covariance be
&.id u% S(xi - ;E) (xJ - x) (5+3)

vwhere the summation is over the sample values. The joint distribution of

the a's is then

@) 2w-l)  2n-p-2)

1 2
A - .
o - (311) |4} | &) Exp {_ :}n EAijaijj“da
EP(P"I) P !.. - - ,
. 0T {z(n k)} (5als)

Two points are to be noticed about this, First, the product Mda takes

place over all aij’ but not over both, for example, a9 and dqe There are

%n(n + 1) terme and more explicitly we should write the differential element

P
j=1, 2¢3

On the other hand the summation in the exponential takes place over all i,
J so that any term, say A12812 occurs twice.

The second point is that n is the number in the sample and will always
be used as such. Some writers take it as the Ynumber of degrees of freedom"
on the ground that the mean has been factorized off from the frequency
functions This would involve putting n instead of n = 1 in (5.4) and taking
the sample number as n + 1,

53 Theoretically we could get the distribution of sample correlation
coefficiente from (S.4) by integrating out the variances, This, however,
leads to some intractable integrals (cf. the case when p = 2) and a good
many distributional problems based on Wishart's distribution have to be
tackled by roundabout methodg, e.g« by finding lower moments and epproximating,
or by reducing to the case where variates are independent,
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In the case of independence we can obtain the distribution of sample
correlations explicitly. The Aij are then all zero for i # j and the co-
variances do not appear in the exponential of (5.4). A simple variate

transformation then gives us for the distribution of the rits

L (nepe | -
)zl 2P [P{%(n—l)}) i

1
-l p
F a )

I gp

3% (5.6)

df = 1j

vhere R is the sample correlation determinant rij' If p = 2 this reduces

t0 the familiar form for the bivariate cass,

The actual integration of (5.6) is complicated, not only because of the
nature of R but because of the ranges of the rij' However, we can obtain from

it the moments of the determinant | R| by an argument due to Wilks. In fact

. ~ -, p " y
= {im)* - [{fen] ™ o fe oy (547)
[rften 9] 7 & ¢ flo) |

Bartlett, identifying the lower moments with those of a xz distribution,
obtained an approximation; |
2 = - {in -1l) = %(2p + SX} log |RI . (5.8)
is distributed as x> with %’p(p - 1) degrees of freedome
4n alternative method of deriving the result, also due to Bartlett

(1948, Brit. J. Psych. Stat. Section, 1, 73), is given by the consideration

that
(l'rfia) (l"Ra.la) ( o 0 0 ) (1'R123.12..(p_1))= (R‘ (509)

where the R's are multiple correlation coefficients, The various factors

on the left here are independent in the case of parent independence, The
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logarithms of these factors multiplied by a factor in n are approximated

by x° distributions

- {n - % (3}} log (1 = r22 ) with 1 4,f,
- {n - % (h)} log (1 = R 12) with 2 d.f.

- {n -5 (p-lé} log (1-1 ped2, s (pm l)) with p=1 d.f,

Replacing the various factors in braces on the left by their weighted
average n = % (2p + 5) we arrive at a X2 given by (5.,8) with % p(p—i) d.f,
546 It is generally true in this field that the distributions of deter=
minants and determinantal ratios are easier to explore than those of their
constituent items, They do not always give us the tests we should like,
but in the present state of knowledge we have to be thankful for any test

of even tangential relevance to the point under inguiry,

5.7 A distribution due to Hotelling bears the same relation to '/ishart!s
as Student!s t to the normal in the univariate case. Iet bij =z n aij
and let °ij be the matrix inverse to bij' Then
2 1 - -
T¢ = n(nel) .« ey5 % X, (5.10)
is distributed in a form given by
(p=2) )
1 T -1‘} »
@ = EATY a (L) (s
{}; (n=p), 3 g} zn
| (1 + -—I )
5.8 One other set of distributional results is continually recurring in

multivariate analysis. They concern the distribution of the characteristic
roots of determinantal expressions in which the elements are covariances

or analogous qﬁantities. "le shall see later that a great many branches of
multivariate theory can be regarded as special cases of canonical regression

or correlation analysis and the basic results nearly all rest on a procedure
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which is common to them all, If L represents a vector of P quantities
and A, B are p x p matrices, we require to maximize for variations in L
the quadratic form L' A L under the restriction that the other quadratic

form L'BL is constant, This, in fact, is effectively what we did in come

ponent analysis, with A as the correlation matrix and B as the unit matrix,
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Such problems lead to the solution of determ;.nantal expressions of type
[a-xBl=o0 (5.12)

In cases where one or both of A and B are subjéct to Samloling fluctuations

there will be generated a distribution of the p values of )\ which are the

roots of (5,12). Our interest centres in this distribution, and particularly

in the distribution of largest, second largest .. roots.

Such distributions are exceedingly difficult to obtain. It is possible
to find, in the normal case, the distribution of 2ll roots together and of
certain symmetric functions of them (in particular, their sum): but little
exact knowledge is available about the individual roots except in the asymp-
totic cases This is a pity, because a thorough knowledge of the distriw
butional situation would have very many applications.

The difficulties are three«fold. First, the number of parent para=
meters of a normal population rapidly increases with Py there being
32’-p(p+3.) dispersion parameters apart from the p means, The number of pos=
sible nuisance parameters can therefore be extensive, and their removal by
Studentization accordingly much more difficult to carry out,

Secondly, the matrix B in (5,12) is sometimes unknown and unobservable
(or at least unobserved) » as for example in the factor analysis case or the
estimation of parameters in functional relations with several varisbles
subject to error. Strictly epeaking this is not a distributional problem,
it arises from the model and the experimental situation) but it is none the

lees a severe handicap,
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Thirdly, in the particular case of characteristic roots we are faced
with a problem which scarcely arises in ordinary distributional theory,
namely the problem of identifying the variate we are discussing. If we
imagine a set of values foé A and B inserted in (5.12) and the corresponding
A8, and then allow A and B to vary slowly, we see that at certain points tle

roots "change places", the one which was the second highest becoining the
first highest, or something of that kind., If the roots are all distinct
and the sample is so large that the variation is small compared to the
distance between them, they will retain their order and can be identified,
This is one fundamental reason why we can make more.progress in the
asymptotic case, when the order of the roots is undisturbed by sampling
effects although their values may alter,

An exact expression for the joint distribution of the roots.is obtaine
able when the parent variates are all independent. The distribution can be
pub in various forms and we will sketch the derivation of one of them purely
as an illustration of the kind of form which arises,

In the distribution (5.L) suppose that all the parent covariances are
zero and the parent variances unity and consider the roots of

|a-az]=0 (5413)
The determinant a is the product of the roots, say xl..xp and the term
in the exponential reduces to -% n times the trace of 3y which is the sum
of the A's. Consequently the frequency elément of the joint distribution

of Ats is

%" (nwp=2) 1 &
c (xl..xp) exp ( = Fn fia xi) (5.14)
i=

where C is a constant. The only-difficulty arises from the evaluation of .

the differential slement,
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Let us make a principal component transformation on the x's to new

-
variables given by Xy =._44'62k3k. We have then

= :
Now there are %— p(p+l) different a's, and ;—‘-p(p-l) 4's and p Afs. Ve can
therefore regard (5.15) as a variate transformation from a's to £!'s and

Als with both 4!'s and A's as new variates, (We are departing from the

usual convention in which Roman letters are sample values of Greek letters.,)

Then
085 2
- = 2 g
> v 4yt (5.16)
12 12
But since the £'s are orthogonal we have
2 e, 8. =0
et ._{‘. . =
“ij K 2k” jk
leading to
Ya, e
9412 ‘n
9 4y
20 g
a4,
s jv 2
7912
Hence from (5.16) we find
ea, .
ij . &
i2 31 (
e B m e ¥l (N, = A,) (517)
3312 «311 1 2

This is true for all i, j and hence A, = \, is a factor of the Jacobian,
Likewise so is every )‘i - )\J.. But the total power of A is %—p(p-l) and

hence there can be no other factors. The distribution then becomes

é (n=1=2)

c (M) exp ( -énﬁx) i’:‘j Oy = xj). (5,18)
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The evaluation of the constant can be carried out rather tediously, by
successive integration.

This is a particular case o the Fisher=-Hsu=Roy distribution, 1l
shall meet the more general version in discussing canonical analysis.

An approximation due to Py L. Heu (1941) states that the sum of the
r smallest roots can be tested inthe X2 disbribution. More specifically if

/)r = n()»p g toe Xp—m—l) (5.19)

then /N p s distributed as X2 with r(n-ptr) degrees of freedoms The \'s
here are the roots of (5.1)4), not of the correlation matrix. Something of
this kind is not unexpected for large samples, Each Ay in fact, is the
variance of a principal component (when we standardize the covariance
matrix to turn it into a correlation matrix) and the sum of such, each
with n dofs would have r n d.f, This remark is to be regarded as an observaw-
tion on the consistency of the result, not as an unrigorous proof,

Te Ye Anderson (1948, J. Roy, Statist. Soc. B, 10, 132) takes this

a little further by showing that (/\r - r N)/ N is asymptotically normal
with nean zero and variance 2r,

The quotation of results like this out of their context is, however,
a little dangerous. The distributions and the tests based on them depend
on the model under consideration and circumstances will alter the cases,
This is only another way of saying, of course, that the test depends on
the hypothesis; but the warning seems especially necessary in multivariate

analysis,
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6, Estimation and Significance in Component and
Factor Analysis

6.l It is worth emphasizing &t the outset that estimation and significance
depend on the model which is supposed to be generating the observations,
This is obvious enough and well known in other statistical contexts. But
it has never been very clear in writings on component and factor analysis
(Bartlett and Lawley being honourable exceptions in the last five years)
and we shall need to examine closely the possibilities mentioned in chapter
4 in describing the different procedures applicable to them,

6e2 In the componenteanalysis approach we do not postulate the existence
of any "structure!. Ve suppose that our observations xij are chosen at
rendom from a pevariate population) and here (and throughout ) we narrow
the sampling discussion by imposing the condition that this population is
normel. Corresponding to any component analysis on a sample we may imagine
an analysis carried out on the parent., Owr sample valuesof )\ are then
estimators of parent values and our sample &'s are estimates of parent
values. It is meaningful to inquire how close the sample values lie to the
parent values, to try to set confidence limits and so forth., This is the
familiar situation of statistical inference where we are trying to estimate
from sample to parent,

6e3 In such a case we are effectively looking for a variate transformation
from x's to Z 's with the properties that the new variates are independent
and that they account for as much variance as possible in descending order,
'lhether these variates can be identified with anything real or with a structure
is not, at this stage, under exam:.nation. e may suppose, as we wish, that
the individuals of the population are charac_ter:.zed by x's or by % s and
the values which emerge for scrutiny in the sample are selected at random,

In otker words, we have to estimate the constants in
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P
Xy "k‘fi ity (6'1?
but the ¥'s are variates,
Except in the degenerate case when the variation lies in fewer than
p dimensions, the parental characteristic equation of type !R - }\I‘ =0
(vhere R now relates to parental coefficients and A to parental values) is
the limiting form of the sample equation. A simple appsal to continuity
then suggests that the sample values are consistent estimators of the
parent values, They are, moreover, maximum likelihood estimators. In
fact, writing temporarily B for the inverse of « so that
iy |
¥y LBy
we have, since the Z!s are independently distributed with variance
Ay oo
1:: L &= % log A ,
132 By 1P 4w (6.2)

n i, kym A

-y .
where & 1s a summation over sample values,
n

The likelihood equations become

A "l;f‘;n PikPinTkm (6.3)
™
iy "3 Pinfigtin )

Equation (6.4) includes (6.3). Recalling the orthogonal properties of the
Bts we derive from (6.1)

‘.ﬁ * ’
leading to the characteristic equation,

We have assumed here that the x's all have wnit variance,
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645 This case is accompanied by one curious feature, namely that no none

zero \ requires any test of significance in this sense; a sample with d
¢ effective dimensions cannot arise from a population with fgwer than d
dimensions. However small a value of )\ may be, therefore, it cannot arise
from a parent value of zero. It may be negligible bubt it is always signie
ficant,
ilevertheless there is a sense in which we can "test the significance
of a set of small As; or, better pub, in which we can test their distine
guishability. ‘hen we extract a number of components from a p-way complex
. there usually comes a time when the remaining A's, though not vanishing,
are relatively small, We may then ask ourselves: is the extraction worth
continuing? This means that we suspect the remaining variation to be di=-
mensionally isotropic = it could have arisen from a population in which all
remaining A's are equal, in which case there is no point in trying to maxi~
mize the variation in any particular direction. We thesrefore seek for a
test of this property; Such an approximate test has been derived by Barte
t lett and its nature will be clear from one of his exampless

F Ixample 6,1

(Bartlett, Brit. J. Psych. Stat, Sect., 1950, 3, 77)

Hotelling has previously considered some data by Kelley obtained with
four tests of reading speed, reading power, arithmetic speed and arithmetic

power, carried out on 14O children, The correlation matrix was

5 1 .698 26l 4081
1 -4061 «092
| 1 2594

® 2
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The four roots of the characteristic equation were

M 1,846
Ao 1.1465
My 0.521
N, 0,167

34999

and |R| = 0,2353,

A preliminary look at these results suggests that the first two
components are meaningfuly but there is a sharp drop from the second to
the third and we are inclined to doubt the reality of the last two. Can
we make this doubt into a precise hypothesis and test it?

In virtue of what we have already said, the third and fourth components
must be Msignificant" if there is no error in the observations. Their ime
portance is judged in the first instance from the magnitude of the observed
Aise |

Bartlett then (if I interpret him correctly) argues in this ways we
refer to the distribution of (5.6), that is to say the correlation distri-

bution in the case of parental independence, The entire structure may be

tested from (5:8) by testing | R| , or rather

- {(n1) = £ (2p+s)} 1log |R) (6:6)
as X2 with % p(p=1) d.f,
Here |R| = 042353, p = L and n is 140, Actually, for reason which
will appear presently, we take the factor of log |R[ in (6.6) as n-p-%blBS.g.
*Je therefore have to test =135,5 log .2353 = 196,0 with 6 d.f, This is
highly "significant",
The interpretation is that such values could not have arisen from an

ungorrelated parent. (Little is known of the power of euch a test but an
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intuitive judgment would suggest that its power is reasonably high against
normally correlated alternatives,) '/e therefore attribute "significance! to
the first component,

Now arises the problem of extracting the first component and testing
the residual,; and so on, Bartlett proposes, after k roots xl...xk have

been accepted, to test the remainder by

2 1 2
X = {n-l - 3- (2p+5’) - 3- k} lOg Rp-k (607)
with %-(p~k) (p~k=1) d,f, where
Ry = R/ (6:8)
N R
Mool [b peeee k]
p=k

If n is large compared to p we can use the smallest, corresponding to
n~p—% s for all k, This has the advantage that the values of X2 are additive,
The point of (6.8) is that since |R| is the product of all the Als, Rp-k is
the product of the remaining p=ky with a standardizing factor necessary to
bring the sample variances back to unity, The assumption is that in "removing"A
the first k we are left with a pwk complex of variation which we wish to
test,
In the arithmetical example given

Ry = 04521 x 0,167 x (2/0,689)% = 0,7330

Ry = (02353 / 1.846) x (3/2,151)2 = 0,34

R = IR| = 0,2353,
For the tests of the \'s we then have

d.f,

3 "13.5Q5 (log n2353 = log 03hhb~) = 51,6
2 =135,5 (log «3LLL = log .7330) = 102,3
1 «135,5 (log ,7330) = 2,1

6 =135,5 log 42353 = 196.0



All the'values are "significant" and we conclude that the A's are effecte

- ively differentiated.

646
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The above test requires a modification when the analysis into com=
ponents is carried out with standardization after svaluation of the latent
roots (Bartlett, 1951, Biomstrika, 38, 337). In component malysis as we
have expounded it we standardize the variates at the outset by dividing the
X!s by their respective sample variances. 'Je could have proceeded without
standardization by ascertaining the latent roots of | V = AI/ = O where V is
the dispersion matrix; but this renders us dependent on the parent variances.‘
Suppose we assume them equal but still work on the observed dispersion
matrix. To standardize the values of A\ we divide them by their mean, which
is the same as the mean observed variance) the sum of the standardized \'s
is then equel to p. In such a case

x2 ® - {ﬁ-l - % (2p+l+% )} log V (649)
is distributed approximately as X2 with % (p+2)(p=1) degrees of freedom.

Lawley's invest@ggtion

Lawley (Uppsala Symposium on Psychological Factor Analysis, March 1953)
has recently discussed the large sample theory of estimation, this work re=
placing some earlier investigations on the subject, He begins with the'
componentwanalysis model we have considered in earlier sections, but with
an important difference., 'e suppose that there are only m factors and

write the model (in my notation) as
m

Xy =L A
k=1

1k Sk + Si (6010)

The term € here is a residual which may be either specific or an error of

observation in the x's, All we require of it is that it should bs normally



distributed with zero mean and variance oi. We assume also that the ratios
of these variances are known (or, better still, their actual values), We
may then re=scale the observations so that with new x's in (6,10) all the
e!s may be taken to have the same variance 02. Two cases then arise,
according as'02 is known or not known,

(The other case when the ratios of the error variances is unknown re-
mainé open for inquiry, I shall not discuss it here., There appears to be
the same essential discontinuity between the known and unknownsvariances
ratios situation as in the estimation of constants in functional relationw
ships considered in chapter L, and this is not surprising when we consider
that we can eliminate the §'s from p equations of type (6.10) to get a set
of p~m equations in the x's subject to errors e.) '

648 Lawley then considers the likelihood function and derives some results
which we will briefly indicate without detailed proof,

(a) Let C be the population dispersion matrix and V the sample matrix,
Lét e denote the (column) vector (Alk, Ay o 0 e «pk) and circumflex
accents denote maximum likelihood estimators. Then in matrix notation

A

PN (6411)
A+

K
v At . o> (6412)

> <

Thus we may take the m largest latent roots of V as estimators of Ae We assume
that n is so large that the latent roots are distinguishaple with negligible
probability of being wrong.

(b) If, in addition 02 also has to be estimated we have
’ ’
n

A2 A
(p=m) @° = tr x = & M (613)
k=l

or 32 is the mean of the pw=; smallest roots.
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(c) A criterion based on likelihood ratios may be derived to deter-

mine whether m factors Zare enough, The criterion is

n {}og 11 /Iv1 + tr (ve L) - E} (601h)
where 3 is C with the likelihood estimators inserted, This is distributed
approximately as X2 with ;—'— (pem)(p=m=1) degrees of freedom,
| But if 02 is also estimated the criterion is

n log flel /Ivi} (6415)
with g'- (p=m=1) (p=m+2) degress of freedom, one less than before,

(d) The asymptotic variance of /)\“k is

2
2\
A .
var A = ___n__l_c (6416)

and asymptotically two different A!s are independent.,

{(e) The variance of %‘2 is given asymptotically by

L
var o° = r?f %"—Tu (6.17)
(r) 1If 02 is known
cov (A, y <., ) ® A Cou ™ M L, 4
» ’ s ] St — 3 0
ik? gk m ij 2( -02) ik Jk]
PR Oyeo®) 1 (6,18)
+ 4 - 3 A, .
thl a2 (= A 1 Jt}
where ¢ i is an element of C.
Also we have
" My
cov (%, “54) = - ‘4 %3k (6.19)

(g) I o is not known we have to add to the righte=hand side of

(6418) a term

L |
g (6+20)

" “ik %k
2n(p=m) (N =0")
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6,10

3=

end to the right=hand side of (&8.,19) a term
l

J

ey (6.21)
2n(pen) (=0 ) (A, =0°)

“ik %3t

These results make it possible to apply at least rough tests in the
component analysis case we are discussing. They are sufficiently complie
cated but not unmanageably soy and it is interesting to find expressions
like hk - K% appearing as denominators to mark the high sampling variability
of results when two latent roots become close togethers For small n, or
for the case where the error variances have unknown ratios, much remains
to be done.

We now consider a different model from that of (6,10), discussed by
Young (1941, Psychometrika, 6, L9) and Whittle (1953, Skand. Akt, 35, 223).

We write n

Xy =é£§ 4450 ¢k ey - (6422)
where the e's are still stochastic error terms but «!s and @!s are parae
meters under estimate, We now suppose there to be an underlying structure
connecting the variables, Apart from the error term any xij is composed
of a linear sum of products of two components. ¢kj is a quantity varying
from individual to individual = we suppose that there are "factors! which
for any variate i, appear in the individuals to different extents, The
weights « are independent of the individual and measure the extent to which
a factor appears in the ith variate. No hypothesis concerning the distrie
bution of @ is required, As against this, we have more paramsters to
estimate. In Lawley's case (6410) there are, apart from error variance,

P m parameters £, In the Young-Whittle case there are in additionmn
#1s making m(p+n) in all. There seems to be no obvious reason a priori

why an analysis of this sibuation should bear any resemblance 4o a prin=

cipal cowponent analyais.



6411

6412

-7l

It may be shown, however, that if we perform a least-squares analysis,
i.e, minimize absolutely

B 1 2

we do, on cei'tain assumptions, arrive at the characteristic equation and

the usual solution for the A!ss The validity of the least squares approach
depends on an assumption that the error variances are all eQual or that
their ratios are known and hence that the measurements have been standardized
so as to make the error variances equal,

In this case the tests of U"significance" of the latent roots and the
érror variances are different from those of Lawley!s case, '/hittle (1953)
gives an expression for the covariance matrix of the estimators of the
constants « in matrix forms An approxinate test of distinguishability of
the residual A's, due to Bartlett, may be carried out as in Exaaple 6,1 with
the functions R_, of (6,8), but with the corresponding «2 distributed move

after the manner of that of (6.9), namely

- {h—l - %‘- (2p + 1 + -g--) -2 k} log R -k (6424)
pk’ 3 P
distributed as X2 with ;-:- (p=k=1) (p=-k+2) degrees of freedom., It is assumed
here that the error variances are all equal,

An alternate and somewhat more aporoximate test given essentially by

Ps Ls Hsu (1941, Ann, Eugen, Londe, 11, 39) is that the k largest latent

roots may be "tested" by taking
to be distributed as x° with k(n-p-l+k) degrees of freedom.

Cf. Chapter 50
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This branch of the subject needs a good deal more investigation
(a) to clear up confusions, (b) to obtain more effective moderate-sample
tests and (c) to deal with tests after certain components have been ex=
tracted, (Professor Bartlett and Dr, Lawley have, I understand, some
investigations on hand into the latter point.) Imperfect as may be the
light we can throw on the subject, however, it is dazzling compared to the
obscurity surrounding questions of significance in analyses by methods
other than principal components such as ecentroid factor analyses,

The major question which has always exercised factor analysts (in
these cases where the exact factor structure was not assuned beforeshand)
has been simplys when to stop factoring? In psychological work there
seems to have grown up a divergence of practice between British and American
psychologists, The former usually extract from two to four factors, the
latter more and sometimes up to a dozen, P. E. Vernon, after an exhaustive
discussion of sundry methods 6f deciding wheﬁ to stop, came to the con=
clusion that they gave such discrepant results when applied to the same
correlation matrices that it was doubtful whether any of thenm effectively
covered the conditions of such analyses, and he went on to express a view
that it may never be possible to specify the sampling errors of centroid
and similar techniques precisely. It would be rash to suppose that no
further progress is possible, if only by sampling experiments with modern
computing equipment, but it certainly seems that the problem will not yield
to a direct frontal approach of the classical statistical kind. Perhaps
the most useful work which could be done in this field would be an investi-
gation into the actual distribution function of (say) the four largest roots
of the characteristic determinant on certain simple non=myll hypotheses
about the parent. Asymptotic results are hardly sufficient for the sample

gizes which-ave ocustomarily met with in practice.
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. Bibliographical Hote
The short bibliography appended gives some refereinces to work re=
ferred to in the foregoing pages. A systematic reading aight begin with
£ the book by Holzinger and Harman and the paper by Burt (1949).
Satisfactory sampling investigations began with the work of S, S.

Jilks in 1932 = see his Mathematical Statistics. Wilks! work on the dism

tribution of the ratio of correlation determinants lies at the root of
much ‘of the present theory. For subsequent work see the series of papers
by Bartlett and Lawley (working from the later backwards because a number
of earlier results are superssded), Anderson (1948), Whittle (1953) and
the Uppsala Symposium (1953) which itself contains a number of further

references,
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7« Canonical Correlations

Let us recapitulate some of the basic results of ordinary regression
theory, We suppose that we have a nurmber of observations on each of p
varisbles X oo Xp which are not necessarily random variables (or, in my
terminology, variates), There are certain unknown constants Bos Bys eve Bp

which it is our object to estimate, The iiodel we consider is that an obe

served variate, y, is given by

Y =Bt Byly * eee * ppxp + g (7.1)
vhere ¢ 1s a random variable, Ifithout loss of generality we may suppose it
to have zero mean (for any constant can be absorbed into po).' For expository
simplieity we can take a2 dummy variable X5 attached to 50, having always the

value unity and =o write
p

y =% ByEy + 6 (742)
J-"J

Ve also assume as part of the model that & has the same variance for any set
of X's whatsoever, The i's may be functionally dependent so that this model
includes the case of a curvilinear regression line,

The solution to the problem of estimation is well lmowne Without appeal
to normality we can derive unbiased estimators of minimal variance from the
Gauss=ilarkeff theorem in least squares; and if in addition we postulate
normality the estimators are maximum likelihood estimators,

The principal point to notice about this model is that it is not mulbi~

variate at all. It is multivariable in the sense that there are p variables

X, but they are not random variables, The only variates in the situation are
€ and the equivalent y. Thus multiple regression is not multivariate., Ye

could make it so by relaxing owr restrictions on e so that, for example,
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‘ different X's gave different variances to €&, or that successive values of
¢ were not independent. But the sim>le standard situation is univariate,

Teli A wide class of problems in statistics can be expressed in regression
form, Apart from ordinary regression theory itself we may, for instance,
take dummy variables for our X's, allowing them to be wnity if ths observation
falls into a given class and zero elsewhere, to get the customary models of
variance analysis in experimental design. (The book by R. L. Anderson and
Bancrof't, for example, builds up the analysis of experiments systematically
on this basis,)

745 that has caused some confusion in the past is that since the X's can
be clhiosen how we like, they may in particular be the values of random variables,
If we choose numbers at random from a (p+l) multivariate population we can

consider relations of type
P

y=_2 ﬁ.x.-#s (703)
g20 99
which looks like a linear functional relation between ¥y the x's and ¢, It
1s, in fact, a relation of the functional kind, but it is still asymmetric in
the sense that the x's are supposed free from error whereas y is subject to
the error ¢, For this reason we get a different regression line if we pick
out one of the other variates x as the independent variate subject to error,

The model is dintinect from

- -y

’ where y and the x!s are free from error and & is an unobservable residual
term expressing imperfection in the model; and from

y-ZpJ.xj-uo (7.5)
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where y, X and e are variates free from error and ¢ is now observable. 'Je
have made this distAinction before but it will do no harm to make it again.,

When the X's are powers of a single variable X it is possible to simplify
the exposition and analysis of a regression model by choosing our variables
to be orthogonal polynomials. (The ultimate results, of course, are the
same.) This is particularly useful when the values of I are equidistant,
in vhich case many of the quantities required can be (and have been) tabulated
once and for all,

It is equally possible to M"orthogonalize! a regression situation for any
arbitrary set of variables X, This possibility does not seem to have been
much discussed in the literature. But it throws some new light on certain
old but unsolved problems, particularly (a) how many variables do we take?

(b) how do we discard the unimportant ones? and (c) how do we get rid of

multicollinearities in t.hem?

In fact, let us suppose that we do a principal component analysis on the
variables X ...Xp and arrive at new components 51 ses §p. These will give
us p

i (7.6)
y o= + & R
jeo 979

whére the «'s are linear functions of the Ss, On our model the Gauss-Marke
off theorem applies to give us estimators of the «!s which are the same linear
functions of the estimators of the 8's, e therefore lose nothing by the
transformation, except the time spent on the arithmetical labour of finding

it, But our Z's are now all orthogonal and we have at once

M
- <y g,j
L = (747)
J 2 7 ;
J

AN

g€
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the summation extending over the saaple; and this is easily converted into
suns of type_;gyx, which are already known. Further, the reduction in var=-
ience due to the fitting of ‘gj is A? Aj where kj is the characteristic root
corresponding to _§5. e can thus see how important each contribution is and
decide whether any £'s can be discarded as unimportant. This ip twrn will
allow us to see how far the X'!'s are important,

''e can also apply the "Student! tetest to the "significance" of the «!g;
and this will also apply even when the original x's are variate values chosen
by a randou process.

Ixample 7.1
T (Stone, J.ReNe, 1945, J. Roy, Statist. Soc., 108, 308)

In some penetrating studies of demand analysis Stone considered the cone=
sumption of beer in the United Kingdom for the years 1920~1938 inclusive.
He was interested in an equation of type
logg=a+blogw+clogp+dlogn+flogg+rt loge (7.8)
where q = consumption (bulk barrels)
d = real income

retall price

p

=]
]

coste=of=living index

gravity of the beer

(4]
]

t = time

the constant 2,818 ...

®
n

The constants a, b, ¢, d, f, r are under estimate, Calling Uy Py Ny gy b
respectively X190 X5 00 XS we have the following correlation matrix (Stone'!s

figures).
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1 ~,610375 - ,660691 - 507697 .918651

1. o771l -,256291  -,L62810
1. «397888  =.831054
| 1. =, 6L9L39

1,

A principal component analysis on this matrix gives the following

3.2470 1.2753 « 3859 0700 .0218

Xl *05215 -,0711 .h730 05219 '0&757

%, 23121 $7090  =.2161 5942 -,0112
X, +L753 #0381 8216 0103 « 3050
Xy, .32L5 - 6943 =,222 5801 »1629
Lg  =e5h71 0935 0105 1945 8087

If y = log q we also have for the correlations with the I!s respectively
-, 187,336, .031,719,’.899,223, «601,129, =,710,135, e 1ill take the variables
as standardized so that these correlations are also their covariances.

From the samll size of kh and 15 we seem safe in neglecting the contriw

butions from these sources. Tie then have

4 =-§%§£l 3 ;L7o ~45215 (=J1575) + ,3121 (,0317)

+ 4753 (.8992) + 432L5 (.6011) =,5471 (~,7102)
= 43879
Likewise
¢(2 2 -, 3093
43 = L9772
The three contributions are 4885, .1220 and ,3685, totalling ,9790) they

account for about 98 per cent of the variance.
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e may now go back, if we wish, to express the regression equation in

terms of the standardized variates X, ‘e have

log q = «3879 (=.5215 &y + 43121 X, + JL753 X, + 3245 X)
=e5U71 Zg) =43093 (=,0711 Xy
=eO9L3 X) + 40935 L) + 49772 (4730 X, =.2161 X,
+ +82U6 Iy - .222) X) + c0105 X)

+ 07090 X2 “00381 XB

= .2819 Kl - .309h XZ + 1,0020 XB + 01233 Xh L 02309 XS

This equation.seems to make sense. The consumption is negatively ree
lated to XS’ the true variable, and over the period the consumption of beer
appeared to be declining (other things being equal), The correlation with
Loy the retail price, is also negative as we should expects On the other
hand, the dependence on % (real income) is positive, as also is that on the
gravity (Xh)' The only surprising feature is the magnitude of the coefficient
of KB’ the cost=of=living index. Seeing that the effect of real income and
retail price is accounted for elsewhere, one must suppose that vhen all
prices are rising the consumption of beer goes up proportionatelyy but this
may only be a reflection of the fact that when prices rise wages rise and
more is spent on beer even if real income is constant,

It is interesting to compare this analysis with the one carried out by
Stone (l.c; pe 31k et seq.,) by confluence methods. Stone vorked out 960
regression slopes and graphed 24,0 bunch maps. He concludes, inter #lia,

(1) the %wo most important determinants are the two price factors,

(2) the influence of income is negligible}

(3) there seems to have been little variation atbtributable to factors
not introduced explicitly,

(4) the influence of the strength of beer is uncertain but positive,
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iy component analysis would support (1), (3), and (L) but is not in
agreement with (2). It sppears, in fact that the real-income factor is nearly
as important as the price factor, Speaking as an occasional consumer of
beer (and an even more occasional economist)AI should expect this to be so.
But in any case it seems that the component analysis method is simpler and
easier to interpret than the confluence method,

I shall not dwell on the use of component analysis in standard regression
theory, although there seems to be a fruitful field of inquiry here. The
main purpose of introducing the topic here was to provide an introduction to
a more general technique known as canonical analysis.

We consider a case where, instead of one variate y dependent on a set

of x's we have a set of y's and a set of x's which are mutually dependent,

‘e are not particularly interested in the relations of the x's among theme

selves or of the y's among themselves, but in the relationship between the
two groups.

There arises here the same sort of distinction that we drew between
correlation and regression, or between interdependence and dependence., From
one noint of view the relation of y'!s and x's may be considered as a symmetrie
cal one of correlation, from the other, one set, say the y!s, are regarded as
dependent on the other and the x's may, as in the univariate case, be "fixed"
variables, From most viewpoints it is simpler to follow the latter approach,
Just as it is simpler to deal with a regression model than with 2 corree
lation model, But both are in use,

Following the line of thought given earlier in this chapter we might
perform a component analysis on both the y's and the x's and then investigate
the relationship ef the transformed‘vafiabies. There is something to be said

for this procedure but in canonical analysis we take a somewhat different linel



w8

we still transform x's and y!x to new variables which are orthosonal (indepen=
dent) bubt not so as to naximize the variance in any particular direction,
Instead we maximise the covariances (or rather correlations) between certain
members of the two sets while reducing the others to‘ zero., Thus the relation-
ship between the two groups is reduced to its simplest form,

Ghahging the notation slightly, let one set consist of p variates
X eee xp and the other of g other variates xp+l’ P xp+q. 'le assume p<.g.
(In the contrary case we invert the roles of the two sets.)

Using Greek dummy sufiixes for variates in the pwgroup and Roman suffixes

for those in the qegroup, take new variates defined by

-

ga( =?c"3 xﬁ s <=1, 2, «p (7.9)
1
Ta 'fdab X031 2, «q (7.10)

If they have unit variance we have

-
< °p Cur By T 1 ' (7.11)
hiui

L dgy d g =1 (7.12)

vhen the v'!s are covariances., ‘e now lay down the condition that the co=
variance of a pair froa the two groups is stationary, e.g.

-~

~/4°,<g dgp 4’{-3‘0 = stationary = R, say (7.13)
If A ond u are undetermined multipliers, the stationary values of (7.13)

subject to (7.11) and (7.12) are given by

' =

“‘/chp Yap " B = ag Yoe = © (7.14)
o P

gy gy = ML C gy =0 (7.15)



Hultiplying these t-o respectively by dab’ ¢ 48 and summing for a or « we find

A= pu=p

(7.1L) and (7.15) are then soluble if the determinant vanishes, which leads to

= A Ui
= Q (7016)
A =)\
lflp A\ 1j
&’ B = l se® p
i, J=1 ese Q
which is equal to
-3 )3=P 2, 2
(=\) A 8 g
= 0 (7017)
v, . .
ip ¥ij
Premultiplying this by
ik
8«43‘ ekl Tk
ki
g
0
ik |, ., £i .
where ¥ is inverse to v, and v~ to v7. we find
ik 21
(=-0¥FH 2 = ik
A ”.BV "_./_4?’;.5 r Tk 0
i . -1
= - q-p 2 - —1V ik =
(0P |5 vy =@V vpyle 0 (7.18)

a determinant of p rows and columns.
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Ye shall suppose that the roots in 7\2 are distinct, (The contrary case
is tractable but of secondary interest.) lie choose the p positive roots in
Ae These are correlations, froin (7.18) and the corresponding transformations
to g's and /? fs exist., e may also show that the variables have the follow=
ing properties,

(1) Ml E's and ~'s have zero mean and wnit variance;

(2) Any & is independent of any other ; and any ~ is independent of

any other 4{;
(3) The correlation between any § and any 4) is zero except for p cor=

relations Pl sese Pp which may be taken as the correlations

between §l and s g, and 7,, etc,

The dispersion matrix then becomes

1l 0 P OPlO ¢ 0 o o 0

0 1 «ee 0 O P2 e e 0O 4+ o 0
[ ) < . & L 4 L ] L ] L] [ ] L ] L ] L] )
0] 0 e 1 O 0 .. Pp PR 0
Pl O s o O l O [ 3 [} o L ] [ ] O
0 P2 e o 0O 0. 1 +4¢ 0O 44 0 (7.19)
[ ] [ ) ] [ L ] [ J L ] » L ] [ ] £ ] [ ) [ ]
O 0 e [ Pp L ) [ ] [ ] L J 1 [ 3 [ ] [ ]
® [ ] L J [ ) [ ] [ ] L ] [ [ ] [ ] * [ ] *
0 0 +se O O 0 26 0 4+ 1
Thé determinant is
2 2 2
(1=P)) (1=F) ...(l-Pp) {720)
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\' Tell YJe notice the close resemblance between (7,18) and the characteristic
determinant of coiponent analysis. A numerical solution may proceed by
iteration in the manner described in Chapter l. A numerical example of
Hotelling's will make the arithmetic clear,

R lixample 7.2
The 10 seventh-grade schoolchildren of Example 6.1 had the following
correlations on the four tests, (2) reading speed, (b) reading power,
(¢) arithmetic speed and (d) arithmetic powers, (Figurés to four places

for greater accuracy.)

1 6328 212 +0586
L. =+0553 +0655
1. o42L8

1 (7.21)

The determinant (7,16) is written down as

Y -y 63200 +2412 +0586
-.6328)\ - A =+0553 +0655
02412 =20553 -2 ~ali248 9, "°
+0586 10655 =o 42482 A (7.22)

This is, in fact, a quadratic in k2, becoming on evaluation

. 193,370 A = ,078,803 22 + 000,362,490 = 0
giving N\ = 0,3945  or 0,0688.

An examnination of these values suggests that the correlation represented
by 0.0688 is negligible and the relationship between the reading tests and

arithmetic tests is concentrated in the first correlation. If necessary we
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can find the canonical variates to which this correlation corresponds., From

(7+14) we have, writing e, (j=1,2) and dj for dlj

¢y + +6328 ¢, ~ 4611 d; - L6LBS 4,
=328 c; 4+ oy 4 «1402-d, - 41660 d,
-, 611} cq + « 102 Cs * dl + J4248 d,
=+1485 ¢y = .1660 c, + JL2U8 4, + d, =

0
0
0
0

Only three of these are independent and we solve for the ratios
Cy e €y e dy s dy == 27772 02,2655 § ~ 2,440k ¢ 1

Thus our new variate ¥ j is given by a multiple of =2.7722 X, * 242655 X,
and v by a multiple of = 2.4L40OL Xy + X),» These are independent of §2
and 7o and the correlation between g 1 and”kl is 0,39L45, That between ;l
and 7,, 5, and %y is exactly zero and between ¥, and %, nearly co, The re=
lationship is thus nearly summarised in the single canonical correlation 0.3945.

Congidered as a technique (like component analysis) of a purely mathe-
matical kind for the convenient representation of data, canonical analysis
has obvious advantages, Instead of operating on correlated data and disen=
tangling the effects afterwards we attempt a disentanglement before the
analysis begins by transforming to new variables with as much indevendence
as possible, As in the componeﬁt—analysis case, (and, indeed, as in ordinary
scalar regression theory) we may then have to face the question whether our
new variables have any obvioﬁs interpretation and can be identified with
something "real", or whether they are to remain mere artefacts brought out
by the mathematics. It vould have been instructive at this point to pive a
number of practical examples of canonical analysis like tiose on factor and
component analysis in Chapter 2. Bub, unfortunately, the technique has not
yet been applied at all widely and there is a shortage of good illustrations,

Theory, though far from complete, has outrun practice, “je will conclude this

chapter with some notes on theoretical results,
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7413 (a) Hotelling (1936) considered the large-sample theory of canonical
rootss On the basis of an underlying multivariate population the corre=-
lation between two different roots is zero and the variance of a canonical
correlation ry ( the positive root of A?) can be tested as if it were an

ordinary product-moment r by the formula
1 2,2
var r; = = (1-p]) (7423)

This suggests that Fisher's 17ar1h"1 transformation would be useful in stabiliz-
ing the variance of canonical correlations and in normalizing the distribution,
but the point does not seem to have been explored, We are assuming here, of
courée, that the roots of the characteristic determinant are all distinct,

tb) The distribution of the roots 12 of the determinant (7.18)_are of
a form resembling that of the characteristic roots of an equation, with

frequency eleiment proportiénal to

A e S S
u = u,=-u, W, »
i=1 * i iggel  + 34 E

2

where u; = xi and it is assumed that there is no real correlation between
the two groups of variates., This is reducible to tractable forms where q = 1
or 2 but in more complex cases is a troublesome distribution to handle. An
approximation by Bartlett gives
_ X K
- {o1- F ere)} Z10g (1ewy), (7.25)
i=]
distributed as x2 with pq degrees of freedom, the summation sxtenéing over
the k smallest roots. In contradistinction to the principal components case
this gives a test of the reality {(difference from zero) of the canonical corre~

lations, not merely their separability.
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(c) Corresponding to the regression of a scalar variaté ¥y on a set of x!s
we can regard this part of the theory as a generalization to vectors giving
the relation between a p~way vector y and a q-way vector i. The natural gene-
ralization of the correlation between them is the vector correlation coefficient
K =MPy eoe pp, the product of the canonical correlations, and the generali-
zation of the alienation coefficient 1 = p2 of bivariate theory is the vector
alienation coefficient Z = (1 - pi) (ees) (1 = p§ )e The sampling theory
of both K and Z is easier than that of any one canonical correlation.

Example 7.3 B
(Fe V. Tjaugh, 1942, Econometrica, 10, 290)

Waugh took, for each of the years 1921 to 1940 inclusive, the prices of
beef steers and hogs and the per capita consumption of beef and pork (exe
eluding lard) for the U. S. 4. The prices were "deflated! Ly dividing by an
index of per capita income, that is to say purport to measure the changes
in price relative to a stable valve of money, and are given as dollars per
100 1lbs. at Chicago. The conswnption is given in pounds per annum,

We thus have, for 20 years (n = 20) a multivariate situation with
p=2, q=2, Ve require to discuss the question how far meat consumption
and meat prices are related, "meat! for this purpose including beei and
pork but not mutton or chicken or minor sources of neat.

This, in one way, is a simplified form of the problem of canonical
analysis because effectively we need only one linear combination of the price-
and conswmption = variables and the greatest canonical correlation, The

obhers are of minor interest. The correlation matrix was

Kl 22 X3 X.h
X3 (steer prices) 1, 218126 =,56396 =.L9898
X, (hog prices) 1. +35L94 =, 75671
X3 (beef cons.) ~ 1. -,10293

Xh (pork cons,) 1.



Iet us note that these correlations make economic sense, The corre-
lations between steer prices and beef consumption and between hog prices
and pork consumption are negative; a rise in price means a fall in con=
sumption, But the correlation between hog price and beef consumption is
positive; when pork goes up in price there is a switch to beef, the con~
sumption of which dlso goes up. (But the correlation between steer prices
and pork consumption is negative so that substitutionzl effects are not
entirely straightforward),

The classical way of discussing the question would probably have been
to form an index-number (a weighted average) of prices and another (also
a yeighted average) of consumption and to investigate the relative between
the two., The weights used in constructing these indices would have to be
selected on prior gounds of a somewhat arbitrary kind; and the resulting
correlation would, of course, depend on them, If we adopt the standpoint
of canonical analysis the weights are determined for us by the condition
that the correlation is a maximum, But we must always remember that there
is nothing in the economics of the situation to compel the supposition that .
correlations are maximized, TJhen we come to the stage of interpretation
we shall encounter the same difficulty that we have already met in component
analysis; of knowing whether our linear functions correspond to é.nything
Ureal! or whether they are merely matters of mathematical convenience.

The greatest canonical correlation in this present eXample was =0,84666
(greatest, that :':s, in absolute value), The new variables, in terms of the
standardized X's, were /

%, = constant (52.62X; + L7.38%,)
7y = constant (25.38X, + Th.62X)) (7.25)

where we have chosen the weights so as to add wp to 100,
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On looking at these values we see that the signs at least make sense,
§l is an average of prices with nearly equal weights, a reasonable average
for prices which both relate to the same quantity of meat; and the weights
in ﬁﬂ are also both positive. 'hether tﬁey are "reasonable!" in the sense
of providing a good index~number of the consumption of meat is another
question, and one which has no answer unless we can say for what purposes
the index is intended.

e may contrast this situation, which appears to give acceptable re=~
sults, with the analysis of Example 7.2 where the canonical correlation

was lower, 0,3945 and the canonical variables were

51 = constant ("2'7722X1 *+ 2,2655%,)
9, = constant (-2.hh0hx3 + Xh)'

Kl and X2 were tests of reading (speed and power) and KB and Xh were tests
of arithmetic (speed and power), Since the coefficients in both the canonie
cal variables gre of opposite sign we cannot regard, say)fgl, as expressing
some general capacity in reading formed by superposing speed and power,

Had they been of the same sign we might well have suspected that the two
were being combined into an index of ability to read. As it is, we seem
led to the conclusion that speed and power are very different things and
cannot be amalgameted in such a simple way as is embodied in the use of
linear functions,

Example 7.4
(Fe V. Waugh, loc. cit,)

The previous example should be regarded as iliustrative only, The
observations are correlated in time and it might be possible to obtain
"nogsense" canonical correlations just as it is possible to obﬁain nonsense
correlations in ordinary time=-series analysis, The following example is

free from this difficulty,
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. Information was available about 138 samples of Canadian Hard Red Spring

vheat and the flour made from them, For the wheat five measurements were

obtaineds
i Xl kernel texture
X2 te’st weight
X3 damaged kernels

Xl& foreign material

XS c¢rude protein in the whe at
For the flour there were four measurements

Xé wheat per barrel of flour

b 4 ash in flour

Xa crudé protein in flour
gluten quality index.

Here n = 138, p = 4, q = 5. The correlation matrix was

1 2 - 3 b 5 6 7 8 9
10 075h09 "0690148 "ohh578 069173 "060}463 --h7881 O77978 "'015205

1, ~o71235 =,51483 LL118L =-.72236 =.41878 .5L2L5 =,10236
1. 32326 =L1393 L737h2 ,36132 -,5h62L L1722}
1, =e330L39 o527L4L L6092 =,39266 «=,01873
1. - =e30310 ~,5049L 473666 =.14848
1. 425056 =,18993 ,2L955
1. -.13361 -,07851
1. -, 16276
1.

O O~ O VL E W

The first canonical correlation is % 0,909,388, an unusually high value.
The first two canonical variates are §'l = constant (.3577311 + .29508}{2
- 056095]‘3 - -hh7h0Xh + -501049}&5)
7, = constant (<X = 0.53727X, + «8L7T3Xg + 4OLST8K,) (7.26)
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where, as usual, the X!'s are expressed in standard measure. These are
the (linear) index-numbers which give us the maximum correlation between
the properties of the wheat and those of the flour,

Here again, having carried out the analysis, we need to look very care=-
fully at the results to see if they nake sense., On the whole it appears
that they do. For example, in gl the signs given to kernel texzture, test
weight and crude protein are positive, these being the variables for which
high scores indicate greater value; and those for the detfimental qualities
of damaged kernels and foreign material are negative. In 4 the wvheat per
barrel and ash content are negative and the crude protein and gluten quality
positive, For these signs the canonical correlation is positive,

We could, of course, get equivalent results by changing all the signs
of one of the canonical variables and taking the canonical correlation as
_-.909388. Which method of presentation we choose depends on the individual
circumstances. The "constanbts! in (7.26) are positive,

It is, unfortunately, necessary to add that Waugh, to whom the analysis
is due, carried out similar analyses on U.S. Hard Red Winter Wheat, and found
that although the canonical correlations were higher than for Canadian, the
signs of ;he coefficients in the canonical variables were no longer satise~
factory in all cases, Waugh suggests that the variables were dominated
By XS and X8, representing gluben content, which was inversely related
to some of the other desirable characteristics.

It appears to me that in work of this character there may arise ine
stabilities in the coefficients like those in Example 7,l. To decide the
question we ought to rork out the other canonical roots and see whether
multicollinear effects are present, But the arithmetic would be formidable,

although hot beyond our capacity.
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Chapter 7a, Some historical notes

The remaining chapters 8 and 9 of these notes will take us on o gromd
which, in a sense, is more familiar, It largely consists of generalizations
to the multivariate case of the known results for univariate cases: analysis
of dispersion, regression, tests of hypotheses and so forth. Not all these
generalizations are straight-forward and some of the multivariate theory,
e.gs bhat relating to discriminant functions, is of a new type. But broadly
speaking few new statistical ideas emerge. The main difference between unie-
and multivariate andlysis in such branches lies in the increasing complexity
of the mathematics,

The purpose of this introductory and interp.olated chapter is to give
a brief historical account of the development of the subject over the past
thirty years. This is one way of getting an insight into the intricacies
of the work., I shall, for convenience, divide the notes under three head~
ings (a) Widks' criterion, (b) Discrimination and (c) Latent roots, The
three topics are of course inter~related and sometimes an individual was
writing on all three subjects at the same time, but the segmentation has
reason as well as convenience to justify it,

Multivariate distribution theory may be regarded as beginning with
the publication by Wishart in 1928 of the distribution known by his name.
This gave for p normal variates the distribution of the variances and co-
variances which previously had been found by Fisher in 1917 for-the bi-
ﬁariéte distribution. It was latent in Wishart's wo rk, and was brought
out explicitly by Wilks in 1932, that the dispersion matrix (aij) was the
natural extension to the multivariate case of the variance in univariate

theory.' Consequently one line of development has been the study of ratios
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of matrices of the dispersion type, this being the multivariate analague

of the family of results (Student's 1, analysis of variance, regression

tests etc.) which in univariate theory lead up to a test based on a variance
rabtio, A second line has been the study of differences of matrices of type
A -~ AB, or bf nmaximization under constraint which, as we noted in chapter

6, lead to the study of determinantal roots. A third line has been the
measurement of distance between pevariate populations and the associated
study of discriminant functions. No one of these topics has been pushed

as far as it can be or will be, but in all three theory has outrun practice;
and one would expect that a point has been reached where many of the rew
sults already attained need further study in order that they may be rew

duced to the possibility of numerical application.

Note on the history of Wilks! criterion

Wishart!s distribution has itself been generalized. T. W. Anderson
and Girschik (19hh) and Anderson alone (1946) have considered the M'none
central! distribution, that is to say the distribution of the sum of
squares and cross products of a pevariate sample taken about some (fixzed)
point other than the sample means, The distributions are, naturally, rather
complicated but there seems no reason why they should not be brought to
numerical application if the labour were considered worth while,

One of the basic papers on determinantal ratios is that of Wilks (1932).
anmong other things Wilks found the distribubtion of the ratios of two sample
dispersion deterrminants based on independent samples from identical popue
lations (the analogue of the F=ratio), explicitly for p = 2 and in the
form of an integral for greater values of p, By an ingenious argument of

wide application he evaluated the moments in the general case, He then
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proceeded to study the disﬁribution of the ratio of a dispersion deter=
minant to one of its principal minors,

Approaching the subject from the viewpoint of the correlation ratio
Wilks then dealt with what would nowadays be regarded as an analysis of
variance between and within classes in a one=way classification, Suppose
we have k independent samples from the same p-?ariate populations Let
( aij) be the dispersion matrix of all samples together and bij the function

of means defined by
9‘1
oot n.( (xio( - xi)(xj-( - x') (73'.1)

=1
N =1 J

biJ

= —
where n, is the nwiber in the «£ th sample, n =‘ginx, X, is the mean of the

i th variate in all sanples together. Let

cij = aij - bij (7302)

so that (¢) is a "withineclass" dispcrsion matrix., Then the ratio

i = ..__.._::zé i (72.3)
J
ic..’
" i?., oy (72.k)

is the natural extension of the ratio of twithin~class! to ttotal! variance,
The ratio arises more naturally in this form than as a "between=class! to
Wwithin-class' ratio |b, | / ess )

Wilks derived the explicit distribution of the ratio W (now generally
known as Wilks! criterion) for p s 1 and p = 2, and the moments of the dise
tribution for general p, in the ease where the criterion arises as a
likelihood ratio to test the homogeniety of a set of means in samples from

populations with identical dispersions. Finally he went on to consider the
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ratios of certain correlation determinants (asdistinct from covariance
determinants) and derived their moments. Later, in 1935, he used similar
ideas and methods to test the independence of k sets of normal variates,
Lawloy(1938) also discussed the generalization of the Feratio and

preposed a test=function of a different kind from Wilks!, namely

: - . |

Hroy ' by (7Ta0l)
where (cij) is the inverse of Csq° Shortly afterwards the theory of
latent roots began its development and almost at once Hsu (1940) linked
it up with the Wilks and Lawley criteria, In fact, if the non~zero roots

of

byy = A (b + cy)) =0 | (7245)

are kl’ Y km, then

B ()}

we= JV Q- (72.6)
SN

V& e . (7317)
i=1 l-hi

It is the dependence of the Wilkadawley criteria on symmetric functions of
fﬁe Ats and not on individual A!'s which makes their sampling properties
relatively easy to investigates In a further paper (1941d) Hsu showed
how the general regression problem could be reduced to a canonical form
and that significance tests depend essentially on the distribution of .
Since Hotellingt!s T also dépends on W this was equivalent to demonstrating

an extension of Student's t to the testing of multivariate regression co=

'efficients.

In the meantime Bartlett (1938) zave the first of a useful series of

approximations to the distribution of W in the null case by fitting a.X2
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distribution to the lower moments. Isu (1940) showed than nV and ~n log W
tend to be certainly identical for large n and that both have a distribution
which can be expressed as a nog-central X2. Wald and Brookner (1941) also
gave an expression for the distribution of = log W and made a beginning
with the tabulation of percentage points in special cases,

Progress was being made rapidly at this time, It was checked by the
war but not for long. In 1946 Wilks extended his earlier work to the teste
ing of equality of means, variances or covariances in a multivariate
normel systems He and Tukey (1946) approximated to the distribution by
fitting a Beta distribution (not, as in Bartlett!'s case, a Gamma~distri=-
bution) to the lower moments and Wilks tabulated some of the percentage
points, In the same year (19L6) T. W. Anderson examined the distribution
of the ratio W when the dispersion elements are distributed in a none
central Wishart form and obtained the moments for p=1and 2, (There
seems on many occasions to be a natwral barrier at p = 2 preventing exe
tensions to higher p without the importation of more complicated tran=
scental functions.) Rao (1948b) later examined Bartlett!s approximation.

The problem of nuisance parameters has also received some attention,
Flackett (1947), following some ingenious work by Pitman and Horgan in
divising tests of equality of variances in bivariate populations inde-
pendent of parental covariances, derived an exact test for the equality of
variances or covariances in any number of unie or bievariate poﬁulations
and gave extensions to pairs of three= or four- variate populations subject
to certain conditions on the sample size. So far as I know there has been
no attempt to extend the BehrenswFisher test, which is based on the fie
cducial argument, to the multivariate case, Very recently G, S. James
(195L, Biometrika, 42, to appear in June) has considered the extension
of Yeleh's work in testing the difference of means where variances are

unknown,
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A historical note on latent roots

e have noted how criteria based on determinantal ratios depend on
symmetric functions of latent roots of certain matrices. Occasions often
arise in which we want the distribution of one of the roots, which raises
some new and complex distributional problems, The necessity for this knowe
ledge arises in two main ways$:

(a) in the reduction of multivariate situations to a tstandard! or
lcanonical! form, as for instance in component and canonical correlation
analysis)

(b) in testing for the equality of two matrices, as for instance by
examining whether a root of ,A-kBl = 0 is near unity, This is the approach
vhich has been developed by S. N« Roy since 1939,

let us note the formal equivalence of certain customéry ways in which
the problem arises. If (b) and (c) are matrices of the dispersion type
independently distributed in the Uishart form the canonical correlations

are, in effect, the roots of

{x(bij+c..)-b.. = 0 (72.8)

ij ij l

Ve can, of course, write

and derive (apart from zero roots

+[.Lb../ = 0 (7249)

e, .
ij ij
If we change the sign of w and regard the sample number associated with
bij as tending to infinity; and if we let the variances of b be unity and

the covariances zero we get

‘ iy = M|=0 | (72.10)
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And, subject to the element of approximation induced by standardizing

sample values of °ij so as to have unit variances we then derive

|7y -1 f =0  (7a.11)

The large - sample theory of canonical correlations was worked out
by Hotelling (1936). There does not seem to have been much more done
in this field until the recent work by Lawley (referred to in Chapter 7)
on factér analysis. It would be useful to have this topic explored further,

Attention has been concentrated more on exact distributions in the
case of normal variates and, as might be expected, the greatest progress
has been made in the null case, i.e. where the p variates are independent,
The basic distribution here is the I'isher~Hsu~Roy distribution given for
a speclal case in Chapter 5. This gives the simultaneous distribution of
the roots but for p greater than 2 it is a difficult distribution to
handle because of the complicated range of variation of the successive
Als, which render almost impossible the integrating out of wnwanted roots,
The greatest progress here has been made by Roy (1945) and Nanda(1948) in
dealing with the case of (7a,9) where the (a) and (b) matrices emanate from
identical populations. I understand that Professor Roy has more recently
made some further progress in this field, (cf, his paper of 1953),

For the nonenull case expressions have been derived by Bartlett (1947)
giving the distribution of canonical correlations in the form of an infinite
series rather like Fisher's series for maltiple R in the non-null case, (Hsu,
1941a, had obtained the limitings form of the distribution), The distri-
bution is tractable when there is only one non~vanishing parent canonical
correlation, but is stubborn for more than one non-vanishing parental cor-

relation,
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Little attention seems to have been given to the distribution of the
vectors corresponding to the latent roots but reference may bte made to

Te W, Anderson (1951 b) on this subject,

A historical note on discrimimatory amlysis

Doubtless the idea of discriminating between multivariate populations
could be traced far back into the past, For present purposes the history
of the subject may be regarded as beginning with the work of Karl Pearson
round about 1920, Pearson, considering anthropometric data, was led to seek
a coefficient which would, in =me acceptable sense, !"measure the distance"
between two populations, The first work to be published on his coefficient
of racial likeness, which he denoted by cz, was Miss Tildesbyl!s on Burmese
skulls (1921, Biometrika, 13, 2L47).

About the eame time P, C, Mahalanohisdeveloped an interest in the
subject and came to the conclusion that Pearson had not achieved his object,
02 varied very much with thelsample number and, although it provided a test
of significance, it did not measure the magnitude of the difference
between two populations, Mahalancbis accordingly proposed an alternative
measure which he called D2 and usedit in 1925 to discuss racial mixtures in

Bengal, This far=sighted work was the starting point of reaearch by the

Indian school which is still in progress,

If two multivariate normal populations have the same dispersion

. . . ij .
matrix ("ij) with an :mverse.(-( J) and means Biys Mip (i =1, 2, eeep)
the distance between means of variates may be defined as Si = Wi = By

and Mahalanobis! generalized distance for the population may be wri{.ten

W22 Lo s (7a.12)

i,J

3
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A corresponding formula holds far the sample values)

L o ST
D2 = ‘Qala d, d

3 j (7&013)v

where di = xil - xi2 .

If the variates are independent (72,12) reduces to

22 e (7a.1k)

and if we scale the variates sa as to have unit variances this becomes

the square of the ‘distance' betwesn the parent means in the customary

sense, We may also regard (72,12) as defining an ordirary distance in

a Euclidean space with oblique axes, It follows that, given three populationg
P, @ and R, the distance between P and ¢ is not greater than the sum of
distances P to R and R to Q,

It is to be emphasized that the definition applies only to normal
populations with identual diépersion mtrices, In the language of
differential geometry, it is based on a Euclidean matric, not a Riemannian
matric, In other cases it may be unsuitable,

Between 1927 and 1930 Mahalanobis had some controversy with K. Pearson,
who defended 02. Mahalanobis (1930, Jour. Asiatic, Soc, Bengal, 26, 5hLl)
continued his practical and theoreticai research on D2. Pearson, though
writing on his coefficient as late as 1936 just before his death, failed
to £find much support for his views,

At this point Hotelling (1931) generalized "Student's" t, His T

was, in fact, equivalent o Mahalancbis' D°, for

‘2
2 _ Bt (7a.15)
(nynp) (nyn, = 2)
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. where n, and n, are the two sample numbers, It was some time, however,
before this equivalence was realized, or before it was pointed out that in
the null case the distribution of both was equivalent to the distribution
of the multiple correlation coefficient R2 in the null case, In the mean-
time Fisher (1930) obtained the distribution of R2 in the non=-null case,

Ta.2h There appears to have been a lull in this particular field of statistical
theory for five or six years during which the theory of testing hypothesis,
beginning in 1928, was developed by Heyman and E, S, Pearson. In 1936 Fisher
published his first paper on discriminant functions and resolved the problem
of testing significance, The main difference betwecn his approach and
that of Mahalanobis was that the latter was measuring distance whereas
Fisher was merely concerned to divide the sample space into two regions
and allocate a sample value to one population or another according to which
region it fell into} to that extent his approach was nearer to the modern
theory of decision functions, But again Mahalanobis! D2 appeared in a natural
role and the approaches were obviocusly very close,

72,25 The distribution of D° in the non-mill case when both populations have
a known dispersion matrix was found by R, C. Bose in 1936, Two years later
he and Roy "Studentized" the distribution., Fisher (1938) about the same
time gave what is effectively a generalization of D2 for more than two
populations, And Welch (1939) linked up the theory of discriminatory functions
and that of statistical tests in a simple but effective way.

) 72,26 There is here a break in contimuity which is not entirely due to war,

The Znglish school on the whole moved over to the study of latent roots

and canonical correlations or concerned themselves with the practical problems

. of applying discriminant functions (Renrose, 1947 and C. A, B. Smith, 1947).
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Similar studies began in the U, S, A., as for example with the work of
Cochran (1943), von Mises (19L45), Cochran and Bliss (1948) and T, W,
Anderson (1951 a), Further theoretical developments are due to Roy and Rao =
see in particular Rao (1946-1948 a, 1948 ¢, 1949, 1950),

Rao (19L48c) made some interesting comments on the general problem of
measuring distance which do not appear to have been followed up, possibly
because tensor analysis and differential geometry are not very familiar fields
to most mathematical statisticians,

Suppose we have a multivariate population depending on u parameters
e

1
x bto denote all the variables, We may set up a parameter space of u dimensions

s « + 8 with density function @(x, 85 o o Qu), where for short we write

and consider two neighbouring points in it typified by 6 and 8 + 40, The
differences between the probability densities of the two points may be
written df , when d relates to variations in €, Let us now agree to measure
the discrepancy between the populations represented by the two points by
their relative difference 4y / ¢, ‘The variance of this quantity seems a

reasonable measure of discrepancy and beccmes

2 _ %
ds® = 2 .. do, de (72.416)
£,3 4
where
- -] 12
g1 E(Tg-gi)(a-a-gj) (72.17)

namely, what is usually called the information matrix., The form ds{zis
invariant and the g's are consequently a covariant tensor of the second

order, We may go further and regard d32 as the quadratic differential matrix

defining the element of length,
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Given, then, two points A and B (not necessarily close together) in
the parameter space we can find the distance between them by integrating

d52 along a geodesic, If the equations of this geodesic are

Qi = fl(t) 1= 12, eso U o (73018)
where u 1g a variable, the functions @ are solutions of the equations

2

Eé’md

3=1 e

u
- de, de
+ D [0, 679 9
j=1 [ ? -7 at 0 (78, .19)
where / j¢, k 7 is the Christoffel symbol defined by

L3 k7 =1/2 [ag"k jgjk éﬁj— 7 C (Ta.20)

Theoretically the g'!s are determinable from (7a,17) and hence the €'s by
the solution of these equations, We can then find the distance by integrating

ds2

from A to B along the curve defined by (72.,18),

This would be an attractive measure of distance, being invariant under
very general transformations of the parameters, but the estimation of the
distance raises some difficulties, Mahalanobis! distance is a parti‘cular
case, for the geodesics then become straight lires,

Rao, following Bhattacharyya (1946) also suggest representing populationg

on a unit hypersphere, the distance Between them then being the angle.

2 .
arc cos‘[ {f(x) ¥ (x)} Codx (7a.21 )

where £, /, are the frequency functions of the two populations, This
is equivalent to the approach of the mevious paragraph, both approaches
being free from any restriction as to the shape of the frequency function

or the number of parameters involved,
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References
A good introductory account to some of the ground covered in chapters
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Chapter 8, Tests of homogeneity

Throughout this chapter we shall suppose that the variation is normal,
We shall consider samples from k different p -~ variate populations and three
types of hypothesis?

H{ That the populations have the same means, the same variances and the

game covariances;

H,¢ That the populations have the same variances and the same covariances,
irrespective of the means,
That, given the equality of variances and covariances, the means are
equal,
The results are a natural estension of homogeneity tests far k univariate normal
samples based on like}ihood ratios (for which see Kendall, Advanced Theory of
Statistics, vols 2), The hypothesis which generalizes the ordinary analysis
of variance is H2 which, as a general rule, leads to criteria with simple
distribution functions than those of H and Hl'

The Pearson-Wilks results for bivariate populations

We consider first the case of k bivariate populations (p = 2), The t th
population has means By and L% for vafiates x and y, and the dispersions are
oit 3 Oy a&t Py, and °§t‘ “ie draw a sample of n, members from it, the total
k
:E n, being n. Consider the hypothesis H, We ascertain two likelihoods, p(+1),

t:ie maximum likelihood when all the parameters are different, and P(w), the

»

maximum likelihood under the restrictions of H that means and dispersions are

common to the populations.

If the likelihood for the first case is written down and differentiated

with respect to the various parameters we find
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B =F s Y, =T (8.1)
Gxt = 5.4 Gyb = Sy ﬁt =T, (8.2)

where ':'ct and 'y't are sample means and s 42 S 74 Yy the sample standard deviations
and correlation, (In arriving at the standard deviations we use divisors of
types n,, not n, - 1,)

Similariy, for the second case we find

AN - N -
w=X,, V=7, (8.3)
A Y
% =110 ° "1a * Vnm (8.L)
A2 _ .
% =V220 = Vapa * Vion (8.5)
A
/(}x y P =120 Vli?a * Viom (8.6)
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D %20 " 23 (xpy = %) Ty = Tp) =1 8y 55 v s3Y 6:20)
< o -2 2
- = 3
N Voo B L i (ytu yo) N (8.11)
Thus S}zco 3 8*2'0 and r, are the variances and correlation of the pooled samplies.
v

Further



. k 5 k
< - 2
n v = <o (x X, ) § n, s. (8,12)
Ha o0 W T g5 bR
k
<0 — 2 )
: B qim © tfi (x, = %) (8,13)
- with corresponding expressions for ‘viza, 1fé2a etcs e glso write for each
sample nt
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If we substitute the appropriate values in the origzinal likelihoods we:

find
[ o l 1l n
BQw) LRET N Al
- N
My~ p(ﬂ) [ v (8.17)
11y gt
where ‘yijt‘ -
V12t 204,
’ 2 2
. N Sit Syy, (157) (8.18)
| ViJ‘O’ ={ 110 120
Y120 %20

= SRR
. ®x0 %50 (1-ry) (6c29)
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These are, in fact, the generalized variancesof the t th sample and of all
samples together, and the likslihood ratio thus appears as a product of Wilks
criteria,

In an analogous way we find

k ( ..
hﬂl = [ L._._,,T (8.20)

N ida ! | (8,21)

and we note that, as in the univariate case
= X . (802?)

We may conveniently indicate by suffices 1 and 2 the criteria appropriate to
Hl and H2°

Our next problem is to find the sampling distributions of these criteria,
This 1s performed by Wilks! method (we shall omit the details) of finding the
moments of the A's, or rather, of L = hz/h, which will scrve equally well as a
criterion because it is monotonicdlly dependent on Ae The distribution of L2

is fairly simple, being given by

 Liz2) (V1" 2a-/1 ) a /D,  (8.23)
(nek=1 )T (1)

darF

The distributions of L1 and L(relating to H) are more complicated except when
k=2 and approximations have to be employedo

We may also note that thé L~criteria have certain properties to recommend
them on intuitive grounds., They vary from O to 1 and as they decrease from

unity we are more inclined to reject the corresponcing hypothesis, i.e. small
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values are significant, Consider, for example

vy
().H )2/n - __Li_-.l%_l_______ (8.24)
2 ' ija m’
Por this to be unity (‘Vi 'm) must be zero and all the sample means are the
came, As they move further apart )‘H decreases it is zero if and only if onc
of the differences of means is 1nf1nite or if wa:bhin class variances are zero
or r, = 1 for any t, Furthermore it decreases monotonically, that is to say,
has no other ma:dimum apart from unity,

Example 8,1,

(Pearson and Uilks, 1933).
Five samples are available, each of twelve members, of aluminium die=
castings, (k = 5, n, = 12 for all t, n = 60) On each specimen two
reasurements are takeny tensile strength (1000 1b, per square inch) which we

call X, and Hardness (Rockwell's E) which we call Yo The data may be summarized

as follows

Sample X y

Number Mean Standard Mean Standard Correlation
t . Deviation Deviation Coefficient
1 334399 | 2.565 68419 10,19 0,683
2 28,216 L.318 68,02 bk 0.876
-3 30,313 2,188 66.57 10,17 0,714
b 33,150 3,958 | 76412 118 | o
5 34,269 2.715 69.92 9.86 |  0.805

We are interested in the homogeneity of these data,

We first of all test Hl s that the data show no significant difference in

dispersions, e have the following results
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Sums of Squares Sums of products | Generalized
Variances
b i1t n75a4, B ¥ 04 [Vage| | 108|% )
1l 78,918 1247.18 214,18 365,204 2.5625,
2 223,695 2519,31 657 462 910,401 2495923
. 3 57.LL8 1211,78 190,63 243,029 2.38566
L - 187.618 1473 .44 375,91 9384451 2,972l
5 88.L56 1171.73 259.18 253,281 2.40360
Totals 636,165 7653, Lk 1697 .52 13.2834L
Hence we find |
V1 = 1/60(636,165)
= 10,6028

7’i2a

1

sl

V5pg = 1275573
28,2920

= 552,018

log 1, = 1/k log/wlivzjt‘ - log ‘”Eﬁa ;g

fitted in w, in this case 25-8 = 17, This gives 5.12 as ¥

= T,91L,73L

giving L1 =

is not significant,

A more exact test confirms this,

2

There is a useful general theorem (due to Wilks) of which a particular case
is that for large samples ~n log L1 is distributed as x2 with a number of
degrees of freedom equal to the number of constants fitted in {\1ess the number

with 17 duf. which

We therefore accept the equality of dispersion and proceed to test the

means by hypothesis H2. We now have a generalized analysis of variance,



«120-

Generalized
. _ D.F, S.5(x) 8.5(y) Sep(x,¥) Variances
Between samples| k~l=L nvilm=306.059 nVUs, m-662.77 nVEZMBZIEEF vi ml = 43,520

Within samples | n=k=55 nvi130636.155 nV’22a=7653.h2 nvi2381697.52 ‘vj’_i | =552,018

Total n-1a59 | i 52,251 nv’220=8316.19 nl/i20~1912.38 |v§ jol =1160,77
I‘2={!”{ja§ ! ijo ‘ 3 Colitov

We can apply an approximate tes’o to - n log Ly, in the-same way, The
quantity is 29,37 with 8«5=3 d,f, This is highly significant, In this

particular case an exact test is available, the ratio

1-vyL, .k
/I, K

being distrituted as an F ratio with 2K and 2(n~k~1) degrees of freedom, This

also rejects the hypothesis, the ratio being L,95 with 10 and 108 d.f. (We shall
discuss later the cases in which exact F-ratio tests are available,)
We conclude that there is heterogeneity in the mean values., We therefore

proved to test x and y separately:

Estimates of variance Aef.
b Y
Between samples 764522 165.69 L
. Within samples 11,566 139.15 55

A simple F ratio test shows that at the 1% point the differences belween
mean strengths are significant, but not those between hardness,

The conclusion is that although the samples are under control as regards
dispersions and hardress they are not under contz:ol as regards mean-strength,
‘ although hardness and strength are fairly highly correlated. One would, I
think, be led to consider the accuracy and nature of the methods of measurement

before drawing conclusions about the materials themselves,
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Example 8.2.
(Pearson and Wilks, 1933)

Measurements were available on the lengths and breadths of 600 skulls, 20
from each of 30 races, (The details are given in the paper under reference),
That there would be some variation between races was to be expected but it was
of interes@ to see whether it extended to dispersions., The hypothesis Hi
was tested, The authors found A
| = 686,369, 1/k 210g {;yﬁt[ = 2,6LL429

log | Vija| © i.Bl?lhB
Difference = 1,827281

V.
ija

L, = 0,6719

1
The simple test gives 600 (.3281) = 218,5 distributed as x2 with 150=33 = 117
d,f. This is highly significant, |

There is therefore lack of uniformity in the dispersions, We now proceed
to consider thém individually.

The homogeneity of a set of variances in the univariate case can be tested
by known methods, which are, in fact, simpler forms of the likelihood criteria
we are employing here, It is found that the variances of both x and y are
significantly hetero-geneous. Finally we consider the correlationsr . A
convenient test of homogeneity here is obtained by transforming the 30

1

observed r's by the formula z = tanh r and testing

30
2 = = .2
x =% (n =3)(z, -%) (8.25)

. 1 b

tel
with 29 degrees of freedom, In the present instance this led to x2 = 96,01 which
is very significant,

The general conclusion is that there exists racial heterogeneity in variances

and correlation, the latter being apparently less uniform than the variances

themselves,
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In a case of this lkind we should probably not wish to proceed to test
heterogeneity of means; but if we did so wish, we should proceed as follows?
Since HI is untenable we should not test H2. We revert to tests of type Hl
on the variates x and y separately, We can then proceed on the basis of
univariate theory, by the Behrens-Fisher test, or by assuming that heterogeneity
is not important enough to invalidate an ordinary of, Feratio test.,

Methods of a parallel kind could be followed for the testing of k samples
of p - variate populations, although I am not aware that the general case has
been worked out explicitly., Wilks(1946) has, however, considered a problem of
a very similar character for the p - variate case, We are given a sample of
n from one p - variate population with means My and dispersions Py ;)Oicj‘

We consider the hypotheses
Hy that the means are all equal and the coresponding dispersions all
equal for each variate;

H,{ that the dispersions are equal pegardless of the means}

1.
H2: that, given the equality of dispersions, the means are all equal,
Let n
- <
X, =1l/n & x.. , (8+26)
i ey LJ
Ip
X = l/p 2 xi (8'27)
i=
n
8;4 ° 1/n 3 (xit - xi)(xjt = xj) (8428)
p
2 <
s  =1/p @i 84 (8.29)
i=
. . R
gr = 1 ) (8030)

S. .
p(p=1) ifj=1 *Y



The hypothesis H to be tested is

U,i W ( 8 W31 )
(pijcio;)) = 02 902 .« o o p02
2
¢l g .. po
P°'2 902 ¢ o 8 0'2 ( 8,32 )

and the likelihood is

1
. - | 23| ="

n p
< 2 ij - ]
(2n) 7P T g A T uh)bgey) (8.33)
n

13y < -
where (£ V) is inverse to (pijoicrj).

e maximize P for nnsonstrained values of the parameters to find

A3 o G : (8.35)
and then, on substitution in (8,33) obtain
= n ..].'...pn
‘ +4 2 2
14 (2n)
e now invert (8,32) to find, on H,
43 = /4B ... B (8.37)
B A .. B
B B +4. 4
where
1+ (p-2) o (8438)

L= f(-p) {l + (p-1) p}
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B = ® (8.39)
o (-p) { 1+ (p-l)p}‘
. This gives us, for the likelihood, on substitution in (8,33)
1
1 p-1 3 n
B P, say, = [(A-B) {il-f(p-l) B)? 2 X
(2r) TP
< < N |
exp ('1/2 A 2.4 (xi'b-p)z + B (Xi-b"p')(xjt-u) )2 (8.}40)
We mow find for the maximum likelihood esﬁimators
N=x (8.11)
1 + (p=2)"0
A\ > : (8.L2)
85 (l-ro) {1 + (p = 1)r0}
B - - %o (8.1:3)
sg (1-r0) 1+ (p-l)rO}
where
SijO'= Sij + (El‘i)(ij'i) (3.7414)
p
, sg = 1/p P> 810 (8.,L45)
. i=1
. , i§ 3 51 50
P o= (8.L6)
0] <
(p-1) <5540
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On substitution in (8,L0) we then find

1
- pn .
° 2 (8.47)

p(w) = - :
[(%)F (l--ro)p"l {l*(p-l)roj]Tn(Zn)T pn

We take on our ratio LH

2/n
| o1l (84liks)

2/n (éu) i
n P(L) (sg) p (1_r0)13-1 £1+(p-l)r0}

The denominator is what we get by inserting r = x‘Q § = 8, in the mitrix ofA
sample dispersions, =o that the ratio is, in fact, a Wilks! ratio of the usuwal
type.

As before, we require the distribution of the criterion to make a tes’t, and
it is arrived at in the usual way. The approximate test states that - n log L
is distributed as x° vithp(p=1)/2  +p =3 = p(p+3)/2 =3 degrees of freedom,

The corresponding criteria for the other hypotheses are

L = ‘ Sij (80,49)
1 (4P (a-r)PL £1+(p-1>r}

sz(l-r)

L2. -

D
K e w2
sZ(l-r) + p‘:L_l ifi(xi-x)

On the approximate test - n log L, is d stributed as x° with —£-p(p#) =2 d.f.
and -n(p=1) log L, as )(2 with pel d.f, The reason for the factor p-l in the
latter case is that ﬂhe criterion L2 is the 1/2n(p=~1)th root of the A-ratio,

Example 8,3,

In this example ( Wilks, 19L6) certain details not relevant to the method
have been omitted,
A test involving 60 items was given to 100 subjects, The test items .

were divided into three groups of 20 on the basis of external criteria and a
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scores in sach of the three groups obtained for each individual, We may then
regard the scroes as 100 observations on a trivariate normal.population (p=3,
n=100)¢ The following values were found}
X, = 10,9300 8yp = 1841099 83 = 1h.5826
= 11,2600 833 17,713k 8p3 = 13,8056
s° = 17,5558 82 = 17,576k
r = 0,7963 Ty = 0,7943
sij = 5’45.5308

The data look homogeneous, that is to say, it appears that the tiree sub-

5

tests of the original test of 60 items are "parallel", We proceed to examine
this hypothesis,

Consider hypothesis H, The cirterion of (8.48) becomes 0,9209, The 5%
pdint of =100 log L for 3 def. is 12,5912, giving for the 5% point of L itself
0.8617., The observed value is considerably greater than this and we accept the
hypothesis,

Had it been otherwise we might have gone on to test Hi. The criterion of
(84L9) vecomes 0,9370., Th 5% point of =100 log L, for L defs is 9.LB77 giving
a walue of 0,9095 as the 5% point of the criterion itself, The observed value
is not significant,

Finally, for the criterion (8,50) we find 0,991L, A test is hardly
necessary but if we carry it out the result is not significant,

“je conclude that the three sub~tests are similar in respect of means and

diegpersions,
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The analysis of dispersion

In ordinary variance anrlysis tests based on the Feratio presuppose that
error variances are equal, This correspondsto the hypcthesis which we have
called H2, and that hypothesis is accordingly the natural extension to multi-
variate analysis of the univariate analysis of variance, We must here sound
a werning about a point which has already occured in Example 8,2, In variancse
amlysis we often assume equality of underlying variance, sometimes without
realizing it, and disaster is apparently awerted by the fact that the tests arze
not very sensitive to small departures from equality, A parallel assumption
that p-variate dispersions are equal is more hazardous, The point has never,
so far as I know, been investigated, but the indications are that tests may be
somevwhat sensitive to differences between parent covariances, though not perhaps
to differences between parent variances. To leap at onee to hypothesis H2
before testing H or Hl is dangerous unless we have prior knowledge gbout the
parental dispersions,

The analysis of quadratic sums on the basis of hypothesis H2 is sometimes
known as the "multivariate analysis of variance," This is a rather clumsy
expression which it may be better to avoid, I shall call it the amalysis of
dispersion and following Rao (19L8a) shall draw a useful distinetion between
the analysis of dispersion and the amalysis of covariance, In the former we are
concerned with the effect of classification on a set of interdependent variates,
as illustrated in Examples 8,1 to 8.3. In the latter we also have the effect
of classification on a set of variates but we are interested primarily in the
effgct on one of them, The others appear as disturbing influences and are
removed from the principal variate by regression techniques, The distinction

is much the same as was drawn earlier between interdependence and dependence,
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In the general case we may have a complex of pA-!- g variates and wish to study
the first p after the effect of the other g has been removed, The removal
of the concomitant variation of the g variates is the function of covariance
analysis, After it has been performed we may carry out a dispersion analysis
on the adjusted p variates, this reducing to a variance analysis if p = 1,

8.10 Consider now hypotheses of type H, for the p = variate population., If we

have k clasces the analysis of dispersion may be put in the form

d.f. Matrix
Between classes k=1 (si:jm) g’y
Within Classes nek (Sija) say
Total n~1 (si jO) say. (B8.51)

An analysis on the lines of the foregoing leads to a criterion )‘n of which the

' Sigm ‘
= . 8.52

as in (8.21), This may be tested by taking =n log W as x2 with p(k=1) degrees

1/2n th root is

of freedom, In fact, on H2 the dispersions are common to_,bothﬂandw; for
the former there are pk means and for the latter p means § the number of d.f,
is thus pk=p.

A similar situation arises if, instead of estimating means we estimate
linear functions of them, This result concerning the so=-called linear hypothesis,
enables us to apply (8,51) and the associated test whenever there is a matrix
of g ( = k~1) degrees of freedom split off from the total matrix and independent

of the residual,

8.11 A refinement in the significance test has been proposed by Bartlettl, namely

that '
- 51— 1/2{p+k) 3 log W (8453)
should be taken as xzrwi«'éh plk-1) d.f.
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8,12 For certain small values of p and k these are exact tests in the F=

distribution, They are as follows

Variance ratio A,

k=2, any p lv:rw n-g—l p and n=pe=l

k=3, any p - W n-§-2 2p and 2 (nep=2)-
W

p=l, any k %';E E% kel and ne~k

p=2, any k 1;‘_w n;k;l 2(k=1) and 2(n=k~1)

More recently Box (19L9 Biometrika, 36, 317) has reviewed and re~examined
the distribution theory of criteria of the likelihood=ratio kind and has obtained
better approximations in certain cases, Box's paper contains a number of
seferences to earlier work,

8.13 More complicated situations involving manifold classification and
regression can be dealt with by the same technique, provided that we can
conduct the analysis so as to emerge' with two dispersion determinants inde
pendently distributed in Wishart's form; the ratio of one to their sum then
follows the W distribution,

Example 8,4,

(Bartlett, 1947 a),
In an experiment to examine the effect of fertilizers on grain 8 treatments
were applied in each of 8 randomized blocks; and on each plot two observations
-were made, the yield of straw (xl) and the yield of grain (xz). The following

was obtained?

defe S.S.(Xi) S.P(xlxz) SuS, xg
Blocks 7 86,0L5,8 '56,073,6 73,841,.5
Treatments 7 12,496,8 =6, 78646 32,985,0
_Residual Lo 136,972.6 58,549,0 T1,496.1

Total 63 235,515,2 107,836.0 180,322,6
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"le are not interested in block differences and extract them from the

variation, This gives us the middle two lines of the table and a new totall

Total (excluding '
blocks) 56 149,h69,.4 51,762 L 10h,h81,.1
Thus
136,972.6 58,5&9.01
W= 58,5L9.0 71,L96.1
149,469 oL 51,762,k
51,7624 10L,L81,1!

= 09h920
The quantity = n = 1/2(p+k91 log W = =0l log 0,4920 = 36,2 is distributed
approximately as x2 with 2 x 7 = 1} d.f, It is significant, being about on the

0.,1% level.

We can proceed to further analysis in several ways. First, in Example 8,1

we can examine the significance of the wariates separately by an ordinmary F

ratio, This gives

Estimated Mean Squares d.f,
X1 *2
Treatments 1785 L712 : 7
Residual 2795 159 L9

The first ratio 1,565 for L9 and 7 d.f, is fortunately not significant.
(We should have been hard put to it to explain a significance if it had appeared,
for the residuai mean square is larger than the treatment mean square), The
second ratio is 3,230 for 7 and L9 d.f, which is significant at the 1%
point, It would seem that the treatments are affecting grain yield but not straw
yield, The correlation "between treatments® is about =0,3 and that "between
residuals"® is about +0,6, tut the former is not significant and even if it were

the situation is capable of explanation,
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Second, we could perform a covariance analysis to see if the treatment effect

on straw was influenced by (and perhaps masked by) the concomitant variate grain.

We find
Regression coeff, of Remainder in S.S.(xi) d.f, Quotient
i
Treatment =4205, 748 11,100,k ) 1850
Residual 818,911 89,02642 L8 185k

The quotients of remainders after removal of regressions is not significant and
it seems that the effect on the grain yield is the domimating feature,
Example 8,5.

The case of the Fgyptian slulls. (Parnard, 1935, Ann. fugen, Lond.,
6, 3527 Kendall, Advanced Theory, vol.Z, Chapter 17; Bartlett, 1947ap Rao, 19L8b)

Some dgta by Miss Barmard have been examined and re~examined by several
writers on multivariate analysis and we shall discuss them again here.

&r@d had four series of skulls, 91 from late Predynastic, 162 from the
Sixth~to~Twelfth, 70 from the Twelfth~ and - Thirteenth and 75 from Ptolemaic
dynasties, On each four meacurements were taken$ X = mximum breadth, X, =
basialveolar length, x3 = nasal height, x = basibregmatic height, The main
problems were (a) to construct a discriminant function and (b) to discuss the
possible changes in the skull-conformation over time,

(As an additional source of confusion, note that Kendall in earlier editions
misdescribed the measurements, Bartlett did so but corrected his 19L7a paper
before final printing and Rao, 1948b and in his book, has the variates in

the wrong order with a misprint in the mean of X, in group II),
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The means of the series as given by Miss Barnard are

I II 11T | IV
n =91 n, =162 ny = 70 n, = 75
x 133,582,418 134,265,432 13l4371,429 135306, 66k
X5 98,307,692 96.462,963 95.857,143 95,040,000
Xy 50,835,165 51,1ua;1u8 50,100,000 52,093,333
X, 133,000,000 134,882,716 133,642,857 131,466,667

She gives the following sums of squares and products within series (394 d.f,.).

The column numbers refer to variates

1 2 3 4
1 9661.997,470 L5.573, 301 1130,623,900 2148458L,219
2 90734115,207 1239,221,990 2255,812,722
3 | 3938,320, 351 1271,054, 662
L ' | 8741.508,829
(845h)

The matrix for the whole observations (397 d.f.) given by Bartlett(1947),

and obtained by adding back to (8,5L) the matrix between series is®

1 2 3 L
1 9785.178,098 21L,197,666 1217,929,248 2019,820,216
2 9559460, 890 1131,716, 372 231,126,040
3 ' L088,731,856 1133.473,898
b 9382,242,720

 (8.55)
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Finally, the matrix between classes (3.4.£,) is

1 2 3 L
1 123,180,628 =231,375,635 87,305, 3L8 ~128,763,994
2 L1864345,863 «107,505,618 125,313,318
3 100,411,505 ~137.580, 764
L 640,733,891
(8.56)

It is as well to look over these results before proceeding, Ve note from
(8.56)‘ that x, and X4 are positively correlated betwesen classes, as are x, and
Xh; but that either member of the first pair is negatively correlated with any
member of the second pair,

We may, first of all, consider whether there are any significant differences
betwe n series on an oyer-all test. The appropriate criterion is the ratio of
the determinants of (8,5L) and (8,55), namely

L = 2L26,898
295k L7l

= 0,8214

«393 log L = 77‘.3 and the number of degrees of freedom is 3 x 4 = 12, This
value is highly significant and the differences between serieswe may therefore
take as real,

We might now ask whether x3 and xu contribute to this difference inde-

pendently of the concomitant variation due to % and x This involves

2 [ ]
extracting the regressions of x3 and xu on xy and X, from the former and
testing the residual matrices,

If y and x are vectors related by

y= ax + ¢
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The regression a is estimted by -
E(yx*) E(xX'{}"l

and the variation due to regression is

39k B(yxr) @ (xx')} =1 {E(yX'))Z'

In our present case, from (8,5h)

9661,997,0L0 15,573, 301
E(xx') = —3%5
Lb5.573,300 - 9073,115,207

the inverse of which is

3 x 207 =/ 1,037,332 =0,050,9L2
=0,050,942 1,10k4,659

The variation due to regression (factors in 394 cancelling) is then

1074 (fi13o.623,9oo 1239,221,990 1,037,332  =0,050,942
21L48.58L,210 2235.812,722 -0,050,9L2  1,10L,659
(3130.623,900 21h8.58h,210/)
* 1239,221,990 2255,812,722

= 287,967,620 53kL+238,796
534,238,796 991,621,0k1
Subtracting this from the matrix of % and %) vig

3936.320,351 1271,054,662

1271,054,662 87L1,508,829
we get the residual

36504353,731 736,815,866

736,815,866 7749 .887,768

with 39L=2 = 392 d,f,

(8457)

(8.58)
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Sirdlarly, operating on (84t5) for the total dispersions we find the
residual
38094335,190 611,798,381
611,698,381 8393,755,848 (8.59)
with 397-2 = 395 d.f,
The ratio of the determinants of (8,58) to (8,59) is

L = Q270,169  § 74
0,316,003

=392 log L = 51,39 and the apéropriate namber of degrees of freedom is 3 x 2 = 6,
The value is highly significant and we conclude that xg and xh are "relevant"
variates, in that the differences between series cannot be assigned to %y and
X, alone, Another way of looking at this will énarge when we consider
discriminant functions,
| One of the topics discussed by Miss Barnard was the use of these measurements
in discriminating tetween the four periods and the possibility of the variates
having a linear regression on time (that is to say a linesar trend which might,
perhaps, be different for the four variates), The intervals between the four
series were taken in the proportion 2,1,2 and we may conveniently take the values
of t as =5, «1, +1, +5, On this basis the sum of products of X1s Xps X35 X)
with time t = T are '
718.762,86 ~1407,260, 75, -410,101,9L, =733.427,58 and

Eg(t-?)z = L307, 663,32, (% is not zero because the mumbers in classes are un-
equal, and its value is =0,432,161)

We are now examining, not the regression Qf some variates on others, but
the regression of all on the extraneous variable time, The sums of squares

and products due to regression (1 d.f,) are






