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Adapting an analysis due to Morita and Hiroike and Green which led to the hypernetted-chain
(HNC) integral equation, we obtain an expression for the difference in free energy between a perturbed
mixture with potentials ¢, = ¢% + ¢%} and a reference mixture with potentials ¢, a result which
is rendered computable by an HNC-type approximation. No further approximations are required to
compute the corrected pair distribution functions of the perturbed mixture, but a proposed second
approximation yields a particularly simple solution. This work generalizes earlier results on

single-component fluids.

I. INTRODUCTION

This work generalizes, for the case of classical
fluid mixtures, previous results obtained for
single-component fluids, L2 As in these earlier
papers, we shall assume that the properties of a
reference, or unperturbed, system, defined by
the short-range, repulsive potentials ¢ % () be-
tween molecular species « and 8, are known,
Given this knowledge about the reference system,
the general question posed by perturbation theory
is how such information can be used to calculate
the properties of the perturbed system with poten-
tials

(D

The answer given here is in two parts. In Sec. II,
we obtain an expression for the difference in free
energy between the perturbed and reference sys-
tems, The derivation, which generalizes analyses
by Morita and Hiroike® and Green?! which led to

the hypernetted-chain®-® (HNC) integral equation,
produces an expression which is similarly rend-
ered computable after an approximation of the
HNC type. The free energy correction depends
on, and by a minimal principle implies equations
for, the corrected pair distributionfunctions g,s(r).
These equations are discussed in Sec. III, where
it is pointed out that they can be solved iteratively
with no further approximations, but that a partic-
ularly simple second approximation can, if de-
sired, yield a solution immediately.

Pus@) = 0 Q) + oL ).

These results differ from other perturbational
or variational expressions for the corrected ther-
modynamic properties of mixtures® in that they do
not involve a truncated series expansion. Instead,
an infinite number of selected terms is in effect
summed, On the other hand, the computational ef-
fort required to produce final numbers, while con-
ceptually uncomplicated, is greater than for the
conformal theories such as the van der Waals
model™?® and the random approximation, ® though
of course much depends on the choice of reference
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system and possible further simplifying approxi-
mations.

The Percus-Yevick® (PY) and HNC integral equa-
tions, generalized for mixtures, offer another al-
ternative to the determination of mixture proper-
ties, 1% again at the cost of increased computation.
Both these equations are of course approximate,
but it is known that of the two the PY equation is
superior, and reasonably accurate, for potentials
possessing a sharp, repulsive core, !! while the
opposite is apparently the case for potentials lack-
ing such a core.'? This suggests that, with the
separation effected in Eq. (1), the PY equation
could be advantageously used to study the reference
system, and the corrections incorporated through
the HNC-type equations discussed here; in effect,
tailoring the problem to suit the available approxi-
mate techniques.

II. CORRECTION FOR THE HELMHOLTZ FREE ENERGY

To allow greater explicitness in the results, we
shall consider here a binary mixture containing
N; molecules of type 1 and N, molecules of type
2. The formal extension to arbitrary number of
components is straightforward.

Using canonical ensemble formalism, we take
the N =N, +N, molecules to be in thermal equilib-
rium, in a volume V, at the temperature T
=(kpp)™t. For a given configuration, the potential
energy of the mixture is written

U £)= U@ + eV (e, (2)

where
U(M)(r}v) = Z (0;'1")‘(1’“) + Z (ﬂi’zn) (T” )’
15{<1§N1 1$i§N
N1#1$58N
(m)
v L ey, 3)
NyelSII SN
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for m=0, 1. In Eq. (2), we have used the poten-
tial separation of (1) and in addition have introduced
a “charging” parameter £ whose value will even-
tually be unity, The reference system corresponds
to £ =0 and quantities pertaining to it will be labeled
with a superscript 0.

We are interested in the configurational Helm-
holtz free energy

AC(E) = - kg TInQ(2), (4)
Q(e)= V¥ [ &¥rexp[ - BU(r"; £)], (5)

and shall employ in its determination a generaliza-
tion of the work of Morita and Hiroike® and Green.*
Introduction of the charging parameter ¢ allows us
now to formally write for the difference in free en-
ergy between arbitrarily “charged” and reference
systems

14
AlF)-A9= L de dAC(E)/d¢

1
:%NpkBTJ; d},: J-dr E XoaXs8as
a,B

X (15 £)Bp o ), (6)
where p is the overall number density N/V and
Xa=Na/N=ﬂa/p, (7

ga5(7’§ £)= [Na(NB— 5«5)/PaDBQ(§)] f B2y
xexp[ - BU(r"; £)]. (8)

The integral in (8) is over the positions of all but
two particles, of types « and B, separated by the
distance 7; the indices « and 8, as mentioned
above, take on just the values 1 and 2 in the present
application.

To analyze the integrand of (6) we shall use re-
sults from the graphical analysis of the pair distri-
bution function of single-component systems. -5,13
The extension to mixtures is evident, Thus,

Sasl7; £) shall be the sum of all series-type graphs
which begin on a molecule of type « and end on a
molecule of type 8. That is, the two root points

of each diagram are occupied by molecules of type
aand 8. Similarly, B,(r; ¢) is the sum of bridge-
type diagrams with these same root points. It
should be noted that intervening field points in these
diagrams can belong to molecules of any type. In
terms of the series and bridge sets, it is known
that one may write g,z as

gaslrs £) = exp[ — By, s(r; £) + 8,5(r; £) + Boylr; £)],
(9)

where ¢,,(r; £) is just Eq. (1) with the insertion
of the charging parameter,

Paslr; £)= 00 + £ L ). (10)

With £ set to zero, we get the reference system
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version of Eq. (9),
[- B¢;°;(r)+8£(7')+B£,)(1’)], (11)

which, divided into (9), gives a formal expression
for the perturbed g,,,

gun(r) =exp

Lo £)= 2.5 (r) expl — £Bpgla (1) + S, 4lr; £)
+AB,4(r; £)]. (12)
In this equation,
ASoa(rs €)= Soglrs £) ~ S5 () (13a)
and
ABy (73 £)= By glr; £) — BS () (13p)

are the differences in the series and bridge sets

resulting from turning on the perturbing potentials
)
aB-.

The integrand of (6) can now be re-expressed by
differentiating (12). This gives

Zasl7; £)Bes ()= = Bglr; £)/0E
+Zaslr; ER[AS,4(r; £)
+ABlr; £)]/0¢
=-(8/88){gaslr; &)
- Zasr; E)EBRS ()
— Zasr; VI goslrs £)/g. % )]}
= A8, 4lr; £)8g,4lr; £) /3¢
— AByglr; )3 g,8lr; £)/2L. (14)

The series set S, is now eliminated in favor of
the direct correlation function C,,, defined by

Cosr; £)=Goglr; £) = Sy plr; £), (15)

or, after subtracting the equivalent reference sys-
tem equation,

AC,4r; £)= AG 475 £) ~ 8S,4(r; £), (16)
where
Gaglr; £) =g oplr; £) - 1 (17)

and AG,, AC,;are defined as in Eq. (13), With
the use of (16), Eq. (14} is rewritten to read

Zaslrs E)B@ .5 (1)
== (0/0E){3 AG4(r; £V + g4 4005 £)
~ Zasl?; g)ﬁﬁ‘ﬂgﬂ)(”) —gaslr; &)
[ gas; £)/g0()]} + AC, .73 £)24G, ,

X(r; £)/85 — AByglr; £)0AG,4(r; £)/0 ¢, (18)
which, inserted into (6), gives

glag) - AN

=3p f dr ZB XXl Zaalr; D)EBR L ()
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+8as®3 )10 g0 g(r; £)/g,8 ()] = AG,4(r; £)

— 3 AGyl7; £)z}+%pf0 dgjdr 2. %axgAC,4
o,B

3
X(T;E)BAGaa(f;ﬁ)/aﬁ—%pL dgfdr

X 2. %oxg AB,4lr; £)BAG, 4lr; £)/0E.
o,B

(19)

Further evaluation of the penultimate term in
(19) can be carried out by introducing the generalized
Ornstein—Zernike equation which reads, in Fourier
transform notation,

Gaolks £)= Caoll; )+ 2. pyCay(ls OGrallis ). (20)
This set of simultaneous equations can be solved
for C g 0r G,,. In the former case, after some
algebra, one gets for a binary mixture (we sup-
press the function arguments for brevity)

C11= DF[(1+ p2Gia)Gyy — p2Ga,
Ci2=Ca1=DGyss (21)
Caz= D1+ 01611 Goa~ 01652],
where
Dg=(1+p1Gy)(1+p2Gaa) = 01026 (22)
The inverse solution is
11 = DZ[(1 = psCas)Cyy + psClals
Gyp= Goy = DPCra (23)
Gaz=DF{ (1= p1C11)Coz+p1Clal,
where
De=(1- 91611)(1 - Pzézz) - D1Dzéfz- (24)
It is easy to show that
Dy =D3, (25)
and furthermore that
Z xx ACqqk; £)0 G, ulk; £)/0%
a,
=p‘2(3/3£)%§:a[ = paCay (B)]
XpBA(-;aﬂ(k;E)—lnDG(k;ﬁ)}. (26)

We can now write
fe d& fdr 2. xoxg AC,5(r; £)0 G, ,l7; £)/0E
0 a,B8
¢ -
=@n) | dt [ i T xxg 5C, 85 800G, s £) /0
0 a,B8
:[pz(z‘fT)a]-lf dl{{z [Gas"pa (0)(k)]
a,B
2mn

x 05 G o5lk; £) = In[ Dy (k; £)/DO (k) ]}

and so we have finally for the free energy difference
betweenperturbed (£ = 1) and reference (£ = 0) mixtures

LADO

BAA/N=BA-A)/N
“tofar T xondgaie )

+8as®) I g4 5(r) /g 2 ()] - AG4(r)

_gAcaﬁ(r)z}+[2p(2w)3]-1fdk{Z (645

a,B

— puC (k)] 0 G a() - In(Dgk)/D ‘°’<k>]}
~4p fo " at far L xaxgd Bl 8

XOAG,4lr; £)/8E, (28)

No further progress can be made with the last term
in (28), since no simple functional is known relating
the bridge set to the pair correlation function,

Equation (28) is the generalization of the free
energy expression of Morita and Hiroike® and
Green, * for the case of a binary mixture and arbi-
trary reference system. If we chose the ideal gas
as the reference system, (28) would read

BA°/N
Z%Pfdr E X Xp [ 80 )BPGs(7) + g4s) Ing y(7)
Gl 1o Pl 2ol [ ax
X[% Da@aa(k)— lnDG(k)]—épJU dt fdr

X 25 %oXg Baalr; £0Gyg(r; £)/0,

@, B

(29)

containing now only the mixtures generalization,
so that if, say, x, is set to zero in (29), we recov-
er finally the original expression, **

The HNC approximation applied to Eq. (29)
would consist in neglecting the unknown bridge sets
B,g. For single-component fluids, this has been
found to generate accurate results when the poten-
tial function involved lacks a sharp, repulswe
core.'? Since the perturbing potentials <p ) should
be, by construction, of this type, we adopt the
HNC approximation for the differences AB,; in Eq.
(28). Here, it is not the bridge sets which are
being neglected, but rather the changes in them
caused by the perturbing potentials waﬂ . Evident-
ly, this is a less drastic approximation.

We have then the computable approximate result
that the free energy correction is

paa/N=}p [ dr T xurslgustr)b9ds () - goso) n
x [gus("’ /ga )(7)] - AG&B(T) -3 AGaﬂ(T)Z}

+[2p(@aP T j dk{z (605 = 0o C2 (k)] 05

X AG, 4(k) - In[D¢(k)/D” (k )]}. (30)
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The free energy being the central quantity for
the canonical ensemble, Eq. (28) implies all other
properties of the corrected system. Thus, the
equilibrium condition is that A be mmxmum by
varying the g,,(r) while holding g.3 (r) fixed, we find

5(BAA/N)

- %p f dr E xaxB{AGas(’r)— pra )(7)
- ]-n[gaﬂ <T }60 B(y
+[2p@n)T? J‘dK{Z (606 = PaCa (k) 10s0G alk)
@, 8

— [1+paBap()] p16G1y (k) + 2p1paG1a()5G s (k)

-1 +01G11(k)]925622(k)}— zp j dr 2

X X %5 BBy gr)6Gosr)=-3p f dr 27 Xu%g
a,8

X{AG,(#) = ACL4r) + AB,4(r) ~ By slr)

- 1 gas@) /28 )]} 6Goslr). (31)
This variation vanishes if
Zas) =23 (r) exp[ — Bk (r) + AS,5r) + AB ()],

(32)
which is just our starting point, Eq. (12), with
£=1, [The variation of the last term in (28) is
considered explicitly in the Appendix. |

Since (28) is extremal with respect to variations
1n g( ), its dependence on temperature is through
29(x) and the explicitly appearing 8. We find thus
for the energy difference

(E~ Eo)/N=8(BAA/N)/38
=3p jdr ZB xax,,gaa(’r)w;lﬂ)(r)

w5 [dr T xuxa 80,400 - 21ngS6r) /o

+9G,% () /aﬁ 8CY(r) /28
+3BY(r)/38] , (33)

where we have again used the results of the Appen-
dix, But, from Eq. (11), the bracketed term in
the second integrand of (33) is just ¢ %(#). The
final result is therefore

(E- Eg)/N= %pfdr Z XaXs [ Zas@ oL ()

+ AGuB(r)qo‘, {r)]=%p J dr E XoXp

X[gas@)@aslr) ~ g(m(’r)w(m(fr)] (34)

as expected, Similarly, the difference in pres-
sures is given by

p—bo=—8AA/RYV
=-%p? fdr Zﬂ (gapdeal (r)/dr
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+ AGys(r)de S (r)/dr]. (35)

In obtaining (35), it is convenient to first rewrite
(28) using the dimensionless variables V-3 and
RV,

These familiar results following from Eq. (28)
merely confirm the internal consistency of the
formalism, However, when the approximation (30)
is employed, this consistency is lost. We note
first that by the minimal rule, (30) implies the ap-
proximate relation

Zaalr) = g3 expl - By (r) + 85, 0)], (36)

where, as expected, ABaB(r) has been neglected.
But now, continuing as above, it can be shown (see
Appendix) that the derivative with respect to 8 of
(30) will not agree with (34) supplemented with (36).
Similarly the first equality in (35), using (30),

will disagree with the second equality, using (36).

In practice, this breakdown in consistency, com-
mon to approximate theories, will not often appear
explicitly, since the thermodynamic derivatives
will be less convenient to use in numerical calcu-
lations and, one may expect, less accurate as
well, compared with the integrals containing the
pair correlation functions.

It remains to discuss how the corrected g,4(»)
are to be obtained. This is the content of the next
section,

11I. CORRECTION FOR THE PAIR DISTRIBUTION
FUNCTION

Using Eq. (16), we first rewrite (36) in the form

BChs(r)~ = BO) + AGy(r) - In[ g0 s 1) /g S ()] (37)

With this implementation of the HNC-type approxi-
mation, (37) defines the direct correlation func-
tion difference AC,, in terms of AG,, and known
quantities. A second set of relations between the
Fourier transform of these difference functions
can be obtained from Egs. (23) and their reference
system counterparts. This is

AGy (k)= WEYY pi'[1 + paGad (B)][1 - W(k)]
- DO (R)AC,, (),

AGpk) = WE)IY G ()1 - W)
+ D (R)AC, (B},

AGa(k) = W)Y p3l[1 + 0,6 (B)][1 - W(k)]
~ D (R)AC,(R),

(38)

where

W(k)El— Z [6a3+pa (0)(k)]pBAcuB(k)
a,B8

+ plpzDéO)(k)[Aéll(k)Aézz(k) - Aélz(k)z]; (39)
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and D" (k) is defined as in (22). Equations (37) and
(38) constitute a set of coupled nonlinear equations
for the unknowns AG,z. They are, in effect, a
generalization of the coupled HNC integral equa-
tions for binary mixtures and can be solved in an
analogous fashion, i.e., by iteration until self-
consistency is achieved. As in the one-component
case, ? it will be more practical to solve these
equations for the corrected g,,(v) in the form

Hoyr)=1n[g,sr)/g% )1+ Bogs ) . (40)

Equations (37) and (38) can be appropriately re-
written for this purpose.? Though the equations
are lengthy in appearance, they offer no unusual
problems for numerical solution,

Even so, a simpler solution may be desirable,
even if at the cost of an additional approximation.
Evidently, the equations are solved if the AC,; are
known. For these corrections, we may take the
lowest-order contribution

AC,5(r) ~ = Bk (r), (41)
so that Eq. (37) immediately gives
20s) =g 5 (r) exp[AG 5 (1)), (42)

while AG,; in the exponent is determined from (38)
using the approximation (41). This result, pre-
viously unpublished, * is the generalization for
mixtures of the perturbation correction proposed
in Ref, 1.

APPENDIX

The variational properties of the last term of
Eq. (28) are of particular interest, since the ab-
sence of this term from the approximation (30)
leads to thermodynamic inconsistencies. Put

BAA'/N= - zpf de Jdr Z XoXs ABys

1
X (¥; E)BAG 5(r; £) /88 = - EPJ; d¢ J_dr
X2 %oXgBys(r; £)0g,alr; £)/0¢

a,B

+ip j ar T xoxs B BO)aG,lr). (A1)

We assume B, ,(r; £) and B.Y(r) to be functionals
of g.s(; £) and g'% (r), respectively, and allow the
pair distribution functions to vary. The effect on
aA' is

1
5(BaA’/N)==1p L dt S dr ZB KoXg [6Boglr; £)0g,50r; £)/0¢

Bas(’", 008g44(r; £)/8] +zpfdr Z % o4 (0B,

)AG 45(r) + BO(r)0gs(r) = B (r)6g Q)]

=—%p J’dr Z XoXg [ABys(r)0g,5(r) = AG,s(r)6BY (7)]

aBaB(r; ﬁ)

_%pj dgjdr D xaxB[GBaa(r;i) 8gup(r; &) _
0 «,8

8gas(r; £)

after an integration by parts. The integrand of the
last term in (A2) vanishes, and we get

o(gad’/M=~4p [ dr L o ABualr)og s

- AGaB('r)GB(O)( )], (A3)
from which it follows that
13
9%"“—(7/)&) o _ 3 o A ), (A1)
aB
6(BaA'/N)

(0)
L 5B8,% (r)
z A . (A5)
Togln) PR ACu) g By
With this result, the contribution of AA’ to the
derived thermodynamic quantities is easily deter-
mined, For the internal energy, for example, we
get

a(ﬁAA /N) B(BAA'/N) 8g,,lr)
TR = [ar T SUPELE e

o380 a0, (a2

S(BAA'/N) bgp ()

far T o gl 8P
@)

9
=—%pfdr 20 Xy%g AB4(7) SV
a,B BB

) 88,5 (r)

9B ’

(A8)

which was used in Eq. (33). It is to be noted that
only one of the terms in (A6) contains AB,; ex-~
plicitly, When AA’ is neglected, however, both
terms of (A6) are dropped from Eq. (33). This re-
sults not only in the approximate g,4(r) in (34), a
consequence of the missing first term of (A6), but
leads also to the appearance of an additional term
in {33), the negative of the second (A6) term. That
is to say, Eq. (34) with the approximate g4,(7) is
not the same as the 8 derivative of Eq. (30).

+‘é‘pfdr 2 XoX3 AGoalr
«,B8
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