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MILLER, GRADY. Some Results on Symmetric Stable Distributions and

Processes. (Under the direction of STAMATIS CAMBANIS.)

This work investigates properties of symmetric stable distribu-
tions and stochastic processes. A necessary and sufficient condition
is presented for a regression involving symmetric stable random
variables to be linear. We introduce the notion of n-fold dependence
for symmetric stable random variables and under this condition char-
acterize all monomials in such randam variables for which moments exist.
A function space approach to symmetric stable stochastic processes is
developed and applied to the problem of system identification. Neces-
sary and sufficient conditions are given for the existence of measurable
modifications of such processes and for the almost sure integrability

and absolute continuity of sample paths.
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INTRODUCTION AND SUMMARY

It is well known that the stable laws arise naturally as the limiting
distributions of normed sums of independent identically distributed
random variables (or vectors), and this result has been extended to
Banach space valued random variables ([Kumar and Mandrekar 1972]) as
well as to random variables with values in certain topological vector
spaces ([Rajput 1975]). The limiting distributions that have infinite
variance can be typed by a parameter a, 0 < a < 2, and only absolute
moments of order strictly less than a are finite, whereas in the finite
variance case (a = 2) the limiting distribution is always normal and
all moments exist. Even though stable laws on the real line are abso-
lutely continuous, closed form expressions for their density functions
are known in only a few cases. In contrast, the characteristic functions
of stable measures on finite or infinite-dimensional spaces are quite
simple ([Kuelbs 1973]) and therefore constitute a primary tool in our
research.

Many easily formulated problems involving stable distributions on
Fuclidean n-space remain unsolved, and the study of multivariate stable
distributions is continually being renewed (as in [Hosoya 1976}). Since
the normal distributions have been extensively investigated, our efforts
are directed mainly toward stable distributions that have 0 < o < 2 and
(for simplicity) that are symmetric. If the symmetric stable random

variables are defined on a probability space (Q,F,P), then they belong



to the complete metric space Lp(Q,F,P) where 0 < p < a < 2 in the infinite
variance case and to the Hilbert space LZ(Q,F,P) in the normal case. Our
basic approach is to extend results known for normal distributions to
symmetric stable distributions, and many of the difficulties which arise
are due to the more complicated structure of Lp spaces and (for p = 1) the
lack of a simple representation for the dual elements such as exists for
an inner product space. Consequently our development often originates
with p-th order random variables and then is narrowed to include only
symmetric stable random variables. One of the most notable advantages

of specializing to the stable case is that here the notion of independence
provides a satisfactory and useful analogy to the concept of orthogonality

for random variables with finite second moments.

Summary

The first chapter begins with basic definitions and characterizations
on infinite-dimensional spaces, but deals mostly with problems in an n-
dimensional Euclidean space setting. The principal results give necessary
and sufficient conditions for independence of random vectors, linear re-
gression, and finite absolute moments of monomials.

In the second chapter we study the structure of the linear space of
a symmetric stable process (a > 1) and use this structure to represent
elements in the linear space (under certain conditions) as stochastic
integrals of elements of a function space Aa (or Aa). Conditions for
independence, best linear approximations, and expressions for dual elements
are obtained in terms of these representations. These results are
applied to the problem of linear system identification when the input is

a symnetric stable process.




The final chapter contains necessary and sufficient conditions
for the measurability of p-th order or symmetric stable processes and
for the integrability or absolute continuity of sample paths of symmetric

stable processes, as well as sufficient conditions for absolute continuity

of sample paths of p-th order processes.



I. INDEPENDENCE, REGRESSION, AND MOMENTS

Multivariate stable distributions and their characteristic functions
have been known and studied for many years, but the subject continues
to attract the attention of researchers (e.g., [Press 1972, Paulauskas
1976]). Still unanswered are some quite natural questions surrounding
such topics as the properties of conditional distributions or the effects
of nonlinear transformations on stable distributions. In the first two
sections of this chapter we discuss definitions and results that will
be of use to us later, and in the latter two we present some develop-
ments on regression analysis and moments for jointly symmetric stable

random variables.

1. Fundamental definitions and characterizations.

In this section we define a stable measure on a Banach space and
state some characterizations of the characteristic function (c.f.) of
a symmetric stable measure on a Hilbert space. This material is well-
known for stable measures on n-dimensional Euclidean space Rn, but has
only recently been extended to infinite-dimensional spaces. Even though
we shall rarely consider stable measures on spaces other than Rn, the
additional geherality provided here will occasionally be needed.

Let E be a real separable Banach space and for every acR define
the continuous map Ta: E > E by Ta(x) = ax. A probability measure u
on the Borel subsets of E is said to be stable if for any a > 0 and

b > 0 there exists ¢ > 0 and x ¢ E such that



6Th e 6Th = ath e s,

where Sy is the Borel probability measure satisfying 6*({x}) =1 and
@ denotes the convolution operation.

Let E* be the dual space of E and C be the space of complex numbers.
The c.f. of a Borel probability measure p on E is a map n: E* - C de-
fined by

i) = [ ™) wax)
E

for all weE*. It has been shown ([It6é and Nisio 1968]) that a Borel
probability measure on a real separable Banach space is uniquely deter-
mined by its c.f. The following characterization of a stable measure

is given by [Kumar and Mandrekar 1972] and |Rajput 1975].

1.1.1 A Borel probability measure u on a real separable Banach space
E <s stable if and only if for every integer n = 1 there exists xneE
such that

iw(x )
GBIt = i P

for every weE*, where a is uniquely determined by u and satisfies

0 <a < 2.

It is customary to say that the measure u is a-stable whenever the
condition in 1.1.1 holds. A measure u on E is said to be symmetric if
u(B) = u(-B) for every Borel set B. For a symmetric o-stable (SaS)
measure u we have x, = 0 in 1.1.1 for all n. It is straightforward
to check that u is a SaS measure on E if and only if uw_1 is a SaS

measure on R for every weE*.




Let us restrict attention to SaS measures on a real separable Hilbert
space H with inner product <-,-> and unit sphere S = {XGHI(X,X) = 1}.

Then the SaS c.f. is characterized in [Kuelbs 1973, Corollary 2.1].

1.1.2 A map ¢: H~> R ig the c.f. of an SaS measure on H if and only

if it can be written in the form
000 = epl- | | (x,y)1°r (@)}
for every yeH, where T is a finite symmetric Borel measure on S.

IfH=R"and 0 < a < 2, then the symmetric measure T on S is uniquely
determined by the SaS measure ([Kanter 1973, Lemma 1]), and we shall call
I the spectral measure of the SaS distribution (or c.f.) as is done in
[Paulauskas 1976, p. 357)}. If a = 2, then ¢ is the c.f. of a Gaussian
measure (or distribution). Whenever the distribution of a random vector
(gl,...,gn) is an SaS measure on Rn, we shall refer to 51""’£n as
jointly SaS random variables.

We now present another characterization (also due to Kuelbs) of the
SaS c.f. on H after introducing some additional terminology. Let t be
the topology induced on H by the seminorms of the form <Ty,y>1/2, where
T is a symmetric, positive, trace class operator on H. An even, real-
valued function f on H satisfying f(0) = 0 is said to be of negative type
if n

i,§=1f(yi—yj)cicj <0
for all n, all yl,...,yneH, and all real numbers CyseeesCp such that

2?=1Cj = 0. If f* is of negative type and if £(Ay) = |A|£f(y) for all



real ) and yeH, then f is called a homogeneous negative-definite function

of order o.

1.1.3 [Kuelbs 1973, Theorem 3.1} A map ¢: H~> R <s the e.f. of a SaS

measure on H if and only if it has the form

6(y) = exp{-£*(¥)} ,

where f is a homogeneous negative-definite function of order o which is

t-continuous on H.

A stochastic process £ = {gt,teT} is called SoS if its finite-
dimensional distributions are SaS. When o = 2, £ is a zero mean Gaussian
process and its statistical properties can be expressed in terms of a
single function, the covariance function. However, when 0 < a < 2, there
is in general no simple parametric description of the finite-dimensional
distributions of the process.

A special class of SaS stochastic processes which are closely related
to Gaussian processes and which have an equally simple parametric descrip-

tion are the so-called sub-Gaussian processes. Nevertheless the sub-

Gaussian processes have quite different properties from the o = 2 case,
some of which are mentioned in [Bretagnolle, et aZ. 1966, p. 251].

To introduce the sub-Gaussian process we begin with a zero mean
Gaussian process {Et, teT} with finite-dimensional c.f.'s of the form
given in result 1.1.3: for every n and every (tl,...,tn)eTn,

2
(rl,...,rn) = exp{-ft ,tn(rl""’rn)}’

Ye, L..E,

. , 120"

where ft t is a homogeneous negative-definite function of order 2.
120ty




It is well known that if a function ¢ is of negative type, then wp
is of negative type for all p such that 0 < p < 1. (See[Parthasarathy
and Schmidt 1972] for a general discussion.) Thus it follows from

1.1.3 that

exp{-fz ,...,tn(rl""’rn)}

1
is an SaS c.f. on R* for any a such that 0 < o < 2. The family of all
such SaS c.f.'s, forn = 1,2,... and (tl,...,tn)eTn, clearly specifies a
consistent family of finite-dimensional distributions and hence a stoch-
astic process. We shall use the temm a-sub-Gaussian to refer to finite-
dimensional distributions having c.f.'s of this form as well as to such
SaS stochastic processes.

Note that the distribution of an oa-sub-Gaussian vector is determined
by o and a positive-definite matrix : and that the distribution of an
a-sub-Gaussian process is determined by o and a positive-definite function
R(s,t). Hence sub-Gaussian distributions have a particularly simple para-
metric description, unlike the general SoS distribution. However, it is
not known how the spectral measure of a sub-Gaussian vector is expressed
in terms of o and I.

While stable measures on a separable Banach space suffice for our
purposes, we may mention that [Dudley and Kanter 1974] and [DeAcosta
1975] treat stable measures on more general "measurable vector spaces,"
and [Rajput 1975] defines certain stable measures on topological vector

spaces.



2. Independence .

The question of how to characterize the independence of jointly SaS
random variables is a natural one and has been answered in [Schilder
1970, Theorem 5.1} and in [Paulauskas 1976, Proposition 4). Although
these results by Schilder and Paulauskas are stated correctly, the proofs
as they appear are not convincing and a more detailed treatment seems
justified. The implications of independence are important for us in
the following chapter when we consider SaS processes having independent
increments; so in this section we prove a characterization of independence
for jointly SaS random variables or vectors in terms of the support of

their spectral measure.

1.2.1 THEOREM. Let El""’gn be jointly SaS random variables with

0 < a < 2 and spectral measure T. For fixed k and m satisfying
l1<k<mc<n, 2% and &, are independent 1f and only if F({(xl,...,xn)eS:

X Xn # 0}) = 0.

This result is essentially due to Schilder, but its proof here is
based on Lemma 1.2.2 which we state and prove first. The technique used

in the lemma was motivated by the proof of Lemma 1 in [Kanter 1973].

Define the o-finite measure p on (0,~) by p(ds) = —%%a , define
s
8: (0,°) x RY » R by 6(s,x) = sx, and define T: R" > R by T(xl,...,xn)

= (yl,...,yn) where Yk = X0 Y = X2 and y; = 0 if i # k and 1 # m.

Let v = I'T 1

and G = (va)e-l. Choose four real numbers hy, h, hy,
hﬁ such that

f(v) = % (2-cos thj - cos thj) >0
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whenever Vi # 0 or v # 0.
1.2.2 LEMMA. The function y: R™ + R defined by
- o
p(r) = é |1y rmxm| r(dx)
uniquely determines the measure f£(v)G(dv) on R" .
Proof: Notice that

v(@ = [ oIy = [ sy
S R?

for all r<R™ and that for all zeR

|z|® fw(l-cos s)p(ds) = [ (1-cos zs)p(ds) .
0 0
Thus - -
w(r) [ (1-cos s)p(ds) = [ [ |<r,x>|°‘(1-cos s)p (ds)v (dx)
0 Rn 0
= (1-cos{r,sx)) (pxv) (dsxdx) = [ _(1-cos(r,v))G(dv)
o s [a1-cox(r)
for every TeR". Let & = (-+.0...,hp,...0...) and 6 = (...0... By,

0...), where the coordinates hk and hm are in the k-th and m-th posi-

tions, respectively. Then for every reR™ the function ¢ determines

%—j=£,m én[(l-cos<r+6j,v>) + (1-cos<r-6j,v>) - 2(1-cos<r,v>)]G(dV)
= [, cos{T,V) Y (1-cos thj)G(dvq

[
R j=k,m

i<r,v>
= fn e Y (1-cos h.v.)G(dv) ,
R j=k,m J ]

since G is a symmetric measure. Thus y determines the value of
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idr,v
fn e < %(V)G(dv) for every reR".  Since f(v)G(dv) is a finite measure
R
on R", the result follows from the uniqueness of the Fourier transform. [J

Proof of Theorem 1.2.1: If Ek and gm are independent, then their joint .

c.f. factors. Thus for every real T and L
o
élrkxk+rmxm|al‘(dx) = |1, |° élxklal‘(dx) + | élxmlal"(dx) :

Consider the measure Iy on S placing mass %—flxklar(dx) on (...0...,
1,...0...) and on (...0...,-1,...0...), where the 1 and -1 are the k-th
coordinates; placing mass %-flxmlar(dx) on (...0...,1,...0...) and on
(...0...,-1,...0...), where the 1 and -1 are the m-th coordinates; and

placing mass zero on the remainder of S. Then clearly

(*) é|rkxk+rmxm|ar(dx) = £|rkxk+rﬁ§m|aro(dx)

for all N, T. Let vy =T 71 and Gy = (vao)e'l. Define

0
B = {veR™: A # 0} and observe that

oo

[ xgMEWIG (V) = [ [ xo(sx)£(sx) (pxvy,) (dsxdx)
o B 0 (B 0

[an)
=

1}
O

8
—
;U:’

X{kame}(x)f(SX)\)O(dx)p(ds) =0 ’

since vo({XeRn: XX #0}) = FO({XeS: XX # 0}) = 0. By (*) and Lemma

1.2.2, £(v)G(dv) and f(V)GO(dv) must agree on B. Hence

0 = [ xg(WE£(V)G(av)
Rn

= X (x)£(sx)v(dx)p(ds) ,
é én {kam#O} Y PRes
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so that f X{Xk #0}(x)f(s x)v(dx) = 0 for some Sy > 0. Because
R
f(sox) > 0 on {xkxm#O}, we get that

0==U({X€Rn: xkxm#O}) = T'({xeS: xkxm%O}) .

Conversely, TI'({xeS: xkxm#O}) = 0 implies that

X, + T X 0LI’(dx) = f + + +r X | T({dx)
élkk i xk;féo xkio xk£0 x#olkk |

xm=0 xm#O xm=0 xme

113 | 1 10T (@) + Jry | x| T (d)
S S
Thus Ek and £, are independent since their joint c.f. factors. 0

1.2.3 COROLLARY. A subset {gk seeesby } of {&15-+-58 } is independent
1 i
if and only if the random variables are pairwise independent.

Proof: Necessity is clear. For the sufficiency, I' is concentrated on

the set {x =0, p#qinl1,2,...,i} and therefore we have

k Xk
P q

[Ty, X, +...+1 1%r (dx)
s Kk kg

]
—
+
+
—

1

{x, =...=x, =0} & =.°.=x. =0}
k, k K, K. |

a
T +...4T I'(dx)

T rdx)+...+ [|r, x. |%T(dx) . 0
él klxkll él kixkil

1.2.4 COROLLARY. Let {kl""’ki} and {ml,...,mB} be disjoint subsets

of {1,...,n}. Then the random vectors (gk ,...,Ek ) and (Em ,...,Em )
1 i 1 J



13

are independent if and only if any two random variables, one selected

from each vector, are independent.
Proof: Necessity is clear. For the sufficiency, observe that

flr, X, +...41, X, +r_ X +...41 x |%T(dx)
k" ky ki k. “mymg my

_ | / / [ / Ve ]%r(dx)
xi +...+xi #0 rxi +...+x2

111

and
L2 2 2 _ —
xm1+...+xm.#0 lxm1+...+xm-—0 xm1+...+xm #0 xm1+...+x =

and

[lr +...4T 19T (dx) + [lr. x_+...+1 1%r(dx) ,
5k kg k'K g mym mymy

since F{xﬁ +...+xi # 0 and xé +...+xi # 0} = 0 by Theorem 1.2.1. a

1 i 1 J

1.2.5 Example. If gl,gz, and ES are jointly SaS random variables with
0 < a < 2 and spectral measure I, then (gl,gz) and £ are independent if

and only if T is concentrated on

{x1x3=0} U {xzx3=0} = {x3=0} U {x1=0 and x2=0}
_ 2 2_ -
= {xl + xz—l} 1] {x3 1} .
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1.2.6 Example. It is easy to check from their c.f. that two non-
degenerate jointly sub-Gaussian random variables (0 < o < 2) cannot

be independent. Indeed, consider the bivariate normal c.f.

1 2 2.2
1+ 207,17, * ozrz)} ,

- 2
exp{-2 (olr 125172

where c% > 0 and 0% > 0 are the marginal variances and 917 is the co-

variance. Then

<
~
H
[
]
o
S
g
ey
H
[N}
)
~
Q
=N
'.‘
=N
+
Do
Q
ot
()
H
—
g
N
+
Q
NN
]
S Y
—
N R
— et

is the joint c.f. of two nondegenerate sub-Gaussian random variables

that are independent if and only if
o

2.2 2.2\2 o o o a
* =
*) (olr1 + Zolzrlr2 + ozrz) 01]r1| + 02|r2|

for all rsTy. The left-hand side of (*) is never zero when r, # 0;

so we hold T, # 0 and differentiate both sides with respect to r; to get

2
oir, + 0.,
1'1 1272 - Og(rl)u 1

Z-o
2

2 2.2
1 20, ,T,T, + ozrz)

2
(07T 127172

whenever r, # 0, which becomes
oo % (r )OL-1 + 6% 1, % = % |1, |* + %o
172°1Y° 2 2°12'°2 1712'"1 1

after substituting (*) and simplifying. Taking Ty = 0 and r, = 1

we see that 012 = 0; so we now have

whenever T, # 0, which implies that 0102 = 0, a contradiction. (Note:

when raising a number u to a power p we shall use the convention
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WP = |u|? signw) .)

3. Regression.

In this section we obtain a necessary and sufficient condition,
expressed in terms of their spectral measure, for a regression involving
SaS random variables to be linear (Theorem 1.3.7). This is a consequence
of a result relating the form of the linear regression function to par-
tial derivatives of the joint c.f. (Theorem 1.3.1). We also obtain
a sufficient condition for linear regression (Proposition 1.3.8) which
is simpler than the necessary and sufficient condition in Theorem 1.3.7,
but nevertheless has some interesting applications.

Let go,gl,...,gn be jointly SaS random variables with 1 < a < 2.

For an SoS distribution on R it is well-known that the moments of order

) v

p < o exist, and it is therefore meaningful to consider E(golgl,...,gn

and to study the form of f for which

E(EglEqse -8 = £(EpseesE) aus.

Kanter has obtained several results which show that f is a linear
function in certain cases. The regression E(Eolgl) is always linear
(Corollary 1.3.4),as is the regression E(golgl,...,gn) provided £;,...,&
are independent (Corollary 1.3.6) ([Kanter 1972a]). In case
E(golgl,...,gn) and Eqs-+-sE aTE jointly SaS (a condition for which
criteria are not known), then once again the regression is linear
([Kanter 1972b}).

For our investigations we shall use a general result giving a neces-

sary and sufficient condition for linear regression in terms of the joint ‘
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c.f. of the random variables (not necessarily stable).

The method of

proof comes from a related result found in [Lukacs and Laha 1964,

Theorem 6.1.1].

1.3.1 THEOREM. Let gO’El""’gn be random variables having first

moments and with joint c.f. ¢. Then

(* E(gOIgl,...,gn) = a1£1+...+angn a.s.

i1f and only if
[—é—?~_ ¢(r0’r1"",rn)].r =0
0 0

3

=, 0 ,
= alsiz ¢(0,I‘1,~--:rn)+--'+an 5T d)(O,I’l,--.,Tn)

n

for all TyseeesTpe

Proof: Observe first that the condition may be written as

i(r E.+...41 £ )
E[Eoe 1°1 n’n ]

(**) .
1(r151+...+rn£n)

= alE[gle ]+...+anE[£ne

for all T seeesTp.

Necessity. (*) implies

i(r1£1+...+r £)
E(Eolil,-~-,€n)e

and (**) follows by taking expectations.

= (a1£1+...+an£n)e

i(r1£1+...+r £)

i(r1£1+...+rn€n)

Sufficiency. Let E(Eo-alﬁl-...°an€nl51,---,€n) = f(gl""’gn) ’

where f is a Borel-measurable function on R™. Then for all TysenesTy

a.

S

.
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we have that

i(r,x,+...+1. X ) _
f f(xl,...,xn)e 11 nn dp(€13-°~’gn) 1()(
n
R
i(r&+.. .41 £ )
= E[f(E,..-o8)e T M)
i(r g +...+1 & )
= E[(go—algl—...-angn)e 171 n'n ] =0

by (**). Now

v - f E(xpse e s X JAP(E e sE ) T (Xpse e 5X)

defines a finite signed measure (f.s.m.) on R™ which is therefore unique-

ly determined by its Fourier transform. Thus

/ £(8y5...,6)dP
-1
(Epse-rE) ~(B)

= [ f(xl,...,xn)dP(gl,...,gn)"l(xl,...

B

for all Borel subsets B of Rn, and since f(El,...,gn) is a o(gl,...,gn)-

measurable random variable, we get that f(gl,...,gn) = (0 a.s.

(*) follows.

If the regression is linear, then it is clear that the coefficients

aps.-

1"

.,a, are uniquely determined by ¢ if and only if STREY

csX. )

[P] and

’En are

linearly independent elements of Ll(Q,F,P). For each choice of reR"

the condition of Theorem 1.3.1 provides a linear equation involving the

J

a.’s, but it is not clear in general what n choices of reR™ will provide

n linearly independent equations which can be solved for the aj’s.
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1.3.2 Example. If go,gl,...,gn are jointly a-sub-Gaussian random var-
iables, then the regression is linear and the coefficients are the same

as in the Gaussian case. For, let
o

- exo)-2 2 2
O(T s esTp) expl 2 [1 % OclJrlrJ] K

where I = (oij) is a covariance matrix. Then for Tysen T not all

zero,

1R

N

8¢(r0,r1,...,rn) 02 “¢(0,1q,...,T )ZJ 1OOJ j

2o

0 T,=0
0 n 7
(0, 5=10357375)
and for 1 <k <n
. a
2
ad>(0,1‘1,---,1‘n) _ -a2 ¢(0,I‘1, «»T )EJ 1J1(J
Brk 2-a

n 2
(Zi,j=10ijrirj)

Therefore the condition of Theorem 1.3.1 is written as

n

n
Z AUER kzlak L o5

or

n
log5 = L o™y = O

e~

j=1
for all TyseeesTps and thus it is satisfied by the ak’s which are the

solutions of the system of equations

X OJk K = 95 j=1,...,n.
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Hence the regression is linear and the regression coefficients satisfy

the same equations fa = o,, al = (al,..,,an), 96 = (001,...,00n), as

when 50’€1""’€n are jointly Gaussian with mean zero and covariance

matrix .

1.3.3 COROLLARY. If go,gl,...,gn are jointly SaS with spectral measure

n+l

I on the unit sphere S in R~ ~, then ¥

E(go|g1,...,gn) = a;g +...%a b a.s.

1f and only if

o-1 _
é(xo-alxl—...-anxn)(r1x1+...+rnxn) r(dx) = 0

for all TyseeesTy:

Before illustrating the use of Corollary 1.3.3, we define the

covariation CnC of n with ¢ as

Cop = [ X 0%, (@),

g
where n and ¢ are jointly SaS with spectral measure Fn r (Note the
b
lack of symmetry in n and ¢ here.) The next result provides Cn@ with

an interesting interpretation.

1.3.4 COROLLARY. [Kanter 1972a, Theorem 1.4]. If n and ¢ are jointly

SaS random variables, then

]

E(nle) = &= ¢ a.s.

gt

Proof: By Corollary 1.3.3, E(n|z) = az a.s. if and only if
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a-1 _
é (xl-axz) (rx,) I‘n’g(dx) =0

for all reR. Solving for a yields

-1
[ x0T @0 ¢

a=f a CCC
S |x2| FH,C(dX)

For jointly Gaussian random variables n and ¢ with zero mean (the
case a = 2) it is well-known that a result analogous to Corollary 1.3.4
holds with CnC replaced by the covariance of n and z.

By appropriate choice of I' it is easy to see from Corollary 1.3.3
that the regression can be nonlinear. For example, take n = 2 and

suppose that

r(3 Y2 3712 371/2y _ 16.1,0) = T00,0,1) = 1

and that T places zero mass on the remainder of S. (Note that T need
not be symmetric unless we are concerned about uniqueness.) Then
E(golgl,gz) is not a linear function of g, and £,; however, even in this

simple case we do not know the form of the regression.
1.3.5 COROLLARY. If 50,51,52 are jointly SaS and i1f

E(EglE)»E)) = 28] + ay8, a.s.,

then a, and a, satisfy

™)

+
')
0O

|

O
o
&N
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where Cij 18 the covariation of €i with Ej. Moreover, equations (*)
uniquely determine a; and a, if and only if &1 and £, are linearly

independent elements of Ll(Q).

Proof: If the regression is linear, then equations (*) follow immediately
from the condition of Corollary 1.3.3 by taking ry = 1, T, = 0 and

r, =0, T, = 1. These equations have a unique solution unless

€11%22 T ©12%21

é |x1|ar(dx)£ |x,|%T (dx) = é xl(xz)a_lr(dx)é x, () (@0

which implies that Xy = Ax, a.e. IT] for some AeR by Holder's inequality,

hence El = Agz a.s. 0

If n > 2 and the regression is linear, then the regression coeffi-
cients aj again satisfy linear equations given by the condition in
Corollary 1.3.3. Unfortunately, just as in the non-stable case (Theorem
1.3.1), we do not know in general how to choose n linearly independent
equations that can be solved for the aj’s.

The following corollary shows that the regression is always linear
and the regression coefficients are easily obtained whenever El,...,a

n

are independent.

1.3.6 COROLLARY. [Kanter 1972a, Theorem 3.4]. If Eo,gl,...,gn
are jointly SaS random variables and if 51,...,£n are independent and

nondegenerate, then

E(golgl,-'-’gn) = 31£1+...+an£n aA.8.,
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and the coefficients a, are given by

where COk 18 the covariation of EO with Ek and Ckkis the covariation

of & with itself.
The proof follows easily from Corollaries 1.2.3 and 1.3.3.

We now obtain a condition for linear regression by applying to
Corollary 1.3.3 the methods used in Lemma 1.2.2. Although the resulting
condition appears surprisingly involved, it is not clear that further
simplification is possible.

Define T: Rn+1 - Rn+1

by T(yo,yl,...,yn) = (0,y1,...,yn), define
B: (0,°) x S » Rn+1 by 6(s,x) = sx, and define the o-finite measure p
- a = - - - i
on (0,0) by p(ds) = ds/s”. Let f(x) = Xg © @9Xq7e--TR X, and define
a f.s.m. von S by v(dx) = £(x)T(dx). Let G be the measure on Rn+1

defined by G = (va)e'l, and let G be the o-field of subsets

{RxB: B is a Borel subset of R" -(0,...,0)}

of Rx[R™ -(0,...,0)].

1.3.7 THEOREM. Let 50,51,...,En be jointly SaS variables, 1 < a < 2,
with corresponding measure T on S. Then E(€0|£1,...,£n) = a1£1+...+an£n

a.s. if and only if G is the zero measure on G.

Proof: Assume that E(Eolgl,...,gn) = a1£1+...+an£n a.s. Then by

Corollary 1.3.3,
f f(x)((r,Tx))“'lr(dx) =0
S

1

for all r«R™". Note that for any zeR,



23

o0 [oe]

(z)a—lf sin s p(ds) = [ sin(zs)p(ds)
0 0 _

Thus
0= f f(x)(<r,Tx>)a-1F(dx) fwsin s p(ds)
S 0

= fm [ sin<r,T(sx)>v(dx)p(ds)
0 S

= [ sin<r,Tv>G(dv)

Rn+1

*) = [ sin<r,vGT l(dv)

Rn+1

for all reRn+1.

Let hl""’hn be any real numbers, and let 61 = (O,hl,O,...,O), .
62 = (0,0,h2,0,...,0),..., 6n = (O,...,O,hn). Then for every reRn+1
1 2 : ) : -1
0=3 Y [ [2 sin<r,v> - sin<r+8.,v> - sin<r-§.,v>]GT ~(dv)
j=1 g+l J ]
o -1
= [ sin<r,v> ) (1-cos h.v.)GT ~(dv) .
g+l j=1 ) J

' ' . n _
We can choose hy,...,h and hl""’hn such that either Zj=1(1 cos hjv5)

n . n+l,
or zj=1(l-cos hjvj) is nonzero for every Ve{(vo,vl,...,vn)eR :
v%+...+vﬁ >0} . Let g(v) = 2?=1(2-cos hjvj - COS hjvj). Then for
every reRn+1,
/ sin<r,v>g(v)GT-1(dv) =0 . .
n+l
R
Now it is easy to see that g(V)GT-l(dv) defines a f.s.m. on Rn+l which is .

antisymmetric in the sense that .
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fBg(v)Gr'l(dv) - - {3 g(v)GT L (av)

for every Borel subset B of R™1. Thus for every reRn+1,

f e1<r’V>g(V)GT-1(dv) = 0. It follows by the uniqueness of the Fourier

Rn+1

-1 . n+l -1
transform that g(v)GT ~(dv) is the zero measure on R* ~. Hence GT
is the zero measure on {(Vo,vl,...,vn)eRn+l: Vi+...+Vﬁ > 0}. Thus for

every Borel set B ¢ R - (0,...,0),
G(R<B) = GT L(RxB) = 0 .

Therefore G is the zero measure on G.

For the converse, note that sin<r,Tv> is a G-measurable function on

R><[Rn - (0,...,0)] for every reRn+1.

Thus, if G is the zero measure on G,
then

[ sin<r,Tv>G(dv) = 0

Rn+1

1

for every reR™.  The linearity of the regression now follows from equa-

tion (*) and Corollary 1.3.3. 0

The condition in Theorem 1.3.7 is too complicated for easy verifica-
tion; so we shall present in the following proposition a simpler sufficient
condition that provides nontrivial examples in which the regression is
linear. To simplify the presentation and to make geometric visualization
possible, we shall treat the case n = 2, Z.e., the regression E(Eolgl,gz).

Therefore, consider jointly SoS random variables go,gl,gz with
1 < a < 2 and spectral measure I' on the unit sphere S = {(xo,xl,xz)eRS:

2,2 2

XgtX*Xp =

hemispheres s* and S~ by the plane {x0=0}and obtain from the spectral

1}. Geometrically, we regard S as being separated into two
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measure I' two new measures I, and Fz on the plane {XO = 0} by '"collapsing"

1
these two hemispheres. Specifically, let s" = Sn{xozo, xo#l},

2

S = Sn{x0<0,x0#—1}, and U = {xeR": xf+x§sl}, and define T: S » U by

T(XO’xl’XZ) = (xl,xz). Then, for all Borel subsets B of U,

r (B) rstaT 1B

and "
r'(S nT "B)

r,(8)

define two measures on U which we notice place zero mass on the point
(0,0). Finally, we introduce two functions fl and f2 on U representing

. + - .
the function Xy - @1X] T ayx, on S and S , respectively:

- 2.2 _ N
fl(xl,xz) = 4/1 - XXy - agXy - ayX,

— N
XA N

fz(xl,xz) = - 41 - XJ-X5 - a,X, - a,X, ,

11 272

and we define a f.s.m. on U by

V(dx) = £,09T (&) + £,(T,(d) .

1.3.8 PROPOSITION. If v is the zero measure on U, then E(golgl,gz) =

3151 + azgz a. s.

Proof: The result follows from Corollary 1.3.3 and the following equality:
a-1
é (r1x1+r2x2) (xo-alx1 azxz)F(dx)

= £+(rlx1+r2x2)a—lf1(Tx)F(dx) + f_(r1x1+r2x2)a-1f2(Tx)F(dx)
S
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- & (r1x1+r2x2)“‘1f1(x)rl(dx) + 5 (r1x1+r2x2)“‘1f2(x)rz(dx)
- 5 (rlx1+r2x2)“'1v(dx) : 0

If T, and T', are absolutely continuous with respect to a measure

1 2
(eeg.s b = I‘l + 1“2) with Radon-Nikodym derivatives g; and 8> respectively,

then the condition of Proposition 1.3.6 can be expressed as

0 = v(B) = [1£00g; 00 + £,(0g,(01u(0

for all Borel subsets B of U, or equivalently,

(*) £|f1(x)g1(x) + £,()g, () |u(d) =0 .

1.3.9 Example. Given real numbers a, and ays define a Borel subset B

of U by
B = {(xl,xz) el: \ll-xi-x% - a;Xy-a.x, > 0 and

2 2
-\/l-xl—xz - apxg - oaX, > 0}

and two functions g; and g, on U by

.
1 if xeB ,
o) ‘/ 2.2 _
gy (x) = 1 X)X, - a1Xy - aX,
\ 0 otherwise ,
(
1 if xeB ,
_ 2 2
gz(x) =/ \/1 Xy"X5 + ayX) + ayX,
{ 0 otherwise ,
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and let u be any o-finite measure on U with respect to which g1 and g,
are integrable. Then (*) is satisfied, and consequently E(golgl,gz) = -

algl + azgz a.s.

There appears to be little more that can be said about the form of
the regression function using the techniques of this section, primarily
because higher moments of SoS variables do not exist (see the next
section). One quite restricted kind of problem which can be solved
simply is to obtain necessary and sufficient conditions for

E(£1£2l£3,£4) = 5354 a.s. when the appropriate moments exist.

1.3.10 PROPOSITION. Let &.,E,,E.,E, be jointly SaS random variables
1°°2>3%>4

with 1 < a < 2 and spectral measure T such that El and EZ are independent

and 53 and E4 are independent. Assume that ES# 0 and £4 # 0, and for
each i,jell,2,3,4} let cij be the covariation of Ei with Ej. Then .
E(£1£2|£3,£4) = £3£4 a.s. if and only if either €134 = €33C44 and

C14 = Cp3 = 0 or else C14C73 = C33Cyy and €137C24 = 0.

We remark that our analysis shows it impossible to have a first-

order term such as cgs in the above regression.

Proof: In a manner similar to the argument in Theorem 1.3.1, it follows

that (51£2|53’£4) =53g4 a.s. if and only if

2

9T, T - 9T, 3T
172 o 374
rl—rz-O

for all (r3,r4),where ¢ is the joint c.f. of 51,52,53,54. Obtaining




the partial derivatives, this condition becomes

a-1
(r374) " "C33C44
_ 1 o-1 2(a-1)
= (rg7,J Teq3Cyy * (rgry)" ooz U7 1323

2(a-1)
+ [yl €1424
for all (r3,r4). Taking alternately (r3,r4) = (1,0) and (rs,r4) =

(0,1) we get Cy3C3 = 0= €14%24 and our condition then becomes

3344 = ©13%24 T “14%23 -
But one of the terms on the right-hand side must be zero since C13Cy3 = 0
= C14C94> and both terms cannot be zero since & # 0 and &4 # 0 imply
c33f 0 and ¢y, # 0. 0
1.3.11. Example. To illustrate Proposition 1.3.10 consider a measure T

which concentrates its mass as follows: mass 2(“/2)"1 is placed on the

four points (0,2°2,27Y2,0), (0,27Y/2,-271/2 0y, 2 Y2 9.0,27Y%,
(2_1/2,0,0,-2_1/2); and mass Sa/2 is placed on the two points

4,1/2 1,1/2 4,1/2 1,1/2 = - - -
(('5') aorcg) ,0), (0,('5—) 30,('5') )- Then C13 - C24 - C33 - C44 =2
and Cyg = Cp3 = 0, and therefore E(£1E2|€3§4) = 5354 a.s. (Notice that

neither El and 54 nor gz and gs are independent.)

We conclude this section with a discussion of regression in the
infinite-dimensional case. The reading of these remarks might be deferred
since some of the concepts which arise here are dealt with extensively
in Chapter II.

Suppose that {n,Et,teT} is a SaS family of random variables with

1 < a < 2, and consider the regression of n on {£t,teT}. There exists
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a countable subset T of T such that

E(n|g,,teT) = E(n|E,,tcT,)

)t’

If we order the points in T_ and let Tn be the set containing the first

n points, then

E(n|Ey,teT,) = lim E(n|g,, teT)
T

by [Doob 1953, p. 319], where the convergence is in Lp(Q), 1<p<a.
If E(n]&t,teTn) e L for every n, where L, is the linear space of
{Et,teTn}, then E(n[it,teTm) will belong to the linear space of
{Et,teTw} and consequently the regression E(nlgt.teT) will be linear.

We have seen two cases where the regressions E(nlgt,teTn) are always

linear: when the process is (1) a-sub-Gaussian (Example 1.3.2) and

(2) independent (Corollary 1.3.6). Case (2) is interesting when

{ét,teT} is a SaS process with independent increments, T = [0,~), and

€y = 0. For then O'(g yeeest )= O(E ,g “E. .08 -E )’
0 tl tn tl tZ t tn t

1 n-1

0

IA

tls...stn, and therefore
E(nlgtl,...,gt ) = ajg, +ay(g, ~E d+.ta (B -6 ) aus.
n 1 2 1 n n-1
In both cases (1) and (2) we have expressions for the regression coeffic-
ients aj and can therefore write E(nl&t,téT) as the limit of a sequence
of finite linear combinations of elements in {&t,teT}. We shall further

Y

investigate case (2) in Section 3 of the following chapter.
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4. Moments.
It is known that if £ is an SoS random variable and p > 0, then
E|£[p < o if and only if 0 < p < a. We consider here the question of

determining the values of positive constants p;,...,p, such that

P

p
*) EClgg] Tenlgy ™ <

when 51""’€n are jointly SaS random variables. Clearly if they are
independent the necessary and sufficient condition is 0 < p; < a,
i=1l,...,n. Ifn=2and El and 62 are dependent, we show that (*)
is equivalent to 0 < P*p, < @ (Corollary 1.4.5). For general n the

necessary and sufficient condition on the pi’s is the same,
0 < pyt...¥p_ < 0
1 n

provided the SaS distribution in R satisfies a condition which we shall
call n-fold dependence (Theorem 1.4.4).
Jointly SaS random variables El""’gn with spectral measure T

are called n-fold dependent if

r{xeS: x X #0} >0 .

1°
This condition will often be satisfied and in fact fails to hold only
when I' is supported by a rather particular region of S having (n-1)-
dimensional Lebesgue measure zero. It is clear from Theorem 1.2.1 that
2-fold dependence is equivalent to dependence, but that for n = 3,
n-fold dependence is stronger than dependence (i.e., non-independence).
In Lemma 1.4.3 we prove an interesting characterization of n-fold

dependence.

We shall begin with a result that gives a condition for the existence
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of moments in terms of the c.f., which is assumed only to be real-valued

and not necessarily SgS. This theorem extends a special case of Theorem
2 of [Wolfe 1973] to a multivariate distribution and is proved by like-

wise extending the method of Wolfe's proof.

1.4.1 THEOREM. Let El" . "En be random variables with real-valued joint

P P
c.f. ¢ and suppose that 0 < p < 2 for k=1,...,n. Then E(Igll 1...|£n| Ty
<o ¢f and only if
€ € 1.1 n
[ oo [P - T 60.00..0,22),...0..)]
k=1
n-2 €1
+ 2 I 000,220,000, (-1) T22,,...0..0)
j<k J
cle{O,l}
* ‘ c c
n 1 n-1
-t (FD) Y ¢(Zzl,(-1) 222,...,(-1) ZZn)} .
CpseeesCo g e{0,1} .
dzldz2 cee dzn .
1+p121+p2 I+p,
24 g ey

for some e > 0.

Proof: We shall use the following elementary trigonometric identity:

Zzn_lsinzz sin’z sin’z
1 guee o

) n ) c
=2t 1[1 - ) cos sz] + 072 ) cos(2z. + (-1) 1oz )
1 ] k

k= j<k
Cle{O,l}
3 c c )
-2 T cos(2zy +(-1) Y2z, +(-1) Z2z)
i<j<k t J
cl,cze{O,l} .
Cc C
SRS ) cos(22;+(-1) t2zy+...4(-1) 2z )

cl,...,cn_le{o,l}
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Thus if p is the measure induced on R" by (gl,...,gn), then the integral

(*) can be written as

...f f sSin r.2 S1n I'ZZ eeoS1N ) 4 dU(I],...,I' )

€
221’1-1 f

dz1 dzz... dzn

1+p1 1+P2 1+pn

2p Tz, Teeez
2n-1 P1._ P2 Py imple Imple 5 .2
=2 [ e Sl ool 7 ---6 sin“y;...siny_
n
R
dy.,...dy
1 n
1+p1 1+pn du(rl,-..,rn) .

y1 *Yn

Sufficiency. 1f the condition of the theorem holds, then

P P € € 5 9
i Irll 1...|rn| ndu(rl,...,rn)f ee+f sin Yq-.-sinty
21 0 0

/

lryl21 fr

dyl...dyh

I*pl 1+pn
Y1 eeeVp

P P lryle Imple 2
s f e f rq] e | Y ceef sin“y....sin%
|ryl=1 | |1 1 no 0 1 n

dyl...dy

n
I+py I+p,
)’1 .o .)’n

du(rl,...,rn)

< », so that
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Necessity. The integral (*) is less than or equal to

o d ©o d
2n-1 P Py ) V1 ) "n
2 LR d * 00y S T L s e e R Y
Rilrll |rn| U(rl: rn)é my, 1+p1 £ sSin y, 1+pn
1 "n
. . .. . p1 pn
which is finite if [ |r| ol | Taulry,..ar) < e 0
n

R

If the condition of the theorem holds and if we let e increase to

infinity, then the integral (*) converges to

© d © d
2n-1 P P .2 N .2 n
2" CE(gy | Teed el Y sin®yy = ... [ siny <,
1 g1'1 0 1 1+p1 0 n 1+pn
yl Yh
_ Py P,
and we therefore get an expression for E(|g,| ~...|g | ™) in temms of the

c.f. ¢.
For the analysis that follows we shall transform the rectangular
coordinate system used in (*) to another coordinate system in R" that is

the familiar spherical coordinate system if n = 3. The details of this

transformation are indicated in the following lemma.

1.4.2 LEMMA. Condition (*) of Theorem 1.4.1 can be expressed as

n/2 n/2 € n

e[ [ - Y o0, 2mm (6),0.,0..0)
0 0 0 k=1 x

L2 T 4(..0...,2 “1
L ¢(...0... , rrj(e),...O,..,(-l) erk(e),...o...)
j< .

Cle{O,l}
C
o 41" ) s(2rr;(8),(-1) ‘Tarr,(e),...,

CyseeesCpiq e{0,1} c

-1) ™arr_(6))}

o dojde, ... do_ .
r1+p1+...+pn n-1 1+Z§§_1pj( e )1+p1<+1]
i _— =1"j(cos
k=1[(sm ») X:
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‘ for some € > 0, where 8 = (01,...,0_ ;) and
n-1 n-1
r.(8) = NI sin 6 r,(6) = cos §; 1 sin 8, ,
1 - K’ 2 L, k
n-1
rs(e) = Ccos 62 kEssm ek,...,rn(e) = COS en-l .

Proof: Transform the region of integration of integral (*) as follows:

= rrl(e), Zy = rrz(e),...,zn = rrn(e). The Jacobian of this trans-

21
formation is rn—lnﬁ;;sink_lek, and the lemma follows by straightforward

substitution. B

The next lemma characterizes n-fold dependence and has an interesting

interpretation for bivariate SoS distributions.

1.4.3 L[EMMA. Let T be a finite symmetric measure on the Borel subsets
‘ of the unit sphere S in R"  and suppose that 0 < o < 2. Then
r{xeS: XpeeoXy # 0} > 0 2f and only if
A é]xkrk|°‘1“(dx) -2y

j<k
Cle{o,l}

2 C1 o
kzl é|xjrj+(-1) xkrkl I (dx)

£ 227 [k (1) Txoroe(-1) 2y |%r(dx)
iG<k S 11 37 k' k
(**) Clycze{oyl}
n-1 “1
...+ (1) ) f]r1x1+(-1) T, X,
cl,...,cn_le{o,l} S

+

“n-1
+oo+(-1) T x [T (d0)
> 0

for all choices of Tys-.-»T, such that T{...T, # 0.

Proof: Similarly to what has been donée before, define the o-finite meas-
ds

. . n
;T:E’ define 6: (0,0) xS - R by

ure p on (0,») by p(ds) =
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8(s,x) = SX, and let G = (pxr)e-l. Multiplying the left-hand side

of inequality (**) by fw(l-cos s)p(ds), we obtain
0

f {Zn'l n - n-2 ] 1- +(-1 Cl )]
Y [1-cos rkvk] 2 p [ cos(rjvj (-1) “rpvy
RD k=1 j<k
Cle{O,l}
n-3 “1 )
+ 2 [1-cos(r.v.+(-1) “r.v.+(-1) “ryvy )]
i<§<k i'i Jj'j k'k
Cl,cze{O,l}
C Cn-l
+ ..+(_1)n'1 X [1 Cos(rl 1+(_1) 1r2V2+ --+('1) I‘nVn)]}G(dV)
Cl,...,Cn_le{O 1}

n-1 2
=2 [ {1-7])cosryv + ] cos TV5 COS Tyvy

R1 k=1 j<k

-} €OS T.V. COS T.V. COS IV
i<j<k i'i 33 k'k

n
+...+(-1)nkH cos rkvk}G(dV)
=1

- Zn-lfncl_cos rlvl)(l—cos rzvz)...(l'COS TnVn)G(dV)
R

= 2n—1j [ (1-cos r{s%; )...(1-cos r, sX )p(ds)r(dx)
SO0

o)

n-1 6 (1-cos rysx;)...(1-cos 1 sx )p(ds)T(dx) ,

{xeS: X .o X #0}

=2

for all choices of r,,...,r_ such that r....r_ # 0.
1 n 1 n

It is then clear that (**) implies that I'{xeS: X; .

1° %, # 0 and every r<R" such that

F X # 0} > 0.

Conversely, for every xeS such that x
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..Tr_# 0,
J(1-cos rlsxl)...(l-cos rnsxn)p(ds) >0,
0

so that T{xeS: xy...x # 0} > 0 clearly implies (**). 0

1°
It should be pointed out that the condition of Lemma 1.4.3 is
not changed if we require inequality (**) to hold for only one choice
of TiseeesTy such that Tye. T # 0, and it is also clear that the direc-
tion of inequality (**) is never reversed.
If we take n = 2 and ry =T, = 1, then Lemma 1.4.3 yields the

following: T{xeS: XX, # 0} = 0 if and only if

[ x4, |%T(@x) + [ [x) x5 |77 (dx)
S S

=2 [ |x|%r@) + 2 [ |x,|%r(dx) .

S S

1f El and £, are jointly SaS random variables with 1 < o < 2 and spectral

measure ', this latter condition may be written in terms of a norm intro-

duced in the next chapter:
[1eg*6, 1%+ [lg-g, 1 1% = 21 1gq 1% + 2]1g,] 1%

which is analogous to the parallelogram law for an inner product space.
Indeed, if o = 2 the equation is precisely the parallelogram law stated
for two zero mean bivariate normal random variables, but if 1 < o < 2
we get that the ''parallelogram law' holds for two bivariate SaS random
variables if and only if they are independent (Theorem 1.2.1).

We now apply Theorem 1.4.1 to SoS random variables.
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1.4.4 THEOREM. Let gl,...,gn be n-fold dependent jointly SaS random

variables with spectral measure T and 0 < o < 2. Then for positive
p P

rnumbers Pys-..,P, we have E(Igll 1...|£n[ M o if and only if

p1+...+pn < O

Proof: Combining Theorem 1.4.1 and Lemma 1.4.2 and using the particular
p P .
form of the c.f. ¢, we have that E(|¢, | 1...|£n| " < » if and only if

/2 n
V2 Y el [y (03 [%r ()]
0 0 O k=1 S

C
+ 2072 j;k exp[-Zaraé |75 (0)x;+(-1) Lr (0% | T(d0) ]+,
Cle{O,l}

C

+(-1)" 3 exp[-2°r%f |r, (8)x+(-1) "1, (0)x, +...

. 0,1} S
Cls ,Cn_1€{ ’

“n-1 o
+(-1) 7 (e)x |PT(ax) 1}

dr del dez ... dp
B¥py*e--*Py ng 1+7%_p
I [(sin Gk) J
k=1

n-1

T 1+pk+ 1

J (cos ek)
for some ¢ > 0. It is apparent from inspection of the development of this
integral in Theorem 1.4.1 that the only region where convergence to a
finite limit is in question is for points where r is small. At r = 0

the factor of the integrand in braces reduces to

2n-1 _ zn-l(?) + 2n-2(r21)2 . 2n-3(131)22+_“+(_1)n2n-1

i e S o I ¢ I ¢y ISR S

Ml g,
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We now differentiate this factor in braces to assess the rate of
convergence to zero as r » 0. The resulting partial derivative with

respect to r is

n
az“r“'l[-z“"lkzl é]rk(e)xklar(dx)¢(...0...,2rrk(e),...0...)

n-2 G a
+ 2 jZk {élrj(ﬁ)xj+( 1) rk(e)xkl r(dx)
Clé{ogl}
C
x ¢(e..0.u.,2rr;(6),...0..., (-1) t2rr (0),...0...)}

Cc
D] {flr ()x*+ (1) Tr,(e)xpr...
Cl,...,Cn_le{O,l} S

+(_1)Cn-1r (e)x |dr(dx) _ Cl - Cn-l
(0)x_|°T(@)e(2rr, (8), (1) L2rr,(6),...,(-1) ™ larr (e)}1.

From the common factor 1‘0‘_1 in this derivative it is evident that the
factor of the integrand in braces is of order O(ra) as r - 0. But it
is possible that the convergence to zero with r is even faster if the
other factor in the derivative converges to zero as r - 0. However, at
r = 0 this other factor in brackets is
n-1 1 o n-2 Cl o
-2 ) flrk(e)xkl r{dx) + 2 y flrj(e)xj+(-1) rk(e)xk| I (dx)
k=1 S j<k S
c;e{0,1}

n c1
— L+ (D) ¥ [ T ®)x+(-1)

r, (8)x,+...
CqsrevrsC €{0,11S 2 2
n-1

“n-1
+(-1) M (0)x [T (@x)

which is nonzero for all 6 = (61,...,en_1)e(0,g9n_l by Lemma 1.4.3 since
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the functional values rk(e) are nonzero for such 6 (Lemma 1.4.2).
It is clear from Fubini's theorem that if the integral is finite

then the factor of the integrand in braces is integrable over (0,e) with

1+p1+...+p
respect to the measure dr/r M Since this factor of the inte-

grand is of order 0(r*) and of no smaller order as r -~ 0, if the integral
is finite then Pyt-.tp, < Q-
The sufficiency of the condition Py*--*p, < @ is clear, since
P Pn
ee L lg, I ™
P P

+p  PpteetP,

pit...tp pP.t...
< [E(gl ™) L TEQe ™

by Holder's inequality. 0

The following corollary was conjectured by Holger Rootzén and is
an immediate consequence of Theorem 1.4.4 for the case n = 2 and Theorem

1.2.1.

1.4.5 COROLLARY. Let &1 and EZ be dependent jointly SoS random variables,
p P

0 <oa<2, and let p; > 0 and p, > O be given. Then (|g;] llgzl %) < w

if and only if Py * Py <.

In Theorem 1.4.1 and the succeeding remark we have seen how to com-
pute the absolute moments of monomials in gl,...,gn when their joint c.f.
¢ is real-valued. We shall conclude this section with an expression for
E[(gl)pl(gz)pz] in terms of ¢ when the corresponding absolute moment is
finite. Such moments will be of interest in the next chapter for random

variables &£; and ¢, having finite absolute moments of order p, 1 < p < 2, ‘
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with Py = 1 and P, = p-1.

1.4.6 THEOREM. Let €1 and EZ be random variables with real-valued joint

P P
e.f. ¢ such that E(Igll 1|£2| 2) < o, where 0 <p; < 2 and 0 <P, < 2,
and when 0 < p < 2 let c(p) = wasinsy _dy Then
0

y P
Py P
ELCE) (5 ]
1 o
" TGy L [ 90z - 9002y

+ ¢(321,'322) - ¢(3zl,322) - 3¢(Zl9'3Z2)

dz, dz

+3¢(Z1’322) - 3¢(321’°22) + 3¢(321,Zz)] 11p 2

(z))  (zp)

1+p2

Proof: As in Theorem 1.4.1 the proof is based on an elementary trig-

onometric identity:

32 sin’z sin’z

1 2

=9 cos(zl-zz) -9 cos(zl+zz) + cos(321-322) - cos(321+322)

-3 cos(zl—SZZ) + 3 cos(zl+322) -3 cos(SZl—zz) + 3 cos(3zl+zz).
If pu is the measure induced on R2 by (gl,gz), then

€ €
[ ] 196(zy,-2,) - 9(z,2,) + 6(32,-32;) - 0(324,32))

-€ -€
dz1 dz2
- 3¢(219'322) + 3¢(21’322) - 3¢(321"Zz) + 3¢(321’ZZ)] 1+p1 1+p2
(zp) (z))
£ € dz, dz
.3 .. 3 1 72
=32 [ [ [ sinr z, sin"r,z,du(ry,r,)
& e 171 272 1272 1+p1 1+p2

R (z1) (z,)
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e € dz1 dz2

. 3 .3
32 [ [ [ sin 1)z, sin'r,z, Top T, du(ry,r,)

R% "€ "€ (z)) Yz i

P Iryle Ir,le - dy, dy
1 2 1 2 . 3 . 3 1
32 %(rl) (rz) / / sin’y, sin Y, Top 2 5 du(rl,rz).

P P
Letting ¢ *«, we get the stated expression for E[(gl) 1(gz) 2]. 0




II. A FUNCTION SPACE APPROACH TO SaS PROCESSES

It is a customary method in the study of second order stochastic
processes to establish an isomorphism between (a subspace of) the linear
space of a process and a Hilbert space of functions and to translate
problems formulated in terms of the process into problems in the more
familiar function space. In this chapter we investigate an analogous
approach to the study of p-th order processes by seeking an appropriate
Banach space of functions that is isometric to (a subspace of) the linear
space of a p-th order process (Section 2). When applied to a SaS process
with independent increments (Section 3}, our results yield the stochastic
integral defined in [Schilder 1970], and when applied to an "absolutely
continuous' process (Section 5), they yield a stochastic integral of
more specific form which can be also regarded as a sample path integral.
We conclude the chapter by exploring the possibility of using the statis-
tical properties of the output process to identify a linear system with

a known SaS input (Section 7).

1. The linear space of a process.

After defining the linear space of a p-th order process and the linear
space of a SaS process, we show that the duals of both spaces have a kind
of Riesz representation (Theorem 2.1.5) and that the two spaces coincide
in the case of a SaS process (Proposition 2.1.2). These results are
essential to our later development of stochastic integrals with respect to

SaS processes.
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Let gt ={£t,teT} be a stochastic process with underlying probability
space (Q,F,P). If &teLp(Q) for all teT where 0 < p < «», then we call £
a p-th order process. Unless otherwise specified, throughout this
chapter we make the restrictions 1 < p < « for p-th order processes and
1 < a < 2 for SaS processes.

Let %2(£) be the space of all finite linear combinations of elements
of {Et,teT}. If £ is a p-th order process, then define a norm on (&)
by

el = (ElcP)MP

for all ze2(&). If £ is a SaS process, then for every ref(§) it follows

from result 1.1.2 that there exists some b > 0 such that E(elrg) =
-b, |r|*
e © for all reR. Then
_ . 1/a
l1el] = b,

defines a norm on 2(£) ([Schilder 1970, Corollary 2.1]). It is a con-
sequence of the continuity theorem for characteristic functions that
convergence with respect to this norm is equivalent to convergence in
probability. For a p-th order or a SaS process & we let L(£) denote
the completion of 2(£) with respect to its norm. If £ is SaS, we shall
show that L(£) is a SaS family by using characterization 1.1.3 of the

SaS c.f. due to Kuelbs.

2.1.1 PROPOSITION. If & is a SoS process, then L(E) is a family of

Jjointly SaS random variables.

Proof: For each j = 1,...,k let {EI(IJ)} be a Cauchy sequence in £(&). ‘
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Then {ggj)} is Cauchy in probability and hence converges in probability
to some real-valued random variable E(j). It follows that the sequence
of random vectors {(gﬁl),...,gék))} converges in probability to
(E(l),...,g(k)). For each n let An be a homogeneous negative-definite
function of order a on Rk such that exp{-Aﬁ(y)} is the joint c.f. of

(gél),...,gék)). By the continuity theorem for c.f.'s,

M) > 1)

for all yeRk, where exp{-Aa(y)} is the joint c.f. of (E(l),...,g(k)).

It is easy to verify that A is a homogeneous negative-definite function

of order o which is continuous on Rk, and the result follows from 1.1.3.
0

Clearly we may regard a SaS process & as a p-th order process where
1 <p<a, and in fact, an application of Theorem Z of [Wolfe 1973] shows

that the two norms on L(£) are equivalent.

2.1.2 PROPOSITION. If r is a SaS random variable with c.f.
T

¢(r) = e |]CI| Irl R then

(Elclp)l/p = cp,a)|lzl] 5

where 1 < p < o and

- o -2 1/p
Zp_lf s @ (1-e‘S)dsl
0

c(p,a) =
o f v_p-lsinzv dv

0 i
This proposition shows that for a SaSlprocess g, L(g) is the com-

pletion of £(&) with respect to either norm.
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Proof: By Theorem 2 of [Wolfe 1973],

f P 1-¢(20) 1dr
*) ElelP = 2

2f v P Lsin?y av

0

Now
[oo] G)__ _ [0 6}
/ r P g 20 1dr = [rP - e [zt 2x] )dr
0 0
Zp oo-R_
== |izlP [s ¢ (1-e)ds
Substituting back into (*), we get the stated result. a

If M is a Banach space of p-th order random variables, then for

each geM we define a continuous linear functional AC on M by

A, () = EMPT
for all neM.

If M is a Banach space of SoS random variables, then for each zeM we

define a functional AC: M ~+R by

A = C
LM =5

for all neM. The linearity of AC in this case follows from Corollary
1.3.4 and the linearity of conditional expectations. For the continuity

of AC note that

. o-1
‘Ac(n)l - lé Xl(xz) FU,C(dX)I
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1/a a-l )
< [1 Bl @] T[] bl®, @a] = ini] el

by Holder's inequality. Thus AC is a continuous linear functional on

L(e) with [1A] pyw = 112117

We now show that the continuous linear functionals thus defined on L(§)
represent the dual space L(£)*. Although no reference for this result
is known to us, its proof is analogous to the argument used for the

Riesz representation for continuous linear functionals on a Hilbert space.

2.1.4 LEMMA. [Singer 1970, Corollary 3.5 and Theorem 1.11]. If M is a

celosed linear subspace of L(E) and nlsL(E) - M, then there exists a

unique nyeM such that ||n1-n2|| = infllnl-nll. Moreover, A _ (m) =0
neM 172

for every neM.

2.1.5 THEOREM. Let & be either an o~th order process or a SaS process.

If A is a continuous linear functional on L(E), then there exists a

unique Tel(E) such that A = AC (and hence ||A||L(£)* = ||C||a-l).

Proof: Consider M = {nelL(&): A(n) = 0}, a subspace of L(§). If
M= L(E), take ¢ = 0. Otherwise, choose nleL(E) - M, let n, be the best

LAE ]
approximation to ul in M, define ng = 12 , and take
[Iny=n,l |
1
L= [A(n:,))]m-1 n3. For every nel(&) write

A, Al

2 o
A * Jamg |*T

n=n- z .
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Note that n - —W 7oy, Thus
At 1T
(
A= | —A0_——
A 1% |

by Lemma 2.1.4. Therefore

A = —A0 ) = A0l Ay

|A(ns) =

The uniqueness of ¢ follows from Holder's inequality, since AE = AC
0

implies that

I I(X'l

Aco(ﬂ%”) =A;(1|—§|'|-) = 1117 = g,

We now obtain some auxiliary results which will be useful in the

development of the stochastic integral.

2.1.6 PROPOSITION. Let {t } _, be a sequence in L(E) such that
{An(gn)}§=1 converges for every nel(g). Then {Cn} converges weakly to

some rel(E).
Proof: For every n let QneL(E)** be defined by
Q,(E" = £%(z)

for all £*eL(&)*. By [Rudin 1973, Theorem 2.8, Theorem 2.1.5, and our

hypothesis, we can define another element Q of L(&)** by

Q(E®) = lim Q (&%) ,

oo
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for all £*cL(E)*. Since L(§) is reflexive, it follows that {Cn}
converges weakly to ¢, where ¢ corresponds to Q under the isomorphism

between L(£) and L(&)**. 0

In the development which follows we apply a result found in [Cudia

1964] to show that the map ¢ 1—A_ from L(£) onto L(£)* is continuous

z
with respect to the norm topologies (Proposition 2.1.7 and Theorem

2.1.10). This result is used to obtain sufficient conditions for a SaS

process to have weak right limits (Proposition 2.1.11).
2.1.7 PROPOSITION. For every feLp(Y,T,v) = Lp(v), 1<p<w, Let
Ap(g) = [ g(HP v
Y

for all geLp(v) define a continuous linear functional on Lp(v). Then the
map Lp(v) > Lp(v)* defined by f F—>Af 18 continuous with respect to the

norm topologies of Lp(v) and Lp(v)*.

Proof: We can easily check that the function

[P - P
|x-y [P

is bounded on R® - {x=y} by c = 22-p; S0

|(X)p_1 - (Y)p_lls clx-)’lp_1

for all (x,y)eRz. The result then follows from the following inequality:

P p1
y 1(eP 1 - (P 1Pl gy P

[ 1Ag-A_| ]
£ LA (v)

BT e g P P b1
[ lfglav) Cllf-glle(v)

IA
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Of course this result applies to the map ¢ I— Ac from Lp(Q,F,P)

to Lp(Q,F,P)* where

A = EME@PT

but we shall also need the norm continuity of the map ¢ I1— AC when

zel(£), & is a SoS process, and

(dx)

_ a-1
Ac(n) = é Xl(xz) Fn,C

for all nel(£). In [Cudia 1964] the continuity of such maps is related
to properties of the norm, and by applying the development there together
with Proposition 2.1.2 we shall obtain the continuity of ¢ |— AC for ¢
belonging to a SaS family such as L(&).

Let X be a Banach space, let U = {xeX: ||x|| =< 1}, let C =

{xeX: ||x]] = 1}, and let C* = {feX*: ||f|| = 1}. For any x<C let E,

be the set of elements feC* such that {y: f(y) = r} is a hyperplane of
support of U at x for some r > 0. Then the set E, is called the spherical
image of x. We say that the norm on X is Fréchet differentiable if for

all xeC the limit

1lim ”X*’I‘)’[L - HXH
0 r

exists and the convergence is uniform as y varies in C.

2.1.8 LEMMA. [Cudia 1964, Corollary 4.12]. The norm on X is Fréchet
differentiable if and only if the spherical image map E defined on C is
single-valued and continuous from the norm topology on C into the norm

topology on C*.

Notice that the set-valued function E in the lemma is taken to be
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a mapping into C* when the image is a singleton set. We shall apply the
result when X = M, a space of jointly SaS random variables, and begin by

examining the spherical image map in this setting.

2.1.9 PROPOSITION. If M is a linear space of o-th order random variables

or jointly SaS random variables, then E_ = AC for all zeM, |lz]| = 1.

C
proof: Let U = {neM: ||n|| < 1} and recall that |]A§|IM* = |]c||o£_1 = 1.
Given any nel,
-1
A(m) < A (M] < el Inll = 1nll <1,

with equality implying that ¢ = n by Holder's inequality. Therefore,

AC(n) < 1 for nel, n # ¢, and hence

{neM: Ac(n) = 1}

is a hyperplane of support of U at ¢. 0

2.1.10 THEOREM. If M is a linear space of jointly SaS random variables,
then the map T > AC from M into M* <is continuous with respect to the

norm topologies.

Proof: If we regard M as a subspace of Lp(Q,F,P) for some p such that
1 < p < a, then Propositions 2.1.7 and 2.1.9 together with Lemma 2.1.8

imply that the Lp(Q) norm on M is Fréchet differentiable. It is therefore

clear from Proposition 2.1.2 that the norm | || on M satisfying
[In]] = -1og[E(eln)] is Fréchet differentiable, and thus the map ¢ > AC
from C into C* is norm continuous, again by Lemma 2.1.8 and Proposition

2.1.9.
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We complete the proof by showing that the map ¢ |— Ag from M into

M* is also norm continuous. Indeed, if (S # 0 in M, then

HA_-A ]
5 Sh M*

- Hdl o A g Ll g A o,
TTelT ||cnI|J [Te Ty
< iet e . A e e g 11 ll Ao '

Mzl IICEH i e, [T

>0 as n-»>»; and if Cn 0 in M, then

-1
A, 11 = Hegl 177 > 0 as n > . 0
n

Under the conditions of Theorem 2.1.10 it can in fact be shown that

the map ¢ |—> A_ is uniformly continuous, but we shall have no use for

4
this stronger result.

We conclude this section by obtaining sufficient conditions for a SaS
process to have weak right limits (assumption (al) of Section 2). This

proposition will be used in Section 3 to define [fdf when £ is SaS with

independent increments.

2.1.11 PROPOSITION. Suppose that & = {&t, a <t < b} is a SaS process
with 1 < a < 2. Let Et, = 0 for some t' in order that we may direct our
attention toward the elements, rather than the increments, of the process.

Then the following two conditions imply that for each rel(E), the right

limit FC(t+O) exists at every te[a,b), where FC(t) = AC(Et).
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(al) For every se[a,b) there exists an €, > 0 and an MS <

such that [I&t[I < M whenever s < t <s + €.

(a2) For every Cel(E), FC is of bounded variation on T.

Notice that condition (al) is necessary for the existence of the right
limits FC(t+O) and that conditions (al) and (a2) together are apparently

weaker than assuming that £ is of weak bounded variation.

Proof: Fix zel(§) and let {Cn} c (&) be such that z, > o By (a2),
AC (Et) is a function of bounded variation on [a,b] for each n; so
n

Dn(t) = 1im A (£t+ ) exists for all te[a,b). For fixed se[a,b), apply
e Y0 ‘n “m

m
(a1) to get e, > 0 and M_ < = such that ]IEtll < M, whenever s < t < s + e_.
We shall use Theorem 2.1.10 to show that {A_} is uniformly convergent on
{ét: s<tss+ as}. Indeed, let ¢ > 0 be given and choose N such that

. €

n > N implies ||ACn AcllL(g)* < M - Then for every te(s,s+e.] and n 2 N,

“n

and hence the desired uniform convergence. Now by a standard result for a

uniformly convergent sequence of functions,

lim A (& ) = 1lim 1lim A

(€ ) = lim D_(s)
em+0 &osren em+0 N0 S*e n

Z;I‘l m n-»>o

exists, and thus the right 1limit FC(s+O) exists. 0
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2. The integral { f(t)dgt .

We begin this section by defining the stochastic integral [ f(t)dg,
for an appropriate class of (deterministic) "functions" f and gbtain,
under certain (smoothness) conditions, an integral representation for the
elements of L(£). Our approach is motivated by [Huang 1975] where the

case a = 2 is treated.

Let £ = {gt,teT} be either an a-th order or a SaS process with
T = [a,b]. For each gel(£) define the real-valued function FC on T by
Fg(t) = Ac(gt) for all teT. We shall begin with two assumptions, (al)
and (a2), on & .

(al) For every rel(g), assume that the right limit Fg(t+0) exists
for all te[a,b).

In other words,elig AC(€t+€n) exists for every zel(§), so that the
sequence {gt+€n} conserges weakly in L(£). by Proposition 2.1.6 and we
denote its limit by Erep Hence FE(t+0) = Ac(€t+0)’ Let Ebe0 be equal
to & and let

n
I={zgel(®): ¢ =7 al(c -g,. ) where n>1, a,e¢R, and
ko1 k 40 7ty 40 k

a=tg<t;<...<t =b} .

(a2) For every rel, assume that Fc(t) is of bounded variation on T.
Let S be the linear space of all step functions on T of the form

f(t) = Xﬁ:lka(tk-l’tk](t). For each such f define [fd¢ to be

Zﬁ=lfk(£tk+0-€tk_1+0)’ Define a norm on S in terms of a Lebesgue-Stieltjes

integral by
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(t)dF

n
||f||2=% E(OF 04, (0) = 1 6 [ x e

(17t

n

o
i kglkafde(Etk+0_€tk_l+0) = Apgq (/EAE) = || rsae] | .

Let Aa be the completion of S with respect to this norm.

Every element f of Aa can be represented as f = {fn}, a Cauchy seq-
uence in S. It follows that {jfhdg} is a Cauchy sequence in L(£), and we
will denote its limit by [fd¢. Then the map A, > L(g) defined by
f |- [fdg is an isometry from A onto a closed subspace of L(§). If
we assume that Egr = 0 for some t'eT and that the process is weakly con-
tinuous from the right, then this isometry will be onto L(E).

Suppose now that the process & is of weak bounded variation (see
[Shachtman 1970]); %.e., we assume that FC(t) is of bounded variation on
T for all zel(£). This condition is clearly stronger than (al) and
(a2), since functions of bounded variation have left and right limits at
all points. Let S' be the space of all bounded measurable functions
f: T -~ R for which there exists,some nelL(§) such that the Lebesgue-
Stieltjes integral { f(t)dFC(t) equals A;(n) for every cel(£). Since
the dual separates points on L(£), we see by Theorem 2.1.5 that £
uniquely determines n and we denote the latter by ffdg. It is immediate
that S' is a linear space containing S and that the definition of
ffdg on S' extends our previous definition of ffdg on S. As before, de-

fine a norm on S' by
ellg [ 0 g = agyetrsan = [lgsacl

and let A& be the completion of S' with respect to this norm. Then
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A, < A& and as done above we can define an isometry from A& onto a closed
subspace of L(£). Our next result shows that S is strictly contained in

S'.

2.2.1 PROPOSITION. Let £ = {gt,astsb} be an o~-th order or a SaS process
of weak bounded variation. Then all continuous functions on [a,b] belong

to S',

Proof: If f is a function on T and 7 is a partition of [a,b] defined

m
by a = to<t;<.. =b, let £ (t) = )34 f(ti)x(t ,t ](t), where t}
is an arbitrary point in [ty 15t ], and A(m) = max (tk teq). Iff
1<k<m

is a continuous function and {nn} is a sequence of partitions of [a,b]

with A(nn) > 0, then fTT eS' for every n and
n

f f(t)dF_(t) = 1lim ff (t)dF (t) = 1im A (ff dg)
T & o T ™ n->oo ¢ ™

for all zelL(£). Letting n be the weak limit of {f fTr dg} in L(§)
n
(Proposition 2.1.6), we see that | f(t)dFE(t) = AC(n) for all zel(g)
: T
and hence feS'. a

Although we have failed to resolve whether it is possible that
Aa # A& when £ is of weak bounded variation, we now show that Aa = A&
when £ is of strong bounded variation, which is defined in the usual
way':

For every te[a,b] define

Ve(t) = SUP X H€ 1,
a=s(<. -<s_ =t k=1 k-l

where the supremum is taken over all finite partitions of [a,t]. If
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Vg(b) < o, then the stochastic process £ is said to be of strong bounded
variation (see [Brézis 1973, p. 141]). It is easily seen that strong

bounded variation implies weak bounded variation.
2.2.2 PROPOSITION. If & is of strong bounded variation, then Aa = A&.

Proof: For every celL(g) define the total variation function IFCI by

m
|F | (t) = sup Y IF (51} - F (sy._1)1 >
& a=so<...<smft k=1 ek ¢ k-1

and note that for ty <ty
[ty - [F (e = |1el[* Vgley) - Vel -

Given any fe$' let {fn}:=1 be a sequence of step functions converging to

f in LlCT,BT,dVE). Then

||f-fn||§'= [£(t) - fn(t)]de(f_fn)dg(t)

IN

/
T
'{ If(t) - fn(t)llef(f-fn)dgl(t)

IN

-1
1G] [* 1605, (6) |4V ()

|1£-£ | Ig:lpf(t)—fn(t) Ve (t) .
Therefore
Hf—fn”S' < '{|f(t) - fn(t)ldVg(t)

and the right-hand side converges to zero as n + «». It follows that

' = A
$ > 8', so that AOl Aa' 0

If additional conditions are placed on the process, it can be shown

that other classes of functions belong to the function space Ay For
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instance, if the process £ is weakly continuous, <.e., if Fc(t) is

a continuous function on [a,b] for all zeL(£), then S' contains all
bounded functions that are continuous when restricted to a subset -

containing all but countably many points of [a,b].
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3. The integral f f(t)dgt when £ is SaS with independent increments.
T

In this section we show that when ¢ is a SaS process with independent
increments, the function space Aa is an La space ([Schilder 1970, Theorem
3.1]) and, if M is the subspace of L[(£) isometric to Aa’ we relate the
dual elements of M to dual elements of the La space (Proposition 2.3.1).
As a corollary, we identify a separating family of continuous linear func-
tionals on M (Corollary 2.3.2).

Suppose that ¢ = {gt,astsb} is a SoS process, 1 < o < 2, with indepen-

dent increments and such that £, = 0. By Lemma 3.2 of [Schilder 1970],

a o o
£, & = |lg - lle
HEe e 17 = Hieg 117 - Hleg 1]

if a < t; <t, <b and therefore ||gt|[a is an increasing function on [a,b].
Notice that condition (al) of Proposition 2.1.11 is satisfied since
e I] < [lg || for all te[a,b].

To check that condition (a2) holds, consider zef(¢) and

a=ty <tj<..<t = b. We can clearly choose a = Sg<Sy <. -<S, = b

n m _ i ) :
such that {tk}k=0(:{5j}j=0 and ¢ = Zj=1aj(gs' £, ). Write X; for

] il )
£.75, > 1=3 sm, and let M, = | 1&g, 1 max ]ajla_l. Applying
j Ti-1 l<j<m

Corollary 1.2.3, we get that

AC(X' )

Jo 5 a.x, (%)

-1

f xl(xz)a r
X .
S i=1737]

2 3o
1

m
[x; (] a.x.)®r
s 70 =17 Xy

,...,x @x)
m

-1 o
@ )X 1%
Jo Jo

where 1 < jO < m. Thus
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n m

A (g, -& )| < A (. - )|
kzll St kA | jzll £77S5 TS5
n n a-1 o
jzllAC(Xj)l -jzllajl [1X5117 =

and the bounded variation of Fg(t) follows.

Because these conditions are satisfied, we know that the SaS process
{£t+0,astsb} is well-defined by Proposition 2.1.11, and we see, after a
moment's reflection, that it has independent increments. It is clear
then that conditions (al) and (a2) are satisfied; so the integral [fdg
is defined as in the previous section.

Let f and g be two step functions in S:

n
£(t) = lefjx(tj 1,tJ](t) and g(t) = kglgkx(tk_l,tk](t)

where f and g are defined over the same intervals with no loss of generality.

Let G(t) be the increasing function ||¢ on T. Writing Xj for

o
erol |

gt.+0-gt. 0 1 < j <n, and recalling the notation of the previous

section, we find

n n

HOLIWNOR Z 5 Argar 0% = jz £ [x, (x

-1
kangx)“r (dx)
.=1J Jk=1kk Xl,...,Xn

z £, () I ||
J_

-1

. ](t)dG(t)
J ’

[ f@)* tascty .
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In particular, HfH“ = [ £()dF gy, (1) = [1£(t)|%dG(t). We conclude
A

a
that Aa = La(dG), since the step functions are dense in both spaces.

In summary, if £ is a SoS process with independent increments and
1 < o < 2, then we have shown that the integral [fdf is defined and
yields an isometry between a closed subspace of L(£) and an La space.
We obtain therefore the result found in [Schilder 1970, Theorem 3.1]
without any continuity assumptions on the process. Schilder also ob-
tains an analogous result for the case 0 <a < 1.

Our definition of [fdg in this section easily extends to the case
where the stochastic process £ is indexed by an infinite interval T.
If we let S be the set of all step functions that are zero outside a
compact subinterval, then we can define the norm on § in the same way
as before, and the completion of S with respect to this norm will be
La(T,BT,dG).

It will be useful to have an expression for certain continuous linear

functionals evaluated at points of the form [fdg.

2.3.1 PROPOSITION. Let n = [fdg and ¢ = [gdg, where f and g belong

to La(dG). Then

[ £@* ldc .
T

"

Ac (m)

Proof: Let {fn}n=1 and {gn}n=1 be sequences of step functions in Lu(dG)

such that fn -+ f and g, ~ 8- Then ffndg + n and fgndg ~ ¢, and therefore

A () = Lim A, ([£,de)

m
lim lim Afgndg(ffmdg)

m-oo 1>
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by Theorem 2.1.10. a

Let § = {gt,teT} be as abcve with T = [a,) and ga+0 = 0. Then if
M is the closed subspace of L(£) which is isometric to La(dG), we get

from Proposition 2.3.1 that the set of contimuous linear functionals

{Ag :teT} separates points on M.
t+0
2.3.2 COROLLARY. If teM and A€t+0(C) = 0 for all teT, then £ = 0 in M.
Proof: Let feLa(dG) be such that ¢ = % f(t)dgt. Then
(=0 for all teT

A
Et+0

= [ £(s)dG(s)

0 for all teT

(a,t]
= f =0 a.e. [dG]
= =0 in M. g

If £ is weakly continuous from the right, then LaCT,BT,dG) is
isometric to L(£) and Corollary 2.3.2 implies that the set of contin-
uous linear functionals {Agt: teT} separates points on L(£).

As a further application of the developments in this section,

we reexamine a regression problem introduced in Chapter I.
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2.3.3 PROPOSITION. Let {n,Et,a<tsb} be a family of SaS random variables,
1 < a < 2, such that the process {Et,a<tsb} has independent increments

and Ea+0 = 0. PFor every Borel subset B of (a,b] define

X(B) = [ xp(t)de,

W (B = Coxepy

B) = &ayxem) -

Hyy (
Then Hox is a f.s.m. which is absolutely continuous with respect to the

measure Yyy - Moreover, the Radon-Nikodyn derivative dunx/dpXX belongs to

La(dF), where F(t) = ||Et[[a, and

du
E(n|g,,a<tsb) = [ aaﬁz ()dg, a.s.
XX

[o0]

Proof: To see that “nX is countably additive, let B = U Bi’ where the
i=1
Bi’s are disjoint measurable subsets of (a,b]. Then using Theorem 2.1.10

and the techniques of this section, we have that

u (B) = C = lim C
X X(B
n n ( ) N0 nZ?:lx(Bl)
) I
= 1im ] C = T (B
me 321 WGB3z X

It is clear that d“XX = dF and an << My - Let T_ be a countable subset

of (a,b] such that
E(nlgt,a<tsb) = E(nlgt,teTm)

Without loss of generality, we may assume that the points in T_ are dense
in (a,b], order them, and let Tn be the set containing the first n points.

We know from the discussion in Chapter I and Proposition 2.1.2 that
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E(nlg,,teT ) > E(n]E,,teT,)

in L(§). If T, = {tl""’tn} where Ty <t <<t , then o(gt,teTn) =

o(&, &, -& ..., -& ) and (letting t, = a)
thth Y th -1 0

n
EnlegteTy) = |

i (cmrn AL

k-1

nou (e 1ot ])
ISEDVUCHTENY

by Corollary 1.3.6. Therefore by the isometry between La(dF) and the
subspace M of L(£), the latter '"integrands'" form a Cauchy sequence in
La(dF) which converges to dunx/duXX in Ld(dF) and a.e. [dF] ([Hewitt

and Stromberg 1965]). Hence

du X
E(n|g,,a<tsb) = [ aﬁﬂ—-(t)dgt a.s.
XX
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4. Spectral representation of a SaoS process.

In this section we state an interesting result due to Kuelbs (2.4.1)
and derive Schilder's characterization of independence (Theorem 2.4.2)
from the characterization in Theorem 1.2.1. A simple result on estima-
tion of SoS random Variables is also included (Proposition 2.4.3).

In [Schilder 1970] the integral [fdz, where ¢ is a SaS process with
independent increments, was used to obtain a ''spectral representation'
for a finite set of jointly SoS variables. Kuelbs has extended this
result to processes indexed by an infinite set.

Two stochastic processes {gt,teT} and {nt,teT} having the same index
set are called indistinguishable if their finite dimensional distributions

are the same.

2.4.1 [Kuelbs 1973] Let {gt,teT} be a SoS process that is continuous
in probability with T an interval and 1 < o < 2. Then there exist a SaS
process {EA’ -1/2 < X < 1/2} with independent increments and a family

. , 1 1
of functions {fi,teT} in L ([- 5, 5],dF), where F(}) = |ICA|!Q’ such

that {[ £,(\)dz,,teT} and {£,,teT} are indistinguishable.

Let us consider two jointly SoS random variables & and 52, 1 <a<?2.
By 2.4.1 these variables have the same joint distribution as two random
variables [ £, (M)dc()) and / £,(0)dc()), where {zy, -1/2<x<1/2}is a
SaS process with independent increments, F()\) = IICXIIQ, and
fieLa([-l/Z, 1/2],dF) for i = 1,2. The following condition for indepen-

dence of &1 and £, 1s expressed in terms of f, and f2°
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2.4.2 THEOREM. [Schilder 19701 The random variables [ £;(A\)dz,

and | fz(k)dcx are independent if and only if flf2 = 0 a.e. [dF].

Proof: The random vector ([ fl(x)dgx,f fz(x)dcx) has c.f.

i[r, [f, (Wdg,+r,ff,(\)dz, ]
o LLTTATZIZYTN L exp(-flr £ (04T, E, (0 |%FO)T

Let £(A) = [£2(0) + f%(x)]l/z, and define

) if £(0) > 0 A if £(0) > 0
> 0, i >0,
g ) = { TV ’ g, = { T
1 if £(\) = 0, 0 if £(0) =0 .

2
2

(gl(x),gz(k)), and define a finite measure v on [-1/2,1/2] by v(d\) =

Let S = {(xl,xz):xf + x% = 13}, define T: [-1/2,1/2] S by T(\) =

£*(A\)dF(A). Then
[Iry£, 0+, £, () [*F () = [|<r,TO)>|%(dN)
= [ |<r,x>|avT_1(dx) .
S

By Theorem 1.2.1 we have independence if and only if

VI {xeS: xx,#0) = viAe[-1/2,1/2]: g1 (Mg, (M40}

o
"

]

v{xe[-1/2,1/2]: fl(x)fz(x)fO}

[ £5(NAF(N) .
{he[-1/2,1/2]:£, (W) £, (V) #0}

Since f()) > 0 whenever fl(k)fz(k) # 0, the result follows. 0

. 11
Notice in this theorem that the index set [- 7374 plays no essen-

tial role and could be any interval.

IS
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In Theorem 5.2 of [Schilder 1970] a necessary and sufficient condi-
tion is given for the best estimate of a SoS random variable by a linear
combination from a finite set of SaS random variables. In the following
result we solve an estimation problem in an infinite-dimensional space

of random variables and provide an explicit expression for the estimator.

2.4.3 PROPOSITION. Let {Et,teT} be a SaS process with independent

increments, 1 < a < 2, & = £, for all teT, and F(t) = ||gt||a. Let

t+0
I be a subinterval of T and denote by L(I) the linear space of the
increments of the process formed from all subintervals of 1. If

n= % f(t)dgt, where feLa(dF), then the best approximation to n in L(I) <s
given by

fi = { f(t)de, .

Proof: If I' = T-I, then for any fixed zeL(I) we can write ¢ = | g(t)dgt
T
where geLa(dF) and g(t) = 0 if tel'. Observe that
n-f=[f(tdg ,
Il
and therefore n - f§ and ¢ are independent by Theorem 2.4.2. Thus

-1 A
A = o = ]
n_ﬁ(c) é x; (x,) FC,n-ﬁ(dx) 0, so that An‘ﬁ annihilates L(I)

Using a standard argument,

- o = A =
[In-Al" = A _a(n-f) A
= A () = |[n-A 1% e[,

whence
[ In-fl] = [In-z]|

for all zeL(I). 0
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5. The integral | f(t)gtv(dt) .

-3

The integral [ f(t)dgt discussed in Section 2 requires two assum-
ptions on the progess £ and consequently is somewhat restricted in its
applicability. Even when these assumptions hold (such as when £ is
SaS with independent increments), there is no direct relation between
the sample paths of £ and the realizations of f f(t)dgt. In contrast,
the integral j f(t)gtv(dt) which is defined ana discussed in this sec-
tion requiresTless stringent assumptions on £ and for a large class of
functions f can be interpreted as a sample path integral (Theorem 2.5.5).

Throughout this section we shall consider £ to be a general p-th
order process, p > 1,and q to be such that 1/p + 1/q = 1. A stochastic
process {gt,teT} on a probability space (Q,F,P) is called measurable
if (t,w)|—> &(t,w) is a product measurable map from TxQ into R. We shall
investigate conditions for the existence of measurable p-th order pro-

cesses in Chapter III. The following argument is taken from [Cambanis

and Masry 1971] where it is applied to a second order process.

2.5.1 PROPOSITION. Let & = {Et,teT} be a measurable, p-th order process
with index set T an arbitrary interval of the real line, and let o > p be
given. Then there exists a finite measure v on (T,BT) such that v is

equivalent to Lebesgue measure on T and

[ 1le | 1%@) < = .
T

Proof: Choose g;eL, (T,Bp,Leb) such that gl > 0 a.e. [Leb] on T, and

define g, onT by
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1 if 0 < ]]gt|| <1,
g,(t) =
2 - if1 < ||e]]
o t
e

Then the measure v on (T,B,) defined by v(dt) = gl(t)gz(tﬂt is clearly
equivalent to Lebesgue measure on T and

{ NEAERNCLY) =% |1e, %8, (Dg, (B)dt < 4 g (t)dt <= . 0

Under the conditions of Proposition 2.5.1,
E Py = Pudt) <=
| (W] v(dt) = [l|g | v(dt) ,
T t T t
since p < a and v is a finite measure; so the sample paths Et(w) belong

to Lp(T,BT,v) with probability one, by the measurability of £ and Fubini's

theorem. We can therefore define a stochastic process 1 = {nt,teT} by

n ™) £ (Wvds) a.s.

-
(-, t)nT

for each teT and observe that nteL (), since

Eln P =€ [ £ @v@)|P s [(-, t)nT]}p/qula ) [Podt)< = .
t (=0, t)nT

2.5.2 LEMMA. If t; <t,, then

2
t t
2 2
[ egwv@s)] = [ [leglvds)
t t
1 1
t
Proof: Let z(w) = [ 2Es(w)\)(ds) and observe that
Y
t, t
el 17 = A (f e @vds) = 2 (Evis)
t ty |
< I PY e, i) 0
ty

2.5.3 PROPOSITION. The stochastic process n is of strong bounded

variation.
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Proof: For every partition ty < ty<...<ty of T and every cel(§),
n n tk
Z ||TLc e s L Tl lTv(ds)
k=1 k-1 Kl t 4

< % [el[v(ds) < = . 0

It follows that the stochastic integral f f(t)dnt is defined for
feAé(n) as in Section 2 and that Aé(n) = Ap(n) (Proposition 2.2,2). We

- 5
now define Ap(g) Ap(n) and for every fexp(g)

[ f(0Ev@EL) & [ f()an, .
T T

We shall see that the ''stochastic integral" f f(t)gtv(dt) can be
T
expressed as a sample path integral for a large class of functions in

xp(g) (Lemma 2.5.4) and that sample path integrals of the form f f(t)gt(w)\)(dt) ‘
T

belong to L(n) for all feLq(T,ET,v) (Theorem 2.5.5). In addition, these
sample path integrals are dense in L(£) when & is a weakly continuous

process (Theorem 2.5.6).

We begin our investigation of Ap(E) by recalling the space of func-
tions S' which generates Aﬁ(n): S' is the space of all bounded measurable
functions f:T -+ R for which there exists some noeL(n) such that the
Lebesgue-Stieltjes integral { f(t)dFC(t) equals Ac(no) for all zel(n).
Since the stochastic process n is suppressed in our notation Fc(t) here,

we emphasize that Fc(t) = Ag(”t)'

2.5.4 LEMMA. For every feS' the sample path integral [ f(t)g, (yv(dt)
T

equals f f(t)&tv(dt) with probability one.
T

-
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Proof: It is clear that the sample path integral exists since f is a
bounded function and Et(w)eLp(v) a.s. For any given ceLD(Q) there exists

some nleL(n) such that A_ = A_ on L(n) by Theorem 2.1.5. Note that for

¢~ Moy
t] < ty,
t
{ dF”l(t) = Anl(ntz-ntl) = Ac(”tz_ntl)
1
t t
= AL [ £ vian) = [ A (Evian
1 1
Thus

AC(I f(t)gv(dt) - [ £(t)g (w)v(dt))
T T

A £(DEED) - EI@P T £(0E (VD]
T T

A, £©EED) - [ FOEP g IvEn)
1T T

[ E0dF, () - [ H0A EIvED

~3

1]

[ £()dF_ (t) - [ £f()dF_ (t) =0 . O
T M T "

We have seen that Et(w)eLp(T,BT,v) with probability one, so that for
all feLq(T,BT,v) the sample path integral f f(t)gt(w)v(dt) is defined a.s.
T
and is easily seen to belong to Lp(Q). In fact, it belongs to L(n), and

the function space Ap(&) contains Lq(v) in a sense which we now make

precise.

2.5.5 THEOREM. Every funétion feLq(v) determines uniquely an element

;ekp(i) such that
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4 £(t)E, (v (dt) = % %(t)gtv(dt) a.s. ,

where the left-hand side is a sample path integral and the right-hand

side a stochastic integral.

Proof: Given any geLq(V) let ¢ = | g(t)gt(w)v(dt), and observe that
T

el 1P = A, (f s @vED) =] g(B)A, (E)v(dD)
T T

IA

|Iglqu(V)(4|Ac(at)lpv(dt))1/p

IA

p-1 p 1/p
[glly el P (e IPo@) ™7

Thus we have the relationship

(), @Wv@D)]| < £, [Py(at)) /P
qu Wv@n || IEH%@ﬂyile )

for all geLq(v).

oG

Given any feLq(v) let {fn}n=1 be a sequence of step functions con-

verging to f in Lq(v) and recall that fneS' for each n. Thus the sample
path integral f fn(t)gt(w)v(dt) belongs to L(n) by Lemma 2.5.4, and
T

IECRANNENEONE I|f-fn|ILq(v)(%llatllpv(dt))l/p,

which converges to zero as n » «, so that the sample path integral

f f(t)Et(w)v(dt) belongs to L(n).
T

Note that {fn}:=1 is a Cauchy sequence in $', since

LRI RINENORNOINGMCOI

7Y

rlfm-fnlqu(V)(4|latl|Pv(dt)J1/p >0
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as m,n - «, and denote its limit in Ap(g) by t. Then

1] £ (@v(d) - [ T)gw @]
T T

= lim ||[[£ ()-£ (1)]E (v @D)]] =0,
m,nro T

so that

[ £()E (Wv(dt) = [ f(DEv(d) as.
T T

It is immediate that f determines f uniquely, since if 818 in

xp(g) satisfy

Il

[ g, (Dg(dt) = [ £(D)E (V) a.s.
T T

for i = 1,2, then

g1°8 = [g;(t)-g,(t)Jev(dt) || =0 ,
H 1 lexp(g) H,{‘ 1 2 tV |
whence g = & in Ap(g). 0

Identifying f with f we can then consider Lq(v) as a subset of
Ap(g). It is straightforward to check that the process n is continuous
in p-th mean and consequently that Ap(g) is isometric to all of L(n).
Since S' < Lq(v), it is clear that Lq(v) is always dense in xp(g) and
hence that Lq(v) is isometric to a dense subset of L(n). The final re-
sult in this section shows that Lq(v) is isometric to a dense subset of

L(E) when £ is weakly continuous.

2.5.6 THEOREM. Suppose that & is weakly continuous from the right and
that T = [a,®). Then the closure of {f f(t)gt(w)v(dt): f is a step
T

funetion} in Lp(Q) is L(E).



Proof: Fix tcT, and for every integer n > 1 define

g, (s) = v“l{(t,t+n'1)}x(t’t+n_1)(s) , ]
so that

{ g, (s)v(ds) =1

Given any € > 0 and any ceLp(Q), use weak right continuity to choose
an N such that n > N implies that IAC(Et-ES)l <g fort<s<t+ 1/n.

Then for n =z N,

A [E - % g, (S)Eg (v (ds)]] = |4 g, (s)A, (E,-E)V(ds) |

< 4 g, () |A ("€ [v(ds) < E% g (s)v(ds) = ¢ .

Hence | gn(s)gs(w)v(ds) converges weakly to &t by Proposition 2.1.6
T

and therefore £t belongs to the closure of {f f(t)gt(w)v(dt): f is a
T

step function} by [Rudin 1973, Theorem 3.1.2]. g

Thus when £ is weakly continuous, every element of L(£) can be ex-
pressed as a limit in Lp (and hence also a.s.) of sample path integrals.
Specifically, if zel(&), then there exists a sequence {fn}:=1 c Lq(v)

such that

z(w) = lim 4 f (D& (wv(dt) a.s.
N>
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6. The integral f f(t)gtv(dt) when £ is SaS with independent increments.
T

When £ is SaS with independent increments and feLq we find the relation-
ship between the two integrals of Sections 2 and 5 (Theorem 2.6.1), and we
characterize the independence of f fl(t)gtv(dt)and‘[ fz(t)gtv(dt)

(Theorem 2.6.3).

Let § = {Et,teT} be a SaS process with independent increments, index
set T = [a,@), £, = 0, weak continuity from the right,and F(t) = ||£t[|u.
The process & is therefore a p-th order process for any p such that
1<p<a, and the integral [ f(t)Etv(dt) is defined as in the previous
section. Under the conditiogs we have placed on £, we know in fact by
Theorem 2.5.5 that integrals of the form 4 £(t)g,v(dt), where feLq(T,BT,v),
1/p + 1/q = 1, are dense in L(£). The following Fubini-type result re-

lates this integral to the one in Section 3.

2.6.1 THEOREM. If feLq(T,BT,V), then

[ f(s)Ev(ds) = [ [Tf(s)v(ds)de,, -
T Tu

Proof: We begin by showing that the right-hand integral exists, Z.e., that
]wf(s)v(ds)eLa(dF). Since v is a finite measure (Proposition 2.5.1), we
u

can choose M so large that v[M,») < 1. Thus

[1f £(s)v(ds) |*dF(w)
u

f(flf(s)lqv(ds))“/q(Imvcds))a/de(u)
TT u

IA

£l )]%/PdE
1115 fv1,91Par

A

M o
HENS oy U Dol 1¥Par() + [ vlu,=)dF(w)]
q a M
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which is finite since

M o/ o/
[ v[u,=) 1¥PaF) < wRIMPEM) <
a

and

oo

[ v, dF ) = [ [ xpy ) (5)V(ds)dF )
M TT ’

=%4x@ﬁﬂM@mwmgs{Hgn%mg<m,

by Proposition 2.5.1.

We complete the proof by showing that
A (/ £(s)Ev(ds)) = A ([ [ £f(s)v(@s)de)
tT tTu

for all teT and applying the remark following Corollary 2.3.2. Indeed,

AQQ£fBNmQ@J={x@Jﬂw£f@wmg@m)
by Proposition 2.3.1. Also,

Ag ([ £()Ev(a9)
= | £(s)A. (E)v(ds)
% s gt Jv(ds

= % £(s) { X(a,t] @ X(g,s]WIFWv(ds)

= % £(s) % X(a,t] @ X[y,e) (SIAFWV(ds)
= 4 X(a,t](u) £f(s)v(ds)dF(u). fl

The following corollary is immediate in view of Proposition 2.3.1.
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2.6.2 COROLLARY. If f and g belong to Lq(T,BT,V), then
Are(s)evids) U (0 1D)
T
= [(f £s)v@))}* ([ gtv(dn))dF@) .
Tu u

Also,

o]

1] £()Ev(@s)[|% = []] £(s)v(ds)|*aF(u) .
T Tu

As another application of Theorem 2.6.1 we obtain necessary and suf-

ficient conditions for independence of such integrals.

2.6.3 THEOREM. Let F(t) be strictly increasing, and for i = 1,2 consider

. £1eLy (T,Bp,v) with

Bi = {ueT: £ fi(t)v(dt) = 0}

and B! = T-B.. Then [ f (t)E v(dt) and [ £, (t)E v(dt) are independent if
1 i T 1 t T 2 t

and only if ome of the following two (equivalent) conditions hold:

(1) fl =0 a.e. [v] on Bé

[ x_ (®©)f(t)v(dt) = 0;
u B2

and for each USBé

(ii) fz =0 a.e.[v] on Bi and for each UeBi

(t)f,(t)v(dt) = 0 .
{lel 2

Proof: If [ £, (t)g, v(dt) and / f,(t)g,v(dt) are independent, then
T T

*) [ £ )@t £,(t)v(dt) = 0
u u
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a.e. [dF] by Theorem 2.4.2 (with a slight modification of the index set ‘
of the process). Thus (*) holds for all ueT, since the integrals are
continuous functions of u and F is strictly increasing. Also by contin-

uity of the integrals, B2 is a closed set and hence (a,~) - B2 is an open

set on which J:ofl (t)v(dt) is zero. Therefore f1 0 a.e. [v] on Bé and

consequently

1
(e}

[ xp (©)E; (t)v(dt) =
u 2

for all UEBé.
The necessity of (ii) follows in a similar manner, and the converse

can be seen by reversing the argument. g

It is possible to obtain similar conditions for independence for

slightly more general F, allowing say F to be constant on a closed subset

of (a,») but strictly increasing elsewhere. ‘
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7. System identification.

In earlier sections it has been convenient to use AC to denote a

continuous linear functional defined by Ac(n) = E[n(c)p-l] on a p-th

order family and by AC(n) = C__ on a SoS family. We shall now refer to

ng
Ac(n) in both cases as the covariation of n with ¢ and likewise extend

the use of the symbol Cn to the p-th order case. The covariation

g

function C,., of a stochastic process & = {Et,teT} is defined by

123

Ceglsrt) =G ¢

and the cross covariation function ng of a stochastic process X = {XV,VeV}
with £ is defined by
ng(v,t) =C

XEe
Let the p-th order process & be the input to a linear system and let

its output X be given by

(0 X = [ £, (0,

where £ {fv(-), veV} < 8', or by

(2) NORFENOINONCS

where f {fv(~), veV} c Lq(v). In both cases f is called the (time
varying) inpulse response of the system. Our purpose is to investigate
what can be determined about the system from knowledge of the statistical
relationship between £ and X, specifically from knowledge of the co-
variation function of £ and either the covariation function of X or the

cross covariation function of X with £.

When £ is SaS with independent increments we find that the impulse
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response of the system, in both cases considered above, can be iden- '
tified from the cross covariation of the output with the input process
(Propositions 2.7.3 and 2.7.5). With additional restrictions it is
also possible to determine the impulse response of system (2) from the
covariation function of the output process (Proposition 2.7.6) and from
the cross cbvariation of the output with a known stationary sub-Gaussian
input process (Example 2.7.1).

For a p-th order process £ of weak bounded variation, the cross

covariation function for system (1) is given by
Cp () = A (] £, = [ £,(5)dCrp(s,0)

and it is clear that the function CXE(V’t)’ teT, determines fV if and only

if the signed measures determined by C,, (+,t), teT, separate points on S'.

£E
Similarly, for a measurable p-th order process &, the cross covariation

function for system (2) is given by

ng(V,t) = A‘Et( 1{ £,(s)e v(ds)) = { fv(S)ng(S,t)\)(dS) )

and CXE(V’t)’ teT, determines fV if and only if the functions CEE(-,t), teT,
separate points on Lq(v).

One situation in which system identification is possible is when the
covariation function ng(s,t) of the input process is a stationary co-
variance function, an interesting circumstance which arises for certain
stationary sub-Gaussian processes. To see the form of ng(s,t) for a

general o-sub-Gaussian process, let

Q

o -
As’t(rl,rz) = 2

Nl R

[riR(s,s) + ZrlrzR(s,t) + r%R(t,t)]2 s
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for every s,teT, where R(s,t) is a covariance function and 1 < a < 2.

Then observe that

C (S,t) = = -
£& o arl rl—O
r2=1
-
2 2[rlR(s,s)+r2R(s,t)]
i Za
[r2R(s,s)+2r,r.R(s, )+r2R(t,0)]  |F170
1 172 2 1
2

2 e

N N R

X

R(t,t)

2.7.1 EXAMPLE. Suppose that & is a p-th order process of weak bounded

variation having covariation function
ng(s,t) = cR(s,t) ,
where ¢ > 0 and R is a covariance function of the form

R(s,t) = fm eir(t-s)g(r)dr

with g(r) > 0, geL; (Leb). Assuming that fwlrlg(r)dr < o , we obtain for

system (1) the cross covariation

@

ng(v,t) =-£ fv(s)dscgg(s’t)

oo

[ £, [ -ine'™ (" Sg(ryards

[eo]

-ic [ ret™g(r)( [ e1T5¢ (s)ds)dr .
Thus knowledge of ng(v,t) for all t and of g determines fwe—lrsfv(s)ds

-00
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for all r and hence fv(s) a.e. [Leb]. Assuming moreover that
. 1 o -irt
ng(v,t)eL1 (or LZ) as a function of t and that ?ET?T'_i e ng(v,t)eL1

(or Lz) as a function of r, we can express the impulse response as

© irs

_ i e ® -irt
£.(s) = o {w 500 (_ojo e CXE(V,t)dt]dr a.e. [Leb].

If we suppose instead that £ is a measurable p-th order process with
the same covariation function as above, then we obtain for system (2)

the cross covariation

ng(v,t) =_£ffv(s)cgg(s,t)v(ds)

o ® ir(t-s)

= (_:ofo £,(s) _O{ e g(r)dr v(ds)

= cf g0t £ (s)e T Su(ds)dr .

—-c0 )

Thus knowledge of ng(v,t) for all t and of g determines fwe_lrsfv(s)v(ds)
for all r and hence fV(s) a.e. [Leb]. Assuming as in the previous case
that CXE(V’t)€L1 (or L,) as a function of t and that'g%;j-{we_lrthg(V,t)dt
eLl (or Lz) as a function of r, we can express the impulse response as

f (s) = 1 — S ( fme‘irtc (v,t)dt)dr
VU el Bl(s) w80 Tt K

a.e. [Leb].

Throughout the remainder of this section we assume that & is a SaS
process and use the special properties of SaS processes to obtain more
concrete results. We begin with a simple proposition relating covaria-

tions in the output space with the finite-dimensional distributions of X.

2.7.2 PROPOSITION. Knowing AY(XV) for all YelL(X) and all veV is equiv-

alent to knowing the finite-dimensional distributions of X.
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Proof: Suppose that the finite-dimensional distributions of X are known
and fix YeL(X). Then Y = lim Yn where each Yn is a finite linear combi-
N>

nation of {Xv, veV}. For every veV we know the joint distribution of

XV and Yn’ and therefore we know

A, (X)) = [ xy(x )0, o (@)
Yn)% é 12 X,»Y,

and thus also

Lim Ay (X)) = Ay(X))
e nn

by Theorem 2.1.10.
Conversely, if AY(XV) is known for all YeL(X), then for any integer

n 2 1 and any vl,...,vneV we know

A (rX_ +...4r. X )
rlxv +...+rnXV 1 vy nv,
1 n
- o
= é |r1x1+...+rnxn| FXV ”"’XV (dx)
1 n
for all TiseesTy and hence the joint c.f. of Xl""’xn' O

Now the dual of L(X) separates points on L(X); so each XV is deter-
mined in L(X) by knowledge of AY(XV) for all YelL(X) (Theorem 2.1.5),
hence by the finite-dimensional distributions of X (Proposition 2.7.2).
However, L(X) in general may be strictly contained in M, the subspace
of L(g) isometric to A, and the set of linear functionals {AY: Yel (X)}
may not separate points on M. In such cases the elements of the output
process need not be determined in M by the finite-dimensional distribu-
tions of X. (If {AY: YeL(X)}does not separate points on M, then there

exists zeM, ¢ # 0, such that AY(C) = 0 for all YelL(X). Thus for any XV,
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Ay(X *z) = Ap(X)

for all Yel(X), and therefore knowledge of the finite-dimensional dis-
tributions of X does not distinguish between X and X, in M.)

Since M and Aa are isometric, knowing the output variable X, in M
is equivalent to knowing the impulse response function fV in Aa' Hence
the finite-dimensional distributions of the output process X determine
f = {fv, VeVl if and only if the set {A,, YeL(X)} separates points on M.

An interesting example for which the system is determined only to
within an equivalence class is treated in [Kanter 1973]. In that paper
Kanter considers a SaS process {Et,teR} with independent increments and
IIEtl|a = t and a time-invariant system of type (1) with impulse response
feLa(R) and output

X, = é f(v+t)dgt .

Then the finite-dimensional distributions of X determine f up to trans-
lation and multiplication by 1.

To see how system (1) can be determined from covariation functions in
the SoS case, we assume that £ has independent increments, is right con-

tinuous, T = [a,»), £, = 0, and ||£t||a = F(t). Then

Cee(5>8) = [ X(a min(s, )] (DIFE) = Fmin(s,t)) .

Therefore by Proposition 2.3.1,
Cye (Vo) = Agt( % £,(s)dg))

= (a{t]fv(s)dF(s) = % fv(s)dscgg(s,t)

for every fVeLa(dF), with ng(v,t), teT, determining fv if and only if

the signed measures determined by ng(-,t), teT, separate points on

La(dF). In addition,



84

Cax®m) = A ([ £, (90 = [ £,(9) (£, () HaF(s)

and consequently fu is determined by the covariation function Cxx(u,v),

veV, if and only if the functions fg-l, veV, separate points on La(dP).

2.7.3 PROPOSITION. Suppose that & has independent increments, T = [a,o),
and £a+0 = 0. Then each impulse response function fV 18 determined by
the ceross covariation funetion CXE(V’ t+0), teT. Moreover, assuming

for simplicity of expression that & is weakly continuous from the right,

vt

f (t) = 1lim a.e. [dF],
VU e Fe®™ gy Cpe®
k™ (14 K'(t)
where F(t) = |[£t||a, {Iﬁn)};=1 is a partition of (a,») into semiclosed

intervals Iﬁn)= (tﬁn), tﬁ?{] such that the partitions become finer as

n inecreases and
(n) _ (n)
§ = sEp Leb(Ik ) >0
as n +~ o, and k(n)(t) 18 the unique k such that telﬁn).

Proof: The first part of the proposition is immediate from Corollary
2.3.2, and the second part follows by an exercise similar to (20.61) (b)
of [Hewitt and Stromberg 1965].

For a discussion of the estimation of ng(v,t) , see [Kanter and

Steiger 1974]. O

2.7.4 EXAMPLE. Suppose that & satisfies the conditions in Proposition

2.7.3 with dF a finite measure such that dF ~ Leb and

[ t2E(t) =c <.
a
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Let the impulse response of system (1) be given by
1

£,(t) = (cos Vbt)a-l
for all v = 0, where the "frequency" b > 0 is unknown. Then for each

u > 0, the ccvariation function

[o2]

CXX(U,V) = £ f (Dcos(vbt)dE(t), Vv=0,

v

determines fu a.e. [Leb] and hence b. To obtain an explicit expression

for b, observe that

2
d“Cyy (0,V) *
X T = b theos(vbt)dF(D)
dv a
and therefore 2
2 1_d Cyx (05V)
¢ dv2 v=0

We next consider how system (2) can be determined from covariation

functions and therefore assume that £ is a measurable SoS process. Then
={ £
Cye (V1) { v(8)Cee(s,)v(ds)

and as before ng(v,t), teT, determines fv if and only if the functions
C€€(~,t), teT, separate points on Lq(v). Assuming that £ has independent
increments, is weakly continuous from the right, T = [a,»), ga =0,

and F(t) = ||€t||u, then

Cx @) = [ (] (0w ] £,()v(dt))* TdaF(r)

by Corollary 2.6.2, and we shall see in Example 2.7.7 that the covaria-

tion function Cxx(u,v), veV, sometimes determines fu.
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2.7.5 PROPOSITION. Let & be SoS with independent increments, weakly
continuous from the right, T = [a,), £, = 0, and F(t) = ]I£t||a
strictly increasing. Then for each fixzed VeV the cross covariation
function CXE(V’t)’ teT, determines fV in Lq(T,BT,v) by the relationship

dC,.(v,*)
£,0 = - BP0 « F-G"®) ae. [Leb]

Proof: Observe that

i
p

( [ £,(s)Ezv(ds))

CXE(V’t) - Et T

=, ([ ] £ (s)vs)dE
Tr

r

=[ [ fv(s)v(ds)dF(r)
a r

by Theorem 2.6.1 and Proposition 2.3.1. Thus the covariations ng(v,t)
for all teT determine fwfv(s)v(ds) for all r since F is strictly in-

T
creasing, and likewise fV is determined a.e. [Leb] since v is equivalent

to Lebesgue measure. 0

Applying Proposition 2.7.2 to system (2) we see that knowledge of
the finite-dimensional distributions of the output process X is equiva-

lent to knowing AY(XV) for all YeL(X) and all veV. In this case,

SCSERNGENOLCO)

= % £ (DA (E)v(dt) ,

where for each YelL(X), AY(Et)eLp(T,BT,v) as we saw in the proof of
Theorem 2.5.5. Thus the finite-dimensional distributions of X determine
fVeLq(T,BT,v) if and only if the family {AY(Et): YeL(X)}, a subset of

Lp(v), separates points on Lq(v).
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As an example we show that for certain systems the finite-dimensional

distributions of X are more than is necessary, and in fact each impulse
response function fu is determined in Lq(v) by the covariation function

CXX(u,v), vev.

2.7.6 PROPOSITION. Let & be a SaS process with independent increments,
weakly continuous from the right, T = [0,), F(t) = llgtlla =t for all
teT, and v(dt) = h(t)dt where h is chosen as in Proposition 2.5.1. Let
{GV,VeV} be a set of twice differentiable functions in Lp(v) that separ-
ate points on Lq(v) and satisfy GV(O) = 0. Let {gV, veV} be a set of
differentiable functions related to the functions GV by

1
dGV(r)]a-l

gv(r) - ( dr

and such that 1lim gV(s) = 0 and

S0
dg (s)
1 v
R(s) ds gV
for all veV. If the system is defined by

dg (s)
1
£,(s) = - h(s) gs

for all veV, then each fu ie determined by the covariation function

CXX(u,v), veV.

Proof: Given ueV, then

Cyx (W,V) AXV( % £, (0Ev(dt)

[ £u(0y (v

= [ f,(0A (Ev(dy)
T I s fv(s)\)(ds)dgr
Tr
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i

t =]
[ £, [ (] £,(s)v(ds))* Hdr v(dt)
T 0

t = dg (s) -
{ fu(t)é CJ (—g—‘(’l—s—) d5)* lar v(at)
T

t -1
[ (g,(0)% "dr v(dt)

= [ £ (t)
{ 70
t dG_ (1)
= 4 £.(t) g gr dr v(dt)

- % £ ()6, (t)v(dt) ,

for each veV. Since {GV, veV} separates points on Lq(v), it follows

that fu is determined by CXX(u’V)’ veV. 0

2.7.7 EXAMPLE. Let Gv(t) = e-tsin vt for ve[0,») and choose h(t) =

min(l,tns) (Proposition 2.5.1). Then

1
) 1
v a-1 . o-
g,(r) = 37 = e (v cos vr - sin vr)
and
dg (s)
£ (s) = 1 Sy
v h(s) ds
s
- T 1
= 1 € el PP a-1
= =3 51 (sin vs - v cos Vs)
min(1l,s ~) -

2-a
-1

2 . .
+ (v® sin vs + v cos vs)(sin vs - v cos vs)a

K
which clearly belongs to Lq(v) and converges to zero as s > « .

An alternative approach to the system identification problem, when

the statistics of the output are known, is to investigate which systems
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will produce the same output (in distribution) to the same input. For .

each system f, write
xéf) = f £,(0)dg,, veV ,
T
where £ is a SaS process, and let L(f) be the space of finite linear
combinations of functions in {fV, veV}. Then two output processes
X(f) and X(g) have the same finite dimensional distributions if and only

if the map from L(f) onto L(g) defined by

Ing, b I

r, f > T

1 KV

for all integers n > 1, rl,...,rneR, and Vl,...,Vnev, is an isometry. We

shall content ourselves here with discussing the simplified problem when

V is a singleton:

(M Xe = [ £,

(2) Xg = { f(t)gtv(dt) .

In system (1) with £ a SaS process, we have Xf d Xg if and only if
l]fl]s, = Ilglls,. Also, if f and g are bounded functions vanishing out-
side a bounded set, then Xf d Xg for all SoS £ with independent increments
if and only if [f(t)| = |g(t)] for all t. For system (2) with £ as in

Theorem 2.6.1, we have that Xf d Xg if and only if

fd = d
ll{ vIILa(dF) II{ g vllLa(dF)

Moreover, for bounded functions f and g, X¢ d Xg for all such inputs ¢

if and only if
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o0 [se]
| [ fav] = | [ edv]
T T
for all r.
2.7.8 PROPOSITION. Consider system (2) with
£, = / cos(tk)dck , t=0,

where [ = {CA’ X > 0} Zs a SoS process with independent increments,
weakly continuous from the right, such that F(A) = HCAHOt is a bounded

funetion and F(0) = 0. Then

Xf = f ¢f()\)dC>\ ’

where

o) = [ £f(t)cos(tA)v(dt) .
Consequently, Xf g Xg for a given ¢ if and only <if
|16l = |lo 11 :
£y @p) = 1%l am
and Xf d Xg for all such T if and only if
log()] = [o, (V)|

for all X 2 0.

The proof follows by a familiar line of argument.
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Some known path properties of Gaussian processes can be easily
extended to SoS processes. For instance, the zero-one laws for Gaussian
processes in [Cambanis and Rajput 1973] hold as well for SoS processes
with no change in proof in view of the zero-one law for stable measures
in [Dudley and Kanter 1974] (see also [Fernique 1973]). This chapter
extends to p-th order or SoS processes certain results known for 2nd
order or Gaussian processes. Specifically we give necessary and suffi-
cient conditions for the measurability of a p-th order or a SoS process
(Section 1), necessary and sufficient conditions for the integrability of
almost all paths of a SaS process (Section 2), and sufficient and neces-
sary and sufficient conditions for almost sure path absolute continuity
for p-th order and for SuoS processes, respectively (Section 3). These
results are obtained by appropriate modification of the proofs of similar

results for second order or Gaussian processes.

1. Measurability of p-th order processes.

Let ¢ = {gt: teT} and n = {nt: teT} be stochastic processes on the
probability space (Q,F,P), where T is a Borel subset of a complete separ-
able metric space and B(T) denotes the Borel subsets of T. The process
n 1is a modification of £ if P{gt = nt} = 1 for all teT; n is called
measurable if (t,w) 1— nt(w) is a product measurable map from TxQ into

R. The existence of a measurable modification is frequently of interest
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in the study of path properties.

The following condition for the existence of a measurable modifica-
tion is contained in [Cohn 1972]. We shall use £ to denote the map
t - gt and shall specify the range space when required for clarity.
Let M be the space of all real-valued random variables on (Q,F,P), and

define a metric p on M by

Icl-gzl‘]

D(Cl,Cz) = [IITEITEET
for all cl,czeM. Then ¢ metrizes the topology of convergence in probab-
ility. The process & has a measurable modification if and only i1f the
map & from T to M is Borel measurable.
For p-th order processes we now obtain further equivalent conditions
for the existence of a measurable modification. Our line of proof follows ‘ )

that in [Cambanis 1975a] where the case p = 2 is treated.

3.1.1 THEOREM. Let {Et,teT} be a p-th order process withp > 1 or a
SaS process with 1 < a < 2, and let L(E) be the linear space of the
process. Then the following are equivalent:
(1) The process & has a measurable modification.
(i2) The map & T + L(E) has separable range and is such that,
for every tyeT, llgt-gtoll is B(T)-measurable.
(i27) The map &: T + L(E) is Borel measurable.
(tv)  L(E) is separable and for every rel(E) the function FC(t) is

Borel measurable.

It suffices by Proposition 2.1.2 to prove the result for p-th

order processes.
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Proof: (i) implies (ii). Consider {gt,teT}, a measurable modification of
£. Then for every tgeT, ||£t-gt0[| = (E|ct-£ tép)l/p is B(T)-measurable
by Fubini's theorem. We next show that £(T) is separable with respect

to the norm topology, Z.e., in LP(Q,F,P)-

Assume for the moment that [|g, || is uniformly bounded on T. Now
by (i) it follows that g(T) is a separable subset of M with respect to
the toplogy of convergence in probability. Thus there is a countable
subset N of £(T) such that, for each teT, there exists a sequence
{gt }:=1 < N converging in probability to £t~ By [Hewitt and Stromberg
1962, p- 207] the sequence {gt }:;1 converges weakly to &t in Lp(Q,F,P),
and therefore the linear manifgld generated by N is dense in L(§) with
respect to the norm topology ([Rudin 1973, p. 65]). It follows that both
L(£) and £(T) are separable.

Relaxing the above assumption, we let Ty = {teT:||gt|| < N}. Then
TNeB(T) and £(T) = N§15(TN) is clearly separable with respect to the
norm topology.

(ii) implies (iii). [Hoffmann-Jgrgensen 1973, p. 206]. If V is
an open subset of £(T) in the norm topology, choose {tN};;l c T and

ay > 0 such that

<
|

= U {g,.: £, £ < 1.
O e ”t‘tNH ay

Then

£lw)

U {teT: ||, -£ < a,teB(T) .
U LeeTs | lggg 1] < ayle

(iii) implies (iv) is clear.
(iv) implies (iii) follows from Theorem 2.1.1 and a theorem due to

B.J. Pettis ([Hille 1973, Theorem 7.5.10]).
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(iii) Zmpliee (i) is clear since convergence in Lp(Q,F,P) implies

convergence in probability. 0

It should be noted that this result does not reflect the fact
that the existence of a measurable modification is a property of the
two-dimensional distributions of the process, as shown in [Hoffman-

Jérgensen 1973].

3.1.2 COROLLARY. A stochastic process £ as in Theorem 3.1.1 has a
measurable modification under each of the following three conditions:
(1) & is a weakly contimuous process.
(i1) T is an arbitrary interval and the strong left (right) limit
of & exists at all but couniably many teT.
(iii) T is an arbitrary interval and £ is an SaS process with

independent increments.

Proof: (i) If £ is a weakly continuous process, then Fc(t) is a con-
tinuous (hence measurable) function of t for every zel(¢). To see the
separability of L(g), let T* be a countable dense subset of T and let N
be the space of all rational linear combinations of elements in
{gt,tsT*}. Then N is a countable dense subset of L(£) by [Rudin 1973,
Theorem 3.12], and the existence of a measurable modification follows
from (iv) of Theorem 3.1.1.

(ii) Parts (i) and (ii)(a) of the proof in [Bulatovié and Adi¢ 1976]
for second order processes hold with no alteration for the process £ and
show that the set T, of all points of discontinuity of £ is countable.

Let T2 c T—T1 be a countable dense subset of T. Then the space of all
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rational linear combinations of elements in {gt,tETluTz} is a countable
dense subset of [(£). It is clear that Fc(t) is Borel measurable for
every zel(g) since it is a continuous function on T-Tl. Thus £ has a
measurable modification again by (iv) of Theorem 3.1.1.

(iii) If £ is SoS with independent increments, then F(t) = Ilgtllu
is an increasing function which therefore has at most countably many points
of discontinuity. Let Ty be the set of all points of discontinuity of
F, and let T2 c T—T1 be a countable dense subset of T. From the rela-
tionship Ilgs-gtlla = |F(s)-F(t)| for all s,teT, it is easy to see that
the space of all rational linear combinations of elements in {gt,teTluTz}
is a countable dense subset of [(£). For the measurability of Fc(t),
zel(E), recall from Section 3 of Chapter II that the right limit

Fc(t+0) exists for all t. 0

The next corollary provides a result for sub-Gaussian processes
analogous to the corresponding result for Gaussian processes ([Cambanis

1975a]).

3.1.3 COROLLARY. If & is a sub-Gausstian process, then it has a meas-
urable modification if and only if L(E) is separable and ng(s,t) 18 product

measurable.

Proof: The two-dimensional c.f.'s of £ are given by

¢s,t(r1’r2) - exp{-||r1£S+r2£t||a}
& a
2 2 242
exp{-2 [R(s,s)r1 + 2R(s,t)r1r2+R(t,t)r2] },

where R(s,t) is a covariance function, and clearly
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D
P

_ . 2
Ilat-atoll =2 T[R(t,t) - 2R(t,ty) + R(tyty)]"

Using the relationship preceding Example 2.7.1, it is straightforward
to show that 2-q
R(s,t) = 2 ng(t,t) ng(s,t)

Thus if ng(s,t) is product measurable, then so is R(s,t), and hence
Ilgt-gt0|| is measurable in t for each fixed tyeT. Assuming L()
separable, the existence of a measurable modification therefore follows
from (ii) of Theorem 3.1.1.

Conversely, if £ has a measurable modification n, then we can see
from Proposition 2.1.2 and Fubini's theorem that ||g_+E || = [Ing*n ||

is a product measurable function on TxT and that el = [Ingl] is

a measurable function on T. From

2|[rlgs+r2gt||2 = r%R(s,s) + 2ryr,R(s,t) + r%R(t,t)

for all ry,T,, One has

2| leg*E 1% = R(s,s) + R(t,t) + 2R(s,t)
2
2 = R{(s, ,
and thus IIESII (s,5) 5 ? 2
RGs,t) = [lege, 12 - 1117 - [Ig 112 .

Consequently, R(s,t) is product measurable and the product measurability

of C,_(s,t) now follows from

32

For a general SoS process £ it appears that C__(s,t) product meas-

£&
urable and L(&) separable are not sufficient for the existence of a
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measurable modification, though we do not have a counterexample. Since

llgt-gt || cannot be expressed in terms of ng(t,to) for 1 < a < 2, we
0

cannot express the condition for a measurable modification in terms of

ng(t,to) except in the sub-Gaussian case (Gaussian when o = 2), where

2 Za 2

_ 2 _ o o a
1€, atoll = Cep(6,1)7 - 20 (tgutg) © Cpp(tstg) + Cppltpot)™
If we set o(s,t) = ||g,-£|[, then of course product measurability

of o(s,t) implies measurability of o(t,to) in t, for each fixed ty-
Conversely, if L(Z) is separable anﬂo(-,to) is measurable for each tOeT,
then (ii) of Theorem 3.1.1 implies the existence of a measurable modifi-
cation n and we can apply Fubini's theorem to show that o(s,t) =
llns-ntll is product measurable. Hence condition (ii) in Theorem 3.1.1

may be written in the more symmetric form:

(ii)' The map &: T » L(E) has separable range and the function

o(s,t) = ||£S-€t|| s B(T)xB(T)-measurable.

Finally, we note that if £ is SoS and L(g) is separable, then ¢ has

an integral representation of the type
where {cu, - %-s u < %& is a SaS process with independent increments,

||gu]|a = F(u), and ft(')ELa(dF) for all t ([Kuelbs 1973, Theorem 4.2]).
And conversely, if & has such a spectral representation, then L(£) is
separable since L(z) is separable (Corollary 3.1.2 (iii)). In particular,

every measurable SoS process has such a spectral representation.
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2. Integrability of sample paths of SaS processes.

In this section we apply a result due to DeAcosta to obtain a neces-
sary and sufficient condition for almost all sample paths of an SoS
process to belong to Lp(T,A,\)), 1 <p < a (Theorem 3.2.4). We also
show that a sample path integral of an SaS process is an SaS random

variable (Lemma 3.2.3).

3.2.1 [DeAcosta 1975] If u <s an SoS Borel probability measure on

Lp(T,A,v) with.measurable seminorm W , then for every T < a,
/ wrdp < o
We begin by proving a lemma involving a p-th order process.

3.2.2 LEMMA. Let (T,A,v) be a finite measure space, and let
£ = {&t,teT} be a measurable p-th order process with 1 < p < « and
with |]£t|| <M< o for all teT. For any element feLqCT,A,V), where

%.+ = 1, the sample path integral

Q=

[ £(t)g, (w)v(dt)
T
belongs to L(E).

Proof: From the measurability of ¢ and Fubini's theorem, we get that

€t(w)eLp(T,A,\)) a.s., since
E%Iat(w)lpv(dt) - 1[||gt||Pv(dt) < MV(T) < = .

Therefore [f(t) Es (w)v(dt) eLp (), since
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]
P [{If(t)lqv(dt)]qu|£t(m)|pv(dt) .

JEOINONCS

In particular, the random variable ff(t)gt(w)v(dt) defines a continuous
linear functional on L(£)*, and it follows from Theorem 2.1.5 and the

reflexivity of L(£) that there exists a unique nel(g) satisfying
= f
A () AQQ% (t)g, v (dt))

for all zel(E).
Given any C'eLp(Q), we apply Theorem 2.1.5 to obtain tel (&) such

that AC»= AC' on L(£). Then

A (n - [ E(0)E (w)v(dt)
T

A () - B[P £(0)Ev@ED)]
T

A () - [ EELEDP g Iv@n
T

A - [ ERA (€ )v(dL)

T

AC(n) - AC(% f(t)gt\)(dt)) =0 .

Thus n = | f(t)gt(w)v(dt) a.s., whence [ f(t)gt(m)v(dt)eL(g). 0
T T

We next prove a stronger version of Lemma 3.2.2 for an SoS process

by.using a truncation suggested by L.A. Shepp and used in [Rajput 1972,

Proposition 3.2], where a similar result is proved for Gaussian processes.

3.2.3 LEMMA. Let (T,A,v) be a o-finite measure space, and let

£ = {gt,teT} be a measurable SaS process with £(*,w) LpCT,A,v) a.s.,
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O |
i
-
-

where 1 < p < a. Then for every element feLq(T,A,v), where %—+

the sample path integral

{ £(t) g, (whv(dt)
belongs to L(E) and is thus a SoS random variable.

Proof: For each integer n > 1 define a truncated process by

(n) -
EV (tow) = E(t,w)x{szllgsllsn}(t) >

and assume for the moment that v(T)< . Then the sample path integral
/ f(t)ggn)(w)v(dt) belongs to L(£) by Lemma 3.2.2, and, by the dominated
T

convergence theorem,

% f(t)ggn)(w)v(dt) > % F(1)E, (VL) a.s.

as n » «. Because almost sure convergence implies convergence in L(g)
for an SoS process £, we therefore have that [ f(t)gt(w)v(dt) belongs
T

to L(&).

o0}

If v is a o-finite measure, let {T, ;=7 be a monotone increasing
oo}

sequence of elements of A such that v(Tm) < o for every m and U Tm = T.
m=1
Then

{f £ (lxy_(£)v(d0) -

in a sequence in L(£) that converges to f f(t)gt(w)v(dt) by the domi-
T

nated convergence theorem. 0

3.2.4 THEOREM.. Let (T,A,v) be a o-finite measure space, let {Et,teT}

be a measurable SaS process, and suppose that Lp(T,A,v) i8 separable, ~
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where 1 < p < a. Then fl&tlpv(dt) <o aq.s. if and only if
T
I E(g, PIv@e) < = .

This result for o = 2 is contained in [Rajput 1972, Proposition 3.4].
Note that Proposition 2.1.2 provides an expression for E(|gt|p) in terms

of the covariation of £ on the diagonal.

Proof: Sufficiency is clear. For the necessity, define the map
P Q> Lp(T,A,v) by
g(,w) if E(’,U))ELP(T,A,\)) ’
o(w) =

0 otherwise .

Then ¢ is a measurable map from (Q,F) to (Lp,B(Lp)), since the process g
is measurable and LpCT,A,v) is separable. Thus £ induces a measure yu
on Lp(T,A,v) by

u(B) = Po ' (B)

for all BeB(Lp). 1f feLq(T,A,v), %—+ = 1, and if f* denotes the element

1

q

of L; (T,A,v) corresponding to feLqCT,A,v), then we have that £*(£(-,w))

= f(t)gt(w)v(dt) defines an element of L(£) by Lemma 3.2.3. Therefore
T

u(f’")-1 is an SoS distribution on R, since for every Borel subset B of R,

]

L(E*) " 1(B) PQ-l{XGLp(T,A,v): £%(x) ¢B}

P{we: £*(£(+,w))eB} .

Thus pu is an SaS measure on LpCT,A,v), so that by result 3.2.1 of

DeAcosta
[ el Py = € fle Poe)

= [1eC,m]|P P(dw)
Q Lp(T)
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lIXlli u(dx) <. O

- I
L,(™ o (T

If (T,A,v) = ([a,b],B, Leb), then Theorem 3.2.4 holds for p = 1.
The only alteration required to the proof is to take q = « and use

a result in [Doob 1953, p. 64] instead of Lemma 3.2.3.
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3. Absolute continuity of sample paths.

In this section we obtain sufficient conditions for the sample
paths of a p-th order process to be absolutely continuous (Theorem
3.3.1) and show these conditions to be also necessary when the

process is SaS (Theorem 3.3.3).

If B is a Banach space with norm | and T = [a,b] is an inter-
val of R, then we write Ll[T,IB] for the space of Borel measurable
functions f: T > B such that ||f(t)]leL1(T,Leb). We call f absolu-
tely continuous if for every € > 0 there exists a § > 0 such that

for every disjoint family {(Sk’tk)}£=l of subintervals of T,
Z§=1(tk-sk) < § implies that Zﬁ=1||f(tk)—f(sk)|| < e. The following
characterization of absolute continuity is given in [Brézis 1973,

Appendice]: the function f: T - B is absolutely continuous if and

only if for every teT it can be expressed in terms of a Bochner integral
t
£f(t) = f(a) + [ £(s)ds
a

where feLl[T,B].
We now present sufficient conditions for a p-th order process to
have absolutely continuous paths. The argument used is from [Cambanis

1975b] where second order processes are considered.

3.3.1 THEOREM. Let £ = {Et,teT} be a separable p-th order process on
(Q2,F,P), where p > 1 and T = [a,b]. Then each of the following two
equivalent conditions is sufficient for the sample paths of & to be
absolutely continuous with probability one (and have a measurable p-th

order process as derivative):
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(1) The map T + L(£) defined by t F—>£t i8 absolutely continuous.
(17) The function ch(t) = AC(Et) 18 absolutely continuous for all
gel(g), for all teT-T

with Leb(T,) = 0 the derivative C&g(t) exists

0 0)

for all tel(&), and

[I1E Ndt < =
pot

where for each teT-TO, gt 18 the unique element of L(E) satisfying

Ag(ét) = Clp (1) for all zel(8).

Proof: The equivalence of (i) and (ii) is contained in [Brézis 1973,

p. 145]. If t |> Et is absolutely continuous, we have
ta
bv T8t £ £gds

for all teT where geLl[T,L(g)]. By Theorem 3.1.1, 2 has a measurable

modification, say n. Observe that

b b b
E (t,w)|dt < (t,w) at = [ ||€ dt< « ;
£ In w | £ |'” w lle(Q) £ l t||Lp(Q)

) n(-,w)eLl(T,Leb) a.s., z.e., for every weQ-QO with P(QO) = 0.
Define X by

t
E(a,w) + [ n(s,w)ds, teT, we-Q

X(t,w) = a 0

0 , teT, weQO s

and note that the sample paths of X are absolutely continuous.

~N

Let gn be a sequence of simple functions T - L(£) such that
t ~ A
£ ||£n(s) - g(s)lle(Q)dS» 0

for all teT. Then
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t t
Ele, X, | = E|f €ds - [ ngds|
a a
t,\ t
= lim E|f £,(s)ds - [ n(s)ds]|
me a a

t .
lim [ E[En(s) - n(s) |ds
o a

IA

IA

t
1im £ (s) - n(s) ds ~ 0 .
n—)-oo£ || n nis HLP(Q)

Thus P{gt = Xt} = 1 for all teT. Let S be a separating set for &
with NeF, P(N) = 0, such that if weQ-N and teT-S, then £(t,w) =
lim &(s,w). Now P{£t = Xt’ VteS} = 1. Thus there exists QleF with

s>t
seS

P(Ql) = 0 such that £(t,w) = X(t,w) for all teS and weQ-Ql. Given
any teT-S and any weﬂ—(NUQl),
E(t,w) = 1im &(s,w) = lim X(s,w) = X(t,w) ,

s>t s>t
seS seS

since the paths of X are continuous. Thus, if weQ-(NUQI), then
£(t,w) = X(t,w) for all teT, and hence the sample paths of & are abso-

lutely continuous with probability one. 0

In [Cambanis 1973] it is shown for a separable Gaussian process £
that at every fixed teT the paths of ¢ are continuous, or differentiable,
with probability zero or one. Also, if £ is measurable, then with
probability one its paths have essentially the same points of differen-
tiability and continuity. These same results follow for SaS processes
(with no change in argument) by applying a zero-one law for stable

measures from [Dudley and Kanter 1974]. We now state in detail one
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of these results which will be used later.

3.3.2 THEOREM. [Cambanis] Let & = {z;t:teT} be a separable SoS
process, where T is any interval.

(1) At every fixed point teT the paths of & are differentiable
with probability zero or one.

(i1) Let Ty be the set of points t in T where thevpaths of &
are differentiable with probability one, and Td(w) be the set of points
t in T where the path E(*,w) is differentiable. If & is measurable,
then with probability one

Leb{Td(w) A Td} =0 .

The next result shows that the conditions in Theorem 3.3.1 are

necessary for a SaS process £. Once again, we use the proof of a

similar result in [Cambanis 1975b] for Gaussian processes, certain

passages being lifted in their entirety.

3.3.3 THEOREM. Let & = {Et,teT} be a separable SoS process with
T = [a,b] and o > 1. Then the following are equivalent:
(1) The paths of & are absolutely continuous with probability one.
(i2) The map T +L(§) defined by t |> €¢ 18 absolutely continuous.
(111) The function ch(t) = AC(Et) 18 absolutely continuous for all

zel (&), for all teT-T, with Leb(TO) = 0 the derivative Cég(t) exists

0
for all tel(E), and

[ 1t <=,

where for each teT-TO, Et i8 the unique element of L(E) satisfying

Ag(ét) = C;(t) for all tel(€).
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Proof: (i) = (ii). Absolute continuity of a path implies differ-
entiability a.e. [Leb], and therefore Leb[T-Td(w)] =0 a.s. Since &
has continuous paths with probability one, it is measurable. Thus
by Theorem 3.3.2, Leb[Td(w) A Td] = 0 a.s., and hence Leb(T-Td) = 0.

Take T, = T—Td, and let QoeF with P(QO) = 0 be such that £(°,w) is

0
absolutely continuous for all weQ-QO. Define ¢ by

n-roe

limsup n[&(t+ %,w) - £(t,w)], tela,b), weQ-QO ,
g(t,w) =

0o , te[a,b), weRy; t=b, wefd .

0;
Then ¢ is measurable and for all meQ—QO we have z(t,w) = &'(t,w) for
ter(w) - {b}, where £'(+,w) denotes the path derivative of £(-,w).

Also, for all teTy - {b}, z(t,w) = £'(t,w) a.s. Now define n by

z(t,w), ter, wef ,
n(t,w) =

o , teTO, wesd ,

and note that n is measurable and SoS. Also, for all weQ-QO,

n(e,w) = z(*,w) = £'(*,w) a.e. [Leb]

on T, and E'(~,w)eLl(T, Leb) since £(+,w) is absolutely continuous.

follows that n(+,w)eL;(T,Leb), and hence [ Tngl 1y (@ds <= by
T 1

the remark following Theorem 3.2.4. In addition, for weQ-QO, we
have
t
£(t,w) = &(a,w) + [ n(s,w)ds
a
for all teT.

Let {(Sk’tk)}£=1 be a family of disjoint subintervals of T. Then
ty |
n(s,w)ds|

k

Tes

n
X k:
-1I|gtk SkllLl(Q) kzl |£

It
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t
' n
< Z f ”n IlL (Q)(ds) .[ HnsllL (Q)dS
k=1 s yn (51 ,t,) 1
k 177k’ 'k
Therefore the map t > Et is absolutely continuous by the absolute

continuity of the indefinite integral since [ ||n_|| ds < o,
T s Ll(Q)
(ii) = (1) and (ii) <= (iii) follow from Theorem 3.3.1. a

Theorems 3.3.1 and 3.3.3 with appropriate modifications give condi-
tions for paths to be absolutely continuous with derivatives in
Lp(T,Leb). They can also be extended to give conditions for paths to
have (n-1) continuous derivatives with the (n-1)-th derivative absolu-
tely continuous with derivative in Lp(T,Leb).

The following corollary generalizes a well known result for station-

ary Gaussian processes to the (nonstationary) SaS case.

3.3.4 COROLLARY. Let {g,, -® <X < w} be a SaS process with indepen-
dent increments and F(\) = ||£A||a a bounded function. Then a separable

stochastic process {Et, a<t<b} defined by

= f cos(tA)de,
has absolutely continuous sample paths with probability one if and only

if %
[ IA%FQ) < .

Proof: If £ has absolutely continuous sample paths, then for every

gel (dF) and ¢ = [ g(N)dz,,

Coe () = [ cos(80) (g% P ()

is absolutely continuous on {a,b] by Theorem 3.3.3. Thus for any
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1/a-1

gOGLa/a-I(dF)’ (gO) €La(dF) and

f cos (tA)gy(A)dF(A)

is absolutely continuous on [a,b]. It is known that a function

[}

f(t) = f cos(tA)du()), u finite, is absolutely continuous if and only

if [ |Aldu()) < «=. Therefore [ lAIgO(A)dF(A) < o for every positive
function g0€La/a-1(dF)’ and it follows that | INHF () < .

-0

For the converse, note that every zeL(£) can be expressed as

[e ]

¢ = [ g(\)dz,, where geL (dF). If AeL (dF), then

- -1
[ I g [P FQ) < @
and therefore

Cop(t) = [ cos(t2) (1)) HaF ()

is absolutely continuous. It is easily seen that C&g(t) exists at

every te(a,b) and that

o«
n

£, = -_i A sin(tA)dz,

satisfies C&E(t) = Ag(gt) for all zel(&). Thus

b b
[ e N Hdt = [ |Ix sin(tA) ]| dt < =
o et A L_(dF)

and therefore the paths of £ are absolutely continuous with probability

one by Theorem 3.3.3. 0

It should be remarked that a SaS process & = {Et, a<t<b} with
independent increments cannot have absolutely continuous sample paths

(except in the trivial case where F(t) = ||gt||a is a constant function).
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For, the claim is obvious if F is not absolutely continuous with re-
spect to Lebesgue measure. In *the case of absolutely continuous F,

{
given any € > 0 and § > 0 it is possible to choose a finite family of

disjoint subintervals {(sk,tk) };(1=1 such that Z§=1(tkfsk) < §, but -

? e, -&. 1] = E IF(t) -F(s) |/ > e
K1 % Sk k1 X K

To see this case, let (al,bl) be a subinterval of [a,b] such that

bl—a1 < 8§, F(bl) -F(al) > 0, and define

h =

[F(bl) - F(al)]a/a—l

ae )

By the uniform continuity of F we can choose n so large that |t-s| < %

implies |F(t)-F(s)| < h, for all s,te[a,b]. Let {(sk,tk) }Ll be a

partition of (al,bl) into n subintervals of equal length. Then .
n }—1 -

Zkzl(tk-sk) = by-a; <6, but

1/a n F(tk) ’P(Sk) _

) 0Lhoz-l7o¢ e

n
F(t,)-F(s,)
kzll W T k=1
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