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SUMMARY

The rheological behaviour of structural materials is considerably stimulated in the presence
of a temperature field. This influence is manifested by the changes in their thermodynamic
characteristics. Our aim is to discover and discuss the problem in connection with thermo-me-
chanical phenomena in nonlinear bodies of a certain class. These are assumed to be isotropic,
homogeneous and incompressible and undergoing small deformations. In particular, we are in-
terested in the analysis of the form of free energy and entropy production for such bodies.
Therefore, two alternatives of substantial behaviour are investigated. One is concerned with
comparatively small influence of dissipative properties on the amount of internal energy while
the other one related to the deformation state characterized by almost total dissipation process.

The above problems mentioned are discussed in connection with the meaning of thermo-
mechanical coupling. A double significance may be prescribed to the latter. One follows from
the appearence of heat fluxes due to deformation changes and the other is concerned with total
or specified responses of the material.

The corresponding constitutive equation for the body considered is derived by using the
generalized superposition principle. On the bais of the functional obtained the form of dissi-
pative function is obtained. It follows directly from superposing energetic phenomena of dis-
sipative character. As both the procedures are effected at the differential level, the resulting
integral forms are obtained by assuming the integrability conditions to be valid. The results
are discussed on the basis of premises which follow from the law of thermodynamics of irre-
versible processes. It is concluded that dissipative ability of the material may constitute a ¢er-
tain measure of its actual stability. In particular, the amount of dissipated energy may indicate
the attainment of certain state of the material in question which should be considered as cri-
tical,
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The rheological behaviour of structural materials is sensitive to the
ohanges of temperaturs field and at certain level a small increase of tempe-
rature may lead to a significant change of their deformation state. The con-
siderable thermal influsence is manifested through the remarkable variation
of the thermodynamical characteristics of the materials, It is our aim to
discuss this problem in connection with the thermomechaniocal phenomena be-
ing observed in the nonlinear viscoelastic bodies of certain class. In our
considerations they are assumed to be isotropic , homogeneous , mechaniecal-
1y incompressible and exhibiting the instantaneous linear elastic responsae.

In particular , we shall be interested in ths analysis of some forms
of free energy and entropy production which may be possibly deduced for the
bodies in question. The viscoelastic nonlinearity will be assumed as small,
It mesns that the constitutive equation will contain a second order nonli-
near term separated from the linear viscoelastic deformation within the ad-
ditive form., The latter follows from a more general formulation of consti-
tutive thermorheological propertiss based on the gensralized superposition
principle. Some particular cases Will be specified as regards the amount of
free energy and entropy production.

The discumsion touches also the problem of thermomechanical viscoelas-
tic coupling in the presence of a variable temperature field, Evidently , &
may be understood in two different ways. One follows from the appearance of
heat fluxes due to the deformation changes and , therefore , one has to com-
asider the heat conduction in the body. The equation of energy balance then
contains the additional term responsible for thermomechanical couplimg. It
expresses the fact of mutual exchange between the two kinde of energies me-
chanical and thermal in the rheological process. On the other hand, the se-
cond meaning of coupling may be related to the thermomechanical effeots as
showed by the total response of the material in the presence of meehanical
and thermal causes., In general, it indicates that all the physical characte-
rigtics should be temperature dependent as the latter appears in the form
of constitutive relation as an independent variable. However , it should be
mentioned that sueh coupling occurs between the specified terms of dimtinct-
ly different physical nature, If these , as being strain contributions ,are
added , one obtains the total response of the body. As it will be shown la-
ter , the particular effects are coupled due to the integrability condition
put on the differential form of the constitutive relation,

1. We consider the proposed form of constitutive equation for the nonline-
ar material with viecoelastic properties. It is obtained by using the gene-
ralized superposition principle [11,[2],[3], performed in accordance with
the procedure as follows.

Let us denote by‘Aﬁig)the inorement of small strain tensor related to
the observation instant t . It is assumed to be caused by the simultaneous
increments of strese deviator 8, (g?d temper?;?re T considered as independ-
ent variables ., The increments A’ij and AT are taken within the subin-
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terval w, = [7n-1’tij W EW= [0,t]. The contribution of the partiel sta-
te in Con to the global strain state at t we assume am follows

8{‘;)(1: ) = KA-{’;M Ky AT, (1)
where

K = K{t 0,0 [42 ,0G0],26")} (2)

kg = kia{t;,-k[v:.r(t;)] .T(f:)} (3)

denote the generalized memory function and the dilatation tensor, respecti-
vely. They depend.on the spesified arguments g, (k = 1,2,3), T taken at in-
stant t:e;aan « Here 8, is the triplet of the stress deviator invariants,s1
beling reserved for the possible pressure which may appear as a result of
temperature effects,

By summing up the contributions of eq.(1) ana taking the limit for n >
® iaw, we arrive at the constitutive relation

-1
eij(t). (2a) 8y -j'-ijbfxdt *+ Iy y? -Jmatkijdr (4)
where -1 “ «
K = (20) + E{t,t,8[t,2@®)] ,20)} , 3, = /ot (5)

contains the linear elastic response, The thermal member in 9q.(4) is mpeci-
fied as the temperature effects may create the thermal strain and stress in-
dependently of mechanical oruses. In the case of & simultaneous action of
the mechanical and thermal fields the effects are coupled. It means that in
such case one oannot separate naturally the particular strain and stress
states,

On the other hand, instead of considering increments, as in aq.(1), we
can assume the differential constitutive form

"151;1 = Kd’id + kinT = “o.kleiddskl + 'bTEinT (6)

where
O, €13 = K8y Oy = kyy - (7)

The physical coupling of the qualitatively differemt functions in eq.(6) oc-
eurs if

Ok = 9, "13811:331 , (e)

kl

and, therefore, one obtains again eq,.(4) by integrating of q.(6). The inte-
grability condition of eq.(8) indicates the additional constitutive relat-
ion whieh exists between the physical characteristics of thermoviscoelastic
behaviour. The result obtained points out clearly the significance of the
coupling mentioned above,
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Alternetively, we rewrite eq.(4) as follows

=1 o~ ~ .
€ 4(t) = (20) 85y + IKsyy + SULM (9)
where

i’-“ = ks ifid = jfij(t)df , T = aT/dt (10)
w

K and L being the superpositional operator and the integral operator, respe-
ctiveiy. Here the dilatation tensor is of the form

kyy = 8y (11)

where 2¢ is the thermal expansion characteristic.
In particular, we assume that the viscoelastic nonlinearity contained
in the superpositional operation is of the additive form

“Eeyy = (K + ia)'ij . (12)

Here ﬁo is & linear operator and then i* may be considered as a second ord-
er nonlinear operation.
If we denote by

=1
915 = B4y - (20) sy, (1)
the viseoelastic strain tensor, egs.(9) and (12) then give
gij(t)- Tﬁﬁo+ﬁ) gy * Siaiﬁg . (14)

There are not eonvincing expressions available in the litterature for
the free energy and the dissipation in vimscoslastic materials. Although, 1t
is possible to derive them rather easily on the basis of rheological models,
there are substantial difficulties in their formulation as regards general
oases, For example, in references [4] and [5] one finds derived the dissipa-
tive functionals in double integral form for linear viscoelastic and nonli-
pnear ereeping media undergoing isothermal deformation. In the latter paper
the progedure of deriving is founded on the generalized superposition appli-
ed to the forms of funotionals of the seoond degree.

It is elear that the central difficulties of the problem 1ie¢ in the ap-
propriate interpretation of physical properties of the media in question.
Moreover, the interpreting depends on the forms of kernels appearing in the
operational constitutive relations to deseribe these properties. Especially,
the nonlinearity of the latter introduces some complexity into considerat-
jen., Therefore, im most of the papers on dissipative heating problems there
are fargoing approximations made as regards the distribution of mechanical
energy input. For example, it is assumed that this input is totally conver-
ted into heat and , henee , the constent level of free energy sustained.
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In connection with the above discussion let us consider some admissib--
le forms of the operation K 1n eq.(9). At first we assume

Koyy = o;52[0(6) ,2 ()] 9,C(6-t) = ¥ He, , (15)

where we put & = 8, and neglect the influence of the third invariant, Furth-
ermore, we assume

£ = exp [u(t)sZ'a(T)], C = 00[1-exp -] (16)

L belng certain comparative value of s and GO,X physical constantse,
As follows from aq.(16) the weak nonlinearity of viscoelastiec behavio-
ur may be obtained by extending f to obtain
2 =(1 + b’?|s=s o8+ L) expﬂ(TJ . a’flsss =a(To)s;1 a7
o o .
T° representing temperature whieh corresponds to the level of stress state
defined by s . Then by comparing eqs.(15), (17) and (12) we find

,iosi:j = t{UOD-exp -X(t-t)]}sid,ﬁo = coexpl(l‘o) (18)
ﬁ;’ij = t{U°[1-exp %ﬂ%'tﬂ}aefls-ao's'sij (19)

the latter operator defining the weak nonlinearity. As it is seen,for the
assumed eq. (15) the viscoelastiec process with small nonlinearity may be con-
sldersd as isothermal. In such a case it meems to be reasonable to assume
that eq.(19) represents a dissipative term, of course, in approximation.

It should be mentioned that eq.(9) with the substitution of eq. (15) may
be easily reduced by differentiation to a nonlinear differential equation
with respect to B4 oOr 013.

Another interesting case we obtain by putting

Koyy = 856[8t) ,20)] 3[BG) - B = dms,, (20)
where we denote

=g , B(t)=B (expgt - 1) . (21)

The weak nonlinearity cese we obtain by extending the funetion g, simi-
larly to eq.(17),

€=(1+3%

B+ ) exp'a(!l") . B'EIg;. -n(’.l‘o) g;1 . (22)
o

Is-so

Thus, by comparing aqs.(20),(22) and (12) we find

~

Koos4 = sidbt{ﬂ;[ixp(gt)- oxp(gtﬂ}, By = Bexpa(r,) (23)

4

Kesyy = ’ij"asﬁ S.foﬁa[exp(gt)- oxp 8)1} . (24)
]
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It may be easily proved that eq.(20) is a term of dissipative charact-
er. The strain described by the function B is nmot reversible in time after
unloading. As a result of stressing one obtains a permanent deformation of
viscoplastlie nature.

It is to note that eq.(9) with the substitution of eq.(20) reduces to
@ nonlinear differential equation for stress by simple differentiation.

We shall use the above results to interpreste the dissipative heating
phenomenon and thermomechanical coupling.

2. If the considered nonlinear viscoslastic material undergoes a small de-
formation process, then at t€w mtrees power defined locally in the small
neighbourhood of a particle becomes

Wom a6 = B+ audy Qsye = 09/ 3xy (25)

Here , W is the rate of specifio work done by stresses , E the rate of ape-
¢ific internal energy and ay denotes the heat flux vector. For the proceas
in question the internal energy is a function of strain tensor invariants
and temperature

E = Bley () ,T ()] (?6)
and, therefore , its rate may be written as follows

. < . . . .

E = = 3ekE.ek + BE.T = Z; B.kE.ck +CT , C,=?%F (>1)

where @, are invariants (k = 1,2,3) and Cv is the specific heat capacity.
The heat flux vector in eq.(25) is expressed through the temperature
gradient
qi = -2 Tvi (?8)

A being the coefficient of thermal conductivity of the material.
The equation (25) may be now rewritten by using eqs.(26) and (27)

8, . € -ci+Zi E.0. o £ -AT 8 . (29)
Kb = O = %, B%, %1 %1%
Taking into account the relation between the entropy S and the inter-
nal energy at the differential level
dE = TdS + B),dE,, (30)
we find them the specific energy rate as being
E=TS+W ., (31)

On the other hand, the rate of entropy is equal to the generation en-
tropy rate less the diffusion flux gradient of entropy denoted by S;,k

‘ * x
S =87 = By (32)
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Substituting eq.(25) into eq.(31) we have

o -1 A .

8 = 27 a1y + B6p) (23)
and them by eomparing eqs.(32) and (33) we find

R Y o N S A A (74)

representing the generation entropy rate and diffusion flux of entropy, res-
pectively. As we must always have s™o0 s both the tgrms in the first of egs.
(34) are positive

8€1 > 0 v gl 8,40 . (35)

Thus, s glves the sum of entropy production due to heat and that dus to de-
formation,
The free energy being defined by the relation

F=E -~1T8 (36)

its rate reads
F=E- (18 +18) (37)
8o that by combining eqs.(31) and (37) we obtain

WP +08 4+ 08 (38)

In partieular, if the temperature rate may be dieregarded we can write
0q.(38) for a constant temperature T,

i.i+m°§ (39)

the stress power being defined for an isothermal deformation process, In ge-
neral, if such is the ocase the rate of entropy production in eq.(39) eannot
be identified with the rate of heat production in the material due to die-
sipative phenomena. The isotharmal process requires, in general, some heat
exehange and only when this exchange is considered as small one can inter-
prete the dissipative term in €q.(39) as the rate of heat production,
Returming to our oonstitutive relations we shall assume that the possi-
ble response of the material to the volumetrie deformation due to temperatu-
re shanges in the presence of constraints is of elastic nature, As the sym-
bol &, in 0q.(5) 18 reserved for the possible pressure, the first invariant
of stress deviator being equal zero, we have B, = % =1/3 6&1 « Thus, speci-
fying @ from the function K of eq.(5), by alternating of eq.(9) we find

E=D§F -BE(T - To) ’ €= 1/3 eii (40)

where D denotes the bulk modulus anad 3¢ is put a constant. If there are not
eonstrainte at all, the temperature eshange does not introduce any pressure.
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Taking into account eq.(40) we rewrite eq .(9) as follows

-1
.ij(t)' (2a) 8y +ﬁ’ij (41)

where now we neglect the influenee of the third invariant 8,, #0 that eq.(4)
contains

B = B{t,t,eft, 7], 0@} . (42)

In the equation (41) oy is the strain deviator.

On the other hand, the equation of energy rate (29) 418 modified as fol-
lows

.. . * * .
81%7 = C,T + 3D aQ(T-To)B - )T,klsn + ‘er .B.kle.okl (43)

where D* = D"'1 and @ the second invariant of strain deviator,

The equation (43) expremsas the fact of thermomechanical viscoelastic
coupling as it describes the reciprocal interchange of mechanical and ther-
mal energy.

From the equation (41) follows that the viscoelastic strain deviator

=1
9“(1;)= 0y - (ea) Byg = 844 - oig (44)
is expressed as

€13 () = T‘E’i;j * (45)

In partiocular, if the elastie part of strain deviator is negligible in
0q.(44), we have

8,191 = Cyl + ID"RE-T)E AT, 8 + BgE By 9-9i1 (46)

where now ¢ denotes the mecond invariant of viscoelastie straln deviator.

In some specifie cases the terms of eq. (46) may be conmidered as pure-
ly diseipative. It occurs , for example, when the material exhibits a pure
viseous or viscoplastic behaviour as that expresaed by 0q.(20).

The equation of energy derived above constitutes the econdition of equi-
1ibrium defined locally in time for the body in question deforming in a va-
riable temperature field. On the other hand, this condition takes into aec~-
ount the fact of generatiom of the heat fluxes due to strain state and vis-
cous resistance. In such a way the deformation process is coupled with the
heat eonduction am the former leads to the heat flow phenomenon inside the
body.

3, The problem of main importanee is that of specyfing the free energy as
well the dissipation on the basis of constitutive relations whieh we have

at our disposal, These ara used to form the stress power as defined by eq.
(25). On the other hand, they give some indications as regards the possible
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forms of free energy and entropy productiomn.
Let us form the stress power on the basis of eq,(41). Thus, different-
iating with respect to time, we find

.o.u(t) - 0.13(1;) + ﬁlid (47)

where the dot over the operation is symbolie, Multiplying eq. (47) by the de-
viator 513, we have

~ -1‘ L
W oa 5“013 + '1fo’1.‘l = (20) 8485 * 'i:jm’ij . (48)

If we eonsider ¢q8f20) and (39) then by the direct comparing the eorre-
sponding terms of the equality obteined, we find

-1,
P = (20) 8,48, (49)

- T;‘gijfisid - r;‘,ﬂsijx(s).nogoxp £t (50)

for an isothermal process.
Returning again to eq.(41) we cam assume that the expected form of the
solution with respect to the deviatoric stress is

. = 0, s
aiJ(t)- 2Gey, + LReyy = ® 4 + IRe,, (51)
where R is the resdving operator of the form analogous to eq, (5)

oy, = oy tle ) 201 3,0G) . (52)

By using the coneept of small nonlinearity, it is possible in analogy
t0 eqs. (18) snd (19) write

Hooyy = 2TG-t)ey, (53)

i‘-“ = 'ot,U(t-t')i.f* .0y, (54)

O-.o

LI being a comparative value of a.
On the basis of eqs,(47) and (51) the stress power reads

v .13513 + '1§°ﬁ’1; + ;1;.117013 + f‘ﬁ’ia .iﬁoij . (55)

As seen from the form of €q.(55),it 1s rather difficult to judge and
elassify the terms appearing there as regards their energetis signifieanca,
except the term first, Therefore, it often happens that ons has to make so-
me approximative sholce in am artificial manner rather in order to simplify
energetie expression. Such an approaech is often used in the available 1itte-
rature ooncerned with the problem, even im the linear case.

Alternatively, we ean represent eq.(55) in terms of the deviator @ij.
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Correspondingly, we can introduce also the deviator of viscoelastic stress
defined as follows

o .
Pyj = Byy = Byy (56)
It is seen from the form of eq.(55) that if the elastic components are

neglected, for example, in the case when material is subjected to cyeclie lo-
adings, we simply obtain

W= I‘Kui:j .LReiJ = gid’ij (57)
From there by integration we find
W iiﬁ!ij ‘iﬁeij = iéij’ij (58)

the result which indicates the form of stress work to be a funetional of se-
cond degree. Usually, such forms are assumed in the litterature as, for ex-
ample,in [4] and [6].

The additional term which appear=in the equation of energy balanee (43)
and takes into account the rate of internal energy results from the nonline-
arity of strain state. It 1s clear that it dilsappears if the material beha-
ves linearly. Thus, the equation (43) simplifies considerably and may be in-
terpreted as the first approximation of a small nonlinear deformation pro-
cess, The similar equation of energy to the aimplified form of eq.(43)

’kl‘;kl = cvi' + 3n“ae('T-T°) - 7"1"1:151:1 (59)

we find in [5]. However, the right hand side of eq.(59) is considered as pu-
rely dissipative.

4. Founding our considerations on the thermodynamleal concepts we derived
the equation of energy for & nonlinear viscoelastiec material. The oonstitu-
tive relation for such a material was obtained on the basis of the generali-
zod superposition procedure which led to the functional form of nonlinear
oparator containing stress and temperature as independent variables.

In both the cames the physical meaning of thermorheological coupling
of effects was emphasized,

It is, in general, very difficult to make some fargoing conclusions as
regards the quantitative judgement of the coupling influence on viscoelas-
tic deformetion, It seems,however, that the proocedure applied and results
obtained may find use in the problems of rheological stability of structu-
ral systems as well may be adopted to the investigation of defermation pro-
cesmses of constructions working in the temperature fields, Especially, it
is concerned with such problems in which the inertia effects are negligible
as assumed here,
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