BIOMATHEMATJCS TRAIING PROGRAN

Order Statistics for a Special Class of Unequally
Correlated Multinormal Variates1
by

J. 0. Rawlings2

The moments of the order statistics for independent normal variables are
well known and used for many purposes including the determination of the
moments of censored normal populations. Selection programs in plant and
animal breeding routinely use the average of the expectations of the s top-
rankihg ordervstatistics as the standardized selection differential in the
prediction of genetic gain. In many cases,nthe assumptior of independence may
not be satisfied as, for example, when the population under selection is com-
posed of individuals with varying degrees of genetic relationship.

The present study was prompted by the need for some understanding of the
effect of unequal correlations on the order statistics, ordering without regard

to the genetic relationships. One abstraction of this problem is to assume

that the sample of n individuals consists of m full-sib families with k
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individuals per family and that the correlation between two full sibs is the '

same for all full-sib pairs. This can be represented by the simple between-

within classes linear model

~ NID (0,02). Then the Y,, are unequally

where &, ~ NID (0,0:) and ‘i

i
correlated, i.e.,
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Owen and Steck (1962) considered the order statistics for the equi-
correlated multivariate normal distribution and showed that all moments and

product moments for any correlation p (- ;%T < p £ 1) could be obtained frdm

the corresponding moments and product moments for the independence case,

p = 0, Letting x[i;n,p] be the ith order statistic in a sample of n equi-

correlated multinormal variates with mean 0 and variance-covariance matrix

= {o,.}, where
% = oy 11£1 = § |
1~ - ’
1 pifi!‘.‘!»';l‘l_'—l‘psl

the first moment was shown to be
Y
“x[i;n.ﬂ) = (=) 6“[1;!\]) -

vhere z[i'n].i' the ith order statistic in a sample of n under independence.
’

The variance was showm to be

V{xti;n,p]] =D+ (1-9)\7{2[1;n]} .
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P. M. Burrowss, personal communication, provided a proof of results similar
to those of Owen and Steck but which dropped the requirement of normality and
used a transformation which eliminated the need for considering separately
p <0 and p > 0 as is necessary in Owen and Steck's proof. Let YI’YZ”"’Yn
be n independent and identically distributed random variables and let U be

stochastically independent of Yi’ i=1,2,...,n, with all variables having zero

means and unit variances. Burrows' proof used the transformation

X, = (1-9)%(yi-?) + x% v, i=1,2,...,n ,
where 1 - 1 -
A = {I+(-1)p} , -——=<p<1 , and¥== TY, .
i n-1 noq i

Then G(Xi) = 0 and the variance-covariance matrix is Zb. As in Owen and

Steck's proof, X-, ig identified 2
€%°S PFO%% Misn,p] ted as
Y, 51 . %
X, = (1- Yr. Y] + A°0
[1;n,p] ( p) [ [1;n] ] ]
- 1 B
and recognizing that Y can be written as o z [i:n]’ the first two moments
i=1 } '

about the origin were shown to be

%
é{x[i;n,p]} = (1-p) 6{Y[i;n3}
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with the variance being

( E . n
ﬂx[i;n,p]} -pt (1"’)7’“[1;:1]] + % xlx~ )[1 -Lfl@{Y[i;n] ’YfL;n]}]

These results reduce to those of Owen and Steck with the assumption of

normality in which case

zo{y[i - Y[L ]} = 1 for all i.

The generalization to be considered in this paper is a relaxation of the
equicorrelation to the extent that the set of n variates derive from m inde-

pendent k-dimensional multinormal distributions with common correlation p, .

n = wk. While normality is assumed throughout, the assumption is necessary
only at the final stage of performing the numerical integration.

| Let xu designate the jth variate from the ith k-dimensional multinormal
distribution (1 = 1,,..,m; J = 1,...,k). Arbitrarily taking the mean to be

zero and the variance of each to be one gives the variance-covariance matrix
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where each L is a k x k variance~covariance matrix for the equicorrelated
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case as previously defined. It is easy to show that -1/(k-1) < p <1 using the
same argument as in the equicorrelated case (David, 1970). Note that the Xij

for given i are exchangeable variates and, in a like manner, the sets of
k-dimensional multinormal variates are exchangeable. The ordering to be consi~-
dered is of all n = mk variates without regard to.group classifications. The
ordered variates will be designated X[l;n,m,p]; X[Z;n,m,pj’ vees Xpn mo]t

The second and third subscripts, n and m in this case, are sufficient to describe

the structure of the sample since k = n/m.

Limiting Results

There are several obvious limiting results which provide reference points.
r r '
= = z * = 1)
(1) Whenp =0, (X [i;n,m,O]) é( [i;n]) (2) When p 1.0 all members
within each k-variate normal are identical so that the moments for the first
k ordered statistics are all equai to those of the largest order statistic in
a sample of size m with independence, the next k ordered statistics are
identical to those of the second largest order statistic, etc. This can be
r r
= *

expressed as &(X [i;n,m,l.O]) é(z [i*;mﬂ) where i* is the integer equal to
or immediately greater than i/k. That is,

(G(Zr[l;m]) for 1 i £k

'y
1 ¢4 [Z;m]) for k+l s 1 s 2k

i |
X [4:0,m,p]) ‘< :

G(Zr[m.m]) for (m-1)k+l £ i < mk.

\

From (1) and (2) it is clear that, when viewed as a continuous function of p,
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the moments of the order statistics in the structured case as defined must .
converge in sets of size k from the moments of the order statistics in samples

of n = mk independent variates when p = 0.0 to those iﬁ samples of m independent
variates when p = 1.0, (3) Whenm = 1, all variates a¥e equally correlated

and the exact results of Owen and Steck (1962) hold. (4) When m = n, all

r r
t = .
variables are independent so that &(X [1;n,n,p]) 6@z [i;n])

Probability Integrals for Equicorrelated Multinormal Variates

Two multinormal probability integrals involving equicorrelated variates
will be used repeatedly. In all cases the multinormal variates within a cor-
P related set are assumed to have zero means, unit variances and equal correlations
so that the abbreviated notation ¢k(:_:_;p) = ¢k.(x1,x2,...,xk;p) will be used to
designate the k-variate multinormal p.d.f. where p is the common correlation.
(p(x) will be used when k = 1.) One integral of interest is the probability ‘
that precisely s of k variates in a k-variate multinormal will fall below the
point h and the remaining k-s variates fall above h. The probability that X1

to Xs fall below h and Xs+1 to X‘k fall above h is given by

) o h h

-Lk(h;s,k-s,p) =S S[S S ¢k(:_c_;p).dx1‘,..(.,dxs:ldxs_*_l,...,dxk. (L
“ h h - -

Due to exchangeability of the variates within a correlated set, the probability
that precisely s of the k variates fall below h (and the remaining k~-s above h)

is given by

(l;) L (his,k-s,0) . 2)

Using a slight variation of a form given by Gupta (1963) the multiple integral .




(1) can be evaluated more simply as

L (hjs,k-s,p) = S s w151 - 2w 1%7° ay €)

where

w
¥
d(w) = S ¢(x) dx and w = btpy .
- (1-p)?

»C

The second probability required is the probability that precisely s éf
the k variates within a correlated subset fall below h, k-s-1 fall above
h + 6x and the remaining variate falls in (h,ht+dx), with &x taken to be arbi-
trarily small. This . corresponds to the probability density function of

X[k s:k,p]° the k-s order statistic in a saﬁble of k equicerrelated multinormal
=G, K,

variates, evaluated at h, This can be derived using an argument similar to
that of David (1970) for independent variates.

The event x < x[r-k < x + 5x may be realized by X, < x for r-1
. 2

.p] i

variates, x < X, € x + 8x for one Xi’ and Xi > x + &x for the remaining k-r

i
variates. The number of ways this can happen is

k! S 1
(x-1)!1!(k-r)! B(r,k-r+1)

and, because of exchangeability, each has equal probability., Taking Xk to be

the variate falling in (x,x+8x), the conditional probability that X .3 X

1°°"

take values greater than x + 6x can be

r-1

take values less than x and Xr,...,Xk_1

written as

S XX > wbbx, .00, X ) > xbbx|x <X S x48x]

s .
Pr[x1 TRRR S

Regarding 6x as small, we have
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Pr(x«tr;k,pjsméx) = ‘ '
1 2
=) Pr s, .o, X o <0,X Sxbdx, .00, X >wkdx|x<X, <xt0x]@(x)8x + O(8x7)  (4)

since the marginal distribution of Xk will be ¢(x) and where O(&xz) means terms

of order (6x)2 in which more than one variate falls in (x,x+6x). Dividing by
d letti — 0 gives the p.d.f. for X

8x and letting &x gives p or (r;k,p] as

1

f(X(r) ;k,p) = B(r,k-r+l) Pr[xl<x, te ’xr-1<x’xr>x’ v ’xk_]‘)x‘}&“x]QS(x)» (5

It is well known that the k-1 variate conditional distribution, conditional on

Xk = x, is8 a multivariate normal with mean px and variance-covariance matrix

1 £ Lo
Hp " 14p
L 1 - ‘l'
14p _ 1+p
We (1-92) , (e.g., see Searle, 1971).
L B .. 1
% 1 ]

Therefore, Pr[X1<x,...,X <k,xr>x,...,xk_1>x|xk=x] is equivalent to

r~1

Pr{X <, ... X <K *
1 svesy t-l, » r»,...,xk_1>xlxk-—x].

* 2. % 1-p ¥ . *
where X, = (Xi-px)/(l-p )* and w = Iro/ © The joint p.d.f. of the X, is

* * *  p
¢k_1(5 ip ) where p = T+p so that

[ *_ * * *
PelX, w,...,Xr_1<h,xr>w,...,Xk_f>wlxk=x] = Lk_l(w;r~1,k~r;p )
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and the p.d.f. of x(r;k,p) can be written as
L .
(R (pysap) T BCE kD) Ly (iT-LEEi0 R0 (6)

Probability Density Functions of Order Statistics in a Special Unequally

Correlated Case.

th
The p.d.f. for the (n-i)=— order statistic, X[n-i'n,m,p]’ in a sample of
n variables consisting of m independent sets of k variables with each set
having a k-variate multinormal distribution with common correlation p can be
constructed ut11121ng products of the probabilities determined in the previous

section. In order for X[n ] to take the value x, the (k-u ) order

-i n,m,p
statist1Q‘u < min(i,k-1) of one of the correlated subsets, arbitrarily taken
to be set m, must take the value x and the variates in the remaining (m-1)
subsets must be distributed about x such that a total of exactly i-um
variates are greater than x. Let uj zelthe number of variates in subset ]
which are greater than x. Cleerly, j§1 uj = i-um and uJ < min(i-um,k) for
jé m. For convenience, the vector {uj} is defined as the p nonzero uj's
arbitrarily ordered so that j = 1,...,p; P = min(i-um,m-l). That is, p is the
number of subsets having at least one variable gfea&er than x, m-p-1 subsets
have all variaBles less than x and the remaining set has the (k-umgﬁh'ordered

variate taking the value x. The number of ways the m subsets can be divided

into the three parcels is

‘m!" , » 1
ST (mp-D)! ~ B(ptl,m-p) ° 7

all allocations having equal probability’since the subsets are exchangeable

and independent.
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il

& meee——ee—-  combinations of values of u_ and
p!(i-p)! m

Given 1 and p, there are (;)

{uj} meeting the condition that

p
LT u,+u =41 .
=0 1"
This corresponds, in the language of Whitworth (1942), to the number of ways

in which i indifferent things can be distributed into p+l parcels where,

with the exception of one particular parcel, um, blank lots are inadmissible.

Since p = 0,1,...,i, the maximum number of combinations of p, u s and {u,} is

3
1 i i
z ( > = 27, This is an upper limit since the restriccious u <k and uj sk
p=0

have been ignored. These restrictions are taken into account in the final
form by applying the usual restriction on combinatorial formulas that

(r) = 0 if s >r.
8

For esach configuration of p, u s and {u

j}, the probability that

x[n—i;n,m,p] takes the value x is given by the product

m-p-1 P th
[Pr(all elements < x)] m Pr(exactly uj elements > x [Pr(k-um-
3=1 ‘ :
order statistic in set m equals x)] (8)

Substituting (2) for the quantities in the first and second brackets with

s = k and s = k-u,, respectively, and (6) for the quantity in the last

3

bracket with r = k—um, taking into account the number of ways the m subsets
can be divided into the three parcels, and summing over the 2t possible con-
figurations of p, u s {uj} gives the p.d.f. of the (ri-—i)'t-l-1 order statistic,

x[n-i;n,m,p]’ as
21

ansinme) " FNputah  Fagpude b
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where P (k )
T
=1

u,
= i
N(p,um,{uj}) B(ptL,m-p) B(u +1,k-u )

and

- . m-p-1 P en ey - *
P(x;p,um,{uj}) = [Lk(x,k,O,p)] [izlLk(x,k uj,uj,p)] [Lk_l(w,k u -l,u ,0 )]

where

%
w = X l:E) and p* and = p/l+p .

The combinations of p, um and {uj} and their associated numbers of com-
binations and probabilities for the largest five order statistics are shown

.in Table 1. It is clear that any basic combinations differing only by

rearrangements of the integers in {uj} will have the same N( and

P,um’{ujj

\
J
Y. Note

[n-i;n,m,p]

P and can be pooled for simplification of f£(X
(x;P’ums{uj}) P P (

also that the p.d.f.'s for the corresponding smallest order statistics are

obtained by interchanging s and r in the L(x;s,r,p) functions.

Evaluation of First Two Moments

Numerical integration was used to evaluate

[+

o r
SO timmp) = 3 X Lnetsmme] ECatinme)) O (10)

-0
for r = 0,1,2 and i = O,l,...,min(%,lZ). Two stages of integration are

involved; the primary integration shown in (10) and the secondary integration

to evaluate the functions L< The numerical integration in both

X;s,r,p)°

stages covered the region -6 < X < 8 in two equal intervals using 32-point
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Gaussian integration for each interval. The approximate accuracy of the ‘

integration was measured by the absolute deviations from unity of the integral
of the p.d.f., i.e., the integral for r = 0.

Appendix Tables 1 and 2 give the means and variances, respectively, of
the (n—i)EE order statistics for i < min (%,12) obtained by numerical inte-
gration for all possible integer combinations of m and k for n = (4,6,8,12,16,
24,48) and for p = (0,0.05,0.25,0.50,0.75,0.95,1.0). As specified earlier,
all results for m = 1 or m = n and for p = 0.0 or p = 1.00 are exact results
and are included for completeness. (All expectations for normal order statis-
tics under independence were taken from Harter, 1960. Variances of order
statistics under independence for n < 20 were taken from Sarhan and Greenberg,

1956. For n = 24 and n = 48, i = 0, variances were obtained from Ruben (1954):

for i > 0, variances were computed.) The approximate error of the numerical

integration as measured by the absolute deviation from unity of the integral
for r = 0 is of the order 10-5 or less unless otherwise noted by footnotes in

Appendix Tables 1 and 2. It will be noted that with only three exceptions all

it

deviations larger than 10-5 occurred for p 0.95. Whether the absolute errors
for r = 1,2 are larger or smaller than for r = 0 deéends on whether the major
errors of integration come from the tails of the distribution or from the
intermediate values. At the worst, if all the error of integration occurred
at |X} =~ 10, the absolute error would be of the order 10_4 for the mean and
10-3 for the variance.

The effect of the intraset correlation on the first moment is strongly
nonlinear. The nonlinearity and the convergence by sets to the expectations

under independence of the order statistics in samples of size m are illustrated

in Figure 1 for n = 24 and m = 6. (The curves are freehand drawings through ‘

the points, shown by dots, at which the expectations were evaluated.) 1t is
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clear that the major effect of the correlation occurs when p > 0.8 and that
the extreme order statistics are the most seriously affected by the correlation.
Also, as is apparent from Figure 1, the affect is greatest when m is small
relative to n, since the order statistics are converging, as p — 1.0, to fewer
points. Thus, taking the most extreme case of those studied (short of the
equicorrelated case, k = 1), the first order statistic for (n,m) = (48,2),
the expectations of the normal order statistic under independence is 1.37%,
8.3%, 22,4%, 50.5%, and 125.8% larger than the expectations of the first'order
statistics for p = 0.05,0.25,0.50,0.75 and 0.95, respectively. For purposes
of reference, the combination showing the least affect of p on the first order
statistic was'(n,m) = (48,24) in which case the expectation of the first order
statistic under independence was only 0.1%,.0.4%, 1.4%, 3.6% and 8.5% larger
than the expectations under the corresponding nonzero intraset correlations.
The Owen and Steck result for the equicorrelated case suggests the
approximation

. %
6(X[i;n,m,p]) . (1-pa) é'(z‘:i;n])

where pa = Ef%p is the average pairwise correlation. This obviously is not a
good approximation for large p, since it does not provide for convergence to
the required points as g = 1.0, but it does seém‘to.be a reasonable approxima-
tion for small values of p. This is illustrated in Figure 2 where the approxi-
mations for each order statistic are superimposed on the Figure 1 results.
Clearly, the approximation is not gobd for the extreme order statistic, unless
p is quite small, but it is a reasonable approximation for the intermeciate
order statistics if p is, say, less than 0.5.

Consistent with the original motivation for this problem, i.e., the pre-

diction of genetic change from truncation selection, the primary interest is
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in obtaining a good approximation of the mean of the s largest order statistics '

in a family structured sample of size n. From the genetic point of view, p
generally will be quite small; for example, the maximum p can be in a full sib
family structured population, if all variability is genetic in origin, is %.

%

In such cases, i.e., p < 0.5, the approximation i(s,n,m,p) = (l—pa) i(s,n),
where i(s,n) is the mean of s largest order statistics under independence,
becomes an excellent approximation, as s approaches E, of the mean of the
corresponding s largest order statistics under the correlation structure
studied, I(s,n,m,p). The percentage error from using {(s,n,m,p) is less than
1% when s = % even when p = 0.5. When s = 1, the percentage error is con-

siderably greater. For the worst case studied, (n,m) (48,2), the percentage

i

i

error, when s = 1, is .06% when p = 0.05, 1.4% when 0 0,25 and 6.3% when

p = 0.5.

The usefulness of this approximation for small p has other desirable ‘
implications. First, since the average pairwise correlation is defineable for
any sample structure, involving either equal or unequal set sizes and/or equal
or unequal intraset correlations, the results of this study suggest that the
average pairwise correlation used in the Owen and Steck formulation for
expectations may provide reasonable approximations, as long as p is not toé large,
of expectations of order statistics in much more general cases of unequal cor-
relations than the one studied herein. Secondly, the usual formulation of the
selection differential in predicting genetic gain is the product of wean of
the expectations of the s largest order statistics and the standard doviation
among random individuals. Under independence this is i(s,n) g, where o is the
standard deviation among random individuals. The above approximation suggests

that in a correlated system i(s,n) be replaced with (lwp'n)%{(s,n) so that the ‘




-15-~

selection differential becomes f(s,n)(l-pa)%O' (approximately). But, (l—pa) 02

is the expectation of the total mean square among individuals in the same cor-

related system., Thus, insofar as the above approximation is satisfactory, the
mean of the s largest order statistics under independence, i(s,n), can be used
to estimate the selection diffe:ential as long as the standard deviation is
adjusted to reflect the correlation structure. The latter is accomplished by
using the estimated total mean square for the sample. No explicit information
on the family structure or the magnitudes of the intraset correlations is
required,

The effect of the intraset correlations on the variances of the order
statistics (Appendix Table 2) is more nearly limear than is the effect on the
expectations. All the variances are monotonically increasing functions of p
with positive second derivatives and converging, again, to those of the order
statistics in samples of size m under independence. The average rate of
change in the variances with changing p is much greater, however, than that
predicted by substituting the average intraset correlation in Owen and Steck's
result for the variances under equicorrelation. WNo particular effort was

devoted to finding an approximation for the variances.
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