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SUMMARY

A general solution, in polar coordinates, of the plane problem in thermoelasticity is ob-
tained in terms of a stress and displacement function. The solution is valid for arbitrary
temperature distribution T(r, 8). The characteristic feature of the paper is the forthright de-
termination of the displacement components brought about by the introduction of a dis-
placement function.

Solution of the problem consists of solving the compatibility equation

ViVi¢ = —I'V?aT 1)
with

I' = E for plane stress, I =

for plane strain,
(A—p
The displacement components » and v are obtained by the use of a displacement function
w. We write
62 r
6r60
an equation which defines y except for functions of integrations g(r) and f(6).

It is shown that the function y found from Eq. (2) must be so adjusted, by means
of the functions of integration of g(r) and f(6) that it satisfies the equation

V2|//—£'{-—rJ‘ochO+‘”~ aT drdf + r? jaizdﬂ faa—Tdr} 3)
r

Equation (3) is a general equation for the determination of the displacement compo-
nents in plane thermoélasticity. It is arrived at by substituting Eq. (2) in the expressions
for the direct strains. Upon integration, the displacement components u and v are obtained
in terms of the stress and displacement functions. These expressions must be such as to
satisfy the expression for the shear strain. With the temperature function set to zero, Eq.
(3) becomes the equation for the plane problem in elasticity.

The usefulness of the newly introduced displacement function is the simplification it
brings to the process for calculating the displacement components. It is a powerful tool
for obtaining the general expression for the displacement components.
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1. Introduction
A general solution, in polar coordinates, of the plane problem in thermoelasticity is
obtained in terms of a stress and displacement function. The solution 1is valid for

arbitrary temperature distribution T (r,0).

A characteristic of the paper is the forthright determination of the displacement

components brought about by the introduction of a displacement function.

Application of the general solution is illustrated by the treatment of a circular
plate subject to two unequal but constant temperatures Tl and T2 affecting two complemen-—

tary segments of the plate shown in Fig. 1.

2. Determination of the Gemeral Stress Function

Conslder the general case of an arbitrary temperature distribution
T=T (r, 6) (1)

Solution of this problem requires a general solution of the compatibility equatiomns

v ¢=-r1 v D) (2)
where
2 2
2 _fa-_ ,12 .2 93
v ‘( zvract zaez)
Jr r
and
E for plane stress
r=
E
1-u for plane strain
The temperature T (r, 6) may be represented by a Fourier series
oT = E [Tn cos né + Tn sin ne] 3)
n=0
where
- |
Tn(r) E ay T

j=—m



Then the complete solution of eq. (2) is

2

2
¢-Aologr+Bor logr+Cor +D°-I‘F°(r)

3 1

+|:Alr+Blr +Clr +Dlrlogr-I‘Fl(r):|cose

— — 3 p— _1 —
+|:A r+Br+Clr +D1

+ [A RS N 2
n=2
+ [K P48 e+ T 2
n n n
n=2
where
Fn(r) = Z ‘anj nj
j=—m
Fn(r) = E anj fnj
=
with
nj

rlogr =T .F—‘l(r):l sin ©

+D r-n+2

- -T Fn(r)] cos nd

D r_n+2 -T En(r)] sin nb

n=0,1, 2
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(4)

(4-a)

(4-b)

(4=c)

(4~d)

(4-e)
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3. General Expressions for the Stresses
The stresses corresponding to the general stress function may be represented by a
complete Fourler serles. We write
Ur = Ro + Rl cos 0 + Rl sin 0 + E [Rn cos né + Rn sin ne]
n=2
Oy = So + 8 cos 6+ 5 sin 8 + E [ Sn cos no + 8 sin ne] (5)
n=2
7., =P, sin 6 + P, cos O + P_esin nd + P_ cos nd
ro 1 1 n n
n=2
the coefficients in eq. (5) being obtained by using eq. (6) in conjunction with eq. (4)
2
gy
r o ror 2.
2
o 4 )
or
S %1%
6 2 36 r 9radd
r
Thus
Ao I
= — n —_— 1
R r2+B°(1+21ogr)+ZC° T Fo (o)
C D
- S S T(r) -
R =2B r-23+—2-5 (rF@ Fy(0) )
r r
C D
R =28 r-2—4+2L_-L (F @ -F
Rl-ZBlr 2 3+r Z(rFl (r) Fl(r))
r r
R_==-n (n-1) A rn_2 -n (ntl) B r_n_2 + (-n2 +n+2)cC " (7)
n n n n
2 i -n T {2 '
+ (-n n+2)Dnr 4+ - (n Fn(r) Fn(r) )
R =-n (n-1) A rn—2 -n (n+l) B r-'n_2 + (—n2 +n+2)C b
n n u n
2 _ 5 . T (2= _
+ (-n n+ 2) D r 4+ r2 (n Fn(r) an(r) )

n=2, 3, 4, .
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= A J—
S0 1_-2 + Bo (3+21logr) +2 Co T Fo(t)
C D
- I A
Sl—6Blr+2r3+ 7 I‘Fl(r)
C D
Q = T _1 _1 _ T
§; =6 Br+2—5+—=~-TF)
r (8)
n-2 -n-2 n
Sn =n (n-1) An r + n (nt+l) Bn r + (n+2) (ntl) Cn r
-no_ "
+ (n-2) (1) D r r Fn(r;
= — n-2 = _-n-2 =< .n
s,=m (n-1) An r + (ot+l) Bn r + (nt+2) (otl) c r
_ 2 kY -n el
+ (n-2) (n-1) Dn r r Fn(r)
n=2, 3, 4, 5
C D
P,_ P SN S G ey -
1=2 Bl r-2 3 + - 5 (rFl (r) Fl(r))
T r
C D
P =238 S S - fF,°
PL=28 r+2—5 -~ > (Fl(r) T, (r))
r b3
n-2 -n-2 n
Pn =n (n-1) An r - o (nil) Bn r + n (nt+l) Cn r
» (&)
- mo__n ' -
+n (1) Dt = (xr! ) - 7 (1)
P =1 (1-n) A rn_2 +n (n#+l) B lr_n_2 - n (ntl) T "
n n n n
P
~1yD - 2(F - 7'
+n (@)D T 2 (F (@ - F @) )
n =2, 3, 4, >
4, Determination of the General Displacement Function
From the known results of the theory of linear thermoelasticity we have, for the
case of plane stress, the equations
Ju 32Q 1 .2 EaT
o 2P, = 9%+ 10
26 5 22 () [ ) (10)
2
w, Lovy_ _13¢_13%, 1 2 . Bt
R A S -l e B E =S A vy an
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Let us write
2 - 260 12)
ar 96
An equation which defines y except for an arbitrary function for r and one for 6. We
view Y as a displacement function. Substituting eq. (12) in eq. (10) and integrating with

respect to r we obtain

S SR S L
2Gu o +(1+v)r 6 1+V aTdr (13)

the arbitrary function of integration being included in .
Ueing eqs. (13) and (12) in eq. (11) and integrating with respect to 6 we obtain

2Gv=-%a—g+i— 2—‘k+m[faTde-ffqurdej| (14)

the arbitrary function of integration being included in .
The values of u and v given by eqs (13) and (14) must be such as to satisfy the
thermoelastic stress-strain equation in shear. Expressed in terms of a stress function ¢

and the displacement components, the equation assumes the form

2
1ou, dv_v\_1(L 2 _12%
(r 20 T r) G(rZ 30 rarae) as)

Applying eqs (13) and (14) to eq (15) we obtain

w2y { ffqurde fiﬂ)d fa(wn a8 +rfaTde}

(16)

In treating the case for plane strain the analytic process adopted for plane stress is
followed. The equations for the displacements and the displacement function ¢ are found
to be of the same functional form as those for plane stress. We thus have for the plane

problem in linear thermoelasticity the equations

-3 _ 3y
26u or ~ 1T g T Tey JoT dr (17)

.13 2 3y f ;
26v = - Lo+ e 2t + gy v farde- [ faTarde @18)

2 T 2 [0aT daT
v = — - - = I
v 3 {rﬁTde [[amrde r far e _,‘ae dr} (19)
Where
1.
L = im I'=E for plane stress
cl = (1-v); r= T%S for plane strain.
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The function ¢ found from eq. (12) must be so adjusted by means of the functions of
integration that it satisfies eq. (19). With ¢ having been found in this manner the
displacement components u and v are determined by using eqs. (17) and (18).

Equations (2) and (19) are the general equations for the solution of the plane problem

in linear thermoelasticity by the use of a stress and displacement function.

5. General Expressions for the Displacements.
With the stresses known, formation of the expressions for the displacements can be

proceeded with. We have

V' =0 4+ 0o (20)
Applying cq. (20) to eq. (12) and integrating we obtain

b=n (£,0) + g(r) + 3 £(0) @n

where n (r,0) in a known function, g(r) and £(8) are functions of integration to be
determined. The function ¢ given by eq. (21) must be so adjusted by the functions of
integration that it satisfies eq. (19). Thus

£'"(0) + £(6) —‘ADl sinb + 4 Dl cosb = o

. (24)

g'(r) + T g'(x) =0
solutions of which yield

£(6) = H1 cosb + H2 sin® + 2 Dle sinf - 2 Bie cosf (25)

g(r) = K; logr + K, (26)
where Hl’ H2, K1 and K2 are constants of integration.

The first two terms in eq. (25) depict rigid body movement. They do not contribute
to distortion and we may therefore write

H =H)=o @n
The last two texms in eq. (25) are not single valued and must therefore be removed, thus

D, =D, =o (28)

1 1
The function g(r) given by eq. (26) ia irrelevant to the general deformation, eq. (18).
This is plainly the case since being a function of r only it depicts axisymmetric deforma-

tion where the circumferential displacement V is zero. Consequently

K =Ky =o0 (29)
Thus, by virtue of eqs. (27), (28) and (29) the expression for the displacement function
becomes

v =v (r,8) (30)
Where

n(r,0) = Q6 + Q sind - Q cos6 + E% Q,s1nno Encosne (31)

n=2
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in which

r
Q 4Bologr+4co—;fT°(r)dr

-1 r
Ql=4]31r+2Dlr 1ogr-;le (r) dr

=4 Br+2 D,r ~ log r - rle (r) dr (32)

o0
[
'}

peol
n

4Crn+4Dr-n-£fT (r) dr
n n r n

(—)' =40C rn+45 r_n-L ff (r) dr

n n n r n

With the stress and displacement functions known, the general expressions for the
displacement can be obtained using eqs.(4) and (30), the general expressions for the

displacements, eq. (17) and (18) assume the form

2Gu=U_ + U, cos8 + U, sind + U_ cosné + U_ sinnd (33)
o 1 1 n n

n=2

26v = V, sin® + V, cosé + E V_ sinn® + V_ cosmnd (34)
1 1 n n
n=2
Where

A
U =2 (2;1-1) C,r + ro + I:Z (2;1—1) rlogr-zx|+F Fi(r)

[=]
I

2 =2
1 Al + (4¢l—3) B + Clr + D |:(2;1—1) log t-1|+T Fi(r)

T R - S B -1 _ o

Ul = - Al + (4;1 3) r Bl + Clr + Dl |:(2c1 ) log r 1] + T Fl(r)

_ n-1 -n-1 e ntl _ ~nt+l

Un = -y Anr + anr + (4;1 n-2) Cnr + (4;1 + n-2) Dnr +7T Fn(r)
V, = A + (42,41) Br2 +Cr 2 - T ¢l F (r)

1 1 1 1 1 1
= .7 = 2 = -2 -1 =

Vy = -Ap - (4gy41) Bir C;r "+ Tr F(r)

_ n-1 _ -n-1 ntl _ -nt+l
V,=mAr nB r + (g tnCr + (n-4gy) D r

-nT r-l En(r)

v = _ 7% 01 = _-n-1 = ntl = -+l
vV = nAnr +anr —(4c1+n)Cnr -(n-ACI)Dnr

+nI‘r_l?n(r) n=2,3...,

This completes the general solutfon in polar coordinates of the plane problem of

thermoelasticity.
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6. The Problem of a Circular Plate with a Hot Sector
By way of application of the general solution consider the case of a thin solid
circular plate of radius 'a' subject to constant temperatures Tl and T2 over the reglons

shown in fig. 1.

We have
T= _8 8
T, for 72023
B 8
T-T2 for 7<e<2w¢7

Expanding (oT) in Fourier series with due regard for symmetry with respect to 8 = 0,

eq. (3) becomes

(T, - T,))

_ _ 8 1 2
ol = o [: (Tl T, -+ T, ] + E @ ~—=——"— sin nB coend (35)
n=1

The stress function is obtained from eq. (4) retaining only even functions of 6
since the temperature is symmetric with respect to 8 = o. Next we determine the
'F' functions.

Observing that since the temperature is constant, Tn 1s not a function of r and

consequently j = o and eqs. (4-c) and (4-e) become

2
r
fno_Z—Z for n=1, 3, 4, 5
2 -n
and (36)
2
f =X logr for n =2
no 4
Comparing eqs. (35) and (31) and noting that j = o we have
a =af (1, -1) 841 (37)
oo 1 2w 2
a (T, - T,)) -
a =#sinn8 n=1,2,3.., (38)
no nn
substitution of eqs. (36), (37) and (38) in eq. (4-a) leads to
. - 8 2
fo(r) = 4[ (Tl T2) . + T2:| T
o 2
fl(r) = 3[ r
(T, - T.) (39
£o(x) =2 #sin 28 r2 log v
2 4 2m
(T, - 1)
fn(r) = 3 . sin nB| r n=3, 4
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If the edge of the plate is free, the non-vanishing constants of integration
appearing in the expression for the stress function, eq. (4) are as follows
-re _ B
co'FA[ (’1‘l T2) Tr+'1:2:|
B,=T 2| (r,-1)Lsins
1 Ba 1 27w
(T, - T,)
sl 172 -
A2 =T 3 |: 2m (2 log a = 1) sin 28
(T, - T,) (40)
co=r1 % | —1—2" sin 28
2 2 2w
4a
T, - T

A =Ta l: L 2 sin nBil
n

(T, - T,)
C =Ta 1n lmr 2z;innB n=3, 4, 5
n 2(2+v)a

Using eqs. (5) and (40) the expressions fnr the stresses are

(T, - T,) (T, - 1.,)
- 1 1 72 r i 1 27 r
ar = la 3 |: p sin B (a 1) | cos 6 + 2 o7 sin 2B log 2 | cos 26

(T, - T.) n-2 n

T SRt et e e

2 2
e 2(m” - 2%)

- 2n2 + 4 :l sin nB cos nd

M=
W

(T, -~ T.) (T, - T,) 2
g, _ 1 2" (r 2 1 2 23 r
8 =Ta{—™ (a 3)sin B cos 6 + —p—= 3(3) log

(T, - T,)
x sin 28 cos 26 + E 1 2 1

nm 2

2
n=3 2(2° - n")

2 L 2 2 ry\"
n“(n - 1)(;) +(n+1)Q2° -n )(g) - 4| sin ng cos ney (41)
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(T, = T,) (T, - T,)

1] 2" ¢ 1 1 2
T~ Ta 3 7 a 1 sin B cos 6 + 2 ———E;————-sin 28

2 (T, - T,)

r r 1 2
[3 P log 2 3 ] cos 206 + E i
n=3
r n-2 P - 2
n(n - 1) . + (n+ 1)(2-n) by sin nf cos n@
Substituting eqs. (39) and in the expressions for the displacements are obtalned
2 1% 2
+ + = = = <
T 4T 3 Cl 5 + 3 r{ sin B cos 0 ,
r r r,r
- (Cl - 1) .z + 4 log 7+ 5 |sin 28 cos 26
. (T, - T, 4z, - n-2) | m1
nm Z2( +m1n) )
n=3 a
sin D8 cos no (42)
2 3 (T, - T,)
= 1,1 = _x ; 1”72
2Gv = Ta 3 + c 3 sin B sin 6 + T
4 %8 3 3 173 32 sin 28 sin
+ E (Tl - T2) nz ) rn—l . (4;1 + n) rn+1 r oin mel
~ nn 2(22 ~ n2) an_z 2(2 +n) an (22 _ nZ)

This completes the solution of the problem.
7. Conclusion

The solution obtained is a general solution in polar coordinates of the plane problem
in thermoelasticity and is directly applicable to obtaining solutions of a wide range of
problems of practical importance,
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Figure 1. PLATE WITH FREE EDGE SUBJECT TO CONSTANT TEMPERATURE T4 AND T,



