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A. BIROLINI

Institut fiir Technische Physik,
Eidgendssische Technische Hochschule Ziirich, CH-8049 Ziirich, Switzerland

SUMMARY

An item is a hardware assembly of an arbitrary complexity; that is, a system, subsystem,
equipment, component, part, etc. The item is considered repairable if, at each failure, it
can be restored in such a way that it is again able to perform its required function(*). Failure-
free and repair times are obviously non-negative random variables. The stochastic behaviour
of such a repairable item is generally investigated by assuming that

— it alternates uninterruptedly from the operating state (up) to the repair state (down)

and conversely, ) (h
— failure-free and repair times are statistically independent, (2)
— after each repair the item is like new. 3)
— at r=0 the item enters the operating state. (4)

Assumptions (2) and/or (3) can be weakened only if one possesses much detailed information
on the item. Assumption (3) is equivalent to the statement: all failure-free times belong to
the same distribution function, say F(x), and, similarly, all repair times belong to G(x);
the practical meaning of this assumption will be discussed.

The purpose of this contribution is: firstly to generalize the study of the stochastic
behaviour of a repairable item, by assuming (4°) instead of (4)

— at +=0 the item is, with a probability «, in the operating state (up), with a probability
1 —a, in the repair state (down); furthermore the distributions of the first failure-free
time, or repair time, (counted from ¢+ =0) are F.(x), or G(x) respectively, 4

and secondly, to clarify and correct, with the help of this generalization, some of the mis-
leading developments recently introduced into the literature on reliability (specially into
the literature devoted to nuclear engineering problems)

A tutorial exposition of some basic results of renewal theory is given, and the concept
and the main properties of the renewal process and of the alternating renewal process are
introduced.

The study of the stochastic behaviour of a repairable item is performed by using two
modified alternating renewal processes. This approach allows the immediate generalization
of the expressions for the reliabilities and availabilities.

It is pointed out that care must be taken in the uncritical use of some of the results given
by a novel method, recently proposed for the analysis of complex repairable systems, and
which is apparently finding a wide use in the reliability prediction of nuclear plants. This
method introduces two new concepts for failure and repair rates, and performs a fault tree
evaluation with the help of a Markov approach. Although such a Markov approach is
basically correct, it is rather problematic in its use. In fact, some of the results that have been
found by using this method uncritically are erroneous in the general case (of non exponential
failure-free and repair times).

(*) Note, that for a complex item the fixing of the required function can become laborious and hard



1 Introduction M 8/
An item is an hardware assembly of an arbitrary complexity; that is, a

system, subsystem, equipment, component, part, etc. [1]. The item is consi-

dered repairable if, at each failure, it can be restored in such a way that it

is again able to perform its required functionl). Failure-free and repalr

times are obviously non-negative random variables. The stochastic behaviour of

such a repairable item is usually investigated by assuming that

- it alternates uninterruptedly from the operating state (up)

to the repair state (down) and conversely, (1)
- failure-free and repair times are statistically independent, (2)
- after each repair the item is like new, (3)
- at t=0 the item enters the operating state, (4)

Assumptions (2) and/or (3) can be weakened only if one possesses much detailed
information on the item. Assumption (3) is equivalent to the statement: all
failure-free times belong to the same distribution function, say F(x), and,
similarly, all repair times belong to G(x); the practical meaning of this

assumption will be discussed in section 4.

The purpose of this contribution is: First to generalize the study of

the stochastic behaviour of a repairable item, by assuming (4') instead of (4)

at t=0 the item is, with a probability o, in the operating state
(up) or, with a probability 1l-a, in the repair state (down);
furthermore the distributions of the first fallure-free time,

or repair time, (counted from t=0) are FA(x), or GA(x) resp. (4')

And secondly, to clarify and correct, with the help of this generalization,
some of the misleading developments recently introduced into the literature on
reliability problems (specially into the literature devoted to nuclear en-

gineering problems).

Sections 2 and 3 glve a tutorial exposition of some basic results of
renewal theory. The concept and the main properties of the renewal process

(section 2) and of the alternating renewal process (section 3} are introduced

The study of the stochastic behaviour of a repairable item is performed
in section 4 by using two modified alternating renewal processes. This approach

allows the immediate generalization of the expressions for the reliability

1 Note, that for a complex item the definition of the required function
can become a laborious and difficult task
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and avallability to the case of arbitrary start conditions.z)

Section 5 points out that care must be taken in the uncritical use of
some of the results given by a novel method, recently proposed for the analysis
of complex repairable systems, and which is apparently finding a wide use in
the reliability prediction of nuclear plants. This method introduces two new
concepts for failure and repair rates, and performs a fault tree evaluation
with the help of a Markov approach. Although such a Markov approach is basi-
cally correct, 1t is rather problematic in 1ts use. In fact, some of the re-
sults that have been found by using this method inadvertently are erroneous in
the general case (of non exponentlal failure-free and repalr times). This will
be shown with the help of the results of section 4, for the fundamental case

of a single repairable item.

2 Renewal Processes

Renewal processes play an important role in reliability theory. In fact,
they constitute a mathematical model for the following fundamental situation:
at a time t=0 we begin our observation on a renewable item which was put into
its operating state at the time t=—X0, the item falls at a random time t=10
and is replaced instantaneously by a new and equivalent item, which, in its
turn fails at a time t=10+rl and 1s replaced 1instantaneously by a further item,
and so forth. The extension of the model to the case where the replacement (or
repair) times can not be neglected, will lead us, in the next sectlon, to al-
ternating renewal processes.

The aim of this section is to introduce the concept of renewal process
and to give those essential quantities and theorems which will be used in the
sections 4 and 5. For a wider investigation one may refer to the literature
[21,03,1958]1,[%,ch 111,[5,ch 11.

2.1. Definition
Let 10, Tl, T2, T3,...

dom variables (in our context random time intervals) and let the distribution
3)

.be statistically independent, non-negative, ran-

function of To be g&x) and that of Tyr Ty T3,....be F(x).

2) The utllity of such a generalization is twofold: First, it describes the
case of an item that has started work before the beginning of the mission
at t=0 (a case that can be useful in practice when dealing with 1ltems
having early failures); and secondly, it permits a straightforward compu-
tatlon of the stationary case.

3 The cases of negative random variables and of defective distribution fun-

ctlions are not considered here, because they are of no practical significance
in reliability theory.



The random variables

s = T, , n =20,1,2,3,... (5)
=0

(oY

or equivalently the sequence [Ti], 1=0,1,2,3,...., constitute a renewal process.

In the following it is assumed that the process starts, with T at the time

OI
orligin t=0; Flg. 1 shows a possible time schedule.

T T T

0 1 2 T3 Ty

s s
0 1 8, S, Sy

Fig. 1. A possible time schedule of a renewal process

The quantities 8 Sl' Sz,....can be considered as point events located on the

ol
time axls; from this one sees that the renewal process can be considered as
the simplest point process and, at the same time, as the simplest regenerative

process with regeneration, or renewal, points Si.4)

2.2. Classification

According to the relation between the distribution functionsFA(x) and
F(x), of the first interval T4 and of all other intervals, it 1s appropriate
to introduce the following classification of renewal processes [2]:

a) If FA(x)

b) If

F(x), one has an ordinary renewal process.

=1

Fp(x) = (1-F(z))dz
(6)

with T = E{Ti}; i =12,2,3,00000

one has a statlonary renewal process.
c) In all other cases one has a modified renewal process.
The above classification finds a practical significance in reliability theory.
In fact, at t=0 the item is new in the case of an ordinary renewal process,
and has an age XO in the case of a modified renewal process; with thls con-

vention one obtains, for the modified renewal process (with x»0, 1i>1)

FA(x)=1-Pr{T0>x}=l—Pr{Ti>X0+xITi>X0}= (7)

4) The occurrence of any of these regeneration points bring the process to

a situation of total independence from its whole preceding development.
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The statlonary case represents the situation in which an ordinary or a modi-

fied renewal process has been started at t=-» and will be observed for times
t20 (the origin t=0 is here an arbitrary point). Incidentally one may note
that for F(x)=l-exp(-px), equations (6) and (7) lead to FA(x)EF(x) (memory-

less property of the Poisson process).

2.3. Restrictive Assumptions on F(x) and F, (x)

Although many of the properties of renewal processes can be formulated
for arbitrary distribution functions F{x) and FA(X)’ it seems here worth-
while, in order to simplify further developments, to limit these functions
to the class of those encountered in reliability theory. It will be therefore
assumed, from here on, that:

- F(O)EFA(O)=0, F(w)EFA(w)=l,F(x) and FA(X) are absolutely

continuous?)and furthermore that for each (arbitrarily small)
€>0 there exists a C such that f(x)=dF(x)/dx and fA(x)=dFA(x)/dx

are <C for all x)e;G) (8)
- f(x) and fA(x)+0 as x-+w; (9)
- E{Ti} and var {Ti} are <o , i»0. (10)

2.4, Essential Quantitles: Renewal Function and Renewal Density
If one designates by v(t) the number of renewal points in (0,t], one
has (here as well as in the following development, the half-open interval is

used for convenience only).

Pr{v(t)<n}=Pr{Sn>t}=l—Pr{Snst}=l—Fn+l(t), n=0,1,2,3,.... (11)
where Fn+l(t) 1s defined by
Fn+l(t) Fn(t—x)f(x)dx, with Fl(t)EFA(t).

One can now define the renewal function H(t) as the expected value of the

number of renewal points in (0,t], note that one has Pr{v(t)=n}=Fn(t)—Fn+l(t),
H(t) = E{v(t)} =§ F_(t). (12)
n
n=1

H(t) is a non-decreasing, absolutely continuous, function, which is, see
[4, ch 6.6]1, <= for all t.

Conslder now the increment of H(t)

SH(t)=H (t+6t)-H(t)=];(_Fn(t+6t)—Fn(t) )=nZ_1pr{t<sn-l<t+6t}’ (13)

5 ) . .
) An absolutely continuous function is almost everywhere differentiable and

equal to the 1indefinite integral of its derivative.

6) The last part of assumption (8) states that the densities f(x) and fA(x)

may be unbounded only at x=0.



Given that, as §t-»0

Pr{more than one renewal point in (t,t+6t]}+<o(6t),7) (14)
it follows that, as 8t+0, the events { t<S et+ot Y, { t<Sl<t+6t },
{ t<52<t+6t },.... may be considered to be mutually exclusive. Using this
fact, the last term of equation (13) gives, as §t=»0

Pr{any one renewal point (S0 or Sl or S2 or ...) in (t,t+8t]}>S8H(t)
+h(t)st (15)
where
_ dif(t) 16
h(e) = =3¢ (16)

is defined as renewal density. Property (15) will be used extensively in
sections4 and 5.
The fundamental difference existing between the renewal density and the

failure rate will be discussed in section 5.

7 & TFTiundamentals Theorems: Kev Renewal Theorem and Renewal Density
Theorems
To conclude this section, let us give, without proof, the two most im-
portant theorems of renewal theory. They will be used in sections 4 and 5 to
derive very useful asymptotic results.
The kev renewal theorem

©

lim V(t-x)h(x)dx = %“//. V(x)dx, with T=E{Ti}, i»1, (18)
£oroo
0

was first given in [3,1953], For its validity it is sufficient that (the
otherwise arbitrary function) V(x) be non-increasing and Riemann integrable
over (o,»). These conditions are fulfilled in the applications of the theorem
to reliability problems. (For the necessary conditions, one may refer to [3]
and [4, ch 111.)

The renewal density theorem

lim h(t) =

toroo

Q=

ywith T = E{7,} il (19)

was first given in [6]; for its validity, the assumptions (9) and (10) are

sufficient conditions.

7)

For each €>0 and for any t»e, assertion (14) is a consequence of assumption
(8). To see this, let n=Pr{S; and at least also Sy occur in (t,t+8tl}; be-
cause of the independence of 13 and T3 one has

46t t+ét

n= (x)F(t+6t-x)dx , and thus nsF(6t) (x)dx; (17)

f £
& A A
the proof is completed by considering that according to (8) one has
n<F(6t)C8t and F(8t)+0 as 8t+0.(The extension of the proof to the occurrence
of arbitrary renewal points is easy.) For t=0, (14) does not necessarily
hold; however, one has, in this case, n<F(§t)Fp(8t)and SH(St)=H(8t)=

Fa(St)+o(Fap(dt)), and thus the ratio of (14) to (15)+0 as 8t+0.
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3. Alternating Renewal Processes

A direct generalization of renewal processes leads to alternating re-
newal processes. These processes, which belong to the class of regenerative
processes, describe completely the behaviour of a repairable item for which
the assumptions (1), (2), (3) and (4) or (4') hold. In this section we will in-
troduce only the basic concepts; further investigations will be performed in
sections 4 and 5 during the study of the behaviour of a repairable item.

Let [Tui] and [Tdi], i=0,1,2,3,....,be two statistically independent
renewal processes as defined in the preceding section, with distribution fun-
ctions (satlisfying the assumptions (8)-(10))

FA(x) for e and F(x) for Tat ! 121

0

GA(x) for T and G(x) for T izl

ao ai ’
and densities fA(x), f(x), gA(x) and g(x). The sequences [Tuo, Ta1’ Tul’ a2t
Ta2! Td3,....] and [Tdo, Tal’ Tar’ w2’ Taor Tu3,....], obtained by taking al-
ternatively one random time interval of type u (up) and one of type d (down),

constitute two modified alternating renewal processes [2] starting at t=0 with

T40 and T40 respectively; see Fig. 2

Tuo a1 Tu2 “u3
- ~ -
t
ai Taz T
s s s s S a3 g
udud duu0 udul duul udu2 duu2
T Tu2 Tus3
—
- \‘_//

Tao Ta1 az as
Saudo Swaao  Sauar  Suwaar Saua2 Suaaz Sauas

Fig. 2. A possible time schedule of two modified alternating renewal
processes starting at t=0 with 7,9 and tgg9 respectively. Also
shown are the four imbedded modified renewal processes.

In each of these modified alternating renewal processes it is possible
to discover two imbedded modified renewal processes (indicated with dotted
lines on Fig. 2); the first for the transitions T4 Ta and the second for those
T Ty Such a discovery is essential for an efficient investigation of the al-

ternating renewal processes.
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It must be pointed out that the four imbedded modified renewal processes

differ from each other only in the distribution functions of the "first" ran-

dom time intervals; these intervals are, for the four cases

Twor (TuotTar’’ (Tao*Tu1’r Tao
and the corresponding distribution functions are

Falx), Fpx)*g(x), G, ()*E(x), G,(x)

X
* = -
FA(x) g(x) IFA(x z)g(z)dz. (20)
0
All other random time intervals are distributed according to F(x)*g(x).
The results of the preceding section can be, of course, applied to these

modified renewal processes (m.r.p.); in particular one can define the following

renewal functions and renewal densitiese) (see Fig. 2)

Hudu(t) and hudu(t) for the m.r.p. [Tuo, (le+Tul),(Td2+Tu2),....]

Hduu(t) and hduu(t) for the m.r.p. [(Tu0+le),(Tu1+Td2),(Tu2+Td3),....] o)
Hudd(t) and hudd(t) for the m.r.p. [(Td0+Tul),(le+Tu2),(Td2+Tu3),....]
Hdud(t) and hdud(t) for the m.r.p. [Tdo, (Tu1+le),(Tu2+Td2),....].

Furthermore, the key renewal theorem (18) and the renewal density theorem (19)
hold for all four modified renewal processes, with

T=T + T (22)
u

d’
where T, = E{Tui} and Ty = E{rdi}, izl.

4. able
Item
It is not difficult to recognize that the stochastic behaviour of a re-
pairable item satisfying the assumptions (1)-(3) and (4') is entirely described
by the two modified alternating renewal processes of Fig. 2. Assumption (3)
implies, in fact, that the failure-free times Tal’ a2’ Tuzrccce belong to the

same distribution function, say F(x) and similarly the repair times Ta1r Tqz2’

Tgareres belong to G(xX). The practical consequence of this assumption is the

following:
with each repalr one must replace not only the failed part of the item,
but also all parts whose failure rate is not constant (e.g. the parts
subjected to wear-out and even those subjected to early failures).

8)

For example one has, according to (12) and (16),
Hduu(t)=FA(t)*g(t)+FA(t)*g(t)*f(t)*g(t)+FA(t)*g(t)*f(t)*g(t)*f(t)*g(t)+...”

and hduu(t)=deuu(tydt. (The meaning of (1%5) can be immediately extended to
cover this case.)
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The fact that this assumption will be only more or less well fulfilled in the

applications 1s a source of possible deviations between predicted and assessed
quantities.

The alm of thils section is to develop some expressions for the reliability
and availability of a repairable item satisfying the assumptions (1)-(3) and
(4'). The behaviour of the item is completely characterized by the distribu-
tion functions FA(x), F(x), GA(x), G(x) (or by the corresponding densitiesz(x),
f(x), gA(x), g(x)) and by the probability o (or 1l-a) that the item is up (or
down) at t=0. For the relation existing between FA(x) and F(x) or GA(x) and
G(x), one refers to section 2.2. With "failure" one shall mean one transition
up+down (or operating state + repair state), and with "repair" one transition

down—+up.

4,1, Reliability Function

The reliability function R{t) is given by
R(t)=Pr{to be up in (0,t1} = a(1-F, (t)). (23)
For a mission of given length T one has, in particular: Reliability R=R(T).

4,2, Pointwise Availlabllity

The pointwilise availability PA(ta) was introduced, and investigated for

the exponential case, in [7]. For the general case it is given by the follo-
wing equation (see [8] or, for the case a=1 and FA(x)EF(x), [9]1 and [101])
PA(ta)=Pr{to be up at t=ta}

t t

a a

=a[1-FA(ta) + (l—F(ta-t))h (£ydtl + (l-a) (1—F(ta-t))h

duu (t)dt. (24)

dud
Obviously, PA(0)=a. To find (24) consider at first that the event {up at t=ta}
is the sum of the two mutually exclusive events {up at t=tar\up at t=0} and

{up at t=tan down at t=0}; from thilis one obtains Pr{up at t=ta}=aPr{up at t=t¥
up at t=0}+(l-a)Pr{up at t=ta|down at t=0}, corresponding to the two terms of
(24). Furthermore, the event {up at t=ta|up at t=0} occurs with one of the two

udu0>ta} or {Sduuo
Of..... occur in (t,t+dt]lAnoc faillure in (t,ta]; summed over all

mutually exclusive events (see upper part of Fig. 2){S or

Sduul or Sduu2
t<ta}; and the event {up at t=ta|down at t=0} occurs with the event (see down
or S or S

part of Fig. 2) {S4,4, dudl dud2
in (t,ta]; summed over all t<ta}.

or.... occur in (t,t+dtlAano failure

4.3. Interval Reliabilitv

The expression for the interval reliability R(ta,ta+e), 630, can be found
by employing a similar method to that used to find the pointwise availability
(see [9] and [10] for the case oa=1 and FA(x)EF(x»

R(ta,ta+e)=Pr{to be up in (ta,ta+6]}

£t ta
=a[l-FA(ta+9) +d/f (l-F(ta+9-t))hduu(t)dt] + (l-aéjﬁ (l—F(ta+9—t))hdud(t)dt.(25)
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4.4, Mission Oriented Avallabilities

Among the numerous mission avallabilities which have already been pro=-
posed (see for example [11]1 and [12]) or which could yet be invented, we shall

consider here only the following two types:

1) The mission availability MA(TO,tO), defined as (see [12] for the exponential

case and for o=1)

MA(TO,t0)=Pr{that each individual failure which occurs in a

mission with total operating time Ty can be re-
paired in a time <t0i. (26)

Considering that the end of the mission falls within an operating period, the
expression for the mission availability can be easily found by summing over all
possibilities in which there are exactly n failures (n=0,1,2,...) in the total
operating time TO' One obtains

P - n -
MA(TO,tO)—a[l FA(T0)+22;(G(tO)) (Fn(TO) Fn+l(T0))]+

n }
(1—a)GA(t0)[l-F(T0)+g:;(G(t0)) (FO_(Tj)=FO_ ., (T4))], (26")

with F_=F_,F =Fn*f and FO

= = *
15FarFra 15F/FO, 1 =FO, *£.

2) The work-mission availability WMA(TO,tO), defined as

WMA(TO,t0)=Pr{the sum of all repair times, which occur in a mission
with total operating time T, is<t0} (27)

In a similar fashion as for the MA(TO,tO) one obtains

(Ty)) 1+

WMA(TO,t0)=a[1-FA(T0)+2;;Gon(to)(Fn(TO)—Fn+l

(1-0¢)[<;A<t0)(1—F(TO))+nglcn+l(t0)(1«~on(1~0)—1:~on (T0))1, (27')

+1

with G,=G_,G
n

15G s =Gn*g and GOlEG, Gon

= *
+1 +1760,"9-

With £=T +t,, it can be easily shown, see [13],[14] for the case a=1 and
FA(X)EF(x), that one has (obviously for 0$t0<t)

WMA(t—tO,t0)=Pr{the sum of all repair times which occur in
(0,£] is <t} (27'")

=Pr{the total operating time in (0,t] is >t-t0}.

In this last form, and for o=1 and FA(x)EF(x), expression (27') was developed

and investigated in [13]. We shall use this result in the next subsection.

4.5. Interval Availability

The 1interval availability IA(t)
IA(t) = E{of the total operating time in (0,tl}, (28)

or equivalently IA(t)/t, was introduced, and investigated for the exponential
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case, in [7]. From (27'') and (28) it follows

— - ]
TA(t)= WMA (t-t,t ) dt,, (28")
moreover, using Laplace transform, it can be shown that (28') is also equal to
IA(t)= PA(x)dx, (28")

where PA(x) is the pointwise avallability given by (24)

4.6. Asymptotic behaviour

The study of the asymptotic behaviour, i.e. of the behaviour at times
located far from the origin, assumes a particular importance because of the
fact that the involved expressions become, in general, independent of the start
conditions a,FA(x) and GA(x) and of the time. For example, using the key re-

newal theorem (18) and the renewal density theorem (19) (see also (22)) one

obtains
1im PA(t) = lim IA(t)/t = T /(T +Td), (24")
1400 4o u u
and  lim R(t_,t_+8) = =—— f(l-F(x))dx Tu 1 ] d (25")
a’"a T +T i el (1-F (x) ) dx.
ta+w u "de u d u A

4.7. The Stationarv Case

An alternating renewal process is stationary if one has

X X
f(l—F(z))dz and G, (x) = =— f (1-G(z))dz
0 a3

with T = E{Tui} and Ty = E{Tdi}, i2l.

T

__u 1
@ = gg. ¢ Fal0) g
u d u

Incidentally one may note, that a=Tu/(Tu+Td) must hold even in the exponential
case, 1.e. when one has F(x)=l-exp{px) and G(x)=l-expux). In the same way as
for a renewal process (see section 2.2), the stationary case arises when the
alternating renewal process is started at t=-» and will be observed for times
t»0, the origin t=0 being an arbitrary point. This case can be often taken as
approximation of the real situation and, when permissible and used, simplifies
considerably the computations. In fact, for the stationary case one obtalns in

particular (for all t>0)

hudu(t) = hduu(t) = hudd(t) = hdud(t) T +Td ’ (29)
T
PA(t)= IA(t)/t= T-I{T . (30)
u d
and  R(t,t+0) = g iT (1-F(x))dx , (31)
u d

i.e. the asymptotlic values.
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To conclude this section, let us point out that the expressions (24)-(28)
take on a simple form (giving elementary functions for equations (24)-(26) and
(28)) only in the case where failure-free and repair times are exponentially
distributed. For the general case, the use of the Laplace transform, whenever
possible, simplifies the computation; however, it still seems definitely worth-
wille to stimulate the investigation of approximation formulas, which could be-

come a useful help for future work.

5 Some Critical Considerations on a Novel Method
According to a method recently given in [15], the behaviour of a repair-

able item may be investigated in the following manner:

- assuming given a sort of "failure rate" a(t) and a sort of "repair rate"
{i(t), defined by, for §t»0,
A(t)st = Prifailure in (t,t+5t] | up at t} (32)
ﬁ(t)ét = Pr{repair in (t,t+8t] | down at t}, (33)

- one finds, using a Markov approach, a differential equation for the point-
wise availability PA(t)

—dPgét) + G+l rar) =t oo

- the solution of this differential equation delivers an expression for the
pointwise availability and the interpretation of the terms of this expression

lead the author of [15] to the assertion o

Pr{to be up in (0,61 Iup at t=0} =y (0,0) = exp(-‘/’ﬁ(x)dx), (35)
0
a further assertion leads even to the statement ta+e
Pr{to be up in (ta,ta+6] | up at t=ta}=w(ta,ta+6)=exp(—E/fa(x)dx). (36)
a

The aim of this section is twofold: First to show in which way the
quantities i(t) and ﬁ(t) should be computed from the original quantities FA(X),
F(x), GA(x), G(x), a; and secondly to point out that equations (35) and (36)
are erroneous in the general case. To the first point one can say that the
purely experimental determination of i(t) and ﬁ(t) would require the same
enormous amount of statistical information as would be necessary for the di-
rect determination of any reliability or availability. (The determination of
F(x) and G(x) requires a much more modest amount of statlstical information!)
The incorrectness of equation (35) was clearly pointed out and discussed in
[16]1; 1ts general validity was however warmly reaffirmed in [17] and recently
restated in [181].

s Cfammntatinn ~f +tha Nuantitjies i t and A t

We consider a repairable item as defined in section 1 and investigated
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in section 4. From the results of sections 3 and 4 one sees that, as §t+0, one /
has

Pr{failure in (t,t+6t]}=(ahudu(t)+(l-a)hudd(t))6t (37)
and Pri{repalr in (t,t+6t]}=(ahduu(t)+(l—a)hdud(t))6t (38)

Now, wilth simlilar arguments as those used to prove the assertion (14), one can
show that as §t+0 one has

Pr{fallure in (t,t+Stlnup at t}=Pr{failure in (t,t+8tl}, (39)
and thus

Pr{faillure in (t,t+8]}jup at t}= Pr{failure in (t,t+8t]}

Pr{up at t}
from this one obtains finally, as §t+0

a ahudu(t)+(1-a)hudd(t)
A(t)8t=Pr{failure in (t,t+8t]|up at t} PA (t) St, (32')
ind similarly ahduu(t)+(l—a)hdud(t)
U(t)St=Pr{repalir in (t,t+8t]|down at t} 1-PA(t) st, (33"')

where PA(t) 1s the pointwise availability, given by equation (24).

From (32') and (33') one obtains, with the help of the renewal density
theorem and the key renewal theorem (18),(19),(22), the important limiting
values

lim A(£)=1/T_ and lim (t)=1/T , (40)

t+o0 oo

with Tu=E(Tui} and Td=E{Tdi}, 121,

5.2. Differential Eauation for the Pointwise Availabilitv
Putting i(t) and ﬁ(t) from (32') and (33') in (34), the differential
equation for the pointwise avallability degenerate into the simple derivative

dPA (t)

T a(h

(t)—hu u(t))+(l—ot)(hdud(t)—h (). (41)

duu d udd
One can now show, using the Laplace transform, that with the expression for
PA(t) from equation (24), equation (41l) 1s verified (note that PA(0)=qa).

The differential equation (34) is thus correct: This can be shown, on
one hand, by the proof given here; and on the other hand by using the fact that
with the introduction of the quantities i(t) and ﬁ(t), the behaviour of the al-
ternating renewal process can be described (when intervals of length §t+0 are
consldered) as a two-state Markov process; in this light the differential
equation (34) becomes a direct consequence of Kolmogorov's equation (see for

example [19, ch 2 eqg 14]).

& 3 Tnanrrectness which can be introduced with the Novel Method

A great disadvantage of the novel method is that it can easily induce to
assertions which are fundamentally misleading. To see this, we shall show,
using asymptotic properties, that equations (35) and (36) are erroneous.

Let us begin with equation (36). Glven that for a repairable item one
has, with 620,
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Pr{to be up in (ta,ta+9]nup at ta} = Pr{to be up in (ta,ta+e]}, (42)
it follows

R(t,, t, +6)
Pr{to be up in (ta,ta+6]|up at ta} =

—_— (43)
PA(t )

where R(ta,ta+e) is the interval reliability, given by (25) and PA(ta) is the

pointwise availability given by (24). Taking ta+m one obtains (see section 4.6)

lim Pr{to be up in (t_,t_+8] | up at t )= %— J/—(l'F(X))dX- (44)
u
6

t >
a
Now, considering (40), one has for (36)

lim w(ta,ta+6) = exp (—e/Tu) (45)

t >

a
The two limiting values (44) and (45) are equal if and only if: either 6 = 0,
which is trivial or F(x) = l—exp(-x/Tu). Thus equation (36) is false (at least
for the general case).

Consider now equation (35). Putting ta = 0 in equation (43) one obtains

Pr{to be up in (0,0]|up at t = 0} = BL%LEL = l—FA(e). (46)

The expression l—FA(e) can be written in a form similar to that of equation

(35); for this let us introduce the conventional fallure rate

£ (x) fA(x)
A(x) = TF (%) or, for the first interval, AA(x) = T:F;T;) (47)
as it 1s normally used in reliability theory. From (47) one has, with
0
FA(0)=O, l-FA(B) = exp (- /AA(x)dx) and thus
0
5}
Pr{to be up in (o,e]| up at t=0} = exp(- _/FAA(x)dx). (46')
0

Expressions (35) and (46') cannot be equal, because of the fact that, according
to (40), I)t(t)-»l/Tu as t+» and this 1s by no means the general case for AA(t),
for which the three limiting values 0, const. and «» can occur as t+«, Thus
equation (35) is false (at least for the general case).

Equations (35) and (26) are true 1f and only if FA(x)EF(x)=1—exp(—x/Tu),
which leads to AA(x)EA(x)EA(x)=l/Tu. This last identity must be, however, con-
sidered as a formal identity rather than as an equality; it 1s in fact essential
to see that both kinds of failure rates are fundamentally different and differ
udu(x)’ hudd(x) and (37).

A similar comment could be made for those quantities, in [15], involving

also both fundamentally from the renewal densities h
fice).

To conclude, the author would like to suggest that the novel method pro-
posed in [15] would lead to further interesting results if the mathematical
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development were to be reconsidered carefully in the light of the above re- /

newal-theoretic formulation. Probably, the reformulation of the method, for
systems composed of independent repairable items (i.e., in particular, of
systems not containing standby or lightly loaded redundancy), will show that
the expressions for the reliability and for the interval reliability are not
necessarlly very simple; however, it 1s to be hoped that the method would de-

liver, at least, valid approximations for these quantities.
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