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ABSTRACT

Standard renewal theory is concerned with expectations related to

sums of positive i.i.d. variables,

We generalize this theory to the case where {Si} is a Markov chain on
the real line with stationary transition probabilities satisfying a
drift condition. The expectations we are concerned with satisfy
generalized renewal equations, and in our main theorems, we show that

these expectations are the unique solutions of the equations they

satisfy.
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1. Introduction. One method of describing renewal theory is as

follows. Let {Si}i>0 be a random walk with initial position SO.= s.

For a function h, define the function

R(s) = E_[ J h(s;)]
i=0
Then R(s) satisfies the renewal equation

R(s) = h(s) + E_[R(S))]

In our generalization of renewal theory we let the sequence {Si}iZO be
a Markov chain on the real line with stationary transition probabilities.
This type of process will be called a generalized random walk, or GRW,
to distinguish it from an ordinary random walk in which the <ncrements
or steps, Zi = Si - Si—l’ are i.i.d. random variables. The starting
position of the GRW will be called s.
For a continuation set C, we define an extended Markov stopping
time
N'= infl{i: S £C} .
The stopping set, S, will be the complement of C. For a function h, we
will define the function R as
N
R(s) = E[ ) h(s)] .
1=0
1f R(s) cxists, we can condition on the value of S1 and obtain the
following generalized renewal equation

(1.1) R(s) = h(s) + IC(S)ES[R(Sl)]

To insure that R(s) exists we restrict our study to GRW's satisfying

one of the following two conditions.



Cl: There exist positive constants a and b such that for all

starting positions, s € R, we have

C2: TFor some constant k > 2 there exist positive constants Mo
and M such that for all starting positions, s € R, we have
>
EJLZ] =,

and

k
ES[]Z - ES[Z][k] <M
In Section 2 we study GRW's satisfying Cl and in Section 3 we study
GRW's satisfying C2. Our main results in these sections are theorems
which give conditions under which R(s) exists and is finite, and show
that R(s) is the unique solution of the renewal equation (1.1) in an
appropriate class of functions.

To obtain our main result in Section 3, we prove several theorems
of independent interest, especially Theorem 3.1 which generalizes the
work of Brillinger (1962).

The generalization of rencwal theory we develop has a statistical
application to the scquential design of experiments with two states of
naturc. In that problem, the sequence of log likelihood ratios behaves
as a GRW under either state of nature and the expected sample numbers
and operating characteristics are solutions of renewal equations. For

more details see Keener (1979, 1980).



2. Tirst drift condition. Conditions Cl and C2 both imply that

{Si} drifts to +». To verify this for Cl we have the following lemma.

LEMMA 2.1. If the GRW satisfies Cl then

%{A—s) + (1+e—b)~1 2f A =s

IA

E[#{i: S, <A}]

BAAS)b, g Py ey

IA

PROOF. We can assume that s = 0. By induction, Cl implies that

(2.1) Ele 7] < ¢ for a1l je N,

ES[#{i: S.<AM] = )] P.(S.sA) < ] 1A o PI*al .

If A <0, the sum may be taken from 1 to «, giving the desired result.

If A 2 0, the sum is

f(%%) + exp(—r(%%9b+ak)/(l-e~b) ,

where [ (x) is the ceiling of x, i.e. the least integer > x. This
expression is less than the desired result.

An immediate conscquence of Lemma 1 is the following corollary.

COROLLARY 2.1. If the GRW satisfies Cl and if J is an interval of

length X, then

ES[#{i: sieJ}] < [%A + (1-e"b)"1]1>s[z{i §.T. S, € J1 .



‘ PROOIF. By Lemma 2.1, the result is obvious if s € J. If s ¢ J,
we usc the Markov property and condition on the first time the GRW
enters J to obtain the desired result.

The following theorem gives conditions under which R(s) is finite
and shows that R(s) is the only solution of the renewal equation (1.1)
which is bounded on finite intervals and has reasonable behavior as
S > too,
-AS,
THEOREM 2.1. Let the GRW satisfy Cl and let {e 7} be a

supermartingale for some A 2 a. Let h be a non-negative function such

that lq(x)h(x)/(1+e—AX) 18 bounded and lc(x)h(x)/(l+e_Ax) 18 directly
- Riemann integrablel. Then R(s) is finite for all s € R. If lc(x) has
. a limit as x approaches +» and -, then R(s) is the only solution of

the renewal equation (1.1), which is bounded on finite intervals and
satisfies

(2.2) lim 1,(s)R(s)/ (1+e ) = 0 .

§—++co
To facilitate the proof of this theorem, we have the following

technical lemma.

LEMMA 2.2. et {mi}iez‘be a sequence of positive constants
satisfying ) m. < », and let {n.}. . be positive random variables
s 1 17 1eZ
depending on a parameter s. If there exist positive comstants A and K

such that

IA
-~
pi
v
2]

for

) : Es(ni)

< g (i-9) for 1 <s ,

A

1See page 362 of Feller (1966) for a discussion of direct Riemann
integrability as it relates to renewal theory.



then

(2.3) I«:S[igZ nimi(1+e“A(i’1))] <o,
and

. nimi(1+e_A(i—1))
@0 ;iil Es[igz 14678 b=o-

PROOF OF LEMMA 2.2. From the bounds on E[ni] we have

Es[ni(1+e_A(i~l))] < K(l+e_A(S_1))

llence

) m.E [n.(1+e—A(i_1))] < K(1+e_A(S_1)) } om, < o,
iez 51 iez *

and (2.3) follows. To prove (2.4) we note that

Es[ni]

=0 for all 1 € Z
As

1im
s+too 1+e

Applying dominated convergence for sums, the limit of the sum is equal

to the sum of the limits and (2.4) is established.

PROOF OF THEOREM 2.1. For k ¢ Z define

To= [k-1,K)

and

n — # j. S € , }

Fk = inf{i: Siezjk} .



-AS.
Since {c I} is a positive supermartingale, an optional stopping

theorem for positive supermartingales (page 267 of Karlin and Taylor
(1975)) implies that

As -AS

- T -kA
e > Es[llN(Tk)e

k] z e PS(le Sie Jk)

Corollary 2.1 now implies that

Byl < 3+ (1-e™71 if k=2s
(2.5) '}
L R
We now define
-Ax
My sup 1C(x)h(x)/(1+e ),
xeJ
k
which implies that
sup lc(X)h(x) < mk(1+e-A(]<-1))

xe]k

By the integrability condition, Z m. < o, and using (2.5) we see
1eZZ
that the conditions of Lemma 2.2 are satisfied. We now observe that

(2.6) —A(k—l))

Il D~ 2

h(s.) < h(S)1_(N) + )} n.m (l+e
0 i N’ "IN KeZZ k 'k

i
R(s) will be finite if the expectation of the right-hand side of this
equation is finite. Using Lquation (2.3) in Lemma 2.2, we only need

show that E[h(SN)lm(N)] < o, Let

M = sup h(x)/(1+e_Ax)

XeS

Using the same optional stopping theorem for supermartingales, we have



—ASN ~-As
hs[h(SN)llN(N)] < ME[(l+e )1DﬁN)J < (l+e M < o
and hence R{s) is finite.

We now show that R(s) satisfies (2.2). Using (2.4) in Lemma 2.2,

and Equation (2.6), it is sufficient to show that

(2.7) lim ES[1C(s)1]N(N)h(sN)/(1+e‘As)] =0 .

s>too

We deal first with the limit as s » +o, If lim 1C(s) = 0, then the
§>400
result is obvious. If 1lim lc(s) = 1, then the conditions imposed on h
G400
imply that there exists a constant M' such that when N < o,

—ASN
h(SN) < M'e .

By optional stopping we have

lim ES[1C(s)ITN(N)h(SN)/(1+e—AS)]

S>+00
—ASN s
< lim M'E_[1, (N)e ] € 1im M'e” =0 .
S§>400 S §>+00

To verify (2.7) as s = -, we note that the result is obvious if
lim lc(s) = 0. If 1lim lc(s) = 1 then h is bounded on S which implies
§>=-00 §>-00
(2.7) and completes our proof that R satisfies (2.2). To complete our
proof, wec need to show uniqueness. Since (1.1) and (2.2) are linear in

R we can assume without loss of generality that h = 0. Let G be an

arbitrary function which is bounded on finite intervals and such that

2.8) G(s) = 1,(s)E_[G(S))]
and
(2.9) lim 1C(s)c(s)/(1+e‘As) -0 .
g->hoo

We must show that G = 0. (2.8) and (2.9) imply that



o

16(s)| < K(1ee™29)

Iterating (2.8) gives

[G(s)] < ES[IG(Sk)|] for all k ¢ N .

We now partition the line into the intervals (-»,-1), [-A,A] and (A,®)

and get
G = BTGNS 38+ 5 4 (5]
-AS
L Ax ; k
< ;i?; e IG(X)|ES[e 1(—%,%)(Sk)]
—ASk l !
+ KE_[(1+e )1 (S, )] + sup|G(x)
s [-A,2] 7k ;>A
i -a(S, -1) Ad+a(A-S,)
<M sup eAXIG(x)I + KE [e k + e k ]
X<-A s
+ sup|G) | .
X>A

Equation (2.1) now gives

6] = ™ sup Mapa] ¢ ke, MUy g g |
x<-A X>A

If we now take A = vk and let k - ©, we have G(s) = 0 which completes

the proof.

We will close this section by deriving bounds for the magnitude of
R(s) for certain functions h. If we define the renewal measure for our
GRW as

u () = ES[#{j'SN: Sjs:A}] ,

then R(s) can be expressed as the integral

R(s) = | h(x)dug .



10

From Corollary 2.1, we know that if J is an interval of length A then
a -b, -1
US(J) si;X + (l-e 7)
Using this we can construct the following bounds for R(s).
THEOREM 2.2.  Under the conditions of Theorem 2.1, if h(x) = 0 for
x < X and h(x) <s integrable and non-increasing for x = X, then for all s

(2.10) R(s) < h(A)(1-e Pyt % fi h(x)dx .

If h(x) = 0 for x > A and h(x) is integrable and non-decreasing for

X < A, then for all s

(2.11) R(s) < h(A)(l—e_b)_l + %—Ii h(x)dx .

PROOF. To establish (2.10), we use the fact that h(x) = 0 for

X < A and integration by parts to get

]

R(s) = [ hC)dU ([A,x])) = -f U_([A,x])dh(x)

b

JEAE-N+(1-e"?) T an o

h(a) (1-e Py s 2[5 hxdx

It

Equation (2.11) can be established the same way.
Corollary 2.1 and Lemma 2.1 can be used to construct sharper
bounds for US(J). These bounds can be used to construct an improved

bound on R(s) for a given s, but will not improve our global bounds.
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3. GSecond drift condition. Our main goal in this section will be

to prove a theorem similar to Theorem 2.1 for GRW's satisfying C2
instead of Cl. This result is useful because C2 is often a weaker
condition than Cl. Unfortunately, C2 is more difficult to work with
than Cl, and we need several preliminary results before we can prove
our main theorem. The following lemma will be used in many of the

proofs to follow.

LEMMA 3.1. If E]X|k < MF for some k > 2 and EX = 0 then

H|1 + X]k < (1+M)k - kM <1 + 1-<—(—l—<2:1lM2(1+M)k—2 .

PROOFF. By Taylor's theorem with remainder we have

E|1 + x[k E[1 + kX + fé k(k—l)lel + X - nyk"z ydy]

1+ fé k(k—l)E[lel £ X - Xylk‘Z]ydy

k-2

1+ [é k(k-l)Mz(Ell+X-Xylk) k ydy .

IA

Applying the Minkowski inequality

el e XN <1 v [l kaen asaoym®? yay

= (1+M)k - kM .

The last inequality in the statement of Lemma 3.1 follows from Taylor's

theorem with Lagrange's form of the remainder.

Using Lemma 3.1 we now have the following result which bounds the

magnitude of kth absolute moments of terms in a martingale. This

result gencralizes a theorem due to Brillinger (1962).



THEOREM 3.1. Let {Sn’Fn}nzo be a martingale satisfying

i k k
») - <
ELIS sn[ Fn] <M
for some k > 2. Then
. k k
Els - SO| < (Myvn)© ,
where
k-2
v = /k-1 e
PROOI. We assume without loss of generality that M = 1 and

proceed by induction on n. The first step is obvious because Yy = 1.

Let Z = § - S and S =S - S .. Using Lemma 3.1 we have
n+l n n 0
k k
Elsn+1 - 50] = E[E[|S + Z] F 1l
: k = k(k-1 k-2
< efls]*+ K (14 fs)y%
A
<tls k, k(%;{l(1+(E|S[k_2)k_2)k'2
1
k  k(k-1 k. k. k-2
< E|S|" + —JQE—QL(1+(E|SI ) .

To complete the proof by induction we must show that
(YVn+1)k b (y/ﬁ)k + Ei%;11(1+yV5)k_2 .

To accomplish this we note that

0 = (k-2) + In(k-1) - 2 In(y)
> K2 L k-1 - 2 ()
= (k-1 + (k-2)(AnCP+D) - K In(y)
> In(k-1) + (k-2)In(y+1) - k In(y)

12
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Exponentiating this equation gives

(k-1 1+ K%

> <1
Y
Now
/a1, k k(k-1) (y+1/vm 52
(_Vﬁ_) S 2 Yk

This implics
T v* = G s KD a6

which completes the proof.

To state our next two theorems in their proper generality we will
replace C2 by the following condition for processes {Si}iZO where S. is
measurable with respect to Fi and {Fi}izo is an increasing family of

o-algebras.

C3: Tlor constants k = 2, Hy >0 and M > 0, we have for all i =2 0
B(Zy,1F) =
and
. k k
(125, - B2y [FITF] <M
where
475 7%

Our next result bounds the probability that a process satisfying

C3 drifts a given distance to the left.



14

THEOREM 3.2, 1]'{Sj} satisfies C3 and S, = s > 0 then

Plinf S. < 0] = (1+as)"k/2 ,
j=0
where
1 2u0 1/ (k-1)
- A - >
a=M [(1+(k+1)M) 1] 0.
PROOKF. This theorem is a generalization of a result in Karlin and

Taylor (1975, p. 275). We assume without loss of generality that M = 1.

Define f(x) as

f(x) (1+ax)_1 for x>0

=1 for x <0 .
A change of notation in Equation (4.1) of Karlin and Taylor (1975)
leads to
(3.1) F(x) - £(y) < afl(y) (y-x+a(x-y)°) for all x € R
provided y > 0. This can be checked directly after noting that the
right-hand side has negative derivative for x < 0. We now let Z be any

random variable satisfying

and

E|lz - ulk <1

Using (3.1) and Lemma 3.1 we see that for positive x
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Ee oo 2] < Eeen ¢ af oo (ezeazan ) 1Y)
< i) 2L (R 1raf (orn) (u- 7y |K/27y2/%
+ (E[[azf(x+u)(Z_u)zik/z])Z/k}k/Z
e £l M 2| 1raf e (o) KDY+ e (e 1
< f(X+u)k/2{[l + k(k D o 2g? (x+u)(1+af(x+p))k z]l/k
v a2 (xen) /2
< roen 2L 5%1-azfz(x+u)(1+af(x+u))k"2
v a?e e 12
< foen 7+ 1%lazf(><+u)(1+a)k“2 o alf(xe) 12
- e - £ oo (5D a4 )
- een) - £ o0 [E5D s T - (1+a)k72) + a2
< (oo - B G IS () ey ¢ e -2
= {f(x+n) - uof'(x+p)}k/2
< £0N?

For negative x, this result follows trivially, and applying these

results it casily follows that {f(Sj)

k/2}

3 neoats
320 is a non-negative

supermartingale. We now define the Markov time T as the first n for

which Sn < 0. By an optional stopping theorem for non-negative

supermartingales (Karlin and Taylor (1975), p. 267) we have

Fs)/? - E[f(ST)k/z 1,,(T)] = P[inf S, = 0]
0
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The next lemma is needed to make use of Theorem 3.1.

LEMMA 3.2. If X =u = 0 and E|X - uik < 1 then for A > 0

(10X -1

P(X<-A)
(1+)\2)k

IA

PROOF. By Lemma 3.1 we have

a0 - K

Ak

v

B[] - u - 1]

k

v

P(X-u=-2)(A+1/2)

PIX < -0) Qe l/0 5

\'2

Using this lemma we have the following bound for the expected number of

steps a process satisfying C3 takes from an interval of length Mo

LEMMA 3.3. If'{Si} satisfies C3 and S, = s and if we define

J = [)\—UO > )\]
and
k — k-1
@ (My/n+l +ny) —knuO(Myvﬁil) «
K =2+ Z 2 D 7 2k (MYIH+1) k)
n=1 (MY (n+1) +n7u,)
then
E[#{i: SieJ}] < K if A>s

< K(lsa(s-2) M2 ip a <,

where a 7s defined as in Theorem 3.2.

PROOLF. We begin by showing that

IN
=

(3.2) E[#{i: S;< s + ugl]
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I[f we define

n
6n st .Z E[ZilFi-l] ’
i=1
then {Si - 61} is a martingale satisfying the conditions of Theorem 3.1.

Application of the thecorem gives
) k k
Effs - 6 |71 = (my/m)" .

By condition C3 we know that

6n z 5 + g,

and using Lemma 3.2, we have for n > 1
) - - -
I(Snf55<ruo) < P(Sn 6nf§ (n 1)u0)

(Myvn + (n-l)uo)k . k(n-l)uO(My/rT)k'l

(szzn-+(n~l)2ué)k

(Myvﬁjk .

IN

Fquation (3.2) now follows by monotone convergence and the theorem is
truc if s ¢ J. If s ¢ J we condition on the time the process first

enters J and obtain

B#{i: sieJ}] < KP[Ai s.t. Sie])

Application of Theorem 3.2 now finishes the proof,

Let Ck be the set of non-negative measurable functions on R which

arc bounded on {-1,») and satisfy

f—l dy sup h(x) < o
-0 ly| x<y lxlk_l )

THEOREM 3.3. If h € Cy then there exists a measurable function
g > h such that if'{Si,Fi} satisfies C3, {g(Si),Fi} 18 a supermartingale.

If h(x) = 0 for sufficiently large x, then g can be chosen so that

lim g(x) = 0.

X0
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. To facilitate the proof of this theorem we have

LEMMA 3.4. Let g(x,0) = (x_)oC and let 7 be an arbitrary random

vartable such that

(3.3) EZ = u 2 Hy
and
(3.4) E|Z - ulk < ME

Then for 1 < a < k and k > 2,

(3.5) Eg(s+Z) - g(s) < cl/(s+uo)k—a for s >0
i < g <
(3.0) <c, for Cs s 0
- (3.7) <0 for s < Cq s
‘ where ¢ S and s depend on Hpo M and k.

PROOF. By ordinary calculus

o

I P R

- k-
() )%y L
kk

for x ¢ R and y «¢ R, Choosing x = Z - wand y = s + u and taking
expectations gives (3.5). To prove (3.7), we note that

Fg(s+Z) = Bg(s+uy+Z-u)

(3.8) E[s+p0+ Z~pia

|
/

a/k

IN

[E]s + 1y + 2 - ul ¥

2

<M+ M (k—l)Zk_3 we have

Using Lemma 3.1 and assuming s + U
0 UO
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Bo(s+Z) - {lslk - uokfs + uolk_l + EL%;&) M22k_2(|s+p0[k_2-+Mk—2)}u/k
s
which proves (3.7). (3.6) holds because (3.8) implies
Bg(s+Z) = ||s + UOI + Mla
< |1+ e | + u, + M]k for c, <s<0
B 3 0 3 ’

PROOI* OF THIOREM 3.3. We assume without loss of generality that

ll(x)/]x]k—1 is non-decrecasing on (-~,-1) and that h(x) = 0 for x > -1.

For t <1
ht 00 Q0 -X k
(3.9) '"‘%ﬁ%f < 32 f, dx fl/x dyh(-y) [ty| "/y
[t] e
because

32 [7 dx gT/x dy lm_(y+t)|tyl_x/y > 1

Equation (3.9) implies that for t < -1

(3.10) h(t) < ¢t + A(t)
where

0 00 -x-1
c =52 fodx [, dyh(-y)y ¢
e

and

k-1-x

At = 52 [7% ax(e) I3 a7 neey
[S]

Since A and ¢ are non-negative, (3.10) holds for all t. Let Z be any
random variable satisfying (3.3) and (3.4). Using Lemma 3.4 we see

that

Elc(t+Z7) + A(t+Z) - ct_ - A(t)] < B(t)



20

where

B(t) = 0O for t < g
— - < <
= 2cc3 for cg = t <0
k-2 -x-1 ¢ -x-k
= ¢ {32 [77 dx(teny) £1/X dyy h(-y)
P for t >0 .
- )k—l
(t+y,
Observing that
0 k-2 -X-1 poo -x-k
Jo dt [o77 dx(teu) ({UX dyy h(-y)

2-ky o dx oo -x-k
< vy ) 3;-£1/X dyy ™" h(-y)

A

2-k, o -k o dy -y -
(14 ) f1 x " h(-x)dx fl e <

we sec that B is directly Riemann integrable. We now let f be defined
as in Theorem 3.2. Choosing § = uO/B and using Lemma 3.2 we see that
there exists € > 0 such that for any random variable Z satisfying

lk

EZ = u 2 4y and ElZ - u < Mk we have

(3.11) E[f(s+Z) - f(s)] < -€ for -6 < s < 0 .

Since B(t) is directly Riemann integrable, there exist constants a,

such that
(3.12) B(t) < a; for id < t < (i+1)8§
and
I oa, <o
ieZ
Let

a.
C(t) = ) — £(t-(i+1)6)
iez €
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C is positive and (3.11),(3.12) imply that

E(C(t+Z)-C(t)) < -B(t)

for all Z such that EZ=u2uO ,E[Z—u[k<iMk. Hence {C(S;)+A(Si)+C(Si), Fi}
is a positive supermartingale whenever {Si’Fi} satisfies C3 and we are

done.

After so many preliminaries we can now establish our main result.

THEOREM 3.4. Let {Si} be a GRW satisfying C2 and let h be a
non-negative measurable function such that ls(x)h(x) € Ck and
lc(x)h(x)/(l+(x_)k/2) is dirvectly Riemanm integrable. Then R(s) s
finite for all s e R. If 1c(x) has a limit as x approaches +~ and -%,
then R(s) is the only solution of the renewal equation (1.1) which is

bounded on finite intervals and satisfies

(3.13) lim 1C(s)R(s)/(1+(s‘)k/2) =0 .

g—>tco

PROOF. This proof is similar to the proof of Theorem 2.1. To
simplify notation we will assume without loss of generality that Mg = 1.

We define

-y
1t

[k-1,Kk) ,

o}
It

#{j: Sj € Jk} ,

and

/2)

m

= sup lc(x)h(x)/(1+(x—)k

k xe]k

It follows that

sup 1,(x)h(x) < m (141 k-1 k-1

xe]k R



22

By the integrability condition, Z m, < o, We now observe that
ieZ

(3.14)

| I~ 22

n(S;) < h(S L) + ¥ nm (1+1 (k-l)lk—l[k/z)
i=0 . keZ R”
Now by Lemma 3.3

] < K(1 , (k-s)+1 _(k—s)(1+a(s—k))'k/2)

E [n
5 R R

k

From this it follows that

k/2 k/2

k] (1+1IR_ (k-1)|k-1]

1/ (1+(s )™ 7)

is a bounded function of k and s which approaches zero as s - +oo,

lHence

k/2

L) nkmk(l+1mﬂ(k—1b)[k-1] )] < o

s keZZ

and

LD ngm (141 (k-1 [k-11%2y
keZZ R

5100 (1+ (s

Using (3.14), we sce that R{s) will be finite provided
Es[h(SN)IHQ(N)] < o, and R(s) will satisfy (3.13) provided
. . k/2
(3.15) Lim 16(s)E_[h(Sy) 15 (N 1/ (1+1 (s)]s]™%) =0 .
§>+oo s ' R
Using Theorem 3.3 we choose a function g(s) > h(s)lq(s) such that

{g(Si)} is a non-negative supermartingale. By optional stopping
B [h(S) 1, (N] < g(s) < =

If lim lc(s) = 1, then g can be chosen so that 1lim g(s) = 0. Hence
§->400 §->+00



(3.15) holds as s = +o, (3.15) holds as s - - hecause 1S(s)h(s) is

bounded if 1im lc(s) = 1.

S>»—00
To complete our proof we need to show uniqueness. We can assume
without loss of generality that h = 0. Let G be an arbitrary functio

which is bounded on finite intervals and satisfics

(3.10) G(s) = 1C(s)us[c(sl)] ,

and

(3.17) lim 1C(s)G(s)/(1+(s')k/2) =0 .
g—>+oo

We must show that G(s) = 0. Iterating (3.16) gives

(3.18) lGs) | =< B [lGs )T .

Since h is zero and G is bounded on finite intervals, (3.17) implies

that there exists a constant K such that

/2

(3.19) [G(s)| < K(1+(s")k )

Lquations (3.18) and (3.19) now give for x > 0

la(s)| = ES[K(1+(S;)k/2)1[_A,A](sn)] « sup| 60|
N k/2 k/2
;3?;<lc(x)llxl VESLIS YT 1 3y (8]
(3.20) o
< K(1+Ak/“)PS(SnS M) + sup|G(x)| + sup (’G(x)[lxl_k/z)

xX>A X<=A

L re k 1/2
LS 1o 3y BIP (s <=0

We define 6n as

23

1
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By condition C2, 6n =z s + n and Theorem 3.1 gives

. . k k
(3.21) {;S[isn - 6n| ] < (Myv/n)" .

We now take n large cnough that 6n > vn. Then for Sn < -\ we will have

ISn[ < ]Sn - Gn‘ implying

Kk
|

— k
Ll 1(—00,—A) (sn)] < (Myvn)" .

S
< n
We now let A = vn in (3.20) and obtain

k/4

[G(s)| < K(1 +n )P (S -8 < /n -n-s) + sup [G(x)]|

x>vn

+ sup [c(x)lixl"k/z {(My/ﬁ)k P (S -8 < -/H-n-s)}l/z
S n n

x<-vn
If we let n » « in this expression, we can use Lemma 3.2 and (3.21) to

conclude that G(s) = 0 and our proof is complete.
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