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Ming-Yen Cheng, On Boundary Effects of Smooth Curve Estimators

( under the supervision of Professor James S. Marron )

Abstract

Many nonparametric smooth curve estimators have a problem with boundary ef-
fects. Roughly speaking, the discontinuity of the curves under investigation at their
endpoints causes difficulties for this kind of estimators. These estimators are vi-
sually disturbing at boundary regions and can become misleading in modeling the
data because they are seriously biased there. In applications, boundary regions can
be a substantial portion of the entire support. This has been recognized as an im-
portant problem and there are many adjustments suggested in the literature. We
investigate properties of Shuster’s boundary fold method and Rice’s modification.
Noticing the automatic boundary adaptive property of the local linear smoother re-
cently highlighted by Fan, we further find out it is 100% efficient; i.e. best out of
all possible estimators, for estimation at endpoints in a typical minimax sense. This
result is important since it shows in one step that the local linear approach is as
good as or better than all of the many other approaches proposed in the literature.
The problem of choosing an appropriate smoothing parameter is crucial for the local
linear estimators. We develop a simple and efficient bandwidth selector based on
the plug-in idea and show that it works both in the boundary and non-boundary
cases. A simulation study on the practical performance of the bandwidth selector is

conducted. Finally, it is applied to analyzing two real data sets.
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Chapter 1

Introduction

Nonparametric curve estimation methods make no assumptions on the functional
form of the curves of interest and hence allow flexible modeling of the data. Most
such curve estimators have difficulties caused by boundary effects; i.e. if the support
of the true curve has important boundaries then they produce estimates that are
severely biased in regions near the endpoints. Visual evidence of this for the conven-
tional kernel density estimator is prévided in Section 2.1. These effects are visually
very disturbing in practice and affect the global performance in terms of a slower
rate of convergence in the usual asymptotic analysis. Also these estimators often
become misleading in modeling the data in the boundary regions. In applications,
for moderate sample sizes, boundary areas can be a substantial portion of the entire
support.

This has been recognized as a serious problem and much research has been
devoted to reduce its effect. Gasser and Miiller (1979), Gasser, Miiller and Mam-
mitzsch (1985), Granovsky and Miiller (1991), Miller (1991a), and Miiller (1991b)
discuss applying boundary kernels to correct this problem; i.e. kernels that retain
the same rate of convergence as in the interior, for the conventional kernel esti-
mators with efforts in finding “optimal boundary kernels”. Rice (1984) suggests
linearly combining two usual kernel estimators with different bandwidths such that
the boundary bias is reduced to the same order as in the interior. Schuster’s (1985)
mirror image estimator in density estimation “folds back” the estimated probability
mass that extends beyond the support. The estimator introduced in Hall and Wehrly

(1991) is essentially a more sophisticated regression version of Schuster’s approach.



Djojosugito and Speckman (1992) approach boundary bias reduction based on a
finite-dimensional projection in a Hilbert space. Marron and Ruppert (1993) pro-
pose to transform the data to a density that can be estimated by conventional kernel
estimators with essentially no boundary effects, and estimate the original density by
a change-of-variable. Boundary effects for smoothing splines are discussed in Rice
and Rosenblatt (1981). Eubank and Speckman (1991) also provide some boundary
correction methods. Fan and Gijbels (1992) point out that the local linear regression
smoothers correctly handle boundary effects automatically, without the complicated
adjustments required by other smoothers. Although, as we have seen, there is a
variety of methods for tackling the boundary problem, questions like which is the
best are still open for discussion.

We investigate boundary effects in the context of density estimation. Here
the locations of the boundaries are assumed to be known. First, we look into some
technical problems, and analytical and practical behaviors for several of the esti-
mators mentioned above. Given in Section 2.2, the boundary folding technique of
Schuster (1985), achieves some improvement in bias, yet is still inferior to the per-
formance of the usual kernel density estimator in the interior. Also, if the kernel
function is even and differentiable, this kind of adjusted estimates always have zero
first derivative at the endpoints. Such a property is undesired since the estimates
can not model boundary features well but simply assume the curve is flat there.

Section 2.3 studies the Rice (1984) boundary modification. It linearly com-
bines two kernel estimators with different bandwidths so that it successfully retains
the rate of convergence in mean squared error. But the question of how to choose
the ratio of the tw}vo bandwidths remains. It is suggested there to let the ratio depend
on the location in such a way that the estimator is a weighted average of observa-
tions falling into an interval of length two times the bandwidth. But, this makes the
implementation very difficult. We study the possibility of using one bandwidth ratio
everywhere. The kernel decides the coeflicients in the linear combination. Hence the
optimal bandwidth ratio depends on the kernel function and the location and we

choose to work with the Gaussian kernel. Asymptotic study becomes noninformative



when the asymptotic bias equals zero. This motivates calculation of the exact mean
squared errors. Some suggestion on the bandwidth ratio is made based on these
studies.

Local linear regression smoothers are known, see Fan and Gijbels (1992), to
give very good visual performance at boundary regions and have an asymptotic rate
of convergence which is as good as at interior points. We implement this idea to
density estimation in Section 2.4. Binning of the data is essential for this purpose; it
provides intuitive interpretations of the bin centers as the design points and the bin
counts as the responses in the regression setting. Also each of the bin counts reflects
the value of the density at the bin center. Hence, it is natural to import the local
linear regression idea here by using locally linear fits to the bin counts. The result-
ing estimator has the same boundary adaptive property as the local linear regression
smoother. Besides, data binning has the advantage of very large savings in computa-
tion time over direct-evaluation kernel estimators, see Fan and Marron (1994). Wei
and Chu (1993) discuss density estimators based on the same motivations but pay
more attention to asymptotic homogeneity of variation errors.

It is then shown in Section 3.3 that a local linear estimator is asymptotically
efficient even in the deep sense of best possible constant coefficient for estimating
density functions at endpoints by minimax lower bound results. A similar result for
regression function estimation is also available, see Cheng, Fan and Marron (1993).
This result settles the ifnporta.nt question of how the local linear estimators compare
with the much more complicated “optimal boundary kernels”, by showing the former
must be at least as efficient. The results are extended to estimation of derivatives
in Section 3.6, since this is vital to applications in plug-in bandwidth selection. In
Fan (1993), a local linear regression smoother is shown to be best among all linear
estimators in a minimax sense at an interior point. The analog of this property
for the local linear density estimator holds. Hence, local linear estimators are very
efficient both at interior and boundary points. We feel this gives the local linear
estimators an important advantage, because they are also easier to interpret, much

easier to implement, appear far faster to compute ( to factors of 100, see Fan &



Marron (1994) ), and, unlike many other nonparametric smoothers, they do not
require any adjustments to achieve boundary correction.

The bandwidth used for the local least squares fits controls the neighborhood
of the smoothing and hence is crucial. Fan and Gijbels (1992a) and (1995) discuss
location varying bandwidth selection procedures while Ruppert, Sheather and Wand
(1993) propose some global bandwidth selectors for local linear regression smoothers.
In Chapter 4, we discuss this issue in the setting of estimating a density function
through applying a local linear smoother to the bin counts. The goal of this re-
search is to find a simple and effective global bandwidth selection procedure for such
estimators.

Inspired by the outstanding performance of the Sheather and Jones (1991)
bandwidth selector for the conventional kernel density estimators, as reported in
Jones, Marron and Sheather (1994), we attempt to bring in the plug-in idea. The
Sheather and Jones bandwidth selector is motivated from an explicit expression of
the asymptotic optimal bandwidth for kernel estimators. In Section 4.2, we examine
the integrated mean squared error of the local linear estimators and show that such
an expression is valid for them also. Hence, it is natural to consider this style of
plug-in approach for the local linear estimators as well.

In the plug-in bandwidth procedures, estimating the integrated squared den-
sity second derivative is very important. Kernel type estimators of those quantities
are discussed in, for example, Hall and Marron (1987), Jones and Sheather (1991),
and Aldershof (1991). But, these estimators are relatively inefficient when the den-
sity or its derivative is discontinuous at the boundaries. The main reason is that the
non-smoothness of the density at the boundaries introduces an extra bias term which
dominates the mean squared error, see Van Es and Hoogstrate (1993a) for detailed
discussion. A consequence of such inefficiency is that the plug-in bandwidth does
not behave like the asymptotic optimal bandwidth and instead is of some different
order as the sample size increases, see Van Es and Hoogstrate (1993b). Therefore,
we need to explore some estimators of the integrated squared density derivatives

which are more robust to boundary problems so the resulting bandwidth selector



will work in both boundary and non-boundary cases.

In Section 4.3, the boundary problem for estimating integrated squared den-
sity derivatives is overcome by introducing and utilizing density derivative estimators
obtained from locally weighted polynomial fits. The motivation is that such density
derivative estimators retain the same rate of convergence at boundary regions, as
given in Section 3.5. Indeed, they are shown in Section 3.6 to be as efficient as
any other linear estimator in a typical minimax sense. The estimators of integrated
squared density derivatives are basically Riemann sums of the squared local poly-
nomial derivative estimators. Asymptotic properties of these estimators are further
investigated. They retain the rate of convergence in mean squared error familiar
from non-boundary cases, and the constant coefficients have similar forms. Their
asymptotic optimal bandwidths depend on integrated products of density derivatives
which are included in this study.

Bickel and Ritov (1988) give information bounds, assuming certain smooth-
ness of the density function, for nonparametric estimation of the quantities 8., and
provides estimators which attain the best \/n—~convergence when it is possible. The
estimators we present here can achieve the same best \/n—consistency if the density
has some more smoothness in its support. On the other hand, notice that our esti-
mators need smoothness of the density only in its support but those of Bickel and
Ritov (1988) require that over the real line. However, nothing has been said about
information bounds for classes of densities that are smooth except for possible jumps
of the density or its derivatives. We conjecture that similar information bounds are
available for these more general classes of densities and the estimators presented here
will be the corresponding best estimators.

Once we have efficient estimators of the integrated squared density second
derivative and their asymptotically optimal bandwidths, we apply them to the plug-
in bandwidth procedure in ,Section 4.4. Weak convergence and asymptotic normality
of the resulting bandwidth are established. Interestingly, the rate of convergence to
the optimal bandwidth depends on the sign of the integrated product of the second

and fourth derivatives of the density: a rate of n=%/14, same as Sheather and Jones



(1991) in non-boundary cases, is achieved if the quantity is negative and otherwise
we have a slower rate of n=2/7. Note that if the underlying density essentially has no
boundary features, the above mentioned functional is less than zero. For example,
suppose its second and third derivatives both vanish at the endpoints. Then applying
an integration by parts shows the quantity is minus the integrated squared density
third derivative. Such a difference in rate of convergence already appears while
estimating the integrated squared density second derivative and is carried over to
the bandwidth selector. However, the bandwidth selector is always consistent to
the optimal bandwidth no matter whether there is a nonsmooth boundary or not.
Ruppert, Sheather and Wand (1993) develop a bandwidth selector for local linear
regression estimator based on similar ideas. Theory as deep as that of this paper has
not been developed for their selector, but it is conjectured that analogous behavior
will be observed.

The motivation for this bandwidth selector is entireiy analogous to that of the
plug-in rules for kernel density estimation, for example those discussed in Park and
Marron (1990) and Sheather and Jones (1991). But we show that such an approach is
appropriate for the local linear estimators which are appealing in overcoming bound-
ary effects without any extra adjustment. Moreover, the strength of our approach is
that it applies to both cases either the density derivatives at boundaries are smooth
or not. This is well contrast with the method of Sheather and Jones (1991) which
is only applicable to the case th’at the derivatives at boundaries are continuous.

In Section 4.5, simulation on the behavior of our proposed bandwidth selector
is conducted for both boundary and non-boundary densities. It is very close to the
Sheather and Jones (1991) bandwidth selector in the non-boundary case. It is seen
to be performing nicely in boundary cases as well. Finally, it is applied to two real

data sets and seems to be satisfactory.



Chapter 2

Boundary Effects

. It is common to many smooth curve estimators that they are less efficient or even
inconsistent when estimating at points near the boundaries. The range at which such
a problem presents itself is called the boundary region. It, and hence how to define
the boundary points, depends on the estimator under investigation. In this chapter,
we start by discussing the motivation for our current study; boundary effects for
smooth nonparametric curve estimators. Kernel density estimation setting is chosen
for this purpose and the subsequent developments will be devoted to density esti-
mation solely. One benefit of considering the density estimation setting is that ideas
and intuition can be conveyed clearer, meanwhile results obtained from this context
can be extended to others such as regression without much difficulty. Following that,
the boundary fold and Rice’s modified estimators are reviewed and their boundary
behaviors are examined. Local linear regression estimators are boundary adaptive,
c.f. Fan (1992). Data binning produces statistics parallel to responses so that local
linear fit technique can be used in estimating densities. The resulting estimators
are shown to have the same property of automatic boundary adjustment. Finally, a

simulation is conducted to compare the four estimators.

2.1 Conventional Kernel Estimators

Kernel density estimators have been popular since they are conceptually natural
and simple. Such an estimator is constructed by assigning equal probability mass

to a neighborhood of each data point. A weight function, usually called the kernel



function, determines how the probability mass is distributed around one observation.
For example, in Figure 2.1a, we have a sample of size five taken from a density having
support [0,00), shown as the dotted and dashed line. The arrows locate the data
on the horizontal axis. Shifting the kernel function around by centering it at the
observations distributes the total probability of one into intervals around the data.
Adding up those individual kernels gives the dashed line, a kernel estimate of the
density. Formally, suppose Xj, ..., X, is an i.i.d. sample observed from a population
following a density f. A kernel estimator of f is
Fte) = S K(ES),

where K is the kernel function, usually a symmetric density, and A is called the
bandwidth which decides the scale of K and hence controls the amount of smoothing
in ﬁ, Intuitively the bandwidth A should be small because only observations nearby
a point contain information about the value of f there. Indeed bandwidths which are
too big will smooth out any local structure and result in less informative estimates.
On the other hand, if & is too small, the estimator inherits too much variability
from the data and looks too wiggly. Further discussion of bandwidth selection for
kernel estimators is deferred to Chapter 4. Papers discussing this issue include Jones,
Marron and Sheather (1994) and the references therein.

Figure 2.1a also provides some insights into boundary effects of kernel esti-
mators. First, it is very unpleasant that some estimated probability mass is spread
outside the support of the density. This is easy to understand because those obser-
vations that are close to the endpoint have neighborhoods below zero which receive
positive probability mass. Moreover, the estimate does not reflect the shape of the
density well; it fails to detect the discontinuity at z = 0 and suggests the density is
much lower near the endpoint. This can be misleading in modeling the population
where the data came from. These phenomena are common for kernel estimators
in boundary cases. Such disturbing problems are quantified by the unusually large
amount of bias from the true curve in the boundary regions. But, before such justi-

fications are given, binned approximation to kernel estimators is addressed because



it demands much less computing time, which is very desirable in application.

2.1.1 Fast Binned Approximation to Kernel Estimators

Obviously to calculate the kernel estimator at a point  we need only to sum up
evaluations of the kernel function at the distances from z to the data points. But,
in order to provide full information of the curve, we usually calculate the density
estimates on a dense set of grid points. Suppose there are g grid points then there
are n - g kernel evaluations. The binning approach requires much less calculation
and gives results that are close to the exact kernel estimates. Its idea is to evaluate
the estimate at a set of equally spaced bin centers and replace each observation by
its nearest bin center. Then big savings in kernel evaluations are achieved.
Suppose {z;,z2,. 7.} is a collection of equally spaced bin centers and & > 0 is
the bin width, then the set {c1,¢z,...,¢,} with ¢; = i Iizi—b/2,ci4b/2)(Xj) contains the
counts of observations near the bin centers. The ;r;:ount of computation needed for
this data binning is of the order n, see Fan and Marron (1994). After binning, the

data is transformed into the set {zi,...,Z1,.., Zg, ..., Zg}. Then, the kernel estimate
N e’ Nora st

a cg
at z; based on these transformed data is

R g
Frpinned(z5) =071 Y cKn(z; — ). (2.1)
=1
pd
Here, and throughout this article, the notation Kj(-) is referred to the rescale of the
kernel function K, :K(;). Furthermore, since the bin centers are equally spaced, if
K is an even function, then
-~ g .
Frpinned(zi) =171 Y K (Ji — j1b).
=1
Observe that  and j both range over {1,2,..,g} hence |¢ — j| takes value in the set
{0,1,...,g—1}. Therefore there are only g kernel evaluations needed and the estimates
at the bin centers {z1, T2,...z,} are simply convolutions between n~{c1,c2,-.., ¢} and
{K#(0), Kx(d), ..., Kn((g — 1)b)}. Estimator Frpinnea is different from f» since the
former is based on the binned data and the latter on the original data. But, they

are very close to each other visually. We refer to Fan and Marron (1994) for more
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discussion. Theoretical study on the binned version of kernel density estimators can

be found in, for example, Jones (1989) and Hall and Wand (1993).

2.1.2 Boundary Behaviors of Kernel Estimators

The boundaries in the support of the density are assumed to be known. We consider
that the underlying density f has support [0,00), i.e. f(z) = 0if z < 0 and
f(z) > 0 if z > 0, while discussing boundary effects for estimators of f. There is no
loss of generality from such an assumption since the right-hand-side and left-hand-
side boundary adjustments are symmetric and the behaviors of kernel estimators
at a point only have to do with its distance to the endpoints. Then the boundary
region is |

{z:22> 0,/1K(u)du <1}, (2.2)
cf. (2.3). For example, if the kernel K is positive only on [-1,1], the boundary
region is the interval [0, ). Since the bandwidth k tends to zero as the sample size
grows, the boundary region shrinks to the set {0} as n — co. Hence any fixed
point besides zero is eventually not in the scope of the boundary region. In order
to understand how estimators perform near zero, the endpoint, we will analyze the
kernel estimator at points £ = ch, ¢ > 0. This is a series of points tending to zero
when n becomes large and are close to zero with distance c relative to the shrinking
bandwidth. The motivation for studying points z = ch is then to analyze estimators
at a “fixed distance with respect to the bandwidth” from the endpoint.

Some assumptions on f and K are necessary for asymptotic studies.
(Al) f has two derivatives and f” is bounded and uniformly continuous on a
neighborhood of zero ( z ) when estimating at a boundary ( an interior )

point.

(A2) f K? < o0 and [ [u?K| < oo.

10



(A3) fK =1and fuK =0.

Here, since f(z) = 0 if £ < 0, the derivatives of f at 0 is taken from the right.

For example the first derivative at zero is defined as

(o) =i FO=1O)

If f and K satisfy conditions (A1)-(A2) and nk — oo, b — 0, then the expected

value of the estimator ﬁ(a:), z=ch,is
- 2
Efi(z) = boo(K)f(@) — hin oK) (2) + mpac K)f'(2) + o), (23

and the variance is
Var (fi(z)) = n~"h"*f(a) /_ © K?(u)du+ o(n~thY), (2.4)

where p1.(K) = [°, v K(u)du, ! =0,1,.... In particular, if z belongs to the interior

of the support and condition (A3) holds, then the above expressions reduce
Efi(z) = f(z) + h—pz(K)f"(:c) + o(h?), z in the interior, (2.5)

and

Var (fu(z)) = n~ k7 f(2) / K? 4+ o(n~'h7Y), z in the interior,  (2.6)

where p(¢) = [, u!{(u)du for any function { and I = 0,1, ... Notice that, if K is
nonnegative, po . < 1 for any c in the support of K. Therefore, from (2.3), the usual
kernel density estimator has a nonzero constant bias term, i.e. 0-order bias, as long
as f(z) # 0. This means that, no matter how carefully the bandwidth is chosen,
the mean squared error always has a dominant constant term and therefore never
converges to zero.

One can immediately see from (2.5) and (2.6) that the asymptotically optimal
bandwidth is of the order n~1/® and bandwidths of any other order will result in a
slower rate of convergence. Combining this fact with (2.2), if one chooses to formulate
the boundary points as a sequence of points which tend to zero at a certain rate,

then it needs to be z = dn~'/5 for some nonnegative constant d. Otherwise, if z-

11



tends to zero faster or slower, the problem degenerates to estimating at the endpoint
or becomes estimating in the interior, respectively. Then one can replace z = ch by

-1/5

z=dn in the asymptotic study with same lessons.

2.2 Boundary Folding

The boundary fold modification of the conventional kernel estimators in Schuster
(1985) is developed to reduce the boundary bias. One way of understanding it is
the following, c. f. Silverman (1986). If the sample Xj, ..., X,, have density f(z) > 0
for > 0 and f(z) = 0 otherwise, then {X;,—X;, X5, — X3, ..., Xn,—X,} is a, not

independent, sample of size 2n from a population following density g with

1
9(z) = 55 (lz),z € B. o en
Now since g has no boundaries in its support, it can be estimated by the ordinary
kernel estimators well,

gn(z) =270 i: [Kn(z — Xi) + Ki(z + Xi)],z € R.

=1

Then apply §i(z) back to (2.7), f can be estimated by
Fa(z) = Ga(2) + Ga(~2) = 2a(2) = fa(z) + fa(—2),z € [0,00).

- Another viewpoint of this estimator is that since the ordinary kernel estimator dis-
tributes some estimated probability mass outside the support of the density, see
Figure 1a, it folds this mass back to the original kernel estimate. Or equivalently,
add the mirror images of the observations reflected at the boundary to the sample
and do usual kernel estimation. We construct this estimator from the same sample
used for Figure 2.1a and show it in Figure 2.1b. The dotted arrows point to the
reflected data and contribute those dotted kernels to the estimate, only effective in
the support [0, 00) certainly.

If (A1)-(A2)hold and K isa syi'nmetric density function, then for z = ch,h —

0,nh — oo, and n — oo,
_ 2
Efi(2) = f(2) + 5 f"(@)pa(K) — 205'(2) s~ K) + cpto-o(K)

12



+ 28 1"(2) [Ppo,-o(K) + em,—(K)] + o(?), (2.8)

see Marron and Ruppert (1993). At the boundary, in addition to the familiar A2
order asymptotic bias of the conventional kernel estimator in the interior, c.f. (2.5),
this estimator has bias terms of order & unless f’(z) = 0. Indeed, this estimator
seriously under estimates at the boundary if the density has a negative slope there,
and vice versa. Also it is flat at the boundary no matter what the slope of the density
is there. In fact this undesired property is inherited from the folding-back nature of
this estimator and agrees with the following theorem, which is also mentioned under

slightly more restrictive conditions in Silverman (1986).

Theorem 1 Suppose K is symmetric about zero and differentiable except on a finite’
set and X1, ..., Xy, is an i.i.d. sample following a continuous distribution. Then for

all n, h, the boundary fold estimator fi has a zero derivative at the endpoint; i.e.

El}m M =0 a.e.

10 6

d -
e AC) -

The proof is deferred to the end of the chapter. A further analysis of this

boundary fold estimator also reveals that
Var (ﬁ,(z)) = -'fo‘-z—) {/ K?+ 2/_.0<> K(u)K(u— 2c)du} +o(n"R7Y).  (2.9)

Comparing (2.4) and (2.9), we observe that the boundary folded estimator has more
variability than the conventional kernel estimator if K is positive. This is explained
by the fact that each observation is used twice in this reflection technique. Espe-
cially when z = 0 this estimator has four times the variance since the folding at
z = 0 is exactly doubling the estimator. This circumstance commonly happens to
more advanced boundary adjusting estimators as well. The reason is that boundary
estimation uses fewer data points and the estimators are “magnified” to achieve the
same small order of bias as in the interior.

The larger rate of bias from the true density also causes a slower rate of

convergence for fh(x) The asymptotic mean squared error of this estimator is
AMSE (fa(z)) = 4h* (f'(2))" (1,-<(K) + cpo~<(K))”
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(‘”) { / K?+2 / K(u)K (u — 2c)du}
Denote the minimizer of AMSE ( fh(:c)) by haopt(ss)- Then AMSE (fhm.(m (:1:))

converges to zero at the rate of n=2/3, but the optimal asymptotic mean squared
error of the usual kernel estimator tends to zero at the rate n=%/5 in the interior.
Thus the boundary folded estimator has slower pointwise rate of convergence at
boundary regions. This inefficiency also effects its global performance. We choose
to measure global performance of estimators by their asymptotic integrated mean
squared errors. Assume K has support [—1,1] and the first two derivatives of f are

squared integrable, then since the boundary region is [0, A],

AIMSE () = / AMSE (fi(z)) d=

= / (h2c fl(z)? + —-—f(:z:)) dz + / (h“Caf”( ) + f(x)) dz,

for some fixed numbers C; , 7 = 1,...,4 depending on K. Hence,
AIMSE (fi) ~ C1b® (£(0))° + Can ™A 72,

Optimizing h for AIMSE (f3,) With haimsess) ~ n~/4, we have AIMSE(Fipimouary)
~n~3/4, But the ordinary kernel estimator achieves the rate n=%/% in non-boundary
case. So this estimator still does not fully conquer the difficulty of the boundary
situation.

So far we have seen that neither the ordinary kernel estimator nor the bound-
ary folded estimator is satisfactory. And one might ask whether it is possible to do
any better than that or even as well as at the interior points. We will see two meth-
ods that do achieve the familiar n=4/5 rate of convergence in the following sections

and provide some detailed investigation of them.

2.3 Rice’s Boundary Modification

In the setting of kernel estimation of regression functions, Rice (1984) suggests a

boundary modification which can be directly translated to the framework of density
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estimation. Rice’s boundary modification uses a kernel function which is a linear
combination of two kernels with bandwidths 2 and ok at boundary points such that
the bias is of the same order of magnitude as at interior points. This is similar to the
idea of bias reduction in Schucany and Sommers (1977). Keeping consistent with
our discussed setting , we adapt this to kernel density estimation. The analogous
Rice boundary estimator of density f at £ =ch, ¢ > 0 is
n
Fro(@) = afi(z) — bfar(z) = 071 Y _(aKh — bKan)(z ~ Xi), (2.10) -
i=1
where

Hrcla ,b= Fre a, and a > 0. (2.11)
Qlo,clhl,c/o — Ko,c/aMl,c Qlyc/a

This estimator is the same as the usual kernel estimator with kernel function aKj —

a=

bK,,. Hence the bias of this estimator is the same as in equation (2.3) with K
replaced by aK; — bK,;. But now, with the careful choice of a and b as shown in
(2.11), the coefficients of f(z) and f’(z) in (2.3) are zero. Therefore the asymptotic
bias is of the order k2. Recall all the troubles with the conventional kernel estimator
comes from its large bias at the boundary area. Hence the key to the success of
Rice’s estimator is this bias reduction.

However, before implementing this modification one has to decide on the
choice of a, the ratio between the bandwidths for the two kernel estimators in the
linear combination. In the following sections, tools for studying this issue are pro-

vided and some answers for certain special cases are given.

2.3.1 Asymptotics for Studying Bandwidth Ratio

Recall that the Rice estimator is a linear combination of two usual kernel density
estimators with bandwidths k and ak. To choose a, Rice (1984) recognizes the
difficulty in finding possible solutions for each c. But it is suggested there to take
a = 2 — ¢ so that the estimator is a weighted average of observations fall in an
interval of length 2h, the same as in the interior. Notice that with a = 2—c different
combinations of kernel functions are used at different points, namely K and K(;_¢)n

for z = ch. Hence a fair amount of computation is involved when implementing the
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estimate with this selection of a. On the other hand, if « is fixed for every z then
one can apply the fast binned calculation of kernel estimators discussed in Section
2.1.1. In the sequel we compare this to @ = 2 — c and investigate what would be the
best fixed bandwidth ratio.

First, some simple algebra shows that fi.(z) = f;h%(z). Therefore it is

enough to consider only the set of bandwidth ratios {a, a > 1}. Write
K.()=a K() = 2K(2)
ol a ‘a”

where a and b are the coefficients given in (2.11). Then Rice’s boundary kernel at
z =chis
Cha () = TK(2) ~ —-K(=) = 7Ka(3) (212)
Kha 0= 3203 — 12 G = p 70 ‘

The bias and variance of this estimator are analyzed in the following theorem as

information for choice of a. The proof is left to the end of chapter.

Theorem 2 Under assumptions (A1), (A2), h — 0,n — o0, and nh — oo,

Bias? (Fyo(2)) = 1}} (f"(2))? ( I u2‘1'<‘,,(u)du)2 Fo(hY.  (2.13)

and

Var (7,;,&(:0)) =n"h7 f(z) /_coo-l?i(u)du +o(n~1A"1). (2.14)

From the asymptotic expressions (2.13) and (2.14) we see that the asymp-
totic bias and variance depend on a through parts that are independent of the
true underlying density f. This implies that study of asymptotics in the direction
of choice of & will rely only on those “kernel parts”. So we call [° u?K.(u)du
and [° _I?i(u)du “kernel part of asymptotic bias” and “kernel part of asymptotic
variance”, respectively.

Next, some further investigations are intended to answer the question of which
fixed « is the best for this modification. Obviously, each & decides a unique shape
of the combined kernel function K, up to a rescaling factor controlled by h. Thus

deciding the best @ among {a > 1} is equivalent to choosing the best kernel function
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from the family {K.(-),a = 1}. Applying the idea. of canonical kernels of Marron
1

and Nolan (1989), if 6 = (2, B2)° (Joow?K.) ™" then
1

AMSE (Fiopa(®)) = ( /_ ;7{’3)5 ( / ’ uﬁT) (f E?: ) (f”(0+)))

-0

Denote .S'cg (a) = ( I ?z)% ( f o ufl?a)%. Notice that AMSE (7601;,::(1')) is fac-
torized into two parts: Sc§ (a) depends solely on K, and the remaining part depends
only on k and f. Thus the problem of deciding the kernel K, is independent of the
underlying density and the choice of k. Applying the bandwidth éoh enables a fair
comparison among kernels. We shall call é,, which depends on K,, the canonical
bandwidth for the kernel K.

Clearly the asymptotic bias and variance of the Rice’s estimator depend on
the kernel function as well as a. We consider the Gaussian kernel K = ¢ and
investigate the best bandwidth ratio from this family. Now, with ¢ in the place of
K for equations (2.13) and (2.14), the squared bias is

— ht < b ,u 2 ,
jas? = — (f"(z))? 2 — Zo(= 4
Bias? (Trale)) = = (f"(2) ( [ [aso(u) a¢(a)] du) + o(h4).
By some algebra and the fact that z — 0,

Bias? (Th'a(z)) = %:(f”(m))z (a /_:o u?p(u)du — ba? /_i uch(u)du)2 + o(h%)

= B (7047 (a{-op(e) + 8(0)} = ba? {~Eo(E) + #(2)] )+ o4,

Also some direct calculation shows that
Var (Fra(z)) = 277" f(2) /_ ; (acp(u) - -E-go (%))2 du+o(n'h7?)
_ %‘i) {a [ oA —2ab [ (u)cp( )d“ ¥ [ & (z-) faf‘-}
+o (n7'h7)
f(z){ [ MS" (u)du — 2ab /“\/m o

(u)du
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+b? [;’ %;go:%(u)du} +o0 (n’lh'l) .

Since z = ch — 0 and f is continuous around 0 we can write

i 5 5 e (5

st (1)),

where ® is the c.d.f. of the standard normal density.

Plots of the kernel parts of asymptotic bias and variance with Gaussian kernel
versus ¢ for various choices of a show that the estimate using a = 2 is performing
very much the same as that with a = 2 — ¢/4 in terms of asymptotic bias and
variance, see Figures 2.2a and 2.2b. This suggests favor of fixed a for simplicity and
computational speed considerations.

The best a for a fixed ¢ is obtained via minimizing Sc(a) over all « > 1.
Ideally if there is an @,y that uniformly minimizes S.(a) for every ¢ > 0, then the
best kernel would be %,_,. But since S.() is a function of o indexed by ¢, this is
not necessarily the case. Numerical work shows a,, typically depends on c. None
the less, since it is the estimation at the endpoint z = 0 that suffers from the largest
amount of mean squared error; i.e. where the density estimation is most difficult,

we will study S.(a) at this point first. When z =0 and K is Gaussian,

" 2
Bias? (F,,(0)) = A* (%9)) (—a)? + o(h*), (2.15)
and '
Var (F1,4(0) = frgg) ﬁ(al_ 7 (03: : \/21f+_a) +o(nh7Y).  (216)

If a is very large, the kernel function used for ¢ = 0 almost looks like 2p(u),u > 0,
except for having a negative right-hand-side tail. This negative tail leads to a large
negative bias. But since the variability due to this small negative tail is negligible
compared to that from the positive part of the kernel, the variance tends to 71;
which is equal to f§°(2¢(u))?du. Now, from (2.15) and (2.16),

Sa(0) = ,,(ai 1) (a3:1 - \/25/-1-5_0;2)2
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The solid line in Figure 2.2c shows that S,(0) is increasing for a > 1; i.e. S4(0) is
minimized at & = 1. Thus for ¢ = 0 the best kernel function among the Gaussian
family considered here is ilil} @, (u) which equals 2(2 — u%)¢(u). Numerical study
also suggests that S,(c) is always minimized at a = 1 for any fixed ¢ € [0,0.84],
Figures 2.2¢c and 2.2d provide visual evidence of this for some chosen values of c.

As for those ¢ belonging to (0.84,00), S, (¢) is minimized and at the same
time equal to zero at some a,p(c) > 1, see Figures 2.2d and 2.2e. But S,(c) is
zero when [, u?%, = 0 which means that the asymptotic bias is of some other
order higher than A*. Then, analysis of S, (c) and even the AMSE does not reflect
behavior of MSE in this case. Hence a,p:(c) is not the right choice of bandwidth ratio
and instead higher order bias terms need to be studied. But that situation becomes
more difficult and the density function and its higher derivatives play important
roles. Also, for any a, @, is essentially the same as ¢ when c is large. Thus it
becomes less meaningful to optimize asymptotic mean squared error among %, for
large c. These concerns and the fact that a = 1 is the best for ¢ € [0,0.84], a range
that requires more careful choice of a than (0.84,c0) does, recommend the kernel
=1 Note that this is a degenerate case,

oy (24 —u?)o(u)
lim®a(W) = D80 + o0(d)

by L’Hopital’s rule.

Notice that Se=i1(c) < (f¢?)* (fu?p) = X for c > 0.85, hence lima—.1 P, is
as good as the usual normal kernel at the points where we didn’t try to optimize a.
Also, lim,—.1 @, is approximately the same as ¢, the kernel used for interior point,
for large c. Another nice feature of this kernel function is that it allows convenient
implementation using the binning method discussed in Section 2.1.1. Namely the
estimate is siﬁply a linear combination of two binned estimates, whose kernels are
¢(u) and u?p(u), with coefficients Wnﬁ%f—;—:m and m, respectively.

Figure 2.2f shows the discrepancy between the optimized Sc% and the best
kernel part of the asymptotic mean squared error. From this we can see that min-

imizing S.(a) for ¢ > 0.84 is irrelevant to the choice of & and instead higher order

19



bias terms of the asymptotic mean squared error need to be considered. This has
not been carefully investigated because the difference among %,’s becomes much
smaller for larger ¢ and because there is another approach by calculating the exact
mean squared errors, which is discussed in the next section. Again there should be
awareness that especially when S,=1 < & we are not actually having an optimisti-
cally small mean squared error but that is the effect of not accounting for terms of

bias other than the A* term.

2.3.2 Exact Mean Squared Error

We saw in the previous section that, when analyzing behaviors of the mean squared
error of Rice’s modification as a function of a, the asymptotic analysis sometimes
becomes totally noninformative. An alternative approach is to study the mean
squared error directly, c.f. Marron and Wand (1992). Then, there is no longer a
problem of not enough terms in the asymptotics to provide information about the
mean squared error.

Here, small to moderate sample size properties are emphasized, but the re-
sults interact with knowledge learnt from asymptotic study. Mean squared error
of the estimator also depends on the unknown density f, but we can choose some
representative ones. The normal mixture family contains a rich variety of shapes.
Since now we are investigating boundary effects, we shall consider the family of trun-
cated normal mixture densities. Also, we choose to work with the Gaussian kernel
function. One advantage of this is, along with the normal mixture densities, the
convolutions in the bias and variance become very easy to compute.

For compactness of this discussion, we will only treat four density functions
from this family. Figure 2.3 shows how they look. They will also serve as illustra-
tive examples in later studies on boundary effects. Density #1 decides whether an
estimator can detect concavity of a density function. Density #2 will be able to
distinguish between estimators that can model curvatures near the boundaries and
those that can not. Density #3 is considered since its moderately shaped mode near

zero brings in the boundary effect issue. If a density is flat and low near the end-
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points the usual kernel estimator will do well without any boundary modification.
Density #4 has a very sharp spike extremely close to the endpoint zero, it represents
challenging densities that have sharp features right at the boundaries. The formulas

for these densities are listed in the following table.

Truncated Normal Mixture Density

w [ {30 (=3)7 N (-31) +18(-30) 7 N (-5 1) } oo

w2 | {30 (/3) N (5.8)+22 ()7 V(51 e

#3 | {22 (0) N (0,4) +18(9)' N (3,2)} Li=20)

#4 | {038 (8) 7 N (ui,07) | oz = 3{(®)' = 1} s = 3

Remember that bias and variance of Rice’s estimator are

Bias (Fun(2) = [ Khe (s — )f(s)ds - £(),

and

Var (Faal@)) =17 [ Ko (o= ) (s =7 ([ R (2= )1(6)ds) -

Now Kho= aph — bpan and f(z) =z§ w;® (%)—1 @ (z — 1) Iiz30)- If we define

A’(x) — 1 o T — o ta','lm 4ot~z
¢ \/t2+02 \/t2+a2 \/t2+02 ’
i i [

then it is simple to show that

/000 Kho (z—3)f(s)ds = a/om en(z — s)f(s)ds — b/:‘> an(z — 8)f(s)ds

=§ w;® (5—?)4 {aAf,(a:) - bAf,h(x)} ,

and
[” Bia@=9)f(s)ds = a? [ ohla—)f(s)ds—2b [~ (s =s)par(z —s)f(s)ds
48 [ o2ula = 9)f(s)ds
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-1 a? _2ab Al

Z \/2_7rh ;) {EA\_;.?.(SB) it m( )+ (1')}
Utilizing these expressions we obtain very compact formula for the mean squared
errors of Rice’s modified estimators. We consider a ranges from one to five. The
bandwidths we use in this calculation are Cyn~1/3§;,. Here C; is some constant,
depending on the density, chosen to be visually appropriate for the simulated data
sets. In the order of the above list of densities, Cy = 0.7,1.2,0.5, and 1, respectively.
Notice that these bandwidths are multiples of the canonical bandwidths, hence com-
parison among kernels does not confound with what the density is and the choice of
bandwidth.

This exact calculation study is conducted only for estimating at £ = 0 since
it is most important there. The exact mean squared errors for estimating f(0)
are displayed in Figure 2.4. There are several interesting observations from these
pictures. First, there is a clear increasing trend of the mean squared error in «a for
both density #1 and density #3. Hence in these two cases the asymptotic result
that the best a is @ = 1 holds even for small sample sizes. On the other hand, the
mean squared error is improved with larger a when the density is either density #2
or density #4. Figure 2.5 provides some answers to the curiosity of what is behind
these different performances.

The key machinery is the following: for 1 < a; < a3, %,, has a deeper negative
right tail than that of 3,,. Now we examine how this aﬁeqts their performances when
applied to our example densities by taking a; = land a; = 2. First, density #1
is highest at z = 0 and then decreases. The kernel estimators are always too low
at z = 0 since they are weighted moving averages of the density. But, estimating
density #1 at zero is better with ,_, since the density is high at the region where
Po=y 1S greatef than __,, meaning that a lot of observations in the range contribute
more to the estimate. Also the density is relatively low at places where ., is more
negative than @,_,; which implies that only rarely are there observations that lower
the estimate. The same situation occurs when estimating density #3 at z = 0.

Now, as for estimating density #2 at z = 0, we see that the negative tail of ,_,
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happens where the density is still high and makes the estimator worse. So larger o
is preferred in this case. Finally, we see that the negative tail and the higher positive
part of @, are both irrelevant in estimating density #4 at z = 0 since the density
is negligibly small in those regions. On the other hand, %,-, is higher at a small
region next to z = 0 and the density is extremely large there. This makes ,_,
superior to P, for in this case.

Besides what we learned about these small sample properties through this
exact calculation, we would like to remark that asymptotics favors @,., because its
“improved” positive part and the shrinking domain of kernels makes this useful. In
conclusion, “best a” depends on the particular density and sample size. However,

a = 1 is recommended as a useful general purpose choice.

2.4 Local Linear Fit in Density Estimation

Stone (1977) and Cleveland (1979) discuss locally least squares regression. Fan
(1992) refines this method by introducing smoothed kernel weights to the least
squares and credited its success in efficiency and adaptive properties. The moti-
vation of the local polynomial regression technique is that if the regression function
is smooth then it can be approximated by a polynomial very well locally. Then it is
reasonable to estimate the regression curve by fitting some polynomial through least
squares. Fan (1993) shows particularly that local linear fit attains some minimax
efficiency within the class of linear estimators in the interior. And such a estima-
tor has a very appealing feature of adapting to estimation at the boundaries; i.e.
without any extra effort of modification such as boundary folding or Rice’s linear
combination, it has the same rate of convergence as in the interior, see Fan (1992).
The estimator itself and these nice properties carry over to the setting of density
estimation nicely. The purpose of this section is to implement the local linear fit
idea to the density estimation context and derive some asymptotic properties.

In density estimation, the density function under investigation is parallel to

the response curve of regression analysis. Hence, the idea is to fit some sort of
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“response” which is equal to the density plus some random error. An apparent way
of producing such responses is through data binning, as discussed in Section 2.1.1,
of the data. The bin centers can be thought of as the design points in regression.
The bin counts reflect the heights of the density at the bin centers and hence can
be viewed as the responses there. With these statistics available, the local linear
regression technique is applicable to density estimation by linear fitting to the bin
counts. Also, from the computational point of view, the estimator obtained this way
can be fast implemented since it needs only to handle the bin counts instead of the
original data.

The notations follow those in Section 2.1.1 where binning is discussed. Since
the density has support [0, c0), the bin centers are taken as z; = (i — 3)b,i =1,...,g
for some fixed positive b which is referred to as the bin width. The bin counts provide
information of heights of the density at the bin centers in the following sense. Since
Xi, ..., Xn are i.i.d., the Strong Law of Large Numbers implies that

zi+b/2

il 25 5t [ T = f(22)

T;—
for each i = 1, ..., g. Furthermore, if the second derivative of f at z exists, the Taylor

function approximation is

f(z) = f(z) + (z — 2)f'(3),

for any z belonging to a neighborhood of z. Hence we would fit f at z by a local

linear least squares solution with smooth weights decided by Kj; i.e.

g -
min > KE - %) (n157 e — by — b(z: — ) (2.17)

=1

Suppose bo(z) and b (z) together are the minimizing solution to the least squares
problem (2.17), then by(z) would be a good estimate of f(z). Hence we define

Sn2(z)Tho(z) — Sna(z)Tha(z)

Julz) = bl@) = G g (@) = Sua(2)Sua(a)’

where

9 Ti—T J .
Sni(z) =3 K( ; Nzi—2),5=0,1,2,
=1
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and

T, ;(z) = n~1b7? Zg: K( —Z

T
=1 h

Here the bandwidth A controls the amount of smoothing: the fitted curve becomes

)(:B - mi)jci,j = 07 1.

a straight line if & is large enough and has a lot of spikes if A is too small. This

estimator can be rewritten as

2N Sn2(z) — Spa(z)(zi — )
1) =17 3 315 2()5w(@) — Bna()5na(®)]

=1

Ty —T

K(E ). (2.18)

Note that in (2.18) only c}s are random and fi(z) is a linear function of these pre
binned data. Comparing (2.18) more closely to the binned version of the kernel

estimators, see (2.1) , it is seen that fr(z) is also a binned kernel estimator and

hSn2(z) — h2Sp1(z)u
Sn2(2)Sn0(z) = Sn1()Sna(z)]

is the kernel for estimation at z. The effective kernel K, » depends on the location

K, -(u) = A K(u)

of z. If assumption (A4) stated below holds and z is in the interior then K, - is ap-
proximately the same as K. The following condition is convenient for investigating

asymptotic properties of fr(z).

(A4) For1=0,1,2, K () is bounded and absolutely integrable with finite second

moments.

Next we state the asymptotic properties.

Theorem 3 Suppose conditions (A1)-(A4) hold and b — 0,nh — o0,b = o(h).

Then, if z is away from the boundary region, fL(z) has bias
Bias (f(z)) = ﬁ;— (z) /_ ‘: w? K (u)du + o(h?), (2.19)
and variance
Var (fu()) = n~*h" (z) /_ : K?(u)du + o(n~*h71). (2.20)
Otherwise, if = is a boundary point £ = ch,c 2 0,

Bias (fi(z)) = ﬁ;— F1(04) /_ °° u?K*(u)du + o(h?), (2.21)
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Var (fL(m)) =n"A"1f(0+) /j: K(u)®du + o(n~h™), (2.22)

where
S2,c - Sl.cu

Kc (u) - SZ,cSO,c - S?,c

K(u),

with S = [C v/ K(u)du,j = 0,1,2.

Knowing that fL(:z:) is essentially the same as the conventional kernel estima-
tor in the interior, it is not surprising that they have the same asymptotic bias and
variance. But, unlike the ordinary kernel estimator having difficulty at boundary
regions, the local linear fit technique itself adjusts to have the same rate of conver-
gence at the boundary as in the interior. The reason for this adaptive property is
that the effective kernels K, » for boundary points are automatically modified such
that condition (A3) hold.

The second derivative of f is assumed to exist in analyzing the mean squared
error for f1(z),z = ch. If this condition does not hold, then the asymptotic results
change according to the behavior of f near zero. First, if the density has a pole at
zero, say f(z) ~ pz* as ¢ — 0 for some p > 0 and known a < 0, then the estimator
has an infinite bias of the order A®. Secondly, if the density exists at zero but its
derivative tends to infinity there, which is roughly f(z) ~ pz* + ¢ as = — 0 for some
p > 0,g 2 0 and known o, 0 < a < 1, then the bias is of order A%, the variance
is of order n~1h~! and the optimal rate for the mean squared error is n~13% which
is slower than the usual n=% rate. Finally, if f has first derivative at zero but its
second derivative has a pole there, say f(z) ~ pz®*+qasz — 0 for somep > 0,94 > 0
and known a, 1 < a < 2, then the results are analogous to the previous case.

Since both the Rice’s modified estimators and the local linear estimators
preserve the rate of convergence everywhere, an interesting question is how they
compare to each other. We will look make this comparison by studying the best
constant for the estimation problem in the next chapter. In fact, our result there
answers much more than how these two estimators compare by considering a class
of general estimators. For the next section, we show that our asymptotic results are

very informative by a simulation study.
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2.5 A Simulation Study

In this section we will compare the boundary behaviors of the four density estimators
in the previous sections by simulation. The truncated normal mixture densities of
Section 2.3.2 will be the subjects. Ten independent random samples each of size 100
are drawn from each of the densities and then the four estimators are constructed
from those samples. Simulating ten realizations of the estimators will help obtaining
some insight into their variability. The bandwidths are the best ones chosen by
visual judgment.

Figures 2.6 show the four types of estimators from the samples coming from
density #1. First, the conventional kernel estimators are unacceptably biased from
the density in a very wide region, about from zero to point six. This agrees with
the asymptotic bias given in (2.3). Especially the estimates at zero are only about
half the height of f(0), which is quantified in (2.3) by Ef4(0) ~ po,0f(0) = 1/2f(0).
Also, note that approximately 7% of the estimated probability mass is spread to the
negative half line. This is an inevitable property of this estimator when boundaries
~ are present and there are observations near the boundaries. Such a property is
disagreeable since positive estimated probability is assigned to where it should not
be. Moreover, this estimator is not able to model the concavity and the sharp spike
of the density function; it misinterprets the true curve as having only one single
slightly skewed peak. All the above observations strengthen and clarify the need for
boundary modifications.

Next we examine the boundary fold estimators. Of course now the probability
mass below z = 0 is removed and used to improve the height of the estimate near
zero. But this is still somewhat low. This is explained by the order h asymptotic
bias seen in equation (2.8). Further, notice that the estimates all suggest a flat slope
at zero and were not able to indicate the concavity there. This agrees with the result
of Theorem 1.

The benefit of the Rice’s bias reduction, see (2.13), is visually clear. The

estimators are closer to the density than the boundary fold estimators. Even more
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importantly, they present the concavity of the density nicely; this never happened
for the previous two estimators. Figure 2.6d shows that the local linear estimators
are also very satisfactory. Most of the estimates are concave, as is the true density,
and the heights at the boundary region are improved.

Studying density #2, the ordinary kernel estimates in Figure 2.7 give the same
lessons as those we learned from the simulation on the density #1. They smooth out
features of the density near the boundary and tend to give over simplified structures
there. Now we are convinced that the uncorrected kernel estimator is not performing
well in both theoretical and practical senses near the boundary. Rice’s modification
and the local linear fit estimates are again both better than the boundary fold
estimates. Most of the time they catch the first peak. The Rice estimations seem to
be closer to the density there while being a little too wiggly at the second peak.

As for estimating density #3, see Figures 2.8, the lessons for the ordinary
kernel estimator and the boundary fold modification are mainly the same as what
was learned before. The Rice estimator is clearly better in the sense of variance. But
the local linear fit estimators are on the average as close to the curve as the Rice’s
estimations. It is interesting that these two estimators both work well and are very
close to each other.

Now it is very convincing, from both the asymptotic and simulation studies,
that the Rice’s modification and the local linear fit technique are competitive. They
both preserve the rate of convergence everywhere. It will be interesting to know
which one is optimizing the mean squared error. The next chapter is devoted to give

some answer to this question.

2.6 Proofs

I. Proof of Theorem 1:
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For any fixed n and &,

—lim Fu(6) = Fa(0)
510 é

=he)|

=0

- () ()5 (252 - (59

i b () (] ) (2 )]

=1

since K is symmetric about zero. Now, K is differentiable except on a finite set and
X!s are continuous random variables imply

g () - ()

=0 =1

A

I1. Proof of Theorem 2:

To analyze the bias of the Rice’s estimator, from (2.10) and (2.12),
Bias? (Foa(2)) = ([ R (2= )f(s)ds - #@)
- ( [ °°° Rol(w) f(z — uh)du — f(a:)) .

By a standard Taylor expansion of f around z and condition (Al),

Bias® (Fia(z)) = { /_ Ka(u) (f(:c) — uhf'(z) + - f"(z) + o(h’)) du — f(rc)}2

¢ 5 ! € 574 h? " € 277 2 ?
= ( Ka—l)f(x)—hf(a:)([_ uKa)+-5f(:c)(/_ uK,,,)+o(h) :
Note that a and b as given in (2.11) were chosen such that [ Ko = 1and [°, uK,

Hence the above expression is reduced to
Bias? (_f,,,a(:z:)) = ’—;: (f"(z))* ([_; uz-_K.c,,(u)du)2 + o(h?).
As for the variance,
Var (?,m(z)) =n"Var (I-{ ha (T = X1 ))
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400 _ 400 _ 2
=n"! ([. K:,a (z— s)f(s)ds) —n! (/_ Kho (z— s)f(s)ds) .
The second term is the squared expected value of f, (z) divided by n and from

(2.13),

Var (Faal) = o707 ([ K

(w)f(z ~ ub)du) —n~* (£(2) + O(#*))”

=71t |7 Ko(w) ((2) + o(1) du+ O(n™).
Hence,
Var (7};,::(1')) =n"1h"1f(z) /_;?i(u)du +o(n"1p71).
We give the following lemma before proving Theorem 3.
Lemma 1 Let G be a real valued function with domain D(G), and {t;} is a set of

equally spaced points on D(G) with grid width AA. If G is twice differentiable and

its second derivative is integrable, then

< —As—z / 6@ (1)] dt.

> G(t)A - / G(s)ds

Therefore, if the grid width A is small enough, 3° G(t;)A is approximately
J G(s)ds. This is simply the usual Riemann sum approximation, but with more

precise bounds of the difference.

Proof of Lemma 1: We can write the difference between f: G(t:)A and [ G(s)ds
i=1

as a sum of integrals,

3 G(t)A - / G(s)ds| =

=1

Y G(t)A-3 / * G(s)ds

=1 =1

=I5 [ 6t - 6o .

i=1
Taking a second order Taylor expansion around each z;, the above absolute difference

equals
ti+4/2

> [ [e0we - o)+ 5 [ s - 06 at] ds

i=1
t ti+A/2 pti+O/2

- — )G (¢)dsdt

i=1 I:/‘ -4A/2 '/fi—A/Z ‘/t.‘ /t ] (s )G ( ) sd
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z:j / A G| at = 98—2 [le®)| .

ti—4Of2

II1. Proof of Theorem 3:

Only the boundary case is handled here and the results for interior points
hold by letting ¢ — oo and by condition (A3). First, for £ = ch,c > 0 and any
1=0,1,2, take t; = =2, A = 2, and G(u) = u'K(u)](~c,00)(u). Then Lemma 1 and
assumption (A4) 1mply

Sni(z) = h1+1 —S1.(1+0(1)),l=0,1,2.
Hence
Ko o(u) = KZ(u) (1 +0(1)).

Now,

B (ful@) =n7 3 Ko (25) E o)

= 57 Y K (B22) flab (1 + (1)

=1

Once again, apply Lemma 1 with ¢; = z;, A = b, and G(u) = Kg(%)f(u)Ilo,m)(u),
- o1 [ et
E(fu(e)) = b [ KX

= [T K*(t)f(z + ht)dt (1 + o(1)).

-C

—=)f(w)du (1 +o(1)

Then, since f” exists and is uniformly continuous at =z,

E (fu(@) = f(2) + hf'(a) [ tK:()dt + 523 1'(z) [ EK:(E)dt +o(h?)

= fl&) + 5‘23 () [ PRzt + o(k?).

Similarly,

B((®) =n7h 13" Kos (557) Koe (55) E ()

t=15=1
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= n=2h"2 i K: (""; “") K ("”" - ") nbf(z:) (1 + o(1))

42k Z}g_‘; K ( ) K (’J x) n(n — )8 f(z:)f(z;) (1 + o(1)
= {;%E/O“KC (“ h’) f(u)du+32-[/ K2 (® )f(u)du] }(1+o(1)).
Hence,

)" Flu)du 1+ 1)

Var (fL(:z:)) : /oo K; (u —Z

=Lh/ K(t)zf(z+ht)dt(1+o(1))-f(z)/ K(t’dt+o( =).
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Figure 2.2a: Asymtotic bias of Rice modification
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Figure 2.2c: Rice modification close to boundary
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Figure

2.3: Truncated normal mixture densities

#1 42

0.7

density

density

density

3
X X
©
- T T
N
T >
o
0 ol
c o
)
i ©
A 8
(=]
O_ f .
5 o 1 2



mse

mse

Figure 2.4: MSE of Rice's estimator
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Figure 2.5: Rice boundary kernels
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Figure 2.6: Estimates for density #1
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Figure 2.7: Estimates for density #2
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Figure 2.8: Estimates for density #3
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Chapter 3

Best Constants

The main purpose of this chapter is to show that a local linear estimator is asymp-
totically efficient in the deep sense of constant coefficient for estimating density
functions at endpoints from a minimax point of view. This result settles the im-
portant question of how local linear estimators compare with “optimal boundary
kernels”, by showing the former must be at least as efficient. We feel this gives local
linear estimators an important advantage, because they are also easier to interpret,
much easier to implement, and appear far faster to compute, see Fan and Marron
(1994). We calculate the relative efficiency of the local linear estimator with the
Gaussian kernel, and also that of Rice’s boundary adjusted estimator. These results
are extended to estimating function derivatives, since this is vital to applications in
plug-in bandwidth selection.

Nonparametric minimax problems are interesting and challenging. Recent
advances in this area can be found in, for example, Nussbaum (1985), Donoho and
Liu (1991), Fan and Hall (1994), Donoho and Johnstone (1992), Brown and Low
(1993), Efroimovich (1993), Fan (1993), and references therein. Most articles focus
either on the minimax risk of estimating a whole function or on that of estimating a
function at interior points. However, the minimax problem at a boundary point has
not been studied yet. Here, we handle the effective higher order kernels through a

representation in terms of the Legendre polynomials on an asymmetric interval.
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3.1 Linear Estimators

Note from Section 2.4 that the local linear estimator fL(z) is a weighted average of
the bin counts,

- 1 & T, —<T

i) = 5 Lo (75

where the bin counts are the ¢/s which are linear functions of the data,

C = Z I[z‘__%,x',_*_%) (Xk) .
k=1

Hence,

-~ 1 K& K Ti—zT X
fL(I) = EZ Z n,z (_h—) I[z.-—%,z,‘-}--%)( k)

_1 zn: {%Eg: Knz (?) (P (Xk)} -

Lt i=1
Therefore, the estimator has the form

-~ 12
Ji(z) = - 3 ¥(X;, z),
=1
for some function 3. The conventional kernel density estimator and the Rice’s mod-

ified version can also be written in such a form. Estimators of this type are called

linear and may be expressed as

fula) = [w(t.2)dEa(e),

where F, is the empirical distribution function of the sample. Since the class of
linear estimators cover many interesting density estimators, we will pay attention
only to them while studying the best asymptotic mean squared error. The optimal
criterion, among linear estimators for boundary estimation, we choose is discussed

in the next section.

3.2 Minimax Sense

Apparently, mean squared error of linear estimators depends on the unknown density

function. We can rule out this factor by examining an estimator’s worst m.s.e over
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a certain class of densities and then find the minimum of them. This is the familiar
minimax approach. There are some benefits from taking such an approach. First,
even for a nonsense estimator, e. g. one that takes value of one everywhere no
matter what the underlying distribution is, there always exists a density that makes
it most favorable. But, such estimators will have large maximum m.s.e. over a
family of densities and hence can not be an optimal one. Secondly, the true density
has completely no effect on the optimization. This is an advantage over the optimal
kernel approach which will make no sense if the underlying density has zero second

derivative.

A class of smooth densities that reflects the idea of “twice differentiable (from

the right) at z = 0” is the following.
, C
Cua={f :1f1 < M, |f(z) = J(0) ~ f/O)sl < 5o% 220}, (31)

where C and M are some fixed positive constants. A parallel class of functions which
contains infinitely supported densities is considered in Donoho and Liu (1991). Then
we denote the minimax mean squared error over linear estimators of f(0) for this

class as
Roz(n, Cura) =inf sup E (£4(0) - £(0))". (3.2)
F€Cm2

This is called the linear minimax lower bound for the boundary estimation problem.
The next section is devoted to finding out what it is and what linear estimator, if

any, achieves it.

3.3 Best Linear Estimator

We first give the following lemma.
Lemma 2 Suppose £ > 0 and n are functions on R', and b is a constant then

win (Jon-) + [ =z

b
1+ %

and the mintmum is attained when ¢ = ?
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Now we are ready to give the minimax lower bound for linear estimators of

f(0). Proof of the following theorem is at the end of chapter.
Theorem 4 With the definitions of Cum2 and Ro 1(n,Cum,2) given in (3.1) and (8.2),

4/5
Ror(n,Cmz2) =3 157/5 ([(;E) (14 0o(1)), (3.3)

and the best linear estimator is the local linear fit estimator with kernel weight func-

tion (1 — u)ljoy(u) and h = (42'2?)1/5'

Remark 3.1. Fan (1993) derives the linear minimax lower bound for esti-
mating a regression function at an interior point. It is also shown there that a local
linear smoother is fully efficient in that case. These results can be easily adapted to
density estimation. Hence, local linear estimators are efficient both in the interior
and boundaries.

Remark 3.2. If the kernel function is symmetric about zero then there are
on average only half as many observations as at the interior used in estimating f(0).
In order for the bias to be comparable to that in the interior, the weights of the bin
counts are roughly doubled. Hence the variances at the boundary are about four
times larger. This reflects in the best possible risks; the constant multiplier in (3.3)
is exactly four times of that for the minimax risk when estimating at interior points,
cf. (4.5) of Fan (1993) which is given there for interior points in the regression
setting but is also true for density estimation.

Remark 3.3. Suppose there is a right-hand-side boundary point, say f has
support [0, 1], a similar argument leads to a best linear smoother for estimating f(1)

which is f,(1) with kernel (1 + u)lj_1,q(u) and h = (424)"°.

Remark 3.4. An analogous minimax risk for the regression context is avail-
able. Moreover, it is possible to extend the results to derivative estimation and in
that case the estimator obtained from fitting local least squares polynomials with
the same kernel will achieve the minimax lower bound. See Cheng, Fan and Marron

(1993) for more details.
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3.4 Relative Efficiency

Now that the best possible risk for linear estimators is known, it can be used as a
base line for measuring the performance of other boundary estimators. Define the
efficiency of a linear estimator f(0) of f(0) as

5/4

o Rous(n,Cna)
Eff (£(0)) = lim A )’
(F0) =dm | =5 (o - 1)

feCum,2
The power 5/4 puts efficiency on the traditional and interpretable “sample size
scale” since both numerator and denominator have asymptotic rate of convergence
n=4/5,

In the previous sections we have shown that the local linear estimator is 100%
efficient with the kernel weight function Ko = (1 — u)ljp1)(u). The Gaussian density
function is often used in kernel smoothing methods since it make the estimators
visually more pleasant; i.e. smooth and without undesired angles. The local linear

estimator with Gaussian kernel is easily shown to have efficiency

5/4
3. 15—1/5
% (:_:%)2/5 (ﬁ%t—;')-;igl)”s = 0.9802

at end points. Hence there is very small lost of efficiency while gaining the visual
benefit of the Gaussian kernel in local linear fitting.

Another important boundary corrected method whose efficiency is considered
here is Rice’s modification. For Rice’s estimator, it is not known which kernel
function combined with what bandwidth ratio, i.e. the ratio of the two bandwidths
in the combination, will give the best performance. Here the relative efficiencies for
the well known Epanechnikov kernel and the popular Gaussian kernel are considered.
The best bandwidth ratio for the Gaussian kernel at z = 0 is shown to be 1, in Figure

2¢c, which results in the effective kernel

p1(u) = 2(2 — u?)p(u),
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and this estimator has efficiency
5/4

_18=1/5
3-15 ~ 0.9783.

/5
(%)
Using the Epanechnikov kernel for Rice’s estimator, the best bandwidth ratio for
z = 0 can be shown to be 1 +1/5/2 . Then the efficiency is
5/4

. 1r-1/5
3-15 =~ 0.9517.

5 (18(8\/13+24)=)
4 \'125(2+V10)

From these numbers we can conclude that the Rice’s modification is an excellent

4/5

method of boundary adjustment in terms of efficiency. However, the local linear
fit estimators are preferred. First, they are highly interpretable while the Rice’s
modification is motivated by purely technical considerations. Moreover, since they
benefit from linear binning, they can be fast implemented.

Although there are many advantages of the local linear estimators, the choice
of bandwidth dominates their performance. Later, we will attempt to develop a plug-
in bandwidth selector. In that situation, estimating density derivatives are crucial.
In the remaining sections of this chapter, the results of Theorem 4 are extended to

that case for the purpose of effective density derivative estimation.

3.5 Estimating Density Derivatives

Cleveland (1979) discusses local least squares regression methods. Smooth weighted
local polynomial approximation for estimating the regression function and its deriva-
tives is discussed by Fan and Gijbels (1992b). This idea can be implemented to
estimating density derivatives. The motivation is that the density at a bin center
is equal to its normalized bin count plus an error term and is well approximated
by a polynomial locally if it is smooth there. Since now we aim at estimating the
derivatives, we need more smoothness of f inside its support. Then it is reasonable
to fit a higher degree polynomial locally. It is convenient to investigate the more

general situation of estimating the »*® derivative of the density.
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If f has (p + 1)—th derivative, the Taylor’s function approximation is

P f) (g .
f@ =y e -2y, (3.4

3=0
in a neighborhood of = which is any point in the support of f. This suggests a locally

least squares polynomial fit of f(z) to the normalized bin counts {rn~16"1¢;,i = 1,..., 9} :

n}’ing (n'lb'lc,-— ;:(:) Bi(z; — :z:)’) 2 K (:1:.- ; z) , (3.5)

where K is a weight function and 4 is a smoothing parameter controlling the range
of the polynomial fitting. Denote the solution of the least squares problem (3.5) as
bi(z),j = 0, ..., p. From (3.4), an estimator of f*)(z) is f*)(z) = v!b,(z). To obtain

explicit formula for these estimators, write

Y =0 % (e, )T,

X = ((:z:,- - x)j'l)

_____

B(z) = (Bo(e), s Bp(3)) , and W = diag (K ("’ - “’)) .

Then, by standard weighted least squares theory,

¥z = (XTWX) T XTWY. (3.6)

Observe from (3.6) that each entry of 5(z), and therefore each f®)(z), is a weighted
sum of the bin counts. In order to obtain some insights into how the weights are

distributed to the bin counts, consider defining

Sn = (Sni+i-2(2))ogijcpi1 1

where

g . )
Sni@) =3 K (B22) (@ = 2015 = 0,1, 2p.
=1

Then, simple algebra shows that

B, (2) =29: wy (xi — x) n 1671 (3.7)
v & v h ’ ¢

where

Wa(t) = eI, S (1, ht, ..., RPtP)T K (2),
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with eI, being the (v + 1)*® unit vector whose (¥ + 1)** element equals one and all
the other entries are zero. See Fan et al. (1993) for details of the above calculation.
In connection to higher order kernel approaches such as those discussed in Gasser,
Miiller, and Mammitzsch (1985), if & = o(h) then

Snj(z) = bRHIS;(1 + (1)),

where S; = [T t/K(t)dt. Hence, if we write S = (Sitj-2)o«; jcps1 s then

n b -
WH(t) ~ Wefﬂs 1(1,¢,...,t°)TK(2). (3.8)
Therefore, we have the “equivalent kernel” representation
~ 1 g e f[Ti—T
b(e) ™ o 1 K () (3.9)
where
Ki(t) = el S71(1,t, ..., t7) T K(2). (3.10)

We remark that (3.9) is provided here only to illustrate relations between the local
polynomial fit approach and the higher order kernel methods. Papers giving such
connections include Miiller (1987) and Lejeune (1985). Although it suggests similar
properties of the two approaches, advantages of the local polynomial fits include
much better interpretability, automatic boundary corrections, ease in implementa-
tion and requiring much less computation time.

Next, we briefly discuss some asymptotic properties of the derivative esti-
mators. If there is any edge point, without loss of generality, consider that f is
supported on [0,00). To study what happens on the appropriate neighborhood of
the boundary, let = ch, ¢ > 0, then S; = [I> t/K(t)dt. We write the equivalent
kernel as K. in order to mark its dependence on z. In that case K (t) =lim K7 (2).

The equivalent kernel K, . satisfies the moment conditions
o0
/ ( )th;(,c)(t)dt = el 15 Seq41 = 6,4 for 0 < v,q < p. (3.11)
e

The following proposition is important to understanding the behavior of B It can
be proved by arguments similar to those in the proof of Theorem 3 with (3.11). So

we state it without going into the proof.
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Proposition 1 Suppose h — 0,nh?*! — oo, and b = o(h). Then as n — oo, the

asymptotic mean squared error of b,(z) is

("( )= f(u)(z)) (/ o: ) vcc)(t)dt) ({( :)S?) L

il K:f,c)(t)dt+o(h’(P+""’+ = )

nh?vt+l —o0o(—c) nh2v+l

Therefore f*) = v1b, retains the same rate of convergence everywhere in-
cluding boundary points. The conventional kernel method uses kernels for derivative
estimation which are very hard to interpret. This problem becomes even worse at
boundary regions. Comparatively, the local polynomial fitting naturally provides
interpretable and effective estimators, e.g. in the sense of rate of convergence, and

requires no additional complicated boundary modifications.

3.6 Best Constants for Derivative Estimation

Now some minimax theory for general derivative estimation at endpoints is devel-
oped. We shall focus on optimizing over the class of linear estimators as was intro-
duced in Section 3.1. We discuss this problem for estimating at the right endpoint

z = 0. The class of smooth density functions parallel to Cpy,2 is

s~ 3o 20 <

j=0

|z|P+1
C(_-FT)"Z Z 0. (312)

CMp+1 = {f Ifl < M,

Define
Xl,...,X,.}

Ros(v)=_inf swp E{(T, f‘”’(O))

T, Yinearf €Cp,p41

as the linear minimax risk for estimating f©)(0). Let

_2etl-v) v+l
2+3 7 2p+3

and

0= (507 ) ((;(;pjuy:s!)i!)z (2(p +rz]/w+ 2)n)r (((I;: . )3‘)6;)2 (3.13)
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Theorem 5 The linear minimaz risk for estimating the v** derivative of the density

function at its right endpoint is

Ro (v) = 0,5(1 + o(1)).

Theorem 6 Let f*)(0) be the v** derivative estimator resulting from a local poly-

nomial fit of order p with the kernel function Ko(u) = (1 — u)ljo1)(v) and bandwidth
.

h= An'z_rlﬁ, where A = (ﬁ‘%) **%  Then it is the best linear esti-

mator of f*)(0) in the sense that

Ro.1(v)
2 E{(fo0 - 00)’

€CM,p+1

}—>1, as n — oo.

Moreover, its equivalent kernel is
p+1

K@) =) At Ty (),

where
(=1 +i+ D+ v +2)!
T Rp— ) p—j+ DG+ +1)

In Fan et al. (1993) the local polynomial fit estimators of regression func-

,j=0,1,...p+1.

tion derivatives are shown to be minimax efficient in the interior. Similar results
hold for estimators f*). Although it was noticed earlier that the Rice’s modified
kernel estimators of the density are highly efficient, we don’t know whether a similar
bias reduction technique is applicable to derivative estimation. Again the “optimal
boundary kernels” for estimating derivatives are extremely hard to interpret. Since
the local polynomial estimators follow a simple and intuitive rule with many nice

properties, alternatives are not investigated here.

3.7 Proofs

I. Proof of Lemma 2.

First note
(/¢n—b)2+/¢2£ >min (ﬁu;gt (t—b)2+/¢2£) .
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But under the constraint f¢n =t,

U592 (w9 -

where equality holds when % = -—ﬁ? ence,
€

I

2 2
(/¢n b) +/1/)2§>rmn((t—b)2 fﬂg)—;—ff_ﬂ?,

where the minimum is attained by ¢ = —"—-—-1-

1+(s28)

II. Proof of Theorem 4.

The estimator f;(z) has mean squared error
E (£(0) - £0)" = ([ 96, 07(0)dt ~ £0)) + ~Var (5(%,,0)
For any f1,f2 € Cm,2

s E(7(0 - f0)’ i“jwﬁ £) - (RO - O] + ~/abz(flm)}

L{(a)'+ (oa)'}

By Lemma 2, minimizing the first term in the right-hand-side of the above inequality

over all ¢ yields

. S L(A©) - £ (0))*
fe&IMhW)fWD > 174 57 0BT

B % (lf-li-((;)f— Lﬁ'—(i()’}i)z { (/ flgl-*- f2 ) (/ f2§{1+ f2 ) } - @49

fHi+f2
Let fi(z) = go(z) + gn(z) — cn and f2(z) = go(z) — gn(z) + cn, Where

(M - 6)°
2

o) = |- 2+ (U = 8)| Ty,
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(o) = 5 (3- 2022+ S 1 o)

with b, = (M)lls’% =[gn= 2—‘:%-, and

n

b2 b2 M?b M?b
< 6§ < mi - ——_21.
ma.x(4 32+cn)__6_rmn(2\/6,M \/b_)

Then fi, f2 € C2.r and from (3.14) we have

. -~ 2
inf Jp E (£4(0) - £(0))

o
1 49,007 _, (_9:(0) 2 o
>{41+ f;,go 2 (1+nf§§) c"}(1+ 1)
— gn(0)2
1+;°’(‘—0)f$,

_ b;{/16
1+ M126:7

(1 +0(1))
(1+0(1))

4/5
=3.1571/5 (—‘/—51;1‘—4) (1 +o(1)). (3.15)

On the other hand, let f;, be the local linear fit estimator f(0) with kernel Ko(u) =
(1 — u)fo,1)(») and bandwidth A. Then by Theorem 3,

it swp E(f(0)-f0) < sup E(fu(0) - S0)

< %4 (/01 u2Kg(u)du) c? + = (/ K3 (u )2du) M+o (h4 nlh)

=3.157/5 (@) (1+0(1)). (3.16)

The last equality is valid with & = ( T )1/5. Combining (3.15) and (3.16) finishes
the proof of the theorem.

II1. Proofs of Theorems 5 and 6:
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Denote K.7,, as the equivalent kernel of F»(0) = b (0), given by (3 10),
with K (uv) = Ko(u) = ol
and the (p + 1)** moment of K or+1- The calculation of these quantities a.nd the

function K ,‘,’,”;_,_1 is very technically involved and appears in Subsection IV. First we
construct an upper bound for the linear minimax risk Ro z(v),

s E{(70) - 1)’}

FECM,p41

c 5 M
< ((p 1) / K p+1(t)dt) RAEH) / KA dt—r nh2vH

= A1 h2(p+l—v) + Agh—(2”+1).

1/(2p+3
Take h = (24(1%'—_1-)%) /GP+3) | —1/(2p+3) which minimizes the above quantity, then

sp  E{(F90) - 190))’}

FECM,p+1
< AjAy(2p +3)(2v + 1) 2(p + 1 = )] 7T (1 + (1))
—_r —S C % Mr 1 +1 g ropt 2 at
=r s (m) (-n-) ( /O 17 K,,3;,+l(t)dt) || (@ + op(1)).
From (3.26) and (3.28) the above expression equals
(2(p+ 1- u))" (21/ + 1)” ( C )2’ (M)
2p+3 2p+3 (p+1)! n
v ( (p+v+2)(p+1)" )( 2p+v+2)(p+v+ 1) )

vW(2p+3)l(p—v+1) (2v +1)(2p + )12 (p — v)!2
=0,p, (3.17)

as defined in (3.13). Hence
Ror(v) < 0,p(1 + o(1)).
A quantity closely related to the R r(v) is the modulus of continuity

£20) = £9(0)| : for fr € Cupans I = foll =} (3.18)

wpr1,(€) = sup{

To establish a lower bound for Ro r(v), let

C 1/(p+1)
a=|——— ,
((P+ 1! I&ml)
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and
f(2) { KX (az) ,if0<z<1.
z) =

0 , otherwise.
Then
K|
17 = 222l o) = . (3.19)
Take
fo(&') = 90(-"3) + gl(z), fl(z) = go(z) - 91(3),
where

90(z) = [-LM—;aXx +(M - 0)] Ijp, 21(2),

q1(z) = &1 f(/8),

1
with § = (2"‘72“,-) %3 _For some suitable o, fo, fi € Carp41, We have

If1 = foll* = 46" ||f|I* = €.

Therefore the modulus of continuity defined in (3.18) satisfies

pti—v

o0l (;5) T - e

417
c R -, 62 r/2
o e
wp+1,u<e)22"-'*"'((p+1)!|xp+ll) | (4)

_.2,,.( (p+r+1)P(p+v+2) )(C(p+1)!2V!(p-—u)!(p+u+2))’
S B - )2 (p v+ 1)(2v +1) (p+1)!(2p+2)(p+v+1)!

() (225) )

-« (o) () ()

Applying Theorem 6 of Fan (1993), we have

C ?
T o3 ! ——
Ror(v) > 1r's [u./\,, ((p ) |/\p+1|> I

wWpt1,(€) =

20) - 520 =2
From (3.19), (3.20) becomes

opt
KV w1

opt
K vp+1

- (0]
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_ ( C )2’ (M)’ rTs*wIZA2
=\ \> —
(p+1) n/ s Ko

p+1

Equations (3.27) and (3.28) give

Rosl) 2 retst ((P + 1)') ( n >r ((;!-f-pu—+uzl)(!z()2: i)!;)!) ’

x ( (p+v+1)P(p+v+2) ) ((2,, +1)(2p +3)v1(p - u)!?)'
vBp—v)2(2v+1)(p—v+1) 2 +v+2)(p+rv+1)2
= or,u

given in (3.13).

In summary, ( i ) since the upper and lower bounds are the same, we have
finished the proof of Theorem 5, ( ii ) the maximum risk of f(*)(0) is given in (3.17)
and the first part of Theorem 6 follows immediately, the second part is shown in

(3.27). Thus we complete the proof.

IV. Calculation of the function K%, , its norm and (p+1)** moment.

The Legendre polynomials on the interval [-1,+1] are defined as

P,,(:v):ddn "-1<z<l1l,n=0,12..

The linear transformation y = (z + 1)/2 yields an orthogonal system with respect

to the Lebesgue measure on [0 1]. Write

Qn(y) = (y(1 —y)" —Z iy n=0,1,2,.

Then
Q" = [ @iy = (-1 [ vt~y (o1~ )y
= / n(1 — y)"(2n)ldy = (2n)! (2:2 5= 2:; . (3.21)
Explicitly,
%@ =123 ( ) (v =3 ( J ) -yt ly

LY



qn.j ( )( 1)J(n+])an—01 ,P+1]—01
J

Let K¥',, denote the equivalent kernel of F6)(0) = v18,(0), given by (3.10),
with K (u) = Ko(u) = (1 — u)Ijpj(x). Since K7}, is a polynomial of order (p + 1),

we can write
p+1

K5 (z) =) aiQi(z).

i=0
The coefficients a; can be determined by the moment properties in (3.11). Let

B = [g zP*' K%, (z)dz. Then

0 o< i<y
allQll? = [ Qi) KT (2)dz = Vg , ifv<i<p.
Vgpt1p + Qo118 , ifi=p+1
(3.22)
Therefore, from (3.21) and (3.22),
Kﬁ,‘ifﬂ( )= Z(:) Gy (2z + l)Q i(z) + ((21:_-*-1;1 (gp+1, + gi;'!zﬁﬂ)Qpﬂ(“’)

_E qs, y(2z + 1) Z q:,;T M(qp-l'l,u + 'q"%l'!ptlﬁ)QP*‘l(z)

=0 7=0 ( + 1)'2
R
=0 \i=jvv ] . .
Here, .
Xp: . (2i+1)q_.= (1) I G+ )2+ 1)(j +3)!
i=jvv Yo T g L (i - )i - g)!

(Note: 2i+1)={(G+7+1)GE+v+1)=(E-5)(E—v)}/G+v+1))

__ (=1pw 2”: ((i +r+DIG+Hi+1) GG+ ) )
JPR(G +v+1) i=jVu+1 (@ — ) —J)! G=—v-DlGE—3-1)

(=1 (V) + )20 V) + 1) + (V)
jiviz (G Vy) =G V) -3)

__ (=1 v+ t+p+1)
JRG+v+1l) (p-v)ip-J)

(3.24)
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Also, since Qi(1) = &5 (y(1 — y))| _, = (~1)'il and K[%41(1) = 0 (see (3.10))

y=1
: ptl ptl .
K1) =) aiQi(l) =) ai(-1)'it = 0.
=0 =0

This is the same as

Z: (21 + DN vigi, (—1)'dt+ ((;271-,1-'-1;;!)2'(1’!¢Ip+1,u+Qp+1,p+1ﬂ)("1)p+1(1’+ 1)!=0. (3:25)

The first term is
z’:(22+1) ,( )( 1),,(z+V)( _1yit= (- 1)vz( —1)(E + )2 +1)

212 pa E—r)!

(Note: (2i +1)=(G+v+1)—-(—-v).)
F2<1)a+v+ng_§:cara+n!_x—nﬁﬂp+u+n{

i=v V)' i=v+l (z —V= 1)' - V!(p - V)!

Thus equation (3.25) yields

(=D**(p+ v +2)(p+ 1)

B e+ 3= v+ 1) (3:26)
Combining this with equations (3.23) and (3.24) we have
. P+l
K () =Z Az,
=0
where
(=1 (p+i+Dip+v+2) .
- : : i =0,1,.,p+1. 3.27
I el =)o 7 + G+ v+ D) pri- (%)
Since the polynomials {Q:} are orthogonal
2+1 (2p+3)
a? 242 2
| VP+1" _ “Q ” ps 2 9y 512 + (p+ 1)'2 (V!qp+1,v + qp+1,P+1ﬂ)
(2i +DE+v)?2 (2p+3)
=§ vI2(i —v)l2 (p+1)2 (10 + Gp41,0418)’
From (3.26), (Note: (2i +1) = {(i + v + 1) = (i —v)*} /(2v + 1).)
_ 1 i G+v+1)P  ((+v)P + (2v)12(2v + 1)
T2 +1) S L G- (t—v-1) vi?
4 (ptr+1)P
(2p +3)vi3(p — v)1?
12
20+v+2)(p+v+1)! (3.28)

= 2v + )2+ 32 (p— )
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Chapter 4

Bandwidth Choice

Local least squares technique are highly interpretable with clear intuition. And
they perform excellently in both theoretical and practical senses. Particularly, they
adapt to boundary estimation automatically and do not suffer from boundary effects.
They also enjoy some important optimal properties as shown in the last chapter. In
applications, they are easy to compute and fast implementations exist, see Fan and
Marron (1994). The bandwidth controls the neighborhood of the local smoothing
and hence is crucial. The goal of this chapteris to find a global data-based bandwidth
selector for the local linear density estimators.

Inspired by the outstanding performances of the Sheather and Jones (1991)
bandwidth selector as reported in Jones, Marron and Sheather (1994), we attempt
to bring in the root finding plug-in idea. The Sheather and Jones bandwidth selector
is motivated from an explicit expression of the asymptotic optimal bandwidth for
kernel estimators. An examination on the integrated mean squared error shows that
such an expression holds for the local linear estimators as well. Therefore it is natural
to consider this style of plug-in idea here.

Conventional estimators of the integrated square density second derivative
are relative inefficient due to boundary effects, see Van Es and Hoogstrate (1993a).
As a consequence, the Sheather-Jones plug-in bandwidth tends to zero at a rate
different from n~1/5, which is the rate of the asymptotically optimal bandwidth. See
Van Es and Hoogstrate (1993b). Therefore, we construct estimators that are more
robust to boundary problems and then incorporate them and their asymptotically

optimal bandwidths in the bandwidth selection procedure with the goal that it will
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work in both boundary and non-boundary cases.

Weak convergence and asymptotic normality of the resulting bandwidth are
established. Interestingly, the rate of convergence to the asymptotically optimal
bandwidth depends on the sign of the integrated product of the second and fourth
derivatives of the density: a rate of n~5/14) same as Sheather and Jones (1991) in
non-boundary cases, is achieved if the quantity is negative and otherwise we have a
slower rate of n=2/7. Note that if the underlying density essentially has no boundary
features; i.e. its second and third derivatives are zero at boundaries, the above
mentioned functional is less than zero by virtue of an integration by parts. Such
a difference already appears in estimating the integrated squared density second
derivative and is carried over to the bandwidth selector. However, the bandwidth
selector is always consistent to the optimal bandwidth no matter whether there
is a nonsmooth boundary or not. Ruppert, Sheather and Wand (1993) develop a
bandwidth selector for local linear regression estimator which uses similar ideas.
Theory as deep as that of this study has not yet been developed for their selector,

but it is conjectured that analogous asymptotic behavior will be observed.

4.1 Plug-in Rules

First, we review the Sheather and Jones plug-in bandwidth selector for the conven-
tional kernel estimators. Now the kernel function K is fixed and the integrated mean

squared error of the kernel estimator fn is defined as
MISE(h) = E / {f(z) = Falz)}2dz.

Under conditions (B1) and (B2) below, as n — oo,k — 0, and nk — oo, this
quantity is well approximated by the asymptotic integrated mean squared error

h4

AMISE(k) = S-i(K)R(™) + nl—hR(K), (4.1)

where R(£) = [ ¢? for any function ¢, in the sense that

MISE(k) = AMISE(h) + o (h“ + %) .
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(B1) K satisfies fuK(u)du = 0, |u?K(u)| is bounded, [ |u?K(u)|du < oo
and [ K2 < oo.

(B2) f is twice differentiable with f” uniformly continuous and for some

a € (0,1}, |f"(z —t) — f'(z)] < M(z)|t|* where f M < oc.

The optimal bandwidth is the minimizer of MISE(h), denoted by ho. The
best bandwidth ko which optimizes MISE(h)is asymptotically equal to k., the min-
imizer of AMISE(h). Therefore one way to approach hg is through finding k.. It is
easy to derive from (4.1) that

_[RE) VT
= {amomm) " “2)

This expression makes it clear that the best bandwidth depends on the true density
f. In the formula for k., only the quantity R(f”) is unknown. Hence, the plug-
in bandwidth approach is to substitute some estimate of R(f”) into (4.2). One
possibility is to estimate R( f"Y by R (f" (5 g)) since f”(;g) is a natural estimator
of f”. Note that here a bandwidth g different from that for estimating the density
is used. This is an appealing idea since estimating a functional of the density is a
different problem from estimating the density itself, see discussions in Jones, Marron
and Sheather (1994).
Jones and Sheather (1991) show that the optimal g for R ( fr (- g)) is

g = CL(K)R™Y7 (@) n71/7, (4.3)

where Cy(K) = (%;01)1/7. From (4.2) and (4.3),

g = Co(K)R™Y7 (£@) RM™ (f®) 137, (4.4)

for some appropriate Co( K). Sheather and Jones (1991) apply this relation back to
(4.2) and their bandwidth selector is the solution in H of the equation

_ { R(K) }" F s
pA(K)R(f"(-; 1(H))) ’
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where g is the same function as in (4.4) with H replacing k.. Note that in solving
the equation (4.4) R ( f (2)) and R ( f (3)) are unknown and have to be estimated. Here
some accuracy is necessary; it requires some estimate T such that T = R ( f(3)) +
O, (n'l/ “) . Any of the consistent estimators discussed in Hall and Marron (1987)
or Jones and Sheather (1991) is enough at least asymptotically. Consistency and
small sé,mple properties of this bandwidth selector are discussed in Sheather and

Jones (1991), Sheather (1992) and Jones, Marron and Sheather (1994).

4.2 Asymptotically Optimal Bandwidth

Local linear estimators are different in form from the conventional kernel estimators.
Essentially, they are linear combinations of the bin counts with coefficients depending
on the location of z. In attempting to develop a plug-in bandwidth selector for
them, the first and the most natural question is whether their asymptotic optimal
bandwidths have the simple representation of (4.2). Hence, we start with finding the
asymptotic optimal bandwidth. Results from Theorem 3 are: when z is an interior
point,

E(fu) - 1@)' = 2 (£ @) 1alB) + = f@RE) +o (W4 22), @45)
or when z is a boimdary point, £ = ch,c > 0,
B (@) - £@)" = 2 (00 matkn) + Lo R (1) 0 (W4 1) (48)

where

SZ,c - usl,c
SZ,cSO,c - Sl,csl,c

with S;. = [Y*®t/K(t)dt,j = 0,1,2. With conditions (B1), (B2), by the Fubini

Ki(u) = K (u)][-c00)(w),

Theorem
MISE (fui k) = [ E (fule) - £(2)) de

= [ AMSE (fu(e);h) dz +o ("4 + ;z};z—) ’
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where AMSE ( fr(z); h) is the dominating term of the mean squared error. When

f is supported on the entire real line, from (4.5),

R(K)
nh

Otherwise, AMSE ( f(z); h) depends on z in a more complicated way, see (4.6).

[ AMSE (fu(a); B)do =2 (ﬂz(K ) R(f")+ ===

Nonetheless,

/0 " AMSE (Fale);h) da = b /o ' AMSE (Fa(ch); ) de
=h /o ' {%;- (f"(0+))? /_ °° w?K*(w)du + f%*—) L °° (K2 (u))? du} de  (4.7)
o 2 o ([T urks) + T8 17 e, (48)

If K is assumed to be zero outside the interval [—1, 1], then the interval [0, &) is the

only boundary region and

/ AMSE (fu(2); ) do = /o " AMSE (Fol=z); k) d= + /h ~ AMSE (fu(z); k) do
B ) [ (@) b+ 2R [T fa)de (49)

B ) [ (@) de + 25 [7 piayae

= & (mam)? R + R(’,f )

where the first approximatlon follows from (4.8) being of a smaller order than (4.9),
and the second from the fact that the Lebesgue measure of [0, /) tends to zero and

both f and f” are integrable. Hence, define the asymptotic mean integrated squared

error of the local linear estimator f7, as

R(K)

AMISE (fih) = o (u(k) () + 25,

and
MISE (fi;h) = AMISE (fi3h) + o (h“ + i) .
? I nh
The minimizer, with respect to h, of AMISE ( fL; h) is

_ R(K) Y n-1/5 |
= {mrEm) 10

64




Therefore, it is appropriate to consider a plug-in type bandwidth selector for the local
linear fit estimators. Then, parallel to the Sheather and Jones (1991) procedure, an
estimator of R (f") and its asymptotically optimal bandwidth are necessary.

4.3 Integrated Squared Density Derivative Esti-
mates

Consider estimating the following functional of the density f,
0y, = /f('V)(z)f(")(x)dx, v,v 2 0,7 + v even.

It is shown in the last section that the special case of ¥ = v = 2 is very important
to a plug-in bandwidth selector for the local linear estimators. It will become clear
later that general cases, where v and v are not necessarily the same, are relevant to
bandwidth choice for the estimators we propose. Hence this form of parameters and
their estimators are studied.

Local polynomial fit estimators of the density derivatives were studied in Sec-
tion 3.5. They retain the same rate of convergence everywhere including boundary
points. Therefore it is proposed to plug such estimators into 6., with the goal
of producing efficient estimators that overcome support constraints of the density.
Precisely, define our estimators of 4.,,, as

6, =53 F ) f)(z)

1=1

e (£ (72 (£ (25) o
(B (5294) (B (2594

W LE&E T — i\ (yn [Tk — Ti
=L sy wr () wr (B e (4.11)

Then, one would ask whether this estimator works, and if so, how well. The following

is devoted to answering this question by examining its mean squared error.
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First we need some regularity condition. The density function f is said to be
in the class Fp41, where p is a nonnegative integer, if there exists a constant M > 0

so that, for any z and y belonging to the support of f,
|7+ 0(z) — £ I(y)| < M - y). (4.12)

For a more precise version of (4.12), see Bickel and Ritov (1988). Comparatively, we
are assuming more smoothness. However, note that this smoothness condition on f
is assumed only over its support here, while it is required over the real line in Bickel

and Ritov (1988). We are now ready to state the following theorem.

Theorem 7 Suppose f € Fppy withp+2> v +v , fMand f) are the derivative
estimators with a local polynomial fit of order p, and the weight function K is com-
pactly supported with two derivatives. Since {9:,,,, is symmetric in ¥ and v, we assume

v < v for clean presentation. Then 5.,,,, has bias

) il 1+6,)0 o, .
B0y = b5 = W/K Ko+ L(_I’YT))l—hp 103041 (/ U”+1Ku)

+O(n~Th™7Y) + O(RPTTHY), (4.13)

and variance

ver (0) = o (/ 72) (/] (5 )
o (f 1 (s’ - 63, ) +o(n~2h"2r+) 1) 4 o(n7), (4.14)

provided that n — oco,h — 0,nh"*+! — oo, and b = o(h).

Remark 4.1. Let k = p — v 41 and v = v, then when f is supported and
smooth on the entire real line, the expected value and variance of 4., have the same
rate of convergence as the estimator introduced in Jones and Sheather (1991) using
a kernel of order k. Indeed, if K is the standard normal density, the equivalent
kernel K} in (3.9) is exactly LK) and hence 8,, is approximately the same as
their estimators. Furthermore, our estimator is so effective that even the constant
coefficients depending on f remain the same, whether there is a smooth boundary

or not.
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Corollary 1 Suppose that [ K3K; and [uP*'K] have the same signs. Then, if
0,p+1 > 0, the optimal bandwidth for 5,,,,, minimizing its asymptotic mean squared

error is

N+ Dy +v+1) KK; ),+
n(l+ Sp)p—v+ 1)0y p41 JurtlK; ’

and the minimized asymptotic mean squared error equals

hamse = (

1S KIKD )3%—1%1 ((1 + 60,)0y ppr [ uPH? K;)%
(p—v+1)n (v+v+1(p+1)

(p+7 +2)0) (

+ % ( / £ (Fre)? = 93'u) : (4.15)

and if 0,41 <0,

e+ KGK; ),—+=—

hamse = (n(l + 63) |0y,p41| f uPHIK]

and the minimized asymptotic mean squared error equals

2(y4v)+1

2(y+v)+1
2 e pa\2 [(LF+80) [0y pra JuPP KD\ #9742 _aeous
261002 (f 1) [ (K54 K:) ( Mo+ 1) ] KoK; no

+ % ( [ (s - 03,,) . (4.16)

Remark 4.2. If f K3K; and [ u?+1 K* have different signs, then we need only
switch the conditions on 6, 41 for (4.15) and (4.16), and the results hold as above.
Particularly, if K(z) = (1 — 2%)]j=1,+1)(z), then choosing p such that BX2=7 js an odd
integer is equivalent to f K3 K having the same sign as | uPt1 K*. Note that (4.16);
i.e. the Jones-Sheather mean cancellation technique, has a better rate of convergence
than (4.15). One interesting observation here is, in the special case of ¥ = v and if
f has no important feature at the boundaries, 0,541 = (—-I)BL;—J J ( f (zr';'ﬂ))2 . So
we can always have (4.16) which coincides with the results in Jones and Sheather
(1991). However, if we take into account a more general class of densities, there is a
distinction in terms of rate of convergence between “nice” densities and “not nice”
densities.

Remark 4.3. From (4.15) and (4.16), 8., is \/n—consistent if p > v + 2v
orp+1> v+ 2v when 8,41 > 0or 0,41 <0, respectively. And the constant
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coefficient is 02 , = 4 ( [f ( f ("“"’))2 - 0,2”,) . Note that (‘73.1) ! equals the informa-
tion bound for nonparametric estimation of 6., given in Bickel and Ritov (1988). If
f has support (—o0,+00), the requirement p (or p+1 ) > 3y for 9\7,., to achieve
this optimal convergence is more than what is needed for the estimator there. How-
ever, if f € Fpy1 and has nonsmooth boundaries, the estimator of Bickel and Ritov
(1988) is not consistent but &, still possesses the same convergence. We feel two
possible generalizations of the information bound results in Bickel and Ritov (1988)
are implied from our results. One is to include the cases of 4 # v, and the other is
to extend the class of densities by considering those that are smooth except possible

discontinuities on a finite set of points.

4.4 A Bandwidth Selector

Now we combine the results of the previous sections to propose a data-based band-
width selector for the local linear estimators. It has been shown in Section 4.2 that
the plug-in bandwidth selection idea is appropriate here. And a proper estimator of
the integrated squared density second derivative is desired for such a procedure. We
make use of the estimators of this quantity introduced in the last section, since it is
shown there that the estimators which utilize local polynomial fit estimators have
nice adaptive properties to boundary effects. The estimator is

52,2(0) =b i (ﬂz)(xi))2

i=1

4 EEE o (T5— Ti\ qoom [Tk — Ti
IO PATEE I

where f{?) is obtained from a local cubic fit of the bin counts with weight function

K and bandwidth a , and

W3 (t) = €5 S;1(1, at, 0’2, %) T K(2),
with S, = (z": K (22) (2 - a:)“‘j“2) . Write
k=1 1<i5<a

K3(t) = €] 57(1,at,a??,a®%)T K(2),
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where S = (ft+ 2K (t)dt),(; ;<o - Consistency of 82(a) is guaranteed by proper
choice of the bandwidth a and the following conditions on the density f and the
weight function K,

(C1) There exists a constant M > 0 so that, for any z and y belonging to the
support of f

|f9(z) - fO@)| < Mz —y|.

(C2) The weight function K has compact support.
(C3) The first two derivatives of K exist.

Then, according to Corollary 1, the asymptotic optimal bandwidth for 52,2 is

_( 2uxREK;y) \V
W= (n [ f@F@ f2u4K{) ’ (4.18)

where

5 i [ fAF@ > 0.

{—l,ﬁffmﬂ”<a

From (4.10) and (4.18),
a. = C(K)D(f)RZ", (4.19)

where

_(21RE) UK\ (xR
‘m“‘(Rmnwm )’”ﬁ‘@ﬂMW)'

Then we apply this relation in (4.10) and find the solution in H of the following

equation
B R(K) 1/5
H= {n (f u2K)? 52,2 (a(H)) } ’ (420)
where
a(h) = C(K)D(f)r3". (4.21)

Here D(f) involves [ f) f®) and [ ( f (2))2which can be estimated by some reference

estimator through a scale parameter model of f. Let g; be a fixed density function,
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e.g. the standard normal, that has been normalized so that some measure of scale
such as the standard deviation is equal to one. Then D(gx) = A?*7D(g;), where
9r(z) = 3g1(%). Then, from (4.21), set

ax(h) = C(K)D(g:)N*/"h3".

The plug-in bandwidth % is defined as the solution of the analogous equation of (4.1)
with a(H) replaced by ag(H), where X is a /n—consistent estimator of .

The following theorem states that this bandwidth selector works regardless
whether there are boundaries in the support of the density or not. In addition to

the conditions (C1) - (C3), we need two more assumptions on K:
(C4) The weight function K vanishes at the endpoints of its support.

(C5) The function K is symmetric about the origin.

Theorem 8 Under conditions (C1) - (C5), as n — oo,

h —
h_¢=1+0p(n ),

where
5/14 , if [f@f® <0

“7 { 2/7T ,if [fAfF@ > 0.

Furthermore, R
n® (hi_ - 1) N (pm,a}’n) , (4.22)
where
wpr = Toeo RKYTR(FO) I O(RYD(@:)? [ 1050 [wiGI ([ £959 >0),
and
opy = ggn""s’ "ok I R(K; * K3)R(K) /% R(f®)=5/"R(f)C(K)~°D(9:)°,

with 6% = [u?K.
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Remark 4.4. The convergence rate of bandwidth % depends on the func-
tional [ f(® f(4), see (4.22). In non-boundary cases, the faster rate n~%/14, same as
Sheather and Jones (1991), always holds since [ fIf®) = — f ( f(3))2 < 0 under
such circumstance. When boundaries present and the density is nonsmooth there,
the Sheather and Jones (1991) bandwidth will not be consistent, see Van Es and
Hoogstrate (1993b), but k still is, only with possible slightly slower rate of conver-
gence. And if the density is well behaved at the endpoints in the sense that it has

zero second and third derivatives there then, taking an integration by parts,

[ 1@z = O 190) - [ (fO(=)"de =~ [ (#9) <0,

and the rate is n=4/15,

Remark 4.5. Since the asymptotically optimal bandwidth (4.10) is exactly
the same as that for the conventional kernel density estimator, one might ask why
not simply use the Sheather and Jones (1991) bandwidth selection procedure? This
won’t work because the estimators in Jones and Sheather (1991) are influenced
by boundary effects and the bandwidth selector will not be even consistent as a
consequence. This is observed in the study of Van Es and Hoogstrate (1993b), who
show that the bandwidth selector tends to zero at some rate other than n=1/% in
nonsmooth cases.

Remark 4.6. The motivation for this bandwidth selector is entirely analo-
gous to that for the plug-in rules for kernel density estimators; e.g. those discussed
in Park and Marron (1990) and Sheather and Jones (1991). Yet, the contributions
of this work include, first, showing that the same approach is applicable to the local
linear estimators which have the appealing property of automatic boundary adaptiv-
ity, and secondly, providing a bandwidth selector that is as effective in the boundary
case as in the non-boundary case.

Remark 4.7. In the regression setting, Ruppert, Sheather and Wand (1993)
propose a plug-in bandwidth selector for local linear regression called hsrE which
makes use of parallel estimators from local polynomial fits. Performance of hsrg is

confirmed there by simulation studies. It is conjectured that hsre and the bandwidth
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selector introduced here have analogous asymptotic behaviors.

Remark 4.8. This research is about the situation of known boundary lo-
cations in density estimation problem. If the boundary locations are unknown, say
f(z) > 0if £ > a and f(z) = 0 otherwise. Then one can apply the local linear
(polynomial) method to estimate the density (derivatives) on [X(;), o), where X{;)
is the sample minimum, and set the estimator to zero below X(y). For f(a) > 0, Xy,
converges almost surely to a at the rate n~!1. This rate of convergence is much faster
than the bandwidths for estimating density and its derivatives, the asymptotic mean
square error results in Chapters 2 and 3 will still hold. Furthermore, the n=! rate is
faster than the error rates in estimating the density and its derivatives. Hence the

theorems in the present chapter will be also valid.

4.5 Simulation

A simulation study on the plug-in bandwidth selector introduced in the previous
section is conducted over the densities given in Section 2.3.2. Two sample sizes,
100 and 1000, are chosen and there are 500 replicates for each simulation. Before
going into the outcomes, some technical notes are provided for estimating the inte-
grated squared density second derivatives. They appear to be very important, and

sometimes actually dominate the performance of the bandwidth selector.

4.5.1 Binning Range

Recall that our estimator of the integrated squared density second derivative is based
on local polynomial fitting of the density function to some bin counts. In practice,
the bin centers span a finite interval. Under the situation that the underlying density
has a known compact support, there is no question about what range the data should
be binned to. Otherwise, for simplicity of argument the support is assumed to be
the entire real line. In that case, it is suggested to make the binning range so wide
that all most all observations will fall in the interior.

The reason for this suggestion is to avoid the boundary adjustments imposed
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by local polynomial fits at places where the data are sparse. It is very noticeable that
the local polynomial fit estimators automatically adapt to estimation at boundaries.
But, typically the mean squared error of the estimators at boundaries regions are
much larger, although only by a constant factor but not the rate of convergence,
than that in the interior. To better understand this idea, we consider estimating
the second derivative of the standard normal density at -2.5 from four independent
samples each with 100 i.i.d. observations. In Figure 4.1, the four data sets are
binned to the range [-3,3] which we chose because the data points will fall outside
this interval only very rarely. The data sets are represented by, or transformed to,
the bin counts which are shown as the squares in the plots. The dashed line shows
1/3 of the equivalent kernel, with a Gaussian weight function, for estimating the
density second derivative at -2.5 which is about one bandwidth, 0.454, away from
-3, the left end of the binning interval. And the dashed line in Figure 4.2 shows that
for estimating at a point, -2.5, which is about two bandwidths away from the end,
-4. Note that Figures 4.1 and 4.2 are using the same sets of data. Obviously, the
estimator with the equivalent kernel in Figure 4.1 has more variability since a little
shift in the horizontal direction causes a huge change in the function’s value. This,
combined with instability of the bin counts around -2.5, which is in the tail area of
the standard normal density, makes the estimates very noisy.

In all the four cases, there are very few observations that appear within the
area where the weight function for estimating at -2.5 is significantly positive, and
the bin counts vary a lot from one data set to another. Hence, according to the
equivalent kernel, the estimates which are located by the circles are different from
each other by a large amount. Also these estimates are far away from the true
value indicated by the plus sign. But, the situation changes if the binning range is
extended to [-4,4], see Figure 4.2. Now, even though the bin counts are still noisy,
the estimates are more stable since the equivalent kernel is stabilized.

In conclusion, with the local polynomial fits, boundary corrections are sen-
sitive to the range where the techniques are applied. This issue is important for

the rate of convergence at actual boundary regions. A boundary estimator is not
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preferred when estimating at tail regions where (i ) every point is still in the interior
and ( ii ) data are sparse, but this problem can be easily avoided by extending the

binning range.

4.5.2 Boundary Bandwidths

Another problem that occurs while estimating integrated squared density derivatives
is that optimal bandwidths; e.g. those minimize the asymptotic mean squared error,
tend to be too small in boundary regions. Then the estimated derivatives are under
smoothed there and the functionals are seriously over estimated. In this case the
equation solving procedure (4.20) will have problems; | becomes too small since 52,2
is too large.

To give an idea of how serious this situation can be, five estimates of f” with
f being density #1 are plotted in Figure 4.3. For both sample sizes 100 and 1000,
the estimates are all extremely large in absolute value compared to the true curve in
a boundary region [0, 2hamse] , Where Aapmse is the asymptotically optimal bandwidth
for estimating 8, , given in corollary 1. It is seen that the 1000 observations case is
slightly better indicating the asymptotics are taking effect, but still the estimates of
52'2 are too large for our purpose of plug-in rules.

One way to solve this problem is to use a larger bandwidth for the bound-
ary area. But, what is a reasonable one? The approach taken here is to find the
asymptotic optimal bandwidth for estimating the quantity fZ**m (f"(z))?dz by

4 9. E n [Tj— T n [Tk — T
a5 o we () wr () e
n ij=lk=1:=1 a

a

where

the integer part of hgamse/b. By entirely similar arguments to those in the proof of

Theorem 7, the mean squared error of the above estimator is

2 2hamse (o=}
s b L o K P@) O z)dsda
o ~zfa
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2hamae 1
The dominating terms are very comphcated functionals of the weight function K

and the density f. However, since both hams. and a are shrinking to zero, it is

approximately

@(0)f@ oo ©
af ((:;)]” (0) /: /_c $*K; (s)dsde + %‘(12.)./(;2 /;c (Kz"c(s))zdsdc.

Therefore the asymptotic optimal bandwidth is

247 £(0) f3 S (Ks‘,c(s))2 dsde " —1/7
D)D) 2 [ Kz oo)ds |

(4.23)

where

T =

1, if F@0)f®(0) <O0.
{ 4/3 ,if f®A(0)F#(0) > 0.
Then, estimating R(f®) in the plug-in procedure is separated into two parts; band-
width using relation (4.19) is used for the interior portion and bandwidth from its
analog which combines (4.10) and (4.23) is implemented at the boundary region.
Here, the reference value of £(0)/(f(®(0)f®(0)) is obtained from an ordinary least
squares fourth degree polynomial fit of the density to the bin counts.

4.5.3 Simulation Results

Since bandwidth works multiplicatively, the 500 simulated bandwidths are studied by
the logarithm of their ratio to the optimal bandwidth; i.e. logs ( b ) Ordinary
kernel density estimates for the population density of this quantity are presented
in Figure 4.4. The Sheather-Jones bandwidths are given to provide evidence of
boundary effects and as a baseline for the performance of the proposed bandwidths
in non-boundary case. Solutions to the equation (4.20) were searched within the
range [%hm;,,, 9homise], if the right hand side is always greater than the left hand side
then 1A, is assigned.

The proposed bandwidth is quite satisfactory, see Figure 4.4. It becomes more

accurate when the sample size change from 100 to 1000, indicating its consistency.
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And it is close to the optimal bandwidth most of the time. Density #5 is the
standard normal which has no boundary at all. The two studied bandwidths behave
close to each other. This is not surprising since it is known that 8; 5(a) is very similar
to the estimators of R(f”) in Jones and Sheather (1991) as pointed out in remark
4.1. But, it shows that our bandwidth selector works as well as the Sheather-Jones
rule in non-boundary cases. Hence, beside theoretical justification for %, we have
also support it by simulation as a efficient bandwidth which is at the same time
robust to boundary problems.

Curiously, the Sheather-Jones bandwidth is very close to the optimal band-
width for density #4 but the proposed one is “far away from optimal”, see Figure
4.4. Local linear estimates using the sample medians of the two bandwidths are
given in Figure 4.5. The same size is 100 and 10 independent estimates are drawn.
It is visually clear that the proposed bandwidth gives better estimates of the den-
sity; they indicate the concavity well and the variability is smaller. On the other
hand, estimates using the Sheather-Jones bandwidth, which is close to hnis, are
too noisy and apparently under smoothed. This suggests the proposed bandwidth is
more reliable. Also note “L, optimal” is pretty rotten, as discussed in Marron and

Tsybakov (1993).

4.6 Real Data Analysis

There are two real data analyses used to test the proposed bandwidth in practical
application. The first one is patients’ compliance in a medical study. See Lipids Re-
search Clinic Program (1984). The two data sets, “Col 5” and “Col 6”, each consists
i.i.d observations of compliance; i.e. the portion of pills actually taken. One interest
is to know how the compliance is distributed. The ordinary kernel estimate, see Fig-
ure 4.6, uses a bandwidth chosen by visual judgment and shows suspicious modes
near the boundaries. As indicated above it is improper for boundary estimation and
so we concentrate our attention on the local linear estimates.

As a first attempt, the whole data set was used to decide the plug-in band-
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width and the resulting one was very small. Plots of the local linear estimates using
these bandwidths reveal that there are point mass at the two endpoints. As a mat-
ter of fact, 52,2 feels the nonexistence of the density function there and thus become
extremely large and hence % is very small. This however yields the recognition of
point masses which smooth density estimators could not indicate. The circles in the
plots are the percentages of zeros and ones in the data sets. Next, the 0’s and 1’s
were deleted from the data sets and the corresponding automatic bandwidths were
used to construct the estimates. It is seen that the interior part is under smoothed.
But, as a bandwidth for global measure purpose, the bandwidth gives good insights
of the density structure. It can be viewed as a first attempt in the data analysis and
indeed is a good one. One might next implement a variable bandwidth technique,
as suggested by these estimates, in a later stage but this is beyond the scope of our
discussion. Interestingly, there isn’t a mode around zero for “Col 5” and it could
have been easily mistaken without this bandwidth selection procedure.

The other data, provided by Dr. Les Roberts of the Centers for Disease Con-
trol, is from the study of choliform counts in water taken from some public water
source in Malawi. The purpose of the study is to determine whether there is any
difference in the two populations, “Unimproved” and “Improved”. Again, the two
data sets were separately used to decide the automatic bandwidth. Unfortunately,
the procedure again picked up the smallest bandwidth allowed in our search. Here
the largest (smallest) bandwidth given in the search was decided by visual exami-
nation that it over (under) smooths the data. Bandwidth 1, respectively 3, is the
smallest bandwidth that we can handle for the unimproved data , improved data
respectively, otherwise numeric underflow occurs when calculating the local linear
estimates. Figure 4.7 shows the estimates. The lesson is the same as the compliance
data: there are point masses at 300 and 600. The circles ( squares ) are the portions
of 300’s and 600’s in the unimproved ( improved ) data divided by four. The reason
for these point masses is that the counting sometimes stops at 300 and otherwise
it stops at 600. Again, after removing these observations the bandwidth procedure

does well, see Figure 4.7. In conclusion, the proposed bandwidth is very helpful in
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the beginning stage of density analysis. It provides good insight into the structure

of the population and suggests directions in a later stage in the study.

4.7 Proofs

( I) Proof of Theorem 7:

The first two moments of 5,,,., depend on the expected values in the follow-
ing lemma. And their approximations stated therein show some links between the

moments and the density f.

Lemma 3 If f € F,4, then as the sample size n grows
(i) E(a) =nbf(z:)(1+0(1)),i=1,...,9.

(i) E(c}) = (nbf(z:) + n(n — 1) f(2:)?) (L4 0(1)) i = 1,09

(iii ) E(ct) = (nbf(z:) + (25 f(2:)? + S5 f(2:) + 25 f(2i)*) (1 +0(1),
i=1,...,9.

(i) E(cic;) = (n(n — 1)Bf(2:)f(2;)) (1 + 0(1)), fori # 5,1 <i,j < g.

(v) E(d) = (%5 + 255 f(2:) + 2551 (z5) + 225 f(25)£(=5))

x f(z:)f(z5) (1 +o(1)), fori #j,1 <4,j <g.

(vi) E(de;) = (255 + &5 (2:) + 2 f(25)?) f(=)f(25) (L +0(1)),

fori#j,1<1,5<g.
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( vii ) E (ejer) = (285 + 25 f(2:)) f(2:) f(23)F(=zx) (1 +0(1)),
fori#j£k#£i1<iik<g.
( viii ) E (cicicrar) = 225 (@) £(25) F (@) f(z1) (L + 0(1)), for 4,5, k,1

all different and between 1 and g.

It will become clear in the proof of Theorem 7 that the mean and variance of

-~

0.,, are asymptotically linear combinations of those complicated functionals in the

next lemma. The results further simplify the asymptotic expressions.
Lemma 4 Suppose the function w(:,+) : R X R — R is defined as

= 8 ()5 (55 e

where D is the support of f. Then the following asymptotics hold under the assump-
tions b = o(h), f € Fp41 and K has finite support.

(i) [ F(E)w(t,t)dt = b [ K2K2 + O(h?).

(ii ) [ fEyolt,t)2dt = b2 (f K3 KG) + o(h?).

(i) [ § F@)f(w)w(t,u)dtdu = B2520, , + CHRUREEEE (f0rVKGL, ) O
+ O( hp+(’7VV)+3).
(#0) 1 1 FOfuyolt wididu = 1 (7 ) (§ (K5 < K2)7) + o(89).

(v) [ F@F (W)t tholt,u)dtdu = 60,4 (§ KGK) + o(ATH43).

(vi) [ 1] F@)f(u)f(v)w(t,v)w(t, u)dtdudv = %};‘i ( If ( f(‘7+V))2)

79



+ o(h21+2v+4)

Proof of Lemma 3:

First define I; (X;) = I[_%’%) (-"5—';—") forany 1 <j<nand1<i<g. Then

I (X)) - b (@)l = | [ £y (57) ds - b=

z;+b/2
=77 f(e)ds — bf(w)

b2

z;+b/2
- l/r.-_b,, [f(s) = f(z:)]ds

= [ [0 )+ 5 (o~ 1)50(0)] deds

Ti-b/2

1 z;+b/2 fxi b2 rzitb/2
== — ) fO(t)dtds| < — @)(¢t)| dt.
2 Vriase '/’ (3 )f () -8 /-‘F.'—blz f ()I
Therefore,
E(I;(X;)) = bf(z) +0(8),1<i<g,1<j<n (4.24)

Also, since I; (+) is an indicator function, for any positive integer &,
E (L (X;))* = E(L(X;)) = bf(2:) + o(b) (4.25)

The approximations (4.24) and (4.25) are repeatedly used in the proofs of (i) - ( vii ).

(1) Since X, ..., X, are i.i.d random variables,

E(c)=E (Z ? (x,-)) = nE (I (X1)) = nbf(z:)(1 +o(1).

=1

(i)
E()=E (znj I; (X,-))

=;§ B (X)) + T3 (LX) 1 (%)

=nE (L;(X1)) + n(n — 1)E (L (X:) L (X2))
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- =nE(L(X) +n(n - 1)[E (LX)

The last two equalities follow from Xj,...,X,, being i.i.d. Applying (4.24) to the

above expression yields

E (c?) = (nbf(z:) + n(n — 1)8*f(z:)?) (1 + o(1)).

(iii )
E(f)=E (znj L (X,~)>

i=1

=Zn32"3i i E (I; (X&) Ii (Xi) I; (Xm) I: (X5))

k=1l=1m=1n=1

=3 E(L (X)) +3x T3 B (L (X)L (X))

k=1 ksl

+4x T E (LX) LX) +6x 33 B (L(Xe) L (X0) L (Xm))

kAl k#lEm#ER

+ Y E(L(X) LX) L(XR) L(X;))

k,l,m,; all different

=nE (I;(X1)) + -(-7:_:1—;), (EIL(X1))* + (rff—'{i)' (EIL (X1))?
n! 4
oo (BL(X1))".

Combining the above and (4.24) proves the result.

(iv)For1<i#j<g,

E(cic;)=E (ii I; (Xk) I (Xl))

k=1l=1

=3 E(L(X) I (X)) + 3 E (5 (X) I (X0)
k=1

Py
Notice that I; (Xi) I; (Xix) = 0 because X; can not fall into two disjoint intervals,

therefore

E (cic;) = n(n — 1)E (L (X1)) E (1; (X2))
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g (20 +00) (b5(5) + o(8) = (B*£()(3)) (@ + 0(1)).

n!
~(n (n—2)!

(v)Forl<i#j<y,

E(d)=E (iiii L;(Xe) L(X) I; (X)) I; (X,))

k=1l=1r=1s=1

=3 B(L(X) L (X)) +4x T3 B (L (X I (%) I (X))

k=1 k£l

+2x 3 E(L(X) L (X) (X)L (X)) + £ 30 B (L (%) I (X))

k#l k£l

+4x D35S E(L(Xe) (X)) L; (Xe) I; (X))

kElEr#k

+ 233 E(L(X) (X)) I (X0) + L (Xa) L (X) I (X, )?)

klEr#k

+ 2223 E(Li(X) L(X) I; (X)) I; (X))

k,l,r,s all different
=04+04+0+n(n-1)E (X)L (X2)) +0+

+——=E{L;(X1) I; (X2) I; (X5) + L; (X1) I; (X2) I;: (X3)}

(n 3)'

+o—— B L (X1) Li(X2) I; (Xs) 1 (X4)} -

(n 4)'

Again use (4.24) and the fact that Xj,..., X, arei.i.d. to obtain the result.

(vi)For1<i#3j<y,

B(de) = B (L3503 LW KX LX) 1 (X,)

k=1l=1r=1s=1
=i E (L (X:)° I; (X)) + 3% EZ E (LX) L (%) I; (X&)
+ 33 B (LX) I (X)) +3x ZZ E (L(Xe)’ L (X)) I; (X))

k£l

+3x 3 E{L(X) L(X) I (X.) + L (Xe) L (X0) L (X)) I (Xa) }
FElEr £k

+22 2 2 B (X)L (X) L (X,) 1; (X))

k,l,r,s all different
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=0+0+ ,f(z,)f(z,) (1+0(1))+0+ ( 3),f(za)2f($:) (1+0(1))

(2)

+0 + = f(2:)*f(x;) (1 + (1)) -

( 4)’

(vii) Forl1 <i#j#k<y,

E(dejen) = E (z SSSS L (X) I (X) I (X2) I (X,))

l=1m=1r=1s=1

=3 B (LX) L () I (X0) +2x 5 E (L (X0) E (Xa) I; (X3) T (X))
=1 I#m

+2x XY E(LX) LX) L (Xn)) + 2 B (5(X)* I; (Xa) L (Xm))

1#m I#£m

+ 33 B{L(X) L(Xn) I; (X0) I (X)) + L (X0) I (Xm) I (X)) T (X2) }
I#m

+323 E{L(X I; (Xm) T (X:) + I (Xom) I (X0) I (X0) T (X0)}
Fmatrt

+ 33 B{L(X) L(Xm) I (X0) I (X)) + L (X)) 1 (Xm) I (X)) I (X))
T£m#r#l

+ 33 E{L(Xn) L(X) L (X)) I (X7) + L (Xa) L (X0) I (X)) I (X))}
I#ms#r#l

+ 33 B (X)) L(Xm) I; (X2) T (X))

{,m,r,s all different

=0+04+040+4+0+0+4+ ——f(z:)f(z;)f(zx) (1 +0(1)) +

( 3)'

+0+0+0+0+0+ 4),f(w:) flz;)f(=a) (1 +0(1)).

n
(viii)Forl1<i#j#k#I1<yg,
B(aciceer) = E (EZZ}: L () I (o) T (%) I (X,))

p=1g=lr=1s=1

= 3222220, E@(X) L(Xy) Ik (X:) I (X.))

P,4,7,3 not all different
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+ 22223 E(L(X) (X)) I (X:) I (X,))

p.q,r,s all different

=0+ ( 4),f($a)f($a)f(wk)f(zz) (1+0(1)).

Proof of Lemma 4:

Without any loss of generality, assume D, the support of f, to be [0, c0) in demon-
strating the results hold in boundary case. Non-boundary situation is proved in the
same way except arguments taking care of boundary regions are removed. Since K
has finite support, we assume it, and hence K}, ., has support [—1,1] without loss

of generality. Therefore K, . = K, for every ¢ > 1.

(i)

[ et tae = [ [ K ( )K;‘,h( ) F(t)dzdt

Since the integrand is non negative, by the Fubini Theorem, the integral equals

I [ x5 (55) g (55) ftyitae

= j / K:5 () K3 (3) f(z + sh)hdsdz

=k / () / 3.5 (8) Koz (s) dsda(1 + O(h)).
The last equality holds from f € F,41. Break the above integral into two parts
/ f(z) [ / 2 (8) K} = (s)ds — / K2 (s) K‘(s)ds] dz
and
[ 1@ ' K2 (s) K2 (s)dsds.
() -1

The first part integrates a integrable function over a region which has Lebesgue

measure shrinking to zero and thus tends to zero. Now it is clear that
* = bl ’ad o 2\ * [/ 2
/0 F(t(t, 8)dt = h ( / K,,K,,) | f(@)dz + 0(?) = h [ Kz +0(h).
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Proofs of (ii ) - ( vi ) depend on the Fubini Theorem, the smoothness of f, and K’’s
being finitely supported as well. And we will skip the details.

(ii ) It is proved exactly in the same way as part (i ).

(iii )
/ ) / ” £ f(w)(t, u)dtdu

= [ / / f(t)f(u)K‘;( ) K: ( h””)dtdudx
= [T somss (52) @] [ seksg (%) o] e

= h? /0 [ /_ f@+ uh) K5 () du] [ /_  flz+ uh)KG g (0 du] dz

With a Taylor expansion around z,

flo -+ ub) =3 S 10(a) 4 T 10— o £ o + uh)a,

i=0 2! ( + ]_)l

and f € FP-H’
[7 [ srswett,uydsa
P+l i

= h2/o [Z(:) h. (')(:L')/ ’K*z (u) du}

P pi .

[2_% z_f(t)(z) ‘/_; w' Ky 2 (u) du} dz (1 + o(1)).
Hence,

/ooo /ooo F(£) f(w)w(t, u)dtdu

pytv+2 (1 +5‘w)hp+(’1/\v)+3 1o vy
= T e G RGEDT (Jw+s5) + OB+,

(iv)
/ ) / ” F) f(u)wlt, u)dudt

_/ I f(t)f(u)[/ ( )K" ( hz)dx]zdudt(1+o(1))..
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Since K is supported on [-1,1], for ¢ > 24, K;’i( )K* (m

) is non zero
only when £ > h ,u € [z — h,z + h], and = € [t — h,t + k]. And, in that case

4e = K3, K SE = K. Therefore the above quantity can be written as

[ sor [ [ 1 (S55) s (252) de] dusea-+o0)

- /::" £ () [h / 11 K () K: ( t;“) ds]zdudt(l +o(1))
=1 [T [ s s (50 K3) (S

. ) dudt (1 + o(1))
e[ [ * £t — oh) (K + K’ (0) dodt (1 + o(1))

—h3(/f2) (/ 3+ K2)) 4 o(h).

(v ) & (vi) First we show that for ¢t > 2h

/t+2h./t-t+h (U)K‘( —_

) K (“ . z) dzdu

=[5 5 (50 [ ek (M52 duas
—h :; K (t; ) /_ f(z + sh)K; (5) dsda

= [ (B22) i9@de (14 01),

by a v-th order Taylor expansion of f(z+sh) around z and then applying the moment

conditions (3.11). Once again with a change of variable and similar arguments
t+2h [t+h L(t— fu—7
[ o (5 (5

5 (8) F(t — sh)ds (1 + o(1))
_ pytvi2

= T IO W +o(1)  (4.26)
Now to validate ( v ),

/: /om FO)f(ww(t, tw(t, u)dtdu
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= [ [ rora [ rs (57) 66 (57) 2]
[ ( ) ( hy)dy]d"dt

-1 f<t>[/, ENCOLE
Lo [ ) (1) d]

prvt3

S KK)( [ #fwi) (14 o),

Tt

by (4.26). Therefore,
/ooo /ow F@)f(w)w(t, tw(t, u)dtdu = ’%;i ( / K K;) 0. 0vo + o(B7HH).
(vi)
[ [ 505 5w)te, vhott, wdodudt
= /oo f(®) [/oof(u)w (¢, u)du]zdt

2

= / () [/ Fw)w(t,u)du] di(1+o(1))

]
= [ 5 [/::h /‘“ s (2 ke (55 )d:cdu] dt (1 + o(1)

=%i 1 (o ()" dt (1+0(1),

applying (4.26). So,

272+ -+4

/ / / FO£W)f@hlt, V)t u)dtdudy = ( [ £ (sem) )+o(h2’+"" 4y,

This finishes the proof.

Proof of Theorem 7 :

Since the first two moments of 8., are linear combinations of the expected val-

ues in Lemma 3 and the weight function W2 is approximately the same as h—,,f’;;K;,
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it is straightforward to prove the theorem using the asymptotic tools provided in
Lemma 4. First to calculate the expected value of 4., ,
Ea"u b’Y'V' EZZ Wn (-'L'J ;) : (-’Bk

2?,') Cjék
£(%5)
t=1j=1k=1 n2b?

= byl ZZ W (1': ) E anz)

i=1j=1
ww;g;w«z)w%h,wC$> o

From ( ii ) and ( iv) of Lemma 3 and (3.8),

B0, = 2 5k (55 s (3%) L2l 4o

s ST Y K (3 ks (2
K: (x, . )K (&;_"’) b] (1 +0(1))

ﬁLLZZﬂmmwhm% =) (25) 8| @+ o). (e26)

=1k=1 =1

%) £ f (@) (140 (1))

Mva

= n’l:z+z+2 z f(z5) [

’t

w
A

Now use Lemma 1 to approximate the first term of (4.28) by some integral. Take

60 = &5 (355 2 (35).

and the grid width A to be b/A, then
b3 st [ 0 (55) e (252 5

=s3 s [ 16 () (3)  +

i[5 () (58

since, for each j, |R;| < & fI(K;K:)(z)(s)lds and b Zg: f(z;) is finite. Once more
=1

|a+o,

applying the same method, the above quantity approximately equal to [ [ f(t)w(,t)dt.
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Similar arguments show that the second term of (4.28) can be approximated by

2 [ [ f()f(u)w(t, u)dudt. Hence

Rtz

Eb,, =

mﬂﬂ[/ﬂ&4toa+n//fay@yﬁzmMﬁh1+qn) (4.29)

Combining (4.29), (i) and ( iii ) of Lemma 4 yields (4.13), the asymptotic bias of

~

Oryp-
Next, we calculate the second moment of 5,,,,,. Define

ontt) S W7 (S5%) W2 (25%)

=1

for any real numbers ¢ and u. Then

2
1,1)2 g
Ea'zy,u = 7 - ) (EZ “’n(znzl)cst)

i=1j5=1

= (Zl'::‘i)z zg:izg:i w,.(a:,-, zj)wn(l'k, :CI)E (CiCjCkcl)

i=13=1k=1i=1

By Lemma 3,
n4b'

Z‘L}uz Z 4)| (xi)f(zJ)f(zk)f(zl)wﬂ(xn mJ)wn(zk, 31)

different

E?,

DTS s ) ) (@) [~ S + 1) %

i#EjEkE
[wn(xn zs)wn(zja zk) + an(:z:.-, a:j)w,,(:v,, xk)]

(o - 2)
F T w1 [+ (= Db (7(e + e + TS )

i#7
[wn (i, zi)wn (25, T5) + 2wa(2s, 25)wn (i, 75)]

B ”2), (2)£(c5) 1+3(n—2)bf(z;)+9-:%25-!)-!f(z;)2] on(zi, 33 Jn(20,25)

i#j

+ 3 b [1+ 7~ 18500 + L et PO ) o

=1
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The last expression can be rewritten as

4). O SN S3 Fl) (e fa) e i 25 e 20)

t=1j=1k=1l=1

il iiz f(z‘)f(zJ)f(xk) [wn(xnz )wn(zpzk) + 2‘-&) (2—';, :I:,)w,.(:z:,,zk)]

( 3)' i=1j=1k=1

= b;)l zg:z f(z.)f(z,) [w"(z"z')wﬁ'(zﬂzJ) + 2w (2:,,271)2 + 4w (SB,,&?g)w,,(z,, z])]

i=1;=1

-2

( 2)| ;X_; f(=z:)f(z5) [wn(xnz Jwn (i, 25) + 2w (zi, 25)? + 4w, (z,,x,)wﬂ(z,,xj)]

+nb i F(z:)wa(zs, z:)2.
i=1

nt h2-1+2v+4 -~

Similar to the approximation (4.29) of (4.27), —-(;y-h,—!)-,—-EG_f,u is approximately

i [ [ ] [ FO O et sott, wydrdsatas

+(_n?£ll37/ / / F@&)F(u) f(v) [w(t, ) (u, v) + 2w(t, u)w(t, v)] dtdudv
n!
T / / FO) () [w(t, hw(u, u) + 2(t, u)? + 4w(t, ho(t, u)] dudt
+n / F(t)w(t, t)2dt.

Subtracting the above quantity by the squared asymptotic bias of 2 "",+:'+2 0., yields

n4 h2’y+ 2v+4
('r‘v')2

2 [(n i!4)' —-nz(n—l ] [//f ) (u)w(t u)dtdu]

+2 [ e f! 3~ - 1)} [ [ [ f(u)w(t,u)dtdu] [ f(t)w(t,t)dt]

Var (é:,,,,)

+(n_4f§ﬁ [ [ [ @@ @)t we(t,v)drdsds

+ [n(n -1) - nz] [/ f(t)w(t‘,t)dt]2 dudt + 2n(n — 1) //f(t)f(u)w(t,u)zdtdu
+4n(n ~1) / / F(O) f(w)w(t, )w(t, u)dtdu + n / F(t)w(t, t)%dt.
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4 p27420+4
nth 1%

Applying the results in Lemma 4, we have omyE v er (5.,,,,) being

YTV 2
._(4n — 6)n(n - 1) [?‘7:;/;;: /f(‘Y)f(v) + o(h-y+u+2)]

priv

—4n(n —1) [ EEE / fo f(")+o(h"+"+2)] [h / K"K‘+o(h)]

4n! [ h2‘7+2u+4

s g ]
{ /K‘K“ + o(h)] +2n(n — 1) [h3 (/f’)/ ** K‘) + o(ha)]

+4n(n—1) [h"+y+3 (/ K"K") /f('r+u)f + o(h‘7+"+3)} +n [h2 ( K'K‘) n o(hz)J _

Therefore
9(~1yh)?2
Var (0‘7"’) = nz;EZ-v:2?/+1 (/ fz) (/ K* * K:)z) +
([ 5 () = ,) + (o(wh20 ) 4 o(n™).
This finishes the proof.

( II) Proof of Theorem 8: First define

Anfe) = 22 333 Ky (H2) K3 (B e

i=1j=1k=1

Ba(a) = o 355 BT sy (H2) Ky (M) ey

T St
And some necessary lemmas for the proof are given below.
Lemma 5 Under condition (C3), if b= o(a),

3%52.2(0) = (Aa(a) + Ba(a)) (1 + 05(1))

as n — O0.
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Lemma 6 Under conditions (C1) - (C5), as n — 0o0,a — 0,na® — oo,

E(Bu(a)) = SR (f@) + 0 (;1-{;;) +0(a),

and

32
n2all

Var (Ba(a)) = 7 R(f) (R(G * K3))* + O (;—1—1&;) .
where G(z) = z (K3)' (z).

Lemma 7 Under conditions (C1) - (C3), as n — oo0,a — 0,na® — oo, and b =
o(a),
e () = R (1) B X (32,

where

k. = 4R(K3) +4a/u(K§)2/f(1) + .’Zgl (/f(2)f(4)) (/u‘K;) ,

and

0% = 32R(H)R (K3 + K3) .
Lemma 8 Under conditions (C1) - (C8), if h ~ n~Y/5,
b3 (a:{(h)) — 832 (ax(R)) = op(n~V2).

Proof of Lemma 5:

Note from (4.17) that S;? is itself a function of a and hence it is necessary to

calculate £ 57! for taking derivative of 8,,2(a) with respect to a. Write

g — .
S,,,j =Z K (wk z) (zk - .’t)"’,j = 0,1, ...,6.
k=1

a

Then explicitly,

1
Too1_ (1) 4@ A3) 4@
eSSn det(Sn) (A n’A n’A n’ASn),

here , for any matrix M = (Miyj-2),¢; j<q

AS&,) = M1 (M3M6 — M4M5) - M2 (MzMs - M3M5) + M4 (M2M4 - M3M3) ’
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AQ = — My (MsMs — MyMs) + My (MyMs — MsMs) — M3 (M My — M3 Ms),

AQ) = Ms (MoM, — MyM,) — My (MoM, — My M3) + Ms (My M, — M Ms),

AS‘}) = —M5 (MoMz - M]M]) + M3 (M0M4 - M1M3) - M2 (M1M4 - M2M3) .
(4.30)

Also,
4 »
det (M) =3 M;;1AS). (4.31)

=1

Let S = (Si+j-2)14i j<a» Where Sj = fu'K,j =0,...,6. Then

b g z;—z\ (i —z\ b ,
.1+1 S,—ZK( )( - )Z—/u’K(u)du

=1
I [zt : I raity
= K (z}) (z7) du— w K (u)du
> [y K @Eydu-3 [T WK @)
9 l 20
=% [ 16 - G du,
=1

where z} = &2 and G(u) = v K (u) . Taking a second order Taylor expansion at

each z? and writing R; = %7 5n,; — Si»

R =Y / .' tas [G@) (z7) (2] — u) + = / (u—-t)G(z)(t)dt]

i=1 Y%~

g z* z?
- % > 1 [ (w=1)6P(t)dtdu

s=1 2a
o) [ L =i+3e =.’+’L“]
=3 - u — t) G¥(t)dudt
2 ; zi-g Jaf-  Jat ./t (u—1) )
b
== @)
= /_ GO)(t)dt

There are two implications from this result. First,

b

an,j = S + o(1), (4.32)
and
wr _ b = b
(1) = ;1‘§K2 () +o ey (4.33)
since b = o(a). Secondly, observe that
db d
—_—— = - (2)
=S = (aS’ +aR;) = (aS / G (t)dt)
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B[t
=Si+55 / GO(t)dt,

and since b = o(a),

2"-’--’-’-5,,, = Sj +o(1). (4.34)
From (4.31),
b ! bt
det (Sn) E ( 1 p( ) ﬂl]Sﬂ IQSn lssﬂ 14 12’
{37

where |= (L, ...,1s), L denotes the set of all [ in the expression of det (S,), and p(])
equals to +1 or -1 according to . Noticing l +I; + l3 + I, = 12 for every [€ L,

;L (”4 det (S, ))
B (2 () (o) (2]
() (o) () 2

() () (30) (20
o) () () )
(B) () () ()

From (4.32) and (4.34),

d (”‘ det (S, )) =40 3 (~1)"Y5,8, 851 (1 + o(1)),

da IeL

or equivalently,

4
;i (;’ det (S, )) — 40%det (S) (1 + o(1)). (4.35)
With exactly analogous arguments, it can be shown that
d (&
= (an_,Agg) =3a2A0 (1 +0(1)),1=1,...,4. (4.36)
Also,
b“
— det (S,) = a*det (S)(1+0(1)), (4.37)
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and

——AD = 24D (1 +0Q1)),1=1,...,4. (4.38)
Combining (4.35) - (4.38), for any ! € {1,2,3,4},
d [ a* A(l) d b3 : AD
I 5a el _q“;__._
da \ bdet (S,) ~ da 2 det (Sn)

_ (e AR) (@ cet(sn) — (=ra8)) (s ot ()

(& det (Sa)”
_ (3a249) (a* det (8)) - (a3AY) (43 det (S))
= (atdet (9))° (L+o(1)-
That is 1 { aHiA® . A(')
- (Zd_a_(_;ﬁ) =5 E) (1+0(1)),l=1,...,4. (4.39)

Making use of (4.37) - (4.39),

2 (e (252 o)
(i) (x5 (=52)7)
() (e (52 (=52)")
- (sl vom) (4x (252) (252) )+ (S 0 +o)
(e (52 e (52 (457
- a2 (e (252 () il () (42)7))

Applying this result and (4.33) to the first derivative of 52,2(a) with respect to a,

fhae= o prt v ()W (507 e

i=1j=1k=1
9 2.2 d n [ Ti— Tk n a:j—:ck) .
SEes (v (257)) e (B5) eo
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g 9 9 T, —z 4 40 i—z z; — 2\ 1
=;§Z§§,§(%K;( a ))(a‘zdet(S) ( a k)( a k)l

b A.(SI) d z; —zi\ (T —z\ !
va S anm (ak () (B32) 7 esa e,

;;(72,2(«1) 22 4,b ‘égkz_j K; ( i ) K; ("”f A x") cic; (1 + 0p(1))
Bt () (552) s (42) 0+

Proof of Lemma 6:

The function K7 satisfies the following moment conditions
/ K (u)du = 83,3 = 0,1,2,3. ' (4.40)

Together with condition (C4) this implies

[u (&) () = w5, - [ K3(u)du =0, (4.41)
/u2 (K3) (u) = usz‘(u)Il_1 - 2./;11 uK3(u)du = 0, (4.42)

and
/ u® (K3 (w) = K3 (u)| -3 /_ K (u)du = -3, (4.43)

Some primary asymptotic results needed for the proof are provided in the following

series of items ( i ) - ( vii). First, define the real valued function @ on R? as

w(t,u) = /(u s)(Kz)( - )Kz( as)ds.

Since K is symmetric about zero,
w(u,t) = /(t 8)(K')( )Kz( as)ds

96




= [ r(KGY (VK3(r — )
=a [ s (K3 (s)K3(s + t —)ds.
Therefore '
w(u,t) = w(t,u) (4.44)

(i) Using conditions (C1) - (C4), equations (4.40) through (4.43), and Taylor

expansions of f ,

/ ot u)ft)it= [ [ 5“;—3)(1{;)' (” "s) K (t "3) F(t)dsdt

a a

=af [ (=2) gy (" = s) K3(r)f(s + ra)drds

a a

=_a2_3 (u—s) (K;),(u—s

a

) f(s)ds (1 + O(az))

= %i/r (K3 (r)f®(u ~ ra)dr (1 + O(az)) .
Hence,
/ w(t,u)f(t)dt = —3—;’5 fW(u) + O(a"). (4.45)
(ii)
[=tswi= [ [ t=9) gy (t - 3) K; (t = s) F(t)dtds

= a//u (K3) (u) K5 (u)f(s + ua)duds

= a/u (K3) (u) K5 (u)du (1 4+ O(a)), (4.46)

by a Taylor expansion of f(y + ua) at y and condition (C1).
(iii)
[ [ =t wi@swdtdn

=[] (u=2) gy (" — z) K; (t - z) F(O) F(w)dtdudz

a a a

= a/// (u—2) (K3) (u ; Z) K; (s) f(u)f(z + sa)dsdudz

-5/ e (5
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- i‘;i [ [[s(K3Y (5)5(z + sa)f"(=)dsdz (1 + o(1)

= [ sy [E

7=0 °

iJj'-(,z—jf(")(z)] f(z)dsdz (1 +o(1)).
.Utilizing the moment properties of (K;) in (4.41) - (4.43),
//w(t,u)f(t)f(u)dtdu = —3—ZiR (M (1 + O(az)) .
() t t t
(0= [ (=9 gy ( ‘s) K; ( ‘s) ds

a a a

=a / r (K2 () K3 (r)dr.

Hence,
[ 1oyt eyd = [ @) fa [ r(K;‘)'(r)K;(r)dr]Zdt(l+o(1))

| = a? [ / r(K;) (T)K;(r)dr]z (14 0(1)).
(v ) From (4.45) and (4.48),

/ / @(t, t)w(t, u) f(2)f(u)dtdu

= ‘i‘” [a [rxsy (r)K;(r)dr] [ / ff(")] (1+0(e?).
(W) [ [l )
= [ [ 15 [ S8 gy (B2 ks (122) ds]zdtdu
=a [ [ f0)5(w) (G5 K (" - t) dudt
—a® / £(t) / F(t — va) (G * K2)? (v)dvat.
Thus,

[ [ @t uyf6)f(u)dtau = a*R() ( [+ K;)Z) +0(a%).
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( vii ) From (4.44) and (4.45),
[ [ [ =t o)m(t,w) 5@ fw)f(v)dtdudo
= [ ) [[ fwmtu ] as
= 912; / £ ( f(4)(t))2dt (1+0(a?)). (4.52)

To calculate the expected value of B,, notice from the results of Lemma 3,

E {ZEZ (5 — o) (K3Y (B2) K (B%) c,}

i=1j=1k=1

=33 (i — =) (K3) (B2 K (B2E) mbf(ad) (1 +o()

i=1k=1
FTY (@) (K;) (B2 Ky (B2 nln— D8£ f(25) (1 + 0(1)
i=1j=1k=1
Therefore,
8b )

) (e)dody

o3 femrosr (£52) 15 (55?

2("_b—1_) / / [@-= sy ("” —) K; (= 2) £(2)f(w)dadydz.  (453)

Combining this with (4.46) and (4.47),
B8 = 2o [Fo () 1+ o) +0 (%)

= E " (——)
=2r(m+0@+0(=5)-
As for the variance of B,, write

rtenay) =y Sy (210) 3 (20)

for every 1 < 4,5 < g. Then

6=t (£ )

i=1;5=1

izzz x(z;, z;)7(zk, 21) E (cicicrar)

4,14
" nia i=1j=1k=1l=1
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ZZZ}: @(zi, z5)@(zk, 21 E (cicjerar) (1 + o(1))

n4al4 i=1j=1k=1i=1
applying Lemma 1 to n(z;,z;),1 < 4,7 < g. The terms E (¢;c;jckcr) in the summands
can be approximated case by case as in Lemma 3 by appropriate functionals of f.

Hence,

n4 al4

64
EZE E 4),f (z:) f(z;5) f(zx) f(z))w(zi, z5) (ks T1)
1,J,k,1 all different

E (B?)

+2. Z 3), f(z:) f(z5) f(zk) [1 + b(n — 3)f(z:)] x [2w(z:, zi)w (x5, zk)+
i#ETEk#
+w(.1:,, z;)w(z;, :ck) + 2w(z;, z;)@ (T, T:) + w(2j, Ti)w(Zk, Z:))

2207 . b;)'f(x,) ;) |1+ b(n = 2) {f(z:) + f(z)} + bzf,n:zj!) S(eie)|

i#)

[@(z:, zi)w(z;, l‘j) + w(zi, z5)@ (i, 2;) + @(2i, T;)@(2;5, 73))

T w1 [14 80— 2) 1w + 1(e) + EE R e (e

1#)

2w (z:, zi)@(zi, 25) + 2@ (i, z:)w(z;, 7:)]

+ é nbf(z:) [l + 7b(n — 1) f(z:) + 6b(2(n 3)1') flz)? + b‘("fln 4;') F(z:)?| @(zs, 2:)2.
Therefore we can write
n46:1114 E(B)) ~ oy Z—;X—;E,E F(@3) f(23) @) f (@) (i, 25) (20, 21)

ZZZ F(z:) f(z;) f(zx) [200(zs, zi)w(z;, 2k) + w(zi, ;) (2, 20)

( 3)' i=1j=1k=1

+2w(z;, z;)w(zk, Ti) + w(2j, 2i)w(Tk, T3)]

( 2)| ;Z f(x')f(x.‘l) [W(.’D,, 3},)@(1'], zJ) + w(thJ)2 + W(IE,,(BJ)‘CU(.'L'J, zl)

+2w(z;, z;)w(zi, 7;) + 200 (i, z:)w (x5, 7))

g
+ Z nbf(z;)w(z;, z:)2.
=1
From the above and equations (4.44) - (4.53),
niglt , )
T Var(B.) = (B?) - (EB.)*}
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~ [(n i 5~ 1)’] /] £ (w)eo(t,u)dedu]
+ [(n2f!3)' —2n(n— 1 ] [ =t te] [ [ [ 5w (o)e(u, v)duds |

3)| ///f(t)f(u)f(v)w(t uw)w(t,v)dtdudv — n [/ FOw(t, t)dt]
2)' / / / F@&)f(u) [w(t u)? + 20(t, ) (¢, )| didu + n / F@)w=(t,t)%dt

— 4 2 7)+9n4a [/f f(4) ]+O(na2)

+20%0°R(f) ( [(G * K3)?) + O(n?a") + O(na).

-1/7
?

Hence, because a ~ n

Var(B,) = —oB(f) ([(@ K37?) +0 (=)

Proof of Lemma 7:

For every 1 < I,k < g, define

Pk —EW"( ZiZ )I(Xz € A,
=1
with A; = [z; — g, 2),z =1,...,9,and
pr = E () -

Then,

bute) = o 3 W (57 W (357) et
- n%gégg,;z(x, € A) I (Xn € 45) Wy (B2 2wy ('igﬁ) cicib
Z E [b )y ¢1k¢mk]

I=1m=1

= ;1-24—b-2- g:i_l LZ (Ve — px) (¢mk — p)+ Z ik (Yik + Ymk) — Z I‘k]

=1
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The asymptotic normality is obtained by showing

()
U= 35 (35 600 ) s = )] & ¥ (0. 5 RUDRCKG + ).
(b)
5 E; (= 2 — (R(K3) +a [u(K5) [ 5O)
(c)
5 23w > TR + 5 ([ 105 ([ k)
(4)

1~ 2 1pc) “2( @ (9 ‘g

2 = gRU + 4 ([ 1059) ([is),
and by the Slutsky Theorem.
( a ) Theorem 1 of Hall (1984) is applied to U, for its asymptotic normality and the
notations follow those therein. Therefore,

g
Ho(X1,X2) =0 (¥1x — pix) (P2k — &)
k=1

and

- Gn(z,y) = E{Ha(X1,z)Hn(X1,y)}
9 g
=Y > ($ar — pi) (gt — ) E {(¥1e — i) (¥ — 1)} (4.54)
k=1l=1
where 1z —Z W"( sk )I (z € A;) for z € R. Hence H, is symmetric and
E(H, (Xl,X2)|X2) =0and U, = &% H,(Xi,Xn) is a degenerate U-statistics.

1<i<m<n
It remains only to check (2.1) of Hall (1984). This involves first two moments of

hik's:

Etpiy = px =ng wp (z" ;”") /A f(eya

=1

9 n [ Ti— Tk o~ nft— Tk
~§W2( . )bf(z,)~/W2(

a:k) W; (t —
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) F(b)dt. (4.55)

Similarly,

E (drshyr) ~ / % (t - ) o (4.56)



and
B (i) ~ [ 2 (52) we (52)] swe. @)

From (4.55) - (4.56),

B (Ha (X2, X))? = BE (Z (1 — 1) (b — uk))

= b? ngzg: E ((Y1r — pe) (Y2x — pa) (b — ) (b2 — 1))

k=1i=1

= b zg:‘:: {E (%1x — ) (% — )}

k=1i=1

~ie 5 { fwr (52 wr (52) swa

k=1i=1

o (55 o s (52
[ fw (t = ’") Wy (t m s) Wy (" . ") Wy (" - s) £(8)f(u)dtdudrds

a

~2 [ [wr (t = ’") Wy (t = s) Wy (" —) wy (” - 3) F(&) f(u) f(v)dtdudvdrds

a a

+[[ ] e () (55

Define w : R? — R as

w(t,u) = /K; (t;

) £(0) f(u)dtdudrr

”) K: (" - z) dz. (4.58)

a

Then, by (4.33),
E(H. X w2 / Jutt,wf@ f(w)dedu

/ [ [t uot, 0) SO () f(0)dtdu + [ [ [t u)f(t)f(u)dtdu] .

Then, from Lemma 4,
B (HalXs, Xa))" = SSR(DR(K;  K3) (1+ o(1)). (4.59)

Next,
E (H:(X1,X2)) = b'E (::_: (Y1k — pr) (Y2r — Pk))
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g 9 9 9§

=D 33 E((%ni — mi) (15 — p5) ($1e — pe) (s — ) X

1=1j=1k=1l=1

E (Y2 — i) (25 — p5) (Y2 — pi) (Y2 — 1))
= b ééég E (i — ) (15 — 1) (ur — pia) (b0 — )

By the Cauchy-Schwartz inequality,

E (HA(X1, X2))

< égég E (1 — 1) (15 — #5))” E (Y1 — pr) (¥ — mi))?
= b Lz:g E (1 — px) (Y1 — #z))z} . (4.60)

But,

E (($1x — ) (Y — ) = E (v392) — w?E (v3) — w2E (v3) + udul. (4.61)
Combining (4.60) and (4.61),

{B (s, )}

<0 33 (i) -2 (5 1) (S8 )+ (5 1)

k=1l=1

Using (4.55) - (4.57), the above quantity approximately equals

o2 e (52 we (5] s

k=1l=1 a
2 (3 [ [wr (S52) wr (S22) roseman) (5 [z (S52)] s
+57 (kz [ [ (52)wr (252) f(t)f(U)dth)2

~ [ [T (55 e (2] st
([ [ (55w (457) s stwpaans) (f ] [ (57)] s
+ ( [[ws (t - r) wp (“ - ") £(t) f(u)dtdudr)2
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_ ;”:_2 {[otetyswds=2 [ [oture)swdidu x [wtnswa
(f Jetewsorwanas) ba+ oy,

from (4.33) and with the notation (4.58). Hence, by Lemma 4,
4 b8 =\\4
E (HA(X1,X3)) < =55 (RIED) (1 + (1)) (4.62)
Next, observing from (4.54),

9 g
Ga (X1, X2) =8 D_D (%1 — ) (Y — 1) E {(hrx — pie) (¥ — 1) } -
k=1l=1
Therefore,

E {Gi (Xl,Xz)} = b* iiii E {(1: — ) (¥25 — p5) (1 — pa) (2 — 1) }

i=1)=1k=1l=1

X E {(%1i — i) (15 — #5)} E {(1x — px) (b — 1)}
IS S B (i) E ($15%01) E ($rith) E ($rs)

i=lj=1k=1i=1

9 9 9 &9
—45* EZZZ pirE (¥19u) E ($1it1;) E (Y1)

1=1j=1k=1l=1

2
g 9 g 9 9 g
+2b* (ZZ pip; E (¢u¢u-)) +48 35" w2 E ($h%u) E (Y1xtbu)

i=1j5=1 i=1j=1k=1l=1

— 4y (i}’j pinisE (am,-«zn,-)) (E u?)2 4 (E p?)4 . @)

i=1j=1 i=1 =1

(i) The first term of (4.63) is approximately
n t1—u1 n tl—ua n tz—Uz n tg—-u.g n t3—u1
[ Jor (B e (B wr (B2 e (25w (25
n i3 — ug n ty — u3 n 1ty — uy 4
W] ( ) 1% ( ) W (—) i flug)dty -« - dtedus - - - dug
a a a d=1

~ L [+ [z xkp) (“3‘"‘) (K; + K3) (u”“) (K3 * K3) (u:uz)

a0 a a

Ug-U3

4
x (K3 * K3) (T) I f(ua)dus - - - dus.
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By a change of variables: %=1 = ¢, 22=% = y H=% =y ¥ = g the above quantity

a

is
B[ [ 3w K5 0 (3 % K3) () (K5 + K) (0) (K K3 (= = =)
xf(sa) f((s+u)a)f((s+u+v)a)f((s+u+v+t)a)dtdudvds
B®
=0(3).
a
(ii ) Similar to (i ) and using the moment conditions (4.40) with Taylor expansions

of f, the second term of (4.63) is approximately
e () ke (0 k(B ke ()
a24/ ./ K ( a K a K a Ky a K a
o fta— U2\ o (ls — U3\ . [ls—Us) 4
x K ( ) K; ( ) K; ( ) I f(ua)dty - dtsduy - - dug

~ g [ PP ) (K3 » K (22222 (0. Kp) (B222)

u4_u3) II f(ua)duy - - - duy

B8
-o(&)

(1 ) Similar to (ii ), the third term of (4.63) is approximately

[ ) (252) () (U5%) f (10 9000) J

=0(%)

(iv ) Similar to ( ii ), the fourth term of (4.63) is approximately

x (K3 5 K3) (

16410

[ [ () 10 10w (55 + k) (2222)

16al0

Ugq--U3

o ) (%) f (e fy

( v ) Similar to ( ii ), the fifth term of (4.63) is approximately
bs = ™ - 2 b8
oot ([ [ 5210 (0) (K5  K3) (=2 dudo) B (5)" = 0 (_.) |
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and the sixth term of (4.63) is approximately

SR ()"
Combining (4.63) and (i) - (v),
E {Gf, (Xl,Xz)} =0 (a—b;) . (4.64)

Concluding from (4.59), (4.62), and (4.64), (2.1) of Hall (1984) holds and hence Us

. . . o 2p4 -
is asymptotic normal with mean zero and variance 25-R(f)R (K; * K3).

( b ) According to the Strong Law of Large Numbers,

% f_:zg: (i — px)® 2 ;le {i (Y — Ilk)z} .

I=1k=1 k=1
But, .
E {b Z=:1 (P — #k)z}
o (55 - [ (52 08
~ Z—Z{ [ K; (t - ’)2 Ftydsdr - [ [ K (t = ’") f(t)dtrdr}
= ¥ (ran) 4 fum? [ 59) a+00)).
Hence,

L3S Wu— e B R (Ks+a [u(E)? [ 19),

I=1k=1
( ¢ ) Similar to (b)),
g g
E {b ) l‘k"plk} =b) pi
k=1

=1

~ 2—2 [[[x (t - “’) FOKS (“ - "”') F(u)dtdudz

-2 (S (/) )

(d) Already shown in ( c ).

Proof of Lemma 8:
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Observe from the asymptotic mean and variance of B, in Lemma 5,

Bu(a) = SR( ) 4o, (%) . (4.65)

Also note that A,(a) = :;qgg,g(a) (1 + 0,(1)) and from Lemma 7,

An(a) = ‘TGR( D) 4o, (%) : (4.66)

Now,

(as(h) — ar(R)) ,

a=a*

Bala5(1) ~ Baalox(h) = 2s(a)

where a* lies between ag(h) and ax(k). By virtue of Lemma 5,
B22(as(R)) — Baa(ax(h)) = (An(a”) + Ba(a")) (a5(h) — ar(k)) (1 + 0(1)).
Using (4.66) and (4.65),

032 (23(0)) = Baa (ax(h)) = 5 () x (a5(h) — ax())
1 5 1.\
= o, () CLEYD(a)b¥/" (37 = 17) = oy(1) [(A +0,Z) - A’/’]

—o 2/7 2 BN s — o (L
p(1) | A +(1),\ Op(‘/ﬁ) /\] ’(ﬁ)°

Proof of Theorem 8:

Let 0% = [u’K and define the function L, as

1/5

La(h) = h [o4B,5(ar(h))] " — n"VSR(K)5.

Assume K is positive only on [-1,1]. Then it can be shown that, for and fixed

sample z3,...,z, from f, L3(h) — oo as b — oo and Ly(k) < 0 as ag(h) | b and

108



0 < b | 0. Hence Ls(h) has roots on the positive real line. Note that k is a root of
Ls(h). Naturally k ~n~1/5 and

1/5

0 = Lg(R) = h [okBaa(az(h))] " — n Y R(K)'/°.

And from Lemma 7 and Lemma 8§,

1/5

[52,2(03\‘(71))] 1/5 — [62,2(a,\(h)) + OP(n—1/2)]

-4/5 _
op (n 1/2)

= [Baat@®)] 7 + 5 Paalar(®)]
= [52'2(a,\(h))] 1s + op(n"l/z).

Hence
Lx(R) = L5(R) + Op(n"/1) = 0p(n~7/*9), (4.67)

Next, by Lemma 7 and the Delta method,
n® Ly(ha) 2 N (p1,0%) (4.68)

where
B i [fOFO <0
Q1 =
! oS f(2) f(4) >0,

] @) [udK: V8
gy = not {h‘a_;{/S [R(f(2)) + :f;((-llff))s + a,\(h.)Z ff(26)f 4 f‘u4K2 + O (_na’\:h‘)4)]

R(K) 1/5
- n
_ysaa(h)? [ FOFO [ utK; [1 N 1]
30 x

= n {h,. o4 R(F®)| Y2 4 hooiPR(F)

0 (ratiy) - (22) ")

0 (n=1%) if [ fOF9 <0
= _1_,;3 0';-{8/7 R( K135 R( f@Y-/7C(K)2D(gr)? [ fOF@ futky Lif fAfFO > 0,
e 2 201 ,2,,8/5 [ 1 (2)\-4/5 ? 32R(f)R(K; * K3)
o =n**hioy [gR(f ) ] nZax(h.)?
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- %n2ax—35/390}{18/35R(K; * K;)R(K)—SI/SSR(J:(Z))—5/7R(f)C(K)_9D(gA)_9.

Furthermore,
1/5

d—i'L,\(h) = [okB22(ax(R))]
+ho3f°% [An(ax(1) + Ba(ax()] C(K)D(g)h~"

1/5
= [k R(F)]™" +0p(1), (4.69)
by Lemma 7, (4.65) and (4.66). Now,

La(B) = La(hs) + %L,\(h“)(ﬁ — k), (4.70)

where h** lies in between % and k.. Combining (4.67) - (4.70),

o (B) - (5 00)

= ne ( _0y(n"119) — Ly(h) )
hu ([o% RUFO)T + 0,(1))

1/5
—n (ai5) D)L+ 0,(1) B Niper,o).

This completes the proof.
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Figure 4.2: Big binning range
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Figure 4.3: Density second derivative estimates
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Figure 4.3: Density second derivative estimates
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Figure 4.4: Bandwidth seclector populations
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Figure 4.4: Bandwidth seclector populations
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Figure 4.4: Bandwidth seclector populations
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Figure 4.4: Bandwidth seclector populations
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Figure 4.5: Local linear estimators with selected bandwidth

1.6

1.2

density #4 Median of proposed bandwidth

1.6

1.2

density #4 Median of Sheather—Jones bandwidth




Figure 4.6: Density estimators for compliance data

10

Col 5

density
L4

n = 3742

of  Local Linear Fit, h = 0.0016

Ordinary KDE, h = 0.0200

2 -

i T . . !

0.0

0.2

0.4 0.6 0.8
Compliance

10

Col 5

density
N4

n = 3416

wb Local Linear Fit, h = 0.0116

Ordinary KDE, h = 0.0200

delete O's and 1's

0.4 0.6 0.3
Compliance

1.0



Figure 4.6: Density estimators for compliance data
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Figure 4.7: Local linear esitmators for choliform counts
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