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Abstract

The response of secondary subsystems to short-duration excitation differs fundamentally from that of most struc-
tural systems. A method for nonstationary response analysis of general, linear, mulliple-degree-of-freedom, multiply-
supported secondary subsystems is presented. Through an example study, it is shown thal, unlike ordinary structures,
the peak response of secondary subsystems to short-duration earthquakes may occur long after termination of the exci-
tation. Several essential characteristics of the response to short-duration seismic inpul are illustrated for the example

secondary subsystem.

1. INTRODUCTION

Because of their composite nature, primary-secondary systems have four important dynamic characleristics which
are uncommon among ordinary structures [10]: Tuning -- which is the coincidence of the frequencies of the primary and
secondary subsystems; [nteraction -- which is the feedback effect between motions of the two subsystems; Non-Classical
Damping -- which occurs when the damping characteristics of the two subsyslems are different, even when the subsys-
tems are individually viscously and classically damped; and Spatial Coupling -- which is the effect of multiple support
excitations of the secondary subsystem and is influenced by the localions of the support points and the stiffnesses of the

connecting elements.

The above characteristics strongly affect the response of secondary subsystems Lo stochastic inputs. Tuning gives
rise to closely spaced modes in the composite system whose responses to stochastic inpul are strongly correlated. The
secondary response in each tuning mode is amplified and the correlation between Lhese responses is usually negalive.
As a resull, the neglect of this correlation results in gross overestimation (by hundreds ol percent) of the secondary
response [4]. Interaction reduces the response of the secondary subsystem, particularly for tuned systems where the
ratio of secondary to primary masses is sufficiently large (i.e., greater than about 0.0001). Past studies based on cas-
caded systems [1,6,16) ignore the interaction effect and may grossly overestimate the true response. Tuning and
interaction are also influential on the free-vibration response of the composite system. Due to the closely spaced
modes and the feedback effect, the response of the system exhibils a beat phenomenon where the energy of the system
is alternately exchanged belween the primary and secondary subsystems. For an input excitation of short duralion, this
phenomenon may lead to peak responses of the secondary subsystem after termination of the excitation which are
significantly greater than the peaks during the excitation [9,15]. The non-classical damping of the composile system
gives rise to complex-valued mode shapes, for which commonly used modal superposition methods are not directly
applicable. Finally, for multiply supported secondary subsystems there is significant correlation between the motions at
various support points. In current applications using cascaded systems [1] this correlation is not handled properly and is

the source for significant errors.

In recent works [10, 11], the authors have formulated an efficient method for analysis of secondary subsystems
which accurately accounts for the above four dynamic characteristics. The method consists of two steps: (a) synthesis
of the modal properties of the composite primary-secondary system in terms of the known properties of the individual
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subsystems, and (b) dynamic response analysis by modal superposition employing the derived properties of the compo-
site system. With this approach, closed-form solutions for the modal properties of the composite system are oblained
through the use of perturbation theory and numerical solution of the eigenvalue problem for the composite system is
avoided. The effects of interaction, luning, non-classical damping, and spatial coupling are implicitly included in the
derived modal properties. Furthermore, the effects of closely spaced modes, resulting from tuning, and the non-
classical damping are explicitly accounted for in the response analysis. Methods for such analyses for stationary and
nonstationary inputs, and for inputs described in terms of the response spectrum method, are presented in Refs, 8,9
and 12,

In this paper, expressions for the rool-mean-square and peak response of composite primary-secondary systems to
stochastic inputs are presenled. These results are applied to an example system to illustrate the important characteris-
tics of the response of Lhe secondary subsystem to short-duralion earthquakes.

2. Response to Nonstationary Input

Expressions for the complex modal properties of composile primary-secondary sysiems are presented in Ref. 10
These expressions are in terms of Lhe modal properties of the individual fixed-base subsystems and are either in
closed-form or in terms ol small ecigenvalue problems, Once these properties are determined, the response of the sys-
tem 1o slochastic input can be obtained through any modal superposition method that accounts for closely spaced
modes and non-classical damping.

1t is shown in Ref, 12 that the response of a linear, non-classically damped system in general can be expressed in
terms of its modal contributions

v(t) = Yla,h (D) +eh(n] (1)
where 4,(1) is the Duhamel integral for mode /
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in which w, and ¢, are the modal frequency and damping ratio and / (¢) is the forcing function, and /;(¢) is the lime
derivative of #,(r). The coefficients a, and c, are real-valued, generalized effective participation factors given by

a, = —2Relb;s] ¢, = —2Reb; 3)
where s, are roots of the system
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where m, and k, are the i-th modal mass and stiffness which can be obtained directly from the mode shapes, ®,, and
frequencies of the system. In Eq. 5, q is a vector of constants such that q7x gives the response quantity of interest,
where x is the vector of nodal displacements of the system. For example, if the relative displacement between nodes 1
and 2 is of interest, then q = [—1 1 0 + -+ 017, The vector r is the influence vector of the forcing function, relating
the points of application of the force to the degrees of freedom of the system. For systems excited by base motion,
—f (1) is the base acceleration and 1 = Mi, where M is the mass matrix of the system and i is the influence vector for

base input.

The second term in the summation in Eq. 1 is due Lo the phase shift caused by the non-classical damping of the
system and arises from Lhe imaginary components of the mode shapes. For systems with classical damping, ¢, =0 and
the above summation reduces to the well known modal superposition rule where a, is the ordinary modal effective par-

ticipation factor for such systems.

Taking the derivative of Eq. 1 and using the equality /,(1) = £ (1) =2, w, 1, (1) —w?2h, (1), the following expres-
sion for the derivative response is obtained:
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It has been shown (12) that the identity 3 ¢, =0 is an intrinsic property of all linear systems. Therefore, Lhe last term
i

in the above summation can be dropped. Introducing the state vector V=1[v(+) v(:}17, Eqgs. | and 6 can be written in

matrix form
V=3YAX (M
where
a, ‘ [
Ar= IW,ZC, a,—zc,w,c,] s [;;,(:)) ®
The response cross-correlalion matrix may now be wrillen as
EIVVTI =Y 3A EXXTA] (O]
i !
where
C|Em G RG] ELn Dk, ()]
EXX] = [E[h,.(r,)h,oz)l El ()b (1) (10)

The above matrix is the same used for nonstationary analysis of classically damped systems. The only difference is in
malrix A,: For classically damped systems A,=diag{a, a,}. It follows thal existing procedures for nonstationary
response analysis of classically damped systems are directly applicable (o non-classically damped systems, provided
matrix A, is properly modified. The procedure used in computing Lhe cross-correlation matrix in Eq, 10 depends on the
form of specification of the input excitation. If /(r) is specified in the frequency domain through an evolutionary
power spectral density, then a procedure such as in Ref. 7 is used, and if the input is specified in time domain by
modulation, then a procedure such as in Refs. 14 or § is used. In particular, Ref. 5 conlains closed form, time-domain
solutions of the covariance matrix in Eq. 10 for piece-wise, linearly modulated while-noise inputs. These solulions
were used in the present paper for the numerical example described in the following section.

To characterize the peak response of the system, the hazard function is used. Failure is defined to occur when
the magnitude of the system response exceeds a barrier level a. Assuming non-homogeneous Poisson crossings, Lhe

reliability of the system is given by [2]

(11)

L) = expl—fa@)dr
0

where L (1) = the probability of no barrier crossing (no failure) in the time interval (0,7) and «(t) = the hazard func-
tion, Several solutions have been developed for the hazard function. Herein, the simplest form derived by Cramer and
Leadbetter [3] is used:

_ 1 [EGX]
ol = ™ EL201

which is accurate for high barrier levels. The preceding expression neglects the contribution of the correlation between

02

T 2E[vA0) (12

v (1) and (1), which is a valid approximation for the present application. For a specific 1 and exceedance probability
P, the peak response fractile @ (¢) is obtained by solving Eq. 11 with L(t1)=1—P

3. Numerical Investigation

To gain insight into the nonstationary response of secondary subsystems, the responses of a 7-degree-of-freedom,
primary-secondary system to a class of nonstationary base excitations typical of short-duration earthquakes are exam-
ined. The excilalion is modeled as a modulated white-noise process, where the modulating function is selected based
on Type C envelope developed by Jennings, et al. [13] for short-duration earthquakes (see Fig. 1). The envelope has
three distinct phases: An initial 2-second linear buildup, a constant, 2-second strong-molion phase (D =2 in Fig. 1),
and an 8-second tail with exponential decay rate 0.586, To investigale the effect of the duration of the seismic input on
the response of the system, the above envelope is modified by varying the strong-motion duration, D. Specifically, D
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= 0.5, 1.0, 2.0, 4.0, and 8.0 seconds are considered

The system consists of the 4-degree-of-freedom secondary subsysiem atlached al two points to the 3-degree-of-
freedom primary subsystem shown in Fig. 2. The properties of the individual subsystems and their modal frequencies
are also given in Fig. 2. Observe that the modes of the two subsystems are closely tuned. Modal damping ratios are
assumed o be 0.02 for the primary subsystem and 0,005 for the secondary subsystems The responses considered are
the relative horizontal displacement between the top two nodal points of the secondary subsystem and the displacement
of the top mass of the primary subsystem relative Lo the base of the composite system.

The root-mean-square (RMS) responses of the (wo subsysicms for the selected values of D are shown in Fig. 3.
The vertical lines in this figure indicale the ends of (he strong-motion phase of the ground motion in each case. The
fundamental difference in the response of the (wo subsystems is that whereas the response of the primary subsystems
sharply decays immediately after the strong-motion phase, Lhe response of the secondary subsysiem peaks long after
termination of that phase. This is due to the beal phenomenon: The energy is transferred alternately between the two
subsystems, and after the termination of the strong-motion phase energy transfers from the primary into the secondary
subsystem resulting in the behavior discussed. The energy transfer can also be observed by comparing the response
curves for the two subsystems, It is seen that where the RMS response of one subsystem is increasing, the RMS
response of the other subsystem is decreasing.

In order to more clearly observe the effect of the beat phenomenon on he response of the secondary subsyslem,
the RMS responses are normalized by the maximum value occurring during the strong-molion phase. These are shown
in Fig. 4, where il is observed thal Lhe ratio of the RMS’s can be over 4 for very shorl duration earthquakes (D =0.5
seconds)

In Fig. 5, the P-exceedance levels, ap(r) for P = 0.05, 0.10, and 0.20 are plotted as a function of time for the two
subsystems and D = 2.0 seconds. This figure clearly indicales that whereas Lhe peak response of the primary occurs
shortly after the termination of the strong-motion phase, the peak response of the secondary occurs long after Lhe ter-

mination.

4. Summary and Conclusions

It is shown that the response of (uned secondary subsystems to shorl-duration earthquakes is fundamentally
different from thal of ordinary structures. Specifically, the peak response of such subsystems may occur long afler ter-
mination of the excitation in the free-vibration phase. This is due lo the beal phenomenon occurring in tuned,
interacting primary-secondary systems. A method for stochaslic response analysis of general secondary systems is

presented which accurately accounts for the important characteristics of such systems.
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Table 1. Properties of Example Primary and Secondary Subsystems

Frequency
Subsyst Mod

Ll i (rad/sec)
Primary: 1 4.45
kp/m, =100 rad¥/sec? 2 12.50
STRONG-MOTION PHASE My = 10,000 slugs 3 18.00
0.5 SECSNDS T Secondary: 1 4,29
%:g o — ky/m, =295 rad/sec? 2 9.76
4,0 N ot et i EIlL’m;=3.3 rad¥/sec? 3 17.80
8.0 " —— = m; =200 slugs 4 18.30
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