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CHAPTER T

INTRODUCTION

In 1763 there appeared in the Philosophical Transactions of the

Royal Society a paper entitled, "An essay towards solving a problem

in the doctrine of chances" (Bayes 1763). This paper, the work of the
Reverend Thomas Bayes, had been transwitted to the Royal Society,
following the author's death, by the author®s friend, Richard Price.
It has been suggested that Rayes failled to publish this paper because
of his fear that the postulate which was the basis of his work "would
be thought disputable by a critical reader" (Fisher 1956). This pos-
tulate was however later accepted, without gquestion, by Laplace and

occupied a central position in his Théorie Analytigue des Probabili-

Eéé (Laplace 1820). Ilater generations have found the axiomatic na-
ture of Bayes postulate to be, at best; questionable. Beginning, per-
haps, with Boole (1854) there appeared numerous criticisms of the
Bayes postulate and later numesrous attempts to circumvent or modify
it. Few problems have attracted the efforts of a more distinguished
roster of statisticians,and certainly none has given rise to more
acrimonious debate,

The Bayes postulate was stated for use in what has come to be

termed the theory of inverse probability, i.e. the theory which deals



with the problem of assigning probabilities to states of nature or
causes after having observed experimental results or effects (Fisher,
1930). This theory makes use of Bayes theorem which, in the form

given by Jeffreys (1961), is
Posterior probability o Prior probability x ILikelihood  (1.1)

Bayes theorem is an immediate consequence of the definition of con-
ditional probability and hence is not subject to question. But a
posterior probability can be obtained from (lol) only if both the
likelihood and the prior probability are assumed known. The Bayes
postulate (or Bayes-Iaplace indifference rule) specifies that when

it is assumed that before the observational data are available,
nothing 1s known about the true state of nature, a uniform prior dis-
tribution over the possible states of nature should be assumed. This
specification yields an apparent symmetry in that it would seem that
all possible states of nature are being considered as "equally likely"
8 priori. The major difficulty arising from the Bayes postulate is that
when the states of nature are indexed by a continuously variable para-
metex;it is not invariant under reversible transformation of the para-
meter space.

This paper presents an apprcach to the problem of specifying
prior distributions within a parametric structuring and under indif-
ference conditions when the formulation i1s designed to serve as a
model for scientific inference. Heavy relilance is placed upon the

works of D. V. Lindley, of H. Jeffreys, of H. Raiffa and R. Schlaifer,
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and particularly of R. A. Fisher. An attempt is made to modify and
expand principles and proposals taken from these works and to inte-
grate them with other principles to furnish an acceptable procedure
for speeifying prior distributions under indifference for a wide
range of statistical models. The procedure suggested in this paper
appears to overcome the lack of invariance exhibited by Bayes postu~
late and to satisfy some heuristic criteria which may be reasonably
demanded of an indifference rule. The question of the interpretation
of mathematical statistical statements in applications is considered;
and a duval mode of interpretation of the Bayesian model is proposed.

The indifference procedure is applied to one and two parameter
normal models, uniform and exponential models, Poisson and multi-
nomial models, normal regression models, and several other models.
It is not proposed or supposed that this paper contains any final
statement on the general problem of indifference specifications. It
is suggested, however, that the proposed procedure yields reasonable
specifications in the relatively wide range of cases considered and

may be capable of further extension and refinement.



CHAPTER IT

THE PARAMETRTC FORMULATTION

In this chapter we introduce and discuss the parametric formu-
lation of the statistical inference model and contrast the classi-
cal and Bayesian approaches to statistical inference. We associate
the real- or vector-valued random variable X, taking values x in
the Euclidean space ?% , with the possible outcomes of an experiment
performed on experimental units drawn from a defined population. We
assume that a distribution function M(x) and a corresponding deusity
function m(x) (with respect to a fixed measure defined on the Borel
sets of i% ) may serve as an adegquate probabilistic representation
of the relative frequencies of the possible outcomes of the experi-
ment. When M is known, no statistical problem exists, as the proba-
tility of any collection of outcomes may be calculated. When M is
unknown) & statistical problem exists and may be approached in various
Ways .

An important consideration is the character of the assumptions
which the statistician is willing to make about M. A common assump-
tion is that M Ybelongs to a class ??, of distribution functions and
that these distributions may be indexed by a real- or vector-valued
parameter © ¢ (E) . By this is meant only that there exists a one-to-
one correspondence between the points of the parameter space and the

distributions in ié% . The parametrization of a class of distribu-
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tions, however, is nnt unique, Any reversible transformation on (29
may be taken as an indexing puvametor for f%? . The choice of a
particular parametrization has been subject to convention and con-
venience but not to logical specification.
For example, let ﬁ%g be the class of normal distributions with
density functions indexed by the parameter ¢, and written as

-1/2

mc(x) = U-l(gﬁ) exp(-xg/Ece), wo < x<w, 0<o <o, (2,1)

In this particular formulation the chosen parameter o corresponds
to the siandard deviation of the distribution. ﬁa%f could, however,
have been indexed by o = 62, the parameter corresponding to the
variance, by B = 6-2, the parameter corresponding to the precision,
or by A = ~ log o/2re , the parameter corresponding to the (Shannon)
information of the distribution. Often a parameter is chosen to corres-
pond with a mcment or other important characteristic of the distribu-~
tion, or otherwise simply for convenience, A parameter usually does
indicate some kind of ordering of the densities, however, and there-
for it is reascnable to consider only a somewhat restricted class of
possible transformations, We shall assume that there is some natural

parameter © = (8., 6., ..., 6 ) and shall restrict ourselves to mono-
1 r

2}
tone and differentiable transformations A, = @(ei) such that m’(ei)

J J

real numbers. This last requirement will not be necessary for some

b.
may be expressed as the finite sum X aj 6 J where a, and b. are

examples, or simpliclty of development we shall further assume that
(E} is an u~dimensional interval. Finally, we assume that the scale
of measurement of the random variable is fixed up to a linear trans-

formation.
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The specification of the class fZZ involves an assumption about
M which presumably is made on the basis of prior knowledge. This
knowledge may have been gained in a variety of ways. We may have
sufficient knowledge concerning the physical process generating the
random variable to completely specify féz?. For example, the assump-
tions of the Poisson process may be valid and hence’%%? may be the
class of Poisson or negative exponential distributions, depending on
the nature of X, We may have considerable experience with similar
experiments or processes and hence may find it useful to use this
information as a basis for specifying’?é? by analogy. Finally f%%?
may be obtained by empirical curve-fitting based on previous observa-
tions of X,

The specification of the population, the experiment, the sampling
rule, the random variable, the restriction of M to a particular class
é%? s the specification of the dominating measure and associated metric,
and the specification of the parameter element © will be referred to

as the parametric structuring of the statistical inference problem.

For purposes of this paper sampling will be restricted to simple ran-
dom sampliing, and the dominating measure will always be either Lebesgue
or counting measure, The distribution function MG will be called

the model distribution,and the corresponding density My will be

called the model density. Thus, the model density will either be

the usual probability density function of a continuocus random variable

or the usual frequency function of a discrete random variable,



The assumptions used to specify the model are not, within the
inference procedures to be discussed, subject to modification on the
basis of the data. Ideally these assumptions would . represent only
certain and exact knowledge. The statistician, in employing a model,
is using & necessary, convenient and useful fiction. He must com-
promise between accuracy and convenience in choosing a model and
then subject it to continuing re-evaluation based upon inference
drawn from outside the model. Thus all inferences made using these
procedures are conditional inferences, conditional upon the accuracy
of the model.

On the basis of the information available to him, the experimen-
ter will design an experiment and specify measurements to define a
random variable. At times either the experiment chosen or the measure-
ments specified will not be such as to utilize all of the prior certain
knowledge. For example, the experimenter may know that the process
under study could yield measurements which would be very nearly nor-
mally distributed. However, for convenience or by necessity, he may
choose to limit himself to measuring whether a resultant value is
greater than or less than some fixed value, that is, he specifies a
binomial model instead of a normal model,

Alternstively, a normal model mey be appropriate, but all obser-
vations outside certein limits are truncated (or censored) so that
a truncated normal model is in fact appropriate for the experiment as
actually performed. A third example is provided by & multinomial ex-

periment in which draws are made from an urn containing balls of



several colors, but a record is made only as to whether or not they are
black: or sampling from the urn may be inverse rather than direct, in-
ducing a negative binomial rather than a binomicl model.

The term experimental mcodel may be used to refer to the model

opropriate to the experiment as performed and measurements as taken.

The term informational model may be used to refer to the model approw-

priate to an experiment and resultant measurements vhich are such as

ct

o incorporate all prior certain knowledge. TFraser {1962) has also
expressed this kind of idea in a discussion of a paper by A. Birubaunm.
For the purposes of this paper it is assumed *that the experimental
model is identical with the informational model. More generally it
would seem necessary that the Bayesian parametric structuring be
determined with reference to the informetional model when the experi-
mental and informational models differ, The technical problems in-
volved in this case will not be gtudied here,

The classical approach to the statistical. inference problem in
its parametric formulation has been to consider the primery statistical
problem to be that of drawing inferences about 6, without recourse
to pricr distributions or considerstions of actions or attendant losses.

The inferences are usually expressed in the form of point estimates,

interval estimates, or tests of hypotheses., TFor convenlence, the term

classical aprroach will be used to denote the theory employing just

these and related techniques, It is thus distinguished from both the

decisicn-theoretic approach and the Bayesian approaches.
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From & purely methematical point of view, the theory underlying
the classical approach scems unimpeschable. Yot there hes been a con
tinuing and particularly voecal criticism of these techrniques by those
who find a discrepancy between the valid interpretations of classical
theory and the requirements of scientific reporting or individual
decision meking. A generwl agreement with a number of these criti-
cisms underlies & motivation Ffor the research reported here; however,
neither an appraisal nor a review of all cf these criticisms is
attempted. The major adventuges and disadvantages of the Bayesian
approach as compared to the clagsical approach will be sketched,
though not in detail. No further reference will be made to the de-
cision~-theory approach as it is not primarily designed for purposes
of scientific inference (Lindley, 1050).

In the Bayesian approach the parametric formulation is as in
the classical approach; In addition, it is assumed that there is
specified, a priori, a probability measure on the Borel sets of (B) s
and that the model density me(x) is regarded as the conditional
density of X given €. The dominating measure is usually, and here,
assumed to be ILebesgue ueasure and the corrvesponding density function
will be denoted by b(€). The joint density of (X, ), of continuous
or mixed type, is thus given by me(x) b{8). (We do not distinguish
the random variable © and its values.)

The joint density function of n independent observations, as

a functicn of the vector of observations for fixed @, is denoted by
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,
b

n

me’n(E) = i};n Hle(xi), n = l, 2, 5, oo . (2.2)

This same expression, as a function of © for fixed x, is called

the likelihood function. The prior vnconditional density of a sin-

gle observation,to be called the (prior) fiducial density of X, is

defined by

f(x) = (ime(x) b(0) as ; (2.3)

W

Given a vector of n observations X, the posterior density of ©

given X, is given by

me (%) D(8)
by(8) = —2E » no=1,2,3,..., (2.1)

ufme’n(§) b(e) as

(where x has been suppressed in the notation bn(G)). This formula

is known as Bayes theorem. The posterior fiducial (unconditional) den-

s e e

sity of X is given by

fn(x) = (\me(x) bn(e) 49 , 0 = 1,2,35040 o {2.5)
z

\,

The definition of the random variable X and the selection of
the indexing element € are often such as to restrict the domains
of X and © to some subset of their respective spaces. The region
f%ﬁ (or (D) of the definition of X (or 8) will be referred to as
the spectrum of X (or 6). The spectrum is thus the region of (possi-
.

bly) positive density. The sequence ?Abn(9)7

§

bo(e)-: b(8), will be called the sequence of Bayes densities. Ths sew-

) n = Ogl,2§eac)

Tence g;fn(x)né s 0 = 01525004, fo(x)~::f(x), will be called the
3

sequence of fiducial densitles. The letter b will be used to denote
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any Beyes density, n to denote any model density, and £ to denote
any fiducial density without implying the identity of densities thus
denoted,
Given a prior Bayes density b(O), it 1s possible to comblne the
implied evaluation of prior information with the cobtained experimental
results to obtain posterior evaluations of © (or X) through the pos-

terior Bayes density (or fiducial density). Point or interval esti-

mates of any parameters or tests of simple or composite hypotheses about

any parameters may thus be obtained by an appropriate integration.
Such posterior evaluation is, under very general conditions, ccnsis-
tent, in that the posterior Bayes distribution approaches, with pro-
bability one (M), & point distribution on the true parameter value
and in that fn(x) approaches, with probability one (M), the true
density m{x). An importent necessary condition is that ©(8) be
positive, almost everywhere, throughout (ED (that is, that Lebesgue
measure be dominated by the prior Bayes mﬁasure). Prior Bayes densi-
ties having this property will be called adaptive.  This requirement
ccerresponds to Jeffreys! convention that no possibility be excluded
a priori. A general discussion of the question of consistency may be
found in Le Cam (1958); however, direct verification of such consis-
tency is not difficult for any of the examples treated here.

A second desirable property of Bayes procedures is that they
depend on the sample only through a sufficient statistic, By the

Neyman factorization theorem we have

e o(2) = By(x) kg (e)
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where 8 = s(x) ¢ Sn (the spectrum of the sufficient statistic) is
sufficient for © and hn(g) does not depend on ©. We assume the
existence of a sufficient statistic of fixed dimensionability for n
sufficiently large. Then the factor hn(g) cancels out in (2.4) to

yvield

kg ,{s) b(0)
b (0) = —22n : . (2.7)
{‘kg’n{s) b(0) as

l

s

The function kg n(s) is called a kernel of the likelihood (Raiffa and
, oL

Schlaifer (1961).

A third desirable property of Bayes procedures is that they de
pend only on the joint likelihood. Thus, given a prior Bayes density
b{8), and a likelihood function mG,nl(§)’ the resultant posterior
Bayes density bnl(e), if used as a prior Bayes densgity with a new
likelihood function me,n2(§), will yield the same final posterior
Bayes density as if the data yielding the two separate likelihood
functions were pooled to yield a single likelihcod and combined with
b{0) to yield a posterior Bayes density. More generally the posterior
Payes density does not depend upon the order in which the data were re-
ceived, the sampling or sequential stopping rule employed, or considera.
tions of what results misht have been obtéined from the experiment,
but only upon the experimental model and the actual results obtained,

as summarized in the likelihood kernel. (This is in keeping with the

likelihood principle, e.g., Birnbaum, (1962).)
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The problem of mulbiple comparisons dues not arise in a Bayes-
ilen analysis. Since the joint posterior Bayes density of all para-
meters is available, the statistician is free to transform this
Jjoint density to one on any other set of parameters more appropriate
to the statements he may wish to make. A suitable region in this new
space may then be defined so that the integral of bn(G) over this
region is not less than some fixed level. Individusl statements can
then be made marginally about each of the parameters involved with
total probability as given by the joint statement.

Finally, and most importantly, the Bayesian approach permits
direct probability statements about any parameter of interest. The
primary criticism of classical theory is that it does not permit
direct provability statements about © but rather requires inferences
about © based to a large extent upon a logic which Fisher (1956)
points out to be a simple disjunction. For example in classical hypo-
thesis testing if the data fall in the rejection region, having small
probability under the null hypothesis, either a rare event has occurred
or the null hypothesis is not true. This constitutes a disjunction,
and hence we infer that the null hypothesis is not true. However, no
direct statement about © is made nor is one possible, and even after
‘the conclusion of the disjunction is asserted,nothing is said about the
relative credibility of various subsets of C) . In the Bayesian ap-
proach the credibility of any hypothesis set can be determined. On
the other hand the advantages of the Bayesian approach are all depen-

dent upon the availability of a prior Bayes density.



CHAPTER IIT

DEFINITIONS OF PROBABILITY

3.1 Semantics and Syntactics

In this chapter we discuss the meaning of probability and intro-
duce a dual mode of interpreting the Bayesian model. The Bayesian
approach to the statistical inference problem has been subject to
criticisms other than those involving the difficulties in specifying
the & priori probabilities. These criticisms have not dealt with the
mathematical validity of the theory, which seems as unimpeachable as
the mathematical validity of the classical theory, but rather with
its applicability. Thus, given the availability of a prior Bayes
density, the question of relative applicability is essentially the
sole basis for comparing the relative merits of the two theories. To
clarify this point it is convenient to review scme fundamental princi-
ples of mathematical logic and to introduce certain definitions. Mathe-
metics proceeds by means of the axiomatic method by which a purely ab-
stract theory is developed deductively on the basis of the specifica~
tion of certain elementary entities, the assumption of certain rela-
tlons among these entities and the acceptance and use of a formalism
of logical deduction. The sole necessary requirement of a valid
mathematical theory 1s that it be consistent in that no logical contrg

dicticns are derivable in it, It is in this sense that it has been
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said that the mathematical validity of both the classical and Bayesian
theories geem vnimpeachable.

The axiomatic development of probability theory requires a defini-
tion of probability within the mathematical system. This will be termed
the syntactic definition of probability. A syntactic definition of pro-
bability based upon the theory of measure was first proposed by Kolmo-
goroy (1933) and advocated by Cramer (1946), Doob (1941), and others,
and 1s now the generally accepted axiomatic formulation. Within this
theory, probability is simply a normed measure defined on a fixed
o-algebra of sets,

The use of any abstract logical system in the study of the physi~
cal world requires the establishment of a correspondence between the
elementary units of the abstract theory and the physical elements un-
der study. The axioms of the abstract theory must further be chosen
so as to conform with known simple behavior of the physical elements.
The establishment of this correspondence between axiomatic probability
theory and the physical world invclves the specification of what will
here be termed the semantic definition of probability. Classical

theory has been associated with what is known as the relative frequency

(semantic) definition of probability. Bayesian theory has been asso-

ciaved with essentially two semantic definitions.

3.2 TIrequency Probability

The frequentist view of the application of the probability calcu=
lus has been dominant throughout this century. TIndeed the feeling had
been so intense that this was the only legitimate application of pro-

babllity theory that it is only within the last several years that any
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widespread effort has been made to employ techniques applicable to
any other definition. Two unfortunate results ensued from this pre-
occupation with frequency interpretation. The first was the confusion
between syntactic and semantic probability which led to the attempt
to give & syntactic definition of probability in terms of relative
frequency. The second was that the number of new developments in the
Bayeslaun syntax since the time of Iaplace has been severely limjted.
Important contributions have been wade, particularly by Jeffreys and
more recently by a number of writers, but the work of a fev men could
not match that of an army of frequentists; In confronting an applied
inference problem today the statistician may be forced to employ a
classical procedure whether or not he considers it really appropriate
because the corresponding Bayesian procedure has not deen derived.

The frequentist theory requires that every provability be inter-
pretable as the Llimit of a relative frequency. If it is said that
the probability is p that a ball drawn from a hypothetical urn con-
taining an infinite number of balls will be red, then this must mean
only that the observed proportion of red balls from an arbitrarily
large sample of balls must almost always be arbitrarily close to p.
No other interpretation is permitted. For detailed exposition of this
theory one may refer to Carnap (1945), Von Mises (1939), and Reichen-
btach (1935). For interesting evaluations of its limitations in statis-
tical inference one mey read Savage (1954), Raiffa and Schlaifer (1961),

Birnbaum (1962), and the discussions by Good following the last paper.
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3.5 logical Probebility

The first semantic definition epplicable to Bayesian theory

has been termed logical probability and may be associated with

the works of Bayes (1763), Iaplace (1820) and Jeffreys (1961).

The second has been termed personal probability and may be asso-

ciated the works of Ramsey (1926), De Finetti (1937), Good (1950),
Savage (1954) and Schlaifer (1959). Comprehensive explications of
these semantic definitions may be found in the works of Jeffreys
and Javage. A short but stimulating survey of semantic definitions,
together with a vigorous discussion of the axiomatic method, may be
found in Good (1950).

In simplest terms logical probability involves the meking of
numerical statements concerning the relative credibility of hypotheseés
(parameters), given all prior and experimental data., A satisfactory
explication of logical probability is dependent upon the availability
of a satisfactory Bayesian postulate. A proposed theory of logical
probability is tested by verifying its internal cousistency and by
verifying that simple derivations from the Bayesian syntax lead to
intuitively pleusible interpretations. Having validated these simple
derivations we would then be inclined to believe that more complex
derivations would yield meaningful and valid results, though in these
cages our intuitions may not be sufficiently schooled to judge, It is
because of this limitation on the scope of cur intuition that we re-
guire a thecry. For this reason each mathematical result obtained

requires semantic validation. A4 single important example which
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grossly offended our intuition would be sufficient to question the
generality of a theory of logical probabilllty provided we were con-
vinced that our intuiltions could not be enlightened to eliminate
the offence. Fortunately, the ease with which intuition can adapt

to interpret and explain mathematical derivations 1s remarkable.

3.4 Personal Probability

Personal Probability has to do with the risk-taking behavior of
an idealized rational person. If it is said that your personal pro-
bability that a ball drawn as in 3.2 will be red is 7p, then this
means that p/(1-p) is the odds that you would "barely ke willing to
offer” for a red ball against another ball (Savage, 1962).

A convenient way of classifying a Bayeslan theory as pertaining
to logical probebility or personal probablility may, following Savage;
be based upon the theory's proposed method of specifylng the prior
Bayes Gensity. If the specification is based upon the experimental
or introspective evaluation of a person’s a priorl beliefs concerning
the relative credibility of the available hypotheses, then the theory
will be considered to be a theory of perscnal probability. If the
specification is based upon cohsideration of symmetry or indifference
in the spirit of Bayes postulate and modificaticns based upon prior
dats, then the theory will be considered to be a theory of logical
probability.

The problem studied in this paper is that of specifying the
prior Bayes density under indifference when 1t is supposed that the
resultant statistical model 1s to be used for the evaluation of scien-

tific datae. It is important to note that we are dealing with a problem
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in the area of statistical inference theory as opposed o statistical
decisicn theory (Lindley, 1956). While it is possible that some ulti-
mate action may be taken on the basis of The inferences drawn, 1t
would be desirable that these inferences be made independently of
any considerations of possible actions or resultant losses. The pro-
position (Savage, 1962) that a person faced with a choice of actions
must rationally behave "as if" he had some prior distribution and
some loss functicn seews reasonable, but it seems equally reasonable
that, for the problem discussed in this paper, the prior distribution
must be free of personal bias.

A second consideration precludes the adoption of the personal
pproach. Often it is desirable to assume no prior knowledge, not
because there is none, but because there is too nuch. Several theories
may hove been proposed and several sets of contradictory data may be
available, each supporting a different theory. In this context it may
be convenient to disregard all prior data, in which case the indifference
requirement is clearly one of symmetry with respect to the possible
theories., This consideration really only underscores the idea that
scientific inference involves group inference; hence prior Bayes dis-
tributions cannot properly be determined on the basis of pewsonal bias,
and thus, for the purposes of scientific inference the reguirement
is for a theory of logical probability with respect to statements about
parameters.

We have purposely eschewed the use of the commonly used terms

subjective and objective prcbability. Bayes methods, whether serving
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as a model for logical probability or for personal probability, may
be elther subjective or objective depending upon how the prior Bayes
density is determined. 1In the case of personal probability, if the
prior Bayes density is determined by the introspective evaluation by
the person concerned of his beliefs, then the method may rightly be
called subjective. If however his bellefs are obtained experimen~
tally through a measurement of his behavior, then the method may
rightly be called objective. 1In the case of logical probability if
gpeclfic prior data are combined with a satisfactory Bayesian postu-
late to produce a prior Bayes density we may term the method objective.
If some "general consensus of opinion" concerning current available
data about the parameter is used to modify a prior density obtained
from a sotisfactory Bayesian postulate we may term the method subjec-
tive. The term subjective probabllity is taken (by some writers) to

te synonymous with the term personal probability

3.5 Flducial Probability

Classical theory and current Bayesian theories deal primesrily with
techniques for making inferences 3922&.9‘ But © dis, generally;
nothing more than an arbitrary indexing eiement of the class ;5%f, which
may happen to correspond to an ilmportant characteristic of the distri-
bution, and as indicated in example (2.1) the correct choice of para-
meter is often not clear. In light of the structuring defined above,
it would seem that the more fundamental subject of interest is the
random variable X or values thereof in future repetitions of the

experiment., This concept was introduced by Novick (1962), and later



and independently a similar idea was suggested by Fraser (1962).

To understand nature is to predict successfully, and the proof
of understanding is valid prediction, We therefore submit that a
realistic prime object of inference is to provide a prediction model
(which we small termvfigggigi) to be substituted for the true bub
unknowvn model specified by M. In line with the classical apprcach
we nay describe this approach as one of estimating the true model
density function m(x) by the fiducial density function fn(x). The
point is not whether it is possible, by use of classical or Bayesian
techniques, to make statements about X, or to estimate m(x), but
rather whether the assertion of these statements is considered to be
of first importance in formulating the inference procedure., In the
Bayesian approach we propose that any indifference principle be con-
sistent with this concept. The technique for utilizing this idea will
be presented in Chapter IV. Of course, fiducial prediction does not
preclude Bayesian logical probability inferences about parameters.

The use of the posterior marginal (fiducial) demsity of X first

appeared as the law of succession, laplace (1820), and has played an

important part historically in the evaluation of proposed indifference
rules. The idea of asserting statements about & and statements about
X in a completely symmetric manner was proposed by Fisher (1933) in
his discussion of the fiducial distribution of the (n+l)-st observation.
Qur choice of the term fiducial for this density is based upon our
interpretation of this neglected aspect of Fisher's work.

Although fiducial statements may be considered as logical proba-
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bility statements about the (n+l)-st observation, they are capable
of certain direct frequency interpretations. If after each observa-
tion from one fixed urn we use the fiducial density to predict the
next observation, for example by predicting that the next observation
will fall in the centrel (l-o)-interval of the fiducial density, then
the continvation of this process will lead to a long run relative fre-
quency equal to (1-at) of (n+l)-st observations falling in the predicted
(lna)minterval, provided the conditions for consistency are satisfied.

More importantly, at least one example exists in which an exact
(not long run) frequency interpretation of fiducial statements is
possible., Suppose we had available a large number of urns from which
we could draw objects having associated with them a random variable
which was normelly distributed with unit variance but with unknown
means, which might be different for the different urns. We then draw
n observations from an urn, compute a central fiducial (l-o)-interval
and then determine whether or not the (n+l)-st observation from that
urn falls within that interval. If the prior Bayes density of the mean
¢ Tor this urn is uniform (end hence improper ~ see Chapter IV), then
the posterior fiducial @ensity of Xn+l is normal with mean En

(sample mean of Xps aees Xn) and variance (n+1l)/n. By direct elimina-

S

tion methods we would find that the true distribution of ?ﬁ - Kn+l is
normal with mean zero and variance (n+l)/n, independently of pne Hence
it follows that the probability that the (n+l)-st observation falls in

the central (l-o)-interval of the fiducial density determined by the

first n observaticns is exactly 1-o, and hence the relative frequency
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of occurrences of this event over all urns is exactly 1-¢. We shall
Tind that the principles proposed in this paper lead to the above
prior Bayes density for y.

Fraser (1960) has used a similar derivation for the one-parameter
normal case to demonstrate a quite different frequency interpretation
of fiducial probability. The basic difference between fiducial Pro-
bability as proposed above and as considered by Fisher and Fraser is
that the system proposed herein is avowedly Bayesian, whereas Figher
has denied that his fiducial probability is related to the Bayesian
approach except by coincidence, and ILindley (1958) has.verified the

extent of this coincidence,



CHAFTER IV
AN INDIFFERENCE PRCCEDURE

L.l Indifference Invariance and Improper Densities

In this chapter we review, re-interpret and extend a number of
principles from the Bayesian literature and integrate them into a
Bayesian indifference procedure.

The Bayes postulate was first stated for a problem which invelved
a class of densities most naturally indexed by a paremeter whose spec-
trum was & bounded interval, For this case a proper uniform density
could be defined on this space and taken as the prior Bayes density.
Such a density expresses a kind of indifference. Other problems, how-
ever, lnvolved densities more naturally indexed by parameters having

spectra cf infinite extent, a simple example being the normal model
mH(X) = (eﬂ)~l/2 exp "[@X‘U)e/eqlmm <x<e, ~o <y <o, (k1)

in which the parameter | takes values in an infinite interval. A
second case is exemplified by (2.1) in which the parameter o takes
values in a semi-~infinite interval. 1In these cases it is not possible
to define a proper uniform density over the parameter space; however,
an ilmproper uniform density way be defined instead.

We define an improper or unnormed density as any non-negative

(measurable) function g whose integral does not convaerge. A cone

stant ¢ is an improper uniform density on any interval of infinite
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extent. Since the posterior Bayes density will be independent of
any constant multiplicative change in the prior density it is unim—
portant what positive value ¢ +takes, Indeed we shall always use
the constant ¢ to indicate an improper uniform density even when
considering more than one such density and even when the constants
cannot be the same.

Improper densities have long been used in Bayesian theory.
Jeffreys extended Bayes postulate to parameter spaces of infinite
extent by postulating that a parameter on (- =, ®) should have an
improper uniform prior density and that a parameter © on (0, + =)
should have the improper density Gul, or equivalently that A = log ©
should have a uniform density on (- », @), The use of improper densi-
ties has not seemed unreasonable, particularly in that, if properly
chosen, the posterior demsities are proper after an appropriste num-
ber of observations. It is, for example, easily verified that with the
improper uniform prior density for p in (k.1) the posterior density
of p, given & single observation x, is proper. Similarly in the two
parameter normal case, when the parameters (u, A) corresponding to the
mean and the logarithm of the standard deviation are chosen,we find
that a joint uniform density on (p, A) will lead %o an improper jolnt
density after one observation, but a proper conditional density of U
after one observation, and a proper joint density of (u, A) after two
observations. This second example seems consistent with the idea that
one observation yields no information about the degree of spread of =a

normal distribution with unknown mean.
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Another motivation for considering improper densities is the desire
to obtain closure for certain parametric classes of densities. Thus IF
gU(y) is the normal density with zero mean and standard deviation o
(0 <o <®), it is useful to extend the definition of the density to
permit a limiting density as o tends to infinity. Since the relative
density at any two points, gG(yi)/gG(yE), tends to a finite 1limit,
namely unity, we say that the limiting (improper) density is defined
as the (improper) uniform density. In general, if 8gs 0 ¢ QD is a
proper density except at a boundary point 6, but ge(yl)/ge(yQ) tends
to a finite limit r(yl, ye) as © tends to 60, then any improper
density g for which g(yl)/g(ye) = r(yl, yg) is called a limiting

improper density. Similarly, if for some other value of ©! ¢ (gb R

89:(Yl)/8e,(y2) is a finite function r'(yl, yg), then any improper
density g' for which g’(yl)/g‘(yg) = r’(yls yg) is called an im=-

proper density corresponding to the point gl. In this manner we may

supply natural closures and extensions to parametric classes of proper
densities. We shall later show how these extensions are uniquely
determined. BEven if we permit improper densities, the problem of in-
variance of Bayes postulete is hardly less crippling. Jeffreys' pro-
posal that a parameter 6 on (O, + =) have the prior Bayes density

9-1

does remain invariant under power transformations on © since,
with w = er, o also has prior Bayes density w"l for w in

(O, @), but this is the extent of the invarience obiainable. Jeffreys
(19&8) also proposed that the initial probtability density be taken as

proportional to the square root of the determinant of the Fisherian ine

formation matrix. This rule however leads to contradictory specifica-



27
tions in some cases and the arguments employed by Jeffreys to resolve
individual cases must be considered ad hoc. There does not appear to
be any general way of specifying prior densities which will be ine-
variant under any but severely limited classes of transformations. Thus
it might seem that the problem of lack of invariance is insolvable.

An alternative to finding a prior density exhibiting invariance
under transformation would be to determine which parameter should be
gubject to Bayes'! or some analogous postulate., If some rationale
could be discovered which cemanded that y and not uE; say, in (4.1}
should be uniformly distributed then the problem would indeed have been
golved. Now it might be tempting to say that a uniform pricr density
should be taken for whatever parameter seems of special interest to the
statistician (Lindley 1957, Kerridge 1961). But clearly this is not an
acceptable basis for a theory of logical probability. Agein reference
must be made to the fact that sclentific inference is a problem of
group inference and just as the detemmination of the prior distribution
cannot be subject to personal bias, it cannot be subject to personal
interest. Basically a parameter is merely an indexing element of a
class of densities. Hurzurbuzar (Jeffreys, 1061) has proposed a parti-
cular choice of parameter to be subjected to an indifference postulate
in exponential class models, but little rationale has been given for
this choice.

L.2 Natural Conjugate Bayes Densities

Raiffa and Schlaifer (1961) have furnished a rich formalism for

the Bayesian analysis. TFor the purposes of this paper the essential
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feature to be emphasized is the theory of natural conjugate Bayes

densities (NCED). The function ke,n(s)’ defined in 2.6, has been

termed a kernel of the likelihood. Suppose that ?Ke’m(s’) ae
®

exists (finite) for m = my+ 1, m + 2, +.o and for st ¢ 8,0 where

Sm is the space of the sufficient statistic s when the sample size

is m. BSuppose also that the definition of L m(s’) can be extended
2

R * #* .
in sore natural way for all nm > m., sé € Sm where Sm is the

m
smalliest interval containing {J ;. We shall then temm X, m(sﬁ) a
f =l R 2
kernel of the NCBD defined by
ko (sF)
b () = —22 (4.2)

— :
ﬁjlxe,m(sm)de

*
for all real m>m_ and s' e S, and b (0) will be called a
o n il 1

natural conjugate Bayes density for M If ke m(s&) is not inte~
2

ec

grable we will still consider it to be a keynel of an improper density.
The existence or non-exlistence of this integral for various values of
m generally depends upon the choice of parameter.

For the models studied in this paper there exists a natural selecw
tion of the sufficient statistic which completes the definition of {4.2)
for m > L We shall use the symbol x in the kernel of the likelihood
and the symbol 2z as the snalogous quantity in the kernel of the NWIBD,
similarly m will replace n and z = 2 zi/m will replace X = 5 xi/n.
The analogs of the sufficient statistics are thus the parameters of the
NCBD. TFor convenience we shall consider the sample size n +to be a

component of the sufficient statistic, and hence m will be coasidered



to be one of the parameters of the NCED.

To exhibit the general properties of the NCBD it is counvenient
to consider the example of the Bernoulli model. We have, as the joint
likelihood of n obsexrvations,

X Ix n-Lx,

! %y 1 i
@an9==il » ~(1-p) p “(1-p) «

il

Then kp n(s) = p (1-p)""® vhere s =3 %, =0, 1, «cey n. We then
2

define the NCBD as

b, (p) = p” (1-p)"" (4.3)
B(z+1,m~241)
for 0<z<m 0<p<i, m > 0. The extension of the definition for
non-integral m and 2z seems natural enough. The density (4.3) is 2
beta density of the first kind with parameters z and m-z. If (4.3)
is taken as the prior Bayes density then the posterior density of p

given a sample of size n and x successes is
Xt o p)(m+n)-(x.+z)

b (p) = & - s
B(x+z+l, [mn/-/ x+z] + 1)

which again is a beta density, now with perameters (x+z,/ mn/-/ x+z7).
The advantages of the use of a NCBD as & prior Bayes density when a
NCBD exists becomes apparent from this example.

1. They are analytically tractable in that we can obtain

a clesed form expression for f£(x) and bn(a)e



2., The kernel of the prior density combines with the kernel
of the likelihood in exactly the same way that two sam-
ple likelihood kernels combine,

3. The NCBD class is closed under random sampling; hence
the entire class of prior and posterior densities may be
denoted by (4.2) for m > m, and s! e SZ . The class
of fiducial densities is similarly determined.

A nore formal and extended dlscussion of these points may be found in
Raiffe and Schlaifer (1961).

1et m, (an integer) be the smallest value such that bm is
defined for m > m e To demonstrate the technique for extending the
NCBD class for non-negative integral values of m < m, We now con-
sider a second example., TFor the two parameter normal model with para-
meters u, the mean, and XA, the logarithm of the standard deviation,

we shall obtain

Tz, mgny ~ %8 z,)2
=3 - 1 . N 1
for m>1, -« <7z (= — Y <oy, 0<7v = =

®

) <o

For m = 1, consistent with definitions to be preseuted in 4.3 we shall
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2 e R 2 - 2
have Tz, -mz" =0, l.e. = z; = (= zi) . Then bl(ul, hl) /

. - 2N
-\ - M1 2
hY l 2 - - % w 7
by (s M) = [ He 27 TG Ly I

-1

orN
2,1 2
e (5) [ My, z/ 7

. Hence define

Y 2

2N 20 L 3
bl(p'}}\) = /e _ e"e ("é‘/ [p'l 57 . The:ﬂ -b (}\) = 1 and
o 1
/2w
bl{uik) = bl(u,x)« For m = O we have bo(ul,xl)/bo(ug,xg) = 1, hence

define bo(“,x) = ¢, The function bm(u,x), 0<m<1, will not be
defined as such definition 1s noct required for the theory to be pre-
sented in this paper. The second factor in the expressicn for bm(u,k)
is the conditional density of pu given A, for m > 1. We may extend
its derinition in a natural way to be made explicit later to values
0<m<1l,

The class of fiducial dersities is defined by

S A / _ . -
fm(x) = mee(x) bmae)de for m =0, 1, coop m  and m> w,
Thus in extending the domain of the NCBD class we automatically extend
the domain of the class of fiducial densities.

k.3 Minimum Prior Data

Raiffa and Schlaifer do not explicitly propose a Bayesian postulate.
Indeed, they would seem to indicate that they believe that a consistent
one is not possible (Raiffa and Schlaifer, 1961, p. 66, Schiaifer 1959,

p. 445). Yet the formalism which they have developed leads to a princi-
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Pple, which though it is not itself sufficient, will prove useful in
developing a consistent Bayesian procedure. This principle is at
least suggested by the choice of certain limiting operations taken
{e.g. Raiffe and Schlaifer, 1961, p. 278, p. 292, p. 302, etc.)

The analytic tractability of certain classes of Bayes densities
for certain models has long been known and the restriction of prior
densities to these classes has long been advocated on this basis alone.
The formalism of Raiffa and Schlaifer, however, permits a most fruiltful
heuristic justification., If we require that all prior densitics be
determined by prior data we might, for example, consider the quantities
m and 2z in (4.3) to refer to some prior sample of size m with =z
prior successes. It would be natural then to see what happsned as
m-->0 and 2z --> 0, with the restriction =z f m, i.e, to see what

happencd as the prior data went to naught. We obtain

zZ M2
lim p (1-p) -1, (4.k)
Meee> O B(z+1,m-2z+1)
Zwsr> O
Z § m

i.e. the uniform density, which agrees with Bayes postulate.

This type of procedure is quite generally applicable to natursl
conjugate Bayes densitles, though we shall in some cases consider
different limiting values than those taken by Raiffa and Schlaifer.
The choice of limits taken and the definition of the limiting values
will always be such as to be consistent with the principle that the

kernel of the Bayes density was determined by prior observatiocus.



g

\

3

So that the sample size parameter may have fractional values and
so that limits, as the sample size approaches zero, may be precisely
defined, we shall introduce explicit definitions of sums, products,
maxima and minima when the index has & non~-integral upper 1limit; any
other convenient definitions leading to the same limiting behavior
might do as well.

ILet m be positive and let mn,

.. be the largest integer less than

or equal to m. For any function w{z), let W, = w(zi), given
Z1s Zpr sees and suppose the supremum to the range of o is a, and

the infimum is b. We then define:

m

m *
(1) = o, = £ o, +(n-mn)a K
121 T 41 T m, + 1
m
)
. - i§l 1 "3 M~y
(2) ]:ll (Di = € = ( ]:D; a)i)(wm*'-}-l)
vhere w{ = log ws and ®, >0 ;
(3) max @ = max @ + (n - m )( max ®; - mX wi)
Lgm Loy i<me+l i<m,

where max wi = a ;

i <0

1

» .
(4) min o = - max(—mi)

i<nm i <m
= minm, - (n~ m, )(min ©, - nin o,
o - (8 - m)ain o, )
i < <
i fim% 1< m%+l i<m
where min @, = - max (nwi) =D .

i<o * 1 <0



Hence teking limits as m tends to zero, we have:

(J.)=O,

1 . m
(1) 1in Ti @

(27) lim]T\?zl w; =1

(3') 1lim max wy = a
i<m
(4') lim min w, =D

i<mnm

In particular, if the renge of z is (= ®, + »), then

lim max Z, = - ® lim min 2, = + ®© ,
m-->0 i <mn

These limits and the value m = 0 will be referred to as the null

values of the parameters of the NCBD. We shall refer to this procedure
of obtaining a prior Bayes density by allowing the parameters of the
Bayes density to approasch null values (which are consistent with the

interpretation of no prior data) as the principle of Minimum Prior Data

(MPD). 1In typical cases the application of this principle leads to a
pricr Bayes density which may be included in the NCBD class by the ex-
tension technique described in L4.2. The choice of prior density obtained
by this extension technigque will always be taken so that the posterior
density after n observations with sufficient statistic s will be
identical to the posterior density obtained by employing the general

form of the NCBD as the prior density to obtain a posterior density and
then evalvating that posterior density for null values of the parameters
of the prior NCBD. To illustrate, the NCBL for the location-parameter

noxmal model is
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b (u) =LZ exp(em (u - 2)2/2) for m>o0 .
The extensicn technique yields bo(“) = C, Now if bm(“) is taken

as the prior Bayes density the posterior Bayes density is

2N%, + LX
_ /mim = ¢ i i\ /o
bm+n(“) = w;;f exp [ ~ (m+n)\u - __m?azf_w.)/L ;7

which, upon evaluation for null values Zzi =0, m =0, 1is
X,
o (p) = L exp ~ n{p - jfw )/ 2
/2n
which is identical to the posterior Bayes density cbtained employing
the prior Bayes density bo(p) =C,
Unfortunately, this heuristic principle cannot stand on its own
as an invariant Bayesian postulate, Suppose € = ¢{p) is an allcwable
transformation for the parsmeter of the Bernoulli model. ILet p = T7(9)
be the inverse transformation; then a more general form of the likeliw

hood is

mg (%) = [(O)T /1 - TT{(e) 77F

and the NCBD for © is

O TR O s
bm(e) = » FTor

j [T 1 - (e 6

>0 .

=
v
5]

This implies



b (p) = \FZ (1-p)™% o' (p) . (k.5)

A

p” (1-p)"% o' (p)a p

Then To
4 H
Lim b (p) =—2 () -9 (p)
M0 | o(1) - ©(0)
Zees>0 o'(p)d p
z.f m

0
which will not be consistent with (4.4) unless © 4s a linear function

of p. The MPD principle is thus subject to exactly the same diffi-
culty as the original Bayes postulate.

Raiffa and Schlaifer have suggested that when there exists some
prior knowledge concerning the parameters that prior distributions
uight be chosen so as to conform with subjective betting odds that a
person might place on various values, However, accepting the idea
that the prior density is to be made up from knowledge gained from prior
observations, it would seem more natural, in developing a model for
sclentific inference, to select a prior density which correspondg to
an equivalence between our prior knowledge and the results of some
prior hypothetical experiment. That is, we might say that our current
knowledge concerning the parameter is approximately that which we
would have if we observed an experiment of a certain size and obtained
certain results, with no information prior to that. Since we have
extended the definition of the class of natural conjugates to non-inte-
gral m, we permit a continuum of prior informstion so that this class
way be sufficiently rich to adequately characterize prior data obtained

from non-independent chservations or non-equivalent experiments .,



b,k Minimum Dayes Information

In light of the parametric formulation adopted it is possible to
consider the Bayes problem to be that of meking the minimel possible
assumption about the process under study subject to the assumptions im-
plicit in the model. This may be thought of as choosing a prior Bayes
density which is miniwally informative. The amount of information in
a density function may be associated with the lack of spread in that
function., For example, a density which was almost entirely concentrated
o?er a small interval would tell us rather precisely what the value of
an observation from the associated population might be, whereas a density
function which was relatively flat over the spectrum of X would not
yield very precise predictions. In the first instence we would consider
the Cencity function to be very informative; in the second case we
would consider the density function to be very uninformaiive.

One possible measure of the degree of spread or leck of informe.
tion in a distribution is the variance of that distribution. It is not,
however, difficult to construct rather concentrated densibiss which
have ianfinite variance. A second possible measure of information is
that due to Fisher who defires the information in a sample as the expected
value of the square of the derivative of the logaritin of the likelihood

v 1ikelihood

funection. The important use of this function is in max
estimation and in the Cramer-Rao lower bound for the variance of an
unbiased estimator. As a true measure of informetion it is hardly
satisfactory since it defines the amount of information obtained as

being directly proportional to the number of cbservations. This cone
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tradicts the well-accepted principle of decreasing marginal utility
of successive equidistributional gbservations, that is, the fact
thaet the first n observations from a process yield more informetion
about that process than the conditional increment in information
afforded by the second n observations given the information from the
first n observations. The variance is preferable in this respect;
for example the variance of the mean is given by the variance of the
random variable divided by n, and hence the marginal decrement in
variance is a decreasing function of n, assuming the variance of X
is finite.

Another measure of the amount of information in a distribution
was taken from the work of Shannon (1949) and applied in a Bayesian
context by Lindley (1956, 1957, 1961, 1962) and by Kerridge (1961). A
related application by the physicist E. T. Jaynes (1957) seems to have
gone unnoticed by statisticians. If X has density f(x) (with respect

to Lebesgue measure );  then the information in £ is défined as

{f) = j‘f(x) log f£(x) dx (k.6)

or by the corresponding sum in the discrete case, The convention
f{x) log £{x) = 0 when £(x) = 0 is assumed. For a Joint density

h(x, v) the information is defined by

I(h) = SJ h(x,y) log h(x,y) dy dx (a7

%y
with the restrictions as above., The important defining relation of

the information measure is
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I(h) = 1(g) + C; 1(£)7Y)

where I(g) is the information in the density g(y) of Y and
é; I(f]Y) is the expected value with respect to the density g(y)
of the information in the conditional density of X given Y. It

has been shown by Shannon that, in the discrete case, I(f) is the

unique function, for fixed logarithm base, satisfying this condition

and a mild continuity property. It has also been shown that

1(h) > 1{f) + I(g) (4.9)

with equality if and only if X and Y are independent.

&y
If X has a continuous density with spectrum Zé'of finite
- 3
Lebesgue measure d, then the density f(x) = d l, X e ;f’ y with

-

information I(f) = - log @& is the (proper) density over A having

0

least information. If X has a discrete density defined over a finite
set of N points then the density f£(x) = N1 with information

I{f) = -log N is minimally informative over this spectrum. For con-
tinuous X, = @ < X <o, Var (X) fixed and Cg‘(x) arbitrary, the
normal density is minimelly informative. For continuocus X, 0 < X <
and g?(X) fixed the exponential density is minimally informative.
Tor discrete X, x =0, 1, 2, ... and &;(X) fixed the geometric
density is minimally informative, Finally, for discrete X, x = 0,
4l 425 e, Var(X) fixed, éi (X) arbitrary, the density proportional

to o 2(xm)

s &> 0, is minimally informative., The last demsity
might be called the discrete normal density. We note that many of the
Fayes densities encountered in this paper are minimally informative

densities.
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The infimum of the information function on an infinite set is
- @ and may be approached, for example, by taking a normal distri-
bution and letting its veriance go to infinity. In the continuous
case the supremum of the information function is infinity and may be
approached by letting the above variance tend to zero. In the dise
crete case the maximum Iinformation is zero, vhich is attained by a
density assigning probability one to a single point. The fact that
the limiting informetion as a density approaches a point density in
the continuous case is not the same as the information of a point
density in the discrete case ig cause for contemplation., Lindley
{1956) has shown that é?x;(bn) > I{b) where expectation over gs
is taken with respect to f(x). Finally, Rajski (1960) has shown
that information exists (finite) under a mild regularity condition
provided there exists an ¢ > 0 such that

. o)

Iz € m(x) dx <o .
S

FPor improper densities or densities not having moments of order
the Shennon information measure is not an adequate measure of spread
as the Shannon information need not be finite. It is apparent that
some improper densities are more spread out than others, and perhaps
the one with the most spread is ths improper uniform density. The
inadequacy of the Shannon information measure is nicely illustrated

by the following example: (onsider the density

me(;\) = _.._l.g_g._.._e_g_ 1<6<x<o , (k.10)
x (log x)
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It may be verified that this is a proper density, having no moments,
and that its information is minus infinity for all €, 1 <8 <o ,
By teking © very close to one we find that almost all of the pro-
bability is concentrated near one. One would not happily say that
this density was non-informative. VWhile such densities and improper
densities may be unimformative in the Shannon sense, it is clear that in
a wider sense some are more uninformative than others. In particular,
we accept the proposition that the improper uniform density is most
uninformative. In doing this we arve in effect assuming two levels of
measurement of information. When Shennon information is sufficient for
our purposes, we shall employ it; when it is not, i.e. vhen dealing with
improper densities, we shall introduce other ideas to discriminate
among densities,

A natural application of this theory to the Bayes problem would
be to require that a minimally informative prior density be chosen
for the parameter. We shall refer to this as the principle of Minimum

st o tm—

Bayes Information (MBI), If the spectrum of 8 is finite,this reduces

“o the Payes postulate. ILindley and Kerridge have specified that in

all cases the uniform density be taken)an& Kerridge has displayed an

interesting property of this specification. Since we have referred to the

uniform (proper or improper) density as most uninformative, we shall re-
quire, as our MBI principle, that a uniform density be taken a pricri.

More specifically we shall require a uniform density on the joint space

of all unknown parameters of the model. The invariance problem remaing,

hcowever, as we have not specified what parameters should have a uniform

density. Finally we note that the MBI principle is consistent with the
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restriction to NCBD's since a uniform prior is always a limiting
form of & NCDD 1f a NCBD exists. Morecver an MBI density is
always adaptive, as is a NCBD.

4.5 Minimum Necessary Sample

introduced by the following gquotation:

"Some clues on the nature of a prior distribution can
be obtained from statements that are commonly made

eee 1T 1s sadd that such and such an ohservation gives
no information about a parameter. PFor example it is
often said that a sample of size one from a normal dis-
tribution of unkznown mean and variance gives no infor-
mation about the variance ... . To a Bayesian this
presumebly means that the prior and posterior distri-

butions are identical.”

Lindley indicates his inability to do anything substantial with this
principle. We shall employ this kind of idea though for present
purposes we shall modify the statement somewhat. Iet us replane the
last sentence with the following:

To an information-theoretically-oriented-Rayesian this

presumably means that the Shannon information in the

prior and posterior densities are identical (or per-

haps in certain contexts, that the prior and posterior

densities are both improper).
By careful statement and application this principle will be seen to
be workable for important examples when used in conjunction with the

other principles developed in this chapter.
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In Chapter V we shall examine the normal wodels in detail; however
in order to introduce our method for utilizing the above general idea
it will be convenient to consider the location parameter normal model
here. A NCBD for the normal model (%.1) is the class of normal densi-
ties indexed by the parameters ({m, z). The expectation of this density
is z and the variance is (m+l)/m. Using this as a prior Bayes density

Zzi + in

the posterior density is indexed by the parameters {m + n, ) o

Clearly then, the entire class of Bayes densities can be characterized

by the improper and proper densities

-1

b (o) = /) en 7 % e [-ln - 5)%/2 (B9 7,

it

for m >0 and - <z <« and by bo(p) ¢ . Now bm(u) will be
proper for m = € > 0, however small. For m = O we have an improper
uniform density. It is not unreasonable to think of this as implying
that with the prior improper uniform denslty, the posterior demsity will
be proper after any amount of data, even an epsilonth of an observation!
Similarly in the two parameter normal model we Tind that the posterior
joint Bayes density will be improper after one observation, but proper
(with probability one) after 1 + € observations when the prior density
is joint improper uniform and the parameters are (u, N). If we were

to add a skewness parameter, presumably we would want to have an impro-
per joint Bayes density after two observations but a proper one after

2 4+ ¢ observations. We shall not attempt to meke explicit now just how
an epsilonth of an observation may be obtained; however it would seem

reasonable that two dependent observations would on the average contain
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more information than one observation provided that the dependence
was not complete and that these two observations would contain less
information, on the average, than two independent observations. Also
an epsilonth of an observation may be thoughtof in terms of a procedure
which tekes an observation with probability e and fails to take an
observation with probabllity 1 - €.

For most models studied we shall require that the joint Bayes

ensity be minimally-Shannon-inform tive after K-1 observations,

where K is the number of parameters in the model and more than mini-
mally informative after K-l+e observations. The multinomial and bi-
variste-normal models will not follow this pattern but will be seen to
be consistent with "statements that are commonly made". We specify
m,  to be the largest sample number (always an integer) for which the
joint Bayes density is to be minimally Shannon informative. The
Bayesian analysis presented in Chapter VII gives some insights into
why, for the multincomial model, m, = 0, regardless of the number of
categories,

We shall refer to this requirement that the posterior Bayes density
become more than minimally {Shamnon) informative at just the proper time

&8s the principle of the Minimum Necessary Sample (MNS). In multi-

parameter problems it will be most convenient to apply this principle
to appropriate marginal and conditional densities. For example, Tor
the two parameter normal model we will require that the conditional
density of . given A be proper for m = ¢, the conditional deunsity
of A given p De proper for m = €, while the marginal density of A

be proper only after m=l+e.
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We shall not attempt to give general rules for determining m s
freely admitting that this involves a real weakness in this principle.
However, no difficulties arise in many important examples, including
those treated herein. The heuristic idea is that m, should be one
less than the number of whole observations needed to "say something
about the unknown parameter."

For the improper uniform density the Shannon information is
-~ ®, zerc, or 4+« ag ¢ is < 1, =1 or >»L. The Shannon information
for the density x_l does not even have a definition as an extended
Lebesgue integral as

" ‘ P e

}gi X - - and log ax = 4o ,

~ 0y \‘

We shall be dealing with such improper demsities;and, in order to make
the proposed principles more precise, 1t will be necessary to define
the information in these densities in some consistent manner. We have
no difficulty in doing this as these densities are obtained as limiting
densities of a class of proper densities. It will be convenient then
to define the information in the limiting density as the limit of the
information in the sequence of densities; Thus for the cases Jdig-
cussed in this paper we shall define the information in these densities
to he = o, this being the above limiting information.

4,6 Minimm Fiducial Informstion

The fourth general principle to be reviewed is that due to Novick
(1962). This principle is based upon the idea that the central subject

of study should properly be taken to be the random variable itself and
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not some arbitrary parameter. (A similar suggestion has since been
made by Fraser (1962).) It was suggested that within the context of
the parametric structuring defined above a pricr Bayes density should
be selected so as to minimize the information I(f) in the fiduecial
density of X. Having specified a particular minimally informative [

the integral equation

2(x) = | mglx) B(6) a8 (h.11)

is ccnsidered, where f£(x) and me(x) are presumed known and b(6)
is presumed to be unknown., The problem of lack of invariance under
reparametyrization then disappears. It is replaced, hawever, by two
other problems. The first is the unigueness of solution of the inte-
gral equation (4.11) (assuming a solution exists). For the example
(k.1) a factorization of the density of a single observation

- -k 2 2
9

m(x) = (21) © exp - (x=1)?/2 = € ((22) % exp - (FE)) = M),

say, yields the eguation

P ]
i X (" -
0 = | M e fa
Hence f(n) b{y) and hence b(u) are unique by the general unique-

ness of bilateral Laplace transforms. For the Polsson model we take

e'xt (xt)x

x!

mK(X) = ‘t>0, }\.>O X=O;l’2,oae .

The equation (4.10) becomes
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e

£(x) = (AX f(x) an , say .

VY
The requirement that this equation hold for x = 0,1,2,... requires

that all solutions {(A\) have the seme moments and hence, since the
moment theorem is applicable the solution is unique.

The choice of a minimally informative fiducial density is more
difficult than that of the choice of a minimally informative Bayes
density. At times it will be possible to ob*ain a solution to (L,10)
when the fiducial density is specified to be uniform. If a unifoim
ficducial density can be obtained from some uniform Bayes density it
will be reguired, otherwise 'we will attempt to get as close ag possi-
ble to a uniform fiducial density". This principle will be called the

principle of Minimum Fiducial Information (MFI). Some difficulties

arise in applying the principle on its own, particularly in cbtaining
unique solutions to (h.ll) and in specifying the correct fiducial dene-
sity. We shall find, however, that its application in conjunction with
the other principles proposed in this chapter will be fruitful.

Since a uniform fiducial density 1ls often unobtainable,we will
often need to determine which of a class of improper densitles is
least informative. Ideally we would want some more general information
measure than the Shannon information measure in order to meke this dis-
crimination., Unfcriunately we know of none currently available. If we were
to attempt to meke such a discrimination over an arbitrary class of im-

proper densities,we would now find that task impossible. Within the

framework discussed in this paper, however, the problem seems less diffi~
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cult. We shall find that we need only make such a discrimination among
classes of densities which are rather obviously ordered in this respect.

To illustrate the logic we shall employ consider the densities
(k,10). Bach of these functions is a proper density though with
Shannon information equal to minus infinity. However, from an intui-
tive point of view there is no difficulty in making the needed discri-
wination. For 6 near one, almost all of the probability is concen-
trated near 6) and we must say that this density is very informative.
As © ‘lecomes large the density approaches a uniform density on (6,°)
and hence beccmes progressively less informative over its spectrum., IF
we reduce the class by restricting € to 1<6 < eo s then it seems
most reasonable to say that My is least informative.

o}

densities me(x) = x')(x >0), 0 <6, <90, we would say that mg  was

o
winimally informative., Also we say that ml(x)o:x“l - ax"? (x > 0) is

nmore informative than mg(x) crx "1 or more generally that mg(x) axt

-1 A
(x) o x " - ax , for

7

1s minimally informative in the class m5
a, r>0 (see 5.2).
We may note that the fiducial density is proper if and only if the

corresponding Bayes density is proper, for, formally,

m

Es @ ©)

The stated result is then a consequence of Fubini's theorem for pogi-~

gf (x)ax = c_)(x)b(e )30 dx = me(x)d.xb(e)de = { b {8)as .
} j m

tive functions. Additionally we may note that
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J fIl("}f) dl{n =

<\< A ; N
£ & -
exists 1f and only if | b(0)dd exists, where the first integration

o

n

. T mg(x, )b(8) ae
i=1

N

LR

o

is over the n-dimensional X-spectrum. Also Lindley has shown that

-

= N o

@ e > 1(f)

wvhere the expectation is with respect to f.

L,7 The Natural BRayesian Structuring

In this chapter, we have introduced four principles which might
be considered in the selection of a parametrization and a prior dis-
tribution therecon. In sumary these four principles are:

(1) Minimum Prior Data (MPD) - the prior density shall be deter-

mined as a limiting NCBD, i.e. by taking nuil parameters to reflect
the idea of no prior data.

(2) Minimum Bayes Information (MBI} ~ +the prior density

should be uniform over the (joint) spectrum of all parameters.

(3) Minlmum Necessary Sample (MNS) - the Bayes and fiducial densi-

ties should be winimelly (Shannon) informetive when the number of obser-
vations n = 0,172,.0.,mo is less than sore postulated value m, but
more then wminimally informetive for all values n > m, .

(%) Minimm Fiducial Informetion (MFI) - the prior fiducial demsity

snould be minimally informative, subject to the restrictions imposed by

the model.
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We propose that each of the four principlas defined above is a
rezsonable requirement for the specification of a prior Bayes density
under indifference in the context of a Bayesian parametric structuring.
A Bayesian parametric structuring which satisfies all of these princi-

ples will be called, for convenience of reference, a Natural Bayesian

§§ructurin§ (WB3) for the model. We propose to show that a NBS can
be obtained for important statistical models and that this structuring

1s essentially unique in these cases, By essentially unique we mean

unigue up to a linear transformation on the parameter. For some models
the uniqueness will not depend on all four principles, though the
structuring determined by any lesser number will, in these cases, satis-
fy all four prianciples.

We further propose that the results of the Bayesian analysis be
represented by the densities bn(e) and fn(x), the posterior Raves
and posterior fiducial densities. The posterior Bayes density is to
be used, for n > s to make logical probability statements about 6,
where © 1is the parameter which bears a uniform Bayes density & priori
under the NBS. The posterior fiducial density of X, for m > m
1s to be used in a predictive sense, that is, it is to be used to re-
place the unknown true density m{x) to predict values of the (nt+l)-st
observation,

The yrocedure for determining and verifying the NBS follows a
typical pattern which will be demonstrated in detail for the Ffirst two
models studied. TIf the "eorrect" parameter is not known, the analysis

will follow the sumewhat more complex pattern illustrated in 5.2;
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however for brevity at this point we assume that we are fortunate
enough to begin with the parameter which proves to be "correct'.

We then postulate the value m, and define the NCBD for m > m,e
This definition is then extended for values m, = O,l,2,...,mO and
the corresponding fiducial densities are defined.

The prior density of the parameter is then obtained as an extended
NCBD for null values cf the parameters thus satisfying the MPD princi-
ple. It is then shown that this prior density is uniform on the joint
spectrum of the parameters, thus satisfying the MBI principle. It is
then shown that the posterior Bayes densities became more than mini-
mally (Shannon) informative at the proper time, thus satisfying the
MNS principle. In multi-parameter problems the application of this
principle will be made in texms of certain marginal and conditional
densities, It is then shown that the prior fiduclal density is mini-
mally informative, in the sense discussed above., Finally we show that
there cannot exist any other NBS. This is accomplished by means of the
kinds of completeness arguments discussed in 4.6 or by extending the
class of model densities so that it is complete.

At this point we wish to affirm that the four Bayesian indifference
principles were developed and refined inductively through consideration
of successive models; the task being to find some set of intuitively
reasonable principles which would be adequate to specify uniquely the
prior Bayes density under indifference for a reascnably wide range of

models, and to furnish a model which permitted the kinds of semantic
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interpretations which seemed desirable for the purposes of scientific
inference. There have been many previous attempts to do this. None

of these previous proposals have presented an internally consistent and

widely applicable methodology.



CHAPTER V

NOHMAT, MODELS

In this chapter the principles developed in the preceszding
chapter are applied to obtain unique specifications of prior Bayes
densities under indifference for each of the three basic univariate
normal models and for three bivariate normal models.

5,1 Univariate Normel Model - Location Parameter Unknown

We assume the model density
i}

s

mp(x) = (2x) 2 exp / - (x~u)2/2;7, oo < x <w, w0 <y <o, (5.1)
The joint likelihood of n observations is then

0 (2) = (202 exp /- 3 (x, - wP/eT.

i=1
We define the NCBD as
2
m
exp (M % Zl - 2“ )
b (1) = ~
e (*f}'...) 0 2
J exp(p & z; - =) du
‘-i_?‘:‘.vl/g ( n\e
~m{p-%
M e (22 (5.2)
= (=) 2
\2:“:
for m>0, andall 2z = £ z,/m. We interpret the parameters (m, %)

of the Bayes density as referring to m prior observations with mean

Z. The fiducial density, for m > 0, is
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L
r:
£ (x) = ('é“,m) exp = ({5

—\2
(L2l (5.3)

The MPD principle requires that the prior Bayes density be found
ac an extension of bm(u) for pull values of (m, Zzi). The ratio

bm(ul)/bm(pg) for arbitrary values (pl, Hg) is

, 2
bml‘M:L) eXP[“mul/e + Hy 221“7

"""'“""> l; as

D - 2
ACN) exg["-mpz/E  Hy Zzi;7

(m, Zzi) ~-=> (0, 0). Hence we define b(y) = ¢. Then by direct inte-
gration we obtain f£(x) = c.

For m = O both (5.3) and (5.1) are improper uniform densities,
and for m > O both are proper densities with finite Shannon informa-
tion. Thus postulating the value m, = 0 we see that the M5 pria-
ciple is satisfied and we have already shown that the MPD, MBI and MFI
principles are satisfied. Hence the specification b(p) = ¢ defines
a NBS. Since a uniform fiducial density is obtainable)it is reguired
by the MFI principle, Hence the essential unigueness of the NBS
follows from the uniqueness of the bilateral ILaplace transform. This
is perhaps the only problem about which there has been no controversy
concerning the "correct' choice of prior density.

Under the NBS the posterior Bayes and fiducial densities are given
by (5.2) and (5.3) with (m, z, x) replaced by (n, x, Q), where g is
the (B+l)st observation of X. The Shennon information in these densities

is

P

i
-

”

1(b,) = -log/2xe/n” and I(f ) = -log/2me{n+1)/n
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and -depends only upon the sample size. This result is guite atypi-
cal. We note also that both the Bayes and fiducial densities are mini-
mally informative densities, for fixed varisnce; also the model density
is a minimally informative density, for variance one, The limiting
values, as n =-> 0, of the functions (5.4) are - «, i.e., minimally
informative on the real line. In this case the limiting ianformation
of both the sequences of Bayes and fiducial densities is equal to the
information of the limiting density. In this case and in others em-
ploying this derivation the requirement, stipulated in Chapter IT, cone-
cerning the power series expansion of the transformation is nct required.

5.2 Univariate Normal - Scale Parameter Unknown

We assume the model density

mo(x) = o'l(2ﬂ51/2 exp - X2/262, - <x <o, g>0, (5.5)

The joint likelihood of n observations is

n
n,(x) = o) 2 (- 5 5/0). (5.6)
i=1

If ¢ were the correct parameter we would define the NCRD as

m
o™ exp(- = 25/202)
b (0_) - i=1
m o n
iy { 2 2
o exp{ - % z;/20%)do
i=1 =
o
2 1 2.2
Tzy me3 o -ZZi/ZG
2 —5 g e
= (5.7)
. 1
T(m -~ "'é)
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Postulating the value m = 0 we see that (5.7) is not acceptable
since bl/g(d) is improper, thus contradicting the MNS principle.
We therefore require a more suitable pavameter. ILet A = ¢{c) be
an allowable transformation and suppose ©' is of order X, The

corresponding integral to be considered is then

which will diverge for null values and converge otherwise for K <-1l.
Hence the MNS principle requires that the derivative be of order less
than or equal to G-l. The corresponding fiducial density will be of
maximum order; i.e. of order X_l, when of(c) = U_l. Since o is
allowable we also must have ¢'(¢) > O, Considering any other ¢ (other
than ¢(o) = log o with o'(c) = U"l) satisfying these conditions,
e.g. o{c) = log o - acsr, r>0Q, a >0, we £find that for any such para-
neter the MPD fiducial density is of order X"l but in each case the
addition of terms of lower order in the Jacobian results in the fiducial
density tending to infinity more quickly as x ==> 0 than the function
x"l, The series expansion requirement for ¢! is necesgsary to employ
the logic of section 4.6 and to define the improper density 1 as
the minimally informative fiducial density and hence to conclude that

A = log 0 is (essentially) uniquely specified as the correct parameter
of the NBS., Without the power series requirement on ©' we would have

2n+1l
) it

difficulty in ruling out A = (log o) n=1,2;34... - Wemay also

see that there is no solution K < -1 ‘to the eguation
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X2 2K
2 (—§—) I'(-ex)
/2x

for =1 < a‘f 0 and hence we see agaln that x"l is the requlred

MFI density. All future examples employing this mode of derivation
are dependent upon the power series requivement on ©! while those
employing the derivation of 5.1 do not.

Taking A\ as the correct parameter we have
_Zz? m/2 Ez?
20—~ ) exp - [+ (=) e (-2n) 7/
(N) = 2 2 5.8
b (N) = (5.8)
i} m
F(‘é)

for m > 0., For m= O, bm(x) = ¢, which may be demonstrated in the

usual manner. The fiducial density is the "t" density

n/2
r(&d) (s25)

iy (X = -

m m+l

[}
N

) /5 )

(5.9)

for m > 0., The posterior Bayes and fiducial densities are given by (5.8)
, 2 N2
and (5.9) with (x, %z, m) replaced by (%, £Xy 5 n).
The results obtalned in this case agrees with Jeffreys?! general
specification for a model indexed by a paremeter taking values {0, @),
for the law b(\) = ¢ 1is equivalent to the law b(o) = o"t. This

result also agrees with that obtained from Fisher's fiducial theory.

Finally we note that the limiting informeticn, as m > 0, Ezi o> Oy
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in the density (5.9) is - «» hence the definition I(f) = - » is
consistent.

5.3 Univarizte Normal - Tocation and Scale Parapeters Unknown.

We assume the model density

. -1/2 (x»u)e . = a0
mu,h<x) = (2n) (exp = A}/ exp(- Amg eXp - o) 7 (5.10)

Tor =-o < x,u,A <o, which is the usval two parameter normal model
with A = log 0. The choice of parameters here has been suggested

by cases 1 and 2. For this parametrization we define the NCBD as

=TI\, g, B
e e/ -y (2 (25 - 0)7)T
i=1
bm(P-ﬂ\) = -
m\ o B 2
e exp/ -5 (I (24 - )7 )/ dn
i=
1 by e z

/ _2 -@-_ F 2.2 1 ) \

5 i v £ (m1)n N T -/ o
- - 2 - /N
- me L

\ r)
\
/ 2 2 2
o DN -2Nn ™ o >
fme T e g [uen] {5.11)
/231‘ /

> _ m m? - (zzﬂ‘,)2

for m>1, - <7z (= zzi/n) <w, 0<V = ( 5 =) <o,
m

Consistent with the ratio bl(ul,kl)/bl(ug,ke) we define
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2\ -2, 41
- = —\2 .
b (usn) =—é——- s @) (b-2)" = D ()
e
and bl(x) =1 . (5.12)

Now bo(ul,xl)/bo(ue,xg) = 1, hence define bo(u,k) =c .
Correspondingly we have

1

f(x) =c  and f(x) = ( )2.
X=Z

For m > 1 +the fiducial density is given by

me1

o, o B
my 1fo, Mz m (22)7 2

fm(x) = w70 {(5.13)

(m+l)(x+22§) - Z_Zzi + X72

@)Y 2(20) M2 rEshy(
2(m+1)

Since bo(u,x) =c¢ = £f(x) +the MBI and MFI principles are
satisfied, The first factor of (5.11), which is the marginal density
of A, will be proper for m > 1., For m = J the marginal density of
A is improper. The second factor of (5.11), the conditional density
of u gilven A, is proper for m > 0. For m = O, bm(“ A) 18 fmpro-
per. Applying the uniqueness argument of 5.2 to the first density and
the unigueness argument of 5.1 to the second density we find that the
above NBS is unigue.

The posterior Bayes and fiducial densities for m > 1 ave given
by (5.11) and (5.13) with (m, Bz 5 225, x) replaced by (n, £, 5 2x§, ﬁ).
The fiducial density of X is again a generalized "t" density. The
obtained prior law b(u,A) = ¢ is equivalent to Jeffreys' law

b(u,0) = o™l and aleo agrees with the results obtained by Fisher em-
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ploying his fiducial method. Thus the obtained KBS implies a solution
to the Behrens-Fisher problem which would be consistent with that
originally proposed by Behrens and Fisher and that proposed by Jeffreys.

5.4 Bivariate Normal Model - Regressicn Parameter Unknown

In 5.2 ve demonstrated a technique for finding the correct para-
meterization for the model. 1In the case of the dependent bivariate
normal model the correct initial choice of association parameter is
even more crucial to the analysis than the correct initial choice of
gcale parameter in 5.2, for if we were to choose the wrong parameter
(yet one of the common association parameters) we would be unable to ob-
tain a closed form expression for the NCED. For the one parameter (de-
pendence parameter) bivariate normal model the choice of p, the corre-
lation coefficient, as the dependence parameter leads to the considera-

tion of the integral

( .
(l_pE)'m/Q e-(l-p2) { Zui - 2pu,v, + Zvi} a4

-1

which does not appear to exist in closed form. To solve this problem
it seems necessary to replace the correlation parameter by a regression
varameter., In the simplest case we have the model given by

mB(y,X) = mﬁ(ygx) m(x) where

-1/2

mB(y}x) = (2n) exp - é (v -8 X)2 (5.14)

and vherse X is marginally standard normal. The Jjoint likelihood of

n observations is then proportional to
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2 2]
X, X, Y. Y=
i X, ¥,
S 3 S W o
-n/2 = XS 2L =1 n - -
(2n) e i e . (5.15)

We define the NCBD as

V/— 2
- 3BT
v oL P
bm(cs) =-/:_—_~ e (5.,16)
/2%
o Zu.vi
for m > 0, Vn:Zui >0, =» < b= 5 < o , The fiducial density is
Zu,
i

then given by fm(ylx) fm(x) where

(y - x)°

-y
£ (v]%) = il Lo 2x5) - (5.17)
/x2+ v /2x

and where X 1s marginally standard normal. In the usual manner we
obtain b(B) = ¢ = £(y|x) and infer uniqueness of the NBS. The usual
substitutions in (5.16) and (5.17) yield the posterior Bayes and fidu-
cial densities.,

5.5 Bivariate Normal Model - Three Parameters Unknown

A somewhat more realistic and more frequently applicable model

is
o
_X
1 2., 1 P ,
- BT (y "{U-g'*’lee lx}) )(—‘:: e (5"1‘8
20 : /2w
" l 2.1

m o, (x,y) = ———— ¢
Op,12H0Bs 4 Ty, p/e
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The first factor is the conditional density of Y given X, and the

second is the marginal density of X. We shall, of course, work with

Ag 1 = log o, 17 but shall henceforth express the model densities using

the somewhat less cumbersome form employing o The unknown para-

2.1°
neters are ., the mean of Y, 62 1 the regression ccefficient of ¥
sy »
2
on X and 02 1 the conditional variance of Y given X. We are
assuming that the mean and variance of X are known and hence we may,

g . - . PR - — = - . Writhter
without ambiguity let o = Op 12 B = Hy» B 52.1, A hE.l Written

in terms of (p, o, B) the joint likelihood of n observations is

n )
T [y (o) T S
w(xy) = (o (en) M2 & 207 11 = e - 0a9)
23t

ol X

The determination of the NCBD for (u,A,B) is straightforward, though

tediocus. We have, for m > 2,

/ M =2\ — - 2 N
N xe Su-F~n)7) »
meHskaﬁ) =/r e " /m 2 y
\ 2n




where u is to x as v is to y and

(Zui )2 5 (Zvi )2 . (Zu.i ) (Zvi)

. a
1 1 1 2 i ™ Mo i'd m

The first factor is the conditional density of . given B
and N and is proper for m > O. The second factor is the condi=-
tional density of B given A and is proper for m > 1 by virtue
of the definitions of Zui and Zu?. The last factor is the marginal
density of A. Proceeding in the usual manner we are able to define
b(psAB) = ¢ and f(y}x) = ¢ and infer the uniqueness of the NES.

The usual substitutions in (5,20) yield the posterior Bayes density.

5.6 Bivariate Normal Model - Five Parameters Unknown

No new techniques are needed to handle this case. The model
density assuming that the mean and variance of X are unknown is

‘ 1 - 2
G—l - AT (-Y"' H2+62‘1(X“|~Ll))

5,1 o1 T

The NCBD is then defined, for m > 2, by
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Bk sigahyshg 158y 1) = I
¢

P e 1, =2, B
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— m R ey 1 e e 2
[m ™ o=5e Lepw/))e(F
—— e e X
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- s -.-.2}\ SQ'-':“ N
afe ) B e TENED | e S P o
- 71 e 2 £P2, 1%~
\ e
. .
vhere u = . {vl BE.l(ul - “1Zf u Ef: 3. = Su© - (zu, )
) M m ) - Tmo 1= 1 = )
(. (Svy)zvy) 2
5 (zv )2 l%uivl.. T
i
82 = Z'V'i - ._._.ﬁq...._,_ ; Cl = — D
(29,7
Iu, -~ b N
n {5.22)

and u is to x as v is to y. The first factor of (5322) ig the

13 the second fTactor

is the conditional deansity of by given xl; the third factor is the

conditional density of hy &lven 5201 and xz.

marginal density of Al ;™ ¢ the fourth factor is the marginal

density of KE l; the fifth factor is the conditional d=nsity of B? 1
13 N L] & L3 . 1 o \ =

glven A, ;. It is easily seen that b(“l’ue’kl’Kz.l’ﬁzel’ c

and f(x,y) = ¢ and we may infer the uniqueness of the NBS as in
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pravious cases. The usual substitutions in (5.13) yield the posterior
Bayes density for m > 2. We have assumed mo = 2 which seems rcason-
able for this model. Uniqueness mey be demonstrated as in previous
examples.

From the above analysis it is apparent that any number of regression
parameters might be added and we would still be able to obtain a NBS.
Also we note that the prior Bayes density obtained for each of the
varaneters of ﬁhis model 18 comsistent with the prior Bayes density
for that parameter in a simpler model. This does not mean that the
two marginal densities are the same, indeed they are not. What is
meant is the following. If we obtain a prior density of u in the one
parameter model it will be identical with the prior conditional density
of n given A in the two parameter model.

In the case of the location parameter p and scale parameter A
we find (see 5.8 and the first factor of 5.11) that tne differcnce
in the posterior Bayes densities of A may be described as a difference
of "one degree of freedom". Similarly in (5.20) we see that there has
been a loss of a second "degree of freedom” as the result of the intro-
duction of the regression parameter f. Following through the detalls
of the derivation of the NCED it is readlly seen thalt there will be a
loss of one degree of freedom for each regression parameter introduced.

5.7 A Log - Normal Model

In order to exhibit one result of an allowable transformetion cn
the space of the random variable we shall consider a simple case of an

important model which is obtained by transformation from the location
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. parameter normal model, We assume the model density
-1, y=1/2 .
m (x) = x"(2x) / exp/ - {log x - u)e/2 7 (5.23)

for x>0, ~ < <®, The joint likelihood of n observations is

n
-1 -n/2 1 2
w(x) = (ex) 0P e~ 3 2 (togx; - 0P 7 (5.2
i=1 ‘
We define the NCBD as
-,Ig Y log 7z,
e "(p7 - en )
b (u) =
‘ £ log z;
-m/2, 2
e /(u“- 2““"‘"}5‘“‘“ ) du
3 T log zi 2
. [m e—m/e(u i S , for m>0 . (5.25)
2
The fiducial density is then
D Y log z, 2
2 ~m/2{p - ,-»«-—~) ot}
fm(x) _ x—l(eﬂ)ul/z R 1./2(log x-u) :/'r?__: . m
/en
e
z log z, 2
RO - ._..m { log K - __.})
A T S R 2(m+l) m
Ty mel B X ’
-l

For null values m = 0, £ log z, = 0, we have blp) =¢, £(x) =x "~ .
For m > O both (5.24%) and (5.25) are proper densities. The uniqueness

of this NBS then follows as in 5.2. If X has the above log-normal

. density then Y = log X has the normal density with mean p. The NBS is;

in this case, iuvariant under transformation on X.



CHAPTER VI
POTSSON MODELS
The Poisson density arises as a model density in two distinct
contexts. In some cases the context is that of simple random sam-
pling while in others it is in terms of the cobservation of a con~
tinuous Polsson process., We shall begin with a model in the former
context but shall extend our results to cover more general problems.

6.1 Random Poisson Sampling

We have the model density

-}\,X

mk(x) = exf}\' 2 )\, > O, X = 091’2;-00 . (6-1)

The joint likelihood of n observations is then

~TI\, ZXi

oy L e )
mx(g) = . (6.2)

ox
s
We define the NCBD to be the gamma density

ml+sz e-m%
bm(h) = ————— , form >0, 2 >0, z =%z, A > 0. (6.3)
I'(1l+z) :

The fiducial density is

pt? T(x+z+1)

= for x = 0,1,2540. (6.4)
(m+l)“+z+lf(x+l)F(z+l)

fm(x) =
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which is for suitable values of (X,z), a negative binomial density.
The quantities m and 2z are interpreted as the prior sample size
and prior number of occurrences of the defining event. We have
extended the domain of the NCBD to include non-integral m and 2.

The ratio b (n)/b (A,) is unity for m = z = O, hence define
b(A) = ¢. The corresponding fiducial density is f(x) = ¢. Now (6.3)
and {6.4) will be proper for any m > 0; hence pestulating the value
m, = 0, we see that the MNS principle is satisfied . Since the pricr
Rayes and fiducial densities are uniform the MBI and MFL principles
are satisfied. Hence we have a NB3S which is unique by virtue of the
moment theorem argument given in 4.6. The posterior Bayes and fiducial
densities are given by (6.3) and (6.4) with {(m,z,%) replaced by (n,x,%)

6.2 Poisson Process Model

We may generalize the above model somewhat, in the manner of Raiffa
and Schlaifer. Suppose we were observing a Poisson process; say Polsson
arrivals at a queue, and suppose we observed the process during random
time intervals of variable length. It would be convenient to have a
simple method of combining these data with data in a prior Bayes density.

To accomplish this we define the model density as

e“?\,t(?\t)x
————

x!

m . (x) = t >0, £ =0,1,25000, A>0 (6.5)
At

where x 1s the total number of occurrences of the defining event
(arrivals) and t is the total time of observation.

The NCED i1s then defined as



Tz+l X e~kT
b lA) = y A>0,7>0,2>0. (6.6)
* T{z+1)
The fiducial density is then
z+l .2
T 7 T(x+2z+1) 6.7)
fT(x) , Xtz+l (6.7)
M{x+1)T(z+1) (tam)™

The quantities (T,Z) are thought of as the total time of prior obser-
vation and total number of prior occurrences of the defining event. The
. z _T(xl"ke) . .

ratio bT(kl)/bT(he) = (kl/ke) e is upity for z = T = 0;
hence we define b{A) = ¢ and obtain £(x) = c¢. The proof that this is
the unique NBS is as in 6.1. The posterior Bayes and fiducial densities
are given by (6.6) and (6.7) with (T,z,t,x) replaced by (t,x,%,%), where
’%,’% are the total time of the next observation and the total number of

ey ogeurrences.

6.3 Discussion of the Indifference Rule for the Poisson Model

The result obtained here for the prior Bayes density differs from
that proposed by Jeffreys, who would take b(k) = Amlo Employing
Jeffreys! rule the posterior Bayes density after n observations is

X kal e—nx

y(n) = = : (6.8)
r{x)

This density is improper and {Shannon) uninformative for x = 0 re=
gardless of how large n might be. Under the model assumptions made
here, i.e. that the underlying process is definitely Poisson with A
strictly greater than zero, and having observed a "great many" obser-

vations, or having observed a Poisson process for a "long period of
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time" and having observed no occurrences it would seem that a small
probability should be assignable to the set N\ > Ko (say) for an
appropriately chosen ko depending on n. Jeffreys' rule does not
permit this and hence we must conclude that Jeffreys' rule is in-

appropriate for the problem as we have formulated it.

With the model (6.5) and the prior Bayes density b(A) = x:l

the posterior Bayes density will be

..-{-,)\
b (M) =t e, (6.9)
if x = 1., 8ince

~t(A, = A,)
Tim e T+ 2 -1
£ w=> O

we see that the Bayes density b(A) = ¢ is obtained as a posterior
density when the prior Bayes density is Db(A) = h:l and the defining
evenlt occurs instantaneously after we have begun to study the process.
Also, given b{A) = A‘l a priori and x=1, the posterior Bayes density
is minimally informative (that is, uniform) only if +t=0. It would
appear then the Jeffreys law may be appropriate when we have not yet
established that A > 0 while the rule given in this paper is appro-
proate under the model assumption that the process is definitely Poisson
with A > 0. This idea is further developed in T.l.

The negative exponential density is often derived as a waiting time
distribution from a Poisson process. In this context the experimental
density is determined by conditional stopping and hence should not be
taken as the informational models rather the prior distribution derived

avove should be employeds When the negative exponential density is the

informatioval density the analysis should be as given in Chapter IX.



CHAPTER VII

MULTINCMIAL MODELS

7.1l Binomial Models

In this chapter we deal first with the eXample which was the
initial subject of Bayes postulate. At least three prior Bayes densi-
ties have been proposed and remain seriosly considered for the binomial

proportion. We assume the model density

fi

0,1,2,5,...1'1,

n X =X
m (x) = (i) » (1-p)", 0<p <, x
1525000 (7.1)

n

1l

The statement of the model density in this form is analogous to the
second treatment of the Polsson model. In each case we have yritten
the model in terms of a sufficient statistic with respect to the more
basic underlying process) and in each case it is this sufficient statis-
tic which is usually of interest in applications.

Proceeding in this framework we define the NCBD to be a beta

density of the first kind given by

p”(1-p)"7"
b (p) = 2 for 0<p<1l,m>z>0 (7.2)
B(z+1,m~z+1)
with expectation
i _ z+1 er w
gﬁ,Z(P) = o5 . (7.3)

The fiducial density is then
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2]
—~
e
A
[

! -
{ () 2 eyt E0m) e
Jo * B(z+1,m-z+1)

Plm+l) T{m+2) T{x+z+l) I'{mim-z-x+1) (7.4)
M(x+1) Mo-x+1) T(z+1) I'(m~z+1) T(men+2)

which Raiffa and Schlaifer have called the beta-binomial density.
Applying the MPD principle we take m = 2 = O which ylelds the

prior Bayes density b{p) = 1, i.e. uniform and hence minimally informe-

tive, The prior fiducial density is then f(x) = (n+l)'l, agein uniform

and minimally informative. Now for any fixed n 1t would be possible

to reparameterize in a manner such that the MPD principle would imply a

MBI density and MFI density. The only restriction would by that the

new parameter be such that a uniform density on it was equivalent to a

density on p which had its first n moments equal to the first n

moments of the uniform density. Consider the following equations defined

for n = 2 and an allowable parameter © with inverse transformation

ﬂ(@):

~

j (i) Z_ﬂ(QZ7X‘Z_l - ﬂ(9172_x b(@)dejfor x=0,1,2 .

i

1
3
If BH(9) is uniform then
1-2 &)+ €6
2f Co) - £ T 5
8(:@2) :

i

for x =0,

for x 1,

i}

W Ul A

for =z = 2,
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Hence éZ(p) = %, gﬁ (pg) = % » and in general the restriction on

= J
moments is as given above. The densities (7.2) and (7.4) will be
more than minimally informative for m > 0, hence the prior law
b(p) = 1 defines a NBY, but not uniquely. Under this specification
the posterior Bayes and fiducial densities are given by (7.2) and (7.4)
with (m,z,n,x) replaced by (n,x,f,%).

For n=n+tl and x = n we have

I'{n+2) T'(n+2) I(2n+2) (1) S fwl) 1 (7-5)
I{n+2) (1) T(n+1) T(1) I(20v3)  (2n+2) ;

This states that following n successes in n trials the fiducial
probability that the next n+l trials will also be succzesses is
exactly %, independently of n. This statement hes been termed the
law of succession and has received almost universal rejecstion as a
reasonable assessment of the probability that might be nroser in this
cese (Jeffreys, 1961).

I% is claimed that this value is too low and that teving observed
no suceesses in n trials, for large n the correct probability of the
next n+l being successes should be very close, but not equal to, one
and that this probability should approach one as 1 —> o . The two
other prior Beyes densities which have been propesed and remain seriously
considered give substantially different values Ffor this prcbability for
all n (thus dispelling the notion that the choice of the prior density
is unimportant vhen n is large). The first of these, due to Maldane,

s b(B) =c were 6 = - log p/l-p. This corresponds to a density

e
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for p given by (7.2) with m=z=0. This law has intuitive appeal
in that it represents the limit of the class of beta densities jus
as the unifom was the limit of the class of proper normal densities.
Haldane's law assigns probability one independently of n, for the
above event. This is, of course, far too high a value, particularly

for small values of n. The third law (Perks, 1947) is b{A) = c

POl 1

where N\ = sin-l/ﬁ_, which corresponds to (7.2) withm = z =
and which gives intemediate values for the above event., Tach of these
raramneters could define a NBS for m=1.

The problem of the unique specification of the NBS and the pro-
blem of the law of successicn require careful consideration. At thigs
point we shall present an argument suggesting that b(p) = 1 yields the
only satisfactory NBS. Iater (Section 7.4) we shall present another
argument which will suggest the correctness of the evalusation
fn(ﬁ) = % for £ = n+tl and x=n. Finally we shall present another
argument which shows that the law b(p) = 1 is the only one which is
consistent with the result obtained for the Poisson model.

The density (7.1) differs from the nomal examples and the ini-
tial treatment of the Poisson model in that it represents an entire
family of densities dependent upon the index, n, of the model. In
this sense it is related to the second Poisscn model which also re-
presents an entire family of densities dependent upon the index <.

Tt certainly seems requisite that the choice of prior density for p
be independent of the particular binomial model (index n) considered.
The requirement then is that the prior Bayes density have all of its

moments equal to the moments of the uniform densitye. Since the
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. moment theoren is clearly applicable the prior law b(p)=1 is uniguely
gpecified. This admittedly is a somewhat ad hoc argument though, we feel,
a compelling one . The class of multinomial models is the only class
of models considered requiring any such argument. More generally, if
the class of likelihood functions is not complete, as in this case, it

may be necessary to enlarge the class in order to meke it complete.

7.2 Trinomial Model

To clerify the guestions arising from the binomial problem it
will be necessary to study a more general model of which the following

is a second special case. Ve assume the model density

1 12

n B bid x2 N, =X
pl P2 (l“pl-PE) H (7’(0)

PP, L2 ( s
1°+ 2 Xl %, n-xl-x2 /

X 4%, S i Plif lwpga n=1,2,3,... ., We define the NCED as

172 -
Z b4 Me=Z. =2
1 2 12
- P, By (1~py-D,)
b (0 ;'D ) = B
Sl I 1 i=p
% éi Z M2, -2,
] 0
for z, + zg_f m,m>0 . The transformation r = pl/l~p2, 5 = D,

with Jacobien {1-s) yields the bivariate beta density

Zl 22 m—zl-2,2
b (8) = . (7-7)
B(zl+l, m~zl-22+l)8(z2+l,mrzg+2)
For m = zl = 22 = 0 we have

® b(p) = 1/8(1,1).B(2,2) =2, p; S1-p, - (7.8)
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Thus the joint density of (pl,po) is uniform and hence the MBI prin-

ciple is satisfied., A similar derivation yields the fiducial density

: (X e F(x z,+1) F(x +2,,+1) F(muxl-xo+m~zl—zg+l)r(m+l)F\m+j) | .
17e F(k %l)F(x +l)F(a~x -% +1)F(zl+1)F(22+1)F(n~zl~zo+l)F(n+mw5)
(7.9)
For m = 2q = 2,5 = 0 we have
f(xl,xg) = 2/(n+1){n+2) {7.10)

i.e, constant on the triangular lattice Xy 4 Xg.f n, and hence the
MFT oprinciple is satisfied. Assuming the value m, = 0 we see that
the MN3 principle is satisfied by noting that (7.7) and (7.9) will

be more than miniwally informative for m > 0, The uniqueness of this
HBS may be demcnstrated following the requirsment and method of T.L1l.
Under the NBS specification the posterior Bayes and fiducial densities
are given by (7.7) and (7.9) with (m,zl,zz,n,leQE) replaced by

! w NN
PRSPV SNE IO R

1
The marginal Bayes density of Py is
z Mmez, +1
p, (1-p,)
b (p,) = — = , i=1,2. 0<mp, <1 (7.11)
meL B{z,+1l,m~2_ +2) ’
17
which, for m = Zi = 0 reduces to
o{p;) = 2(1-p,) {7.12)

The fiduciel density of X, corresponding %o (7.12) is
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x

f = _.2 - - - o LE G

l(X:‘L) - i {o2) (o) (n X 4= (n+2) (1 n+l)‘ (7.13)
J

The results (7.12) and (7.13) differ from those obtained under
the assumption of a binomial model for Xi, and will be found to be
different from those obtained from higher order multinomial models.
Referring these models to the popular examples involving talls in an
urn, it seems to us that our prior density for P should be different
for different assumptions as to the nomiality,(i.e; the number of cate-
gorie@ of the model. If we assume a binomial model, i.e. assume that
there are exactly two types of balls in the urn, then our prior Bayes
density should certainly be such as to assign more probability to higher
values of Py than 1f our model were such as to assume that there were
100, say, different kinds of balls in the urn. Iindeasd assuming a model
of very high nomiality, we would need to assign a prior Bayes density to
Py which concentrated most of the probability near zero if we were to
satisfy any of the symmetry ildeas of Bayes postulate. We shall see
that by stipulating that the prior Bayes density be uniform over the
Joint set of all parameters, as we have for our MBI principle, the
marginal prior density of any Py will behave properly as the nomiality
cf the model increases.

7.3 The General Multinomial Model

Employing generalizations of the transformation employed in 7.2
it is possible to obtain a NBS for a general multinomial model. In this

section we shall omit consideration of the normalizing constants and
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shall present only the kernels of the various Bayes densities. This
will prove sufficlent to establish the existence of the NBS and for
our general discussion in T.k.

The model density is

g~-1
’ L P N
m (£, 3% 500055 )= 0., P Teee0 o (1- S p,) T
1 5177 8-1 rl 2 s-1 7P
xl,xe,...,xs_l,l-.Z xi
i=1 7
(7.1k)

where s 1is the nomiality of the model. The NCEHD, bm(pl,..e,psmlL is then

proportional to

s~-1
n -3z
Z 4 Z g=1
-1 i=1 o
p.} PE e3¢0 ps-l (1 - ZJ pi) (7'1))
- i=1
For m=2, = ... =2 .= 0 we have
8=1
P
b(pl’pQ"°"pS—l) = ¢, for ) Py <1, (7.10)
i=1
and
g=1
f(xl,xgj,.,;xs_l) =c¢c , for .Z ¥ < n. (7.17)
i=1
Corresponding to (7.16) the wmarginal Bayes density of P; is
T 7 8—2 ° K & {
o(pi) = (s-1) (l-pi) 1= 1,25000,8=L , (7.18)

and the expectation of 1 corresponding to (7.15) is

Z, + 1

6(};1) = 'r}”?;" 1= 1,25000,8=1 . (7.19)
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For m = Zi = 0 we have

L) - st (7.20)

=z
The behavior of the marginal density (7.18) and the expectation (7.20)
seems emminently reasonable in view of the differing assumpbions of the
models of differing nomiality.

7.k, Validation and Semantic Interpretation of the Multinomial Models

We now propose & heuristic explanation of the correctness of the
law b(p) = 1 in the binomial case, the result obtained from it for the
lew of succession and the fact that we do not approach the limit of the
class of beta densities to obtain the law for our indifference rule.

We have continually emphasized the fact that the indifference procedure
suggested in this paper is applicable only in a parametric model formue
lation. Part of this parametric formulation involves the definition

of a class cf model densities, which definition is based on prior in.
Tormation. Thus the model density, that is the conditional density of
X given 0, and the prior Bayes density are both carriers of our prior
knovwledge.

Tne assumption of a binomial model contains certain informstion,
namely that there are exactly two types of balls, say, in an urn. One
way of having determined that there are two types is to have previously
observed one of each type. Thus the prior law b(p) = 1 for the
binomial model may be thought of as expressing knowledge equivalent to
that which would be obtained from having observed just one of each type,
and having these observations used to define the binomiality of the

model. Conditional on having observed at least one of each type the
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minimum information is present if Jjust exactly one of each kind has
been observed. Hence the assumption of the model (7.1) and the prior
density b(p) = 1 may be considered to be equivalent to the assumption
of having started with an urn about whose contents we knew nothing

at all and then having observed just two ballg, each of different

type. The interpretation here is analogous to that of 6.3.

Formulas (7.3), (7.18) and (7.19) are consistent with and sug-
gestive of this interpretation. Considering (7.19), if the first s
observations have defined the s categories of the multinomial model,
there would have been just one in the i-th category. Hence with m
additional observations the numerator of (7.19) would be the total
number of type 1 observed and the denominator would be the total
number observed in all categories.

Perhaps then, an explanation for the fact that the prior beta
density furnishing the NBS for the binomial model is not the limiting
density of the beta class is that the model has incorporated informa-
tion obtained from two observations. In general the marginal density
of p,> @8 given by 7.18, is dependent upon the ncmiality of the model,
or by this interpretation, upon the number of prior observations used to
define the model. The extension of this idea to the general multinomial
model is mirrored in the beta density (7.18).

This heuristic interpretation of the NBS for the multinomial model
permits a reevaluation of the statement (7.5). It had been said that
after observing n successes in n Bernou}}} trials and having no

cther data, the probability of the next n+l being successes would be
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. 1/2, independent on n. If we accept the fact that the acsumption of
binomiality is equivalent to the assumption of the availability of one
observation of each type,we may restate the above evaluation as follows:
Given an urn ebout which we know nothing a priori and the
fact that in n+2 trials we have observed n+l reds and
cne black, the probability that the next n draws will
all be reds is 1/2.
Perhaps this last statement may be accepted &5 a reasonable eveluation.
One final argument will be presented to support the prior law
b(p) = 1 and to show its consistency with the prior law b{A) = c
obtained for the Poisson model. This argument is independent of the
heuristic conslderations of the preceding argument. We have geen
that when considering a simple Bernoulli model, i.e. a binomial medel
v ' with index one, any prior law with expectation 1/2 would furnish a
NBS. We then argued that this process was simply e special case of the
more general binomial model with arbitrary index, n, and any prior
density selected should furnish a NBS for an arbitrary index. Carrying

this argument to its limit we write

=

() = (0) o (1p)™

n! Ay aoox
B N CI.
x¥(n~x)}3

X

X n -
! n=1ly,n=-2 n=x+ly A Ay g A
= G G e ) -0 (- g)

where A\ = np. We then have the usual Poisson limit of the binomial

(as n —> ),
e A

. m}\(x) s

3
Clearly then the prior laws b(\) = ¢ and b(p)=1, botk uniform, are con-

sistent . Fach indeed logically requires the other.



CHAPTER VIIT

UNIFORM AND RETLATED MODELS

The preceeding three chapters have dealt with three of the most
frequently used classes of statistical models. With this chapter wve
begin the study of models of somewhat lesser frequency cf application.
However, from a theoretical point of view it is important to see that
the principles developed and applied to the most basic models are also
applicable to some other models. In this chapter we shall consider some’
uniform models and one related model,and in the following chapter we

shall consider some negative exponential and related models.

8.1 Uniform Model - Scale Parameter Unknown

We assume that the random variable X is uniformly distributed

on the interval (O, e“), for = o <y <o, The model density is then
a(x) =™ U(H - x) Uk (8.1)

where (y) is the Heavyside unit function defined by

U )

1 for y >0
0 for y<0.

il

We have chosen this unusual parametrization as it is the one necessary

to cbtain a NBS. The joint likelihood of n observations is

m (x) = U - x) Ul (8.2)
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where X = max Xi and X, = min Xi' We then define the NCBD as

e (et - 27)

b (1) —
™ (e - 2 )

i3

"

LIPS U(eu - z*) , (8.3)

for m > 0. The fiducial density of X 1is

£(x)

1

J e M- %) U(x) m F UCe* - 2)eu

*m

= mz U (x) S‘Ae"(md-l)'rl U (e“ - '[X, Z%_7”X5 du

* -
for m > 0, where Zﬂx, Z /* indicates the maximum of x and X .

Thus, for m > 0

£(x) = (o) = . (8.4)

AL

We interpret m to be the number of prior observations and z’
to be the maximum of the prior observations. Applying the MPD principle
we define b(p) to be uniform on (-~ ®, @), The corresponding fiducial
density is f£(x) = x"F, Now both (8.3) and (8.4) will be proper for
m > 0., The completion of the proof that this constitutes a NBS is as

in 5.2. Under the NBS the posterior Bayes and fiducial densities

* *
are given by (8.3) and (8.4) with (m, z , x) replaced by (n,x , %), The
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posterior Bayes density is of exponential form on (log xf, =) with
increasing probablility being concentrated near x* 858 N ~=> ® ,

The posterior fiducial density is uniform on (0, x*) and proportional
to x*n/ﬁn+l for ¥ > x*. As n —> o the amount of probability on

%
(x, ») approaches zero. These forms seem very attractive intuitively.

8.2 Uniform Model - ILocation Parameter Unknown

We assume the model

mg<x) =™ U ([9 + e“__7 -x) U(x-9), (8.5)

vhere p is considered known. The joint likelihood of n cbserva-

tions is

m(x) = ™ (Lo r T -x) Ulx,-6) . (8.6)

We define the NCBD by

U o w7 -2") Ulz, - 8)

u

b (8)

U0+ T -2) Uz - 0)ao

J(o+eT7-2) Uz - 6)

zZ

*
J,
* oM

2 e

- z* - et Z, =
Ve DU (2 - 9) .
(2 = [ 7 - 7))

*
for m>0, i.e, uniform on z = M to Zy o The fiducial density is
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- z*-eu Z, =
(J (o-/2" e 7) | (2 o)

£{x) = e™ k)(jﬁe + e5;7 - X)\} (x - 8) ( s * 7y
Zoy - /2 -~ /)

lfx,zﬁgz*
Al

= z = - dae
{Z;e -~ _‘{_,—Z - eM__/)

fo,z*; e

+
M x2y Ty - [0E T+ ) Yz Tox) | (xf2 - T)

(2, - [ 2 - 7)

(8.8)

) - * . * . 3
i.e. wniform on (z,,z ) and decreasing on (z ,z, + e") and increasing

*

¥ 0 ; .
on (z =~ e, z*). We interpret m and 2z as in case 1, Null values

%
of (m, z,, 2 ) are (0, », - ») hence define b(8) = £(x) = c. For

i

m > 0 (8.7) and (8.8) are proper densities, hence postulating m, =0

we have a NBS. Uniqueness follows as in 5.1, ‘The posterior Bayes and
. , %

Tiducial densities are given by (8.7) and (8.8) with (m,z,,z ,x) re-

*
placed by (n, x,,x ,%) .

8.3 Uniform Model - Location and Scale Parameter Unknovg

We assume the model density
my (@) =M U (w7 - x) () ix-0). (8.9)
The joint likelihood of n observations is
mg, (X) = e Uo7 U(x, - 0) . (8.10)

We define the NCBD to be



ek (/e +e"7 - 2 kj (zy - 9)
f~} e k) (/8 + e%;7u z%) k}(z* - €)du 48

i

bm(e:H)

(m(me1) (2 2, )" ™Y (L0 + e T-27) Ulzy - )

i

(8.11)

for m > 1, The second factor is a kernel of the conditicnal density
of © given y, and the first factor is a kernel of the marginal den-

sity of p. The fiducial density of X dis defined by

fm(x) m(m‘l)(Z*“Z*)m_l EJLJ(Z*X’Z%;7% - 9) [~ e_(m+l)ud“ de

Vﬁog([_x,zf;7*«9)

i}

E%gi%% (2" - 2™t L/(lrx:z%;7-ellm(x:z%>*'Qﬁ7n(m+l)de

~.

(m~l) (.Z - Z*)m_l

(m+1) (Z"X,Z*;7?-Zﬂx,z%;7*)m

*

, for m>1, (8.12)

Following the methods of 8.1 and 8.2 we define b{diu) = c,

b(8,u) =c¢, b (p) = ¢, £(x) = ¢, fl(x) = ‘xl - z\ -1 (rote that
1

, %

[ QY -

Z*> = 0 for m = 1.) The proof of the uniqucness of this NBS
follows as in 5.3. The posterior Bayes and fiducial deasities are

* *
given by (8.11) and (8.12) with (m, zy, z , x) replaced by (n,xx %),

It is interesting to note that the NBS involves a rather uvnusual para-

meterization.
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8.k A Positive Exponential Model

We assume the model density
mu(x) = (1+p) =& e-<l+p)H U (x) U - x), for p>o. (8.13)

The interesting feature of this model is that the density function
igs an increasing function of x throughout the spectrum of X, in
contrast to previous models. For p = 0, (8.13) reduces to (8.1).

The Jjoint likelihood of n observations is
n p _-n{l+p)u B * 8.1k
n (x) = (1e2)"(x %, )P e VICREVICIEE SN (8.14)

We define the NCBD by

oL (e . %)

1]

o (1) -
ML) (ot - 2%y ay

1 \
m{ 1+p) Z*m< ®) e'm(l'*P)u U (u - log z ), (8.15)

1)

*
for m >0, z > 0. The fiducial density is given by

. 1 |
fm(x) = th(l+p)2 Z*m( ®) e e'(m+l)(l+P)H \)(x) kj(eu"lmZ*:¥;7*)du
*m<l+P)
m 141 U - . '
(m:l:ll) (*+p) i(m+l)(l+§§(}{) X:p: for m > Oy 7z >0 .

(z , x)
(8.16)
* -1 .
Form =2 =0 we have b(p) = ¢, £f(x) = x =~ . The proof that this
is a unique NBS follows as in previous cases. The posterior Bayes

kY

and fiducial densities are given by (8.15) and (8.16) with (m,z ,x)
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*
replaced by (n, x , ?). The posterlor Bayes density has an exponen-
*
tial form on (log x , ®). The posterior fiducial density has an in-
teresting form, being an increasing function of X on (O, zw) and a

%
decreasing function of X on (z , »).



CHAPTER IX
NEGATIVE EXPONENTTAL AND RELATED MODELS
In this chapter we derive the NBS for three negative exponen-
tial models and for the Pareto and Weibull models. It is necessary
to repeat here that we are assuming that the given experimental model
is identical to the informational model.

9,1 Negative Exponential Model - Scale Parameter Unknown

We assume the model density
-xe
m, (x) = ¢ U . (9-1)

The joint likelihcod of n observations is

Hi

A
mk(§) RUSTAREN LJ(X*)Q (9.2)

We then define the NCBD to be

mk-ekZzi; m
e fZZi)

b (A) (9-3)

I

T'(m)

for m > 0, Tzg > 0., The fiducial density is then the "t" density

m(Zzi)m
fm(X) = m+l 2 (9"h‘)
(x + Ezi)

for m >0, Lz, > 0. For m=z=0 the ratio bm(hl)/bm(xg) is unity,
hence we define b(A) = ¢ and obtain f(x) = %1, Ve see then that

the Bayes and fiducial densities are proper for m > 0, £z, > 0 and
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improper for m = O, Zzi = 0, The completion of the proof that this
constitutes a unique WBS follows as in 5.2. Under the specification
of the NBS the posterior Bayes and fiducial densities are given by

(9.3) and (9.4) with (m, Zz,, x) replaced by (n,zx, ).

9.0 Negative Exponential Model - Location Parameter Unknown

We assume the model density

A
A=(x=6)e
my(x) = 0 () (xp), (9.5)
The joint likelihood of n observations is then

na-e’ Z(xi-e)

m(x) = e U (x,- 9). (9.6)
We define the NCBD to be
A
r-me ™ (z,-6)
(0 = me ¢ Uz 0) (9.7)

for m > 0. The fiducial density is

_e}\‘ x - ( l(x,
£ () - { %;) ex [ (m+1){x,2,), + m 2y ;7° (9.8)

-

The ratio bm(el)/bm(eg) =1 form=0 gz, =, hence define b(8)=c.

i

c. The densities (9.7)

i

The corresponding fiducial density is f{x)
and (9.8) are proper for m >0, z, <, while Db(6) and f{x) are
improper. The essential uniqueness of the NBS may be demonstrated as
in 5.1. Posterior Bayes and fiducial densities are given by (9.7) end
(9.8) with (m, z,,x) replaced by (nyx,s %)

9.5 Negative Erxponential Model - Locaticn and Scale Paraneter Unknowm

We define the model density
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A
5y o0 = &0 Uy (9:9)

The joint likelihood of n observations is

A= A , - 0
moo(x) = e e 2y )U(x* - 8). (9.10)

We define the NCBD by

e’ Z',(zi - 8

)
e k)(z* - 9)

b _(n,0)
m n-e™ Z(zi - 8)
e (24~ 0)a0 an

o Moo o
)m-l Jn-e(Zz, m8 ) (2 ©)

(L2, -1z
= ¥ {9.11)
(1)

for m > 1. The fiducial density is then

- =1
m(ie1) (Ezi + mz,) o
£ (x) = L) - - — (9.12)

((orx)e{ml)(x:2,),)

for m > 1., The ratio bm(hl, el)/bm(xe,eg) =1 for null values
m=3%z, =0 and z, =. Thus define b(n,0)=c and obtain f(x) = c.
The conditional density of 6 given A is given by (9.7) for m > 0
and b(8IN) =c for m = O.

It should be noted that the prior density for the scale parameter
in 9.1 and 9.9 does not appear to be consistent with the specification

of the prior distrivution for the Poisson parameter. The prior densi-

ties derived in this chapter should be used only when the models (9.1)
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and (9.9) may be considered to be identical to the informational model.
This will not generally be the case. When the basic underlying assump-
tions are those of a Poisson process, the experimental model densities
(9.1) and (9.9) are obtained only by employing conditional stopping.
Thus neither (9.1) nor (9.9) will coincide with the informetional
density. When the assumptions of the Poisson precess are valid, the
choice of prior distribution should be that determined in Chapter VI,
namely, b(k) = ¢, noting that the A of this chapter is the logarithm of
the N of Chapter VI. A similar situation exists 1ln the binomial nega.
tive binomial ccntext where the binomial model is similarly ecplcoyed.

0.k A pareto Model

Because of their importance in applications we shell now consider
two rather special models. We deal first with a location parameter Pareto

model density given by

o 6° U(x-0)
Pl

me(x) = ;, P>0, >0 (9.14)

The joint likelihood of n observations is given by

Pn enp U(X* - 8) . (9‘)15)

me(f) = (mxi)p+l

We define the NCBD as

% (2, - 0) (mp+1)6™ (2, - 0) J (0)
bm(e) = = 2 mp+L

f@mp [J(z,-0)a0 *

from m > 0. The corresponding fiducial density is

—

O
i
[9)

——
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p ¥ ) (x-0) 6 {(z, - 0)(mp+1) |)(e)
fm<x) - Xp+l o mp+1 as

*

[x,2, 7(m+l)p+l
p(mp+1) ol . (9.17)

Z*mp+lxp+l [ (m+)p+dl /

Tn the usual manner we obtain b(8) = f(x) = ¢, and infer the unique-
ness of this NBS. The posterior Bayes and fiducial densities under
the NBS are then given by (9.16) and (9.17) with (m,z,,x) replaced
by (n,x*,Q). The above model 1s obtainable by a logarithmic trans-
Formation on the location-parameter exponential model of section 9.2,
The other one-parameter and the two-parameter Pareto models may be
treated analogously.

9.5 A Weibull Model

The second special model to be considered is the one parameter

Weibull model with density function

e _1(p 7\'}) i
n(x) = p e e CT y(x), p>0, A >0, (9.18)

The joint likelihood of n observations is

| . e LMD
m (x) = p% ™ (e )PTC T P (x,). (9.19)

We define the NCBD +to be

Dy
D\ PA-€ (Zzi)
(9.20)

I'(m)
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for m > 0. For p=l this reduces to (9.3). The fiducial density

is
‘ T P AP _ Ay P
@ D epk:_:p ‘1.6 Xe ﬂ\‘ }? (X)p(ZZE)m emp}\ e (g,zi)
£ (x) =
I'(1m)

o)
np Xp-l{Zz?)m

= D D mil b Tor m >0 (9.21)
(=* + Zzi)

I

For p =1 this reduces to (9.4). The ratio bm(xl)/bm(kQ)

mp(A~h,) - Zzi(e - e
e 2
which is unity for null values m = Zzg = 0., Hence define b(x) = C

and obtein f(x) = x l. The uniqueness of *this NBS follows as in
previous cases, The posterior Bayes and fiducial densities are given
by (9.20) and (9.21) with (m, Zzi,x) replaced by (m, £, 5 R). The

coution given in 9.3 also applies in this case.



CHAPTER X

EXTENSIONS AND REFINEMENTS

10,1 Limitations of the Procedure

We have shown that an essentially unique NBS can be obtained
for s multitude of common examples. There are, however, an equal
number of models, though they are not frequently employed, which
do not seem amenable 4o this type of analysis. First consider the

gamma density

Bl =X U (x)
Ir'(K)

s K>0. (10.1)

m (%)
Following our usual apprcach we would define

TT 2, K-1 o
b (K) = (e, )7 (0) . (10.2)

(72 Hr )™ a

We would require that the integral in the denominator be obtained in
closed form, which does not seem possible. Even if we were to consider
K to be restricted to non-negative integral values and consider the
integral with respect to counting measure it would not appear that we
can obtain a closed form expression. By analogy to the chi-square dis-
tribution we may refer to K as a "degrees of freedom" parameter. We
have been unable to find a NCBD for any such parameter. We should note

however that degrees of freedom parameters generally arise in derived
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distributions and not in distributions of the basic random variable.
Indeed we seem to be successful in obtaining a NBS in Jjust those
cases in which the model can be referred directly to some basic
stochastic process.

A second example is illustrated by the model density

(10.3)

m, G(X) _ S (x-0)K"1 e-M(x-8) U (x-9)
(K)
with K #£ 1. This example fails because there does not exist a suffi-
cient statistic of fixed dimemsionality for (A, 9). Here again there
may be some artificiality since there may be some more basic Poisson
process involved. This model is also gulte troublesome for the classie
cal theory.

The procedures 1s not directly applicable to some useful truncated
models such as the truncated normal. In this respect we must use some
care in defining the model. If the basic underlying model is normal
but our measurements are restricted by the experiment,then employing
the ideas of Chapter IT we would obtain our prior Bayes densities from
the full normal model, even though our experimental model might be trun-
cated normal. Again we must refer to the more basic underlying process.

If we drop the requirement of the MPD principle we can obtain an
essentially unique structuring for any class of mcdels which may be
indexed by a location parameter. Since the integral of m(x-p) is
unity whether the integration is dx or du, the assumption of & uni-
form prior density for p implies a uniform prior density for X. Also

the posterior density is proper after an epsilonth of an observation and
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hence the MNS principle is satisfied (pestulating n, = 0). Thus the
above gamme model, the Laplace (double exponential), and the Cauchy
model admit of reasonable structuring even thcugh there is no sufficient

statistic of fixed dimensionality.

10.2 Evaluaticn of the Pour Principles.

The MPD, MBI, MFI and MNS principles in their current formu-
lation have been reasonably satisfactory in that they have clearly in-
dicated essentially unique specifications of the prior Boyes density
for a number of important examples. The MFI and MNS principles are
somevwhat less than elegant. The major problem with the MFfl principls
1s that we do not have an adequate measure of information for discri-
minating between improper densities. While the discriminations made in
this paper are unlikely to raise violent objection it would be desirable
to have some more general statement. The problem with the MNS principle
ls that the value m, must be postulated for each case., Again, while
we have taken this to be rather apparent for the cases studied a general
thecry would be preferred. Finally)it has been necessary to introduce
some additional, though again persuasive, ideas to obtain uniqueness
for the structuring in the multinomial cases. Future research should
be directed towards further explicating these principles.

10.5 Tronsforretiens of the Random Veriable.

For most applications the scale of measurement of the randcm
variable may be considered fixed, at least up to a linear transformation.
We may measure height in inches or in feet or even in meters but we are
unlikely to measure it in any scale which is not a linear transformation

of the scale of inches. In the discrete case it is clear that we need
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s
not, even for theoretical purposes, consider transformations on /(

In the continucus case the Lebesgue measure is dependent upon the
coordinate system chosen and hence considerations of non-linear trans-
Y ‘

formation on A may be of some theoretical interest., In addition,
there are applications, in optics for example, in which there may be
a legitimate cholce among random variables which are not linearly
related.

In studying the effect of transformations on §%5 on the mode of
analysis suggested in this paper we shall again restrict ourselves
to allowable transformations y = o(x) with inverses x = v(y) and

to real-valued X. If me(x) is the model density for X, then

to(y) = mg [ 7(y) 7 v*(y) (10.1)

is the model density for Y. Given the model density for Y, the

NCBD for © is

37 te(wi) ]N @(T(Wi)) T!(wi)
b (8) = % | =l
m ( EIE‘ ( - ’
J i’:’llte(wi)dt J Z—Z o(r(wy ) )" (v, )as
»
0 "o(%y)

= - , where w is toy as =z is to x.
[ n
i TMTma(z,)ae
) oi=1 gM7i

T

)
Hence the NCBD is invariant under ¢ . The fiducial density of Y is

given by
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.

g, (v) = | to(¥)p (9)as = T'(Y)} mg(x) b (9)a8 = 7' (y)f ((¥)) .
Now, @D (ﬁ
i ‘ fm(x) A
J‘Sm(Y)dY = j (e (r(yNdy = | T (y)—— dx = ( £, (x) dax .

' (y) J
Hence the fiducial density of ¥ is proper if and cniy if the fidu-
cial density of X is proper. If then, the spectra of X and Y
are infinite, then the MPD, MBI and MNS principles will be jointly
satisfied for X and Y. We have demonstrated several cases in
which a transformation of i%f leaves the NBS invariant; specifically
the log-normal, Weibull and Pareto models may be related by transfor-
ration to the normal and exponéntial models. Also for tha examples
studied in this paper if A is a scale parameter for X and we trans-
form N to T and X to T so that T is a location parameter for
Y then the NBS is invariant under the dual transformation. It should
e noted that transformations on‘é% and on (E) are quite different in
effect., A transformation on ?%‘ generally involves a change in the
model distribution while a transformation on <B) does not. This
simply reflects that the model assumptions are dependent upon the scale
of measurement.

10.h. Fidueial Inference

Tn addition to suggesting methods for specifying the prior Bayes
density under indifference and thus proposing a model for logical pro-
bability statements, it has been suggested that tie fiducial density
of X be used in place of the unknown true density of X +to predict

future observations from the process under study. It has been pointed
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out that this is simply an extension of the law ¢f succession. Very
1ittle mathematical justification has been given for this suggestion.
We have alluded to a consistency property, i.e. fn(x) —~>m(x) as

n —> oo, YWe have referred to Lindley's result that 6; I(fn).f 1(r)
n=1,2,..., which says that on the average succeeding estimates be-
come more informative, having started of course by being minimally in-
formative. Finally we have shown that in the simplest normal example
that a direct and exact predictive frequency result obtains.

We have been unable to obtain any general predictive frequency
theorems. It is clear, however, that if this aspect of the proposed
dual interpretation of the Bayesian model is to be justified some
further investigations must be undertaken in this respect. The infor-
mation inequality as given above and the consistency property seem

hardly sufficient to reasonably Jjustify such an interpretation.
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