
ABSTRACT

AZIZZADEH, SHAHRZAD. Capacity Expansion in Survivable Networks. (Under the direction
of Dr.Yahya Fathi and Dr.Ranji Ranjithan.)

We consider a capacity expansion problem arising in the design of service networks. In this

context we consider a multi-commodity service network that may face several possible non-

simultaneous failure scenarios. These scenarios may affect the available capacities on one or

more links as well as the point-to-point demand values. The problem is to install additional

capacities on the links of the network at minimum cost so as to meet the point-to-point de-

mands under all failure scenarios. There are two sets of decisions that need to be made in

this context. The first set of decisions pertain to identifying an additional capacity for each

link of the network, and the second set of decisions represent how to route flows through the

network paths under each failure scenario so as to meet the corresponding point-to-point de-

mand values. This problem is commonly known as the Survivable Network Design Problem,

and it is known to be NP-Hard.[1]. In this dissertation we identify various elements of the

problem, define the problem itself, and propose a mixed integer programming (MIP) model for

it. An optimal solution for the problem can then be obtained by solving this MIP model via the

Branch and Bound method using a general purpose MIP solver such as CPLEX or SAS/OR.

But the computational requirements of this approach could be excessive for larger instances

of the problem. Subsequently we investigate the structural properties of this MIP model and

propose a Benders Decomposition algorithm for solving it. This algorithm is computationally

more effective than the Branch and Bound approach and it allows us to solve larger instances

of the problem. We also propose several heuristic procedures for solving the problem. These

heuristic procedures do not guarantee to obtain an optimal solution for the problem, but their

computational requirements are significantly smaller. We then carry out a comprehensive com-

putational experiment to evaluate the effectiveness of the proposed models and algorithms and

report our findings. In this experiment we construct multiple instances of the problem in the

context of an oil distribution network that is inspired by real-world data. We carry out all

experiments using the software system SAS/OR 13.2.
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Chapter 1

Introduction

Protecting critical infrastructures against possible hazardous conditions has recently been the

center of attention. These infrastructures can often be represented as capacitated service net-

works with specified demands that need to be satisfied. One of methods of protecting these

networks is by installing additional capacities on the networks to guarantee meeting the demand

under all the possible conditions the network may face. However cost-effective decision making

regarding design and expansion of capacity in service network is a major challenge with signif-

icant applications in telecommunication, electric power, distribution and transportation areas

[1, 2, 3, 4]. In most cases cost and capacity limitations play an important role in survivable

network design problems. By survivable design we mean that the multi-commodity network

should be able meet all point-to-point demands under the potential failures that may happen

to the network. These network capacity design (and expansion) problems are known to be

NP-Hard [1].

In this work we present a modeling approach to the problem of capacity expansion in

survivable networks. We investigate the structural properties of the model and present multiple

solution approach to this class of problems. The proposed modeling and solution methods are

general and can be applied to the design and capacity expansion in any type of service networks.

Our modeling approach involves decisions regarding capacity assignments to network links

and also routing point-to-point demands through the network under a certain set of failure

scenarios. It specifically does not involve changes to the topological design of the network

(adding completely new components) or controlling the potential environmental conditions that

may be imposed to the network.
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1.1 Contributions

The contributions of this dissertation can be summarized as follows:

1. We introduce an integer programming model for the capacity design in survivable networks

potentially facing many failure scenarios.

2. We implement a delayed constraint generation algorithm in the context of Benders’ De-

composition, to solve instances of SNCE problem exactly within reasonable time and

memory requirements.

3. We develop multiple heuristic algorithms to provide high quality and near optimal solution

within reasonable time and memory requirements.

4. We describe the problem in the context of an oil products distribution network, inspired

by a real-life problem. We generate multiple non-trivial instances of the problem, based

on the original instance and develop pre-processing methods for the problem, including

a path generation algorithm and tests for early detection of infeasibility or triviality of

various scenarios, before solving the problem.

5. We presented experimental evaluation of our algorithms. Our experiments show that our

proposed heuristic approaches result in high quality expansion plans and our decomposi-

tion approach results in the globally optimal expansion plan.

1.2 Structure of the Dissertation

In the remainder of this chapter, we briefly review the related work. In chapter 2 we present a

formal definition of capacity expansion in survivable networks and discuss the problem state-

ment and concepts related to our modeling approach and assumptions. We also introduce an

integer programming model (IP-1) for the SNCE (Survivable Network Capacity Expansion)

problem.

In chapter 3 we discuss some model preparation techniques. These include a method on

how to generate a reasonable set of paths between each origin and destination node pair in

the network, to be used as an input in the optimization model. As well, tests to evaluate the

feasibility and non-triviality of individual scenarios as well as the entire problem.

In chapter 4, we introduce an application of the SNCE problem in the context of an oil

products distribution network. We describe the functionality of the distribution network and

data entities of the problem.Then we generate multiple instance based on the original problem

instance.
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In chapter 5, we provide some experiments on solving model IP-1 using a commercial mixed

integer programming (MIP) solver. We report our findings and make several observations on

the time and memory requirements of the collection of the instances.

In chapter 6, we introduce 3 heuristic methods to provide high-quality solutions for our

problem. These heuristic methods require less time and memory than the conventional MIP

solver, although the resulting solutions are not guaranteed to be optimal.

All of our heuristic methods have linear programming approaches and hence they do not

require a mixed integer programming solver. We provide experimental results and make several

observations.

In chapter 7 we implement a delayed constraint generation method that uses a Bender’s

decomposition approach to solve the SNCE problem exactly. We provide experimental results

and make several observations. Finally in chapter 8 we provide conclusions of the research and

also introduce a possible future direction for the research.

1.3 Related Work

Capacity design and expansion in failure prone networks is an important class of problems aris-

ing in many contexts including telecommunication, electric power and transportation networks.

Extensive amount of research in this field has been done. For a few please see [4, 5, 6]. However,

almost no two research work in this field has the exact same set of assumptions.

An extensive body of literature exists on capacity design in networks with uncertain demands.

For a few please see [7, 8, 9] and [10]. Many branch and bound, stochastic programming, cutting

plane and also approximation [11] approaches have been proposed for the problem. Riss et al [7]

present a stochastic integer programming approach to the problem of network capacity expan-

sion where point-to-point demand is uncertain and propose an L-shaped solution procedure to

solve the problem. While our work is focused on the survivable design, (i.e., to be able to meet

demands under all potential failure scenarios), many papers focus on accepting failed demands

with an associated penalty [5, 6]. In the mentioned papers the main assumption is that the

failure scenarios can cause link damages. Further they assume that binary damage state for

links (0 or 1 as to failed or operating). A budget constraint is used to control the choice of

capacity expansion option, while the objective function tries to minimize the cost associated

with lost demand. They use a stochastic programming approach to the model, assuming the

probability of the occurrence of each failure state is known to the decision maker.

Multi commodity survivable network design problems are known to be NP-Hard [1, 2, 3]. Most

research on these problems has focused on telecommunication and electric power networks.

Singh et al [3] discuss a column generation approach for the design of survivable networks.

They present a two-stage mixed integer program for survivable electricity distribution networks.
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Dantzing-Wolf decomposition of their formulation leads to a master problem with binary vari-

ables and mixed integer column generating sub-problems. Again, their assumption is that links

have binary state and also the possible failure scenarios can only affect the availability of links.

Dahl et al [1] present a cutting plain algorithm to multi commodity survivable network design

problem. They use a shortest path scheme for routing flows through network under the specified

failure states. Again they assume the failed links are removed from the network and no partial

availability of links or disturbed demands is allowed.
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Chapter 2

Capacity Expansion Problem in

Survivable Networks

Network capacity expansion under uncertainty is an important class of problems arising in many

contexts including transportation, telecommunication and distribution networks. This problem

has been the center of attention in the context of transportation and distribution networks due

to increasing need for natural and man-made hazards preparedness. Civil infrastructures and

service network components are usually vulnerable to large scale urban hazards such as earth-

quakes, hurricanes and floods. For example the 1994 Northridge earthquake caused damage

to 286 state highway bridges, out of which seven major ones collapsed [5]. A damaged trans-

portation or distribution network not only affects the normal functionality of modern societies,

but also directly impacts the effectiveness of post-disaster rescue and recovery activities. The

importance of unimpeded operation of transportation networks raises the question of how to

optimally allocate resources for installing additional capacities to the network components to

improve the robustness of the entire network.

2.1 Problem Statement

Network capacity design and expansion problems are central to a large number of contexts

including transportation, distribution and telecommunication. The idea is to expand a network

of links (roads, pipelines, transportation means. etc.) to enable the flow of commodities (people,

data, material, etc.) in order to satisfy some demand.

However, in many practical applications a resilience dimension should be added to designing

and expanding such networks. This set of network optimization problems is studied not only

under the normal operating state, but also under a set of states corresponding to a selected set

of possible failure situations.
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Applications of this class of problems can be found in many critical infrastructures that are

vulnerable to large scale urban and man-made hazards, such as earthquakes, hurricanes and

flood, or man-made attacks and outages. As the smooth operation of such infrastructures is

important, preventive measures should be taken to minimize or avoid the possibility of service

outage.

One of the preventive measures that decision makers can take to avoid the possibility of

service outage or a system failure is to install additional capacities on links to guarantee sat-

isfying the demand under the set of possible failure scenarios. The different failure scenarios

are characterized by the availability of the links as well as demand for each scenario. The goal

is that the resulting network (after capacity expansion decisions are implemented) should be

resilient to failures, i.e., the network should be able to satisfy the demand under all possible

failure scenarios. The decisions regarding the capacity expansions should be made with respect

to the individual components and also the overall importance of the component to the perfor-

mance of the whole infrastructure. This is because individual components in an infrastructure

are not independent of each other. Any change in a component of the infrastructure may cause

the flow of commodities to be re-distributed and therefore other components may be affected

remotely. Therefore decisions should be made at the infrastructure level. The whole infras-

tructure maybe modeled as a network, and the components can be represented by network

links. As the decision makers are trying to protect the service provided by the infrastructure,

represented by a network, against a set of possible failure scenarios, the problem is referred to

as survivable network design and capacity expansion problem [12] [13] [1] and [11]. In this class

of problems decision makers are mostly interested in a set of capacity expansion decisions for

links that allows satisfying the demand while minimizing the cost.

Here, the node to node demands are based on the hazardous conditions the network faces

and their consequences. This means that in order to have a survivable network, the decisions

for capacity design and expansion cannot be based only on the demand under normal condi-

tion. The amount of demand between each origin-destination node pair vary under different

hazardous conditions. We call each of these conditions a failure scenario.

Commonly transportation and distribution network components (e.g. road segments, bridges

and pipelines) are vulnerable to hazards, causing them to not behave as they do under normal

condition. Therefore under each failure scenario each link in the network may be completely

failed or only partially available. We assume that the only information available to the decision

maker at the time of planning for network capacity expansions is the fractional availability of

each link under each failure scenario.
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2.1.1 Entities of the problem

1. The Network

We assume we have a network G = (V,E) where V is the set of nodes and E is the set of

links (with |E| = m). Associated with each link et ∈ E for t = 1 to m, there is an initial

capacity of ut0.

There is an initial demand matrix D0 = (dij0), where the entry dij0 represents the initial

demand that must be supplied from node i to node j. We assume that under normal

condition the link capacities are sufficient to allow the flow of material through the network

to satisfy demand for all nodes.

2. Failure Scenarios

We assume that the network described above is subject to various potential failures. The

set of failure scenarios are denoted by S (with |S| = q). Individual scenarios are denote

by sr ∈ S. A network failure could potentially result in a change (reduction) in the

capacity of each link as well as changes in demand values. More specifically, we assume

that for each scenario sr ∈ S and for each link et ∈ E we have an associated value λtr that

represents a fraction of the capacity of link et that remains available if failure scenario sr

occurs. We further assume that for each scenario sr demand from node i to node j would

change from dij0 to dijr.

3. Expansion Options

We assume that for each link et ∈ E we have a set of expansion options Lt. For each link,

the options are numbered sequentially from 1 to |Lt|. Corresponding to the lth option in

Lt there is a value utl that represents the increase in the capacity of link et if lth option

is selected, with an associated cost ctl. We denoted the initial capacity of link et by

ut0, hence if we choose to expand the capacity of link et according to the lth option, the

resulting capacity will be ut0 + utl.

4. Decisions

The decisions in this context is to select an expansion option for each link et in the

network.

5. Expansion Plan

We define an Expansion Plan as a vector of size m, Ψ = (ψ1, . . . , ψm) where ψt represents

the expansion option (i.e. decision) selected for link et. For convenience, for each link et

we denote the option of ’no expansion’ as ψt=0.
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2.1.2 Statement of the problem

Given

1. A Network G = (V,E)

2. An initial capacity of ut0 associated with each link et

3. An initial demand matrix D0 = (dij0) ∀i, j ∈ V

4. A set of failure scenarios S with associated values of λtr and dijr for each scenario sr ∈ S,

and for all links et ∈ E and pairs (i, j).

5. A collection of expansion options Lt for each link et ∈ E with associated values utl and

ctl for l = 1 to |Lt|

We seek to answer the following two questions:

1. Is there an expansion plan for the network so that it remains feasible under every failure

scenario?

2. If the answer to the first question is yes, then, among all such expansion plans, find a

plan that has the lowest cost.

2.2 Feasibility of the SNCE Problem

The first research question introduced above is on the feasibility of the problem. To answer

this question we need to provide a definition for Maximal Capacity Expansion Plan.

Definition: Maximal Capacity Expansion Plan

If for each links et ∈ E the Expansion Option that provides the highest capacity is selected,

the resulting Expansion Plan is called the Maximal Capacity Expansion Plan.

Suppose this plan is denoted by Ψmax. If by selecting Ψmax, we can find a set of flows to

meet the demands under every scenario, then the SNCE problem is feasible. Otherwise, there

exists no expansion plan with which the Link Capacity and Demand constraints of all scenarios

can be satisfied; i.e.,the problem is infeasible. This follows from the fact that for every other

expansion plan and for every failure scenario the resulting capacity of each link is smaller than

or equal to its corresponding capacity under the Maximal Capacity Expansion Plan. We will

introduce a mathematical model for testing the feasibility of the Maximal Capacity Expansion

Plan in the next chapter.
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2.3 Modeling Approach

The proposed modeling approach is general and in principle can be used to address capacity

expansion decisions in survivable networks for any type of networks, including telecommuni-

cation, distribution and transportation networks. The goal of the problem is to identify the

minimum cost capacity expansion plan that can satisfy the demand under every failure sce-

nario. In practice, the capacity expansion decisions need to be made before any failure scenario

occurs, while a second set of decisions need to be made after information about the occurrence

of a failure scenario is revealed. The second set of decisions would identify how to route traffic

flow on network paths based on the demand and available capacities under a failure scenario.

This decision making structure suggests a framework for a two-stage decision making model,

which only includes a first stage cost function (capacity expansion investments). The second

stage cost is zero, implying that no cost is incurred for routing the flows in the networks once

enough capacity is available. As all the demand under all failure scenarios must be met, the

probability distribution of the occurrence of the scenarios is not required.

In the literature it is often assumed that links face a binary damage state (failed or undam-

aged) [5], [3] and [6]; however our proposed modeling approach provides the opportunity for

modeling partial failures (capacity loss) in any combination of links.

Capacity expansion decision for each link is represented by a set of binary variables with 1

representing that the expansion plan is chosen for the link and 0 otherwise. The use of binary

variables for capacity expansion decisions is because in most applications it is required that

links are of a modular capacity or there are only specific technological options available to be

installed on each link , and having any continuous value for links capacities is simply infeasible.

Rather, there are limited number of technological options available to be installed for each link

which, in turn, leads to a set of distinct choices Lt for each link t.

2.3.1 Origin-Destination Paths

For each pair of origin-destination nodes, a path is a sequenced set of links that connects

the origin to the destination. As mentioned above, the second set of decisions, i.e., the one

associated with each failure scenario, pertains to identifying how to route the traffic flow through

the network paths so as to satisfy the demand between every pair of origin-destination nodes

with positive demand. For this purpose we need to identify a candidate set of paths between

every such pair of nodes with positive demand on the network. Naturally, there could be

a large number of such paths (feasible paths) between every pair of nodes (i, j) in a given

network. Considering all such paths in the decision making process would be computationally

cumbersome. In many situations considering all such paths would also be unnecessary since

relatively long paths are unlikely to appear in the corresponding optimal solutions. For this
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Figure 2.1: Introductory Example Network

reason for every pair of nodes (i, j), if the total number of feasible paths from i to j is too

large, we limit the choice of paths from node i to node j to a limited subset of all feasible paths

between these two nodes. We denote this subset by Pij and we denote the f th path in this

subset by pijf , for f = 1 to |Pij |.
For notational convenience we further define a set of binary constants over the set of links

and paths. These constants provide a mapping between the links and the paths. i.e., they are

used to identify which links belong to which path. We denote these binary constants by ktijf ,

where ktijf=1 if link et belongs to path pijf and ktijf=0 otherwise.

Later we describe how to determine the subset of paths Pij for every pair of nodes (i, j) with

positive demand.

Example 1 To motivate the problem, we start with a simple example. Consider the network

in Figure 2.1 with nodes V = {a, b, c, d} and links E = {e1, e2, e3, e4, e5}. Suppose at any time

the network is in either one of these two conditions: the normal condition (s0) under which

the node to node demand and link capacities are at their normal level; and a failed scenario

(s1) under which the demand and available capacities of links vary from normal. Under the

normal condition (s0) there is a demand of 4 units between nodes a (origin) and b (destination).

There is also a demand of 3 units between nodes c (origin) and d (destination). Tables A and

A represent the network data under the two scenarios.

As mentioned earlier, candidate paths between (a, b) and (c, d) need to be identified. The only

path between nodes a and b is pab1 = (e1). There are three paths between nodes c and d :

pcd1 = (e3), pcd2 = (e5, e1, e2) and pcd3 = (e4, e2). It can be computed that the network is not

able to satisfy any of the node to node demands under s1 scenario with the current available
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Table 2.1: Introductory Example : Demand

Demand Scenario s0 Scenario s1 Pij

dab 4 2 {pab1 = (e1)}
dcd 3 4.5 {pcd1 = (e3), pcd2 = (e5, e1, e2), pcd3 = (e4, e2)}

Table 2.2: Introductory Example : Link Capacities

Link Capacity under Scenario s0

(Normal Condition)
Capacity Coefficient

under Scenario s1 (λt1)
Capacity under

Scenario s1

e1 4 .25 1(=4*.25)
e2 3 1 3(=3*1)
e3 2 .5 1(=2*.5)
e4 5 .8 4(=5*.8)
e5 2 1 2(=2*1)

capacities. For example, from the data provided in Tables 2.1 and 2.2 , under failure scenario

s1, the capacity of link e1 drops to 1(= 4 ∗ 0.25), whereas the demand between a and b is 2.

Since pab1 = (e1) is the only path between a and b and its capacity is less than the demand

(1 < 2), the network will not be able to meet the demand. Therefore links capacities must be

expanded for the network to be able to meet the demand.

There is a set of capacity expansion options for each link, from which at most one option can

be installed on each link, creating a set of mutually exclusive investment decisions for each link.

The data regarding these capacity expansion options and their associated costs are presented in

Table 2.3. The initial capacity of link et is shown by ut0 and the capacity of the lth expansion

option for link et is shown by ut1. Note that for simplicity we have assumed that each link has

the same number (two) of capacity expansion options. The maximal capacity expansion plan

for this network is Ψmax=(2,2,2,2,2) with the capacity expansion of (5,5,5,5,5). The network is

feasible for every scenario using the maximal capacity expansion plan. �

2.3.2 Modeling Assumptions

As discussed in the previous section, we are concerned with a set of non-simultaneous failure

scenarios sr ∈ S. Each failure scenario corresponds to the failure (partial or complete) of a
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Table 2.3: Introductory Example : Capacity Expansion Options

Initial Option 1 Option 2
Link Capacity (ut0) Capacity(ut0 + ut1) Cost Capacity(ut0 + ut2) Cost

e1 4 4+3 10 4+5 15
e2 3 3+3 8 3+5 9
e3 2 2+3 5 2+5 7
e4 5 5+3 8 5+5 17
e5 2 2+3 2 2+5 3

combination of links and/or change in a combination of node-to-node demand. Therefore we

do not assume that only one link can fail at a time, although this is a common practice in some

of the previous works including [5, 2].

Followings are some key assumptions that we made ealier in defining the problem and we

repeat them here for convenience.

Assumption 1 Let the random variable representing the occurrence of failure scenarios be

ξ. The set of realizations of ξ is finite, i.e., it has a predetermined number of possible values

ξ ∈
{
ξ1, ξ2, ..., ξq

}
, where |S| = q. The possible realizations of ξ correspond to the occurrence

of failure scenarios s1, s2, ..., sq, respectively.

Assumption 2 Associated with each failure scenario sr there is an array of links availability

coefficients Λr=(λ1r, λ2r, ..., λmr). Each λtr determines a fraction of capacity of link et that is

available under failure scenario sr. Let the initial plus the expanded capacity of link et under

the normal conditions be ut0 + utl ; based on this assumption, the available capacity of link et

under sr would be λtr ∗ (ut0 + ut1).

Assumption 3 Each failure scenario sr has an impact on node to node demands in the

network. The demand under normal condition and under failure scenario sr are denoted by

dij0 and dijr, respectively. Value of dijr maybe larger than, smaller than, or equal to dij0.

Assumption 4 The only cost element in the problem is the cost of installing capacity expan-

sion options. There is no cost associated with routing the flows in the network.
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Assumption 5 Capacity expansion decisions are mutually exclusive. Only one expansion

option can be chosen for each link.

Assumption 6 Flows are routed through simple paths in the network. A simple path is a

sequenced set of links that connects an origin to a destination and contains no cycle. Throughout

this thesis, wherever we use the term “path” we are referring to a simple path.

2.3.3 More on Scenarios

When studying the effects of failure scenarios on links availability, from problem data, we have

0 ≤ λtr ≤ 1 for all et ∈ E. So the links availability will either remain the same, or decreases.

No failure scenario results in increase of the availability of the links.

For easier reference, in all instances of SNCE problem s0 is used to represent the normal condi-

tion. Therefore Λ0=(λ10, . . . , λm0)=(1,1,. . . ,1) for all instances. On the other hand, under each

failure scenario the demand between each pair of nodes (i, j) could either increase (dijr > dij0),

decrease (dijr < dij0) or remain the same (dijr = dij0).

Example 1 (Continued)

Given the data in Table A, we have Λ1=(0.25, 1, 0.5, 0.8, 1). Also the demand values have

changed from (dab0, dcd0)=(4,3) to (dab1, dcd1)=(2,4.5).

2.4 Model Formulation

In this section we propose an integer programming model for our survivable network capacity

expansion problem. We define the following notations:

Sets

V : Set of Nodes in the network, with |V | = n

E : Set of Links in the network, with |E| = m

Lt : Set of Capacity Expansion Options for link et ∈ E
S : Set of Failure Scenarios, with |S| = q

Pij : Set of Candidate Paths between node i and node j

Data

ut0 : Capacity of link et ∈ E under normal condition
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utl : Additional capacity on link et if the lth capacity expansion option from the Lt set is

installed

ctl : Cost; if the lth capacity expansion option in Lt is installed on link et

λtr : Coefficient of capacity of link et under failure scenario sr ∈ S
dijr : Demand between i and j under scenario sr

Constant

ktijf : Binary constant, 1 if link et belongs to path pijf ; 0 otherwise

Decision Variables

ztl : Binary variable, 1 if the lth capacity expansion option in Lt is installed on link et ∈ E ; 0

otherwise , for all t = 1 to |E| and for all l = 1 to |Lt|
xrijf : Flow passing through path pijf under failure scenario sr , for all i, j ∈ V : dij0 > 0 and

for f = 1 to |Pij | and for all sr ∈ S

Formulation of Survivable Network Capacity Expansion (SNCE)-Model IP-1

Min
m∑
t=1

|Lt|∑
l=1

ctl ztl (2.1)

subject to.

|Lt|∑
l=1

ztl ≤ 1 t = 1 to m (2.2)

∑
∀i,j∈V :dij>0

|Pij |∑
f=1

ktijfx
r
ijf ≤ λtr

ut0 +

|Lt|∑
l=1

utlztl

 t = 1 to m r = 0 to q (2.3)

|Pij |∑
f=1

xrijf ≥ dijr ∀{i, j ∈ V : dij0 > 0} r = 0 to q (2.4)

ztl ∈ {0, 1} t = 1 to m ∀l = 1, 2, ..., |Lt| (2.5)

xrijf ≥ 0 ∀{i, j ∈ V : dij0 > 0} f = 1 . . . |Pij | r = 0 to q (2.6)
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Objective

The objective function in 2.1 is to minimize the total cost of capacity expansion decisions. The

objective function only include ztl variables. This implies that as mentioned in Assumption 4

the only cost element in the problem is the cost of capacity expansion.

Mutual Exclusion Constraints

The set of constraints in 2.2 restrict the choice of capacity expansion plans to no more than one

plan for each link (Assumption 5). As these inequalities represent the mutual exclusion of the

capacity expansion decisions for each link, they are referred to as Mutual Exclusion Constraints.

Link Capacity Constraints

The second set of constraints (2.3) are Link Capacity Constraints. The total amount of flow

passing through each link (
∑
∀i,j∈V :dij>0

∑|Pij |
f=1 k

t
ijfx

r
ijf ) should be less than or equal to the

link’s available capacity λtr

(
ut0 +

∑|Lt|
l=1 utlztl

)
, for all links, under all failure scenarios.

Demand Constraints

The third set of constraints (2.4) are Demand Constraints. The total amount of flow passing

through the paths between i and j (
∑|Pij |

f=1 x
r
ijf ) should be greater than or equal to the demand

between i and j (dijr), under all failure scenarios.

Example 1 (Continued)

Here, we re-visit our introductory example and formally model the problem using the modeling

approach and notations introduced in the previous section. Using the data provided in Table

A, we first need to determine the value of ktijf .

Link e1 belongs to paths pab1 and pcd2, therefore k1
ab1 = k1

cd2 = 1. This implies that when writing

the Capacity Constraints for link e1, only the flow variables of paths pab1 and pcd2 will appear

in the constraints. With the same analogy, the values of ktijf are determined and represented

in Table 2.4.

Based on the data provided for Example 1 in Tables A to 2.4 , the capacity expansion

problem for the network to be survivable would be as follows:

Min 10z11 + 15z12 + 8z21 + 9z22 + 5z31

+7z32 + 8z41 + 17z42 + 2z51 + 3z52
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Table 2.4: ktijf Values for the Introductory Example

Paths
Link pab1 pcd1 pcd2 pcd3

e1 1 0 1 0
e2 0 0 1 1
e3 0 1 0 0
e4 0 0 0 1
e5 0 0 1 0

subject to.

Mutual Exclusion :



z11 + z12 ≤ 1

z21 + z22 ≤ 1

z31 + z32 ≤ 1

z41 + z42 ≤ 1

z51 + z52 ≤ 1

Link e1 Capacity :


x0
ab1 + x0

cd2 ≤ 4 + 3z11 + 5z12 under s0

x1
ab1 + x1

cd2 ≤ 0.25 (4 + 3z11 + 5z12) under s1

Link e2 Capacity :


x0
cd2 + x0

cd3 ≤ 3 + 3z21 + 5z22 under s0

x1
cd2 + x1

cd3 ≤ 3 + 3z21 + 5z22 under s1

Link e3 Capacity :


x0
cd1 ≤ 2 + 3z31 + 5z32 under s0

x1
cd1 ≤ 0.5 (2 + 3z31 + 5z32) under s1

Link e4 Capacity :


x0
cd3 ≤ 5 + 3z41 + 5z42 under s0

x1
cd3 ≤ 0.8 (5 + 3z41 + 5z42) under s1
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Link e5 Capacity :


x0
cd2 ≤ 2 + 3z51 + 5z52 under s0

x1
cd2 ≤ 2 + 3z51 + 5z52 under s1

Demand dab :


x0
ab1 ≥ 4 under s0

x1
ab1 ≥ 2 under s1

Demand dcd :


x0
cd1 + x0

cd2 + x0
cd3 ≥ 3 under s0

x1
cd1 + x1

cd2 + x1
cd3 ≥ 4.5 under s1

zel ∈ {0, 1} e = 1, 2, .., 5; l = 1, 2

x0
ab1, x

1
ab1, x

0
cd1, x

1
cd1, x

0
cd2, x

1
cd2, x

0
cd3, x

1
cd3 ≥ 0

The introductory example can be solved to optimality, with the optimal objective of 23. The

optimal values of the capacity expansion decision variables and the flow variables are presented

in Table 2.5. The results show that at the optimal solution the capacity of link e1 is expanded by

installing the second option (an addition of 5 units to its original capacity) and the capacity of

link e2 is expanded by installing the first option (an addition of 3 units to its original capacity).

The rest of the links do not need capacity expansion for the system to be survivable. So the

optimal expansion plan for this example would be Ψ∗ = (2, 1, 0, 0, 0).

Given the capacity expansion decisions, at the optimal solution flows are routed as listed in

Table 2.5.
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Table 2.5: Variables at the optimal solution

ztl l=1 l=2

t = 1 0 1
t = 2 1 0
t = 3 0 0
t = 4 0 0
t = 5 0 0

xrijf r=0 r=1

ijf = ab1 4.0 2.0
ijf = cd1 3.0 1.75
ijf = cd2 2.0 0.25
ijf = cd3 3.0 4.0
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Chapter 3

Preparing the Model

In this chapter we introduce preliminary concepts regarding preparing and pre-processing the

model for Survivable Network Capacity Expansion (SNCE) problem. We start by discussing an

algorithm to find a set of candidate paths between any origin-destination node pair in a directed

network. As described in Chapter 2 Assumption 6, finding a set of candidate paths is the first

step in modeling the optimization problem. Then in the following section we introduce a few

tests and pre-processing methods to clean up the data and also identify possible infeasibility of

the problem.

3.1 Finding a Set of Candidate Paths between Two Nodes

Given a network G=(V,E), the total number of paths between any pair of nodes can be quite

large. Consequently, the number of flow variables (xrijf ) in our model would also be quite large.

This would result in a very large and potentially hard to solve optimization model. In practice,

it is reasonable to expect the flows to be routed through “better” i.e., shorter and less costly

paths [4]. For this reason, in our optimization model, for each pair of origin destination nodes

i and j, we use a limited number of paths that are deemed to be more promising. However,

such a set of candidate paths for those nodes does not guarantee that the set contains the

optimal paths for the original problem. In many applications, however, it can be shown that

this approach results in obtaining either optimal, or near optimal solutions while reducing the

corresponding computational requirements to manageable levels.[14]

Here, we use an adoption of an algorithm introduced in [15] by Thorelli to find all simple

paths between origin-destination node pairs. We will then implement strategies that limits the

output to a subset of all simple paths, i.e., a set of candidate paths. Let us start by providing

a definition for a simple path. We will then discuss the algorithm and our adoption of it.
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Figure 3.1: Algorithm to Find All Simple Paths between a node pair (FASP)

Definition: Simple Path

A simple path is a sequenced set of links that connects an origin to a destination and contains

no cycle. Throughout this thesis, wherever we use the term “path” we are referring to a simple

path.

3.1.1 Finding All Paths between Two Nodes

The problem of finding all paths between two nodes in a network is an NP-Hard problem. [15].

Here, we implement an adoption of a recursive algorithm presented in [15] by Thorelli. The

algorithm is depicted in Figure 3.1 and is denoted by “FASP”.

FASP is a recursive, depth first search algorithm. For each node pair (s, d), starting from
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Figure 3.2: Introductory Example Network

the origin node (s), the adjacent nodes are visited in a depth-first order. If the recently visited

node ( denoted by w) is the same as the destination (d), then a new path is found, and that

branch is fathomed. Otherwise, the recently visited node (w) is marked visited, and is then

treated as the new origin node. From Figure 3.2 and Example 3.1 below, the recursive nature

of the algorithm and its steps could be seen more clearly.

Example 3.1 To find all the simple paths between node pair (c, d) in the network depicted

in Figure 3.2, we use the FASP algorithm. In Figure 3.3 we have shown how this recursive

algorithm unfolds and results in finding all the paths between node c and node d. The first

path connects the nodes in the following order: Sp={c a b d}. After the second and third paths

are added, the completed set of paths would be {{c a b d},{c d},{c b d}}. �

3.1.2 Selection Criteria For Candidate Paths

As mentioned earlier, instead of using all the paths between each origin destination node pair,

we use a set of candidate paths. To create a set of candidate paths, we have used the following

two selection criteria:

Selection Criteria 1: Length of each path

In practice, often paths that are shorter are more desirable as compared to the the paths

that are longer in general. Therefore we select the paths that are shorter to be included in the

candidate paths.
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Figure 3.3: FASP function to find all paths between node c and node d for the network depicted
in Figure 3.2
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Figure 3.4: Maximum acceptable length for a path from node i to node j, as a function of the
length of the shortest path from node i to node j (Lij) , with β = 10 and β = 20

Selection Criteria 2: Number of links traversed in each path

In practice, often paths that traverse a limited number of links are more desirable as compared

to the paths traversing too many links. Therefore we select the paths that traverse fewer links

to be included in the candidate paths.

To apply the mentioned criteria, the following strategies are implemented:

Strategy 1: Limiting the length of each path

We define a parameter, MXLij , to represent the maximum acceptable length for a path from

i to j. Here, we consider the shortest path to be the most efficient path between each origin-

destination pair, length-wise. Therefore we try to stay within a specific gap from the length of

the shortest path. Let us represent the length of shortest path from i to j by Lij . Naturally,

MXLij should always be greater than or equal to Lij . We also like MXLij to have some other

characteristics. We like MXLij to always be slightly larger than Lij , to allow “good” paths in.

For larger values of Lij (when the shortest path between a node pair is rather long), we like

MXLij to be closer to Lij , so in our candidate set, we would not be including path that are too

long. We have defined the following logarithmic function that exhibits these desired behavior:

MXLij = Lij + β ∗ log10(Lij)

In this equation β is a coefficient determined by the user. Increase or decrease in β would

allow more or fewer paths to be included in the set of candidate paths.

Figure 3.4 shows the value of MXLij for specific values of Lij and β. For our test instances
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Figure 3.5: Maximum acceptable Number of links for a path from node i to node j, as a
function of the number of links in the Least Links path (Kij), with α = 10 and α = 20

in the subsequent chapters we used β = 10 as the initial value. We will specify the exact value

of β for each instance in Chapter 4.

Strategy 2: Limiting the number of links in each path

We define a parameter, MXHij , to represent the maximum acceptable number of links to

traverse in a path from i to j. Suppose among all the paths from i to j, the path named “Least

Links” path has the least number of links in it. To determine a reasonable value for MXHij

we try to stay within a specific gap from the number of the links traversed in the the Least

Links path. Let us represent the number of links in the Least Links path from i to j by Kij .

Naturally, MXHij should always be greater than or equal to Kij . We also like MXHij to

have some other characteristics. We like MXHij to always be slightly larger than Kij , to allow

“good” paths in. For larger values of Kij (when the Least Links path between a node pair has

rather too many links), we like MXHij to be closer to Kij , so in our candidate set, we would

not be including path that include traversing too many links. We also like MXHij to be an

integer value, since it will be representing the maximum acceptable number of links to traverse.

We have defined the following logarithmic function that exhibits these desired behavior:

MXHij = dKij + α ∗ Ln(Kij + 1)

Kij
e

In this equation α is a coefficient determined by the user. Increase or decrease in α would

allow more or fewer paths to be included in the set of candidate paths. The ceiling function is

used to assure the result is an integer value.

Figure 3.5 shows the value of MXHij for specific values of Kij and α. For our test instances
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Figure 3.6: Algorithm to Find Candidate Paths

in the subsequent chapters we used α = 10 as an initial value. We will specify the exact value

of α for each instance in Chapter 4.

3.1.3 Algorithm to Find a Set of Candidate Paths

FASP algorithm returns a sequence of nodes for each path from i to j. We transform this form

of output into a sequence of links.(When there are more than one links available between a

node pair, a separate path is created to include each link.)

Suppose Sij represents the set of all paths from i to j after being transformed into sequence

of links. For each node pair (i,j) for which there exists a positive demand, we create a set of

candidate paths (denoted by Pij) using the algorithm described in Figure 3.6.

25



Table 3.1: Links Lengths

Link Length

e1 10
e2 1
e3 1
e4 1
e5 10

Table 3.2: Paths from node c to node d for the network depicted in Figure 3.2

Path (sequence of nodes) Path (sequence of links) Length Number of Links

cd {e3} 1 1
cbd {e4, e2} 2 2
cabd {e5, e1, e2} 21 3

Example 3.2 Suppose we like to choose a set of candidate paths from node c to node d in

the network from the previous example (Example 3.1). The length of the links are as shown in

Table A. From Example 3.1 we have the set of all paths as {{c a b d},{c d},{c b d}}.
These paths are transformed into sequences of the links. The paths before and after being

transformed, along with their lengths and the number of links in them are presented in Table

A. {e3} is the shortest and also the Least Links path, with Lij=1 and Kij = 1. From Strategy

1 and Strategy 2 we have MXLij=1 (with β = 10) and MXHij=4 (with α = 10). Therefore

only {e3} is included in the set of candidate paths and {e4, e2} and {e5, e1, e2} are out due to

their length. So Pcd = {{e3}}. �

3.2 Pre-processing

Given the data set for an instance of the SNCE problem, we carry out a few simple tests to

clean up the data and prepare it for constructing the model. In this section we describe these

tests.

A Simple Scenario

A given scenario is said to be a simple scenario if the network can accommodate this scenario
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(i.e, meet all the demands under this scenario) if no expansion is made.

An infeasible Scenario

A given scenario is said to be an infeasible scenario if the network cannot accommodate this

scenario (i.e, meet all the demands under this scenario) even if maximal capacity expansion

plan is installed. ( All links are expanded using the option with the maximum capacity).

A Viable Scenario

A scenario is said to be a viable scenario if it is neither a simple scenario nor an infeasible

scenario.

3.2.1 Test (1) : Identifying a simple scenario

To test if the network is able to meet the demands for a given scenario, given the current ca-

pacities (condition (1)), the following network flow problem should be solved. It is a feasibility

test with no objective function.

Test (1) for scenario Sr

Min 0

subject to.

∑
∀i,j∈V :dij>0

|Pij |∑
f=1

ktijfx
r
ijf ≤ λtrut0 t = 1 to m

|Pij |∑
f=1

xrijf ≥ dijr ∀{i, j ∈ V : dij0 > 0}

xrijf ≥ 0 ∀{i, j ∈ V : dij0 > 0} f = 1 . . . |Pij |

If this problem is feasible, we can conclude that the current network (without any expan-

sion) is able to meet the demands for the given scenario and hence does not require capacity

expansion. Therefore, this scenario is a simple scenario in the context of our problem and could

be removed from the model. If all of the given scenarios for a SNCE instance are simple, the

instance is considered to be trivial, since no expansion is required in order to accommodate

these scenarios.
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3.2.2 Test (2) : Identifying an infeasible scenario

To test if the network is able to meet the demands with maximal capacity expansion plan,

(condition (2)), the following network flow problem should be solved. It is a feasibility test

with no objective.

Test (2) for scenario Sr

Min 0

subject to.

∑
∀i,j∈V :dij>0

|Pij |∑
f=1

ktijfx
r
ijf ≤ λtr(ut0 + utl̂) t = 1 to m

|Pij |∑
f=1

xrijf ≥ dijr ∀{i, j ∈ V : dij0 > 0}

xrijf ≥ 0 ∀{i, j ∈ V : dij0 > 0} f = 1 . . . |Pij |

In this problem utl̂ is the additional capacity on link et if the maximal capacity expansion

plan is installed. If this problem is infeasible, then the test fails. Because then it can be

concluded that for this scenario, the network will not be able to meet the demands even with

the maximal expansion plan. Therefore, this scenario is infeasible to satisfy in the context of

our problem. If there exists an infeasible scenario in the given set of the scenarios, we can

immediately answer the first research question introduced in Chapter 2: There is no expansion

plan so that the network remains feasible under every given failure scenario.

3.2.3 Identifying viable scenarios

There are 2 main motivations in pre-precessing the given set of scenarios for an SNCE problem.

Firstly, we like to find out if any of the scenarios are infeasible. As soon as an infeasible

scenario is found, we can stop the process of solving the SNCE problem and declare it infeasible.

Secondly, we like to find and remove the simple scenarios, to potentially reduce the size of the

problem and make the solution process more effective. In other words, we like to work with the

set of viable scenarios only. In order to find the set of viable scenarios we follow the algorithm

described in Figure 3.7.
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Figure 3.7: Algorithm to Identify Viable Scenarios
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3.2.4 Reductions and Bounds

In this section we first introduce a few simple methods that may help reduce the size of the

problem. They will also simplify referring to the expansion plans and failure scenarios later

when providing solution approaches. After these methods are applied, it will be easier to

organize the problem’s data.

Note 1 For two possible capacity expansion options l̄ and l̂ for link et, If ctl̄ > ctl̂ and

utl̄ ≤ utl̂, then the option l̄ is dominated by the option l̂ and l̄ can be removed from the collection

of expansion options for this link .

This mathematically trivial note states that if among the available capacity expansion op-

tions for a link, one is suggesting more cost and less (or equal) capacity, then it is redundant and

can safely be removed from the problem during pre-processing. After removing any possible

capacity expansion options that has the condition stated in Note 1, the indices of the remaining

options will be reordered such that utl ≤ utl+1 and ctl ≤ ctl+1 , l = 1 . . . |Lt|,∀et ∈ E , to

reference the expansion options and variables of the problem more easily.

Suppose the results of this note is applied. If by using the Maximal Capacity Expansion

Plan the problem is feasible, then we will also get a trivial upper bound on the objective func-

tion, which is equal to the sum of the costs of the costliest expansion options for each link.

Example 3.3

Recall the network in Example 1 from Chapter 2. From Table G the cost of the Maximal

Capacity Expansion Plan will be computed as (15+9+7+17+3)=51, which is an upper bound

on the optimal objective of the problem, 23, as computed in Chapter 2.�

Note 2 If there exist two failure scenarios sr̄ and sr̂ such that

λtr̄ ≤ λtr̂ ∀et ∈ E

and

dijr̄ ≥ dijr̂ ∀{i, j ∈ V : dij0 > 0}

then the Link Capacity and Demand constraints representing failure scenario sr̂ will be redun-

dant and can be removed from the model without affecting the feasible region and the optimal

solution.

The interpretation of this mathematically trivial note is that any expansion plan that is
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feasible under sr̄, will also be feasible under sr̂, therefore the constraints representing sr̂ are

redundant.

Lower Bounds on the Objective Function:

Observation 1 Solving the SNCE problem with each one of the failure scenarios provides a

lower bound for the optimal cost of the SNCE problem.
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Chapter 4

Constructing Instances

In this chapter we construct the data set for several instances of the survivable network capac-

ity expansion (SNCE) problem. In the next chapter we use these instances in a computational

experiment to evaluate the effectiveness of the integer programming model that we proposed for

solving this problem. Subsequently in the following chapters we propose alternative method-

ologies for solving this problem and employ the same instances to evaluate the effectiveness of

the methodologies.

The instances we construct here are based on an oil products distribution network, inspired

by a real world case. Due to the critical role of oil products in the economy as well as people’s

day to day needs, this network needs to be survivable. We start by providing an overview of

the problem in the context of this Oil Products Distribution Network (OPDN-1) and will then

discuss data entities of the problem. We continue the chapter by providing details on how we

have constructed additional instances of the SNCE problem.

4.1 Distribution Model - Overview

OPDN-1 is a network responsible for daily distribution of over 230 million litres of oil products.

The network consists of 230 consumption regions, 86 oil products warehouses, and several

refineries and import/export points that together form the distribution model.

To get a big picture of the process of distributing oil products please see Figure 4.1. After

the crude oil is refined, the refined products are pumped through a network of mostly pipelines

and sent to major warehouses. The products are then distributed and stored locally to be

delivered to retailers and consumers for sale. The part of the distribution process that involves

OPDN-1 is where the refined products are delivered to the warehouses from the refineries.
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Figure 4.1: Oil Products Distribution

4.1.1 Components of the OPDN-1

Products

The products distributed through OPDN-1 are Gasoline, Kerosene, Diesel fuel and Fuel oil.

Refineries

Refineries provide the products mentioned above to meet the demands. Each refinery has a

large depot, where the refined products are kept temporarily before being sent to warehouse,

via pipelines and railroad tanks.

Warehouses

There are 86 local warehouses (including airport fuel depots) in the OPDN-1. They receive the

oil products from the refineries, store and finally sell and distribute them to various consumers

and retailers, including power plants and gas stations. There are 230 consumption regions in

the distribution model, each has been assigned to one or more warehouses.

Means of Transportation

Available means of transportation of oil products in OPDN-1 are pipelines of various diameters

and railroad tanks. Although there are scheduling and operational challenges in using pipelines
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(the need for pumping stations, product flow sequencing and the speed of 3-8 miles per hour),

they are the most economical mean for transporting oil products for large quantities over long

distances.

4.1.2 Distribution Activities

In OPDN-1, the products are delivered from refineries and import points to warehouses and

export points. Therefore, in addition to the direct supply of products from refineries to ware-

houses, import, export and other distribution activities are also involved in the model. Here

we will introduce these activities briefly.

Import

Two major products (Gasoline and Diesel Fuel) are imported and then transported from the

import points to the warehouses.There are 13 import points in OPDN-1.

Export and Bunkering

Some limited amount of oil products are transported from the refineries to export points. There

are 5 export points in OPDN-1.

Bunkering is the process of supplying ships with fuel, for their own use. The product sold

during this process is Fuel oil. Bunkering occurs at the same points as export occurs, and it

goes under the category of export activities.

Swap

Swapping oil products is the process of receiving products at an import point and delivering it

to an export point. There are several strategic reasons for this process.The product transported

during the process of swapping in this network is Fuel oil. Swapping occurs at the same points

were import and export occurs and it goes under the category of import and export activities.

This process creates an input into the import points and increases demand at the export points.

4.2 Data Entities

An instance of the SNCE problem is identified by the following data entities. 1) the network

2) the demand 3) the expansion options 4) the scenarios. In this section we describe each of

the data entities in the context of the OPDN problem.
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4.2.1 The network

The network is given as a data set containing the links that connect the nodes of the oil products

distribution network (refineries, warehouses and import and export points) to each other. In

this study we consider two distinct link data sets (L1 and L2), compromising 2 networks. L1 is

the original network and we have constructed L2 by adding some links to the original network.

The structure of the first network is depicted in Figure 4.2. The links data set representing

the first and second networks are provided in Appendix A, Tables A-1 and A-2. Each row of

these tables represents a link on the network and identifies its origin, destination, length (in

Kilometer) and initial capacity (in Million Liters per year). The initial capacity of each link is

the sum of the capacities of the transportation means on that link. For example if two nodes

are connected via a pipeline and a railroad, their connection is represented via a single link

with the capacity equal to the sum of the capacities of the pipeline and the railroad.

4.2.2 Demands

As mentioned in Chapter 2, there is an initial demand matrix D0 = (dij0), where dij0 represents

the initial demand that must be supplied from node i to node j. In this study we consider two

distinct demand matrices (B1 and B2). The data sets representing these demands are provided

in Appendix B, Tables B-1 and B-2, respectively. Each row in these tables represents a specific

demand value dij0 and identifies its origin, destination and its value in Million Liters.

4.2.3 Expansion Options

As discussed in Chapter 2, we assume that for each link et ∈ E we have a set of expansion

options Lt to select from. In OPDN-1, the same set of expansion options are available to all

the links. The data set called C1, representing these expansion options is provided in Appendix

C. Each row in this table represents an expansion option along with its associated capacity (in

Million Litres per Year) and cost (in unit cost per Kilometer). The cost of the expansion option

for each link is then calculated as the length of the link in Kilometer (from Appendix A-1) times

the cost per Kilometer. For example for link (Aril,Khhal) ( Link no.1 in Appendix A-1) the

cost of installing the option ‘Pipe04‘ would be (111 Km)*(111,847 Unit cost/Km)=12,415,017

unit cost.

4.2.4 Scenarios

Each scenario sr is identified by the values of link availability (λtr) for all links (t = 1 to |E|)
and the values of demands (dijr) for all (i, j) ∈ V : dij0 > 0. Each instance of the problem has

a collection of scenarios . In this study we have 4 collections of scenarios that are referred to
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Figure 4.2: First Network (L1 Link Data Set)
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as R1, R2,R3 and R4. The scenarios in collection R1 are displayed in Appendix D, Tables D-1

and D-2. This collection consists of 100 scenarios. In Table D-1, each row of the table specifies

the scenario identification number (r in Sr), the origin and destination of each link et involved

in that scenario and the link availability coefficient λtr. In Table D-2, each row of the table

specifies the scenario identification number (r in Sr), the origin and destination of each demand

dijr involved in that scenario and the ratio dijr/dij0. dijr value is then calculated using this

ratio and the value of dij0 from Tables B-1 or B-2, in Appendix B. Each and every scenario

given in these tables is a viable scenario (i.e., is neither a simple scenario nor an infeasible

scenario). Collections R2, R3 and R4 consist of the first 85 scenarios, the first 79 scenarios and

the first 51 scenarios in R1, respectively. It is worth mentioning that the links and demands

involved in the set of scenarios are selected from L1 link set and D1 demand set, so the links

and demands that are involved in the scenarios are available on all the instances listed in Table

4.1.

4.3 Constructing Instance

Given the two networks L1 and L2 , two demands data sets B1 and B2, the four collections of

scenarios R1 through R4 and the set of expansion options C1, we have constructed 12 instances

of the problem, in 3 groups. In each group instances have the same network structure, demands

and expansion options, and we only vary the failure scenarios of the network. These instances

are described in Table 4.1. This set of instances will be used through the rest of the dissertation

to evaluate different solution approaches and algorithms.

In the next chapter we employ the integer programming model IP-1 to solve these instances

and make several observations with regard to execution time and scalability of the model.
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Table 4.1: Test Instances
Instance Network Demand Set Scenario Collection Expansion Options Set

Instance 1 L1 D1 R4 C1
Instance 2 L1 D1 R3 C1
Instance 3 L1 D1 R2 C1
Instance 4 L1 D1 R1 C1

Instance 5 L2 D1 R4 C1
Instance 6 L2 D1 R3 C1
Instance 7 L2 D1 R2 C1
Instance 8 L2 D1 R1 C1

Instance 9 L2 D2 R4 C1
Instance 10 L2 D2 R3 C1
Instance 11 L2 D2 R2 C1
Instance 12 L2 D2 R1 C1
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Chapter 5

Solving Model IP-1

In this chapter we report the results of a computational experiment that we carried out to

examine the effectiveness of the IP model IP-1 in solving the Survivable Network Capacity

Expansion problem (SNCE). In this experiment we use a commercial MIP solver to solve this

IP model. We then make several observations with regard to

1. The impact of various parameters and data entities on the optimal cost of capacity ex-

pansion

2. The computational requirements of the approach and its scalability

To this end, we carried out two experiments. In the first experiment we constructed and

solved the IP-model (IP-1) for each of the twelve instances that we introduced in Chapter 4.

We report our findings in subsection 5.1. Subsequently we carried out a second experiment in

which we change the values of the parameters α and β and observe the impact of the change

on the performance of this approach.

5.1 Experiments with Model IP-1

For each of the twelve instances introduced in Chapter 4, we constructed the corresponding

IP model with a specific value of the parameters α and β in the path generation algorithm.

We used SAS/OR 13.2 and ran the Mixed Integer Programming solver on a PC with a 64 bit

windows, 3.4GHz Intel i7 processor, 6GB RAM and 465 GB hard drive. We set a time limit

of 2 hours when solving the instances. In Table 5.1 we present the results. Each row of this

table corresponds to an instance of the problem. We specify the values α and β and also the

average number of paths generated for each node pair with a positive demand. We also report

the optimal value of the cost of capacity expansion for each instance (in Millions of unit cost),
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Table 5.1: Execution times and optimal value at termination
Parameters

Instance α β Average number of Optimal Value Execution Time
paths per node pair (Million unit cost) (Seconds)

Inst.1 10 30 2.8 1,678.2 31.9
Inst.2 10 30 2.8 2,271.0 82.6
Inst.3 10 30 2.8 2,310.1 96.6
Inst.4 10 30 2.8 2,576.6 142.5

Inst.5 17 50 10.8 340.0 190.9
Inst.6 17 50 10.8 971.8 276.0
Inst.7 17 50 10.8 1,001.0 1,859.4
Inst.8 17 50 10.8 1,246.7 3,352.4

Inst.9 25 75 32.5 N/A Exceeded 2 hours
Inst.10 25 75 32.5 N/A Memory Shortage
Inst.11 25 75 32.5 N/A Memory Shortage
Inst.12 25 75 32.5 N/A Memory Shortage

along with the execution time in seconds. The optimal expansion plan for instance 1 through

8 is provided in Appendix E, Tables E.1 through E.8.

From the results presented in Table 5.1, we make the following observations

1. Comparing the instances 1 through 4 and 5 through 8 we observe that the optimal cost

increases as the number of scenarios increase. Note that in each group of instances all the

data attributes are the same except that the number of scenarios increases.

2. For smaller instances the execution time is relatively small, but it grows rapidly as the

size of the instances grow. We are not able to solve mid-size to large instances (instances

9 through 12) due to either a self-imposed time limit or a memory shortage. Note that

these instances are constructed using the network L2 (which has a larger number of links

than the network L1) and demand table D2 (which has a larger number of demands than

demands table D1)

5.2 Experiments with varying number of paths

In another set of experiments we evaluate the quality of the solutions obtained from solving

the IP-Model for different numbers of paths included in the model. We solve instance 4 with 4

sets of paths. Each set includes the previous set and some more paths. In Table 5.2 we present

the results. Each row of this table corresponds to a model with a specific number of paths for
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Table 5.2: Execution times and optimal value at termination for Instance 4 with varying
number of paths

Parameters
Instance α β Average number of Optimal Value Execution Time

paths per node pair (Million unit cost) (Seconds)

Inst.4 10 30 2.8 2,576.6 142.5
Inst.4 12 35 4.1 2,276.0 275.1
Inst.4 15 40 5.4 2,234.0 274.6
Inst.4 16 45 6.8 2,220.5 678.2

instance 4. We specify the values α and β and also the average number of paths generated for

each node pair with a positive demand. We also report the optimal value of the cost of capacity

expansion for each model (in Millions of unit cost), along with the execution time in seconds.

From the results presented in Table 5.2, we make the following observations

1. As the number of paths increases and the model gets larger, the execution time tend to

increase in general.

2. Optimal cost of capacity expansion decreases as we allow more paths to be included in

the model.

3. After adding certain number of paths, adding more paths doesn’t look as effective in

reducing the cost. This suggests that after adding a certain number of paths, it will

almost be pointless to include more paths. Figure 5.1 shows how the cost of the optimal

capacity expansion plan decreases as the number of paths included in the model increases.

5.3 Concluding remarks

The results of our computational experiments show that we are able to solve small to mid-size

instances of the SNCE problem using a Mixed Integer Programming commercial solver and a

branch and cut algorithm. However, we are not able to solve larger and realistic size instances

of the problem within reasonable time and memory resources. In order to be able to solve larger

instances, we have developed heuristic and exact approaches that we will discuss in detail in

the following chapters.
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Figure 5.1: Cost of the optimal capacity expansion plan vs. number of paths included in the
model
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Chapter 6

Heuristic Methods for Obtaining

Feasible Solutions and Upper

Bounds

In Chapter 4, we saw that solving instances of SNCE (Survivable Network Capacity Expan-

sion) problem using the an integer programming solver is viable only for small to medium size

instances. For larger instances, the problem cannot be solved using a branch and cut algorithm

within reasonable time and memory resources.

However, in many engineering applications, finding a good and feasible solution within a

reasonable amount of time and computational effort is valuable. It provides a good insight to

the problem and creates upper bounds on the optimal objective value of the capacity expansion

problem. It also provides a good starting point when used in improvement heuristics framework.

In many applications a fast and good feasible solution is far more practical that an exact optimal

that may take quite a lot of computational effort.

In this chapter we introduce three heuristic methods to find feasible solutions and upper

bounds to the SNCE problem. In all of the methods we start with solving a linear relaxation

of the original SNCE problem. Then we use the optimal solution of the relaxations to arrive

at feasible solutions to the original SNCE problem. We discuss each method in detail and

provide experimental results to evaluate the quality of the solutions obtained by each method

as compared to the optimal solution. We also report on the time each method took to find a

feasible solution, as opposed to the time required to find the optimal solution.
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6.1 Basic Heuristic (BH)

This is a simple heuristic procedure in which we find a feasible expansion plan. In constructing

this expansion plan we do not specifically consider the cost of expansion options, hence the

resulting expansion plan might be far from optimal. Subsequently we use the expansion plan

obtained via this basic heuristic procedure as a point of reference to evaluate the expansion

plans that we obtain using other methods.

As discussed in Chapter 3, in test (2) we assigned the option with maximum capacity to

each link and then did a feasibility check for each scenario. Assuming that test (2) proved

that the problem is feasible, let us denote the flow passing through link et under scenario sr in

test(2)’s solution by flowtr. We would like the amount of available capacity on et to be greater

than or equal to flowtr, for ∀r = 0, 1, . . . q. In other words we like the following inequalities to

hold:

λtr(

|Lt|∑
l=1

utlztl + ut0) ≥ flowtr ∀r = 0, 1, . . . q

Where
∑|Lt|

l=1 utlztl is the amount of extra capacity assigned to link et. Let us denote this amount

by ExtraCapt. Then we will get:

ExtraCapt + ut0 ≥
flowtr

λtr
∀r = 0, 1, . . . q

We like to assign the smallest amount of extra capacity to link et that satisfies all the inequalities

mentioned above. Therefore we will have:

ExtraCapt = max
r

flowtr

λtr
− ut0

6.1.1 Basic Heuristic - Finding an Expansion Plan

Here we would like to form a capacity expansion plan using the amount of extra capacities

calculated earlier. Please recall that an expansion plan is a vector of size m, Ψ = (ψ1, . . . , ψm),

where ψt represents the expansion option selected for link et. ψt = 0 is interpreted as the “ do

nothing” option for link et. Let us denote the capacity expansion plan we like to form here by

ψBH .

Suppose l̂t is a capacity expansion option for link et such that
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Table 6.1: Capacity Expansion Options for Example 2.1 from Chapter 2, (Revisited)

Initial Option 1 Option 2
Link Capacity (ut0) Capacity(ut0 + ut1) Cost Capacity(ut0 + ut2) Cost

e1 4 4+3 10 4+5 15
e2 3 3+3 8 3+5 9
e3 2 2+3 5 2+5 7
e4 5 5+3 8 5+5 17
e5 2 2+3 2 2+5 3

l̂t = argmin
l

(utl|utl ≥ ExtraCapt) (6.-2)

We assign capacity expansion options as follows:

 ψBH
t = 0 if ExtraCapt ≤ 0

ψBH
t = l̂t Otherwise

For obvious reasons the vector ψBH
t obtained in this manner is guaranteed to be feasible for

the problem.

Example 6.1

Recall Example 1 from Chapter 2. The expansion options for that example are shown here

in Table 6.1.

Solving Test(2) for this example results in the following flow variables x[1, 0] = 4, x[3, 0] = 5,

x[1, 1] = 2, x[2, 1] = 4.25, x[3, 1] = 0.25. The rest of the flow variables are zero. From these

results the ExtraCap values for links e1 through e5 are calculated as (5,1.25,3,-5,3). Therefore

the ψBH
t would be (2,1,1,0,1), i.e, for link e1 the expansion option 2 is selected. For links e2,

e3 and e5 the first expansion options are selected. For link e4 no expansion option is required.

The cost of this expansion plan is 15+8+5+0+2=33. �

6.2 Capacity Based Rounding Method (CBR)

In the formulation of the SNCE, we had two types of decision variables:
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Decision Variables

ztl : Binary variable, 1 if the lth capacity expansion option in Lt is installed on link et ∈ E ; 0

otherwise , for all t = 1 to m and for all l = 1 to |Lt|
xrijf : Flow passing through path pijf under failure scenario sr , for all i, j ∈ V : dij0 > 0 and

for f = 1 to |Pij | and for all sr ∈ S

If we relax the binary constraints of the ztl variables and replace them with 0 ≤ ztl ≤ 1 for

t = 1 to m and for l = 1 to |Lt|, the resulting problem will be a linear programming problem

called the LP-relaxation of our original SNCE. Solving the LP relaxation of any feasible integer

programming problem with a minimization objective function provides a lower bound on the

optimal objective value.

Here, we like to find a feasible expansion plan for the SNCE problem, by using the optimal

solution of the LP-relaxation problem. Let us denote the LP-relaxation problem by LP1. This

problem is formulated as follows:

LP Relaxation of Model IP-1 (Model LP1)

Min
∑
et∈E

|Lt|∑
l=1

ctl ztl (6.-1)

subject to.

|Lt|∑
l=1

ztl ≤ 1 t = 1 to m (6.0)

∑
∀i,j∈V :dij>0

|Pij |∑
f=1

ktijfx
r
ijf ≤ λtr

ut0 +

|Lt|∑
l=1

utlztl

 t = 1 to m r = 0 to q (6.1)

|Pij |∑
f=1

xrijf ≥ dijr ∀{i, j ∈ V : dij0 > 0} r = 0 to q (6.2)

0 ≤ ztl ≤ 1 t = 1 to m ∀l = 1, 2, ..., |Lt| (6.3)
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xrijf ≥ 0 ∀{i, j ∈ V : dij0 > 0} f = 1 . . . |Pij | r = 0 to q (6.4)

Suppose we have formulated and solved the LP1 model. The optimal solution of LP1 is

feasible with respect to capacity and demand constraints of IP-1 (since they are the same

constraints as in LP1), but might have fractional values for some of the ztl variables. Therefore

they might violate the binary constraints and would be infeasible for IP-1. To find a solution

with binary values for all ztl, rounding of the fractional values might seem like a natural way,

however it is not obvious how each variable should be rounded.

Here, we propose a method to find a feasible expansion plan by using the optimal solution

of the LP1. We call this method Capacity Based Rounding (CBR), since it uses the capacities

in the optimal solution of LP1 to decide how to round the values to find a feasible expansion

plan.

6.2.1 CBR - Finding an Expansion Plan

Let us denote the capacity expansion plan we like to form here by ΨCBR. Suppose z̄tl is the

value of ztl in the optimal solution of LP1. If for a link et, z̄tl values are all binary, then

 ψCBR
t = 0 if z̄tl = 0 for l = 1 to |Lt|

ψCBR
t = l if z̄tl = 1 Otherwise

But suppose the z̄tl values for a link et contain fractional values. Let us denote the extra

capacity assigned to this link in the optimal solution of LP1 by ExtraCapt.

ExtraCapt is computed as follows:

ExtraCapt =

|Lt|∑
l=1

utl z̄tl (6.5)

Where utl is capacity of the lth expansion option for link et. Then, we find an expansion

option for link et, with the smallest capacity, that is equal to (or higher than) ExtraCapt. This

means finding an expansion option, l̂t, for each link et such that:

l̂t = argmin
l

(utl|utl ≥ ExtraCapt) (6.6)

Finally, the expansion plan ΨCBR is formed such that ψCBR
t = l̂t, ∀et ∈ E. CBR method is

depicted in Figure 6.1.
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Figure 6.1: Capacity Based Rounding Algorithm (CBR)

Example 6.2

Recall Example 1 from Chapter 2. Solving the LP1 for this example results in having

z̄12 = 0.8 and z̄22 = 0.3. ( And the rest of z̄tl values are zero). In practice, this result means

installing 0.8 of the second expansion option on the link e1, installing 0.3 of the second option

on link e2 and not doing anything for the rest of the links. The lower bound suggested by the

LP1 is 14.7 . Since some of the z̄tl values are non-binary, we apply the CBR method.

The total amount of extra capacity assigned to link e1 is ExtraCap1=0.8*5=4. The total

amount of extra capacity assigned to link e2 is ExtraCap2=0.3*5=1.5. By using (6.6), we will

have l̂1=2 and l̂2=1. Therefore ΨCBR =(2,1,0,0,0). The upper bound suggested by CBR is

15+8=23. We note that ΨCBR is also the optimal expansion plan for this example and the

optimal cost is 23, as computed in Chapter 2. �
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6.3 Minimum Weighted Capacity Method (MWC)

Here, we introduce another heuristic to find a feasible expansion plan and an upper bound for

the SNCE problem. This approach requires slight remodeling of the problem. In model IP-1,

we have a binary variable representing each capacity expansion option for each link. Here, we

like to get rid of binary variables and instead replace them with a single continuous variable

(yrt ) for each link et under each scenario sr. This single variable represents the amount of added

capacity to link et under scenario sr. This term will replace
∑|Lt|

l=1 utlztl. By this change, links

capacity constraints would change to:

∑
∀i,j∈V :dij>0

|Pij |∑
f=1

ktijfx
r
ijf ≤ λtr (ut0 + yrt ) t = 1 to m r = 0 to q

The demands constraints remains unchanged. Instead of the mutual exclusion constraints

(
∑|Lt|

l=1 ztl ≤ 1), we have:

|Lt|∑
l=1

utlztl ≤ ut|Lt|

Therefore we need the following bounds to be added to the model:

yrt ≤ ut|Lt|

where ut|Lt| is the largest available capacity expansion value for link et. These bounds are

needed in the model, since in the original model, the total amount of the capacity that could be

assigned to each link is limited by ut|Lt|. If yrt ≤ ut|Lt| bound is not in place in the re-modeling

of the problem, some links might get a higher capacity than ut|Lt| assigned to them, then later

on, we will be unable to assign to those links capacity expansion options that have capacities

greater than or equal to ut|Lt|.

The objective function in model IP-1 is Min
∑

et∈E
∑|Lt|

l=1 ctlztl. Please recall that ctl was

calculated based on the unit cost of the lth option multiplied by the length of link et. Let us

denote the length of link et by wt. To resemble the objective function of IP-1 in a heuristic

scheme, we use Min
∑

et∈E
∑

sr∈S wt y
r
t . This function encourages the choice of smaller added

capacities, weighted by their length.

The resulting model is a linear programming model denoted by Model LP-2.

Minimum Weighted Capacity (Model LP-2)
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Min
∑
et∈E

∑
sr∈S

wt y
r
t

subject to.

∑
∀i,j∈V :dij>0

|Pij |∑
f=1

ktijfx
r
ijf ≤ λtr (ut0 + yrt ) t = 1 to m r = 0 to q

|Pij |∑
f=1

xrijf ≥ dijr ∀{i, j ∈ V : dij0 > 0} r = 0 to q

0 ≤ yrt ≤ ut|Lt| t = 1 to m

xrijf ≥ 0 ∀{i, j ∈ V : dij0 > 0} f = 1 . . . |Pij | r = 0 to q

We observe that the LP-2 model is separable in r and can be decomposed into smaller

problems, one problem for each scenario sr. The problem for scenario sr will be:

Minimum Weighted Capacity for Scenario sr (Model LP-3)

Min
∑
et∈E

wt y
r
t

subject to.

∑
∀i,j∈V :dij>0

|Pij |∑
f=1

ktijfx
r
ijf ≤ λtr (ut0 + yrt ) t = 1 to m

|Pij |∑
f=1

xrijf ≥ dijr ∀{i, j ∈ V : dij0 > 0}
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0 ≤ yrt ≤ ut|Lt| t = 1 to m

xrijf ≥ 0 ∀{i, j ∈ V : dij0 > 0} f = 1 . . . |Pij |

Suppose we have formulated and solved the LP-3 problems for all sr ∈ S separately. Let us

denote the optimal value of yrt variables associated with scenario sr, by ẏrt .

Here, we propose a method to find a feasible expansion plan for SNCE by using the ẏrt values

associated with the collection of LP-3 problems (∀sr ∈ S). We call this method Minimum

Weighted Capacity (MWC), since it minimizes the weighted sum of the added capacity to each

link.

6.3.1 MWC- Finding an Expansion Plan

We like to assign to each link the maximum amount of the capacity needed across all the

scenarios. This guarantees that the demands can be met under all the scenarios.

For each link et if one or more of the ẏrt values are positive we find an expansion option l̇t

such that:

l̇t = argmin
l

(utl|utl ≥ max
r

ẏrt )

Finally, the expansion plan is formed such that:

 ψMWC
t = l̇t if

∑
sr∈S ẏ

r
t > 0 (At least one of the ẏrt values are positive.)

ψMWC
t = 0 if

∑
sr∈S ẏ

r
t = 0 (All ẏrt values are 0.)

MWC method is depicted in Figure 6.2.

Example 6.3 Recall Example 1 from Chapter 2. Solving LP-3 for s0 and s1 for this

example results in having ẏ1
1 = 4 and ẏ1

2 = 1.5 and ẏ1
3 = ẏ1

4 = ẏ1
5 = 0.(ẏ0

t = 0 for all et ∈ E).

In practice, this result means 4 units of extra capacity needed on the link e1, 1.5 units of extra

capacity needed on link e2 and no extra capacity on the rest of the links.

Since there is no additional capacity required on e3, e4 and e5, ψMWC
3 = ψMWC

4 = ψMWC
5 =

0. For e1 and e2, using Table G we have l̄1=2 (choosing the second expansion option) and

l̄2=1 (choosing the first expansion option). Therefore ΨMWC =(2,1,0,0,0). The upper bound

suggested by MWC is 15+8=23. We note that ΨMWC is the optimal expansion plan for this

51



Figure 6.2: Minimum Weighted Capacity in Scenarios Algorithm (MWC)

example and the optimal cost is 23, as computed in Chapter 2. �

6.4 Upper Bounds and Optimality Gap

The associated cost of every feasible expansion plan creates an upper bound on the optimal

objective function of the IP-1 model. Let us denote the cost of the expansion plan Ψ̄ by C(Ψ̄).

C(Ψ̄) is calculated as follows.

C(Ψ̄) =

m∑
t=1

{ctl|ψ̄t = l}

In this equation, ctl is the cost of the lth expansion option for link et. So the cost of an

expansion option lt for link et is counted toward the cost of the expansion plan Ψ̄, if lt is chosen

to be installed on et. Since C(Ψ̄) creates an upper bound on the cost of the optimal expansion

plan (Ψ∗), we have:

C(Ψ̄) ≥ C(Ψ∗)
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To evaluate the quality of a feasible expansion plan obtained through each heuristic method,

we use a measure referred to in the literature as Optimality Gap. This measure calculates the

relative difference between the cost of the current expansion plan and the cost of the optimal

expansion plan. The Optimality Gap for Ψ̄ is calculated as follows:

Optimality Gap =
C(Ψ̄)− C(Ψ∗)

C(Ψ∗)

6.5 Experimental Results

In order to evaluate the effectiveness of the proposed heuristic methods in providing feasible

expansion plans and upper bounds for the IP-1 model, we perform computational experiments

on the collection of the instances we constructed in Chapter 4. In this section we present the

results of these experiments. Our objectives in these experiments are:

• To evaluate the quality of the expansion plans and compare the Optimality Gap of the

upper bounds obtained by each heuristic method.

• To compare the execution times of each heuristic method, to the time required to reach

the optimal (if at all possible).

• To evaluate and compare the memory requirements of each method.

• To evaluate the scalability of the heuristic methods.

We implemented all of our algorithms in SAS/OR 13.2 and ran them on a PC with a 64 bit

windows, 3.4GHz Intel i7 processor, 6GB RAM 64 and 465 GB hard drive.

In Tables 6.2, 6.3 and 6.4 we present the results of Basic Heuristic, CBR and MWC meth-

ods, respectively. Each row of these three tables corresponds to an instance of the problem.

We specify the values α and β in the path generation algorithm and also the average number of

paths generated for each node pair with a positive demand. We also report the value of the cost

of capacity expansion plan (in Millions of unit cost) found by each one of the three heuristic

methods proposed in this chapter along with their execution time (in Seconds). The expansion

plans obtained for each instance by applying each heuristic method is provided in Appendix F.

In Table 6.5, in the first 3 columns, we compare the quality of the solutions provided by

the three heuristic methods to the optimal solution. In the next two columns we compare

the quality of the solutions provided by CBR and MWC to the solution provided by Basic

Heuristic. This comparison helps us establish the value of using CBR and MWC methods. In
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Table 6.2: Execution times and optimal value at termination of Basic Heuristic Method

Parameters
Instance α β Average number of Objective Value Execution Time Optimality

paths per node pair (Million unit cost) (Seconds) Gap

Inst.1 10 30 2.8 4,339.8 ≤30 158.59%
Inst.2 10 30 2.8 6,258.3 ≤30 175.58%
Inst.3 10 30 2.8 6,258.3 ≤30 170.91%
Inst.4 10 30 2.8 6,570.0 ≤30 154.99%

Inst.5 17 50 10.8 4,036.1 57.7 1087.05%
Inst.6 17 50 10.8 4,502.4 89.6 363.32%
Inst.7 17 50 10.8 4,535.1 97.3 353.07%
Inst.8 17 50 10.8 4,657.9 123.5 273.62%

Inst.9 25 75 32.5 22,331.6 315.5 N/A
Inst.10 25 75 32.5 22,957.8 505.9 N/A
Inst.11 25 75 32.5 22,994.1 616.1 N/A
Inst.12 25 75 32.5 22,994.1 736.9 N/A

order to perform this comparison we define a measure that we call “gap with basic heuristic”.

For expansion plan Ψ̄ the measure is calculated as follows.

gap with basic heuristic =
C(Ψ̄)− C(ΨBH)

C(ΨBH)

Where C(Ψ̄) is the cost of the Ψ̄ expansion plan and C(ΨBH) is the cost of the Basic

Heuristic expansion plan. A negative measure means that the expansion plan provided by

other heuristic is better in terms of cost than the Basic Heuristic expansion plan.

6.5.1 Summary of observations from Table 6.2

From the results presented in Table 6.2 on the Basic Heuristic method we make the following

observations:

1. By applying the Basic Heuristic method, we are able to find a feasible solution (expansion

plan) for all of our instances in a reasonable time

2. The optimality gap for instances 1 through 8 is high. We are not able to evaluate the

quality of the solution for instances 9 through 12, since the optimal solution is not avail-

able.
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Table 6.3: Execution times and optimal value at termination of CBR Method

Parameters
Instance α β Average number of Objective Value Execution Time Optimality

paths per node pair (Million unit cost) (Seconds) Gap

Inst.1 10 30 2.8 1,678.2 ≤30 0.0015%
Inst.2 10 30 2.8 2,314.5 ≤30 1.91%
Inst.3 10 30 2.8 2,464.5 ≤30 6.68%
Inst.4 10 30 2.8 2,657.4 ≤30 3.14%

Inst.5 17 50 10.8 340.0 ≤30 0.0%
Inst.6 17 50 10.8 1,092.1 ≤30 12.38%
Inst.7 17 50 10.8 1,150.9 ≤30 14.98%
Inst.8 17 50 10.8 1,304.9 ≤30 4.67%

Inst.9 25 75 32.5 1,085.5 196.3 N/A
Inst.10 25 75 32.5 2,044.8 439.6 N/A
Inst.11 25 75 32.5 N/A Memory Shortage N/A
Inst.12 25 75 32.5 N/A Memory Shortage N/A

6.5.2 Summary of observations from Table 6.3

From the results presented in Table 6.3 on the CBR method we make the following observations:

1. We are able to find a feasible solution (expansion plan) for instances 1 through 10 in a

very short time. However, we are not able to find a solution for instances 11 and 12 due

to memory shortage.

2. The optimality gap for instances 1 through 8 can get as good as 0% ( for instances 1 and

5). The highest gap is 14.98% and it belongs to instance 7. We are not able to evaluate

the quality of the solution for instances 9 through 12, since either the optimal solution or

both optimal and CBR solutions are not available.

6.5.3 Summary of observations from Table 6.4

From the results presented in Table 6.4 on the MWC method we make the following observa-

tions:

1. We are able to find a feasible solution (expansion plan) for all the instances in a short

time.

2. The optimality gap for instances 1 through 8 can get as good as 0.36% ( for instances

1). The highest gap is 19.97% and it belongs to instance 6. We are not able to evaluate
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Table 6.4: Execution times and optimal value at termination of MWC Method

Parameters
Instance α β Average number of Objective Value Execution Time Optimality

paths per node pair (Million unit cost) (Seconds) Gap

Inst.1 10 30 2.8 1,684.3 ≤30 0.36%
Inst.2 10 30 2.8 2,420.6 ≤30 6.59%
Inst.3 10 30 2.8 2,458.1 ≤30 6.41%
Inst.4 10 30 2.8 2,826.2 ≤30 9.69%

Inst.5 17 50 10.8 355.2 34.9 4.47%
Inst.6 17 50 10.8 1,165.8 54.7 19.97%
Inst.7 17 50 10.8 1,199.8 59.2 19.87%
Inst.8 17 50 10.8 1,353.8 70.9 8.59%

Inst.9 25 75 32.5 1,085.5 222.5 N/A
Inst.10 25 75 32.5 2,100.7 325.5 N/A
Inst.11 25 75 32.5 2,138.2 347.9 N/A
Inst.12 25 75 32.5 2,377.4 424.2 N/A

the quality of the solution for instances 9 through 12, since the optimal solution is not

available.

6.5.4 Summary of observations from Table 6.5

1. The Basic Heuristic method provides a solution with an average of 342.14% optimality

gap, whereas the average optimality gap for CBR and MWC methods are 5.47% and

9.49% respectively. (All based on instances 1 through 8. )

2. CBR and MWC methods provide a better solution than the basic heuristic method. The

CBR method is on average 74.47% better than the Basic Heuristic (based on the data

from instances 1 through 10, where CBR is able to provide a solution). MWC method is

on average 76.36% better that the Basic Heuristic.

3. In all the cases where both CBR and MWC are able to obtain a solution, CBR is providing

a better solution than MWC except for one instance (Instance 3).

4. Although the quality of the solution obtained through CBR is better than MWC and the

Basic Heuristic, for some cases due to memory shortage it fails to provide a solution.

5. Basic Heuristic and MWC methods are able to obtain a solution for all the instances.
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Table 6.5: Comparing the quality of the solution provided by each heuristic method

Optimality Gap Gap with B.H
Instance B.H CBR MWC CBR MWC

Inst.1 158.59% 0.0015% 0.36% -61.3% -61.2%
Inst.2 175.58% 1.91% 6.59% -63.0% -61.3%
Inst.3 170.91% 6.68% 6.41% -60.6% -60.7%
Inst.4 154.99% 3.14% 9.69% -59.55% -56.98%
Inst.5 1087.05% 0.0% 4.47% -91.58% -91.20%
Inst.6 363.32% 12.38% 19.97% -75.74% -74.11%
Inst.7 353.07% 14.98% 19.87% -74.62% -73.54%
Inst.8 273.62% 4.67% 8.59% -71.99% -70.94%
Inst.9 N/A N/A N/A -95.1% -95.1%
Inst.10 N/A N/A N/A -91.09% -90.85%
Inst.11 N/A N/A N/A N/A -90.70%
Inst.12 N/A N/A N/A N/A -89.66%

Ave (S.D) 342.14%(292.82%) 5.47%(5.22%) 9.49% (6.56%) -74.47%(13.12%) -76.36%(13.80%)

57



Chapter 7

A Delayed Constraint Generation

Method for SNCE Problem

In the previous chapters we showed that for medium to large sized instances of SNCE (Surviv-

able Network Capacity Expansion) problem the corresponding MIP models cannot be solved

optimally via a MIP solver due to memory requirements and rapidly growing execution time.

We introduced heuristic methods to find feasible and high-quality solutions to instances of this

problem. In this chapter we propose a Delayed Constraint Generation method to exactly solve

instances of the SNCE problem. We take advantage of the underlying structure of the prob-

lem to decompose it into several smaller and easier problems using the Benders’ decomposition

method. Then we start with solving a simple relaxation and generate and add cuts as the

algorithm goes forward.

We start this chapter by providing some basics about the Benders’ Decomposition and how

the Delayed Constraint Generation works. We then apply this method to the collection of the

instances that were constructed in Chapter 4 and present the numerical results.

7.1 Benders’ Decomposition Approach and Delayed Constraint

Generation Algorithm

Benders’ decomposition also known as Delayed Constraint Generation is a general solution

method for solving certain classes of large-scale optimization problems. This method is devised

by J.F.Benders [16] and was generalized in [17] by Geoffrion.

Benders’ decomposition is applicable to LP and MILP problems that can be partitioned

with respect to the variables. In the multicommodity network design, it has been used for

modular network design in [18], [19] and many more.

Here we start by providing some basic concepts about the Benders decomposition method
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and the formal derivation of the Delayed Constraint Generation algorithm. We will then show

that due to the special structure of the Model IP-1 problem, this method can be applied as an

effective solution approach.

7.1.1 Derivation of Bender’s Decomposition Approach

Consider the optimization problem of the basic form, denoted by model B1.

Minimizez,x cT z + fTx [Model B1]

subject to.

Az ≤ b

Bz + Dx = d

z ∈ Z x ≥ 0

where Z is a finite discrete set and z is a vector of complicating variables in the sense that

this problem becomes a much easier optimization problem in x when z is temporarily fixed.

Particularly for the cases such as (a) for fixed values for vector z, the problem separates into a

number of independent optimization problems, each involving a different subvector of x; (b) for

fixed values of vector z, the problem assumes a well-known special structure, for which efficient

solution approaches are available; and (c) The problem is not a convex optimization program

in z and x jointly, but fixing z makes it so in x . We expect to gain computational efficiency

by using Benders decomposition approach [17].

Model B1 can be re-written as follows:

Minimizez cT z + y(z) [Model B2]

subject to.

Az ≤ b

z ∈ Z
Where

y(z) = Minimizex fTx [Model P1]

subject to.

Dx = d−Bz

x ≥ 0

Model P1 represents the secondary decision problem, once variables z are fixed. We can
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write the dual of the P1, denoted by D1 . Let p be the vector of dual variables associated with

Dx = d−Bz constraints. D1 is written as follows:

Maximizep pT (d−Bz) [Model D1]

subject to.

DT p ≤ f

Assume that there exists a vector z for which P1 is feasible and bounded. Therefore the

feasible region of D1 is not empty. Since the feasible region of D1 does not depend on the specific

values of z , it will always be non-empty, if P1 has at least one feasible solution. Therefore,

the extreme points and extreme rays of the feasible region of D1 can be enumerated. Suppose

p1, . . . , pI are the extreme points and r1, . . . , rJ are the extreme rays, where I is the number of

extreme points and J is the number of extreme rays.

For a given ẑ vector two cases may occurs: D1 is unbounded (P1 infeasible ), or both D1

and P1 have optimal solutions. In the case that D1 is unbounded there exists an extreme ray

rj such that (rj)T (d − Bẑ) > 0. In the case that D1 has an optimal solution there exists an

extreme point pi that maximizes pT (d−Bẑ). Therefore based on this idea, we can re-write B1

problem as follows.

Minimumz,y cT z + y [Model FMP ]

subject to.

Az ≤ b

z ∈ Z

(pi)T (d−Bz) ≤ y i = 1, . . . , I

(rj)T (d−Bz) ≤ 0 j = 1, . . . , J

This general form is the exact equivalent of the original B1 problem and it is often referred

to in the literature as the full master problem (FMP) [20, 21] .

7.1.2 Delayed Constraint Generation Algorithm

Comparing to the original formulation of the problem in model B1, we observe that x vari-

ables are eliminated from the FMP model, but the problem has a potentially large number of

constraints.

The idea behind Delayed Constraint Generation method is to try to first solve a relaxation

of the FMP (denoted by RMP), that contains a subset of the variables and constraints, and
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to check afterwards whether any of the non-included constraints are being violated. Let us

denote the optimal solution to RMP by (z̄, ȳ). If (z̄, ȳ) is feasible in FMP, it would also be

optimal(since RMP is a relaxation of FMP).

The Delayed Constraint Generation is an iterative algorithm. Here we briefly discuss the

version of the algorithm described in [20]. At each iteration n, RMPn is solved and the solution

(z̄n, ȳn) is obtained. Then this solution is checked for feasibility with respect to FMP. For z=z̄

the problem D1 is either unbounded, or has an optimal solution. If D1 is unbounded then

an extreme ray r̄ = rj is found such that (rj)T (d − Bz̄) > 0, so we add (rj)T (d − Bz̄) ≤ 0

as a cut to RMPn. (This type of cuts is known as the “feasibility cuts” [22], because they

enforce necessary conditions for feasibility of P1). Then n is incremented by 1 and RMPn is

solved again. If D1 has an optimal solution then two cases may arise (a) if (pi)T (d−Bz) > ȳ,

then (z̄, ȳ) has violated the constraint (pi)T (d − Bz) ≤ ȳ of the FMP problem . So we add

this constraint as a cut to RMPn. (This type of cuts is known as the “optimality cuts” [22],

because they are based on optimality conditions of P1. Then n is incremented by 1 and RMPn

is solved again. (b) If (pi)T (d−Bz) ≤ ȳ then (z̄, ȳ) is feasible (and optimal) for FMP and the

algorithm terminates.

Finally, since Z is a finite set and I and J (number of extreme points and extreme rays,

respectively) are finite numbers, this algorithm terminates with an optimal solution within a

finite number of iterations.[20, 22]

7.2 Bender’s Decomposition for Model IP-1

In chapter 2 we formulated Model IP-1 as follows.

Min
m∑
t=1

|Lt|∑
l=1

ctl ztl [Model IP1]

subject to.

|Lt|∑
l=1

ztl ≤ 1 t = 1 to m

∑
∀i,j∈V :dij>0

|Pij |∑
f=1

ktijfx
r
ijf ≤ λtr

ut0 +

|Lt|∑
l=1

utlztl

 t = 1 to m r = 0 to q

|Pij |∑
f=1

xrijf ≥ dijr ∀{i, j ∈ V : dij0 > 0} r = 0 to q

ztl ∈ {0, 1} t = 1 to m ∀l = 1, 2, ..., |Lt|
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xrijf ≥ 0 ∀{i, j ∈ V : dij0 > 0} f = 1 . . . |Pij | r = 0 to q

Due to the structure of the decision variables, Bender’s decomposition seems to be very

appropriate to deal with the SNCE problem. This problem resembles all of the properties

stated in section 7.1 that motivates the use of Benders’ decomposition approach. In Model

IP-1, the set of decision variables is divided into two groups: ztl(binary capacity expansion

variables) and xrijf ( flow variables).

Here we formulate the problem as the initial B2 model described in section 7.1.

Min
m∑
t=1

|Lt|∑
l=1

ctlztl + y(z)

subject to.

|Lt|∑
l=1

ztl ≤ 1 t = 1 to m

ztl ∈ {0, 1} t = 1 to m ∀l = 1, 2, ..., |Lt|

y(z) = Min 0 [Model P1 for IP1]

subject to.

∑
∀i,j∈V :dij>0

|Pij |∑
f=1

ktijfx
r
ijf ≤ λtr

ut0 +

|Lt|∑
l=1

utlztl

 t = 1 to m r = 0 to q

|Pij |∑
f=1

xrijf ≥ dijr ∀{i, j ∈ V : dij0 > 0} r = 0 to q

xrijf ≥ 0 ∀{i, j ∈ V : dij0 > 0} f = 1 . . . |Pij | r = 0 to q

We note that P1 is separable in r. Let us denote the problem associated with scenario Sr

by P1r. For the specific scenario Sr, model P1r can be written as follows.

Min 0 [Model P1r]

subject to.
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∑
∀i,j∈V :dij>0

|Pij |∑
f=1

ktijfx
r
ijf ≤ λtr

ut0 +

|Lt|∑
l=1

utlztl

 t = 1 to m

|Pij |∑
f=1

xrijf ≥ dijr ∀{i, j ∈ V : dij0 > 0}

xrijf ≥ 0 ∀{i, j ∈ V : dij0 > 0} f = 1 . . . |Pij |

From the formulation above we can see that P1r (∀r = 0 . . . q) cannot be unbounded. We

also know that it is not infeasible ( since all the scenarios have at least one feasible solution,

which is the maximal expansion plan discussed for in the earlier chapters.) Therefore it must

have an optimal solution of 0. For P1r to have an objective value of 0 (and hence be optimal)

it’s dual should also be optimal at 0. Let πtr be the dual variable associated with the capacity

constraint of link et in P1r. As well, let χijr be the dual variable associated with the demand

constraint between i and j in P1r. (πtr and χijr are equivalents of r the vector of extreme rays

in model D1). The objective function of the dual of P1r can be written as

Max
∑

i,j∈V :dijr>0

χijrdijr −
m∑
t=1

πtrλtr

ut0 +

|Lt|∑
l=1

utlztl



Therefore the FMP problem for our Model IP-1 can be written as follows:

Min
m∑
t=1

|Lt|∑
l=1

ctl ztl

subject to.

|Lt|∑
l=1

ztl ≤ 1 t = 1 to m

∑
i,j∈V :dijr>0

χj
ijrdijr −

m∑
t=1

πjtrλtr

ut0 +

|Lt|∑
l=1

utlztl

 ≤ 0 ∀j = 1 to J ∀r = 0 to q

ztl ∈ {0, 1} t = 1 to m ∀l = 1, 2, ..., |Lt|

Where J is the number of extreme rays of the model.

Here we formulate the initial Relaxed Master Problem (denoted by RMP 1) such that in

contains only the ztl variables.
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Model RMP 1 :

Min

m∑
t=1

|Lt|∑
l=1

ctlztl

subject to.

|Lt|∑
l=1

ztl ≤ 1 t = 1 to m

ztl ∈ {0, 1} t = 1 to m ∀l = 1, 2, ..., |Lt|

As we can observe, xrijf variables are not present in this model. The optimal solution to the

problem is trivial: z∗tl = 0 for all ∀t = 1 to m and ∀l = 1, 2, ..., |Lt|.

7.2.1 Implementation of the Delayed Constraint Generation Algorithm

The solution approach is an iterative procedure. At each iteration n we need to check the

feasibility of the solutions of RMPn (Relaxed Master Problem in iteration n) in the constraints

(
∑

i,j∈V :dijr>0 χijrdijr −
∑m

t=1 πtrλtr

(
ut0 +

∑|Lt|
l=1 utlztl

)
≤ 0) associated with all of the failure

scenarios. If any of these constraints are violated with a specific value of z = z̄, then that

constraint will be added as a cut to the RMPn at the current iteration. Here, we have im-

plemented a multi-cut [22] approach. That is, in every iteration n, rather than iterating and

re-solving a new RMPn as soon as one constraint is violated, all of the violated constraints

are obtained at the same time. The algorithm then iterates and a new RMPn is constructed

by adding all the violated constraints and then solved. This was done because it potentially

decreases the number of times RMPn problem-which is an integer programming problem- will

be solved.

The steps of the algorithm can be summarized as follows.

Initialization

Initialize the iteration counter (n) to 1. Construct model RMP 1 as stated earlier in section

7.2.

Iteration

1. Solve model RMPn and obtain zntl values.

2. For all ∀r = 0 . . . q determine the feasibility of

(
∑

i,j∈V :dijr>0 χijrdijr−
∑m

t=1 πtrλtr

(
ut0 +

∑|Lt|
l=1 utlz̄tl

)
≤ 0) as described in section 7.2.2
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3. n=n+1

4. Construct the new RMPn problem by adding the violated constraints from step 2 as cuts

5. return to Step 1.

Termination Criteria

As mentioned earlier it can be proved that the Bender’s decomposition approach converges to

the optimal solution in a finite number of iterations. Here we terminate the algorithm when all

of the constraints associated with the failure scenarios (r = 0 . . . q) become feasible. We defined

the feasibility tolerance to be 1E−4 in section 7.2.2, hence any violation that is less than or

equal to 1E−4 is being considered as no violation.)

7.2.2 Checking the feasibility and constructing cuts

Each problem P1r represents a failure scenario via a set of links capacity and demand con-

straints. Let us denote the current values of capacity expansion decisions (current solution

to the RMPn) by z̄ntl. In each iteration n we would like to find out if P1r (∀r = 0 . . . q) is

feasible when z = z̄, or as an equivalent condition, if the dual objective
∑

i,j∈V :dijr>0 χijrdijr −∑m
t=1 πtrλtr

(
ut0 +

∑|Lt|
l=1 utlz̄tl

)
is less than or equal to 0. In order to check this condition, we

reformulated P1r problem using an additional slack variable ωr. We add this variable to the

links capacity constraints. It represents the maximum violation of links capacity constraint

under each scenario sr. We will then try to minimize the maximum violation of Links Capacity

constraints (ωr). If the optimal value of ωr is zero (here we accepted any value less than or

equal to 1E-4 as zero ), then the P1r is feasible. Otherwise it is infeasible. This reformulation

of the P1r is as follows. Since the problem is a reformulation of model P1r, we denote it by

Ref − P1r.

Model Ref − P1r

Min ωr

subject to.

∑
∀i,j∈V :dij>0

|Pij |∑
f=1

ktijfx
r
ijf ≤ ωr + λtr

ut0 +

|Lt|∑
l=1

utlz̄tl

 t = 1 to m
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|Pij |∑
f=1

xrijf ≥ dijr ∀{i, j ∈ V : dij0 > 0}

xrijf ≥ 0 ∀{i, j ∈ V : dij0 > 0} f = 1 . . . |Pij |
ωr ≥ 0

If this problem has an optimal value of greater than 1E-4, then as discussed earlier, a cut

should be generated using the objective function of the dual problem. In order to do that for

any of the Ref − P1r problems that has an optimal value of greater than 1E-4, we obtain the

dual values of the links capacity constraints (π̄tr) and demand constraints (χ̄ijr) and construct

a cut as follows:

∑
i,j∈V :dijr>0

χ̄ijrdijr −
m∑
t=1

π̄trλtr

ut0 +

|Lt|∑
l=1

utlztl

 ≤ 0

7.3 Experimental Results

In order to evaluate the effectiveness of the proposed Bender’s decomposition method in solving

Model IP-1, we perform computational experiments on the collection of the SNCE problems

we constructed in Chapter 4. In this section we present the results of these experiments. Our

objectives in these experiments are:

• To observe the performance of the Bender’s decomposition method, with respect to the

number of iterations and number of cuts being generated.

• To compare the execution times of the Bender’s decomposition method, to the time

required to solve Model IP-1 directly.

• To evaluate the memory requirements of the Bender’s decomposition method, as compared

to the memory requirement to reach the optimal directly

• To evaluate the solution quality and the execution time of the Benders decomposition

approach, as compared to the heuristic methods introduced in the earlier chapters.

• To evaluate the scalability of the Bender’s decomposition method.

We implemented our algorithms in SAS/OR 13.2 and ran them on a PC with a 64 bit

windows, 3.4GHz Intel i7 processor, 6GB RAM 64 and 465 GB hard drive. The expansion plan

obtained through this method for each instance is provided in Appendix G.
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Table 7.1: Number of master iterations, cuts, time and optimal value in the Delayed Constraint
Generation algorithm for each instance

Instance Iterations Number of Cuts Time (seconds) Optimal Value (Million Unit Cost)

Inst.1 2 102 30.6 1,678.2
Inst.2 5 199 105.2 2,271.0
Inst.3 5 219 110.1 2,310.1
Inst.4 5 249 130.5 2,576.6

Inst.5 2 63 55.3 340.0
Inst.6 4 103 142.7 971.8
Inst.7 4 118 155.0 1,001.0
Inst.8 4 133 185.6 1,246.7

Inst.9 2 71 208.8 1,085.5
Inst.10 5 168 684.0 1,926.0
Inst.11 4 182 626.2 1,965.1
Inst.12 4 213 758.0 2,249.6

In Table 7.1 we report the number of master iterations and the total number of Bender’s cut

that was generated to solve each instance. By master iterations, we mean n in the algorithm,

which is the total number of times an RMP problem is solved. We also report the time required

to solve each instance as well as the optimal value of the instance, obtained by the Delayed

Constraint Generation algorithm.

7.3.1 Summary of Observations from Table 7.1

From the results presented in Table 7.1 we make the following observations:

1. We are able to solve all the instances using this method.

2. For smaller instances the execution time is relatively small, and the time or memory

requirement do not grow rapidly as the size of the instances grow.

3. The number of master iterations is small for all instances. The number of cuts generated

for each instance increases as the size of the instances grow.

In Table 7.2 we compare the execution time and the optimal value of the solutions obtained

using a mixed integer programming solver to solve Model IP-1 directly to solving the model

using the Benders’ decomposition method.
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Table 7.2: Comparing the execution time and optimal value obtained by solving model IP-1
directly and through Benders’ decomposition

Execution Time (Seconds) Optimal Value (Million Unit Cost)
Instance Direct Decomposition Direct Decomposition

Inst.1 31.9 30.6 1,678.2 1,678.2
Inst.2 82.6 105.2 2,271.0 2,271.0
Inst.3 96.6 110.1 2,310.1 2,310.1
Inst.4 142.5 130.5 2,576.6 2,576.6

Inst.5 190.9 55.3 340.0 340.0
Inst.6 276.0 142.7 971.8 971.8
Inst.7 1,859.4 155.0 1,001.0 1,001.0
Inst.8 3,352.4 185.6 1,246.7 1,246.7

Inst.9 Exceeded 2 hours 208.8 N/A 1,085.5
Inst.10 Memory Shortage 684.0 N/A 1,926.0
Inst.11 Memory Shortage 626.2 N/A 1,965.1
Inst.12 Memory Shortage 758.0 N/A 2,249.6

7.3.2 Summary of Observations from Table 7.2

From the results presented in Table 7.2 we make the following observations:

1. We are able to solve all the instances using the decomposition approach. We were not

able to solve the last 4 instances directly using a MIP solver due to either a self-imposed

time limit or a memory shortage.

2. For smaller instances the execution time is relatively small for both methods, the execution

time grows rapidly when solving directly, as the size of the instances grow. The execution

time does not grow as rapidly through the decomposition method.

In Table 7.3 we compare the objective values obtained by solving Model IP-1 through

various methods presented in this and previous chapters.Each row of this table corresponds to

an instance of the problem. We report the objective value obtained by Basic Heuristic, Capacity

Based Rounding, Minimum Weighted Capacity and Benders Decomposition respectively.

7.3.3 Summary of Observations from Table 7.3

From the results presented in Table 7.3 we make the following observations:

1. CBR method fails to find a solution for the last 2 instances due to memory shortage. All

the other methods are able to report a feasible solution for all instances.
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Table 7.3: Comparing the objective values of the solutions obtained by each method

Objective Value (Million Unit Cost)
Instance B.H CBR MWC Bender

Inst.1 4,339.8 1,678.2 1,684.3 1,678.2
Inst.2 6,258.3 2,314.5 2,420.6 2,271.0
Inst.3 6,258.3 2,464.5 2,458.1 2,310.1
Inst.4 6,570.0 2,657.4 2,826.2 2,576.6

Inst.5 4,036.1 340.0 355.2 340.0
Inst.6 4,502.4 1,092.1 1,165.8 971.8
Inst.7 4,535.1 1,150.9 1,199.8 1,001.0
Inst.8 4,657.9 1,304.9 1,353.8 1,246.7

Inst.9 22,331.6 1,085.5 1,085.5 1,085.5
Inst.10 22,957.8 2,044.8 2,100.7 1,926.0
Inst.11 22,994.1 N/A (Memory Shortage) 2,138.2 1,965.1
Inst.12 22,994.1 N/A (Memory Shortage) 2,377.4 2,249.6

2. The best objective value reported for all the instances is obtained through the Benders’

Decomposition method. The worst objective value reported for all the instances is ob-

tained through the Basic Heuristic Method.

In Table 7.4 we compare the quality of the solution and the execution times for solving

Model IP-1 through various methods presented in this and previous chapters. Each row of

this table corresponds to an instance of the problem. We report the optimality gap along with

the execution time (in Seconds) for each instance obtained by Basic Heuristic, Capacity Based

Rounding, Minimum Weighted Capacity and Benders Decomposition respectively.

7.3.4 Summary of Observations from Table 7.4

From the results presented in Table 7.4 we make the following observations:

1. Among the three heuristic methods, the CBR method appears to obtain solutions that are

close to the corresponding optimal values for the instances, as compared to the solution

obtained by the other two heuristics. But the memory requirements of this algorithm

appears to be larger. Hence for larger instances (instances 11 and 12) this heuristic

method fails to find a feasible solution.

2. The values of the solutions obtained via the heuristic method MWC are also relatively
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Table 7.4: Comparing the optimality gap and execution times for solutions obtained by each
method

Optimality Gap Execution Time (Seconds)
Instance B.H CBR MWC Bender B.H CBR MWC Bender

Inst.1 158.6% 0.0% 0.4% Optimal ≤ 30 ≤ 30 ≤ 30 30.6
Inst.2 175.6% 1.9% 6.6% Optimal ≤ 30 ≤ 30 ≤ 30 105.2
Inst.3 170.9% 6.7% 6.4% Optimal ≤ 30 ≤ 30 ≤ 30 110.1
Inst.4 155.0% 3.1% 9.7% Optimal ≤ 30 ≤ 30 ≤ 30 130.5

Inst.5 1,087.1% 0.0% 4.5% Optimal 57.7 ≤ 30 34.9 55.3
Inst.6 363.3% 12.4% 20.0% Optimal 89.6 ≤ 30 54.7 142.7
Inst.7 353.1% 15.0% 19.9% Optimal 97.3 ≤ 30 59.2 155.0
Inst.8 273.6% 4.7% 8.6% Optimal 123.5 ≤ 30 70.9 185.6

Inst.9 1,957.3% 0.0% 0.0% Optimal 315.5 196.3 222.5 208.8
Inst.10 1,092.0% 6.2% 9.1% Optimal 505.9 439.6 325.5 684.0
Inst.11 1,070.1% N/A 8.8% Optimal 616.1 Memory Shortage 347.9 626.2
Inst.12 922.2% N/A 5.7% Optimal 736.9 Memory Shortage 424.2 758.0

Ave 648.2% 5.0% 8.3% - - - - -

close to the optimal values, although not as close as the values obtained via the CBR

method ( except for instance 3). But its execution time and memory requirements are

both somewhat smaller.

3. Benders’ decomposition returns the optimal for all instances. The execution time of the

Benders’ decomposition is comparable to other methods. Although the solution quality

is much better, it does not mean it requires much more execution time.
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Chapter 8

Conclusions and Future Research

In this dissertation we undertook a systematic study of the Survivable Network Capacity Ex-

pansion (SNCE) problem. The input of this problem is a network, a set of possible failure

scenarios that affect the network and a set of capacity expansion options for the links. The

output is a decision for each link, as to how/if its capacity should be expanded, so that the cost

is minimized and the network demands are met. We proposed exact and inexact methods to

solve this problem. Our specific contributions to this problem are as follows.

1. We introduce an integer programming model for the capacity design in survivable networks

potentially facing many failure scenarios.

2. We implement a delayed constraint generation algorithm in the context of Benders’ De-

composition, to solve instances of SNCE problem exactly within reasonable time and

memory requirements.

3. We develop multiple heuristic algorithms to provide high quality and near optimal solution

within reasonable time and memory requirements.

4. We describe the problem in the context of an oil products distribution network, inspired

by a real-life problem. We generate multiple non-trivial instances of the problem, based

on the original instance and develop pre-processing methods for the problem, including

a path generation algorithm and tests for early detection of infeasibility or triviality of

various scenarios, before solving the problem.

5. We presented experimental evaluation of our algorithms. Our experiments show that our

proposed heuristic approaches result in high quality expansion plans and our decomposi-

tion approach results in the globally optimal expansion plan.
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8.1 Future Research

An immediate extension to the SNCE problem would be to consider a non-survivable capacity

expansion problem, where the decision maker is willing to accept some unmet demand at a

certain cost. Each failure scenario would occur with a certain probability known to the decision

maker. The objective would be to minimize the expected value of the total cost of capacity

expansion and the penalty of the unmet demand. This problem could also be formulated as

a mixed integer programming problem that takes a two-stage stochastic programing form. In

a two stage optimization problem, one defers a subset of decisions until after the realization

of a failure scenario. The first stage decisions would be how to expand links capacities while

second stage decisions represent a recourse action on how to route flows through network paths

to meet the demands under each scenario. Availability of such a recourse action in the sec-

ond stage allows the decision maker to come up with less conservative solutions in the first stage.

Another possible future direction for the research is the case where we assume the decision

maker is willing to accept a level of unmet demand under each scenario at a certain penalty cost.

In this case, the resulting problem can also be formulated as a mixed integer linear program-

ming problem. The idea here would be to determine a set of investment decisions ( expansion

plan) that minimizes the sum of investment cost plus the expected penalty cost. Suppose we

represent the amount of unmet demand between i and j under scenario Sr by d
′
ijr. As well, the

cost associated with each unit of d
′
ijr is represented by c

′
ijr. The model to address this problem

can be formulated as follows:

Min
m∑
t=1

|Lt|∑
l=1

ctl ztl +
∑

∀i,j∈V :dij>0

q∑
r=0

c
′
ijrd

′
ijr [Model IP2]

subject to.

|Lt|∑
l=1

ztl ≤ 1 t = 1 to m

∑
∀i,j∈V :dij>0

|Pij |∑
f=1

ktijfx
r
ijf ≤ λtr

ut0 +

|Lt|∑
l=1

utlztl

 t = 1 to m r = 0 to q

|Pij |∑
f=1

xrijf + d
′
ijr = dijr ∀{i, j ∈ V : dij0 > 0} r = 0 to q

ztl ∈ {0, 1} t = 1 to m ∀l = 1, 2, ..., |Lt|
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xrijf ≥ 0 ∀{i, j ∈ V : dij0 > 0} f = 1 . . . |Pij | r = 0 to q

d
′
ijr ≥ 0 ∀{i, j ∈ V : dij0 > 0} r = 0 to q

For related work on this problem please see [23].
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model for transportation network protection. Comput. Oper. Res., 36(5):1582–1590, May
2009.

[6] L. Lee Renee. Yueyue. F., Changzheng and A. Kiremidjian. Highway network retrofit
under seismic hazard. Journal of infrastructure system, 16:181–187, 2010.

[7] Morten Riis and Kim Allan Andersen. Capacitated network design with uncertain demand.
INFORMS J. on Computing, 14(3):247–260, July 2002.

[8] Rafael Andrade, Abdel Lisser, Nelson Maculan, and Gérard Plateau. Enhancing a branch-
and-bound algorithm for two-stage stochastic integer network design-based models. Man-
age. Sci., 52(9):1450–1455, September 2006.

[9] Rafael Andrade, Abdel Lisser, Nelson Maculan, and Gérard Plateau. B&b frameworks
for the capacity expansion of high speed telecommunication networks under uncertainty.
Annals OR, 140(1):49–65, 2005.

[10] Shabbir Ahmed, Alan J. King, and Gyana Parija. A multi-stage stochastic integer pro-
gramming approach for capacity expansion under uncertainty. J. of Global Optimization,
26(1):3–24, May 2003.

[11] Ajay Kumar Todimala and Byrav Ramamurthy. Approximation algorithms for survivable
multicommodity flow problems with applications to network design. In INFOCOM. IEEE,
2006.

[12] Samit Soni, Rakesh Gupta, and Hasan Pirkul. Survivable network design: The state of
the art. Information Systems Frontiers, 1(3):303–315, October 1999.

[13] Wayne D. Grover and John Doucette. Topological design of survivable mesh-based trans-
port networks. Annals OR, 106(1-4):79–125, 2001.

74



[14] KEHANG WU. Flow Aggregation based Lagrangian Relaxation with Applications to Ca-
pacity Planning of IP Networks with Multiple Classes of Service. PhD Dissertation, De-
partment of Electrical and Computer Engineering,North Carolina State University, 2004.

[15] Lars-Erik Thorelli. An algorithm for computing all paths in a graph. BIT Numerical
Mathematics, 6(4):347–349, July 1966.

[16] J.F.Benders. Partitioning procedures for solving mixed-variables programming problems.
Numerische Mathematik, 4(3):238–252, September 1962.

[17] A. M. Geoffrion. Generalized benders decomposition. Journal of Optimization Theory and
Applications, 10(4):237–260, 1972.

[18] W. Ben-Ameur and B. Liau. Design a reliable telephone network. In IFIP Workshop on
Traffic Management, 1999.

[19] Geir Dahl and Mechthild Stoer. A cutting plane algorithm for multicommodity survivable
network design problems. INFORMS J. on Computing, 10(1):1–11, January 1998.

[20] R.M. Freund. Benders decomposition methods for structured optimization, including
stochastic optimization. Massachusetts Institute of Technology, 2004.

[21] Z.C. Taskin. Benders decomposition. Encyclopedia of operations research and management
science, 2010.

[22] Franois Louveaux John R. Birge. Introduction to Stochastic Programming. Springer New
York, 2011.

[23] Maculan Andrade, Lisser and Plateau. B&b frameworks for the capacity expansion of high
speed telecommunication networks under uncertainty. Annals of Operations Research,
140:49–65, 2005.

75



APPENDICES

76



Appendix A

Network Data, Tables A-1 and A-2

Table A.1: L1 Network

Link Origin Destination Distance (Kilometers) Capacity(Million Liters in Year)

1 Aril Khhal 111 8.48E+02

2 Aril Pabad 197 8.48E+02

3 Aril Asa 80 8.48E+02

4 Khhal Zan 211 2.54E+03

5 Kh Taz 166 2.54E+03

6 Kh Shstar 136 8.48E+02

7 Kh Ma 148 8.48E+02

8 Ma Taz 251 2.54E+03

9 Ma Shstar 240 8.48E+02

10 Maheh Taz 138 2.97E+03

11 Mioab Maheh 64 2.54E+03

12 Mioab Taz 168 2.97E+03

13 Mioab Urieh 141 2.54E+03

14 Mioab Zan 281 2.54E+03

15 Mioab Saz 93 8.48E+02

16 Mih Taz 166 2.54E+03

17 Mih Mioab 202 2.54E+03

18 Mih Khhal 184 2.54E+03

19 Ra Khhal 137 2.54E+03

20 Ra Asa 171 2.54E+03

21 Sa Taz 128 2.54E+03

22 Sa Aril 86 8.48E+02
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23 Shstar Taz 72 8.48E+02

24 Taz Pabad 337 2.54E+03

25 Taz Zan 294 2.54E+03

26 Urieh Kh 134 2.54E+03

27 Zan Mih 136 2.54E+03

28 Sadaj Bi 148 8.48E+02

29 Sadaj Saz 196 8.48E+02

30 Saz Ba 67 8.48E+02

31 Saz Bi 159 8.48E+02

32 Bi Zan 202 2.54E+03

33 Sadaj Haan 176 2.54E+03

34 Sadaj Torkan 232 8.48E+02

35 Sadaj Kenshah 139 2.54E+03

36 Zan Ra 200 2.54E+03

37 Zan Haan 306 8.48E+02

38 Zan Qan 178 2.54E+03

39 Zan Av 186 8.48E+02

40 Ra Qan 174 2.54E+03

41 Ra Chos 234 2.54E+03

42 Haan Torkan 91 2.54E+03

43 Haan Maer 86 8.48E+02

44 Torkan Maer 54 8.48E+02

45 Torkan Naand 70 8.48E+02

46 Maer Naand 67 2.54E+03

47 Maer Bojerd 60 2.54E+03

48 Naand Bojerd 63 8.48E+02

49 Maer Ar 103 2.54E+03

50 Torkan Kenshah 150 8.48E+02

51 Kenshah Ee 223 2.54E+03

52 Kenshah Naand 147 2.54E+03

53 Kenshah Khmabad 193 2.54E+03

54 Qan Av 119 8.48E+02

55 Qan Ka 106 2.54E+03

56 Qan Ar 313 3.39E+03

57 Av Haan 120 8.48E+02

58 Av Ar 254 2.54E+03

59 Chos Ka 158 2.54E+03
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60 Chos Ten 174 5.09E+03

61 Chos Sa 181 2.54E+03

62 Sa Gon 134 8.48E+02

63 Sa Ten 275 5.09E+03

64 Sa Daan 183 2.54E+03

65 Sa Sen 179 2.54E+03

66 Gon Govoos 98 8.48E+02

67 Gon Shood 124 8.48E+02

68 Godkavoos Shood 145 8.48E+02

69 Godkavoos Boord 221 8.48E+02

70 Daan Shood 188 2.54E+03

71 Ar Qo 136 8.48E+02

72 Av Qo 285 8.48E+02

73 Ar Shnshahr 315 2.97E+03

74 Ar Moakeh 318 2.97E+03

75 Ar Bojerd 110 8.48E+02

76 Ar Az 93 8.48E+02

77 Khmabad Az 131 8.48E+02

78 Khmabad Bojerd 110 8.48E+02

79 Bojerd Az 102 8.48E+02

80 Az Shnshahr 286 8.48E+02

81 Az Isan 253 8.48E+02

82 Az Shekord 220 8.48E+02

83 Khmabad Aneshk 181 8.48E+02

84 Khmabad Dashahr 164 8.48E+02

85 Khmabad Ee 304 8.48E+02

86 Ee Dashahr 146 8.48E+02

87 Dashahr Aneshk 189 8.48E+02

88 Ee Aneshk 290 2.54E+03

89 Shood Boord 343 8.48E+02

90 Shood Savar 253 2.54E+03

91 Sen Daan 129 2.54E+03

92 Sen Ya 584 2.54E+03

93 Daan Ya 564 8.48E+02

94 Sen Qo 283 8.48E+02

95 Sen Ten 219 5.09E+03

96 Boord Qun 128 8.48E+02
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97 Esayen Savar 114 8.48E+02

98 Esayen Boord 69 8.48E+02

99 Maad1 Maad2 10 2.54E+03

100 Maad1 Maad3 20 2.54E+03

101 Maad1 Neaboor 121 2.54E+03

102 Maad1 Qun 146 2.54E+03

103 Maad1 Totheydarieh 151 8.48E+02

104 Neaboor Savar 116 2.54E+03

105 Neaboor Qun 143 8.48E+02

106 Neaboor Totheydarieh 165 8.48E+02

107 Qun Savar 157 8.48E+02

108 Savar Totheydarieh 256 8.48E+02

109 Savar Bind 485 8.48E+02

110 Totheydarieh Bind 337 8.48E+02

111 Savar Ya 745 8.48E+02

112 Neaboor Ya 818 8.48E+02

113 Ten Shran 50 2.54E+03

114 Ten Tash 15 2.54E+03

115 Ten Ka 53 5.09E+03

116 Shran Tash 43 2.54E+03

117 Shran Ka 90 2.54E+03

118 Tash Ka 52 2.54E+03

119 Ten Qo 157 2.97E+03

120 Qo Haan 312 8.48E+02

121 Qo Kan 114 8.48E+02

122 Isan Shnshahr 30 5.09E+03

123 Shnshahr Kan 186 2.97E+03

124 Isan Na 143 5.09E+03

125 Isan Moakeh 57 5.09E+03

126 Kan Na 212 2.97E+03

127 Moakeh Na 195 8.48E+02

128 Na Ya 171 2.54E+03

129 Isan Yaj 326 8.48E+02

130 Moakeh Yaj 297 8.48E+02

131 Isan Shz 482 5.09E+03

132 Moakeh Shz 453 8.48E+02

133 Na Shz 552 8.48E+02
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134 Isan Shekord 101 8.48E+02

135 Kan Shekord 308 8.48E+02

136 Shnshahr Shekord 129 8.48E+02

137 Moakeh Shekord 70 8.48E+02

138 Shekord Yaj 269 8.48E+02

139 Shekord Behan 467 8.48E+02

140 Shekord Maahr 460 8.48E+02

141 Shekord Ah1 453 8.48E+02

142 Shekord Aneshk 526 8.48E+02

143 Behan Yaj 224 8.48E+02

144 Aneshk Yaj 512 8.48E+02

145 Abn Maahr 108 2.97E+03

146 Abn Ah1 128 5.09E+03

147 Ah1 Aneshk 159 2.97E+03

148 Ah1 Maahr 123 2.97E+03

149 Ah1 Behan 210 8.48E+02

150 Ah1 Ah2 15 2.97E+03

151 Aneshk Behan 338 8.48E+02

152 Maahr Behan 140 8.48E+02

153 Ah1 Boehr 428 2.54E+03

154 Behan Boehr 272 8.48E+02

155 Ya Bind 634 8.48E+02

156 Ya Ranjan 251 2.54E+03

157 Ya Sin 349 2.54E+03

158 Isan Abh 213 8.48E+02

159 Na Abh 283 8.48E+02

160 Ya Abh 221 8.48E+02

161 Ya Shz 442 8.48E+02

162 Ya Totheydarieh 759 8.48E+02

163 Bind Ken 583 8.48E+02

164 Bind Zaan 453 8.48E+02

165 Bind Za 363 8.48E+02

166 Yaj Abh 212 8.48E+02

167 Yaj Shz 179 2.54E+03

168 Yaj Boehr 294 8.48E+02

169 Abh Shz 272 8.48E+02

170 Latan Shz 374 8.48E+02
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171 Latan Boehr 523 8.48E+02

172 Shz Boehr 295 2.54E+03

173 Boehr Abh 559 2.54E+03

174 Shz Sin 383 2.54E+03

175 Shz Ranjan 500 2.54E+03

176 Abh Sin 534 8.48E+02

177 Latan Sin 404 8.48E+02

178 Shz Barlengeh 622 2.54E+03

179 Shz Barabbas 578 2.54E+03

180 Latan Barabbas 390 8.48E+02

181 Latan Barlengeh 286 8.48E+02

182 Boehr Barlengeh 553 8.48E+02

183 Barlengeh Bandarabbas 175 8.48E+02

184 Ken Sin 184 2.54E+03

185 Ken Ranjan 113 2.54E+03

186 Ranjan Sin 244 2.54E+03

187 Sin Barabbas 314 2.97E+03

188 Ken Za 560 8.48E+02

189 Ken Zaan 509 8.48E+02

190 Sin Irhahr 712 8.48E+02

191 Ranjan Irhahr 653 2.54E+03

192 Ken Irhahr 544 8.48E+02

193 Barabbas Chhar 670 8.48E+02

194 Barabbas Irhahr 549 8.48E+02

195 Barabbas Zaan 743 2.54E+03

196 Zaan Za 212 8.48E+02

197 Zaan Kh 201 8.48E+02

198 Kh Irhahr 149 8.48E+02

199 Irhahr Chhar 344 2.54E+03

200 IsanRef Isan 5 5.09E+03

201 TenRef Ten 5 5.09E+03

202 Aref Ar 5 5.09E+03

203 LaRef Barabbas 5 5.09E+03

204 AbnRef Abn 5 5.09E+03

205 BarabbasRef Barabbas 5 5.09E+03

206 KenshahRef Kenshah 5 5.09E+03

207 TazRef Taz 5 5.09E+03
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208 ShzRef Shz 5 5.09E+03

209 Exargan Ma 5 5.09E+03

210 Exeh Ba 5 2.54E+03

211 Exshehr Boehr 5 5.09E+03

212 Exdarabbas Barabbas 5 5.09E+03

213 Exreshirin Kenshah 5 2.97E+03

214 Exloos Chos 5 2.97E+03

215 Exara Asa 5 2.54E+03

216 Exa Sa 5 2.54E+03

217 Exhhad Maad1 5 5.09E+03

218 Exol Za 5 2.54E+03

219 Exedan Zaan 5 2.97E+03

220 Exavan Irhahr 5 2.97E+03

221 Exbahar Chhar 5 2.97E+03

222 Khhal Aril 111 8.48E+02

223 Pabad Aril 197 8.48E+02

224 Asa Aril 80 8.48E+02

225 Zan Khhal 211 2.54E+03

226 Taz Kh 166 2.54E+03

227 Shstar Kh 136 8.48E+02

228 Ma Kh 148 8.48E+02

229 Taz Ma 251 2.54E+03

230 Shstar Ma 240 8.48E+02

231 Taz Maheh 138 2.97E+03

232 Maheh Mioab 64 2.54E+03

233 Taz Mioab 168 2.97E+03

234 Urieh Mioab 141 2.54E+03

235 Zan Mioab 281 2.54E+03

236 Saz Mioab 93 8.48E+02

237 Taz Mih 166 2.54E+03

238 Mioab Mih 202 2.54E+03

239 Khhal Mih 184 2.54E+03

240 Khhal Ra 137 2.54E+03

241 Asa Ra 171 2.54E+03

242 Taz Sa 128 2.54E+03

243 Aril Sa 86 8.48E+02

244 Taz Shstar 72 8.48E+02
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245 Pabad Taz 337 2.54E+03

246 Zan Taz 294 2.54E+03

247 Kh Urieh 134 2.54E+03

248 Mih Zan 136 2.54E+03

249 Bi Sadaj 148 8.48E+02

250 Saz Sadaj 196 8.48E+02

251 Ba Saz 67 8.48E+02

252 Bi Saz 159 8.48E+02

253 Zan Bi 202 2.54E+03

254 Haan Sadaj 176 2.54E+03

255 Torkan Sadaj 232 8.48E+02

256 Kenshah Sadaj 139 2.54E+03

257 Ra Zan 200 2.54E+03

258 Haan Zan 306 8.48E+02

259 Qan Zan 178 2.54E+03

260 Av Zan 186 8.48E+02

261 Qan Ra 174 2.54E+03

262 Chos Ra 234 2.54E+03

263 Torkan Haan 91 2.54E+03

264 Maer Haan 86 8.48E+02

265 Maer Torkan 54 8.48E+02

266 Naand Torkan 70 8.48E+02

267 Naand Maer 67 2.54E+03

268 Bojerd Maer 60 2.54E+03

269 Bojerd Naand 63 8.48E+02

270 Ar Maer 103 2.54E+03

271 Kenshah Torkan 150 8.48E+02

272 Ee Kenshah 223 2.54E+03

273 Naand Kenshah 147 2.54E+03

274 Khmabad Kenshah 193 2.54E+03

275 Av Qan 119 8.48E+02

276 Ka Qan 106 2.54E+03

277 Ar Qan 313 3.39E+03

278 Haan Av 120 8.48E+02

279 Ar Av 254 2.54E+03

280 Ka Chos 158 2.54E+03

281 Ten Chos 174 5.09E+03
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282 Sa Chos 181 2.54E+03

283 Gon Sa 134 8.48E+02

284 Ten Sa 275 5.09E+03

285 Daan Sa 183 2.54E+03

286 Sen Sa 179 2.54E+03

287 Govoos Gon 98 8.48E+02

288 Shood Gon 124 8.48E+02

289 Shood Godkavoos 145 8.48E+02

290 Boord Godkavoos 221 8.48E+02

291 Shood Daan 188 2.54E+03

292 Qo Ar 136 8.48E+02

293 Qo Av 285 8.48E+02

294 Shnshahr Ar 315 2.97E+03

295 Moakeh Ar 318 2.97E+03

296 Bojerd Ar 110 8.48E+02

297 Az Ar 93 8.48E+02

298 Az Khmabad 131 8.48E+02

299 Bojerd Khmabad 110 8.48E+02

300 Az Bojerd 102 8.48E+02

301 Shnshahr Az 286 8.48E+02

302 Isan Az 253 8.48E+02

303 Shekord Az 220 8.48E+02

304 Aneshk Khmabad 181 8.48E+02

305 Dashahr Khmabad 164 8.48E+02

306 Ee Khmabad 304 8.48E+02

307 Dashahr Ee 146 8.48E+02

308 Aneshk Dashahr 189 8.48E+02

309 Aneshk Ee 290 2.54E+03

310 Boord Shood 343 8.48E+02

311 Savar Shood 253 2.54E+03

312 Daan Sen 129 2.54E+03

313 Ya Sen 584 2.54E+03

314 Ya Daan 564 8.48E+02

315 Qo Sen 283 8.48E+02

316 Ten Sen 219 5.09E+03

317 Qun Boord 128 8.48E+02
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318 Savar Esayen 114 8.48E+02

319 Boord Esayen 69 8.48E+02

320 Maad2 Maad1 10 2.54E+03

321 Maad3 Maad1 20 2.54E+03

322 Neaboor Maad1 121 2.54E+03

323 Qun Maad1 146 2.54E+03

324 Totheydarieh Maad1 151 8.48E+02

325 Savar Neaboor 116 2.54E+03

326 Qun Neaboor 143 8.48E+02

327 Totheydarieh Neaboor 165 8.48E+02

328 Savar Qun 157 8.48E+02

329 Totheydarieh Savar 256 8.48E+02

330 Bind Savar 485 8.48E+02

331 Bind Totheydarieh 337 8.48E+02

332 Ya Savar 745 8.48E+02

333 Ya Neaboor 818 8.48E+02

334 Shran Ten 50 2.54E+03

335 Tash Ten 15 2.54E+03

336 Ka Ten 53 5.09E+03

337 Tash Shran 43 2.54E+03

338 Ka Shran 90 2.54E+03

339 Ka Tash 52 2.54E+03

340 Qo Ten 157 2.97E+03

341 Haan Qo 312 8.48E+02

342 Kan Qo 114 8.48E+02

343 Shnshahr Isan 30 5.09E+03

344 Kan Shnshahr 186 2.97E+03

345 Na Isan 143 5.09E+03

346 Moakeh Isan 57 5.09E+03

347 Na Kan 212 2.97E+03

348 Na Moakeh 195 8.48E+02

349 Ya Na 171 2.54E+03

350 Yaj Isan 326 8.48E+02

351 Yaj Moakeh 297 8.48E+02

352 Shz Isan 482 5.09E+03

353 Shz Moakeh 453 8.48E+02

354 Shz Na 552 8.48E+02
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355 Shekord Isan 101 8.48E+02

356 Shekord Kan 308 8.48E+02

357 Shekord Shnshahr 129 8.48E+02

358 Shekord Moakeh 70 8.48E+02

359 Yaj Shekord 269 8.48E+02

360 Behan Shekord 467 8.48E+02

361 Maahr Shekord 460 8.48E+02

362 Ah1 Shekord 453 8.48E+02

363 Aneshk Shekord 526 8.48E+02

364 Yaj Behan 224 8.48E+02

365 Yaj Aneshk 512 8.48E+02

366 Maahr Abn 108 2.97E+03

367 Ah1 Abn 128 5.09E+03

368 Aneshk Ah1 159 2.97E+03

369 Maahr Ah1 123 2.97E+03

370 Behan Ah1 210 8.48E+02

371 Ah2 Ah1 15 2.97E+03

372 Behan Aneshk 338 8.48E+02

373 Behan Maahr 140 8.48E+02

374 Boehr Ah1 428 2.54E+03

375 Boehr Behan 272 8.48E+02

376 Bind Ya 634 8.48E+02

377 Ranjan Ya 251 2.54E+03

378 Sin Ya 349 2.54E+03

379 Abh Isan 213 8.48E+02

380 Abh Na 283 8.48E+02

381 Abh Ya 221 8.48E+02

382 Shz Ya 442 8.48E+02

383 Totheydarieh Ya 759 8.48E+02

384 Ken Bind 583 8.48E+02

385 Zaan Bind 453 8.48E+02

386 Za Bind 363 8.48E+02

387 Abh Yaj 212 8.48E+02

388 Shz Yaj 179 2.54E+03

389 Boehr Yaj 294 8.48E+02

390 Shz Abh 272 8.48E+02

391 Shz Latan 374 8.48E+02
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392 Boehr Latan 523 8.48E+02

393 Boehr Shz 295 2.54E+03

394 Abh Boehr 559 2.54E+03

395 Sin Shz 383 2.54E+03

396 Ranjan Shz 500 2.54E+03

397 Sin Abh 534 8.48E+02

398 Sin Latan 404 8.48E+02

399 Barlengeh Shz 622 2.54E+03

400 Barabbas Shz 578 2.54E+03

401 Barabbas Latan 390 8.48E+02

402 Barlengeh Latan 286 8.48E+02

403 Barlengeh Boehr 553 8.48E+02

404 Bandarabbas Barlengeh 175 8.48E+02

405 Sin Ken 184 2.54E+03

406 Ranjan Ken 113 2.54E+03

407 Sin Ranjan 244 2.54E+03

408 Barabbas Sin 314 2.97E+03

409 Za Ken 560 8.48E+02

410 Zaan Ken 509 8.48E+02

411 Irhahr Sin 712 8.48E+02

412 Irhahr Ranjan 653 2.54E+03

413 Irhahr Ken 544 8.48E+02

414 Chhar Barabbas 670 8.48E+02

415 Irhahr Barabbas 549 8.48E+02

416 Zaan Barabbas 743 2.54E+03

417 Za Zaan 212 8.48E+02

418 Kh Zaan 201 8.48E+02

419 Irhahr Kh 149 8.48E+02

420 Chhar Irhahr 344 2.54E+03

421 Isan IsanRef 5 5.09E+03

422 Ten TenRef 5 5.09E+03

423 Ar Aref 5 5.09E+03

424 Barabbas LaRef 5 5.09E+03

425 Abn AbnRef 5 5.09E+03

426 Barabbas BarabbasRef 5 5.09E+03

427 Kenshah KenshahRef 5 5.09E+03

428 Taz TazRef 5 5.09E+03
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429 Shz ShzRef 5 5.09E+03

430 Ma Exargan 5 5.09E+03

431 Ba Exeh 5 2.54E+03

432 Boehr Exshehr 5 5.09E+03

433 Barabbas Exdarabbas 5 5.09E+03

434 Kenshah Exreshirin 5 2.97E+03

435 Chos Exloos 5 2.97E+03

436 Asa Exara 5 2.54E+03

437 Sa Exa 5 2.54E+03

438 Maad1 Exhhad 5 5.09E+03

439 Za Exol 5 2.54E+03

440 Zaan Exedan 5 2.97E+03

441 Irhahr Exavan 5 2.97E+03

442 Chhar Exbahar 5 2.97E+03

Table A.2: L2 Network

Link Origin Destination Distance (Kilometers) Capacity(Million Liters in Year)

1 Aril Khhal 111 8.48E+02

2 Aril Pabad 197 8.48E+02

3 Aril Asa 80 8.48E+02

4 Khhal Zan 211 2.54E+03

5 Kh Taz 166 2.54E+03

6 Kh Shstar 136 8.48E+02

7 Kh Ma 148 8.48E+02

8 Ma Taz 251 2.54E+03

9 Ma Shstar 240 8.48E+02

10 Maheh Taz 138 2.97E+03

11 Mioab Maheh 64 2.54E+03

12 Mioab Taz 168 2.97E+03

13 Mioab Urieh 141 2.54E+03

14 Mioab Zan 281 2.54E+03

15 Mioab Saz 93 8.48E+02

16 Mih Taz 166 2.54E+03

17 Mih Mioab 202 2.54E+03
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18 Mih Khhal 184 2.54E+03

19 Ra Khhal 137 2.54E+03

20 Ra Asa 171 2.54E+03

21 Sa Taz 128 2.54E+03

22 Sa Aril 86 8.48E+02

23 Shstar Taz 72 8.48E+02

24 Taz Pabad 337 2.54E+03

25 Taz Zan 294 2.54E+03

26 Urieh Kh 134 2.54E+03

27 Zan Mih 136 2.54E+03

28 Sadaj Bi 148 8.48E+02

29 Sadaj Saz 196 8.48E+02

30 Saz Ba 67 8.48E+02

31 Saz Bi 159 8.48E+02

32 Bi Zan 202 2.54E+03

33 Sadaj Haan 176 2.54E+03

34 Sadaj Torkan 232 8.48E+02

35 Sadaj Kenshah 139 2.54E+03

36 Zan Ra 200 2.54E+03

37 Zan Haan 306 8.48E+02

38 Zan Qan 178 2.54E+03

39 Zan Av 186 8.48E+02

40 Ra Qan 174 2.54E+03

41 Ra Chos 234 2.54E+03

42 Haan Torkan 91 2.54E+03

43 Haan Maer 86 8.48E+02

44 Torkan Maer 54 8.48E+02

45 Torkan Naand 70 8.48E+02

46 Maer Naand 67 2.54E+03

47 Maer Bojerd 60 2.54E+03

48 Naand Bojerd 63 8.48E+02

49 Maer Ar 103 2.54E+03

50 Torkan Kenshah 150 8.48E+02

51 Kenshah Ee 223 2.54E+03

52 Kenshah Naand 147 2.54E+03

53 Kenshah Khmabad 193 2.54E+03

54 Qan Av 119 8.48E+02
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55 Qan Ka 106 2.54E+03

56 Qan Ar 313 3.39E+03

57 Av Haan 120 8.48E+02

58 Av Ar 254 2.54E+03

59 Chos Ka 158 2.54E+03

60 Chos Ten 174 5.09E+03

61 Chos Sa 181 2.54E+03

62 Sa Gon 134 8.48E+02

63 Sa Ten 275 5.09E+03

64 Sa Daan 183 2.54E+03

65 Sa Sen 179 2.54E+03

66 Gon Godkavoos 98 8.48E+02

67 Gon Shood 124 8.48E+02

68 Godkavoos Shood 145 8.48E+02

69 Godkavoos Boord 221 8.48E+02

70 Daan Shood 188 2.54E+03

71 Ar Qo 136 8.48E+02

72 Av Qo 285 8.48E+02

73 Ar Shnshahr 315 2.97E+03

74 Ar Moakeh 318 2.97E+03

75 Ar Bojerd 110 8.48E+02

76 Ar Az 93 8.48E+02

77 Khmabad Az 131 8.48E+02

78 Khmabad Bojerd 110 8.48E+02

79 Bojerd Az 102 8.48E+02

80 Az Shnshahr 286 8.48E+02

81 Az Isan 253 8.48E+02

82 Az Shekord 220 8.48E+02

83 Khmabad Aneshk 181 8.48E+02

84 Khmabad Dashahr 164 8.48E+02

85 Khmabad Ee 304 8.48E+02

86 Ee Dashahr 146 8.48E+02

87 Dashahr Aneshk 189 8.48E+02

88 Ee Aneshk 290 2.54E+03

89 Shood Boord 343 8.48E+02

90 Shood Savar 253 2.54E+03

91 Sen Daan 129 2.54E+03
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92 Sen Ya 584 2.54E+03

93 Daan Ya 564 8.48E+02

94 Sen Qo 283 8.48E+02

95 Sen Ten 219 5.09E+03

96 Boord Qun 128 8.48E+02

97 Esayen Savar 114 8.48E+02

98 Esayen Boord 69 8.48E+02

99 Maad1 Maad2 10 2.54E+03

100 Maad1 Maad3 20 2.54E+03

101 Maad1 Neaboor 121 2.54E+03

102 Maad1 Qun 146 2.54E+03

103 Maad1 Totheydarieh 151 8.48E+02

104 Neaboor Savar 116 2.54E+03

105 Neaboor Qun 143 8.48E+02

106 Neaboor Totheydarieh 165 8.48E+02

107 Qun Savar 157 8.48E+02

108 Savar Totheydarieh 256 8.48E+02

109 Savar Bind 485 8.48E+02

110 Totheydarieh Bind 337 8.48E+02

111 Savar Ya 745 8.48E+02

112 Neaboor Ya 818 8.48E+02

113 Ten Shran 50 2.54E+03

114 Ten Tash 15 2.54E+03

115 Ten Ka 53 5.09E+03

116 Shran Tash 43 2.54E+03

117 Shran Ka 90 2.54E+03

118 Tash Ka 52 2.54E+03

119 Ten Qo 157 2.97E+03

120 Qo Haan 312 8.48E+02

121 Qo Kan 114 8.48E+02

122 Isan Shnshahr 30 5.09E+03

123 Shnshahr Kan 186 2.97E+03

124 Isan Na 143 5.09E+03

125 Isan Moakeh 57 5.09E+03

126 Kan Na 212 2.97E+03

127 Moakeh Na 195 8.48E+02

128 Na Ya 171 2.54E+03
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129 Isan Yaj 326 8.48E+02

130 Moakeh Yaj 297 8.48E+02

131 Isan Shz 482 5.09E+03

132 Moakeh Shz 453 8.48E+02

133 Na Shz 552 8.48E+02

134 Isan Shekord 101 8.48E+02

135 Kan Shekord 308 8.48E+02

136 Shnshahr Shekord 129 8.48E+02

137 Moakeh Shekord 70 8.48E+02

138 Shekord Yaj 269 8.48E+02

139 Shekord Behan 467 8.48E+02

140 Shekord Maahr 460 8.48E+02

141 Shekord Ah1 453 8.48E+02

142 Shekord Aneshk 526 8.48E+02

143 Behan Yaj 224 8.48E+02

144 Aneshk Yaj 512 8.48E+02

145 Abn Maahr 108 2.97E+03

146 Abn Ah1 128 5.09E+03

147 Ah1 Aneshk 159 2.97E+03

148 Ah1 Maahr 123 2.97E+03

149 Ah1 Behan 210 8.48E+02

150 Ah1 Ah2 15 2.97E+03

151 Aneshk Behan 338 8.48E+02

152 Maahr Behan 140 8.48E+02

153 Ah1 Boehr 428 2.54E+03

154 Behan Boehr 272 8.48E+02

155 Ya Bind 634 8.48E+02

156 Ya Ranjan 251 2.54E+03

157 Ya Sin 349 2.54E+03

158 Isan Abh 213 8.48E+02

159 Na Abh 283 8.48E+02

160 Ya Abh 221 8.48E+02

161 Ya Shz 442 8.48E+02

162 Ya Totheydarieh 759 8.48E+02

163 Bind Ken 583 8.48E+02

164 Bind Zaan 453 8.48E+02

165 Bind Za 363 8.48E+02
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166 Yaj Abh 212 8.48E+02

167 Yaj Shz 179 2.54E+03

168 Yaj Boehr 294 8.48E+02

169 Abh Shz 272 8.48E+02

170 Latan Shz 374 8.48E+02

171 Latan Boehr 523 8.48E+02

172 Shz Boehr 295 2.54E+03

173 Boehr Abh 559 2.54E+03

174 Shz Sin 383 2.54E+03

175 Shz Ranjan 500 2.54E+03

176 Abh Sin 534 8.48E+02

177 Latan Sin 404 8.48E+02

178 Shz Barlengeh 622 2.54E+03

179 Shz Barabbas 578 2.54E+03

180 Latan Barabbas 390 8.48E+02

181 Latan Barlengeh 286 8.48E+02

182 Boehr Barlengeh 553 8.48E+02

183 Barlengeh Barabbas 175 8.48E+02

184 Ken Sin 184 2.54E+03

185 Ken Ranjan 113 2.54E+03

186 Ranjan Sin 244 2.54E+03

187 Sin Barabbas 314 2.97E+03

188 Ken Za 560 8.48E+02

189 Ken Zaan 509 8.48E+02

190 Sin Irhahr 712 8.48E+02

191 Ranjan Irhahr 653 2.54E+03

192 Ken Irhahr 544 8.48E+02

193 Barabbas Chhar 670 8.48E+02

194 Barabbas Irhahr 549 8.48E+02

195 Barabbas Zaan 743 2.54E+03

196 Zaan Za 212 8.48E+02

197 Zaan Kh 201 8.48E+02

198 Kh Irhahr 149 8.48E+02

199 Irhahr Chhar 344 2.54E+03

200 IsanRef Isan 5 5.09E+03

201 TenRef Ten 5 5.09E+03

202 Aref Ar 5 5.09E+03
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203 LaRef Barabbas 5 5.09E+03

204 AbnRef Abn 5 5.09E+03

205 BarabbasRef Barabbas 5 5.09E+03

206 KenshahRef Kenshah 5 5.09E+03

207 TazRef Taz 5 5.09E+03

208 ShzRef Shz 5 5.09E+03

209 Exargan Ma 5 5.09E+03

210 Exeh Ba 5 2.54E+03

211 Exshehr Boehr 5 5.09E+03

212 Exdarabbas Barabbas 5 5.09E+03

213 Exreshirin Kenshah 5 2.97E+03

214 Exloos Chos 5 2.97E+03

215 Exara Asa 5 2.54E+03

216 Exa Sa 5 2.54E+03

217 Exhhad Maad1 5 5.09E+03

218 Exol Za 5 2.54E+03

219 Exedan Zaan 5 2.97E+03

220 Exavan Irhahr 5 2.97E+03

221 Exbahar Chhar 5 2.97E+03

222 Ten Taz 625 2.54E+03

223 Ten Ra 331 2.54E+03

224 Maad Ken 913 2.54E+03

225 Ken Barabbas 491 2.54E+03

226 Isan Ten 450 2.54E+03

227 Isan Ken 674 2.54E+03

228 Isan Shz 483 2.54E+03

229 Isan Zaan 1166 2.54E+03

230 Maad Zaan 945 2.54E+03

231 Ya Ah 845 2.54E+03

232 Khhal Aril 111 8.48E+02

233 Pabad Aril 197 8.48E+02

234 Asa Aril 80 8.48E+02

235 Zan Khhal 211 2.54E+03

236 Taz Kh 166 2.54E+03

237 Shstar Kh 136 8.48E+02

238 Ma Kh 148 8.48E+02

239 Taz Ma 251 2.54E+03
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240 Shstar Ma 240 8.48E+02

241 Taz Maheh 138 2.97E+03

242 Maheh Mioab 64 2.54E+03

243 Taz Mioab 168 2.97E+03

244 Urieh Mioab 141 2.54E+03

245 Zan Mioab 281 2.54E+03

246 Saz Mioab 93 8.48E+02

247 Taz Mih 166 2.54E+03

248 Mioab Mih 202 2.54E+03

249 Khhal Mih 184 2.54E+03

250 Khhal Ra 137 2.54E+03

251 Asa Ra 171 2.54E+03

252 Taz Sa 128 2.54E+03

253 Aril Sa 86 8.48E+02

254 Taz Shstar 72 8.48E+02

255 Pabad Taz 337 2.54E+03

256 Zan Taz 294 2.54E+03

257 Kh Urieh 134 2.54E+03

258 Mih Zan 136 2.54E+03

259 Bi Sadaj 148 8.48E+02

260 Saz Sadaj 196 8.48E+02

261 Ba Saz 67 8.48E+02

262 Bi Saz 159 8.48E+02

263 Zan Bi 202 2.54E+03

264 Haan Sadaj 176 2.54E+03

265 Torkan Sadaj 232 8.48E+02

266 Kenshah Sadaj 139 2.54E+03

267 Ra Zan 200 2.54E+03

268 Haan Zan 306 8.48E+02

269 Qan Zan 178 2.54E+03

270 Av Zan 186 8.48E+02

271 Qan Ra 174 2.54E+03

272 Chos Ra 234 2.54E+03

273 Torkan Haan 91 2.54E+03

274 Maer Haan 86 8.48E+02

275 Maer Torkan 54 8.48E+02

276 Naand Torkan 70 8.48E+02
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277 Naand Maer 67 2.54E+03

278 Bojerd Maer 60 2.54E+03

279 Bojerd Naand 63 8.48E+02

280 Ar Maer 103 2.54E+03

281 Kenshah Torkan 150 8.48E+02

282 Ee Kenshah 223 2.54E+03

283 Naand Kenshah 147 2.54E+03

284 Khmabad Kenshah 193 2.54E+03

285 Av Qan 119 8.48E+02

286 Ka Qan 106 2.54E+03

287 Ar Qan 313 3.39E+03

288 Haan Av 120 8.48E+02

289 Ar Av 254 2.54E+03

290 Ka Chos 158 2.54E+03

291 Ten Chos 174 5.09E+03

292 Sa Chos 181 2.54E+03

293 Gon Sa 134 8.48E+02

294 Ten Sa 275 5.09E+03

295 Daan Sa 183 2.54E+03

296 Sen Sa 179 2.54E+03

297 Godkavoos Gon 98 8.48E+02

298 Shood Gon 124 8.48E+02

299 Shood Godkavoos 145 8.48E+02

300 Boord Godkavoos 221 8.48E+02

301 Shood Daan 188 2.54E+03

302 Qo Ar 136 8.48E+02

303 Qo Av 285 8.48E+02

304 Shnshahr Ar 315 2.97E+03

305 Moakeh Ar 318 2.97E+03

306 Bojerd Ar 110 8.48E+02

307 Az Ar 93 8.48E+02

308 Az Khmabad 131 8.48E+02

309 Bojerd Khmabad 110 8.48E+02

310 Az Bojerd 102 8.48E+02

311 Shnshahr Az 286 8.48E+02

312 Isan Az 253 8.48E+02

313 Shekord Az 220 8.48E+02
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314 Aneshk Khmabad 181 8.48E+02

315 Dashahr Khmabad 164 8.48E+02

316 Ee Khmabad 304 8.48E+02

317 Dashahr Ee 146 8.48E+02

318 Aneshk Dashahr 189 8.48E+02

319 Aneshk Ee 290 2.54E+03

320 Boord Shood 343 8.48E+02

321 Savar Shood 253 2.54E+03

322 Daan Sen 129 2.54E+03

323 Ya Sen 584 2.54E+03

324 Ya Daan 564 8.48E+02

325 Qo Sen 283 8.48E+02

326 Ten Sen 219 5.09E+03

327 Qun Boord 128 8.48E+02

328 Savar Esayen 114 8.48E+02

329 Boord Esayen 69 8.48E+02

330 Maad2 Maad1 10 2.54E+03

331 Maad3 Maad1 20 2.54E+03

332 Neaboor Maad1 121 2.54E+03

333 Qun Maad1 146 2.54E+03

334 Totheydarieh Maad1 151 8.48E+02

335 Savar Neaboor 116 2.54E+03

336 Qun Neaboor 143 8.48E+02

337 Totheydarieh Neaboor 165 8.48E+02

338 Savar Qun 157 8.48E+02

339 Totheydarieh Savar 256 8.48E+02

340 Bind Savar 485 8.48E+02

341 Bind Totheydarieh 337 8.48E+02

342 Ya Savar 745 8.48E+02

343 Ya Neaboor 818 8.48E+02

344 Shran Ten 50 2.54E+03

345 Tash Ten 15 2.54E+03

346 Ka Ten 53 5.09E+03

347 Tash Shran 43 2.54E+03

348 Ka Shran 90 2.54E+03

349 Ka Tash 52 2.54E+03

350 Qo Ten 157 2.97E+03
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351 Haan Qo 312 8.48E+02

352 Kan Qo 114 8.48E+02

353 Shnshahr Isan 30 5.09E+03

354 Kan Shnshahr 186 2.97E+03

355 Na Isan 143 5.09E+03

356 Moakeh Isan 57 5.09E+03

357 Na Kan 212 2.97E+03

358 Na Moakeh 195 8.48E+02

359 Ya Na 171 2.54E+03

360 Yaj Isan 326 8.48E+02

361 Yaj Moakeh 297 8.48E+02

362 Shz Isan 482 5.09E+03

363 Shz Moakeh 453 8.48E+02

364 Shz Na 552 8.48E+02

365 Shekord Isan 101 8.48E+02

366 Shekord Kan 308 8.48E+02

367 Shekord Shnshahr 129 8.48E+02

368 Shekord Moakeh 70 8.48E+02

369 Yaj Shekord 269 8.48E+02

370 Behan Shekord 467 8.48E+02

371 Maahr Shekord 460 8.48E+02

372 Ah1 Shekord 453 8.48E+02

373 Aneshk Shekord 526 8.48E+02

374 Yaj Behan 224 8.48E+02

375 Yaj Aneshk 512 8.48E+02

376 Maahr Abn 108 2.97E+03

377 Ah1 Abn 128 5.09E+03

378 Aneshk Ah1 159 2.97E+03

379 Maahr Ah1 123 2.97E+03

380 Behan Ah1 210 8.48E+02

381 Ah2 Ah1 15 2.97E+03

382 Behan Aneshk 338 8.48E+02

383 Behan Maahr 140 8.48E+02

384 Boehr Ah1 428 2.54E+03

385 Boehr Behan 272 8.48E+02

386 Bind Ya 634 8.48E+02

387 Ranjan Ya 251 2.54E+03
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388 Sin Ya 349 2.54E+03

389 Abh Isan 213 8.48E+02

390 Abh Na 283 8.48E+02

391 Abh Ya 221 8.48E+02

392 Shz Ya 442 8.48E+02

393 Totheydarieh Ya 759 8.48E+02

394 Ken Bind 583 8.48E+02

395 Zaan Bind 453 8.48E+02

396 Za Bind 363 8.48E+02

397 Abh Yaj 212 8.48E+02

398 Shz Yaj 179 2.54E+03

399 Boehr Yaj 294 8.48E+02

400 Shz Abh 272 8.48E+02

401 Shz Latan 374 8.48E+02

402 Boehr Latan 523 8.48E+02

403 Boehr Shz 295 2.54E+03

404 Abh Boehr 559 2.54E+03

405 Sin Shz 383 2.54E+03

406 Ranjan Shz 500 2.54E+03

407 Sin Abh 534 8.48E+02

408 Sin Latan 404 8.48E+02

409 Barlengeh Shz 622 2.54E+03

410 Barabbas Shz 578 2.54E+03

411 Barabbas Latan 390 8.48E+02

412 Barlengeh Latan 286 8.48E+02

413 Barlengeh Boehr 553 8.48E+02

414 Barabbas Barlengeh 175 8.48E+02

415 Sin Ken 184 2.54E+03

416 Ranjan Ken 113 2.54E+03

417 Sin Ranjan 244 2.54E+03

418 Barabbas Sin 314 2.97E+03

419 Za Ken 560 8.48E+02

420 Zaan Ken 509 8.48E+02

421 Irhahr Sin 712 8.48E+02

422 Irhahr Ranjan 653 2.54E+03

423 Irhahr Ken 544 8.48E+02

424 Chhar Barabbas 670 8.48E+02
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425 Irhahr Barabbas 549 8.48E+02

426 Zaan Barabbas 743 2.54E+03

427 Za Zaan 212 8.48E+02

428 Kh Zaan 201 8.48E+02

429 Irhahr Kh 149 8.48E+02

430 Chhar Irhahr 344 2.54E+03

431 Isan IsanRef 5 5.09E+03

432 Ten TenRef 5 5.09E+03

433 Ar Aref 5 5.09E+03

434 Barabbas LaRef 5 5.09E+03

435 Abn AbnRef 5 5.09E+03

436 Barabbas BarabbasRef 5 5.09E+03

437 Kenshah KenshahRef 5 5.09E+03

438 Taz TazRef 5 5.09E+03

439 Shz ShzRef 5 5.09E+03

440 Ma Exargan 5 5.09E+03

441 Ba Exeh 5 2.54E+03

442 Boehr Exshehr 5 5.09E+03

443 Barabbas Exdarabbas 5 5.09E+03

444 Kenshah Exreshirin 5 2.97E+03

445 Chos Exloos 5 2.97E+03

446 Asa Exara 5 2.54E+03

447 Sa Exa 5 2.54E+03

448 Maad1 Exhhad 5 5.09E+03

449 Za Exol 5 2.54E+03

450 Zaan Exedan 5 2.97E+03

451 Irhahr Exavan 5 2.97E+03

452 Chhar Exbahar 5 2.97E+03

453 Taz Ten 625 2.54E+03

454 Ra Ten 331 2.54E+03

455 Ken Maad 913 2.54E+03

456 Barabbas Ken 491 2.54E+03

457 Ten Isan 450 2.54E+03

458 Ken Isan 674 2.54E+03

459 Shz Isan 483 2.54E+03

460 Zaan Isan 1166 2.54E+03

461 Zaan Maad 945 2.54E+03
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462 Ah Ya 845 2.54E+03

102



Appendix B

Demand Data, Tables B-1 and B-2

Table B.1: Demand Data (B1)

Demand-ID Origin Destination Demand (Million Liters in Year)

1 Shstar Taz 34.1

2 Taz TazRef 2797.9

3 Taz Ten 1399.0

4 Taz Kenshah 466.3

5 Maheh Taz 580.1

6 Mih Taz 170.6

7 Sa Taz 261.6

8 Ma Urieh 117.4

9 Ma Exargan 78.2

10 Kh Urieh 760.7

11 Urieh Taz 1977.8

12 Mioab Taz 1282.3

13 Pabad Taz 89.1

14 Aril Taz 1113.6

15 Khhal Taz 133.6

16 Na Isan 580.2

17 Kan Isan 225.6

18 Isan IsanRef 6124.1

19 Isan Ar 3062.1

20 Isan Abn 1020.7
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21 Shnshahr Isan 451.3

22 Moakeh Isan 580.2

23 Ee Dashahr 86.6

24 Dashahr Kenshah 380.0

25 Dashahr Ar 190.0

26 Dashahr Isan 63.3

27 Boehr Barabbas 1466.2

28 Boehr Abn 733.1

29 Boehr Exshehr 244.4

30 Ka Ten 1895.6

31 Tash Ten 3087.5

32 Ten TenRef 3142.0

33 Ten Ar 2356.5

34 Ten Isan 1571.0

35 Ten Abn 785.5

36 Shran Ten 2283.3

37 Shekord Isan 427.7

38 Shekord Abn 213.8

39 Shekord Ar 71.3

40 Bind Ken 1035.4

41 Maad1 Neaboor 2185.3

42 Maad1 Qun 1092.7

43 Maad1 Exhhad 364.2

44 Maad2 Maad1 434.4

45 Maad3 Maad1 55.7

46 Qun Savar 105.8

47 Neaboor Savar 334.2

48 Savar Shood 768.5

49 Totheydarieh Maad1 1926.9

50 Boord Esayen 705.7

51 Esayen Shood 18.6

52 Aneshk Ah1 583.6

53 Ah1 Abn 3581.5

54 Ah1 Maahr 2387.6

55 Ah2 Ah1 83.4

56 Maahr Abn 433.5

57 Behan Abn 16.7
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58 Zan Qan 901.2

59 Zan Taz 600.8

60 Shood Sen 592.7

61 Daan Sen 221.0

62 Sen Ten 170.8

63 Za Zaan 287.9

64 Za Exol 191.9

65 Zaan Barabbas 845.6

66 Zaan Exedan 563.7

67 Kh Zaan 269.9

68 Irhahr Zaan 287.9

69 Irhahr Exavan 191.9

70 Chhar Zaan 1691.3

71 Chhar Exbahar 1127.5

72 Abh Shz 1953.1

73 Shz ShzRef 3320.3

74 Latan Shz 911.4

75 Qan Ten 4284.7

76 Av Qan 32.5

77 Qo Ten 1096.4

78 Qo Kan 730.9

79 Saz Sadaj 37.4

80 Ba Sadaj 67.3

81 Ba Exeh 44.9

82 Bi Sadaj 149.5

83 Sadaj Kenshah 919.6

84 Sadaj Haan 613.1

85 Ken Barabbas 2747.2

86 Ranjan Ken 2053.2

87 Sin Ken 477.2

88 Kenshah KenshahRef 2153.1

89 Kenshah Exreshirin 1435.4

90 Yaj Shz 495.4

91 Godkavoos Gon 831.4

92 Gon Sa 705.1

93 Asa Aril 4.6

94 Asa Exara 3.0
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95 Ra Ten 2869.5

96 Bojerd Ar 385.9

97 Az Ar 395.4

98 Khmabad Bojerd 866.0

99 Chos Sa 842.4

100 Chos Ten 421.2

101 Chos Exloos 140.4

102 Sa Ten 2915.1

103 Sa Exa 1943.4

104 Ar Aref 2509.1

105 Ar Ten 1254.5

106 Ar Isan 418.2

107 Barabbas BarabbasRef 3211.6

108 Barabbas Exdarabbas 2141.1

109 Barlengeh Barabbas 11.3

110 Haan Maer 2157.7

111 Torkan Maer 172.9

112 Maer Ar 112.8

113 Naand Maer 142.8

114 Ya Isan 3179.5

115 Abn AbnRef 6784.8

116 Barabbas LaRef 1975.3

Table B.2: Demand Data (B2)

Demand-ID Origin Destination Demand (Million Liters in Year)

1 Shstar Taz 28.44

2 Taz TazRef 2331.612

3 Taz Ten 1165.8

4 Taz Kenshah 388.596

5 Maheh Taz 483.384

6 Mih Taz 142.176

7 Sa Taz 217.992
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8 Ma Urieh 97.8

9 Ma Exargan 65.196

10 Kh Urieh 633.9

11 Urieh Taz 1648.128

12 Mioab Taz 1068.564

13 Pabad Taz 74.244

14 Aril Taz 927.996

15 Khhal Taz 111.36

16 Na Isan 483.48

17 Kan Isan 188.028

18 Isan IsanRef 5103.456

19 Isan Ar 2551.728

20 Isan Abn 850.572

21 Shnshahr Isan 376.044

22 Moakeh Isan 483.48

23 Ee Dashahr 72.18

24 Dashahr Kenshah 316.692

25 Dashahr Ar 158.34

26 Dashahr Isan 52.776

27 Boehr Barabbas 1221.84

28 Boehr Abn 610.92

29 Boehr Exshehr 203.64

30 Ka Ten 1579.632

31 Tash Ten 2572.896

32 Ten TenRef 2618.364

33 Ten Ar 1963.776

34 Ten Isan 1309.188

35 Ten Abn 654.588

36 Shran Ten 1902.744

37 Shekord Isan 356.4

38 Shekord Abn 178.2

39 Shekord Ar 59.4

40 Bind Ken 862.8

41 Maad1 Neaboor 1821.096

42 Maad1 Qun 910.548

43 Maad1 Exhhad 303.516

44 Maad2 Maad1 361.992
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45 Maad3 Maad1 46.404

46 Qun Savar 88.176

47 Neaboor Savar 278.46

48 Savar Shood 640.452

49 Totheydarieh Maad1 1605.756

50 Boord Esayen 588.12

51 Esayen Shood 15.48

52 Aneshk Ah1 486.312

53 Ah1 Abn 2984.556

54 Ah1 Maahr 1989.708

55 Ah2 Ah1 69.468

56 Maahr Abn 361.26

57 Behan Abn 13.896

58 Zan Qan 750.96

59 Zan Taz 500.64

60 Shood Sen 493.884

61 Daan Sen 184.164

62 Sen Ten 142.308

63 Za Zaan 239.892

64 Za Exol 159.924

65 Zaan Barabbas 704.688

66 Zaan Exedan 469.788

67 Kh Zaan 224.904

68 Irhahr Zaan 239.892

69 Irhahr Exavan 159.924

70 Chhar Zaan 1409.376

71 Chhar Exbahar 939.588

72 Abh Shz 1627.584

73 Shz ShzRef 2766.888

74 Latan Shz 759.54

75 Qan Ten 3570.552

76 Av Qan 27.048

77 Qo Ten 913.68

78 Qo Kan 609.12

79 Saz Sadaj 31.152

80 Ba Sadaj 56.076

81 Ba Exeh 37.38
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82 Bi Sadaj 124.608

83 Sadaj Kenshah 766.32

84 Sadaj Haan 510.876

85 Ken Barabbas 2289.372

86 Ranjan Ken 1711.008

87 Sin Ken 397.632

88 Kenshah KenshahRef 1794.24

89 Kenshah Exreshirin 1196.16

90 Yaj Shz 412.8

91 Godkavoos Gon 692.82

92 Gon Sa 587.58

93 Asa Aril 3.792

94 Asa Exara 2.532

95 Ra Ten 2391.276

96 Bojerd Ar 321.624

97 Az Ar 329.472

98 Khmabad Bojerd 721.704

99 Chos Sa 702.036

100 Chos Ten 351.012

101 Chos Exloos 117

102 Sa Ten 2429.244

103 Sa Exa 1619.496

104 Ar Aref 2090.88

105 Ar Ten 1045.44

106 Ar Isan 348.48

107 Barabbas BarabbasRef 2676.372

108 Barabbas Exdarabbas 1784.244

109 Barlengeh Barabbas 9.384

110 Haan Maer 1798.092

111 Torkan Maer 144.096

112 Maer Ar 93.972

113 Naand Maer 119.04

114 Ya Isan 2649.6

115 Abn AbnRef 5654.004

116 Barabbas LaRef 1646.064

117 Shstar Isan 2.844

118 Taz Isan 233.16
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119 Taz IsanRef 116.58

120 Taz Ar 38.856

121 Maheh Abn 48.336

122 Mih Isan 14.22

123 Sa Isan 21.804

124 Ma Dashahr 9.78

125 Ma Kenshah 6.516

126 Kh Ar 63.396

127 Urieh Isan 164.808

128 Mioab Barabbas 106.86

129 Pabad Abn 7.428

130 Aril Exshehr 92.796

131 Khhal Ten 11.136

132 Na Ten 48.348

133 Kan TenRef 18.804

134 Isan Ar 510.348

135 Isan Isan 0

136 Isan Abn 85.056

137 Shnshahr Ten 37.608

138 Moakeh Isan 48.348

139 Ee Abn 7.224

140 Dashahr Ar 31.668

141 Dashahr Ken 15.84

142 Dashahr Neaboor 5.28

143 Boehr Qun 122.184

144 Boehr Exhhad 61.092

145 Boehr Maad1 20.364

146 Ka Maad1 157.968

147 Tash Savar 257.292

148 Ten Savar 261.84

149 Ten Shood 196.38

150 Ten Maad1 130.92

151 Ten Esayen 65.46

152 Shran Shood 190.272

153 Shekord Ah1 35.64

154 Shekord Abn 17.82

155 Shekord Maahr 5.94
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156 Bind Ah1 86.28

157 Maad1 Abn 182.112

158 Maad1 Abn 91.056

159 Maad1 Qan 30.348

160 Maad2 Taz 36.204

161 Maad3 Sen 4.644

162 Qun Sen 8.82

163 Neaboor Ten 27.852

164 Savar Zaan 64.044

165 Totheydarieh Exol 160.572

166 Boord Barabbas 58.812

167 Esayen Exedan 1.548

168 Aneshk Zaan 48.636

169 Ah1 Zaan 298.452

170 Ah1 Exavan 198.972

171 Ah2 Zaan 6.948

172 Maahr Exbahar 36.132

173 Behan Shz 1.392

174 Zan ShzRef 75.096

175 Zan Shz 50.064

176 Shood Ten 49.392

177 Daan Qan 18.42

178 Sen Ten 14.232

179 Za Kan 23.988

180 Za Sadaj 15.996

181 Zaan Sadaj 70.464

182 Zaan Exeh 46.98

183 Kh Sadaj 22.488

184 Irhahr Kenshah 23.988

185 Irhahr Haan 15.996

186 Chhar Barabbas 140.94

187 Chhar Ken 93.96

188 Abh Ken 162.756

189 Shz KenshahRef 276.684

190 Latan Exreshirin 75.96

191 Qan Shz 357.06

192 Av Gon 2.7
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193 Qo Sa 91.368

194 Qo Aril 60.912

195 Saz Exara 3.12

196 Ba Ten 5.604

197 Ba Ar 3.744

198 Bi Ar 12.456

199 Sadaj Bojerd 76.632

200 Sadaj Sa 51.084

201 Ken Ten 228.936

202 Ranjan Exloos 171.096

203 Sin Ten 39.768

204 Kenshah Exa 179.424

205 Kenshah Aref 119.616

206 Yaj Ten 41.28

207 Godkavoos Isan 69.288

208 Gon BarabbasRef 267.636

209 Asa Exdarabbas 178.428

210 Asa Barabbas 0.936
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Appendix C

Capacity Expansion Options Data

Table C.1: Capacity Expansion Options Data

Name Cost(Unit Cost/Kilometer) Capacity(Million Liters in Year)

Pipe04 111847.0 848.1

Pipe12 141850.0 860.0

Pipe14 182370.0 1360.0

Rail01 217480.0 3731.6

Pipe24 497098.0 5088.6

Pipe36 590304.0 7632.8

Pipe48 970000.0 50000.0

Pipe54 1000000.0 100000.0
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Appendix D

Scenarios Data

Table D.1: Scenario Data (D1)

Origin Destination Scenario LinkCoef

Ar Qo 1 0.5

Bind Ken 1 0.5

Latan Shz 1 0.5

Maad1 Neaboor 1 0.5

Qan Ka 1 0.5

Ar Qo 2 0.5

Bind Ken 2 0.5

Latan Shz 2 0.5

Maad1 Neaboor 2 0.5

Qo Kan 2 0.5

Ar Qo 3 0.5

Bind Ken 3 0.5

Latan Shz 3 0.5

Maad1 Neaboor 3 0.5

Sin Barabbas 3 0.5

Ar Qo 4 0.5

Bind Ken 4 0.5

Latan Shz 4 0.5

Maad1 Neaboor 4 0.5

Ten Qo 4 0.5
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Ar Qo 5 0.5

Bind Ken 5 0.5

Latan Shz 5 0.5

Maad1 Neaboor 5 0.5

Torkan Maer 5 0.5

Ar Qo 6 0.5

Bind Ken 6 0.5

Latan Shz 6 0.5

Qan Ka 6 0.5

Qo Kan 6 0.5

Ar Qo 7 0.5

Bind Ken 7 0.5

Latan Shz 7 0.5

Qan Ka 7 0.5

Sin Barabbas 7 0.5

Ar Qo 8 0.5

Bind Ken 8 0.5

Latan Shz 8 0.5

Qan Ka 8 0.5

Ten Qo 8 0.5

Ar Qo 9 0.5

Bind Ken 9 0.5

Latan Shz 9 0.5

Qan Ka 9 0.5

Torkan Maer 9 0.5

Ar Qo 10 0.5

Bind Ken 10 0.5

Latan Shz 10 0.5

Qo Kan 10 0.5

Sin Barabbas 10 0.5

Ar Qo 11 0.5

Bind Ken 11 0.5

Latan Shz 11 0.5

Qo Kan 11 0.5

Ten Qo 11 0.5

Ar Qo 12 0.5

Bind Ken 12 0.5
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Latan Shz 12 0.5

Qo Kan 12 0.5

Torkan Maer 12 0.5

Ar Qo 13 0.5

Bind Ken 13 0.5

Latan Shz 13 0.5

Sin Barabbas 13 0.5

Ten Qo 13 0.5

Ar Qo 14 0.5

Bind Ken 14 0.5

Latan Shz 14 0.5

Sin Barabbas 14 0.5

Torkan Maer 14 0.5

Ar Qo 15 0.5

Bind Ken 15 0.5

Maad1 Neaboor 15 0.5

Ten Qo 15 0.5

Torkan Maer 15 0.5

Ar Qo 16 0.5

Bind Ken 16 0.5

Maad1 Neaboor 16 0.5

Qan Ka 16 0.5

Qo Kan 16 0.5

Ar Qo 17 0.5

Bind Ken 17 0.5

Maad1 Neaboor 17 0.5

Qan Ka 17 0.5

Sin Barabbas 17 0.5

Ar Qo 18 0.5

Bind Ken 18 0.5

Maad1 Neaboor 18 0.5

Qan Ka 18 0.5

Ten Qo 18 0.5

Ar Qo 19 0.5

Bind Ken 19 0.5

Maad1 Neaboor 19 0.5

Qan Ka 19 0.5
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Torkan Maer 19 0.5

Ar Qo 20 0.5

Bind Ken 20 0.5

Qan Ka 20 0.5

Qo Kan 20 0.5

Sin Barabbas 20 0.5

Ar Qo 21 0.1

Bind Ken 22 0.1

Latan Shz 23 0.1

Maad1 Neaboor 24 0.1

Qan Ka 25 0.4

Qo Kan 26 0.1

Sin Barabbas 27 0.1

Ten Qo 28 0.1

Torkan Maer 29 0.1

Ar Qo 30 0.2

Bind Ken 30 0.2

Ar Qo 31 0.2

Latan Shz 31 0.2

Ar Qo 32 0.2

Maad1 Neaboor 32 0.2

Ar Qo 33 0.4

Qan Ka 33 0.4

Ar Qo 34 0.2

Qo Kan 34 0.2

Ar Qo 35 0.2

Sin Barabbas 35 0.2

Ar Qo 36 0.2

Ten Qo 36 0.2

Ar Qo 37 0.2

Torkan Maer 37 0.2

Bind Ken 38 0.2

Latan Shz 38 0.2

Bind Ken 39 0.2

Maad1 Neaboor 39 0.2

Bind Ken 40 0.4

Qan Ka 40 0.4
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Bind Ken 41 0.2

Qo Kan 41 0.2

Bind Ken 42 0.2

Sin Barabbas 42 0.2

Bind Ken 43 0.2

Ten Qo 43 0.2

Bind Ken 44 0.2

Torkan Maer 44 0.2

Latan Shz 45 0.2

Maad1 Neaboor 45 0.2

Latan Shz 46 0.4

Qan Ka 46 0.4

Latan Shz 47 0.2

Qo Kan 47 0.2

Latan Shz 48 0.2

Sin Barabbas 48 0.2

Latan Shz 49 0.2

Ten Qo 49 0.2

Latan Shz 50 0.2

Torkan Maer 50 0.2

Shstar Taz 51 0.2

Table D.2: Scenario Data (D2)

Origin Destination Scenario Demand Coef

Taz Ten 52 5

Aril Taz 52 5

Maad1 Qun 52 5

Sadaj Kenshah 52 5

Ra Ten 52 5

Haan Maer 52 5

Taz Ten 53 5

Aril Taz 53 5

Qan Ten 53 5

Sadaj Kenshah 53 5
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Ra Ten 53 5

Taz Ten 54 5

Aril Taz 54 5

Sadaj Kenshah 54 5

Ra Ten 54 5

Chos Sa 54 5

Taz Ten 55 5

Aril Taz 55 5

Sadaj Kenshah 55 5

Ra Ten 55 5

Ar Ten 55 5

Taz Ten 56 5

Aril Taz 56 5

Sadaj Kenshah 56 5

Ra Ten 56 5

Khmabad Bojerd 56 5

Taz Ten 57 5

Aril Taz 57 5

Ten Ar 57 5

Sadaj Kenshah 57 5

Ra Ten 57 5

Taz Ten 58 5

Aril Taz 58 5

Ten Isan 58 5

Sadaj Kenshah 58 5

Ra Ten 58 5

Taz Ten 59 5

Aril Taz 59 5

Qo Kan 59 5

Sadaj Kenshah 59 5

Ra Ten 59 5

Taz Ten 60 5

Aril Taz 60 5

Maad1 Qun 60 5

Sadaj Kenshah 60 5

Ra Ten 60 5

Taz Ten 61 5
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Aril Taz 61 5

Maad1 Neaboor 61 5

Maad1 Qun 61 5

Sadaj Kenshah 61 5

Ra Ten 61 5

Qan Ten 62 5

Khmabad Bojerd 62 5

Chos Sa 62 5

Ar Ten 62 5

Haan Maer 62 5

Aril Taz 63 5

Latan Shz 63 5

Qan Ten 63 5

Chos Sa 63 5

Ar Ten 63 5

Boehr Barabbas 64 5

Ah1 Maahr 64 5

Abh Shz 64 5

Latan Shz 64 5

Ken Barabbas 64 5

Ten Isan 65 5

Bind Ken 65 5

Maad1 Neaboor 65 5

Maad1 Qun 65 5

Qo Kan 65 5

Abh Shz 66 5

Latan Shz 66 5

Ken Barabbas 66 5

Chos Sa 66 5

Ar Ten 66 5

Taz Ten 67 5

Aril Taz 67 5

Boehr Barabbas 67 5

Ah1 Maahr 67 5

Ra Ten 67 5

Taz Ten 68 6

Aril Taz 68 6
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Ah1 Maahr 68 6

Ra Ten 68 6

Abh Shz 69 6

Ken Barabbas 69 6

Chos Sa 69 6

Ar Ten 69 6

Taz Ten 70 6

Aril Taz 70 6

Maad1 Qun 70 6

Ra Ten 70 6

Taz Ten 71 6

Qan Ten 71 6

Sadaj Kenshah 71 6

Ra Ten 71 6

Taz Ten 72 6

Sadaj Kenshah 72 6

Ra Ten 72 6

Chos Sa 72 6

Taz Ten 73 6

Sadaj Kenshah 73 6

Ra Ten 73 6

Ar Ten 73 6

Taz Ten 74 6

Sadaj Kenshah 74 6

Ra Ten 74 6

Khmabad Bojerd 74 6

Taz Ten 75 6

Ten Ar 75 6

Sadaj Kenshah 75 6

Ra Ten 75 6

Taz Ten 76 6

Ten Isan 76 6

Sadaj Kenshah 76 6

Ra Ten 76 6

Taz Ten 77 6

Qo Kan 77 6

Sadaj Kenshah 77 6
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Ra Ten 77 6

Taz Ten 78 6

Maad1 Qun 78 6

Sadaj Kenshah 78 6

Ra Ten 78 6

Taz Ten 79 6

Aril Taz 79 6

Maad1 Neaboor 79 6

Sadaj Kenshah 79 6

Khmabad Bojerd 80 6

Chos Sa 80 6

Ar Ten 80 6

Haan Maer 80 6

Aril Taz 81 6

Latan Shz 81 6

Chos Sa 81 6

Ar Ten 81 6

Boehr Barabbas 82 6

Ah1 Maahr 82 6

Abh Shz 82 6

Ken Barabbas 82 6

Ten Isan 83 6

Bind Ken 83 6

Maad1 Neaboor 83 6

Qo Kan 83 6

Abh Shz 84 6

Latan Shz 84 6

Ken Barabbas 84 6

Ar Ten 84 6

Taz Ten 85 6

Boehr Barabbas 85 6

Ah1 Maahr 85 6

Ra Ten 85 6

Latan Shz 86 7

Chos Sa 86 7

Ar Ten 86 7
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Boehr Barabbas 87 7

Abh Shz 87 7

Ken Barabbas 87 7

Ten Isan 88 7

Maad1 Neaboor 88 7

Qo Kan 88 7

Abh Shz 89 7

Latan Shz 89 7

Ar Ten 89 7

Taz Ten 90 7

Ah1 Maahr 90 7

Ra Ten 90 7

Taz Ten 91 7

Ah1 Maahr 91 7

Ra Ten 91 7

Ah1 Maahr 92 8

Ra Ten 92 8

Taz Ten 93 8

Ah1 Maahr 93 8

Taz Ten 94 8

Ra Ten 94 8

Latan Shz 95 8

Ar Ten 95 8

Latan Shz 96 8

Chos Sa 96 8

Abh Shz 97 8

Ken Barabbas 97 8

Boehr Barabbas 98 8

Ken Barabbas 98 8

Latan Shz 99 8

Ar Ten 99 8

Abh Shz 100 8

Ar Ten 100 8
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Appendix E

Optimal Expansion Plans Obtained

Using a MIP Solver Directly

Table E.1: Optimal Expansion Plan for instance 1, obtained

using a MIP solver

Origin Destination Expansion Option

Haan Maer Pipe04

Torkan Maer Pipe04

Qo Kan Pipe36

Latan Shz Pipe36

Qan Ka Pipe48

Ar Qo Pipe48

Maad1 Neaboor Pipe48

Ten Qo Pipe48

Bind Ken Pipe48

Sin Barabbas Pipe48

The (optimal) value of objective function for instance 1 is 1,678.2 Million unit cost.

124



Table E.2: Optimal Expansion Plan for instance 2, obtained

using a MIP solver

Origin Destination Expansion Option

Haan Torkan Pipe04

Ah1 Maahr Pipe04

Latan Barabbas Pipe12

Chos Sa Pipe14

Neaboor Qun Pipe14

Sa Taz Rail01

Sadaj Kenshah Rail01

Zan Qan Rail01

Ra Qan Rail01

Ra Chos Rail01

Haan Maer Rail01

Torkan Maer Rail01

Khmabad Bojerd Rail01

Abn Maahr Rail01

Yaj Shz Rail01

Abh Shz Rail01

Qo Kan Pipe36

Latan Shz Pipe36

Ken Sin Pipe36

Qan Ka Pipe48

Ar Qo Pipe48

Maad1 Neaboor Pipe48

Ten Qo Pipe48

Bind Ken Pipe48

Sin Barabbas Pipe48

The (optimal) value of objective function for instance 2 is 2,271.0 Million unit cost.

125



Table E.3: Optimal Expansion Plan for instance 3, obtained

using a MIP solver

Origin Destination Expansion Option

Latan Barabbas Rail01

Qo Kan Pipe36

Latan Shz Pipe36

Ken Sin Pipe36

Qan Ka Pipe48

Ar Qo Pipe48

Maad1 Neaboor Pipe48

Ten Qo Pipe48

Bind Ken Pipe48

Sin Barabbas Pipe48

The (optimal) value of objective function for instance 3 is 2,310.1 Million unit cost.

Table E.4: Optimal Expansion Plan for instance 4, obtained

using a MIP solver

Origin Destination Expansion Option

Abh Shz Pipe04

Shz Barabbas Pipe04

Aril Asa Pipe14

Neaboor Qun Pipe14

Sa Taz Rail01

Sa Aril Rail01

Sadaj Kenshah Rail01

Haan Torkan Rail01

Haan Maer Rail01

Torkan Maer Rail01

Chos Sa Rail01

Khmabad Bojerd Rail01
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Abn Maahr Rail01

Ah1 Maahr Rail01

Latan Barabbas Rail01

Qo Kan Pipe36

Yaj Shz Pipe36

Latan Shz Pipe36

Ra Qan Pipe48

Qan Ka Pipe48

Ar Qo Pipe48

Maad1 Neaboor Pipe48

Ten Qo Pipe48

Bind Ken Pipe48

Ken Sin Pipe48

Sin Barabbas Pipe48

The (optimal) value of objective function for instance 4 is 2,576.6 Million unit cost.

Table E.5: Optimal Expansion Plan for instance 5, obtained

using a MIP solver

Origin Destination Expansion Option

Qo Kan Pipe24

Qan Ka Pipe36

Latan Shz Pipe36

The (optimal) value of objective function for instance 5 is 340.0 Million unit cost.

Table E.6: Optimal Expansion Plan for instance 6, obtained

using a MIP solver

Origin Destination Expansion Option
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Aril Khhal Pipe04

Sadaj Kenshah Pipe04

Haan Torkan Pipe04

Ken Sin Pipe04

Haan Maer Rail01

Torkan Maer Rail01

Khmabad Bojerd Rail01

Maad1 Neaboor Rail01

Maad1 Qun Rail01

Ten Qo Rail01

Abn Maahr Rail01

Bind Za Rail01

Yaj Shz Rail01

Abh Shz Rail01

Sin Barabbas Rail01

Ken Barabbas Rail01

Qo Kan Pipe36

Latan Shz Pipe36

Qan Ka Pipe48

The (optimal) value of objective function for instance 6 is 971.8 Million unit cost.

Table E.7: Optimal Expansion Plan for instance 7, obtained

using a MIP solver

Origin Destination Expansion Option

Aril Khhal Pipe04

Sadaj Kenshah Pipe04

Barlengeh Bandarabbas Pipe04

Ken Sin Pipe04

Haan Torkan Rail01

Haan Maer Rail01

Torkan Maer Rail01
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Khmabad Bojerd Rail01

Maad1 Neaboor Rail01

Maad1 Qun Rail01

Ten Qo Rail01

Abn Maahr Rail01

Bind Za Rail01

Yaj Shz Rail01

Abh Shz Rail01

Sin Barabbas Rail01

Ken Barabbas Rail01

Qo Kan Pipe36

Latan Shz Pipe36

Qan Ka Pipe48

The (optimal) value of objective function for instance 7 is 1,001.0 Million unit cost.

Table E.8: Optimal Expansion Plan for instance 8, obtained

using a MIP solver

Origin Destination Expansion Option

Aril Khhal Pipe04

Sadaj Kenshah Pipe04

Abh Shz Pipe04

Haan Torkan Rail01

Haan Maer Rail01

Torkan Maer Rail01

Khmabad Bojerd Rail01

Maad1 Neaboor Rail01

Maad1 Qun Rail01

Ten Qo Rail01

Abn Maahr Rail01

Ah1 Maahr Rail01

Bind Za Rail01

Barlengeh Bandarabbas Rail01
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Sin Barabbas Rail01

Qo Kan Pipe36

Yaj Shz Pipe36

Latan Shz Pipe36

Ken Barabbas Pipe36

Qan Ka Pipe48

The (optimal) value of objective function for instance 8 is 1,246.7 Million unit cost.
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Appendix F

Expansion Plans Obtained Using the

Heuristic Methods

Table F.1: Expansion Plan for instance 1, obtained by the

Basic Heuristic Method

Origin Destination Expansion Option

Abn Maahr Pipe54

Abh Shz Pipe54

Ar Qo Pipe04

Bind Ken Pipe04

Chos Ka Pipe04

Esayen Savar Pipe54

Haan Maer Pipe54

Isan Yaj Pipe54

Kh Taz Pipe54

Latan Barabbas Pipe54

Maad1 Qun Pipe54

Mih Taz Pipe54

Qan Ka Rail01

Qun Savar Pipe54

Sadaj Haan Pipe54

Sadaj Torkan Pipe54

Sa Taz Pipe54

Sa Ten Pipe54

Shekord Behan Pipe54
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Shekord Yaj Pipe54

Shz Barabbas Pipe54

Ten Qo Pipe14

Urieh Kh Pipe54

The value of objective function for instance 1 obtained by the Basic Heuristic method is

4,339.8 Million unit cost.

Table F.2: Expansion Plan for instance 1, obtained by the

CBR Method

Origin Destination Expansion Option

Haan Maer Pipe14

Latan Shz Pipe36

Qo Kan Pipe36

Ar Qo Pipe48

Bind Ken Pipe48

Maad1 Neaboor Pipe48

Qan Ka Pipe48

Sin Barabbas Pipe48

Ten Qo Pipe48

The value of objective function for instance 1 obtained by the CBR method is 1,678.2 Mil-

lion unit cost.

Table F.3: Expansion Plan for instance 1, obtained by the

MWC Method

Origin Destination Expansion Option

Ar Qo Pipe48

Bind Ken Pipe48
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Haan Maer Pipe14

Latan Shz Pipe36

Maad1 Neaboor Pipe48

Qan Ka Pipe48

Qo Kan Pipe36

Sin Barabbas Pipe48

Ten Qo Pipe48

Torkan Maer Pipe04

The value of objective function for instance 1 obtained by the MWC method is 1,684.3 Million

unit cost.

Table F.4: Expansion Plan for instance 2, obtained by the

Basic Heuristic Method

Origin Destination Expansion Option

Abn Maahr Pipe54

Abh Shz Pipe54

Ar Qo Pipe24

Ar Shnshahr Pipe24

Bind Ken Rail01

Chos Ka Pipe48

Chos Sa Pipe14

Esayen Savar Pipe54

Haan Maer Pipe54

Isan Yaj Pipe54

Ken Ranjan Pipe48

Kh Taz Pipe54

Khmabad Az Rail01

Latan Barabbas Pipe54

Sadaj Haan Pipe54

Sadaj Kenshah Rail01

Sadaj Torkan Pipe54

Sa Taz Pipe54

Sa Ten Pipe54
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Shekord Behan Pipe54

Shekord Yaj Pipe54

Shran Tash Rail01

Shz Barabbas Pipe54

Sin Barabbas Pipe48

Taz Zan Rail01

Ten Qo Pipe48

Urieh Kh Pipe54

Zan Qan Pipe24

Latan Shz Rail01

Maad1 Neaboor Pipe36

Maad1 Qun Pipe54

Mih Taz Pipe54

Qan Ka Pipe48

Qo Kan Rail01

Qun Savar Pipe54

Ranjan Sin Pipe48

Ra Chos Pipe48

The value of objective function for instance 2 obtained by the Basic Heuristic method is

6,258.3 Million unit cost.

Table F.5: Expansion Plan for instance 2, obtained by the

CBR Method

Origin Destination Expansion Option

Barlengeh Barabbas Pipe04

Chos Sa Pipe14

Neaboor Qun Pipe14

Abn Maahr Pipe24

Haan Maer Pipe24

Ken Sin Pipe36

Latan Shz Pipe36

Qo Kan Pipe36

Yaj Shz Pipe36
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Ar Qo Pipe48

Bind Ken Pipe48

Maad1 Neaboor Pipe48

Qan Ka Pipe48

Ra Qan Pipe48

Sin Barabbas Pipe48

Ten Qo Pipe48

Khmabad Bojerd Rail01

Sadaj Kenshah Rail01

Sa Taz Rail01

Torkan Maer Rail01

The value of objective function for instance 2 obtained by the CBR method is 2,314.5 Mil-

lion unit cost.

Table F.6: Expansion Plan for instance 2, obtained by the

MWC Method

Origin Destination Expansion Option

Abn Maahr Pipe24

Ar Qo Pipe48

Barlengeh Barabbas Pipe04

Bind Ken Pipe48

Chos Sa Pipe14

Haan Maer Pipe24

Ken Sin Pipe36

Khmabad Bojerd Rail01

Latan Barabbas Pipe12

Latan Shz Pipe36

Maad1 Neaboor Pipe48

Maad1 Qun Pipe14

Qan Ka Pipe48

Qo Kan Pipe36

Ra Chos Pipe24

Ra Qan Pipe36
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Sadaj Kenshah Rail01

Sa Taz Rail01

Sin Barabbas Pipe48

Ten Qo Pipe48

Torkan Maer Rail01

Yaj Shz Pipe36

The value of objective function for instance 2 obtained by the MWC method is 2,420.6

Million unit cost.

Table F.7: Expansion Plan for instance 3, obtained by the

Basic Heuristic Method

Origin Destination Expansion Option

Abn Maahr Pipe54

Abh Shz Pipe54

Ar Qo Pipe24

Ar Shnshahr Pipe24

Bind Ken Rail01

Chos Ka Pipe48

Chos Sa Pipe14

Esayen Savar Pipe54

Haan Maer Pipe54

Isan Yaj Pipe54

Ken Ranjan Pipe48

Kh Taz Pipe54

Khmabad Az Rail01

Latan Barabbas Pipe54

Latan Shz Rail01

Maad1 Neaboor Pipe36

Maad1 Qun Pipe54

Mih Taz Pipe54

Qan Ka Pipe48

Ra Chos Pipe48

Sadaj Haan Pipe54
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Sadaj Kenshah Rail01

Sadaj Torkan Pipe54

Sa Taz Pipe54

Sa Ten Pipe54

Shekord Behan Pipe54

Shekord Yaj Pipe54

Shran Tash Rail01

Shz Barabbas Pipe54

Sin Barabbas Pipe48

Taz Zan Rail01

Ten Qo Pipe48

Urieh Kh Pipe54

Zan Qan Pipe24

Qo Kan Rail01

Qun Savar Pipe54

Ranjan Sin Pipe48

The value of objective function for instance 3 obtained by the Basic Heuristic method is

6,258.3 Million unit cost.

Table F.8: Expansion Plan for instance 3, obtained by the

CBR Method

Origin Destination Expansion Option

Barlengeh Barabbas Pipe04

Chos Sa Pipe14

Neaboor Qun Pipe14

Abn Maahr Pipe24

Haan Maer Pipe36

Ken Sin Pipe36

Qo Kan Pipe36

Yaj Shz Pipe36

Ar Qo Pipe48

Bind Ken Pipe48
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Latan Shz Pipe48

Maad1 Neaboor Pipe48

Qan Ka Pipe48

Ra Qan Pipe48

Sin Barabbas Pipe48

Ten Qo Pipe48

Khmabad Bojerd Rail01

Sadaj Kenshah Rail01

Sa Taz Rail01

Torkan Maer Rail01

The value of objective function for instance 3 obtained by the CBR method is 2,464.5 Mil-

lion unit cost.

Table F.9: Expansion Plan for instance 3, obtained by the

MWC Method

Origin Destination Expansion Option

Abn Maahr Pipe24

Ar Qo Pipe48

Barlengeh Barabbas Pipe04

Bind Ken Pipe48

Chos Sa Pipe14

Haan Maer Pipe36

Ken Sin Pipe36

Khmabad Bojerd Rail01

Latan Barabbas Rail01

Latan Shz Pipe36

Maad1 Neaboor Pipe48

Maad1 Qun Pipe14

Qan Ka Pipe48

Qo Kan Pipe36

Ra Chos Pipe24

Ra Qan Pipe36

Sadaj Kenshah Rail01
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Sa Taz Rail01

Sin Barabbas Pipe48

Ten Qo Pipe48

Torkan Maer Rail01

Yaj Shz Pipe36

The value of objective function for instance 3 obtained by the MWC method is 2,458.1

Million unit cost.

Table F.10: Expansion Plan for instance 4, obtained by the

Basic Heuristic Method

Origin Destination Expansion Option

Abn Maahr Pipe54

Abh Shz Pipe54

Ar Qo Pipe36

Ar Shnshahr Pipe24

Bind Ken Rail01

Chos Ka Pipe48

Chos Sa Rail01

Esayen Savar Pipe54

Haan Maer Pipe54

Isan Yaj Pipe54

Ken Ranjan Pipe48

Kh Taz Pipe54

Khmabad Az Rail01

Latan Barabbas Pipe54

Latan Shz Pipe24

Maad1 Neaboor Pipe48

Maad1 Qun Pipe54

Urieh Kh Pipe54

Zan Qan Pipe36

Mih Taz Pipe54

Qan Ka Pipe48

Qo Kan Rail01
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Qun Savar Pipe54

Ranjan Sin Pipe48

Ra Chos Pipe48

Sadaj Haan Pipe54

Sadaj Kenshah Rail01

Sadaj Torkan Pipe54

Sa Taz Pipe54

Sa Ten Pipe54

Shekord Behan Pipe54

Shekord Yaj Pipe54

Shran Tash Pipe36

Shz Barabbas Pipe54

Sin Barabbas Pipe48

Taz Zan Pipe36

Ten Qo Pipe48

The value of objective function for instance 4 obtained by the Basic Heuristic method is

6,570.0 Million unit cost.

Table F.11: Expansion Plan for instance 4, obtained by the

CBR Method

Origin Destination Expansion Option

Barlengeh Barabbas Pipe04

Neaboor Qun Pipe14

Abn Maahr Pipe36

Haan Maer Pipe36

Qo Kan Pipe36

Ar Qo Pipe48

Bind Ken Pipe48

Ken Sin Pipe48

Latan Shz Pipe48

Maad1 Neaboor Pipe48

Qan Ka Pipe48

Ra Qan Pipe48
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Sin Barabbas Pipe48

Ten Qo Pipe48

Yaj Shz Pipe48

Chos Sa Rail01

Khmabad Bojerd Rail01

Sadaj Kenshah Rail01

Sa Taz Rail01

Torkan Maer Rail01

Zan Qan Rail01

The value of objective function for instance 4 obtained by the CBR method is 2,657.4 Mil-

lion unit cost.

Table F.12: Expansion Plan for instance 4, obtained by the

MWC Method

Origin Destination Expansion Option

Abn Maahr Pipe36

Ar Qo Pipe48

Barlengeh Barabbas Pipe04

Bind Ken Pipe48

Chos Sa Rail01

Haan Maer Pipe36

Ken Sin Pipe48

Khmabad Bojerd Rail01

Latan Barabbas Pipe24

Latan Shz Pipe36

Maad1 Neaboor Pipe48

Maad1 Qun Pipe14

Qan Ka Pipe48

Qo Kan Pipe36

Ra Chos Pipe24

Ra Qan Pipe48

Sadaj Kenshah Rail01

Sa Taz Rail01
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Sin Barabbas Pipe48

Ten Qo Pipe48

Torkan Maer Rail01

Yaj Shz Pipe48

Zan Qan Rail01

The value of objective function for instance 4 obtained by the MWC method is 2,826.2

Million unit cost.

Table F.13: Expansion Plan for instance 5, obtained by the

Basic Heuristic Method

Origin Destination Expansion Option

Abn Maahr Pipe54

Abh Shz Pipe54

Ar Qo Pipe04

Aril Pabad Pipe54

Bind Ken Pipe54

Bind Za Pipe54

Bind Zaan Pipe54

Haan Maer Pipe04

Isan Yaj Pipe04

Ken Barabbas Pipe54

Maad1 Qun Pipe54

Maad1 Totheydarieh Pipe54

Qan Ka Pipe04

Ra Qan Pipe54

Sa Taz Pipe54

Shz Sin Pipe54

Sin Barabbas Pipe54

Zan Ra Pipe54

The value of objective function for instance 5 obtained by the Basic Heuristic method is
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4,036.1 Million unit cost.

Table F.14: Expansion Plan for instance 5, obtained by the

CBR Method

Origin Destination Expansion Option

Qo Kan Pipe24

Latan Shz Pipe36

Qan Ka Pipe36

The value of objective function for instance 5 obtained by the CBR method is 340.0 Million

unit cost.

Table F.15: Expansion Plan for instance 5, obtained by the

MWC Method

Origin Destination Expansion Option

Ar Qo Pipe04

Latan Shz Pipe36

Qan Ka Pipe36

Qo Kan Pipe24

The value of objective function for instance 5 obtained by the MWC method is 355.2 Million

unit cost.

Table F.16: Expansion Plan for instance 6, obtained by the

Basic Heuristic Method

Origin Destination Expansion Option

Abn Maahr Pipe54

Abh Shz Pipe54
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Ar Qo Pipe24

Aril Pabad Pipe54

Bind Ken Pipe54

Bind Za Pipe54

Bind Zaan Pipe54

Chos Ka Pipe14

Haan Maer Pipe36

Isan Yaj Pipe04

Ken Barabbas Pipe54

Khmabad Bojerd Rail01

Latan Shz Rail01

Maad1 Qun Pipe54

Maad1 Totheydarieh Pipe54

Qan Ka Pipe48

Qo Kan Rail01

Ra Qan Pipe54

Sadaj Kenshah Rail01

Sa Taz Pipe54

Shz Sin Pipe54

Sin Barabbas Pipe54

Ten Qo Pipe36

Zan Ra Pipe54

The value of objective function for instance 6 obtained by the Basic Heuristic method is

4,502.4 Million unit cost.

Table F.17: Expansion Plan for instance 6, obtained by the

CBR Method

Origin Destination Expansion Option

Aril Khhal Pipe04

Sadaj Kenshah Pipe04

Ten Qo Pipe04

Bind Za Pipe14

Torkan Maer Pipe14
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Haan Maer Pipe24

Ken Barabbas Pipe24

Latan Shz Pipe36

Maad1 Neaboor Pipe36

Qo Kan Pipe36

Yaj Shz Pipe36

Qan Ka Pipe48

Abn Maahr Rail01

Khmabad Bojerd Rail01

Sin Barabbas Rail01

The value of objective function for instance 6 obtained by the CBR method is 1,092.1 Mil-

lion unit cost.

Table F.18: Expansion Plan for instance 6, obtained by the

MWC Method

Origin Destination Expansion Option

Abn Maahr Rail01

Ar Qo Pipe04

Aril Khhal Pipe04

Barlengeh Barabbas Pipe12

Bind Za Pipe14

Haan Maer Pipe24

Ken Barabbas Pipe24

Khmabad Bojerd Rail01

Latan Shz Pipe36

Maad1 Neaboor Pipe36

Qan Av Rail01

Qan Ka Pipe48

Qo Kan Pipe36

Sadaj Kenshah Pipe04

Sin Barabbas Rail01

Ten Qo Pipe04

Torkan Maer Pipe14
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Torkan Naand Pipe04

Yaj Shz Pipe36

The value of objective function for instance 6 obtained by the MWC method is 1,165.8 Million

unit cost.

Table F.19: Expansion Plan for instance 7, obtained by the

Basic Heuristic Method

Origin Destination Expansion Option

Abn Maahr Pipe54

Abh Shz Pipe54

Ar Qo Pipe24

Aril Pabad Pipe54

Bind Ken Pipe54

Bind Za Pipe54

Bind Zaan Pipe54

Chos Ka Pipe14

Haan Maer Pipe48

Isan Yaj Pipe04

Ken Barabbas Pipe54

Khmabad Bojerd Rail01

Latan Shz Rail01

Maad1 Qun Pipe54

Maad1 Totheydarieh Pipe54

Qan Ka Pipe48

Qo Kan Rail01

Ra Qan Pipe54

Sadaj Kenshah Rail01

Sa Taz Pipe54

Shz Sin Pipe54

Sin Barabbas Pipe54

Ten Qo Pipe36

Zan Ra Pipe54
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The value of objective function for instance 7 obtained by the Basic Heuristic method is

4,535.1 Million unit cost.

Table F.20: Expansion Plan for instance 7, obtained by the

CBR Method

Origin Destination Expansion Option

Aril Khhal Pipe04

Sadaj Kenshah Pipe04

Ten Qo Pipe04

Torkan Maer Pipe14

Ken Barabbas Pipe24

Haan Maer Pipe36

Latan Shz Pipe36

Maad1 Neaboor Pipe36

Qo Kan Pipe36

Yaj Shz Pipe36

Qan Ka Pipe48

Abn Maahr Rail01

Barlengeh Barabbas Rail01

Bind Za Rail01

Khmabad Bojerd Rail01

Sin Barabbas Rail01

The value of objective function for instance 7 obtained by the CBR method is 1,150.9 Mil-

lion unit cost.

Table F.21: Expansion Plan for instance 7, obtained by the

MWC Method

Origin Destination Expansion Option

Abn Maahr Rail01
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Ar Qo Pipe04

Aril Khhal Pipe04

Barlengeh Barabbas Rail01

Bind Za Rail01

Haan Maer Pipe36

Ken Barabbas Pipe24

Khmabad Bojerd Rail01

Latan Shz Pipe36

Maad1 Neaboor Pipe36

Qan Av Rail01

Qan Ka Pipe48

Qo Kan Pipe36

Sadaj Kenshah Pipe04

Sin Barabbas Rail01

Ten Qo Pipe04

Torkan Maer Pipe14

Torkan Naand Pipe04

Yaj Shz Pipe36

The value of objective function for instance 7 obtained by the MWC method is 1,199.8

Million unit cost.

Table F.22: Expansion Plan for instance 8, obtained by the

Basic Heuristic Method

Origin Destination Expansion Option

Abn Maahr Pipe54

Abh Shz Pipe54

Ar Qo Pipe36

Aril Pabad Pipe54

Bind Ken Pipe54

Bind Za Pipe54

Bind Zaan Pipe54

Chos Ka Rail01

Haan Maer Pipe48
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Isan Yaj Pipe04

Ken Barabbas Pipe54

Khmabad Bojerd Rail01

Latan Shz Pipe24

Maad1 Qun Pipe54

Maad1 Totheydarieh Pipe54

Qan Ka Pipe48

Qo Kan Rail01

Ra Qan Pipe54

Sadaj Kenshah Rail01

Sa Taz Pipe54

Shz Sin Pipe54

Sin Barabbas Pipe54

Ten Qo Pipe36

Zan Ra Pipe54

The value of objective function for instance 8 obtained by the Basic Heuristic method is

4,657.9 Million unit cost.

Table F.23: Expansion Plan for instance 8, obtained by the

CBR Method

Origin Destination Expansion Option

Aril Khhal Pipe04

Sadaj Kenshah Pipe04

Ten Qo Pipe04

Torkan Maer Pipe14

Abn Maahr Pipe36

Haan Maer Pipe36

Ken Barabbas Pipe36

Latan Shz Pipe36

Maad1 Neaboor Pipe36

Qo Kan Pipe36

Qan Ka Pipe48

Yaj Shz Pipe48
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Barlengeh Barabbas Rail01

Bind Za Rail01

Khmabad Bojerd Rail01

Sin Barabbas Rail01

The value of objective function for instance 8 obtained by the CBR method is 1,304.9 Mil-

lion unit cost.

Table F.24: Expansion Plan for instance 8, obtained by the

MWC Method

Origin Destination Expansion Option

Abn Maahr Pipe36

Ar Qo Pipe04

Aril Khhal Pipe04

Barlengeh Barabbas Rail01

Bind Za Rail01

Haan Maer Pipe36

Ken Barabbas Pipe36

Khmabad Bojerd Rail01

Latan Shz Pipe36

Maad1 Neaboor Pipe36

Qan Av Rail01

Qan Ka Pipe48

Qo Kan Pipe36

Sadaj Kenshah Pipe04

Sin Barabbas Rail01

Ten Qo Pipe04

Torkan Maer Pipe14

Torkan Naand Pipe04

Yaj Shz Pipe48

The value of objective function for instance 8 obtained by the MWC method is 1,353.8
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Million unit cost.

Table F.25: Expansion Plan for instance 9, obtained by the

Basic Heuristic Method

Origin Destination Expansion Option

Abn Maahr Pipe54

Ah1 Aneshk Pipe54

Ah1 Boehr Pipe54

Ah1 Maahr Pipe54

Ar Bojerd Pipe54

Ar Qo Pipe54

Ar Shnshahr Pipe54

Aril Asa Pipe54

Aril Khhal Pipe54

Az Isan Rail01

Barabbas Zaan Pipe54

Barlengeh Barabbas Pipe54

Behan Yaj Pipe54

Bind Ken Pipe54

Bind Zaan Pipe54

Boehr Barlengeh Pipe54

Chos Sa Pipe54

Daan Shood Pipe54

Daan Ya Pipe54

Ee Dashahr Pipe54

Esayen Savar Pipe54

Haan Maer Pipe54

Haan Torkan Pipe14

Irhahr Chhar Pipe54

Isan Shnshahr Pipe54

Isan Shekord Pipe54

Isan Zaan Pipe54

Ken Ranjan Pipe54

Ken Sin Pipe54

Ken Zaan Pipe14
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Kenshah Ee Pipe54

Khhal Zan Pipe54

Kh Shstar Pipe14

Khmabad Az Pipe54

Khmabad Bojerd Pipe54

Khmabad Dashahr Pipe54

Latan Barabbas Pipe04

Latan Boehr Pipe54

Latan Shz Pipe54

Ma Shstar Pipe54

Ma Taz Pipe54

Maahr Behan Pipe54

Maer Bojerd Pipe04

Maer Naand Pipe54

Maheh Taz Pipe54

Maad1 Neaboor Pipe54

Maad1 Qun Pipe54

Maad1 Totheydarieh Pipe54

Mioab Maheh Pipe54

Mioab Saz Pipe54

Mih Mioab Pipe54

Mih Taz Pipe54

Naand Bojerd Pipe54

Neaboor Savar Pipe54

Neaboor Totheydarieh Pipe54

Neaboor Ya Pipe54

Qan Ka Pipe54

Qo Kan Pipe54

Ranjan Sin Pipe54

Ra Chos Pipe54

Ra Khhal Pipe54

Savar Bind Pipe54

Savar Ya Rail01

Saz Ba Pipe54

Sadaj Kenshah Pipe54

Sadaj Saz Pipe54

Sa Aril Pipe54
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Sa Daan Pipe54

Sa Gon Pipe54

Sa Sen Pipe54

Zan Haan Pipe54

Zan Qan Pipe54

Sa Ten Pipe54

Sen Daan Pipe54

Sen Qo Pipe54

Sen Ten Pipe48

Shstar Taz Pipe54

Shnshahr Shekord Rail01

Shekord Ah1 Pipe54

Shekord Maahr Pipe54

Shood Savar Pipe54

Shz Sin Pipe54

Sin Barabbas Pipe54

Sin Irhahr Pipe54

Taz Zan Pipe54

Ten Ra Pipe54

Ten Taz Pipe48

Torkan Maer Pipe48

Totheydarieh Bind Pipe54

Yaj Abh Pipe54

Yaj Shz Pipe54

Ya Bind Pipe54

Ya Ranjan Pipe54

Ya Shz Pipe54

Zan Av Pipe14

The value of objective function for instance 9 obtained by the Basic Heuristic method is

22,331.6 Million unit cost.
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Table F.26: Expansion Plan for instance 9, obtained by the

CBR Method

Origin Destination Expansion Option

Haan Maer Pipe04

Qan Ka Pipe24

Qo Kan Pipe24

Bind Ken Pipe36

Latan Shz Pipe36

Ar Qo Pipe48

Maad1 Neaboor Pipe48

Ten Qo Pipe48

The value of objective function for instance 9 obtained by the CBR method is 1,085.5 Mil-

lion unit cost.

Table F.27: Expansion Plan for instance 9, obtained by the

MWC Method

Origin Destination Expansion Option

Ar Qo Pipe48

Bind Ken Pipe36

Haan Maer Pipe04

Latan Shz Pipe36

Maad1 Neaboor Pipe48

Qan Ka Pipe24

Qo Kan Pipe24

Ten Qo Pipe48

The value of objective function for instance 9 obtained by the MWC method is 1,085.5

Million unit cost.
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Table F.28: Expansion Plan for instance 10, obtained by the

Basic Heuristic Method

Origin Destination Expansion Option

Abn Maahr Pipe54

Ah1 Aneshk Pipe54

Ah1 Boehr Pipe54

Ah1 Maahr Pipe54

Ar Bojerd Pipe54

Ar Qo Pipe54

Ar Shnshahr Pipe54

Aril Asa Pipe54

Aril Khhal Pipe54

Az Isan Rail01

Barabbas Zaan Pipe54

Barlengeh Barabbas Pipe54

Behan Yaj Pipe54

Bind Ken Pipe54

Bind Zaan Pipe54

Boehr Barlengeh Pipe54

Chos Ka Pipe04

Chos Sa Pipe54

Daan Shood Pipe54

Daan Ya Pipe54

Ee Dashahr Pipe54

Esayen Savar Pipe54

Haan Maer Pipe54

Haan Torkan Pipe54

Irhahr Chhar Pipe54

Isan Shnshahr Pipe54

Isan Shekord Pipe54

Isan Zaan Pipe54

Ken Ranjan Pipe54

Ken Sin Pipe54

Ken Zaan Pipe14

Kenshah Ee Pipe54

Khhal Zan Pipe54
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Kh Shstar Pipe12

Kh Taz Pipe54

Khmabad Az Pipe54

Khmabad Bojerd Pipe54

Khmabad Dashahr Pipe54

Latan Barabbas Pipe24

Latan Boehr Pipe54

Latan Shz Pipe54

Ma Shstar Pipe54

Ma Taz Pipe54

Maahr Behan Pipe54

Maer Bojerd Pipe54

Maer Naand Pipe54

Maheh Taz Pipe54

Maad1 Neaboor Pipe54

Maad1 Qun Pipe54

Maad1 Totheydarieh Pipe54

Mioab Maheh Pipe54

Mioab Saz Pipe54

Mih Mioab Pipe54

Mih Taz Pipe54

Naand Bojerd Pipe54

Neaboor Qun Rail01

Neaboor Savar Pipe54

Neaboor Totheydarieh Pipe54

Neaboor Ya Pipe54

Qan Ka Pipe54

Qo Kan Pipe54

Ranjan Sin Pipe54

Ra Chos Pipe54

Ra Khhal Pipe54

Savar Bind Pipe54

Savar Ya Rail01

Saz Ba Pipe54

Sadaj Kenshah Pipe54

Sadaj Saz Pipe54

Sa Aril Pipe54
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Sa Taz Rail01

Sa Daan Pipe54

Sa Gon Pipe54

Sa Sen Pipe54

Sa Ten Pipe54

Sen Daan Pipe54

Sen Qo Pipe54

Sen Ten Pipe48

Shstar Taz Pipe54

Shnshahr Shekord Rail01

Shekord Ah1 Pipe54

Shekord Maahr Pipe54

Shood Savar Pipe54

Shz Sin Pipe54

Sin Barabbas Pipe54

Sin Irhahr Pipe54

Taz Zan Pipe54

Ten Qo Pipe36

Ten Ra Pipe54

Ten Taz Pipe48

Torkan Kenshah Pipe04

Torkan Maer Pipe54

Totheydarieh Bind Pipe54

Yaj Abh Pipe54

Yaj Shz Pipe54

Ya Bind Pipe54

Ya Ranjan Pipe54

Ya Shz Pipe54

Zan Av Pipe14

Zan Haan Pipe54

Zan Qan Pipe54

The value of objective function for instance 10 obtained by the Basic Heuristic method is

22,957.8 Million unit cost.
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Table F.29: Expansion Plan for instance 10, obtained by the

CBR Method

Origin Destination Expansion Option

Barlengeh Barabbas Pipe04

Chos Sa Pipe14

Neaboor Qun Pipe14

Abn Maahr Pipe24

Haan Maer Pipe24

Ken Barabbas Pipe24

Latan Shz Pipe36

Qo Kan Pipe36

Yaj Shz Pipe36

Ar Qo Pipe48

Bind Ken Pipe48

Maad1 Neaboor Pipe48

Qan Ka Pipe48

Ten Qo Pipe48

Khmabad Bojerd Rail01

Sadaj Kenshah Rail01

Sa Taz Rail01

Sin Barabbas Rail01

Torkan Maer Rail01

The value of objective function for instance 10 obtained by the CBR method is 2,044.8

Million unit cost.

Table F.30: Expansion Plan for instance 10, obtained by the

MWC Method

Origin Destination Expansion Option

Abn Maahr Pipe24

Ar Qo Pipe48

Barlengeh Barabbas Pipe04

Bind Ken Pipe48
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Chos Sa Pipe14

Haan Maer Pipe24

Ken Barabbas Pipe24

Khmabad Bojerd Rail01

Latan Barabbas Pipe12

Latan Shz Pipe36

Maad1 Neaboor Pipe48

Maad1 Qun Pipe14

Qan Ka Pipe48

Qo Kan Pipe36

Sadaj Kenshah Rail01

Sa Taz Rail01

Sin Barabbas Rail01

Ten Qo Pipe48

Torkan Maer Rail01

Yaj Shz Pipe36

The value of objective function for instance 10 obtained by the MWC method is 2,100.7

Million unit cost.

Table F.31: Expansion Plan for instance 11, obtained by the

Basic Heuristic Method

Origin Destination Expansion Option

Ten Ra Pipe54

Ten Taz Pipe48

Torkan Kenshah Pipe04

Torkan Maer Pipe54

Totheydarieh Bind Pipe54

Yaj Abh Pipe54

Yaj Shz Pipe54

Ya Bind Pipe54

Ya Ranjan Pipe54

Ya Shz Pipe54

Zan Av Pipe14
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Zan Haan Pipe54

Zan Qan Pipe54

Abn Maahr Pipe54

Ah1 Aneshk Pipe54

Ah1 Boehr Pipe54

Ah1 Maahr Pipe54

Ar Bojerd Pipe54

Ar Qo Pipe54

Ar Shnshahr Pipe54

Aril Asa Pipe54

Aril Khhal Pipe54

Az Isan Rail01

Barabbas Zaan Pipe54

Barlengeh Barabbas Pipe54

Behan Yaj Pipe54

Bind Ken Pipe54

Bind Zaan Pipe54

Boehr Barlengeh Pipe54

Chos Ka Pipe04

Chos Sa Pipe54

Daan Shood Pipe54

Daan Ya Pipe54

Ee Dashahr Pipe54

Esayen Savar Pipe54

Haan Maer Pipe54

Haan Torkan Pipe54

Irhahr Chhar Pipe54

Isan Shnshahr Pipe54

Isan Shekord Pipe54

Isan Zaan Pipe54

Ken Ranjan Pipe54

Ken Sin Pipe54

Ken Zaan Pipe14

Kenshah Ee Pipe54

Khhal Zan Pipe54

Kh Shstar Pipe12

Kh Taz Pipe54
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Khmabad Az Pipe54

Khmabad Bojerd Pipe54

Khmabad Dashahr Pipe54

Latan Barabbas Pipe36

Latan Boehr Pipe54

Latan Shz Pipe54

Ma Shstar Pipe54

Ma Taz Pipe54

Maahr Behan Pipe54

Maer Bojerd Pipe54

Maer Naand Pipe54

Maheh Taz Pipe54

Maad1 Neaboor Pipe54

Maad1 Qun Pipe54

Maad1 Totheydarieh Pipe54

Mioab Maheh Pipe54

Mioab Saz Pipe54

Mih Mioab Pipe54

Mih Taz Pipe54

Naand Bojerd Pipe54

Neaboor Qun Rail01

Neaboor Savar Pipe54

Neaboor Totheydarieh Pipe54

Neaboor Ya Pipe54

Qan Ka Pipe54

Qo Kan Pipe54

Ranjan Sin Pipe54

Ra Chos Pipe54

Ra Khhal Pipe54

Savar Bind Pipe54

Savar Ya Rail01

Saz Ba Pipe54

Sadaj Kenshah Pipe54

Sadaj Saz Pipe54

Sa Aril Pipe54

Sa Taz Rail01

Sa Daan Pipe54
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Sa Gon Pipe54

Sa Sen Pipe54

Sa Ten Pipe54

Sen Daan Pipe54

Sen Qo Pipe54

Sen Ten Pipe48

Shstar Taz Pipe54

Shnshahr Shekord Rail01

Shekord Ah1 Pipe54

Shekord Maahr Pipe54

Shood Savar Pipe54

Shz Sin Pipe54

Sin Barabbas Pipe54

Sin Irhahr Pipe54

Taz Zan Pipe54

Ten Qo Pipe36

The value of objective function for instance 11 obtained by the Basic Heuristic method is

22,994.1 Million unit cost.

Table F.32: Expansion Plan for instance 11, obtained by the

MWC Method

Origin Destination Expansion Option

Abn Maahr Pipe24

Ar Qo Pipe48

Barlengeh Barabbas Pipe04

Bind Ken Pipe48

Chos Sa Pipe14

Haan Maer Pipe36

Ken Barabbas Pipe24

Khmabad Bojerd Rail01

Latan Barabbas Rail01

Latan Shz Pipe36

Maad1 Neaboor Pipe48
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Maad1 Qun Pipe14

Qan Ka Pipe48

Qo Kan Pipe36

Sadaj Kenshah Rail01

Sa Taz Rail01

Sin Barabbas Rail01

Ten Qo Pipe48

Torkan Maer Rail01

Yaj Shz Pipe36

The value of objective function for instance 11 obtained by the MWC method is 2,138.2

Million unit cost.

Table F.33: Expansion Plan for instance 12, obtained by the

Basic Heuristic Method

Origin Destination Expansion Option

Abn Maahr Pipe54

Ah1 Aneshk Pipe54

Ah1 Boehr Pipe54

Ah1 Maahr Pipe54

Ar Bojerd Pipe54

Ar Qo Pipe54

Ar Shnshahr Pipe54

Aril Asa Pipe54

Aril Khhal Pipe54

Az Isan Rail01

Barabbas Zaan Pipe54

Barlengeh Barabbas Pipe54

Behan Yaj Pipe54

Bind Ken Pipe54

Bind Zaan Pipe54

Boehr Barlengeh Pipe54

Chos Ka Pipe04

Chos Sa Pipe54
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Daan Shood Pipe54

Daan Ya Pipe54

Ee Dashahr Pipe54

Esayen Savar Pipe54

Haan Maer Pipe54

Haan Torkan Pipe54

Irhahr Chhar Pipe54

Isan Shekord Pipe54

Isan Zaan Pipe54

Ken Ranjan Pipe54

Ken Sin Pipe54

Ken Zaan Pipe14

Kenshah Ee Pipe54

Khhal Zan Pipe54

Kh Shstar Pipe12

Kh Taz Pipe54

Khmabad Az Pipe54

Khmabad Bojerd Pipe54

Khmabad Dashahr Pipe54

Latan Barabbas Pipe36

Latan Boehr Pipe54

Latan Shz Pipe54

Ma Shstar Pipe54

Ma Taz Pipe54

Maahr Behan Pipe54

Maer Bojerd Pipe54

Maer Naand Pipe54

Maheh Taz Pipe54

Maad1 Neaboor Pipe54

Maad1 Qun Pipe54

Isan Shnshahr Pipe54

Zan Haan Pipe54

Maad1 Totheydarieh Pipe54

Mioab Maheh Pipe54

Mioab Saz Pipe54

Mih Mioab Pipe54

Mih Taz Pipe54
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Naand Bojerd Pipe54

Neaboor Qun Rail01

Neaboor Savar Pipe54

Neaboor Totheydarieh Pipe54

Neaboor Ya Pipe54

Qan Ka Pipe54

Qo Kan Pipe54

Ranjan Sin Pipe54

Ra Chos Pipe54

Ra Khhal Pipe54

Savar Bind Pipe54

Savar Ya Rail01

Saz Ba Pipe54

Sadaj Kenshah Pipe54

Sadaj Saz Pipe54

Sa Aril Pipe54

Sa Taz Rail01

Ya Ranjan Pipe54

Ya Shz Pipe54

Zan Av Pipe14

Sa Daan Pipe54

Sa Gon Pipe54

Sa Sen Pipe54

Sa Ten Pipe54

Sen Daan Pipe54

Sen Qo Pipe54

Sen Ten Pipe48

Shstar Taz Pipe54

Shnshahr Shekord Rail01

Shekord Ah1 Pipe54

Shekord Maahr Pipe54

Shood Savar Pipe54

Shz Sin Pipe54

Sin Barabbas Pipe54

Sin Irhahr Pipe54

Taz Zan Pipe54

Ten Qo Pipe36
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Ten Ra Pipe54

Ten Taz Pipe48

Torkan Kenshah Pipe04

Torkan Maer Pipe54

Totheydarieh Bind Pipe54

Yaj Abh Pipe54

Yaj Shz Pipe54

Ya Bind Pipe54

Zan Qan Pipe54

The value of objective function for instance 12 obtained by the Basic Heuristic method is

22,994.1 Million unit cost.

Table F.34: Expansion Plan for instance 12, obtained by the

MWC Method

Origin Destination Expansion Option

Abn Maahr Pipe36

Ar Qo Pipe48

Barlengeh Barabbas Pipe04

Bind Ken Pipe48

Chos Sa Rail01

Haan Maer Pipe36

Ken Barabbas Pipe36

Khmabad Bojerd Rail01

Latan Barabbas Pipe24

Latan Shz Pipe36

Maad1 Neaboor Pipe48

Maad1 Qun Pipe14

Qan Ka Pipe48

Qo Kan Pipe36

Sadaj Kenshah Rail01

Sa Taz Rail01

Sin Barabbas Rail01

Ten Qo Pipe48
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Torkan Maer Rail01

Yaj Shz Pipe48

The value of objective function for instance 12 obtained by the MWC method is 2,377.4

Million unit cost.
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Appendix G

Expansion Plans Obtained Using the

Benders’ Decomposition Method

Table G.1: Expansion Plan for instance 1, obtained by the

Benders’ Decomposition Method

Origin Destination Expansion Option

Haan Maer Pipe04

Torkan Maer Pipe04

Qo Kan Pipe36

Latan Shz Pipe36

Qan Ka Pipe48

Ar Qo Pipe48

Maad1 Neaboor Pipe48

Ten Qo Pipe48

Bind Ken Pipe48

Sin Barabbas Pipe48

The value of objective function for instance 1 obtained by the Benders’ Decomposition

method is 1,678.2 Million unit cost.
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Table G.2: Expansion Plan for instance 2, obtained by the

Benders’ Decomposition Method

Origin Destination Expansion Option

Haan Torkan Pipe04

Ah1 Maahr Pipe04

Latan Barabbas Pipe12

Chos Sa Pipe14

Neaboor Qun Pipe14

Sa Taz Rail01

Sadaj Kenshah Rail01

Zan Qan Rail01

Ra Qan Rail01

Ra Chos Rail01

Haan Maer Rail01

Torkan Maer Rail01

Khmabad Bojerd Rail01

Abn Maahr Rail01

Yaj Shz Rail01

Abh Shz Rail01

Qo Kan Pipe36

Latan Shz Pipe36

Ken Sin Pipe36

Qan Ka Pipe48

Ar Qo Pipe48

Maad1 Neaboor Pipe48

Ten Qo Pipe48

Bind Ken Pipe48

Sin Barabbas Pipe48

The value of objective function for instance 2 obtained by the Benders’ Decomposition

method is 2,271.0 Million unit cost.
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Table G.3: Expansion Plan for instance 3, obtained by the

Benders’ Decomposition Method

Origin Destination Expansion Option

Latan Barabbas Rail01

Qo Kan Pipe36

Latan Shz Pipe36

Ken Sin Pipe36

Qan Ka Pipe48

Ar Qo Pipe48

Maad1 Neaboor Pipe48

Ten Qo Pipe48

Bind Ken Pipe48

Sin Barabbas Pipe48

The value of objective function for instance 3 obtained by the Benders’ Decomposition

method is 2,310.1 Million unit cost.

Table G.4: Expansion Plan for instance 4, obtained by the

Benders’ Decomposition Method

Origin Destination Expansion Option

Abh Shz Pipe04

Shz Barabbas Pipe04

Aril Asa Pipe14

Neaboor Qun Pipe14

Sa Taz Rail01

Sa Aril Rail01

Sadaj Kenshah Rail01

Haan Torkan Rail01

Haan Maer Rail01

Torkan Maer Rail01

Chos Sa Rail01
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Khmabad Bojerd Rail01

Abn Maahr Rail01

Ah1 Maahr Rail01

Latan Barabbas Rail01

Qo Kan Pipe36

Yaj Shz Pipe36

Latan Shz Pipe36

Ra Qan Pipe48

Qan Ka Pipe48

Ar Qo Pipe48

Maad1 Neaboor Pipe48

Ten Qo Pipe48

Bind Ken Pipe48

Ken Sin Pipe48

Sin Barabbas Pipe48

The value of objective function for instance 4 obtained by the Benders’ Decomposition

method is 2,576.6 Million unit cost.

Table G.5: Expansion Plan for instance 5, obtained by the

Benders’ Decomposition Method

Origin Destination Expansion Option

Qo Kan Pipe24

Qan Ka Pipe36

Latan Shz Pipe36

The value of objective function for instance 5 obtained by the Benders’ Decomposition

method is 340.0 Million unit cost.
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Table G.6: Expansion Plan for instance 6, obtained by the

Benders’ Decomposition Method

Origin Destination Expansion Option

Aril Khhal Pipe04

Sadaj Kenshah Pipe04

Haan Torkan Pipe04

Ken Sin Pipe04

Haan Maer Rail01

Torkan Maer Rail01

Khmabad Bojerd Rail01

Maad1 Neaboor Rail01

Maad1 Qun Rail01

Ten Qo Rail01

Abn Maahr Rail01

Bind Za Rail01

Yaj Shz Rail01

Abh Shz Rail01

Sin Barabbas Rail01

Ken Barabbas Rail01

Qo Kan Pipe36

Latan Shz Pipe36

Qan Ka Pipe48

The value of objective function for instance 6 obtained by the Benders’ Decomposition

method is 971.8 Million unit cost.

Table G.7: Expansion Plan for instance 7, obtained by the

Benders’ Decomposition Method

Origin Destination Expansion Option

Aril Khhal Pipe04

Sadaj Kenshah Pipe04
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Barlengeh Bandarabbas Pipe04

Ken Sin Pipe04

Haan Torkan Rail01

Haan Maer Rail01

Torkan Maer Rail01

Khmabad Bojerd Rail01

Maad1 Neaboor Rail01

Maad1 Qun Rail01

Ten Qo Rail01

Abn Maahr Rail01

Bind Za Rail01

Yaj Shz Rail01

Abh Shz Rail01

Sin Barabbas Rail01

Ken Barabbas Rail01

Qo Kan Pipe36

Latan Shz Pipe36

Qan Ka Pipe48

The value of objective function for instance 7 obtained by the Benders’ Decomposition

method is 1,001.0 Million unit cost.

Table G.8: Expansion Plan for instance 8, obtained by the

Benders’ Decomposition Method

Origin Destination Expansion Option

Aril Khhal Pipe04

Sadaj Kenshah Pipe04

Abh Shz Pipe04

Haan Torkan Rail01

Haan Maer Rail01

Torkan Maer Rail01

Khmabad Bojerd Rail01

Maad1 Neaboor Rail01
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Maad1 Qun Rail01

Ten Qo Rail01

Abn Maahr Rail01

Ah1 Maahr Rail01

Bind Za Rail01

Barlengeh Bandarabbas Rail01

Sin Barabbas Rail01

Qo Kan Pipe36

Yaj Shz Pipe36

Latan Shz Pipe36

Ken Barabbas Pipe36

Qan Ka Pipe48

The value of objective function for instance 8 obtained by the Benders’ Decomposition

method is 1,246.7 Million unit cost.

Table G.9: Expansion Plan for instance 9, obtained by the

Benders’ Decomposition Method

Origin Destination Expansion Option

Haan Maer Pipe04

Qan Ka Pipe24

Qo Kan Pipe24

Bind Ken Pipe36

Latan Shz Pipe36

Ar Qo Pipe48

Maad1 Neaboor Pipe48

Ten Qo Pipe48

The value of objective function for instance 9 obtained by the Benders’ Decomposition

method is 1,085.5 Million unit cost.
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Table G.10: Expansion Plan for instance 10, obtained by

the Benders’ Decomposition Method

Origin Destination Expansion Option

Haan Torkan Pipe04

Ah1 Maahr Pipe04

Ken Sin Pipe04

Latan Barabbas Pipe12

Chos Sa Pipe14

Neaboor Qun Pipe14

Sa Taz Rail01

Sadaj Kenshah Rail01

Haan Maer Rail01

Torkan Maer Rail01

Khmabad Bojerd Rail01

Abn Maahr Rail01

Yaj Shz Rail01

Abh Shz Rail01

Sin Barabbas Rail01

Ken Barabbas Rail01

Qo Kan Pipe36

Latan Shz Pipe36

Qan Ka Pipe48

Ar Qo Pipe48

Maad1 Neaboor Pipe48

Ten Qo Pipe48

Bind Ken Pipe48

The value of objective function for instance 10 obtained by the Benders’ Decomposition

method is 1,926.0 Million unit cost.

Table G.11: Expansion Plan for instance 11, obtained by

the Benders’ Decomposition Method

Origin Destination Expansion Option
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Ah1 Maahr Pipe04

Ken Sin Pipe04

Chos Sa Pipe14

Neaboor Qun Pipe14

Sa Taz Rail01

Sadaj Kenshah Rail01

Haan Torkan Rail01

Haan Maer Rail01

Torkan Maer Rail01

Khmabad Bojerd Rail01

Abn Maahr Rail01

Yaj Shz Rail01

Abh Shz Rail01

Latan Barabbas Rail01

Sin Barabbas Rail01

Ken Barabbas Rail01

Qo Kan Pipe36

Latan Shz Pipe36

Qan Ka Pipe48

Ar Qo Pipe48

Maad1 Neaboor Pipe48

Ten Qo Pipe48

Bind Ken Pipe48

The value of objective function for instance 11 obtained by the Benders’ Decomposition

method is 1,965.1 Million unit cost.

Table G.12: Expansion Plan for instance 12, obtained by

the Benders’ Decomposition Method

Origin Destination Expansion Option

Abh Shz Pipe04

Shz Barabbas Pipe04

Neaboor Qun Pipe14

Sa Taz Rail01
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Sadaj Kenshah Rail01

Haan Torkan Rail01

Haan Maer Rail01

Torkan Maer Rail01

Chos Sa Rail01

Khmabad Bojerd Rail01

Abn Maahr Rail01

Ah1 Maahr Rail01

Latan Barabbas Rail01

Sin Barabbas Rail01

Qo Kan Pipe36

Yaj Shz Pipe36

Latan Shz Pipe36

Ken Barabbas Pipe36

Qan Ka Pipe48

Ar Qo Pipe48

Maad1 Neaboor Pipe48

Ten Qo Pipe48

Bind Ken Pipe48

The value of objective function for instance 12 obtained by the Benders’ Decomposition

method is 2,249.6 Million unit cost.
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