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Many generalizations of the Robbins-Monro process have been proposed
for the purpose of recursive estimation. In this paper, it is shown that
for a large class of such processes, the estimator can be represented as
a sum of possibly dependent random variables, and therefore the
asymptotic behavior of the estimate can be studied using limit theorems
for sums. Two applications are considered: robust recursive estimation

for autoregressive processes and recursive nonlinear regression.
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1. Introduction. Stochastic approximation was introduced with

Robbins and Monro's (1951) Sstudy of recursive estimation of the root, 6,
to R(x) = 0, when the function R from IR (the real line) to R is
unknown, but when for each x, an unbiased estimator of R(x) can be
observed. Their procedure lets 31 be an initial estimate of 6 and

defines 5n recursively by

where a is a suitable positive constant and Yn is an unbiased estimate
of R('é'n). Blum (1954) extended their work to the nmltidimensional case:
that is, when R maps RP (p-dimensional Euclidean space) to RP.

A situation where the classical Robbins-Monro (RM) procedures are
inadequate occurs when there is a different function (now mapping RP to
R) at each stage of the recursion. Letting Rn be the function at the

nth stage, there may be multiple solutions to

(1.1) Rn(x) =0,

but it is assumed that there exists a unique 6 solving (1.1) for all n.
At the nth stage, we can, for any x in ]Rp, observe an unbiased estimate
of Rn(x). In this context, we will define a generalized Robbins-Monro

(GRM) procedure to be a process satisfying

~

(1.2) 8 41

=% - a Yt »

where 01 is an arbitrary initial estimate of 6, {an} is a sequence of

positive constants, Yn is an unbiased estimate of Rn(en), and Un is a

suitably chosen random vector in RP,



GRM processes are used by Albert and Gardner (1967) for recursive
estimation of nonlinear regression parameters. They assume that one
observes a process {Yn: n=1,2,...} such that EY(n) = Fn(e), where Fr1
is a known map of RP to R and 6 is an unknown parameter vector which
is to be estimated. If Rn(x) = Fn(x) - Fn(e), then 6 solves (1.1) for
all n.

Another example of a GRM process appears in Campbell (1979), who
considers robust recursive estimation for autoregressive processes.
Suppose 6 = (61,. . Gp)' is a vector parameter and the process

{Yn: n=1,2,...} satisfies

where {un}:z_oo are iid. Assume y, which maps R to IR, satisfies

Enp(s+ul) =0 if and only if s = 0. Then for x = (xl,...,xp)', let

p
Rn(x) = lP(Yn - k-_z;l Yn-kxk) .

In this case, because the Y's are random for each x, Rn(x) is a random
variable. (Albert and Gardner's setup allows Rn(x) to be either random
or fixed; the situation is analogous to regression where the independent

variables may be random or fixed.) Except in degenerate situations,

P{therc exists x = 0 satisfying l%(x) =0 for alln}=20.

A third example of a GRM is given by Ruppert (1979, 198la).

The classical Robbins-Monro pi‘ocess has been studied quite extensively,



but 1little beyond consistency has been established for GRM procedures.
Albert and Gardner (1967) investigate asymptotic distributions for

p = 1 but state that "owing to its considerable complexity, the question
of large-sample distribution for the vector estimates is not examined."
Campbell (1979) does not treat asymptotic distributions, and Ruppert
(1981a) proves asymptotic normality of n%(an-e) (only in his special
case) under restrictions which imply that for each fixed x, .
{Rn(x): n=1,2,...} are iid, that {(Yn-Rnfan)): n=1,2,...} are iid,
and that {Rn(x): n=1,2,... and x ¢ RP} is independent of
(oY, -R (8 )):n=12...}%

The classical studies of stochastic approximation procedures -- for
example, Chung (1954), Sacks (1958), and Fabian (1968) -- assume that the
sequence Yﬁ"R(En) forms a martingale difference sequence, but recent
authors, including Ljung (1978) and Kushner and Clark (1978), have felt
that this assumption can be unduly restrictive in applications. Ljung
(1978) proves consistency, and Kushner and Clark (1978) give a detailed
treatment of consistency and asymptotic distributions for stochastic
approximation methods, under assumptions considerably weaker than that
the errors arc martingale differences. Ruppert (1978) proves almost sure
representations for multidimensional Robbins-Monro and Kiefer-Wolfowitz
(1952) processes with weakly dependent errors. These representations can
be used to establish almost sure behavior, i.e. laws of the iterated
logarithm and invariance principles, as well as asymptotic distributions.
Invariance princfbles are useful for the study of stopping rules; see
Sielken (1973).

For GRM procedures, the results of Kushner and Clark (1978) -- in
particular, their theorems 2.4.1, 2.5.1, and 2.5.2 -- are sufficient to
prove consistency under weak conditions on (Y(n)-—Rn(g(n)), but they do

not appear adequate to handle asymptotic distributions.



In this paper, the techniques of Ruppert (1978) are used to show
that GRM processes can be almost surely approximated by a sequence of
partial sums of random vectors, and therefore, central limit theorems,
invariance principles, laws of the iterated logarithm, and other results
for such sums can also be established for GRM processes. The procedures
of Campbell (1979) and Albert and Gardner (1967) are used as examples.

In future work, these results will be applied to the procedure of Ruppert
(1979, 1981a).

2. Notation and assumptions. All random variables are defined on a

probability space (Q,F,P). All relations between random variables are
meant to hold with probability 1. (Dg(,Bk) is k-dimensional FEuclidean
space with the Borel c-algebra. Let X(i) be the ith coordinate of the
vector X, A(ij) be the i,jth entry of the matrix A, A' be the transpose
of A, I, be the kxk identity matrix, and ||A]| be the Euclidean norm
of the matrix A, i.e. ||A]] = (Z?=1 X?=1(A(ij))2)% = traceQA'A)%. If A
is a square matrix, then A,(A) and A*(A) denote the minimum and maximum

of the real parts of the eigenvalues of A, respectively.

Let I(A) be the indicator of the set A. Throughout, K will denote
a generic positive constant.
For a square matrix M, exp(M) is given by the usual series

definition:

exp™) = § Ml
n=0

and for t > 0,

tM = exp((log t)M) .



Let p be a fixed integer. For convenience, we will often abbreviate
Ip by I.

Notice that t! = tI, MM o MM (st)M, (t"l)M = t'M, meM = M M,
and (d/dt)t™ = me™ T, |

We write )(n = O(Yn) or Xn << Yn if the random vectors Xn and Yn
satisfy ||an| < X| lYn” for a (finite) random variable X.

We will be needing the following assumptions.

Al. Mn(X,w) (= Mn(X)) is a (]RPXQ, BP x F) to (Rp,F) measurable
transformation, Ah(w) (= An) is a random matrix, v is a nonnegative Borel

function on ]Rp, 6 is in Rp, and Brl is a nonnegative random variable

such that

(2.1) v(x) =o(x-8) as x > ©
and

(2.2) ||Mn(x) -,An(x-e)ll s B v(x)

for all x in RP and all n.

~ _ ~ -1 ~ - .
A2. 6n+1 = en -n (Mn(en) +Wn), where Wn is a random vector in
RrP.
A3. B~ 6.
n
Ad4. A is a pxp matrix such that A,(A) > % and C1 is a constant
such that
(2.3) ) k-l(Ak-A) converges

k=1



and

-~ n
(2.4) lim sup sup § k-l(IIAk - Al -Cl) <0 .
ms  msn k=m

AS5. Suppose

| 2 2
(2.5) s E([IA [12+8%) < =,

-La
(2.6) y OkEE W, converges for all e >0 ,

and for a constant CZ’

n
(2.7) Lim sup sup § K (|[B]]-Cp <0 .
m  ms<n k=m

A6. There exists a constant C3 such that for all n > m, a real,

and matrices Q; such that ]|Q1|| < 1, we have

K
(2.8)  Efmax|| J i*QA-M||®:msksn}scg ]
i=m i=

and

€1y 2 LI
(2.9)  Efmax|| ] i "W, [|: msksn}l=s<C, ] i “.

. i 3.

1=m 1=m

A7. TFor some § > 0,

v(x) = 0(||x||1+6) as x >0 .



REMARKS. The relationship between (1.2) and A2 is that

Mn(x) - a1 Rn(x)Un (a is some positive number), W = a-l(Yn- Rn(gn))Un,
and a = an'l.' More general a_ sequences could be treated, but they
would not lead to better rates for convergence of 'é'n to 8. McLeish
(1975) has investigated the convergence of the series Z:=1 chn, where
the c, are constants and {X n} is a sequence of random variables
satisfying certain mixing and moment conditions. As we will see in
Section 4, his results can be used in the verification of A4 and A5 in
some specific case. Note that (2.4) is a weaker assumption than that
, Z:___l(| lAk - Al - Cl)k-1 converges (and similarly for (2.7)). Also
McLeish's theorem 1.6, which is a generalization of a martingale

inequality due to Doob (1953), gives conditions which imply A6.

3. Main results.

LEMMA 3.1. Let M be a pxp s8quare matrix such that
a < A,(M < A*(M) < b for real numbers a and b. Then there exists a

norm || ||, on RP such that
at Mt bt
e X[ x s e Xl s e | [X]]4

for all real t and all X in RP.

PROOF. The proof is given by Hirsch and Smale (1974, page 146).

LEMMA 3.2. Assume Al to A5 hold. Then n‘:(an-e) >0 for all
€<,

PROOF. Without loss of generality, we take 6 = 0. Fix € <% and

define ¢n = (n-l)e 'é'n. Then from (2.2) and A2, we obtain



= -1 } _e-1
o1 [T +n “{el A.n + un}]d)n n W,

¢

n

where the random matrix u satisfies

(3.1 oIl = o™ +n7H (A 1) + o)

Define Dh = A.n -el -u. Suppose n 2 m., Then iterating (3.1) back to

m and using the definitions

D=A-c¢€l,
n n
=5 xio-D, B= T k1,
™ kem % M k=m
and
n
W=y Elw
Mmoo em k
we see that
Kn n n -1
(3.2) a1 = O [mD¢m+Dm¢m+Dkka 9y -9,)

n
-1
r LK 0D gy ¢ Wl .

Choose t, and a norm || ||, such that

0
[ (I-Dt)x|]s s (I-2,(D)t/2) I lxl | 4

for all t in [O,to]. (This can be done by Lemma 3.1 and a simple

calculation.) Let



[ID] |4 = sup{|[Dx|]a: [[x[]4 =1} .
For x >0 and y > 0, define
(3.3 p(,y) = (x-y(x+2))/(||D][4(1+x) +y+C) x+xy)
(C, is given by A4) and
(3.4)  r(x,y) = (e(,y) ~yY)Ae(D)/2-y - | D] ]4 x-xy-C;X) - (2y+xy) .

Choose n >0 and L > 0 such that

tO/Z >p(Ly,n) >n and r(L,n) >0 .

Then using (2.3), (2.4), (2.6), and (2.7), choose N > max{Z/tO, n_l} SO

large that if n >m 2 N, then

(3.5) 195114 s n@+KD)

5.6) KD, - DIl < (neC KR +

( . k-m k * = n 1 m n ’
and

(5.7 16314 <

Define n(1) = N and n(i+1) = inf{k = n(i): Klrj(i) > p(L,n)} for

i=1,2,.... Note that

(3.8) Kggi;l) <t

since p(L,n) s t0/2 and (n(i+1))'1 < N1

< t0/2 . Since p(L,N) >n >N

1

’



10

n(i+1) > n(i) for all i 21. Let

(3.9) n; = sup{||w‘;(i)||'”i: n@) sk < n(i+1)} .

By (3.7), n; < for i =2 1, and by (2.6), ng 0.

We now will prove that for each i and each k in {n(i),..., n(i+1)},

(3.10) ll¢k - ¢n(1)” s L maX{Ild)n(l)”’ ni} '

The proof will be by induction on k for each fixed i. Suppose that

(3.10) holds for all % less than or equal to some k < n(i+1). Then by

(3.2), (3.5), (3.6), and (3.9), and the fact that Kﬁ(i) < o(L,n) for
k < n(i+l),

19s1 = Onciylle = Koy 1DHe 1100591 kS 5y + D110 )

+ (€ +n+1IDIKS 5y *m + suplloy - ¢yl le: n(D) s & s Kk} +nf
< (o [1ID[[4(1+1) + n + C L+ nL] + n(L+2)} « max{|[g (5[ ar g}

<L maX{||¢n(i)|l*’ ni} ’

which completes the proof of (3.10). It follows from (3.2), (3.5) to
(3.8), and (3.10) that

I{ll¢n(i)ll* > ni}ll¢n(i+1)||*

S oney 11 + 20+ b - QESDDL@)/2 - 0 - (D], L - 0k - €y L1
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By the definition of n(i+1),

Kgg;n_l 2 p(L,n) - @GE+1) 7 2 o) - 0,

and therefore

(3.11)  T{l{ey 5y > g ey gapyl a5 Hog gy - w0 1))

Now choose y; > 0 such that y; >n, and Zyi = o, Then by (3.10) and
(3.11), we have

| |¢n(i+1)| |* s maX{'Yi(L"'l), I Mn(i) | |* - r(n,L)Yi} .

An application of Derman and Sack's (1959) lemma 1, with a, = yi(L+1),
b; =0, 8 =0, and c; = r(n,L)y;, proves that Il(bn(i)l |4 > 0, and then

by (3.10) we can conclude that ||¢n| | = 0. 0

THEOREM 3.1. Assume Al to A7. Then there exists € > 0 such that
~ 2, 1 - -
i@ -0 =-n? § amMlw osom™ .
n+l k=1 k

PROOF. Again we take 6 = 0. By (2.2), A2, and A7,

~

- ~ - _1 ~ ~
6e1 =6, -1 (Aen+u<nen+ gn+wn) ,

where

_ _ _ ~ 11+6
kK, =A -Aand £ =0@[l6 |77 .

By A6, E| IKnl IZ < C, for all n, whence

3
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o0 -1-
I n S|k |] <=
n=1

for all € > 0. Thus for all € > 0,

S -l1-¢
I b8t <=
n=1

(Here and elsewhere in the proof, we make use of the fact that for

nonnegative random variables Xn, Z; Xn converges if Z; EXn converges. )

~ _1 -
Then since by Lemma 3.2, 8 << n 3*€ for all € > 0, all € > 0,

[ o] _1- ~
I n7E e B ] <
n=1 nn

Also, we can prove in a similar fashion that
vk
n=1

Therefore for each € > 0,

00
Zl n %€ (< 8, * & * W) converges
n=

by (2.6). Now applying Theorem 3.1 of Ruppert (1978) with 1 = 0, Xn = gn’

£(x) = Ax, B =0, B8=0,e = (k8 +E +W), and y = %, we obtain

~ - n _ - )
n* Ope1 = D * kzl (k/n)A I (kB * £ * W) + 0(n )

for some € > 0. The proof will be completed by showing that for some
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e >0,
(3.12) o7t Z a/mhT 8 rE) = o)

We will assume that A-I has only one eigenvalue, A. This involves no
loss in generality since, by a change of basis, we can put A-I in real

canonical form (Hirsch and Smale (1974, page 130)) so that

(A'I) = diag(MI’-'-,Mq) ’ qsp,

where the square matrices Ml” ces Mq each have exactly one eigenvalue.

Then we can apply the proof q times. By Lemma 3.1, there exists Qk and

' such that sup( + *¥1[) < » and
Q) w11+ 11ag]] ,

kA-I - k)\+e/3 Qk
kI-A ->\+e/3 Qk
Then (3.12) holds if
L= n

kl

and so by Kronecker's lemma it is sufficient to find € > 0 such that

(3.13) ) KIYE Q. converges
k=1

and

(3.14) Z K2 tE Q.kl(k | converges .

k=1



, ~ 148
Now since |[& || << B [|6 ||

(3.13) holds for some € > 0. It remains to prove (3.14).

Now fix a, €, and €' such that

a>3/2,

0<e<y,
and
0 < 2ac'" < €.

. . a
Define ¢(n) to be the greatest integer less than or equal to n”,

n() = {j: (1) s j s ¢(i+1) - 1}, and %= Q. K Z*€" . Then

F v =T T u.B.
Kk 121 jen@) I3

]

"We will prove (3.14) by showing that

(3.15) IR XN IRE
k=1 jen(k) 7
Now define
¥ ( I W)
VA .= . ’
Li o jen) 7 2=¢@) .
j-1

-1 ~
b ( v tM 6
jen@ Je=p) ¢t

and

. =0, .. T, .
510 0 jang)

~ -1
and ||6n|| <<n '€ for all € > 0,

14
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Then since EJ. = E&b(i) - Zg,:t(i) 2'-1(“2(62) +‘w2) for j > ¢(i), we will

have proved (3.15) if we prove that [

;=1”zm,i” < for m=1, 2, and

3. Now

o0 oo j..
Iz 11 s LIl ¥ ||{ max || s w |y
121 1,1 i=1 jerzﬂi) J jén(i)l 2=<§(i) “H
o) _ o J‘l _ .
<L AN T el ) 1 max |1 ) et w 1R

i=1 jen(i) i=1  ien(i) 2=6¢(i)
< o »
since by A6
-1+2ae’
(3.16) Bl| T w|% it
Cjen(i) J
2ae' < € ,
-1 -a-
i*E max || ] atw)? it

jen(i) 2=¢(i)

and € < a by choice of € and a.

By (2.1), (2.2), and Lemma 3.2,
-1 -3/2+¢!'
2 MBI << (1A ]l +By)2 :
Therefore,

n n .
(3.17) ] << v. |l (| A, +B.)]'a(_3/2+€ ) .
RAIERE AT TR SINIRE RS
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By (2.5),
| E[ Z (||J‘\-H"'B.)]2 << (#n(i))z << iZ(a-l) ,
jen(i) J ) |

where #A is the cardinality of the set A. Therefore, using (3.16), the

expectation of the ith sumand on the RHS of (3.17) is‘ bounded by

Kia(-3/2 +e') i';’ +ag' ia-1 - Ki-a/z - 3/2+ 2ae!

Since €' < %, the expectation of the RHS of (3.17) has a finite limit.

Therefore, Z;ll Izz,i|| <,
Ci-e'a g
¢(1)

Since sup]|li ] < o, Zi-lll |z3 ;|| converges if the
: _ = ,
following converges:

DL TS SRR

(3.18)
i jen(i) J

Using (3.16) and -(a+1)/2 + 2 ae' < -(a+1)/2 + € < -1, (3.18) converges. [

4. Applications. In this section, we elaborate upon two examples

of generalized Robbins-Monro processes that were mentioned briefly in the

introduction.

ROBUST RECURSIVE ESTIMATION FOR AUTOREGRESSIVE PROCESSES.

Let {Y n} be a strictly stationary autoregressive process such that

P
= (k)
Y k§1 Y 0 tu
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where p < » and {un} is an iid sequence with distribution function F
and satisfying Eu;il < » and Eun = 0. There are, of course, many methods,
e.g. least squares, of estimating 6 = (6(1),..., e(p))' based on the
sample (Yl" ces Yn) . If the Y L, are being observed rapidly and we need
to update our estimate after receiving each new observation, then |
recursively defined estimators are very attractive. Campbell (1979) has
defined a class of recursive estimators which are robust (that is,
relatively insensitive to the tail behavior of the distribution of u
and to the presence of spurious observations), but she only examined the
consistency of these procedures. We will look at a class of procedures
including Campbell's, investigate its asyniptotic distributions, and find

the procedure which minimizes the asymptotic variance-covariance matrix.

Let Zn = (Yn_l,...,Yn_p)'. Define en recursively by
~ - ~ - -1 ~ _
(4.1) 84 =8, -0 gZ)w(E@E -Y)DZ

where g and ¢ are maps from R to R and R to R respectively, and D
is a pxp matrix. For robustness, we require that

(4.2) sup [V(x)| < =
xeR

and

sup ||g(x¥)x]|| < = .
x € RP

These boundedness assumptions will also simplify later proofs. Campbell

uses only D = I, but she considers a more general subsequence, {ah}’ in
-1 . . .

place of n = in expression (4.1). We will demonstrate that D = I is

asymptotically optimal only under rather special circumstances.
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Moreover, as we will see, certain of our recursive estimators are
asymptotically equivalent to their nonrecursive competitors, bounded
influence regression estimates (Hampel (1978)), so there appears to be no
advantage in using other a.

First, we will verify that Al to A7 hold. Let

-
]

c(u.k:ksn-l),

[, w(z! (X-8) - W)dF(w)] g(z,)DZ_

M, ()

F
E™ (2! (X-0)-u)g(z )DL,

and

=
]

w(Zr'l(Bn-G) - un)g (Zn)DZn - Mn(en) .

Then (4.1) is equivalent to A2.

We will also assume that:

Bl. v has a bounded Radon-Nikodym derivative y.

B2. y has a bounded second derivative { except at a finite

collection of points {al yeoes aJ}.
B3. Elp(-ul) = 0.
B4. F has a density f satisfying

L) - fx+a) Jdx < KIaIB for all o and some B8 > 0 .

B5. The polynomial xP - p_ xp-re(r) has all roots inside the
r=1

unit circle.
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B6. Define c = [ . $(-wdF(u), S, =g(Z)Z 2 a A =cDS, S =ES,

and A = EA . Assume X, (A) > %.

All ¢ functions in the Princeton robustness study (Andrews (1972)),

for example, Huber's

$(x) = min(k, [x|)sign x

and Andrews'

v (x)

sin -E— if x| < 7k

0 otherwise ,

satisfy Bl and B2, and they satisfy B3 if F is symmetric about zero.

Since {W_, } is a martingale difference sequence and is

n’ n+1
uniformly bounded in LZ’ (2.6) and (2.9) hold by the martingale

convergence theorem and Doob's inequality (Doob (1953, Chapter VII

Theorem 3.4).

Theorem 3.2 of Pham and Tran (1980), B4, and the assumption that

4
4

which are o(pn) as n + o for some p in (0,1).

Eu, < « imply that Yn is strong mixing with mixing coefficients a(n)
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Therefore, if h is a Borel function on R? and Vk = h(Y. ""’Yk+q-1)’
n/Z)

then {Vn} is also strong mixing, and its mixing coefficients are 0(p

Define

- 2
(4.3) B, = Hzpl1™ .

Since EY:; < o and g(x) 1is bounded, An (see B6) and Bn are strictly
stationary and have finite second moments, so (2.5) holds. Define

C, = El|A - Al| and C, = EB . Then {An}, {I1A, - Al - C;}, and

2
{Bn - CZ} are mixingales of size -q for all q > 0. (See McLeish (1975)
for a definition and discussion of mixingales.) Therefore, by Corollary
1.8 of McLeish, (2.3), (2.4), and (2.7) hold. Therefore A5 holds, and
since 2,(A) > % is assumed, A4 holds. By Theorem 1.6 of McLeish, A6
holds.

By B1, B2, and B4,

[IM 60 - A (x-0)[| = o8 |Ix - 8][%

as x -+ 6, so that Al and A7 hold with v(x) = ||x - 8| |2 and B given

by (4.3). One can show that 5n + 6, i.e. that A3 holds, using Theorem
2.4.1 of Kushner and Clark (1978) with X_ = 8 -8, a = n_l,

£, = (Yn_l,...,Yn_p, u), hy=0,B =0, and h(x,y) = Dgly,)y, ¥(y; x-¥,),
where y' = (yiyé), Y1 € ]Rp, Yy, € R, and x ¢ RP. Kushner and Clark's
assumptions A2.4.2 and A2.4.3' can be verified using the mixing properties
of Y ~which we have established. Use 6(x) = K][x]], g;(x,y) =1, and
g,(8) = |1£]] in A2.4.3'. The assumption that E'n-e is bounded is

established using the fact that



Fn ~
E 1184 -

o[> < |18 - o]|% + n 2k

and Theorem 1 of Robbins and Siegmund (1971).

We have now verified Al to A7, so by Theorem 3.1,

~ - n - -
ni8 -6) = -n % § (k/m)PST o + o
n k=1 k

for some € > 0. With this approximation, we could investigate the
asymptotic behavior of 5n rather thoroughly. Hefe, however, we will

restrict attention to asymptotic normality. Define
b, = (Be(-upllez)? 2 2]
and
I =Ef .
Since 8 + 6 and Wn is bounded uniformly in n,

F

n
(4.4) | E"WW - *n +0

by the bounded convergence theorem. Now (In-i) is a mixingale of size

-q for all q > 0, so by Corollary 1.8 of McLeish (1975),

OZO i~ Ci+e) Qk(tn-i)Q]'( converges

21

for any € > 0 and any sequence of uniformly bounded matrices Qk' Thus

by (4.4) and the same argument used to conclude (3.12) from (3.13) and



(3.14), we

lim n
n-eo

1]

(The integ

martingale
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see that

n F
1Y am ST @ K (agmy STy
k=1

n
Lim n”} 1 Ge/m)PS T (em) 57Ty

T->00

LS T gpe STy gy

0
V(c,D,S) , say .

ral does not diverge at 0 since A (cDS-1) > -%.) By the

central limit theorem of, for example, Brown (1971, Theorem 2),

1. ~ D
n’i(en-e) > N(0, V(c,D,S)) .

(A functional central limit theorem can also be established by the same

theorem of Brown.) The Lindeberg condition is easily established because

Wn is uniformly bounded. If y and g are fixed so that c and S are

fixed, then D = (c:S)-1 is optimal, that is,

is p.s.d.

fo ¢ I nges)™ ae

so that

1 -1

V(c,D,S) - V(c, (D) L, 5)

This can be seen by noting that

@09t [F0 pies)

)L f(es)?

D - () 1P T p - ()™ )1 dt = v(e,D,9) - Vic, (5L s) |
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‘ and the integrand of the LHS is p.s.d.
Note that
4.5)  V(c, () L,s) = c?s st
. 2
By"(yy) | 12 -1
= — 5 (Eg(Z)Z,Z1) = (Eg"(29)Z4Z{) (Bg(Z)Zy27) ~ .
(Eb(-uy))

Also, if D = (cS)-l, then

~ n
i@ -0) = n7* § (e8) W + 0™
k=1

1, 1 _
nt ) () L yenz, vo )

so by Carroll and Ruppert (1981, Theorem 1), gn is asymptotically

equivalent to the bounded influence regression estimate, 6, which solves

n
= - ' 't =
0= Z (Y, - 23 8)g(Z;)2; = 0 .
i=1 ‘
Of course, c and S will generally not be known a priori. One can,
however, estimate them by, e.g.,
-1

n ~
n 121 ‘P(Yl - Ziei)

02
"

and

-1 % .
n g(Z.)Z.Z.
151 i77171

wn
:l
L}
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and then use (E;Sn)'l for D in (4.1). These estimates can be defined
recursively. The asymptotic behavior of the resulting stochastic
approximation process is still an open problem, but once consistency is
established, then general results of Section 3 should be applicable.

If one is not concerned with robustnesé, then for any value of y,
g(x) =1 is optimal, but of course our proof assumes that xg(x) is
bounded, so it would need to be modified for this choice of g. For this
g and its optimal D, i.e. D = (c(EZIZi))_l, S = I so that n? an has

asymptotic variance-covariance

2t = o)/ B B ez zn T

To show that this g is optimal, we must show that for any real-valued g,
(4.6)  (Eg(z)Z.2) % (Bg?(z,)Z,21) (Bg(z,)Z,z) 7L - gz, 2y 7L
y glé1741%41 g (Ly)e15)1H8LE )45 1“1

is p.s.d., but (4.6) is the variance-covariance matrix of
-1 -1
The use of g(x) = 1 allows outlying Zn to have great influence on
the estimation process, which could be disasterous if any of these Zn
have actually been observed with gross error, or if in some other way the

pair (Yn,Zn) is an outlier. The optimal choice of g subject to the bound

||xg(x)|] < B for all x ,

where B is a fixed constant, has been considered by Hampel (1978) in a
(slightly) different context, bounded influence linear regression.
Regardless of the value of g, we see from (4.5) that ¥ should be

chosen to minimize E(wz(ul))/(Ei(ul))Z. If F has a density f
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satisfying the typical regularity conditions of maximum likelihood

estimation, then of course Y = f/f is optimal. If one believes that f

is only "'close' to some known fo, then one should choose y robustly, and
for this purpose the reader is referred to Huber (1964, 1981) for an

introduction to robust estimation.

RECURSIVE NONLINEAR REGRESSION.

Now we consider the nonlinear regression model

Yi = F(vi,r) e,
where F is a known function from R xRP to R, vy is a known vector of
covariates, r is an unknown parameter vector, and e, is a random noise

term. Usually r is estimated using least squares, that is, by finding T

which minimizes

L 2
_Z (Y; - Fv;, )7 .
i=1

However, just as with our last example, we may wish to use recursively
defined estimators. We will study a particular recursive estimation
sequence introduced by Albert and Gardner (1967), and we will show that
its asymptotic distribution is the same as least squares, at least under
certain regularity conditions. (Both the least squares estimator and
Albert and Gardner's recursive estimator can be robustified as in the
previous example.)

Define h(v,w) to be the gradient (3/8w)F(v,w), and h (w) = h(v_,w).

~

Let Hy be a p.d. pxp matrix, let ?i be in RP, and define ﬁn and ?n

by
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~ _ _1 ~ n '
Hn =n (HO + 121 hl(nl)hl(nl)) ’
where n, = ;g for some 2 < i, and

~ ..1 ~ ~_1 ~
r,-n [F(vn,rn) - Yn]Hn hn(rn) .

=
n

(4.7) -~

Notice that

~

(4.8)  H, =H -n'[H -h®hm)],

and if we define Bn = nﬁn, then

-1 -1
g7l =p! B hn+1(nn+1)hr’1+1(nnﬂ)Bn
n+l n -1
1+ hr'1+1 (nn+1) Bn hn+1 (nn+1)
(Albert and Gardner (1967, page 111)). Consequently, B;ll = n-lﬁr_ll can

be calculated recursively, and the inversion of ﬁn is not necessary at
each stage of the recursion. However, (4.8) is useful to our study of
asymptotic properties of ?n and ﬁn'

First, we list the assumptions we will use. These assumptions are
not the weakest possible, since we intend only to illustrate the content
of our general results. )

Let col be the function mapping the set of pxp matrices into RP

by stacking columns one below the other.

Cl. The functions D,, D and D, map RP into R+, ]Rpxp,

; ; 1> D2»> D3 4
RP*P , and RP xp, respectively. Let H be a p.d. pxp matrix. The

following hold for all v, w, and p.d. matrices M:



(4.9) || [F(v,w) - F(v,r)]M'1 h(v,w) - pl h(v,wh'(v,w) (w-1) ||

sk, (w - r[12+ 1=l

@.10)  |[MPhev,w - KL h,) - D) (w-1) - Dy(v)col(M-H) ||
s ko, () (| Jw - 12+ | M- H[D)

(4.1  |lcol[h(v,wh' (v,w) - h(v,nh' (v,1)] - D,V (w-1)| |

2
sKDl(V)Ilw- || .

' C2. Let Er'l = (vﬁ,en). Suppose R > 2 and {En} is strong mixing
with mixing numbers {an} which are of size -R(R—Z)-l. McLeish (1975)
defines size; here we mention McLeish's remark that {ocn} is of size -q
if {an} is monotonely decreasing and Z:;l aﬁ < o for some ¢ < 1/q.

For all n, the marginal distribution of En satisfies
E(enlvn) =0,
and
(4.12) Ehn(r)hr'l(r) =H for all n .
Moreover,
s?mwmwm%mmwm%mmwm%mR
+ e 1R+ 1 @] < =,
and there exists a p2><p matrix D4 such that

ED4(vn) = D4 for all n .

27
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C3. ¥ +r and H -+ H.
n n

REMARKS. Equations (4.9) to (4.11) merely state that certain Taylor
series expansions are valid. Assumption C3 can be verified using the
results of Ruppert (1981b) to prove that ?n + r, and then using (4.12)

and a continuity assumption on h to show that ﬁn -+ H.

Using C2 and (2.3) of McLeish (1975) with p = 2, one sees that
{p; (v}, e D,(v )}, {e D (v )}, {[|leD,(v)II}, {|le DaCv )13,
{D4(vn)}, and {hn(r)hr'x(r)}’ when centered at expectations, are each
mixingales of size -%. Moreover, E(e nDZ(Vn)) = E(enD3(vn)) = 0.

Therefore, the following series converge by Corollary 1.8 of McLeish:

-1
n enDk(vn) for k= 2,3,

=01 8

I el - Bl el for k= 2,3,
olfn'l(nlcvn) - ED; (v,)
1fn’1(D4(vn) -D,) ,
L7ty - 0,11 - ElInyt) - 0,113
ogn'(’”“a) eh (r) forall 6> 0,

and

oZon_(!i‘L(s)(hn(r)hr'l(r) -H) for all § >0 .
1
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Define

-1

) H hn(r)hr'l (r) + enD2 (Vn) enD3 (vn)
D,(v.) I
4 2
n p
By Cl1 and C3,
T ,-r T -T e Hlp (r)

n+l -1 n -1 n n

= (Ip(p+1) -n An) -n [ * Vn] ’

col (Hn+1- H) col (Hn—H) col[H - hn(r)hr'l(r)]

~ 2 ~ 2y,
where an|| = O(Dl(vn)(”rn -rl|T+ IR - H||“)). Therefore,

assumptions Al to A7 hold with

and Wn = e, H'lhn(r). It is easy to see that all eigenvalues of A are

1. Moreover, the pxp matrix in the top left-hand corner of nA'I is
Ip. Therefore, we have shown that Cl1 to C3 imply the existence of an

€ > 0 such that

Lo~ _ =k -1 n -€
n*(f¥ -r) = -n"°H kgl e (1) +o(m ™) .
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