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LEONARD A. STEFANSKI. Influence and Measurement Error in Logistic
Regression. (Under the direction of Raymond J. Carroll and David

Ruppert.)

This dissertation concerns the use of logistic regression wﬁen certain
standard model assumptions are violated. Chapters I and II study the prob-
lem of estimating regression parameters when covariates are subject to
measurement error. The latter chapters study robust methods applicable
to logistic regression.

To facilitate study of the errors-in-variables problem a small mea-
surement error asymptotic theory is developed. This allows comparison of
certain estimators which have appeared in the literature and also suggests
new estimators which are shown to have better asymptotic properties. A
small Monte-Carlo study confirms the superiority of the new estimators in
certain settings. In the course of studying the asymptotic behavior of
the various estimators interesting use is made of some random convex anal-
ysis.

To deal with the problem of messy data, i.e. outliers and extreme co-
variables, several bounded influence estimators are proposed. The optimal-
ity properties of these estimators are studied in Chapter III. Asymptotic
theory for the robust procedures is given in Chapter IV. Finally, Chapter V
concludes the thesis with an application of these methods to two sets of

data.
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F(t)

NOTATION

1/(1+e_t). F( = kth derivative of F(*)

1

N
IN(y) =Nt Y F(l)(xZY) xixI.

1

Y(+,+,+) a generic estimating equation.

IC

Ex

r(t)

the influence function of the estimator corresponding to y.

empirical measure which assigns mass 1/N to the points x X

1°°° N°

expectation operator associated with the measure Py

= min(1,t) t=0

L = y,x,8) = (y-F(xTS))x

m(t)

= max(F(t), 1-F(t)).



CHAPTER I

INTRODUCTION

1.1 Logistic regression

Binary regression is concerned with modeling the relationship between
an explanatory vector x and a response variable y indicating the occurrence
(y=1) or nonoccurrence (y=0) of some event. The statistical model employed

is usually of the form
T
(1.1.1) Pr(y=1|x) = g(x'9),

where g(+) is a known function and 6 is an unknown vector of parameters.
Estimates of 6 are derived from a random sample (yi,xi) i=1,...,N. Models
of this type are quite popular and have applications in both the physical
and social sciences. Several examples are given in the monograph by Cox
(1970).

The model makes sense only if the range of g(*) is restricted to the
unit interval. In many respects the simplest way of doing this is to choose
g(+) from the class of probability distribution functions. The two most

popular choices are

L 2
(1.1.2) g(z) = ®(z) = (1/2m)° J exp(-t2/2)dt, probit regression
(1.1.3) g(z) = F(z) = 1/(1l+exp(-2)), logistic regression



Probit regression has its origins in the work of Fechner (1860) and Muller
(1879). Much of its popularity is due to Finney (1947a). Berkson (1944)
defined the logit transformation and his work contributed heavily to the
prevalence of the logistic model. In practice the two models often yield
similar results. However, certain theoretical considerations, to be dis-
cussed shortly, suggest that the latter is appropraite in a wider variety
of settings. This provides the rationale for limiting our investigations
to the logistic model.

In the following discussion it is necessary to distinguish between
intercept and slope parameters. This is accomplished by writing 6T= (u,BT)
and xz = (l,cI). The various notation is used interchangeably without fur-
ther comment.

Much of the motivation for logistic regression derives from its connec-
tion to normal theory discriminant analysis. Suppose the random vectors

(yi’ci) are i.i.d. with the following distributional properties:

(1.1.4) Pr(yi=1) =T o= l-ﬂo
(1.1.5) (c; lyy=1) ~ N(u,D)
(1.1.6) (c; ly;=0) ~ N(u,, 9.

From (1.1.4)-(1.1.6) one finds that

(1.1.7) Pr(y;=1lc,) = F(axc,B)
where

a = log(ﬂl/wo)-(UIQ_lpl—ugn'luo)/z,
(1.1.8)

B = Q'l(ul-uo)-



Thus whenever the normal discriminant hypothesis holds, the conditional
distribution of yilxi follows the logistic model. A more convincing argu-
ment is obtained by noting that (1.1.5) and (1.1.6) can be replaced by some
general exponential family assumptions on the density of ci,(Efron (1975)).

These take the form

T
] = -
(1.1.5") f(cilyi 1 = g(Tl,n) h(ci,n) exp(cirl)
T
' = =
(1.1.6") £(c; y;=0) = g(tg,m) h(c,,n) exp(c;T,)
where Tl,.TO, and n are parameters similar to ul, uo, and Q. The condition-

al distribution of yi|xi is again logistic although identification of the
parameters in (1.1.8) altered.

Another property of the logistic model suggesting its use is the exis-
tence of sufficient statistics. For a sample of size N the likelihood can
be written as

N N
exp(a g yi+JZ(§ ¥i€55)8;)

N T
I (1+exp(o+c.B))
1 1

(1.1.9)

N N
from which it follows that (Z Yy Z yicgj is sufficient for (a,BT). There
1 1

is no sufficient statistic in the probit model. Both Cox (1970) and Berk-
son (1951) note this in their arguments for logistic regression. As a conse-
quence of sufficiency the likelihood scores are reminiscent of those for
linear regression. Differentiating the logarithm of (1.1.9) with respect

to 6 results in the equations
N
. (1)
%ﬁ(yi F;) (F; 77 /F, (1-F,))x,

(1)

where Fi = F(xze) and Fi = F(l)(xze). The logistic distribution function



satisfies the differential equation Fcl) = F(1-F); thus the likelihood

equations reduce to
N
(1.1.10) ¥ (y.-F(x16))x, = 0
T I i i i ’

A common method of solving (1.1.10) is iterative weighted least squares,

Walker and Duncan (1967). Under sufficient regularity conditions

1 A
3

(1.1.11) N8 | . -8g) R NGO, 13N (8,))
where
N
L1 T, (1),2
(1.1.12) IN =N % xixi(Fi ) /Fi(l-Fi)

T

N
-t Eadey xx

1

The second equality in (1.1.12) follows from the identity F(l)

= F(1-F).
One final attractive feature of the logistic model is the linearity

of the log-odds ratio, i.e.

Pr(y;llxi)] T,
= X .

1°gf““‘—"T"T

.=0]x,

Pr(y1 X5

This often enhances interpretation of the estimated parameter vector.

1.2 Summary

Although logistic regression finds applications in diverse settings,
historically much of the data analyzed were obtained under controlled exper-
imental conditions, e.g. dose response and bio-assay applications. The cur-
rent extent of applications include the analysis of data obtained in obser-
vational studies. Such data, as opposed to experimental data, are often
far from ideal in regards to compliance with standard model assumptions.

Often there are explanatory variables which cannot be accurately measured.
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Thus the reported predictor can differ significantly from the true predictor
creating an errors-in-variables (EIV) situation. Introductory material
for this problem is given in Section 3 of the present chapter. In Chap-
ter II an asymptotic theory is developed which facilitates comparison of
various EIV-estimators. The theory suggests new estimators with better
asymptotic properties. A small simulation study confirms the superiority
of the improved estimators in certain settings.

Also characteristic of observational data are outlying responses and
extreme design points, either of which can have a deleterious effect on the
quality of estimates obtained by maximizing the likelihood. In Chapter III
this problem is discussed in detail and certain robust estimators are pro-
posed. The asymptotic behavior of these estimators is studied in Chapter IV.
Finally, Chapter V concludes the investigation with applications of the ro-

bust methods to two data sets.

1.3 E-I-V: Introduction and preliminaries

In the measurement error model the response variable Y is related

to the predictor Xy via the logistic model, i.e.
(1.3.1) Pr(y.=1|x,) = F(xTG ) i=1.....N
) : i 1 io ’ ey

where 90 is unknown. Observable data consist of the pairs (yi,xi)T,

where Xi has the formal representation

1 1
.3. X, = x, 2. /m?
(1.3.2) LTt e/

1

<9
In (1.3.2) iz is the square root of the symmetric positive semi-definite
matrix X and (si) are i.i.d. random vectors with identity covariance and
zero first moments. The significance of m, a known real number, will become

apparent later.



In most cases some components of x, are measured without error. View-

ing these as the first r components it follows that

(1.3.3) b= g )

where it is assumed that }, is positive definite. Also, in most cases, the
measurement error covariance I is unknown, so where necessary it is assumed
that a sequence of estimators (i) exists satisfying

Lo~
(1.3.4) N (3-D) = Op(l).
With the model and notation established we turn our attention to the problem

of estimating the parameter vector.
As an estimate of 90 one might simply choose to ignore the measurement

error and regress y; on the observed Xi. The resulting estimator, desig-

nated eL , is.obtained by solving (1.1.10) with Xi replacing Xs5 i.e.
SL satisfies

N T/\
(1.3.5) % (y;-F(X; 6,) )X, = 0.

There are three major effects of measurment error on this procedure. First
is bias, which increases as measurement error increases. This has been
noted by Clark (1982) for logistic regression and by Michalik and Tripathi
(1980) in the context of discriminant analysis. The second, which is
actually a consequence of bias, is the tendency to underestimate‘the proba-
bility of events with high probability and ovefestimate the probability of
events with small probability; it will be said that measurement error atten-
uates predicted probabilities. Finally there is a problem with hypothesis
testing. In the following chapter it is shown that the usual asymptotic

tests for individual regression components can have level higher than ex-

~



‘ pected. An example where this occurs is an unbalanced two-group analysis
of covariance, where interest lies in testing for treatment effect and the

covariable is measured with error.

The severity of these problems depends, of course, on the magnitude of
the measurement errors . In some situations 811 might perform satisfactor-
ily. However, when measurement error is substantial the performance of 8L
is suspect and alternative estimators are required. Some proposals follow.

To a great extent the study of linear regression EIV models is facili-
tated by the existence of closed form solutions to certain likelihood equa-
tions. In particular this allows one to show without difficulty that the

naive linear regression estimate, obtained by regressing on the observed

Xi converges in probability not to 60 but rather, using established nota-

tion,
® (1.3.6) ., + t/m7 1
e X x 0
where
al¥ o7
(1.3.7) L, = l;m N § X X,

The near linearity of F(*) on [-3,3] (Cox (1970), pages 89-80) hints that
a result similar to (1.3.6) might hold approximately for logistic regression
as well. Combining this with ideas of Fuller (1980) suggests estimating 60

by GC satisfying

N N
T
.3, .-F 8 L=
(1.3.8) % (r;-F(x,.0.0) %3, = 0
where
/\_1 ’~
(1.3.9) Xie = X3 - ¥y 3wy /m,

. ~

and Xx and Y are the sample covariance and mean of the (Xi). This estimator



has been studied by Clark (1982). She motivates it by noting that X;c

is a Bayes-type estimate of Xs given Xi.

Assuming that the errors in (1.3.2) are normally distributed and $

is known, one can maximize the joint likelihood for (yi,Xi). A third esti-

mator is then obtained by replacing % with ¥. This is a type of functional

maximum likelihood estimate designated BF. The defining equations are

~

N T~ N
(1.3.10) % (y;-F(x; 02)) x; = 0,

~

~ _ NN TA .
(1.3.11) X, = X; 3 0 (v;-F(x GF))/m, i=1,...,N.

The final estimator presented in this chapter is also obtained by
assuming the errors in (1.3.2) are normally distributed and ¥ is known.

In this case a sufficient statistic for X given § and 60, is

(1.3.12) T, (8,.8) = X, + ¥ 8 (Y,-%)/m .

Again assuming normal errors, the conditional probability that (yi=1) given

3, 8, and Ti(eo,$) is

(1.3.13) Pr(y.=1|T.) = F(T.(6,,4)0.)
o YiTh itv0’* o

It follows that

T
By e ((r;-F(T;8))T;) = 0
0" 1

which suggests solving the equation

N ~ ~
(1.3.14) J (v;-F(T;(8,$)0)) T;(8,}) = 0
1

~

to obtain GS, the sufficiency estimator. The performance of the various

estimators is studied in the next chapter.



CHAPTER II

COMPARISON OF EIV ESTIMATORS

2.1 Asymptotic theory

In this section an asymptotic theory is pursued which provides a
basis for comparing the various EIV estimates. If in model (1.3.1) m is
fixed and N > ©, then all the estimators are generally inconsistent. Fur-
thermore, the resulting bias terms are complicated functionals of the
error law and give little insight into the construction of good estima-
tors. Fixing N and letting m>e, all the estimators reduce to the same
quantity. Thus, to obtain useful insight into the behavior of the esti-
mators, it seems reasonable to allow m, N + « simultaneously. A similar
brand of asymptotics has been successfully employed by Wolter and Fuller
(1982) and Ameniya (1982) to nonlinear errors-in-variables models.

Model (1.3.1)-(1.3.2) is appropriate for two situations as min(m,N) >

(1) m independent replicates of (xi) exist in which case the (ei) be-

come effectively normally distributed and
(ii) a local model in which measurement error is small but nonnegligible.

In the latter case the moments of order greater than two of (gi) generally

differ from those of a normal variate.

The first problem to be dealt with is that of consistency. The exis-

tence of a consistent estimator is not an issue here. With a fairly simple
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argument one can verify that 8L and %: are consistent under reasonable
design conditions provided min(m,N) - «. However, the dimensionality of
the functional likelihood grows like O(N) and it is not immediately evi-
dent that 6F is consistent. Conditions insuring consistency of 8F as well
as 6L and 6C are given in Theorem 2.1. All proofs are deferred to Sec-
tion 2.3. The sufficiency estimator presents a minor problem in that equa-
tion (1.3.4) can have multiple solutions, not all of which produce a con-
sistent sequence. To guarantee uniqueness and consistency as min(m,N) >

es is defined to be the solution to (1.3.14) closest to eL“ In the theo-

rem IN(y) denotes the information matrix evaluated at v, i.e.
aN m.oT T
(2.1.1) I,(v) =N % FRor(x,y) x;x,

Also, for a positive definite matrix M, XI(M) < AZ(M)S..AékﬁM) denote the

ordered eigenvalues of M,

Theorem 2.1 Assume

N 2 2
Ay 3 lx, 17 = o, max [[x; [ = o(M);
1 1<ixsN

(A2) There exists some § >0 such that

lim inf inf AI(IN(y)) >0
N Jlv-e, ll<s

and

IN(GO) + 1

e[|

(A3) E(e)=0, E(ee)=I, E(|! ) < © for some n>0.

~ ~

If min(m,N) - « then eL, GC, GF and SS converge in probability to 60.

The consistency results provide the first step toward computation of
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asymptotic distributions. In the next theorem limiting laws are given for

the various estimators assuming min(m,N) - « in such a way that N/mz-*A2<a>.
In this setup all the estimators have the same asymptotic covariance matrix
but different asymptotic biases. These biases provide a way to compare the
estimators as well as to verify the attenuation and hypothesis testing dif-

ficulties mentioned earlier.

Theorem 2.2 Assume (Al), (A2), and (A3). If min(m,N) - o and

N/m2 > AZ < o then

(a) N%(é -6.) L, N(-Az'l I'l) her
L™ % 1), where
aN oo T (2) . T
(2.1.2) ¢ = l;m N E{F (xieo)x eo+-eogzeop (xieo)xi/Z};
(b) N%(SF-SO) b Nt le,1h, where
(2.1.3) = c lim N1 ? FDxTe Y30 ;
ot S A (x;9) 4 9y
N 1
L.~ - -
(c) Nz(ec-eo) L, N(-AI 1cC, 1 1) where
1 N — .. T —TT, (1), T
(2.1.4) ¢ =¢c - I;m N E{A(xi-x)F(xiGO)+-xi(xi—x) A8 ,F (xieo)}
— _1N
X = lim N z X;
N 1
-1 oooalN g
A = ($x+$ ) %, L, = lém N % X, Xo

50 L -1
(d) N%(8.-6,) => N(0,I77).

Remarks Two comments are in order. First, Theorem 2.2(a) provides
an asymptotic theory for logistic regression when there is no measurement

error by simply taking $=0. Second, in the asymptotic theory developed
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here, the estimators differ only in their limiting bias. From this per-
spective the sufficiency estimator is necessarily best since it has no
limiting bias. However, the theorem also suggests a strategy for construct-
ing improved estimators which are capable of competing with the sufficiency
estimator. This topic is pursued after a discussion of the attentuation
and hypothesis testing problems mentioned earlier.

Consider simple logistic regression through the origin with 60 > 0.
One expects to see attenuation in the naive estimator, i.e. a negative bias
term in (a). For most designs this is true. Somewhat surprisingly and

completely at odds with the linear regression case, -AI_lc can be posi-

L

tive. Consider an individual summand in (2.1.2). Since F(Z) = F(I)(I—ZF)
(2.1.5) ) (« 8,) $6, + e(z) 3 F (x 8,) X/2
- 1 GOF(I)(X 64) (1+6 X (1-2F (x 6))/2)

The leading term i GOF(I)(X 60) is positive by assumption. For |t| large
the function (1+t(1-2F(t))/2) is negative, indicating that (2.1.5) is nega-

tive for Ixeol large. Thus one situation in which —Xl-l c, 1is positive

L

arises when most events have very high and/or very low probabilities of

. -1 . . .
occurrence. It is easy to show that -A] "¢ is strictly positive. Thus

F

Theorem 2.2(b) suggests that the functional m.l.e. tends to overcompensate
for the effect of measurement error.

Consider a two-group analysis of covariance, xI = (1,(—1)1,di),

T
e0 - (600’901’902)'

ance 02. Often interest lies in testing hypotheses about the treatment

The covariable di is measured with error having vari-

effect 601. A standard method of testing 601 = 0 is to compute its logis-

tic regression estimate and compare it to the usual asymptotic standard
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error. Theorem 2.2(a) suggests that this test approaches its nominal level
only if the second component of I-ch is zero. Denoting the second row

of I_1 by s, it is seen that the correct level is achieved only if

T

N
. -1
(2.1.6) lim N z S,X;

F(2) (xTo ) o%2 = 0.
N 1 i0 0
This will not hold in the common epidemiologic situation in which the true
covariables are not balanced across the two treatments. Thus when substan-
tial measurement error occurs in a nonrandomized study one can expect biés
in the levels of the usual tests. Similar resﬁlts hold for multiple logis-
tic regression. Of course, in a randomized study (2.1.6) will be true,
so that the ordinary tests would be appropriate.

Since (2.1.2) and (2.1.3) are fairly simple expressions it is possible
to construct corrected versions of 6L and 6F which have no asymptotic bias
under the conditions of Theorem 2.2. Several modifications are possible.

For the usual logistic regression estimate it is simplest merely to sub-

tract an estimate of the bias. Write

n N
! (1), T T
(2.1.7) I, =N § FRori(X ) XX,
and
A a N LT (2) T .y T
(2.1.8) Jy() =N Yy {IFY (Xoy) + (/2P (VXY ).
1 1 1 1

~

The modified usual logistic regression estimator, eLM is defined as

- Al A A A a
(2.1.9) Oy = (I+I(6) Iy (8 ) ¥/m) 6 .

A different approach is taken for the functional m.l.e. The defining equa-

tions (1.3.10) and (1.3.11) are modified so that eFM is obtained as the
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solution to

N N\ ey ~
T —
(2.1.10) % (yi-F(xiMeFM)) X;q = 0.
A _ N A T/\
(2.1.11) XM = X, + 3 GFM(yi-F(XiOFM))/m

+ (1/2)6FM 3 eFM(1-2F(xieFM))(yi-p(xieFM)) Xi/m
i=1,...,N.

The proof that eLM and eFM are asymptotically unbiased under the condi-
tions of Theorem 2.2 is routine though rather tedious and will not be pre-

sented. However, for future reference the result is stated as

Theorem 2.3 Under the assumptions of Theorem 2.2 the modified esti-

mators eLM’ eFM’ and the sufficiency estimator es all have the same limit-

ing distribution.

The modified estimators are viable competitors to QS under the condi-
tion N/m2 > Az. In the next result their performance is studied under the

weaker condition N/m4 > Az < », The proof is sketched in Section 2.3.

Theorem 2.4  Assume (Al), (A2), (A3) and

(Ad) (e;) have zero third moments and E(“ei|l4+n)<<»

for some n > 0.

A

~ . ~ 1,
If N/m4—>A2< © as N >« then 0 eFM’ and 6S, when placed in the form N*

LM’

A

(6(.)-60), are asymptotically normally distributed with covariance I—l and

bias terms of the form -AI ‘c. .. For the sufficiency estimator,

()
T
(2.1.12) g = (1/24)60 b 0

N 1
x 1im N} ) {4F(3)(xzeo) $%(Q-SI) zzeo
N 1

+ 07 $7(0-31) $70,F () (x10g)x; )
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where Q is a matrix of fourth moments satisfying

L T s .3 Loosk%,. AT
(2.1.13) E(%e(8, 176)7) = 370 37(6, § 6p) 6,
The other bias terms are extremely complex.

Remarks Theorem 2.4 provides information on two issues. First, one
can expect the modified estimators to improve on their unmodified versions.
This is confirmed to some extent in the simulation. Second, the asymptotics
illustrate the effect of nonnormality on the sufficiency estimator. When
the errors (si) are normally distributed, Q=3I and the bias term cS=().
Thus in large scale studies with normally distributed measurement errors
the sufficiency estimator should perform quite well. Equation (2.1.12)
suggests that the sufficiency estimator will have less optimum behavior
for decidedly nonnormal measurement errors.

Before discussing the Monte Carlo results a final comment is in order.
The modified estimators weaken the necessary condition for asymptotic nor-
mality from N/m2 = 0(1) to N/m_4= 0(1) at the expense of stronger conditions
on the error law. As might be expected it is possible to vnlay this game:in-
definitely. With appropriate assumptions on the first 2k moments of the

~

error law one can construct a modified version of the naive estimator, GL,

. . . . 2k s .
which is asymptotically normal provided N/m = 0(1) for any positive in-
teger k. However, the potential for application of these results is margin-

al and they are not pursued further.
2.2 Monte-Carlo

A limited Monte Carlo study was performed to gain insight into the

following questions. Do the corrected estimators have any practical value?



16
Under what conditions is 6, a viable choice? To what extent is the asymp-
totic theory a reliable guide to the performance of the estimators, in par-
ticular that of es?

The model for the study was
Pr(yi=1]xi) = a-+8xi, i=1,...,N.

The following sampling situations were employed, where xi denotes a chi-

squared random variable with one degree of freedom:

2

(I) (@,B)=(-1.4, 1.4), (x;) ~N(0,0,=.10), N = 300, 600;

(1I1) (o,B)=(-1.4, 1.4), (xi)"~0x(xi—l)//§, N = 300, 600.

For each case the measurement error variance 02 was one third the
variance oi of the true predictors (02= oi/S). Also, two sampling dis-
tributions for the measurement errors (ei) were considered: (a) N(O,GZ)
and (b) a contaminated normal distribution, which is N(0,0z) with probabil-
ity 0.90 and N(O,ZSOZ) with probability 0.10.

| These two sampling situations are felt to be realistic, but of course
their representativeness is limited by the size of the study. The sample
sizes N = 300, 600 may appear large. However, there is much interest in
large scale epidemiologic studies where such sample sizes are common. For
example, Clark (1982) was motivated by a study with N > 2000; Hauck (1983)
quotes a partially completed study with N > 340, and the present research
is in response to the need to analyze certain Framingham data (Gordon and
Kannel (1968)) where N > 550. Furthermore, the results of the study sug-
gest that‘correcting for measurement error in most small sample situations

is unwarranted.
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' The values of the predictor variance Oi and the measurement error
variance are similar to those found in the Framingham data mentioned earlier
when the predictor was loge((systolic blood pressure-75)/3), a standard
transformation. The ratio oz/oi = 1/3 is not uncommon; Clark (1982) finds
nearly this ratio in her study of triglyceride. The choice of (a,B) comes
from Framingham data as well. All experiments were repeated 100 times.

In the experiment two independent replicates (Xil,Xiz) were taken of
each x,; thus m=2. %,/2 is in this case a scalar, estimated by the sam-
ple variance of (Xil-xiz)/Z, while X*x+ X*/Z is also a scalar, estimated
by the sample variance of (Xil+Xi2)/2. The following simple computational

forms of the estimators were studied.

1) Usual logistic regression solving (1.3.5);

, . 2) Clark's linearized estimator (1.3.8);

3) A one-step version of the functional maximum likelihood estimate.
On the right side of (1.3.11) replace ;i by X.l and 6F by 6L’ ob-
taining a new ;i' Then solve (1.3.10);

4) Corrected usual logistic regression (2.1.9);

5) A one-step version of the corrected functional estimate. On the

~ ~

right hand side of (2.1.11) replace eFM by GL, obtaining a new Xy

Then solve (2.1.10).

6) A version of the sufficiency estimator obtained by solving (1.3.14)

~

but with Ti(e,i) replaced by Ti(GL, 1.
It can be shown that the one-step estimators defined in (3), (5), and (6)
and their fully iterated counterparts differ "asymptotically only by a con-

~

. stant term, e.g. the one-step version of 68 is also asymptotically normal
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provided N/m4 - Az; however, the bias term generally differs from (2.1.12).

Results of the study are summarized in Tables 2.1-2.4 for the slope
parameter B. "Efficiency'" refers to mean square error efficiency with re-
spect to ordinary logistic regression without correcting for error. Although
sweeping conclusions are not possible, some qualitative suggestions can be
made. First, the ordinary logistic estimator is less variable but more
biased than the others. Large sample studies are such that bias dominates
mean square error and hence are candidates for using corrected estimators.
The opposite conclusion holds for small samples where variance dominates.

A second suggestion from the tables is that when the usual logistic
estimator loses efficiency (Case I(b), II(b), and when N=600), the corrected
estimators perform quite well. To some extent these numbers justify the
asymptotic theory of the previous section, without which the corrected
estimators would not have been found.

Clark's estimator performs very well in this study when the true pre-
dictors are normally distributed (Case I), but it does have a sizable drop
in efficiency when the predictors are highly skewed as in the chi-squared
Case II. To some extent this is expected because the estimator is based on
an assumption of normally distributed predictors. Somewhat surprising is
that the one-step functional and sufficiency estimators performed so well
when the measurement errors are not normally distributed (Cases I(b), II(b)),
as both are defined via an assumption of normal errors.

Before proceeding with the proofs of the next section some concluding
remarks are appropriate. The asymptotic theory developed in this chapter,
which is interesting in itself, has proved useful in two ways. First, heuris-
tically it provides a better understanding of the measurement error model and

it suggests a problem for further study, namely, in what situations can one
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expect the usual inference ignoring measurement error to be of the wrong
level, i.e., at what point does increased bias overwhelm decreased vari-
ance? Secondly, the theory was used to construct two new estimators with
reasonable large sample properties and enabled study of the sufficiency
estimator under nonnormal conditions. All three of these along with Clark's
estimator performed well in the small Monte-Carlo study.

The pressing practical problem now appears to be to delineate those
situations in which ordinary logistic regression should be corrected for its
bias. Studies of inference and more detailed comparison of alternative es-
timators will be enhanced by the identification of problems where measure-

ment error severely affects the usual estimation and inference.

TABLES

These are the results of the Monte-Carlo study. "Efficiency'" refers to

mean square error efficiency with respect to ordinary logistic regression.
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2.3 Proofs of primary results

Because the number of unknown parameters increases with increasing
sample size the classical results on consistency and asymptotic normality
of maximum likelihood estimates are not immediately applicable. The proof
of consistency involves an interesting application of random convex analy-
sis, that for normality is accomplished with more usual large sample theory

techniques.

Proof of Theorem 2.1: Of the four estimators, consistency is proved

for SL and . GF employing assumptions (A.1)-(A.3) and the condition min(N,m)
+ o, The proof for GC is similar while the convention regarding multiple

solutions to (1.3.14) insures consistency of the sufficiency estimator.

To present the proofs some notation is needed. Write XI = (uz,vz)

where v, corresponds to the components of X5 measured with error. Analo-

T T T) for X, given in (1.3.11) and Xz = (ug,vz) where

gously, write X, = (ui,vi,
T -1
= = . { . - . .
Vi Vitein and E(eimeim) m- I, Let H(:) log F(:) and note that H(:)

has Lipschitz norm one and lH(t)| < 1+ |t| for all t « R}. Finally let

N
-1 T T T T
N izl {F(x;8,) H(x;Y) * F(-x,8) H(-x;Y)}

(2.3.1) gy

N ~ A
N_l.Zl {yi H(XIY) + (1-y;) H(—x}Y)}
1:

(2.3.2)  Gy(M)

N—l
i

{yi H(xgy) + (l—yi) H(—X?Y}
1 .

It~ 2Z

(2.3.3) LN(Y,{Vi}T)

1

N .
N (m/2).zl(vi-vi)T x;l(vi-vi).
1=

In defining (2.3.1) and (2.3.3) and elsewhere in the proof the sequence

{vi}T is used both to represent the true but unknown predictors, (2.3.1)
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and as mathematical variables in the argument of the function LN’ (2.3.3).
The context should make clear which interpretation is appropriate. LN is
the normed functional log-likelihood assuming normal errors and replacing

f by its consistent estimate 3,; thus by definition
(2.3.4) L (5 {;.}N) 2 L. (Y {v-}N)
T N“F’ i'17 7 NT' 101
for all y € RP and {vi}T € RN(p-rl But (2.3.4) implies that

a p
GN(GF) > GN(y) for all vy ¢ R" ,

Thus GF maximizes the random concave function GN(‘). Note that since GV(-)
! i

~

is defined in terms of X5 it depends explicitly on GF also. lHowever, this
does not affect the validity of the inequality
(2.3.5) GN(GF) 2 supp GN(y)

YeR

~

The naive estimator OL also maximizes a certain random function. Specifically,

~ N N
L (6, , {v.})) =z sup L (y,{V.}))
N' L 171 YERP N 171

The function gN(-) is concave for each N and (A.1), via the inequality
|H(t)| <1+ |t], implies that for each fixed v, {gN(Y)} is a bounded sequence
of real numbers. Although our assumptions do not imply that {gl(-)} converges,
it is true that every subsequence contains a further subsequence converging
uniformly on closed bounded subsets of RP to some finite concave function
(Rockafellar Thm. 10.9) Assumption (A.2) insures that the limit of every
convergent subsequence possesses a unique maximum at 60. Suppose for the
moment that GN(Y) - gN(Y) = op(l) for each fixed y. Pick any subsequence

~ ~

{8 N } from {6

F N} and let {gN (+)} be the corresponding subsequence from
i

F, K
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{gN(')} . Now from {gN (:)} one can always choose a further subsequence,
k
{gN (+)} which converges to some concave function g(-) with a unique max-
k,j

imum at 60. Of course this implies G (y) - g(y) = op(l) and since

Nk,j
eF N maximizes GN (*) an appeal to Theorem II.1 of Anderson and Gill
>k 3 kj
(1982) implies GF N - 60 = op(l). This shows that every subsequence of
7k, ]

{GF N} contains a further subsequence which converges in probability to
b4
60 which in turn implies 6

~

FN 60 = op(l). Thus to prove consistency of
GF one need only show GN(y) - gN(y) = op(l) for fixed y. Similarly, con-

: i . . N _
sistency of eL is established by showing LN(y,{Vi}l) - gN(Y) = op(l). To

complete the task we start with :

Proposition 2.3.1 Assume (A.1l) and suppose min(N,m) = ¢, then

N .
LN(y,{Vi}l) - gN(y) = op(l) for each fixed vy .

Proof: The quantity under investigation may be written as T1 + T2
where
-1 N T T T
T, =N 121 fy, HXY) - F(x;0) Hx;V) D,
-1 N T T T
T, =N izl {(l—yi)H(—Xiy)-F(—xieo) H(-x;7) ).
Furthermore
-1 N T T -1 N T, T

= T11 + T12 say.

The Lipschitz condition on H implies that

z

N
-1 T -1
TN T ) N <IN T lls,
i=1 i=1



The last expression is op(l) provided min(m,N) -+ o . T12 has zero mean and
variance

N N
N2 TP aqopu’ogm <87 § sl Iivib®,
i=1 i=1

which vanishes in the 1limit in view of (A.1). Thus T1 = op(l) and by an

identical argument T, = op(l) concluding the proof.

~

2

In addition to proving consistency of GL, Proposition 2.3.1 yields

the following two useful corollaries.

Corollary 2.3.la

N
pr{lLN(eO,{vi}l)l <1} > 1.
Proof: From (2.3.1) and the definition of H(-)
lgy(8,)] <2 sup [t log t] <1
0<t<1

and by Proposition 2.3.1 gN(GO)-LN(GO,{Vi}T)= op(l).

Corollary 2.3.1b

-1 N ~ 2
Pr{N (m/z)’lelvi-viII < 11,03 1.
1=

. . ~ N N .
Proof: By definition LN(GF,{vi}l) ZLN(GO,{Vi}l) or equivalently

T

-1 N
(2.3.6) N O} 2

1

W~ 2

I\T/\ ~
l{yiH(XieF) + (l-y JH(-X

N N ~ A~
LN(GO,{Vi}T)-+N_1(m/2)_Z wv-v) 3 v

i=1

Since the L.H.S. of (2.3.6) is almost surely nonpositive and Pr{LN(BO,{Vi}T)

< -1} > 0 it must be that

Pr{N"L(m/2 ? V.ov )il vy <13 1
T (m )i=1( 17VidEs ( ;7Y S .
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The conclusion follows from the consistency of }, and an application of

. . T - - ..
the inequality Htl[z < J|All £ A 1 ¢, true for all positive definite ma-
trices A.
We are now in a position to complete the proof of consistency for GF.
Proposition 2.3.2 In addition to (A.1l) supnose min(m,N) - < and

1.3, = Op(l), then GN(Y) - gN(Y) = op(l) for each fixed v.

Proof: In light of Proposition 2.3.1 it suffices to show GN(Y) -

N, _ . . . .
LN(Y’{Vi}l) = op(l). Write this last quantity as W +W,, where

N ~
-1 T T
Wy =N y; WY - HEGYD L,
i=1
-1 N T °T
W, = N {1y JHG-XY) - H(-x;7)) T
i=1
The Lipschitz condition on H(:) and Schwarz's inequality imply that for

4 N ~ R N
(2.3.7) |wj| <N _Z |(xi-xi) vl < lyl|IN .Z ’Hxi-xin
i=1 i=1
R N R ~
TV s vl T v,
i=1 i=1

= vl N RS

The r.h.s. of (2.3.7) is op(l) by virtue of Corollary 2.3.1b, and this com-

pletes the proof.

[ ]
Next we prove Theorem 2.2, parts (a) and (b) and sketch the major steps

in the proof of Theorem 2.4 for the sufficiency estimator. Proofs of the
other results are nearly identical.
The proof of Theorem 2.2 is developed via a series of lemmas. In each

~

case the conditions of Theorem 2.2 are assumed as is the consistency of I.
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Recall that xi is defined in (1.3.10) and (1.3.11).

N
. = -1 ~ 1/2 - - _‘1
Lemma 2.3.1 Define Dy = N % yi(x;-X;}. Then N*D_ = X § 6 N x
N
(1, T
g F (xieo) + op(l).
~ N
c. B -1,.-% °To
Proof: N'Dy = b) Bem N % y; (7 -F(x,6.)).
Write N g y; O F(x;00)) = A} + A,
-1 N T
where Al = N ; yi(yi-F(xiGO))
-1 N T °Th
A, =N % y; (F(x;80) - F(x.8.))

The difference between A, and its expectation is op(l), that is

1
(2.3.8) A, = N g FD xTo ) + o (1)
e 1 1 %% °p
Also
a N o7 Ao
(2.3.9) Al <N % |xi80 - x 6.
N a~ n
<N ; Ulxg % 01 811+ lixg 11 1184-6L11}
LN . .
<N § UIxg=x, [ 8,11+ (el feg Il /m« |Ix, 11 [16,-0,113
a ¥ L An ~
SN § e I 8 ll7m® s (1geLl Hogll /m« [ix I 1o, -6,11}

and clearly this last term is op(l). Finally an appeal to (2.3.8), (2.3.9)

and the consistency of { and 6, completes the proof.
- - N A
Lemma 2.3.2 Define = Nt Y (F(X'B)X. -F(x.B)X.) .
Somma 2e02 ) Ry Rt e

1
Th N =0 (1).
en 2RN p( )



Proof:

yields

(2.3.10)

where

Consistency of 3 and 6

r.h.s.

(2.3.11)

term which is o_(1).

(2.3.12)

°To T
xiGF by xieo

28

A Taylor series expansion of F(xzeo) about the point x{eo

1
-25
2 r.
1

. N R N R
_ N ) T - T (1) ,,T
anN N % (X;-x,JF(X;6) + N § (X;-%,) "B X, F 7 (X, 680)+N

Ll

~ 2
llz, 11 < Hog Il caxlixg Il lleg I l1x =,
< 18 ]l 2+ lIX || e 1D |[Fe. 1% m2
- 0 i 0 F *
N
implies N 2y Hr || = o (1). The first term on the
1 I

of (2.3.10) equals

~ 1

-3 6. m N e

F (yi-F(xiGF)) F(Xieo).

=12

With an argument similar to the one used in Lemma 2.3.1 we can replace

in each of the summands in (2.3.11) altering it only by a

The resulting quantity is

la=]

i 6 m In2

v T
. (y;-F(x;8,)) p(xzeo).

[l S A

The normed sum in (2.3.12) has zero mean and asymptotically negligible

variance; thus the first term in (2.3.10) is op(l).

In a similar fashion

one can show the remaining term in (2.3.10) is op(l), finishing the proof.

Lemma 2.3.3

N
. RS T y
Define T z % (y;-F(X;80))X, . Then N"I‘L,N

L,N con-

verges in law to a multivariate normal random variable with mean —AcL

and covariance matrix I.

Proof:

Ny

=12 2

k = N T
N 2TL,N =N (y;-F(X;04) (X;-x;)

1
-4

T
+ N (yi-F(XiGO))xi
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. By expanding F(XIGO) in a Taylor series around xzeo in each of the above

sums we find, after recombining terms

(2.3.13) N%TL N = N2 2 (v, -F(x 80X,

T (1) T
(Xi-xi)(xi-xi) eoF (XiGO)

N

)

i

LN

%Y (x x;)'e FH xie %,

1

B o(2) 5T

2 ((x -x;) Tq ) (x 0 )x /2
1

where ii and ii are on the line segment joining Xi and X . The third term
in (2.3.13) is op(l) by virtue of its zero mean and vanishing variance,
since m -« . The first term can be written as

.
) . (2.3.14) N*

L5

e et I

T T

=t 1 2

and the second term in (2.3.14) also has zero mean and asymptotically negli-
gible variance. Assumptions (A.1), (A.2) and an appeal to the Lindeberg
Central Limit Theorem are used to show that the first term in (2.3.14) is
asymptotically normally distributed with zero mean and covariance‘matrix I.

Write the fourth term in (2.3.13) as Bl+B2 where

N
B, - g (x,-x) o2 PP (o) x,/2,
5 N T, .2 ..(2) 2T (2, T
B, = -N 2 ; ((X,-x;)78,)" (F (X;80) - F 77 (x360)) x;/2 .

Assumption (A.1) and the 2+& moments of IIEiH imply B -E(B,) = op(l). As
. for B,, the inequality IFCZ) (x) -F(Z) (y)| < min(1,3|x-y|) can be used to con-

clude

1 N 1
18,1 < llegli? 72 N5 Tllx 1l lle 1 minca,3lleg ™2 lle; ID
2 0 1 1 i
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and hence (A.1) implies

ECIIB, ) = (const.) EClle, I|? min(1,3l6p]l n 7% [l D).

The Dominated Convergence Theorem together with the Markov Inequality

are used to show that 82 converges to zero as m > ® and thus

N
_ - . -1 ¢,T (2), T
Bl+B2 = E(Bl)i-op(l) = -A N %60 $60F (xieo)xi4-op(1).
Similarly, the second term in (2.3.13) can be shown to equal
-1 N (1),.T
-AN % 3 6oF (xieo) + op(l).

Combining the preceding facts and noting the definition of L establishes

the desired result.

Proof of Theorem 2.2: In each summand appearing in (1.3.5) and (1.3.8)

apply the mean value theorem to F(-:) to arrive at

A

Sp, (0189 = T, y

Sp®p9%) = TL,n * Dyt Ry
where
S = N—I%IF(D(XT'é‘ ) XXt
L 1 i'L,i i'i
N A "~ ~
NS | (1) Ty T
SF = N % F (xieF,i) XX, .
For each 1’6L,i. and eF,i lie on the line segments joining GL. and BF to

60 respectively. In light of the previous results we need only show that §L

and gp converge to I in probability. This is proved for §L only, a similar
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demonstration works for 5% as well.

1
2

Since X, -x, = ($/m) e, and by assumption m > =, it is not difficult to

show

m

N
-1 v (1), Ty T _
N % F (xieL,i) XX, = op(l).
Thus, omitting terms of order op(l)

S = or T
(2.3.15) I,(89) - 8. = I(8)) - N 2 F 16LU RN

The norm of the r.h.s. of (2.3.15) is bounded by

2 -k -1 N 2
(2.3.16) N[5, - 8 llcsup N7Ex, NE JIx, |
1<ix<N 1

1/ ”~
Lemma 2.3.3 and (A.2) imply NZ(GL- 60) = Op(l) and hence (A.1) implies that

(2.3.16) is op(l). By assumption IN(GO) + I which in turn implies §L 4 1

completing the proof.

We now outline the proof of Theorem 6 for the sufficiency estimator.

Proof of Theorem 2.4 (Sufficiency Estimator): After a preliminary

expansion we arrive at

=

1/2/\
IN (68-60)

N T 1,080, D) Iy -FCBQT; (8, )1 + o (1)

—

SI + SII + SIII + SIV + SV + op(l)

where
N T
(2.3.17) SI = ) Iy, y; F(x;80)1X;
1
5 N (1)
SII = -e 16, n~ iy~ 2( -L)F (x 850X,
1
III = (6" £ 6)2n~2N72 § F(B o )x, /8
SIII = (5 % % (X; %)%

1
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SIV =1 6, n iy Z (v, Iy -F(Y 6,) ]

SV

N
T -2 -4 ¢ (1) T
-6, § 65 3 6, m N % Fror (X;8,)/4

1//\
In deriving (2.3.17) we have used the fact that Nz(i—t) = Op(l). By using

an argument similar to one employed in Lemma 2.3.3. we can write

2, N T
(2.3.18) SI =N % (y;-F(x;80)) x,
N 3
-4 Ty 3 203) T .
- N % jZocxi-xi)((xi-xi) 0,07 F 07 (x;8,)/3!
Y w1 (e Topd 50 o y/5 v o
-N % xij:l 17X 6 F (xi /3! op( )

Because of the bound on the 4+8°" moment of IlsiH replacing the last two
terms in (2.3.18) by their expectations alters SI only by a term which is

op(l). Thus, writing F(k) for F(k)(xzeo)

(6.15) ST = Tz
31N 1k b T (3)
=N {8y + mT 17Q $R,(0,%6,) FTOU/31)
1
- Ninle] g, ) x,F P72+ mle $ it F(M a1}
1
+ op( )

N is the matrix appearing in (2.1.13) and ZN has a limiting N(O0,I) distri-

bution. Similarly,

L N _ _
SII= 6716, N 7n lg{xipcz)/z-m IIGOF(Z)(F-%)—m 1eg$60xiF(3)(F-%)/2}+op(1)
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SIII = -(egxeo)z N~ ? xiF(Z)/S + op(l)
i 4 -1 N (1) -1,.Tye 1o (2)
SIV = $eON m % {F*"7-m (GOIGO)F (F-%)/2} + op(l)
- T 3 -2 N ()
SV = -eoz;eoj,‘eo N %m % F'7'7/4 + op(l) .

Combining these terms and using the identities

3 - Lsr Py - F )2

@) - 45 gy - D

F ,
we find
PN Y
. IN (63-60) =] Zy - Acs + op(l)
. proving the theorem.



CHAPTER III

BOUNDED INFLUENCE ESTIMATION

3.1 Motivation

As in the preceding chapters our interest lies in estimating 60 in

the logistic regression model

_ _ T
(3.1.1) Pr(y; = llxi) = F(x;6,)
T
x; = (l’xi,l""’xi,p-l i=1, ,N

F(t) = (lve 5L

The ith observation consists of thé pair (yi,xi) where Ys takes the value
0 or 1 and X5 is a known vector of constants. The maximum likelihood
estimate of 8, is obtained by solving the equation
(3.1.2) § (y.-F(x18)) x, = 0

R i i
and is, under certain design conditions optimal in the sense of being
asymptotically efficient or best asymptotically normal. Of course these
optimality properties hold only when the data are generated in strict
accordance with model (3.1.1). In most applications, however, one can

claim only that (3.1.1) is a reasonable approximation. A key principal

underlying the theory of robust statistics is that optimality at a model
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often does not imply "approximate optimality' at an approximate model. Thus
one should not be wed to the theory of maximum likelihood and it is, in
fact, desirable to develop procedures which perform well in situations
close to the idealized model. In addition to model insensitivity an esti-
mator should not be overly influenced by any small subset of the data, i.e.
the estimator should depend smoothly on the data. Let Gy be the empirical
distribution function; that is, GN assigns mass 1/N to each of the points
(yi,xi). Then viewed as a functional of GN’ 8 = 5(GN) should be smooth in
some reasonably defined sense. Suppose such an estimator is found, then
alteration or deletion of some small subset of the data would produce only
moderate changes in the value of 5. In much the same fashion this estima-
tor would be relatively insensitive to small perturbations in the underly-
ing model. Pregibon (1981, 1982) has shown the the logistic regression
m.l.e. can be highly influenced by a relatively small subset of the data
and thus its performance in settings other than at the idealized model can
be severely impaired.

Although it is clear that g(G) should depend "smoothly" on G it is not
as yet evident how to make this condition precise. For a function of a real
variable f(t), a sufficient condition for smoothness of f(+) over an interval
is that its derivative, f'(-:), be bounded over the interval. This insures
that |[£(t)-f(s)| is small whenever |t-s| is small. By analogy Ilg(G)-g(H)H
should be small whenever G is close to H. A reasonable strategy then is to
define an appropriate derivative of 8(-) and restrict consideration to

only those estimators which possess bounded derivatives. This approach is

discussed in the following section.
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3.2 Influence and sensitivity

In order to maintain the independent non-identically distributed nature
inherent in regression models no stochastic assumptions concerning the pre-
12Xy aTe made. This presents a minor difficulty in that Ham-
pel's (1968, 1974) definition of the influence function is geared toward

dictors x

i.i.d. settings. However, since our interest lies in the class of M-esti-

mates, i.e. those defined as solutions to

N
(3.2.1) L Wy »%;,6) = 0
1

an appropriate analogue to the influence function is

(3.2.2) 1C,(7,%,0) = ~(Eyg(h(Y,X%,8)) h(y,x, )

In (3.2.1) & denotes (9/306)y. Also both ¥ and its influence curve ICw

are allowed to depend on N although the additional notation is often sup-
pressed. In (3.2.2) ENe denotes expectation with respect to PNG’ a measure
which assigns mass F(x}b)/N to (l,xi) and mass (1—F(x§6))/N to (O,Xi),i=1,..,N.
Upper case (Y,X) represents & generic response-predictor pair which

has distribution P For future reference it is noted here that PN is

N6°
used to represent the marginal distribution of PNe corresponding to X and

EN is the expectation operator associated with Py Thus for example X =
(xl+...+xN)/N can be written as EN(X).
The definition of influence, (3.2.2), is motivated more rigorously as

follows: Suppose Gy assigns mass gi/N . . . to (l,xi) and (l-gi)/N to

(O,Xi) for i=1,...,N. For Fisher consistency 6 = G(GN) must satisfy

(3.2.3) f\p(Y,X,S(GN)) dGy = 0 .

Next contaminate GN' Define HN e = (1-g) GN + €Q, then, writing 6(¢) for
b4
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B(HN,E) it follows that
(3.2.4) [ w(Y,X,6(€)) dHy _ = 0.
’
Differentiate (3.2.4) with respect to € and evaluate at £=0 to find
. . -1
8(0) = -(J V(Y,X,8(G) d6) [ ¥(Y,X,8(G\)) dQ.

Finally, take Q to be point mass at (y,x) to arrive at (3.2.2) when GN =
PNG' Since

(3.2.5) Eyg(V(Y,X,8)) = 0,
expression (3.2.5) can be differentiated to:find
s T

where 2(Y,X,0) = (Y-F(GTX))X and T denotes transposition. Thus an alter-

native expression to (3.2.2) is

(3.2.6) 1C,(y,x,8) = (Byg(¥2)) ™" ¥(y,x,8).

Under sufficient regularity conditions a solution ew of (3.2.1) satisfies

N
PN
(3.2.7) N (ew-GO) = N % ICw(yi,xieo) + op(l)

as N - o, And, if

- T ->
(3.2.8) VN(G) = ENe(ICw(Y’X’e) ICw(Y,X,e)) v(e),
then
;i/\
(3.2.9) N(8,-0)) L N(0,V(8,)) -

In the previous section it was argued that bounding an appropriate

derivative of 6(+) should produce robust estimators. This derivative of
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course is just ICw(y,x,e), the Gateaux derivative of 6(-) in the direction
of point mass at (y,x) evaluated at the logistic model, i.e. at Pe N’ More
>
intuitively, ICw(y,x,G) can be regarded as an approximate measure of the
normalized effect on the estimate of adding a new observation at (y,x).

That is, if 6__ solves
yYX

1}
o

N A N
g WCyi,xi,eyx) + w(y,x,eyx)

A

and 6 solves

N ~
g ‘P(}’i,xise) = 0 ;

then under reasonable regularity conditions N(ny-e) = IC,(y,x,6) + op(l)

v

as N -~ «, Thus, selecting ¥ so that ICw is bounded limits the amount of
influence any observation can have in determining 8. Such as estimator is
said to have bounded influence.

Following Hampel (1974) the gross-error-sensitivity is defined as
(3.2.10) s;(¥) = sup ||ICw(y,x,6)H

(y,x)

and is a measure of the maximum influence any observation can have on the
estimate 8. This definition of sensitivity is not invariant to a change
of coordinate system. The following definition of sensitivity, made pop-

ular by Krasker and Welsch (1982), is invariant.

Iy1c

(y,x,6) |
sup sup v

(3.2.11) s, (V) T T
(y,x) v#0 (v Vw(e)v)2

T

sup (ICw

(y,x)

(y,x,6) v;,l(e) IC, (%, )

For this definition of sensitivity the estimator's influence function is

normed by the corresponding asymptotic covariance matrix. Because of this
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Stahel (1981) calls sz(w) the self-standardized sensitivity.
As a consequence of our definitions the maximum likelihood estimate has

influence function
(3.2.12) (EN(F(” Coxx)) ™ y-r(xTe))x

and both 51 and s, are infinite. 1In deriving (3.2.12) use is made of the

2
(1) = F(1-F).

identity F

The goal in implementing a bounded influence estimator is to insure
that the fitted model is determined by the bulk of the data and not by a
few extreme observations. As an alternative to bounded influence one
might therefore consider a procedure which 1) uses appropriate diagnostics
to detect influential observations, 2) establishes criteria for rejecting
influential or outlying data, and 3) employs a standard analysis, e.g. max-
imum likelihood on the reduced data. This would presumably result in a
fitted model similar to that obtained from a bounded influence estimator.
However, a rejection scheme is necessarily a discrete operation. Huber
(1981) claims that robust procedures "...are superior because they can
make a smooth transition between full acceptance and full refjection of an
observation". Furthermore, the correct identification of outliers is often
enhanced by a preliminary robust fit, see Hampel (1976), Pregibon (1982) .
Finally, a bounded influence estimator has associated with it a complete
theory for asymptotic inference.

The ability to continuously downweight observations and the associated
asymptotic theory are the two most often cited advantages of robust proce-
dures. Another less frequently noted advantage, yet one which is encoun-
tered later, lies in the fact that while maximum likelihood estimates may

exist for the complete data, the likelihood function for the 'cleaned"
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data may be very unstable and maximizing values may not exist. In this sit-
uation the rejection approach fails. However, a bounded influence estimator

may still yield meaningful results.

3.3 Related results

Unlike linear regression the problem of robust estimation in the logis-
tic model has received little attention to date. In this section some re-
sults for linear regression are reviewed with the intent of motivating cer-
tain proposals for logistic regression. Next, those aspects of Beran's
(1982) theory which pertain to logistic regression are discussed and finally
some comments are made on specific proposals by Jones (1982) and Pregibon
(1982).

To facilitate the comparison between linear and logistic regression it
js assumed that scale is known and equal to one in the former. Thus in

each case the maximum likelihood equations take the form

N
(3.3.1) ) e.x, = 0
1
where
_ T .
€4 =3 - xie linear

T . s
s - F(xie) logistic

In linear regression €s is usually assumed symmetric. However, this is ob-
viously not the case in logistic regression.
Huber (1973) proposed solving for 8, the equations

N
(3.3.2) ) W (e)x; =0
1 ,

where

% () = € min (1,b/]e]).
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For a certain matrix D this has influence function ICb(y,x,6)==wb(y-xT6)D—1x.
While wb(-) limits the effect of large residuals ICb(y,x,G) is unbounded
since ||x|| can be arbitrarily large. Something which is obvious but never-
theless worth noting is that in logistic regression the residuals are bounded
by one. Thus it is only the predictor which prevents the m.l.e. from having
bounded influence.

With a common sense proposal Mallows (1973, 1975) suggested modifying

(3.3.2) to
N
(3.3.4) % Py (e;) wix)x; =0

where w(-) is a weight function chosen so that |{x|| w(x) remains bounded.
While this yields bounded influence, the indiscriminate downweighting of

x values can seriously affect the efficiency of such a procedure when the
model holds. Intuitively, this is because the information contained in the
point (y,x) is proportional to xxT. Thus, observations associated with
large x's can contain substantial information. In logistic regression the
information in (y,x) is proportional to F(l)(xTe) xxT. Since F(l)ff)é(d/dt)
F(t) decreases exponentially as [t]| + «, Fcl)(xTe) xx! can be large only
when ||x|| is large and |xT6| is small, i.e. x must be nearly orthogoanl to

8. The point here is that downweighting large x's should not affect effici-
ency in logistic regression as severely as in linear regression. This fact
together with the natural bound on the residuals make Mallows type estimators

particularly adaptable to logistic regression.

Schweppe (Handschin et al, 1975) proposed modifying (3.3.2) to

N e,
(3.3.5) % wb&;fifja w(xi) X; -
i
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In (3.3.5) w(x,) = (1-hi)1/2 where h. XE(EN(XXT))-lxi. This proposal

provides the protection of a Mallows but with less loss of efficiency.
Krasker (1978, 1980) considered the class of M-estimators and found

that the choice

o, (Il rx"e3p x| )

T -
Il (y-xT9)p"1x||

(3.3.6) T,x,8) = (y-x 8)x

where D satisfies

| et axTeop x|y
(3.3.7) D= -k — (Y-X e)xJ
| (v-x"e)p” x|

minimizes the trace of the asymptotic covariance matrix of Vﬁ'(B-BO) sub-
ject to a bound on Sy -

Noting the lack of invariance in Krasker's proposal, Krasker and Welsch

(1982) suggest solving

b
T -
lyi-xiel (XiA

] =0

N
T .
(3.3.8) L (y;-x;8) x, min(1, .
1 xi)

where the matrix A satisfies

b T
(3.3.9) A= E_(g, (———1) XX)
X 1 (XTA lx)z
and
.2 .2
(3.3.10) g, (t) = [ min(z“,t%) de(r).

They prove that within the class of estimators obtained as solutions to
N T

g N(Yi,xi,e) (Yi'xie) xi = O;

their proposal alone satisfies a first-order necessary condition for strong

optimality, i.e. minimizing the asymptotic covariance matrix in the sense

of positive definiteness, when a bound is placed on S, Subsequently,



43

Ruppert (1983) has shown that no such estimator need exist, i.e. any best
function w can depend on the particular linear combination YTG being
estimated.

Huber's proposal is a direct gemeralization of his work on estimating
location parameters. The Mallows and Schweppe forms are common sense modi-
fications of the Huber estimator designed to insure bounded influence.
Krasker's approach of minimizing the trace of the asymptotic covariance
matrix subject to a bound on 1 generalized to linear regression Hampel's
(1968) approach to the single parameter problem. Finally, Krasker and
Welsch introduced an invariant version of the so-called Hampel's extremal
problem for linear regression and found an estimator which satisfies a nec-
essary condition for optimality. The theme common to all these approaches
is the attempt to find estimators which perform efficiently at the model
while limiting the influence of any single observation, Beran (1982),
arguing that "...efficiency at the model is logically important only if
one believes that the parametric model holds strictly for most samples..."
proposed a general theory for robust estimation in i.n.i.d. models which
avoids considerations of efficiency. Following is a summary of his theory
only as it pertains to binary and in particular logistic regression. Start

by assuming that the true distribution of Y given Xy satisfies

(3.3.11) Pr(yi=1|xi) =P, i=1,...,N.

For each N define 90 N as that value of 6 which minimizes

N T,y 2
(3.3.12) % HPi - F(xie)lli,e .

In (3.3.12) the choice of the norm ||« || is made by the statistician.

i,
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i,6= |+] and for this choice GO,N exists uniquely

and there is no need to consider the local functionals Beran finds necessary

Beran suggests taking

to introduce in his general theory. The parameter 60 N minimizes a distance
2’

between the true distribution of the responses (Pl"'°’Pﬁ) and the modeled

distribution (F(xIB),...,F(xEG)). Beran maintains that one should estimate

) Since his theory distinguishes estimators only via their asymptotic

O,N’
properties it can be shown that the value of © which minimizes

N
(3.3.13) ] (y;-F(x;)”
1

peforms optimally in Beran's framework, i.e. satisfies his Theorem 2. The

resulting estimator is a solution to
(3.3.14) § ty.-F(x18)) F (xTo) x. = 0
.3. ) Y3 -Flxy i i .

The contamination neighborhood over which this estimator is optimal takes

the form
3.3.15) B,.(6,,C) = {P P-I§(P-F( To 12 <2 ¢%}
(3.3. N0 T R TN A X% = :

The solution to (3.3.14) is none other than the least squares estimator
of 6. That such a simple estimator results from Beran's rather complex the-
ory derives from the fact that the regression function E(Y]X) completely de-
termines the distribution of Y|X for binary models. More specifically min-
imizing the distance between the observed or empirical distribution and the
modeled distribution is equivalent to minimizing the distance between the
observed regression function and the model regression function.

The influence function of the estimator determined by (3.3.14) is

(3.3.16) IC (7%, 6) = (EN((F(” x76))%xx")) Liy-rex0)) Y (x o) x.
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Although the factor F(l)(xTe) limits the influence over much of the design
space, (3.3.16) is bounded for all x only in the case of simple logistic re-
gression with non-zero slope. The least squares estimator puts relatively
little weight on observations associated with extreme probabilities and
from an operational perspective this is its major claim to robustness.

By taking other choices of ll‘”i,e one can show that the most general

form of a Beran estimator is asymptotically equivalent, in Beran's frame-

work, to the M-estimator defined as the solution to
N T (1), T
(3.3.17) % (y;-F(x;8)) F 77 (x;0)x; g, = 0

where {uei}T are bounded non-negative weights. In this case the contamin-

ation neighborhood over which the estimator is optimal takes the form
. Toyy2 2
(3.3.18) By (6,5C) ={P1,...,PN:§(P1-F(xi6)) Mg; < C73

For arbitrary choices of Ugs it is difficult to interpret BN(GO,C).

Studying problems in item response theory Jones (1982) suggested a
class of robust estimators applicable to logistic regression. For a cer-

tain matrix DN these have influence functions

(3.3.19) (y-F(x18)) (F'(x 8))¢ D;]lx-

where € indexes the class. Taking € = 0, 1 yields the m.l.e. and least
squares estimates respectively. To stretch an analogy one might claim that
the factor (F(I)(xTG))€ in (3.3.19) treats the residual in much the same
fashion that a so-called redescender acts on the residual in linear regres-
sion. When Iyi-F(xIB)I approaches its maximum value of 1, it must be that
F(XIG) -+ 0 or 1 and in either case F(l)(xge) -+ 0. Hence an extreme resid-

ual gets near zero weighting whenever € > 0. The influence function (3.3.19)
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. remains unbounded for all € however.
Pregibon (1982) proposed fitting logistic regression models by choosing

6 to minimize
N
(3.3.20) g x(-ZL(yi,xi,e)/n(xi)) ﬂ(xi)

y log F(xTe) + (1-y) log(l-F(xTe)), A(t) is some increasing

where L(y,x,0)
function for 0 < t < «, and W(xi) are positive weights. The choice of 7(-)

is left open. However, he suggests taking

t tsb2
2 }

O et oo
where b2 >0 is adjusted to provide various degrees of protection and effici-
ency. The resulting estimator solves

- @ N L2
(3.3.21) Y 2(y.,x,,0)min*(1,-bm(x,)/2L(y.,x,,0)) = 0

1 i’7i i i’7i
and is generally inconsistent at the logistic model. 1In fact one can show
that minimizing (3.3.20) produces consistent estimates only when A'(-2logp)=
A'(-21og(1-p)) for 0 < p < 1. In this case the estimate is a weighted like-
lihood type in which the weights do not depend :on the yi's.
Although in any given situation it may be that model discrepancies

make the question of consistency meaningless, it nevertheless makes sense to
'center' estimation procedures at the model. In the next section estimators
analogous to the Krasker and Krasker-Welsch proposals are derived and their

- existence and optimality properties are discussed. Attention is then re-
stricted to a computationally simpler class of estimators a 13 Mallows type

‘ and optimal bounded influence estimators are found within this class. Both

invariant and noninvariant procedures are considered.
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3.4 Bounded influence estimators

In this section the notation and conventions adopted earlier are employed
without further explanation. Since Y and its influence function ICW define

the same estimator there is no loss in generality in assuming ¢ = ICW' A

necessary and sufficient condition for ¥ to be in canonical form is that

T
ENe(w 27) = Ipxp .

(3.4.1)
Henceforth only those y's satisfying (3.4.1) are considered. Recall that
under sufficient regularity conditions the asymptotic covariance matrix of

1/ A
N2(0, -0) is

v

T
(3.4.2) Vw(e) = ENe(w V).

Our task is to find that Y function which minimizes tr(Vw(e)) subject

to the constraints

(3.4.3a) Eyg (V(Y,X,0)) = 0
(3.4.3b) s (V) & sup | v(y,x,8) ]| < b.
(y,x)

Suppose there exists a vector CK = (6) and a positive definite matrix

CK,N

MK = MK N(e) (K designates Krasker type estimator ) such that
(3.4.4a) By ((2-C)T (b/||M£1(£-CK)||)) =0
(3.4.4b) ENe((Q—CK)(Q-CK)T r(b/”MK'l(l-CK)II)) = Mg

where r(t) = min(1,t), t=0. In (3.4.4) and elsewhere 2 = 2(Y,X,8) =

(Y-F(X'6))X. Define

(3.4.5) P 05,00 =Ml (a-c ) xo/ || M (a-c) 1)
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. T .
then as a consequence of (3.4.4) it follows that ENe(wKQ ) = Ipo’ i.e,
wK is in canonical form. Clearly wK satisfies the constraints (3.4.3).

To show that ¥ is optimal let y be any competitor and write
(3.4.6)  Byg (01 (-0 -0 0 (-0 -0 ) = By o 0 (a0 ) (Roc) M
- By (M (2-C U
- By (W(8-C) M)
+Eg (¥ VD)

By supposition E(y QT) = I and E(y) = 0. Therefore ¥ persists on the right
hand side of (3.4.6) only in the term ENe(w wT) = vw(e). Thus to minimize

tr(v, (8)) it is sufficient to minimize ENe(H M{(l(Q-CK) -wuz) which is clear-

7
ly accomplished, subject to (3.4.3), by taking ¢ = wK. This result is

stated as

Theorem 3.1 If for a given choice of b >0 equation (3.4.4) pos-
sesses a solution (CK’MK) then wK minimizes tr(Vw(e)) among all Y satis-

fying (3.4.1) and (3.4.3).

wK is the analogue of the Krasker (1980) estimator. The introduction
of the vector CK is due to the asymmetric residuals in logistic regression. .
As with the Krasker estimator neither sl(wK) nor the estimator itself is
invariant under a change of coordinate system. Next. an invariant proce-
dure is considered analagous to that of Krasker and Welsch (1982).

The restrictions imposed on ¢ in addition to (3.4.1) are

(3.4.7a) ENe(w(Y,X,G)) =0

(3.4.7b) s,(0 ¢ sup X0V W0y,x,0) <7 .
(y>%)
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Suppose that for fixed b >0 there exist Cy, = Cxw N (0) and M, = Mew n(O)
satisfying
(3.4.8a) E,.,((2-C )r%(bz/(l—c T 'I(R-C ))) =0
4 Nt Ckw o Mow (A Cxw

(3.4.8b) ENG((SL-CKW)(sz-cKw)Tr(bz/(z-cKw)TM;vlv(z-cKw))) = M-

Define

(3.4.9)  Uuul(Y,X,8) = Dii(-Co )T i(b%/ (2-Cp) MEn(2-Cop))
- kw' o4 k' Cxw k) MwCECxw

where

1 -
(3.4.10) DKW==DKW’N(6)=éENe((Z—CKw)(Q-CKW)Tr‘(bz/(z—CKW)TMK%(Q—CKW))).

Clearly wK satisfies (3.4.7a) which in turn implies (3.4.1). Also, since

. _ -1 -1, T -1 o Tuleo
VKw = vaw = DKW M.Kw DKw it follows that wKw VKw WKW = (& CKW) MKW(Z CKw)x

2 T, -1 2 .
r(b /(,Q-CKW) MKW(JL—CKW)) and hence sz(q;Kw) <b”. 1In light of Ruppert's
(1983) counterexample one might reasonably ask what optimality properties,

if any, does wKW possess? To answer this let y be any competitor and write

-1 -1 T -1 T -1
(3.4.11) ENe((DKW(z-cKW)-W)(DKW(k-CKw)—UD ) =ENe(DKw(R-cKW)(£-cKw) DKW)

-1 T
= Eng (D (-Cip ) V)
T -1
= Exg(W(2-Cyy) "Digyy)
T
By (WyT)

Again Y persists on the right hand side of (3.4.11) only in the term

"1y is, up to an additive constant,

ENe(wxdr) = V,(8). Therefore tr(V Ve,

v

proportional to

-1 T -1 -1
(3.4.12) ENe((w-DKw(z-cKw)) vkw(w-DKw(R-cKw))).
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T ~1

Let ¢ = w and note that |I¢H ¥ Vi, V- In terms of ¢ (3.4.12)
becomes

-1
(3.4.13) Eve Il ¢- 1(»3 i ) 1)

which is clearly minimized, subject to the constraint |l¢H2 < b2, by taking

- 2
0= VeDn (1) 200°/ | VighDiy(4-Cy |

However, this implies that tr(VwVi;) is minimized, subject to (3.4.1) and

the constraint wTVE; Y < b2 by taking ¥ = Y- This last implication follows

from the identity -1 _p 1V 1D -1 and provides the following optimality re-
W = OKWUKWOKW P P

sult.

Theorem 3.2 If for a given choice of b >0 equations (3.4.8) possess

the solution (C . MKW) then w minimizes tr(VwVQ;) among all y satisfying
2

(3.4.1), (3.4.7a), and w VKw w < b".

Remarks-1. In Theorem 3.2 the conditions for optimality of wKW depend
on wKW itself through Vi&. This is somewhat disconcerting and necessarily

weakens the conclusion of the theorem. Nevertheless, Y does satisfy an

KW

optimality criterion and has the additional property of invariance.

2. The theorem is a special case of a general theory outlined by

, be any norm on RP and Bpxp be any positive def-

inite matrix. If 26 is the maximum likelihood score function then the

Ruppert (1982). Let

which minimizes tr(E(Vy® )B subject to [[¢|l, < b is
vg = Py (M (2gC))
S b 6 ™

where P, (2), z € RP is the projection of z onto {zeRP: ||z||], £ b} with
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1
respect to the norm ||z]|; = (zTBz)z, i.e. HPb(z)|[* < b and [[x-Pb(z)HB =

inf{||x-z ] l|z]], < b}. The vector C and matrix M are chosen to insure

that y* is unbiased and satisfies y* = IC,. In Theorem 3.2 B:=VE;, Izl], =
T -1_.% )
(2 V2)* and 24 = 2(Y,X,90).

Both Theorems 3.1 and 3.2 assume the existence of a vector and posi-
tive definite matrix satisfying (3.4.4) and (3.4.8) respectively and this
puts a restriction on the bounding constant b. One can prove directly or
appeal to the optimality of the m.l.e. to show that V, 2 1-1 ~where 1T =

EN(F(l)(XTe)XXT) is the information matrix. Since VK = ENe(wlﬁr) it follows

that
tr(I'l) < tr(Vy)
= Bl ey 2 oyl ac) 1)
< b2 .
Thus
(3.4.14) b > (tr(17(8)))”

is a necessary condition for the existence of a solution to (3.4.4). Further-
more, a fixed point argument similar to that employed by Krasker (1980) can
be used to show that a solution to (3.4.4) always exists for some sufficent-
ly large b, provided I(6) > 0.

For the invariant estimator note that (3.4.8b) implies
-1 T 2 T -1
I -ENe(MKw(z-cKw)(z-cKw) r(b /(R,—CKW) MKW(.Q-CKW)))

and thus p = tr(I) < b2 so that

L
(3.4.15) b > p2

is a necessary condition for the existence of a solution to (3.4.8). Also,
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it follows from results of Maronna (1976) that a sufficient condition for

existence of a solution is

(3.4.16) b2 > p/(1-Pr*(H))

where

pr* (H) = sup P (H)
HeH N©

and H is the set of all hyperplanes in RP. Although the predictors {xi}T
are supported entirely on a hyperplane, the variable % = 2(Y,X,0) with mea-

sure P, is supported on at least two hyperplanes unless Y is constant a.s.

N6

(P Thus (3.4.16) is not vacuous. However, it is not necessarily true

NG *
that,P;*(H) + 0 as N +~ ©, For example, if 6 = 0 then & = * X/2 a.s. (PNe)
and, because of the intercept, P;(H) = 1/2. 1f, however, the non-intercept
components of X are generated from a continuous distribution on ]{p—l and
at least one of the slope parameters is nonzero, then Pyg converges weakly

to a measure which for fixed 6 is absolutely continuous with respect to

Lebesgue measure. In this case P;(H) + 0 resulting in the asymptotic nec-

1
2

essary and sufficient condition b > p
_So far it has been shown that both wK and wKW exist for suitable choices
of b and that both satisfy an optimality property at the logistic model. It
would appear as though our search for a robust estimator is over. Unfortu-
nately, there are considerable difficulties computing these estimates.
Clearly, an iterative method is required and this may involve a good deal
of computing. Particularly troublesome is the fact that the success of any
algorithm is likely to depend heavily on the choice of an appropriate prelim-
inary estimate. One recourse is to employ so called '"one-step" estimates.‘
Starting with a root-N consistent estimate and performing one Newton-Raphson

iteration yields an estimate which behaves asymptotically like the fully
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jterated solution. Crucial to the viability of such a procedure, especially
for small to moderate sample sizes, is the quality of the initial estimate.
For the remainder of this chapter attention is restricted to a computation-
ally simpler class of estimators. Both optimal and optimal invariant members
are found within this class. These estimates may be employed in statu quo
or may serve as starting values for computation of 8K and §Kw or one-step
versions thereof.

The class of estimators considered have influence functions of the form

(3.4.17) I, =V, = (y-F(x18)) t(x,0) w(x,0)
w

where t(+,:) is a scalar valued function chosen by the statistician to atten-
uvate large residuals, e.g. one might take t(x,8) « (Fcl)(xTe))E, £>0a la
Jones (1982). It is convenient to normalize t(-,-) so that sup t(x,6) =1,
for all 6. In the example just cited this implies t(x,0) = (ZF(I)(XTG))€

is the appropriate choice. The vector w(.,.) is a function of x and 6,

but not y, and is varied to achieve optimality. Since E(YIX) = F(XTG), all
members in this class yield Fisher consistent estimators. The requirement

that IC, = ww is satisfied whenever

v

w

(1,7 T
(3.4.18) EN(F (X'8) t(X,0) Xw (X,0)) = Ipxp'

In finding the vector function w(-,:) which minimizes tr(Vlp ) consider-

w
ation is restricted to only those w(-.,-)'s satisfying

(3.4.19) v;(w) ¢ sup || (y-F(x 6))w(x,8) | < b .
(y,x)

Generally, vl(w) = sl(ww) only if t(x,0) = 1. That is, (3.4.19) puts a
restriction on only a portion of the influence curve unless t(x,0) = 1. Note

that this entails no loss of generality since one can always take t(x,0) = 1.
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Furthermore, if t(.,-) appeared within the norm in (3.4.19), then the solu-
tion to the variational problem would be independent of t(-,-). More speci-
fically, by defining w*(x,0) = t(x,8)w(x,6) the variational problem could

be stated as: choose w* to

minimize tr(V, )
¥

subject to sl(ww*) <b
T *
where ¢ , = (y-F(x 6))w*(x,0) = IC
w ww*
The solution to this problem w;pt’ which can also be obtained in the con-
text of the present theory by taking t =1, clearly does not depend on t(-,-).
Note also that the normalization of t(-,-) guarantees that sl(ww):£v1(w).

Thus if (3.4.19) is replaced by the weaker condition
s;(v) =b

a stronger optimality result is obtained. All we are doing here is minimiz-
ing tr(Vw ) over a broader class of vector functions w. It follows that for
W

a fixed choice of b the optimal estimator corresponding to the choice t(-,*)

1 is at least as efficient as any optimal estimator corresponding to some
t(-,) # 1.

The problem is formulated in this fashion to allow greater flexibility
in designing optimal estimators. In parti;ular it will be possible to link
the present results with those of Beran (1982) by indicating the optimal
choice for the weights {uei} appearing in (3.3.17).

Since w(+,:) is not a function of y, (3.4.19) is equivalent to

(3.4.20) sup m(xT6)|lw(x,6)H <b
X
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where
(3.4.21) m(x'8) = max(F(x'8), 1-F(x 0)).
Suppose there exists a positive definite matrix MM = MM N(e) such
that
: (nh, T -1
(3.4.22) My = Ey(FT XX r(bt/m|| My X\ .
In (3.4.22) and elsewhere it is to be undertsood that F(l) = F(l)(XTe),

t = t(X,0), and m = m(X'8). If
w, = Wy (X,0) & (M-1%/1) r (bt/m|| M 'X]] )
then from (3.4.22) E.(FDtxwl) = I so that by (3.4.18)
4. N M pxp y (3.4.

(3.4.23) b0, = -FE0) t(x,0) wy(x,0)
Wy M
is in canonical form. Using the standard argument one finds that for any

allowable w(-,-)

(3.4.24) EN(F(l)tZ(M&lX/t-w)(MQIX/t-w)T) - EN(F(I)MﬁlX)? M)

(1

- By (F tM&leT)

, EN(F(l)thTMgl)

(l)tZWWT)

+

EN(F

where w persists on the right hand side of (3.4.24) only in the term

(l)tZWhﬂ‘) = VW . Thus to minimize tr(Vw

W w

EN(F ) it is enough to consider

(1),2

By e | /%)

which is minimized, subject to (3.4.20) by taking w = Wy
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Theorem 3.3 If for some choice of b>0 equation (3.4.22) has a solution
MM3>0 then wM minimizes tr(Vw ) among all ww of the form (3.4.17) satisfying
w
(3.4.20).

At t=1 the estimator is a solution to the equation
N T Toy (1 -1
(3.4.25) g (v,-F(x;0)) x; r(b/m(x;0) || My (®)x, || ) = o.

The weights r(b/m(xze)llMél(e)xill) might be called optimal Mallows weights

in light of (3.3.4). With t = 4F(1) the equations to solve are
s.0.26) 1 G.-rete)) B aToyx mincrzar @ 7o) b/mexTe) [ (o0, 1 )
(3.4.26) L y; P (xi x,min x;0),b/m(x; MM x.0 ).

Comparing (3.4.26) to (3.3.17) suggests calling the weights

min(1/4 FD (x(0), b/m(x16) || M (), [1)

optimal Beran weights. The resulting estimator satisfies two qualitatively
different optimality criteria. One should not assign undue importance to
this, however. The neighborhood over which the estimator is optimal in
Beran's theory is sufficiently complex as to be almost meaningless. Also,

in Theorem 3.3 only a portion of the influence curve is bounded when tZ£1.
This is necessary to insure that the resulting estimator depends on t in

a non-trivial fashion. Finally, as suggested earlier, it might be reasonable

(1))

As with the Krasker estimator wM lacks the desirable property of invar-

to consider the family of estimators corresponsing to the choice t€= (4F 8.

iance. To obtain this replace (3.4.20) with
(3.4.27) v, () = sup m’(x'6) wivly < b2
v
X W
and consider only t(-,-) which are functions of xTe, Suppose that for b>0

there exists MMI = MMI N(G) > 0 such that
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(3.4.28) My = By Xl ro%e?miX N 0.
Define

(3.4.29) Dy = EyF 0 xxT 2% /mix T 1),
(3.4.30) g = (OLIX/t) ot mix T X,
(3.4.31) g = O-FT0)) wy (x,0).

A by now familiar argument leads to the following result.

Theorem 3.4 If for a given choice of b>0 equation (3.4.28) possesses
the solution MMI > 0 then wMI minimizes tr(Vw V&%) among all Y of the form
(3.4.17) satisfying mow V7w < b’ !

The first remark following Theorem 3.2 is applicable to the present result.

This chapter ends by finding necessary and sufficient conditions on
b>0 so that (3.4.22) and (3.4.28) have non-trivial solutions.

For y, note that since V, > 11,

(™ <ty = B ED I XIP ro’ i md g x?))
< bZEN(F(I)tz/mZ)
and thus
(3.4.32) b > tr(I‘l)/EN(r-(l)tz/mz)

is a necessary condition for a solution to (3.4.22) to exist.
For wMI (3.4.28) implies

I = EN(F(I)M]&X X7 r(bztz/mszMIj&X))

and after taking traces one finds that
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(3.4.33) b > p/EN(F“)tz/mz)

is a necessary condition for the existence of a solution to (3.4.28).

To obtain sufficient conditions start by defining

By = EN(F(”xxT r(t/m||X]D),

Byp = £, (FHxx" (&2l X1 3.

For any positive semi-definite matrix A let Al(A) < AZ(A) <...< AP(A) denote

the ordered eigenvalues of A.

Theorem 3.5 A solution to (3.4.22) exists provided b > X;l(BM) and

in this case BM < MM < 1. A solution to (3.4.28) exists whenever b2>xa}(BMI)
and in this case By, < MMI < 1.
Proof: The proofs of the two assertions are similar so only that one

for MMI is given. Let M be any positive definite matrix with M > BMI' Then

-1 -1
M < BMI and therefore
2.2
b2t2 § b2t2 § tb Al(BMI)
2 T -1 - 2 -1 2 - 2 2
N T n’[|x||

By assumption bzkl(BMI) > 1 so it follows that

rb2tZmixm ) = r(e¥/ml|x]|H

Thus, whenever M > BMI

n,.T 22 2.7T,-1

L(M) = EN(F XX r(b"t7/m XM X)) = BMI'
Let M(O) = 1 and define recursively
M(k+1) = L(M(k))'
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Note that L(:) is an increasing function in the sense that for positive
definite matrices A1 and A2, A1 3 A2 => L(Az) < L(Al) (all inequalities

are in the sense of positive definiteness). Since M(l) = L(M(O)) < M(O)

a routine inductive argument shows that the sequence {M(K)} is decreasing
in the sense of positive definiteness. It is also bounded below by B,.

Thus lim M exist d is just .
us ;m (X) xists and 1is jus MMI

Remarks-1. If p=1, i.e. one slope parameter and no intercept, then
the necessary and sufficient conditions are equivalent. In higher dimen-
sions there can be a substantial difference between the two. It is conjec-
tured, and experience supports this to some extent, that in most cases

(3.4.32) and (3.4.33) are asymptotically sufficient as well as necessary.

2. The proof is constructive. It indicates a method of calculating

MMI(O) for a given 6. More is said on this in Chapter V.

In the next chapter consistency and asymptotic normality of the optimal
Mallows estimator (t=1) is proved for both the invariant and noninvariant

cases. Also the construction of one step versions of GK and GKW is outlined.



CHAPTER 1V

BOUNDED INFLUENCE ASYMPTOTICS

4.1 Introductory remarks

In Chaper III the form of the optimal estimating equations was derived
under the supposition that the estimator was asymptotically normal with
known covariance matrix. To justify these results it must now be proved
that the optimal estimators do in fact behave as expected. In Section 4.2
sufficient conditions are found for consistency and normality of the optimal
Mallows estimators. Proofs of these results are given in Section 4.4. The

construction of one-step versions of Oy and eKW is outlined in Section 4.3.

The fact that xl,x are not assumed to be i.i.d. random vectors

PUERE
presented little difficulty in the previous chapter. However, in Section
4.4 a price is paid for this added generality in the form of lengthy and de-

tailed arguments. This is an equitable tradeoff especiaily in the context

of robust estimation. For example, the -assumption
N 2
(4.1.1) Lllxg 17 = o
1
allows a far greater range of behavior of the sequence {xi} than does

(4.1.2) XXy ees iiind ECllx, [1%)< .

N
In particular (4.1.2) implies, via the SLLN, that N_lz Hxillz converges
1

almost surely which in turn implies
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(4.1.3) max  ([|x. ||2/N) = o(1).
1<i<N t

Thus, assuming (4.1.2) obviates to a great extent the need for bounded in-
fluence. Under (4.1.1), however, max Hx.||2 can increase at rate O(N).
Assumption (4.1.1) models more cloiiithhose designs in which bounded in-
fluence estimators are necessary and hence is to be preferred over (4.1.2)
in theoretical investigations.

One consequence of our model is that it makes no sense to talk about
consistency of the sequence {MN(G)}. The point of view is adopted that
(3.4.22) and (3.4.28) define non-random matrix valued functions of the
vector argument 6. Naturally, the behavior of these sequences must be lim-

ited to some extent and this is accomplished by imposing some mild design

conditions on {xi}.

4.2 Consistency and asymptotic normality

’”~

Consider the invariant estimator SM One obstacle which must be over-

I
come in finding sufficient conditions for consistency is that of determining
the bound b. The crucial requirement is the positive definiteness of the
matrix MMI’ i.e. b must be chosen to insure that AI(MMI) remains bounded
away from zero for all N. This requirement is now given a precise mathemat-
ical formulation. To indicate the dependence of MMI on b write MMI=MMI(6,b).
There should be no confusion if the subscript MI is dropped from MMI and

eMI' Unless stated otherwise M will always designate the matrix correspond-
ing to the invariant procedure. In keeping with established notation

AI(A) <...% XP(A) denote the ordered eigenvalues of the matrix A.

From (3.4.28) it is obvious that M>0 if and only if there exists

€ >0 such that bzkl(M(G,b)) > 82. Given any £ > 0 define
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(4.2.1) 2 (8,€) = inf{a>0: ale(M(e,a)) > 2} |

Let {eN} be any sequence of real numbers, possibly random, bounded below

by one. Finally define
(4.2.2) b = bN(e,s) = eNaN(e,e).

Obviously, bzkl(M(G,b)) > 62. Suppose now that 6 and M = M(8) satisfy

N ~ 1 ) A~

(4.2.33) ] (y,-FG10)x, Ti(b%/mlx) M lx) = 0
1

@230 = e Do redmi )

where m, = m(x{e) and m = m(XTQ). Since € >0 is arbitrary stating the

problem in this fashion merely makes precise the condition that b must

be chosen sufficiently large to insure M > 0. Consistency of 0 is proved

assuming
N 2
(c1) L llx 117 = 0w,
1
(c2) 1im inf A B (FD (e xxT||x| ™) > o.

N

Theorem 4.1 Suppose 6 is a solution to (4.2.3). If (Cl) and (C2)
hold then 6 converges in probability to 60.
The proof of this result is given in Section 4.4. There is a similar result

for the non-invariant estimator which is presently designated 0 to distinguish

it from 6. Let b be defined by (4.2.2) and suppose 0 and M=M(8) satisfy

(4.2.4a) (y,~F(x;8))x, r(b/m || H70x || )

k=1 2,

=

(4.2.4D) - £ @V X" x orm B )

Theorem 4.2  Suppose ® is a solution to (4.2.4). 1If (Cl) and (C2)
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hold, then [} converges in probability to 60.

Remarks-1. Assumption (C2) is necessary. Consider the invariant pro-

cedure. From (3.4.28)

M(8,,b) = EN(F(”xxT 022 mix M)
< bZEN(F(l)xxT(tz/mz) (0 X119
< 4b% ) M) EN(F(”xxTHxH'l)
P
2 1),,T T -
< 4p? EN(HXH ) EN(F( ) (x 8,) XX x| L.
In deriving this inequality it is helpful to recall that r(a) < a, t2 <1,

172 sm’ <1, X'M x> A ) [|x]|2 - ||x||2/>\p(M), IXII = 1, and A oo

A

EN(||XH2). If (C2) is violated, then the sequence {bN(eo,e)} must be un-
bounded for all ¢>0, i.e. it is impossible to obtain a bounded influence

estimator.
2. (C1) and (C2) together imply (C2')

(c2") lim inf Al(EN(F(l)(XTG)XiTHXII_l)) >0
N

for all 8 in some neighborhood of 60.

This follows from the fact that
ey (e xTey - FH xToyyxal||x|| 2y | < [lo-8, llEgClIxI1%).

In the proof of consistency use is made of (C2')
The consistency results are important although not sufficient for pur-
poses of statistical inference. Fixed sample size distribution theory is

prohibitively complex; thus only asymptotic results are possible. In The-

orems 4.1 and 4.2 it was shown that as long as b is chosen sufficiently large
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A

both eMI and GM are consistent. In discussing distributional theory it is
convenient to suppose that the bound b is fixed. To accommodate this sim-
plification assume the existence of some 61 > 0 such that

(N1) 1im inf inf bzkl(MN(G,b)) > 0.
N [le-8,llse

Some conditions restricting the behavior of {MN(')} are also necessary

for distributional results. Consider the matrix valued function of 6 ¢ Ilp

and Qpo > 0.

(4.2.5) 3,00, = Q-E, F D (oyxx” x(v?/m” (x)x"q )

Let Jy 2(S,Q) be its partial derivative with respect to Q. In proving nor-
s .
mality it is required that JN 2(G,MN(G)) possess a bounded inverse for ©
3

near 90 and N large. That is, for some 62 > 0 it is assumed that

. -1
(N2) lim sup sup b I (6,M (8)) ] < .
N fle-gyliss, M2 "N

That (N1) and (N2) are required to hold for all 9 near 60 is a conse-

quence of our rather minimal assumptions on {xi}T. In an i.i.d. setting with
E(||x;|]) < = it should be possible to formulate these assumptions in terms

0
The role played by (N2) is made apparent in the following proposition.

of the behaviour of {M_.} and {J,. .} at the point 6, alone.
N, 2 P

Proposition 4.1 If (N1) and (N2) hold, then the sequence of matrix

valued functions {M (+)} is equi-Lipschitzian for He-eolls § = min(6,,3,).

Proof: For all large N and ||e-eO||s § M (8) is a solution to J (6,Q)

(4.2.6) JN(G,MN(O)) = 0.
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Differentiate (4.2.6) with respect to 6 to find

MI(O) = Ty, (0,1 (8)) 3y (6,M(8))
where
Iy, 18- My(8)) = /03y J(Y,Q)l
8,My (8)

Without much difficulty one can show
2 2,.2
1oy, (@M@ [ < 2007 CIIX]1))

so that (C1) implies ||J1(6,MN(6))|| is bounded independently of 6. This

fact, together with (N2) imply
|| M*(8)|] < const. “6-60|l < 8.

The conclusion follows from an appeal to the Mean Value Theorem for normed

spaces. 0

Remarks-1. (N1) is just another restatement of the condition that

b must be chosen sufficiently large.

2. Assumption (N2), by allowing us to prove the proposition, plays
essentially the same role as assumption 7 of Krasker and Welsch (1982). Since
the xi's are non random it makes no sense to talk about consistency of MN(G).
However, (N2) allows us to conclude that || MN(GN)—MN(90)||= Op(||§ﬁ_60||) for

. . e NEE L _ L —
any consistent GN. In particualr, if N (GN 60) = Op(l), then N (MN(6N)-MN(60))
=0 (1).

p

The main distributional results follow,

Theorem 4.3  Assume (C1), (C2), (N1), and (N2) and suppose 6 is a con-
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sistent sequence of solutions to (4.2.3) where b is now fixed. Then

1 1
e

(4.2.7) Né(g-eo) =N

= 1 2

lpMI(yi,xi,e ) + op(l)

where wMI(-,-,~) is defined in (3.4.31). The proof is given in Section 4.4.

Two matrices appear in the definition of wMI(-,-,e), namely MMI N(e) and

DMI N(e), see (3.4.28) and (3.4.29) respectively. In the following corollary
3

it is assumed, for convenience, that these sequences converge.

Corollary 4.3.1 - If DMI(BO) - D(Go) and MMI(GO) - M(GO), then

N

(6-8,) % neo, 07 p7hy.

1
(4.2.8) N?

Proof: In the right hand side of (4.2.7) DMI,N and MMI,N can be re-
placed by their limits without altering the sense of the equality. Since
wMI is bounded the proof is completed with a routine application of the Linde-

berg Central Limit Theorem and the Cramer-Wold device. U

Theorem 4.3 and its corollary provide the justification for our defin-
ition of sensitivity and the construction of optimal score functions in
Chapter III.

Similar results hold for the non-invariant estimator.

~

Theorem 4.4  Assume (Cl), (C2), (N1) and (N2) and suppose 6 is a con-

sistent sequence of solutions to (4.2.4) where b is now fixed. Then

L~ -1
(4.2.9) N“(e-eo) = N

[ e A

Uy(rgox;89) + o (D)
where wM(-,-,-) is defined in (3.4.23).

Corollary 4.4.1 Assume (6.) -+ M(9 and
,N- 0

0
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Q y(8g) = EgF D (Mo xx™ z(v?/m? || M (o) x]I%)) > qeey)
then

1/2~

N*(6-6,) L N(o,M'IQM'l).

In the next section construction of one step versions of GK and eKW is

discussed.

4.3 One-step estimators

A

Consider the invariant estimator eKW' Under sufficient regularity
conditions it is to be expected that
5,0 4%
(4.3.1) N*(6y-685) = N % Uw(yy-%;00) + op(l)
where wKw(-,-,') is defined in (3.4.9). This suggests the following one-step
procedure. Compute eMI’ the Mallows invariant estimator. Next compute
MKW(GMI), CKW(GMI)’ and DKW(eMI) from (3.4.8) and (3.4.10). This provides
all the necessary building blocks for the one-step operation. The one step
estimate, 6(1) is given by
KW
N A N A
(1) _ -1
(4.3.2) O = Oy * N g wKw(yi,xi,eMI).
This construction is similar to what Bickel (1975) calls a Type II one-step

IC, , the one-step

procedure. Since Y __ is in canonical form, i.e. Y
KW Ykw

KW
operation in (4.3.2) appears deceptively simple.
Although the computational savings are apparent the ultimate justifica-
tion for employing one-step estimators lies in showing that the estimate and
its one-step version are asymptotically indistinguishable in the sense that
N%(é(l)-é) = op(l). Equivalently it is sufficient to show that (4.3.1) re-

. . Ne! .
mains true when GKW is replaced by eéw); i.e. that
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L o(1) -k
(4.3.3) N (eKw -8) =N Y

o 010%,80) *+ 0, (1)

0)

2

Verification of (4.3.3) is long and tedious and will not be undertaken. The
crucial requirement is that the sequences {Ckw’N(e)} and {Nkw’N(e)} must be

equi-Lipschitzian in a neighborhood of 6 The analysis is similar to that

0
encountered in the next section in the course of proving Theorem 4.3
For the noninvariant estimator one first computes eM, CK(GM), and

A

MK(GM). The one-step version of GK is just

(1) _ -1
eK = eM + N g IPK (yi:xi: eM) >

where wK(-,-,~) is defined in (3.4.5).

4.4 Proofs of major results Throughout this section the reader should bear

in mind that often
"Mathematics consists in proving the most obvious thing in
the least obvious way" - Polya
In proving the theorems of Section 4.2 much use is made of the follow-

ing result.

Theorem 4.5 Let {ei} be a sequence of independent random variables.
m_ . , . .
For A ¢ R write XiN(A) = ¢iN(€i,A) where ¢iN(~,-) is a measurable function
from Rx R™ to RP and ¢iN(-,O) = 0. The expectation of XiN(A) is assumed

to exist and is denoted by AiN(A). Define

U.,.(A,d) = sup || X, (&)-X. . (AY) ]| .
iN “A—A' “Sd iN iN I
Assume the existence of positive constants biN’ b, Cine G and d0 such that
(4.1) E(U; (4,d)) < b, d if ||A]l + d s dys
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N
(4.ii) g b,y S Nb,
. 2 :
(4.iii) E(U;(8,d)) < ¢, d if Al < 4,
N
(4.iv) % cin S Nc,
then N
I; (X (B -2 () ]
Sup T = Op(l).
lla]]<d, N*+ N[l

Corollary 4.5.1 For any real B < «,

N
sup NE] T (-2, ()] = 0, (1).
||A]|<B/N? 1

Theorem 4.5.1 and its corollary are essentially i.n.i.d. versions of
Huber's (1967) Lemma 3 and Theorem 3. The proof given follows closely that

of Huber's.

Proof of Theorem 4.5: In the proof we can work with any norm equiva-

lent to the Euclidean norm and it is convenient to take |Y|=max(|Y1|,..,|yr[)

for v ¢ RT. Also suppose W.l.o.g. that d0 = 1. Write
N

L (X (A -2 (M)

z (8 =
NZ+N|A|
We must show
sup |Z.(8)] = o_(1) as N > =,
NE. P

Let J be a large positive integer to be specified later. Set q=J'1 and

define the sets

C, = {a: (- < fa] < (1-0") K=0,1,..., K-1

KN
Ben * {a: |a] = (1-9) ).
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The sequence of integers {KN} is also specified later. Given any €>0 we

have the following inequality.

Kao-1
- N
(4.4.1) P{ sup |z (8)|=2¢e} < Y Pl sup |z (8)] = 2¢}
|a]<1 K=0  AeG
+ P{ sup 1zN(A)| > 2¢} .
lAleBK’N

Subdivide CK into R smaller cubes with edges of length
K
(4.4.2) ZdK = (1-q) q

such that the coordinates of their centers are odd multiples of dK and the

distance from the centers to the origin is
K
(4.4.3) (1-9)"(1-9/2).

Label these cubes CK 1,...,CK R’ It turns out that R<:(2J)m, independent

of K. Let EK ; denote the center of CK ., j=1,...,R. Using an obvious in-
b 3

equality we have

R
(4.4.4) P{sup |Z,(8)]22¢} < L P{ sup |z (8] = 2e} .
AeCK j=1 AeCK .

s

Suppose now that A ¢ CK j? then we know

b4

a-5 ;1 54 = -2 q

(4.4.5)
] > @-@f*t.
We can write g(x (&) - X.. (E )+ A ( A A
[N iN“YK, G iN g1<,j) - AN (8)

Z,.(4) = I
N N? N4

N
%(xiN(aK’j) - Agn(Eg 30

+
1
73

N2 4+ NIAI
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and hence for A € C 3 (4.4.5) implies

K
N
% K,J dy) p\N KJ)-AiN(A)I
|z (D) | = T
N? + N|A|
N
Ig iN K,J) >\iN(E’:K,j)I
+ I v
N® + N|A|
Since for A ¢ CK,j we have |2, iN &K J) (A)|._E(U N( K, j dK)) and ng,jl +
= (l—q)K(l-q/2)+ (1-q) q/2 < 1. Assumption (4.1) implies
(4.4.6) MiN(Ex,j) - A | <b.dp A e Cy,5°
From (4.4.6) and the fact that |A]e Cy j implies |A|>(1-q)K+1 we get
N
(4.4.7) 2, (8)] £ —
N N(l-q)K+1
N
L Oy (8 ) - iN(EK’J.))
M
N? + N(1- q)
whenever A ¢ C, ..
K,J
Let TN,K,j and VN,K,j represent the two terms appearing in the r.h.s.

of (4.4.7) respectively. Then from an obvious inequality

(4.4.8) P{Asup IZN(A) | = 2¢} < Pr{TN’K,j ze} + Pr{vN,K,j z e},
eC,, .
K,J
But
(4.4.9) Pr{TN’K’j >¢e} = Pr{g(UiN(ix’j,dK) -Ui,N(EK’j,dK)) >

K+1 N =
N(l-q) " “€- %(biNdK + 0, (& j,dK))}

where UiN("') =E(UiN(-,-)). Together (4.4.9), (4.i) and (4.ii) imply
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p{TN,K,j ze} < P{Ii (UiN(gK,j’dK) 'UiNcgl(,j’dK)) z
N-q) ¥ e - 2 N(1-9 q).
We now choose J so that with q=J"l
(4.4.10) - e - 2o na-¥q) > (-9 ¥q7cD.
A little algebra will verify that
(4.4.11) J > c/e + 4 + 8b/e

is sufficient. With J chosen accordingly we get

(4.4.12) P{TN,K,j >e} <

N L1
PUT Wiy (g, 5080 - Uiy 5090 | 2 > N(1-q) g %7} <

K
1—9 q - -K
N c( %K = N l(l—q)
N (1-q)

The last inequality follows from Chebyshev's inequality, (4.iii), and (4.1iv).

Returning to VN K, j note that from elementary considerations together
2 3

with Chebyshev's inequality we get

(4.4.13) p{vN K jze} <
N K+1
PLIL (Xyn(E ) - A j))l 2 eN(1-q)" "} <
1 »
Z E(Xy (€ )
c N (1_q)2K+2

Obviously lXiN(EK’j)I < UiN(O,(l-q)K(l—q/Z)). Thus from (4.iii) it follows

that E(XiNch,j)) = CiN(l-q)K(l-q/Z). Using this we have from (4.4.13)



(4.4.14) p{v zel g

Together, (4.4.8), (4.4.12) and (4.4.14) imply

(4.4.15) P{ sup |2,(8)]>2e} s vla-g*as ——

=),
AECK’j e (1-q)
which in light of (4.4.4) and the bound on R implies
mN—l -K C
(4.4.16) P{ sup |zN(A)|zze} < (2) (1-9) (14 —5—).
AeCk £ (1-q)

Summing the appropriate geometric series one finds from (4.4.16)

K -1
_ N m
(4.4.17) } plsup [z, 2 2¢} s B e =tmy Lo .
K=0 peC, N N e2(1-q) Kyt
: K q(1-q)
Ky Ky
i . When & € By \, IxiN(A) -)\iN(A)lsUiN(O,(l-q) ) + Tu(0,(1-q) ).  Thus
(4.4.18) P{ sup |2, (8)| = 2¢e} <
i N
AeBy

3 N, L5 N >
p{g (U, (0, (1-) ) + U, (0,(1-q) ")) 22eN7.

Apply the Markov Inequality to (4.4.18) and use (4.ii) to find

N Ky
2) Uy, (1-a) )
(4.4.19) P{ sup IZN(A)| > 2¢} < -+ i
AeB 2€N2
K,N
< N;i(l—q)KN b/e.

Finally, from (4.4.1), (4.4.17), and (4.4.19), we get

m
(4.4.20) P sup |z, ()] > 2¢) <29y, ) 1

N 2 2 K
Al<1 -
. o K T e

4 N
+ N%(1-q) b/c.

73
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The proof is concluded by showing that we can choose {KN} so that the r.h.s.
of (4.4.20) tends to zero as N + «. This requires

L KN
(4.4.21) N*(1-q) = -+ 0,

K
N (1-q) N, 00,

The choice K = [(-3/4) 1%%%] will do. | 0

Proof of Corollary 4.5.1: Let A' have norm |A'| < B. For all N 2

-3
Bz/dg, NT?ar] < do; hence for all large N
-1
(4.4.22) sup ]ZN(N AD| < sup IZN(A)I = o_(1)
|at|<B |A|=d, P

Note that for |A'|<B

N ‘1/2 "']/2 1

A 1 1.

I% N B N A ) N Tl L

(4.4.23) v = 1 |z, (N2 ]
2 2

N N

IA

Y
(1+B) |z (N"*A") |.
From (4.4.22) and (4.4.23) we find

N -L -L
|) (X, (N2 -2, (N A1)y |
(4.4.24) sup 2 : = o (1)
|at | <B NZ P

However, (4.4.24) is equivalent to

N
Ig (X, (8) = 2, (8)) ]
sup . 1/2 = op(l)
|a]<N"%B N

which proves the corollary. 0
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_1
Remark The requirement that XiN(O) = 0 can be weakened to N 62§X1N(0)
_ . s * - _
= op(l) by applying Theorem 4.5 to the random quantities XiN(A) XiN(A) XiN(O).
In proVing consistency the following definitions are helpful.

Definition 4.1 A sequence of concave functions is said to be 0C(1)

if every subsequence contains a further subsequence converging to some nec-
essarily concave function. When the sequence of functions is random and con-

vergence is in probability the sequence is said to be OCp(l).

Definition 4.2 For a real function £(-) the set {yeRP: £(y) za} is

called Lev(o,f).

We are now in a position to prove the consistency results. The proofs
of Theroems 4.1 and 4.2 are nearly identical so only that for the invariant
eatimator is given. The proof is long and detailed and starts with some pre-

liminary lemmas.

Lemma 4.1 Suppose f(-) and g(*) are finite concave functions on RP,
If f(-) has a unique maximum and f > g then g attains its maximum at some

Y € RP and the sets Lev (0,g) are bounded for all a.

Proof: Let Y, be the maximum point of £. Then Lev(f(yo),f) = {YO} and
by Rockafellar (1970) Corollary 8.7.1, Lev(a,f) is bounded for all a. Since
f dominates g it follows that Lev(o,g) < Lev (o,f) and hence Lev(o,g) is
bounded for all o. The remaining conclusions follow from the continuity

of g. O

In the following lemma the space of all square pxp matrices M is normed

with the usual operator norm. The product space RP x M has typical element
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A= (8,Q) where 6 ¢ R?, Q ¢ M, and norm ||A]| = max(||6]|, |lQID.

Lemma 4.2 Assume (Cl1l) and (C2). Then for every vy ¢ RP and B < =

sup |N‘11§(y “F(x.6,)) (log F(x.y)) min(1 L ) |
[ENTE T 1 n(x;0) lox, |

= o0 (1),
P( )
Proof: Let €, = (}’-"F(x-eo)), A= (6,9), A' = (6',Q') and define

t (6@ =min(l, l/m(x?l‘e Nli) | Nl/zQxiH )
(4.4.25)

1
-4

X&) = N %, (log Fix;¥)) (1-t;,(8,Q)).
Since |log F(t)| <1 + |t],

(4.4.26) X, () - X, (A ] < N2+ [xgyD [e,,(8,Q - ¢, (67,01

Recall that m(t) = max(F(t), 1-F(t)). With this in mind differentiate

tiN(Y,Q) with respect to y to find
[13/3y ¢4 (v,Q |l
(1), T, % -1, T, % %
= I(t; (,Q < 1) £t (v,Q F 7 (x;6N)m ™~ (x;6N%) N2||xil|
5
< 2N HxiH.
By the Mean Value Theorem then
1
(4.4.27) [, (8,Q -, (8",Q | < 2N%||x, || [le-e'|].
From the inequality lmin(l,s_l) - min(l,t—l)l < |s-t| we get

(4.4.28) £, (87,Q) - £, (8',Q") | SN0 0N | flax, || - [la'x, |

<N¥ix, [l lle-a' I
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The triangle inequality, (4.4.27), and (4.4.28) imply

A

(4.4.29) |t (8,Q -t (6',Q")] NElx, I Clle-ar |l + 2]ie-01 ()

IA

L
aN?x, ||| a-2]]
From (4.4.26) then we have
T
X () - xiN(A')l < 4“xi|[(1+ ly xil) l|a-ar|].

This implies

. T
4.4.30 u. . (A,d) = X...(A) -X.. (A <4 . 1 . A-A' 1.
G450 v w0 X8 sl e D]
T . .
Let biN = 4Hxi|l (1+ |y xil), then (C2) implies
g
(4.4.31) b.. = 0(N) .
1 iN

From the inequality (s+t)2 < 4(sz+t2) we get
2
- ' -
(4.4.32) [t (0,Q) -t (8,01 | < 4[t, (6,Q) - £, (8',Q)]
1 - 1 '
+ 4]t (0'Q -t (61,Q1)] .
since 0 =t (-,") < 1, (4.4.27) and the ineqaulity min(1,t’) <t imply

2 . 5
(4.4.33) £, (8@ - £, (04,Q) | = min®(1, 29%x, || [[e-8"[])

N

IN

1
2N lx, |l 1]e-6" ||
Similarly we get

2 1
(4.4.34) |t (87,Q -t (0Nl " < N¥Ix i Q' ]l -
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Thus, (4.4.32), (4.4.33), and (4.4.34) imply
000 - £, (87,00 [ < ax¥lx; [l clla-' [} + 2lle-6"]))
< 1687 ||x, || 8- 1],
and hence from (4.4.30)
(4.4.35) UiN(A,d) < (N_l(1+-|YTxi|)2) IGN%Hxi|Id < 16N %(1 + Hy¢|)znxi||3 d.

N

-1 2 3 . .
Let ¢, = 16N Zaa+ |vlD |IXiH , then % ciy = O(N) if and only if

- -
Nt 2? N 2Hxill3 = 0(1). From the Cauchy-Schwartz inequality

O a N 5 N
@436 NN E 12 o7t DI ot T i 1
1 1
N 2 4 N L
- 2 2 z
SO RN Ix; 11
N 3/2
<ot kB
1
N
and thus (C1) insures ) c.y = 0N .
1 1

The assumptions of Theorem 4.5 are satisfied with XiN(A) = 0 and d0 = 1.
Thus, from Corollary 4.5.1 we know

, N
sup , INTEY X, (8] =0 (1)
|lal]<NB 1 W P

which in turn implies

_I/N -1
(4.4.37) sup N2 ¥ X, (N3] = o _(1).
lalfss 1 W P

But (4.4.37) is equivalent to

N

-1 T . T
(4.4.38) Ih;ﬁzBiN % e; (log F(xiy))(l-mln(l,l/m(xiﬁ)HQxiH))| = op(l).
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N
The proof of the lemma is completed by showing N'l Z eilog F(xgy) = op(l).

1 0
Verification of this last step is straightforward.

In Chapter II we appealed to some results by Andersen and Gill (1982)
concerning random concave functions. In this section we need a slight gen-
eralization of these results.

Theorem 4.6 Let - E be an open convex subset of RP and let Fl’ Fz""

be a sequence of random concave functions on E such that V ycE, FN(Y)liF(Y)
as N > » where F is some, possibly random, function on E. Then F is also con-
cave and for all compact A < E,

sup IFN(Y)-F(Y)I Po asN-»w.
YeA

Proof: The only difference between the above result and that of Ander-
sen and Gill (1982) is that the limit function F is allowed to be random,
i.e. for fixed ye¢ E F(y) may be a random variable such that FN(Y) L F(y).

Andersen and Gill's proof works for this generalization without modification.

O

Our interest actually lies in the following simple corollary.

Corollary 4.6.1 Suppose that with probability equal to one F has a

A

unique maximum at Yo € E. Let YN maximize FN. Then Yy 5 YO as N » o,

Proof: The proof, a simple exercise in analysis, is omitted. O

We are now in a position to prove the consistency results.

Proof of Theorem 4.1: Write

1 ~L
(4.4.39) Wer, = minz(l,bz/mixz M1

iN xi)

where b, M, and m, = m(xze) are defined in (4.2.2) and (4.2.3). Define the
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random function of v € I{p,
R T T
(4.4.40) Gy(Y) =N ; (v;log F(x;v) + (1-y;) log(1-F(x;7))) W,

Note that YiN does not depend on Y. Since
~ -1 N T
Gy(¥) = (3/37)Gy(v) = N % (y,-FOMIX, Wy -

(4.2.3a) implies éN(G) = 0. Also, since

.. N
6 = /by = N7 LE D e wy < 0.

{GN(-)} is a sequence of random concave functions each attaining its maximum

~ ~

at 0(=8y).

The inequality |log F(t)| < 1+ |t| is used to show

IA

N
N1 ) (1+|YTxi])

(4.4.41) G (M) | )

A

22+l 1l By CIXIID).

Since EN(||XH) is bounded and the inequality in (4.4.41) holds almost surely,
the sequence {GN(°)} is 0C(1), Rockafellar (1970), Theorem 10.9 (see also
Definition 4.1). In particular, this means that every subsequence of {GN(')}
contains a further subsequence converging in probability  (in fact almost
surely) to some, possibly random, concave function. Suppose for the moment
that the limit of every convergent subsequence of {GN(°)} has, with probabil-
ity one, a unique maximum at 60. Pick any subsequence {6N } and let {GN ()}

K K
be the corresponding subsequence from {GN(')}. By supposition we can find

GN (*) converging in probability to some GK j(-) having, with probability
K,j ~ ’
one, a unique maximum at 60. Since GN maximizes GN it must be that
~ K,j k,]j ~
P > >
Oy > 0, by Corollary 4.6.1. Thus, every subsequerice {SN } possesses

K,j K
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a further subsequence converging in probability to 60. However, this implies

that GN converges 1in probability to © Thus, to prove consistency, we need

0
only demonstrate that the limit of every convergent subsequence of {GN(°)}
possesses a unique maximum at 60 with probability one.

Suppose therefore that
(4.4.42) Gy () %6
K

where G(*) is some, possibly random, concave function. We want to show that
G(*) has a unique maximum at 60. With b and € as in (4.2.1) and (4.2.2)
note that the inequalities
T
1/2 < m(xie) <1

b2 A (M) = &

imply w. > min(1, e/|lx;[). Thus, since ||xil| > 1 we can find €* > 0 such

that
Wou 2 e*/llxill .
Define
(4.4.43) U (v) =e*N'1]§(( log F(x1v) + (1-y.)log(1-F(x.¥)))/||x. ||
e N L1708 TR yi’108 i i

and let ﬁ&(Y) = EN(UN(Y)). It should be apparent that (i) UN(Y)"ﬁﬁ(Y) =
op(l), (ii) {ﬁ&(')} = 0C(1), and (iii) each ﬁﬁ(-) possesses a maximum at 60.
Furthermore, condition (C2') implies that the limit of every convergent sub-
sequence of {ﬁﬁ(-)} has a unique maximum at Gof

Returning to GN (*) note that
K

(4.4.44) G, (v) =U, (V)
NK NK
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Pick a further subsequence such that ﬁﬁ (¢) » ﬁ(-). Then obviously
K,j

G(*) < U(%).

Since G(-) may be random this last inequality as well as (4.4.44) should be
interpreted as almost sure results. By Lemma 4.1 G(-) attains its maximum
and the sets L(o,G) are bounded for all real o (again these are almost sure
results). Since EN maximizes GNK(') this implies the existence of a constant

K
R <« such that

(4.4.45) pr(fl6, ||l sR =+ 1 asN -
Ny 'K

Define

N
-1 T T T T
(4.4.46) JN(Y)==N %(F(xieo)log F(xiy)+ (1—F(xieo))log(l—F(xiy))) oy

Then
(4.4.47) |6 () - Iy ] = [T, ] + [T, ]
K K
where N
T () = NT Zke (log F(xiv))
1Y) = Ry 11108 FIX Y)Wy o
1 K
Tz(Y) = Tl(”Y)s
_ T
e; =¥y - F(x;85)
~-1 22
Let Q ~ = b"M and note that by (4.2.2)
~_1 2 9 2
4.4.48 > b A, (M) I >e“ 1 .
( b0 1™ Top P*p

"~

~1
The matrix Q is positive definite. Denote its square root by Qé, then from

(4.4.48) we have

(4.4.49) 0 < <e " 1
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Because of (4.4.45) it must be that

T, (| = T, (M| I(HGNKHS R) + Op(l),

where I(A) = indicator of the event A. Thus neglecting terms of vanishing

order,
NK
(4.4.50) 7. (1) | = 22 T €. (log FGxT))min(1,1/m(xt6 ) || @, 1) |
4. LN 1= N Le g F(x;Y))min(1,1/m(x; Ny X5
NK
-1 T . T L
< sup IN €. (log F(x.y))min(1,1/m(x,06)||Q*.|]D}.
HQHSR K 1 i i 1 i
1
IQ%|Is1/¢e

Appealing to Lemma 4.2 we have that |T1(Y)| = op(l). Similarly one finds

|T2(Y)| = op(l) and thus from (4.4.42) and (4.4.47) it must be that

R

3 () > 6.

K
However, for each N the concave function JN(~) has a maximum at 90. Also
(C2') together with the inequality w, 2 e*/“xill imply that for all large N
JN(-) has a unique maximum at 60 and, more importantly, that the limit of
every convergent subsequence of JN(-) has a unique maximum at 60. Therefore,
G(-) also has a unique maximum at 60 with probability one. This completes

the proof. d

With the consistency results established we turn our attention to
Theorems 4.3 and 4.4. Because of their similarity the proof is given for
the invariant estimator only.

For ||e-eO|| < § define
k.2, 2 T, To-1
wiN(Q)-mln (1,b"/m (xie) xiM xi),

(4.4.51) e, (8) =y, - F(xge).
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In proving Theorem 4.3 we appeal to Theorem 4.5 with
(4.4.52) kiN(A) = 51(60+A) xiwiN(60+A)-ei(eo)xiwiN(eo),

T
A (&) = (F(xieo)-F(XI(GO+A)))xiwiN(60+A),

To simplify notation we set

N

EDRINOY
1

AN(A) = N
The following result is needed.

Lemma 4.3 Under the assumptions of Theorem 4.3 there exists o> 0 such

that
IO = ollall iall < 8, N large.

Proof: Fix v € RP and consider the function of B ¢ RP
a¥ o r T T
Ty, y(8) = N7 (R G 8) - FOxg (0g+B0)) wyy (O )

1
Since TN Y('): RP 5> R the Mean Value Theorem implies

_ T . ~
(4.4.53) TN,Y(B) = TN’Y(O) + B TN,Y(B)

for some E on the line segment joining B to the origin. Note that E depends
on the chosen vector y, however [|B]| < ||B]| for all y. Since Ty Y(0)= 0
L4

(4.4.52) can be written as

N
_ -1 (1), T,. = T T
TN,Y(B) = -N % Foo7(x; (8,+8)) W (8g*8) B x X Y .
Now take vy = B8 = A to arrive at

(4.4.54) XE(A)A = AT Ay B
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where

(4.4.55) Ay =N g PO L (0,#B)) wyy (60 x;

and ||&|| < 8. However, (4.4.54) implies |\((A)A] = ||A.|l2 A, (A) and hence
A2 2 (a) fiall-

Assumption (N1) implies the existence of some positive o such that wiN(60+A)

> BUIIxill whenever ||A]| < 8 and hence
> o B (F' (X8 +B))xx/ ||x]D)
A F % Ey 0 '

The existence of the constant o> 0 follows from (C2'). 0

We are now in a position to prove Theorem 4.3.

Proof of Theorem 4.3: Suppose for the moment that with XiN(A) defined

in (4.4.52)
(4.4.56) l[XiN(A) - XiN(A')||s const. (1+ HxiH) | A-a ||

whenever ||Al], ||A']] < 8. Then, using (Cl) one can verify the conditions

of Theorem 4.5. With AN = GN-GO it then follows that

N Pay A
} K (B - A0 (8))
(4.4.57) T - = o (1) .
N? + N|A]l P

For all large N Lemma 4.3 implies
A -1 A
18l < o7t A @ |

and this in turn implies from (4.4.57)

N

NS (X (B - A (B)
(4.4.58) L - . = o (1) .
1+ N2 || A () | P
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Note that
. N N . N
PR _ N2
(4.4.59) Zy= N g X, (&) =N % e; (0g) %%, (8))

and without much trouble one can show ZN = Op(l).

Equation (4.4.58) implies that for every n > 0
5 n 1% A
P{||ZN—N xN(A)H <n(l+a °N |1AN(A)||)} > 1
which in turn implies
L ~ -1k A
PINZ(| Ag @) [ = [z lh+ n+ ma NI () 13+ 1.
Take n = o/2 to find
1/ ~
PINF|| A || = 2]z || + o} > 1,

1 ”~N
that is, Néu XN(A)||= Op(l) also. This implies that the numerator in

(4.4.58) is op(l), i.e.

1/ ~
(4.4.60) 2y - NE () = 0 ().
But
(4.4.61) NE () = N2 § (Fx'8 ) - F(x19))x, w,. (8
4 In(8) = NE g (R 8p) = Bl 0 )xy vy (9)

and by applying the Mean Value Theorem to each summand in (4.4.61) we get

b N DI
(4.4.62) N* 2y (8) = D} N (e-eo)
where
a ¥ a1 T ~
*:
Df =N g Frol(x;8,) x,x. w, (0)

~ ~

and each ei lies on the line segment joining 0 to 60- With a routine analysis

(C1), (N1), (N2) and the Lipschitz property of {MN(')} are used to show
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(4.4.63) D% - Dy n(8g) = o (1)

where DMI(GO) is defined in (3.4.29).

Finally, (4.4.60), (4.4.62) and (4.4.63) imply

1
2

- -1
N?(8-8) = Dyy (80) Zy + o (1)

which is the desired result. Thus, to prove Theorem 4.3 it is sufficient to
verify (4.4.56) whenever ||Al|, ||a']] < 6.

One finds
X, (8) = X, (81 = €, (B -B)x; (w, (B +8) = wyy (B +A"))
' wiN(eO-A')xi(F(le(eom')) - F(x;{(eo+A)))

and employing the Mean Value Theorem to F(:) along with some obvious inequal-

ities we have
(4.4.64) |xiN(A) -XiN(A')I < ||xi|| o (Bg+8) - w, (8+AY)
2
+ gl wiN(90+A')HA-A'H.

Note that |[Mi(*)|| < EN(IIXHZ); thus by (C1), ||MN(e)|| is bounded for all 6.
Also, (N1) implies that |{M§J(6)|l is bounded whenever l|6—60]| < §. Together

these two facts imply
-1
(4.4.65) Mg o)l + M7 0y || = 0@), |66, = 6.
Using (4.4.65) a simple argument shows that there exists K, such that
(4.4.66) Wi (8prAt) < Kl/HxiH.

The inequality lmin(l,s_l)-min(l,t_l)l < |s-t|/st, (4.4.65), and some
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. elementary inequalities are used to show
(4.4.67) lwiN(eo+A) - wiN(60+A')| <
K, ()%, || m(xT(e +A)) -m(xT(e +A"))
2 i it o ito
~ A 2
o lixg 1111 M08 - M (8 +an) |3/ 1l
for some constant K,. Since |m'(t)]| = F(l) (1)

(4.4.68) Im(x; (8,+8)) -mx (0,+81)) | = fix; [l fla-1 .

Also from the Lipschitz property of HMN(-) | we know there exists some K,

such that
(4.4.69) || M (8+8) - My (B +A") || < K[[a-a" ]
- . However, (4.4.67)-(4.4.69) imply that there exists ](4 such that
(4.4.70) |w, (8 +8) -w, (8 +A") | < K Jla-av|] (1+ [[x H'l)
e iN* 0 iN“ 0 -4 i -

Finally, (4.4.64), (4.4.66) and (4.4.70) imply
I X0 - X @0 [ € KCllx 1+ 1) fla-2

for some constant K, thus completing the proof. 0



CHAPTER V

APPLICATIONS

5.1 Introduction

How does it work in practice? After wading through the theory of the
previous chapters this is a natural and legitimate question. In this chap-
ter a partial answer is provided by applying the proposed techniques to two
sets of data. The first, originally due to Finney (1947b) has appeared
elsewhere in the context of diagnostics and robustness, Pregibon (1981,
1982). The response indicates the occurrence Or nonoccurrence of vaso-con-
striction in the skin of the digits. This is to be regressed on the loga-
rithms of the rate and volume of air inspired. The second data set is from
a study relating coronary heart disease (yes-no) to systolic blood
pressure and cholesterol level. The predictors are log(systolic blood pres-
sure-75) and log(cholesterol). The first data set contains 39 observations
and is referred to as SVC. The latter is designated CHD and contains 108
observations.

There is no attempt to draw conclusions from the data. Interest lies
not in the analysis per se, but rather in the method of analysis. In parti-
cular we want to determine what information, if any, the bounded influence
estimators tell us about the data, that we would not learn from the m.l.e.
Also, the data provide a means to examine and fine tune the performance of
the proposed procedures. After a discussion of computational strategy the

analyses appear in Section 5.3.
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5.2 Computation

Several approaches to the computational problems are possible. The
algorithm outlined here is that which was implemented to obtain the esti-
mates in the following sectien. It is not necessarily best or the most
efficient. The sample size is now fixed and it should cause no confusion
if the subscript N is dropped from various vectors and matrices. In its
place lower case 'n' is used to denote the nth iterate of an estimate.

A~

First, the algorithm for obtaining the Mallows invariant estimate, eMI’

is discussed.
It follows from the results of Chapter III that MMI(G) exists only

if b > L(6) where
(5.2.1) 120 = p/E FD (xTo) t2(x,0)/m’ (X" 0)).

In the algorithm the bound is chosen accordingly. ~More specifically

b = b(0) has the form

(5.2.2) b(6) = BL(6), for B > 1.

The choice of B > 1 is made by the statistician. Define
(5.2.3) W (x,8,M,b) = r(b2t2(x10)/(m2(x'8) x M 1x)).

For now t(-) is assumed general. Later we make some specific suggestions.

Our problem is to find 6 satisfying
N TA e A A
(5.2.4) %(yi-F(xiG)) w(x;,0,M,.(8), b(6))x, = 0.

The iterative procedure used to solve (5.2.4) is suggested by (4.2.7). Pick

some initial estimate 60 and define recursively
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A A el N A ”~ A ~

‘l’ _ -1 -1 T

(5.2.5) 0,170, * Dyyp (BN g(yi-F(xien))xiw(xi,en,MMI(en) ,b(6))
The matrix DMI(G) is defined in (3.4.29). Were it not for the fact that
MMI(G) is implicitly defined this would be a fairly routine procedure. For-

tunately, computation of MMI(Gn) is straightforward. Let M0 = I(Gn) and

define recursively

T

(5.2.6) My, = EN(F(l)(XTen) XX wz(x,en,MK,b(an))).

This procedure necessarily converges (see the proof of Theorem 3.5) and
the limit is just MMI(en). Thus the major steps involved in computing

e A

) from © are:
n+l n

1} Compute b(en) from (5.2.2);

X ‘ 2) Compute MMI(Gn) according to (5.2.6);
(5.2.7)

3) Compute DMI(en) from (3.4.29);

4) Compute 6n+1 from (5.2.5).

Upon convergence (5.2.4) holds and

T

(5.2.8) MMI(g) - EN(F(”(XTQ)xx wz(X,g,MMI(g), b(8)).

~

The achieved or realized bound is b(8) = BL(9).
The construction of the one-step Krasker-Welsch estimator has already
been outlined in Section 4.3. The only problem is to solve equations (3.4.8)

for 8 = 6. In this procedure the bound remains fixed. Its determination

is discussed in the next section. Define

® (5.2.9) 3,(C.M) = E5((8-C) b2/ (-0) M1 (2-0))),



92

(5.2.10) 3,(C,M) ENa((z-C)(z-C)T r(b%/ (2-0) ML (2-0))).

The problem is to solve

t
o

(5.2.11a) J,(C,M)
(5.2.11b) M= J,(C,M)

for C and M. The result will be CKW(G) and MKW(G). The point of view is
taken that (5.2.11b) defines M as a function of C. For any given C, M(C)

is found as follows. Let

M ~((2-C) (2-0) Ty

0 = Ene!

and define recursively

(5.2.12) M = 9,(CM).

The sequence {MK} necessarily converges to M(C) (see the proof of Theorem

3.5, Section 3.4). With this is mind set C0= 0 and define recursively

(5.2.13) Coup = Cnt (/B 7/ (1-c )T (C ) (2-C_3)0)3, (€, ,M(C )

If Cn converges to some C* then it follows that

Jl(C*,M(C*)) =0
and

M(C*) = JZ(C*,M(C*)).

Thus C* and M(C*) are just CKw(G) and MKW(G), the desired quantities. The

L -
motivation for (5.2.13) derives from the fact that ENa(rz(bz(Q—C)TM 1(C)(IL—C)))

x IPxp is an approximation to —(B/BC)JI(C,M). Thus (5.2.13) is a type of

quasi Newton-Raphson iteration. Of course there is no guarantee that {Cn}
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‘ converges. Although no problems were encountered in the following examples

it is possible that other data sets might require a more sophisticated tech-

nique.
In summary, the major steps involved in computing 6#;) are:

~ N

1) Compute 6 = eMI;

2) Compute CKW(G), MKW(G) as outlined above;
3) Compute DKW(G) from (3.4.10);
4) Compute wKW(-,', 8) from (3.4.9);

5) Compute 6(;% from (4.3.2).

5.3 Examples

In the first pass at the data the optimal Mallows invariant estimate
(t=1) was computed for several choices of B>1. For each such estimate
the K-W one-step estimate was calculated using the realized bound from the
Mallows procedure. This standardization provides a basis for comparing the
estimates. Also computed was a one-step modified version of the K-W esti-
mate obtained by fixing C=0. If this differs little from the full K-W
one-step, a case could be made for using the gomputationally simpler esti-
mate.

The results for the SVC data appear in Table 5.1 and those for the CHD
data in Table 5.2. The significance of the table entries is best explained
by example. Consider the SVC data and in particular the entry corresponding
to the Mallows estimate for B=1.75. The estimated coefficient vector is |
(-4.27, 6.25, 6.99). The numbers in parentheses are z statistics obtained

. by dividing the estimate by its estimated asymptotic standard error. Finally
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the seventh entry gives an approximate measure of efficiency relative to max-

imum likelihood. For an estimate ew with asymptotic covariance vw(e) define

the trace efficiency as

-1
_tr(l 0
(5.3.1) treff(0) = tr (V. (9))
v
The table entry is treff(6 ) where 6 is the appropriate estimate.

v 12

The vertical trends in the tables will be discussed shortly. For com-
parison of the different estimators the horizontal trends are more interest-
ing. The K-W estimator follows 6MI quite closely with a slight tendency
to shrink back toward the m.l.e. The opposite is true of the modified K-W
estimator suggesting that the correction vector C(8) does have an effect on
the estimator. Furthermore, the discrepancy between 8(1) and 6(1)(C =0) in-
creases with decreasing B, as might be expected. As B decreases all the
estimators tend to expand away from the m.l.e. with the trend most notable
for 6KW(C=O)' The z statistics remain fairly stable throughout the table
with the exception of the jump from B=1.50 to 1.25 for the CHD Data. With
B=1.50 the coefficient of log cholesterol is not significant at the .05
level for any of the estimators. However, at B= 1.25 significance is ob-

tained by 6. and 6(1)(C 0) and very nearly so by 9(1).

MI
Having compared the estimators among themselves it is time to determine

if they are performing as intended, i.e. are they resistant to changes in

a small percentage of the data? Pregibon (1981, 1982) has shown that obser-

vations 4 and 18 are influential points in the SVC data. What happens if

these are removed? A look at Figure 5.1 indicates that the cleaned data is

very nearly singular in the sense that almost perfect discrimination is pos-

sible. Attempts at obtaining an m.l.e. fit to the reduced data with the SAS

PROC LOGIST procedure failed. The near singularity of the data as (4, 18)
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are progressively downweighted also explains the lack of convergence of

~

eMI for B=1.25. By judicious choice (= lucky guess) of starting value a
convergent solution to the likelihood equations was eventually obtained.

The estimated coefficients and z statistics are

(5.3.2) -24.58 (-1.75)
31.94 ( 1.80)
39.55 ( 1.70)

Points 4 and 18 are more than influential; together they virtually determine

the fit entirely! The bounded influence procedure with B=1.5 produced the

estimates
5 (L) 5 (o
eMI eKw eKw (C=0)
(5.3.3) -23.41 (-1.72) -23.44 (-1.72) -24.79 (-1.68)
30.43 ( 1.77) 30.47 ( 1.77) 32.20 ( 1.72)
37.60 (1.67) 37.66 ( 1.67) 36.89 ( 1.63)
.93 .93 .92

Certainly it is unfair to judge the sensitivity of the estimators by their
performance on this unusual data set. The CHD data provides a more reason-
able setting.

An application of Pregibon's diagnostics to the CHD data suggested
that observations 4 and 35 are influential. After deleting these the m.l.e.

for the cleaned data is

(5.3.4) -76.92 (-3.09)
5.48 ( 3.49)
9.27 ( 2.45)

The most dramatic change is in the coefficient for log cholesterol which is

not significant at 108 observations, yet is for 106 observations. In this
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example the bounded influence estimators perform more as expected. For

B=1.25 the following estimates were found.

a ~(1) A1) o
oM Okw O (C=0)
(5.3.5) -68.89 (-2.90) -69.05 (-2.89) -82.46 (-2.80)
4.86 ( 3.27) 4.93 ( 3.28) 5.29 ( 3.15)
8.33 ( 2.28) 8.30 ( 2.26) 9.90 ( 2.27)
.87 .88 .83

These should be compared with the estimates in Table 5.2 corresponding to
B=1.25. For the coefficient of log cholesterol the least change occurred
in the Mallows estimate, the greatest in 8&;}C=0). In terms of inference
8(1)was least stable.

KW

In deriving the Mallows type estimators an effort was made to increase
flexibility by introducing the attenuating function t(x,8). The reader no
doubt is wondering if this aspect of the theory has any application. The
choice (F(l)(xTe))e, suggested earlier, proved unsatisfactory both in terms
of protection and efficiency. Output from the bounded influence procedures
provides some insight into the problem of selecting t(x,6). This also pre-
sents the opportunity to comment on the diagnostic aspects of a bounded in-
fluence fit. First the diagnostic plots are discussed, then selection of
t(-,*).

The output considered here corresponds to B=1.50 for the SVC data and
B=1.25 for the CHD data. All the estimators have a representation as
weighted m.1l.e.'s. The Mallows weights, depending only on position in the
design space, are not very informative as a diagnostic tool. However, to
give the reader a feel for the weighting pattern, Figure 5.2 contains a

contour plot of the weights corresponding to all potential predictor pairs.

The general tendency, as expected, is for the weights to decrease as distance
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from the center of the design increases.

The K-W weights do provide a convenient diagnostic tool. For the SVC
data the only observations assigned weight less than one are 4 and 18 with
weights of .34 and .39 respectively. For the CHD data observations 4, 35,
and 71 received weights of .72, .47, and .86 respectively. Lowering the
bound to 1.1 added observations 43, 92, and 105 to the list of those re-

ceiving weight less than one.

th

For the Mallows procedure define the observed influence of the i™" ob-

servation as

(5.3.6) oL, = Wr (y.,x.,0) Vo2(8) ¥y (y.»x,,8))"
T i MI“i’71’? MI MIMi’7i°

and the normalized observed influence as

(5.3.7) NOIi = OIi/(realized bound)

theory suggests that observations with large NOI correspond to those having
the greatest effect on the fitted model. In Figure 5.3 the NOI for the SVC
data is plotted against observation number. It is evident that numbers
4 and 18 are influential. However, from this plot one might also suspect
#29. 1In Figure 5.4 NOI is plotted against the fitted logits, i.e. NOIi *
x{a. In comparison to neighboring values NOI29 appears less extreme. Further-
more, numbers 4 and 18 are revealed as truly exceptional observations.
Plots of NOI for the CHD data appear in Figures 5.5 and 5.6. The in-
fluential points are evident. While numbers 35 and 71 clearly do not fit
the pattern of the data the same cannot be said of observation 4. The next
plot illustrates why number 4, in conjunction with 35, has such a great ef-

fect on maximum likelihood estimation. Figure 5.7 is an overlay plot of the

fitted response function and the actual responses versus fitted logits.
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With a listing of the output, sorted by response and fitted logits, impor-
tant points on the plot are easily identified. Number 35 has the largest
residual among those observations with positive response; number 4 the
largest residual among those with negative response. Figure 5.7 illustrates
grahpically how 4 and 35 work together to attenuate the slope of the plotted
response function. This explains in part why maximum likelihood, which
assigns equal weight to all observations, is so sensitive to these two points.
With the information obtained from the various plots it is now possible to
construct an appropriate attenuating function.

To stay within the context of the Mallows theory the t-function must
depend only on the design and 6. It should distinguish between potentially
troublesome data and that which is innocuous. Let Li(6)==xze and L(8) =
(Ll(e),...,LN(e)). Certainly any observation for which iLi(e)l is large is
potentially influential and hence a candidate for downweighting. Furthermore,
these observations contain relatively little 'information'. Thus downweight-
ing them should have a minimal effect on efficiency. A reasonable range for
the cutoff value is (3,4) as the logistic distribution function assigns most
of its mass to the interval (-3,3). Other potentially troublesome observa-
tions are those associated with the extremes of the set {Ll(e),...,LN(S)}.
Often these are synonymous with large ILil, as in the SVC data, but, as
evidenced by the CHD data this need not be the case. Let Ri be the rank of
Li' For some cutoff value, CV,and trimming constant, 0 < o < 1/2 define the

indicator function

1 if |L.| s Cv, R, > aN+l, R, < N-oN,
1 1 1

(5.3.8) X

0 otherwise.

Finally, for a weight 0 < € < 1, define t*(xi,6)= tﬁ(xi,e) as
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(5.3.9) t*(xi,e) = X; ¥ s(l—xi).

Whenever an observation is potentially troublesome t* assigns it a weight
of €. All others receive full weighting. There are some potential problems
with using the Mallows estimate corresponding to this choice of t(-,:). Be-
fore discussing these let's first determine if it performs as expected. 1In
the following examples the tuning parameters are set at CV=3.5, a= .05,
and €= .5.

Although the SVC data is somewhat unusual it does provide a good arena
for testing the performance of the new estimator. Setting B=1.50 produced

the following estimates.

5 (1) e
S *kw Ok (€=0)
(5.3.10) -10.02 (-2.22) -4.66 (-2.49) -5.31 (-2.45)
13.54 ( 2.29) 6.72 ( 2.63) 7.57 ( 2.57)
15.61 ( 2.17) 7.11 ( 2.65) 8.24 ( 2.58)
.88 .97 .97
In light of the previous discussion the result for eMI is expected. How-

ever, it is somewhat disconcerting that the other two estimators shrink back
towards the m.l.e. so much. There are two explanations for this. First is
the fact that it is no longer appropriate to use the realized bound from the
Mallows procedure in the one-step operation. Evidence of this is found in
the approximate efficiencies with respect to maximum likelihood. The jump
from .88 to .97 indicates that a lesser bound should be employed for the one-
steps. Of course this would increase the downweighting of observations 4

and 18, bringing the estimate more in line with 6MI' The second explanation
concerns the viability of the one-step operation in this setting. As 4 and

18 are downweighted the information matrix approaches near singularity, warn-
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ing of computational instability. In such a situation the performance of
a one-step operation is suspect.

Compare the plot in Figure 5.8 to that in Figure 5.4 With the excep-
tion of the points corresponding to 4 and 18 the basic pattern of influence
is unchanged. However, the NOI of the maverick observations is substan-

tially reduced. Their resulting value of .5 is a consequence of the choice

of €.
Next consider the CHD data. With B=1.25 the new estimates are:
108 obs.
a ~(1) A1)
eMI eKw eKw (C=0)
(5.3.11) -55.48 (-2.73) -47.79 (-2.94) -53.95 (-3.01)
4.19 ( 3.05) . 4,17 ( 3.41) 4.64 ( 3.42)
6.45 ( 2.04) 5.08 ( 1.95) 5.80 ( 2.07)
.70 .95 .94

Again there is a tendency for the one-steps to shrink towards the m.l.e.,
although to a lesser degree. The explanation for this behavior is the same
as that fqr the SVC data.

The NOI for the Mallows estimate is plotted in Figure 5.9. The pattern
of influence is similar to that in Figure 5.6 with the notable exception of
observations 4 and 35. Apparently t* is performing as expected.

To test for stability the new estimate was calculated for the reduced

data, sans 4 and 35. 106 obs.
a 5(1) a(1) o
eMI eKw eKW (C=0)
(5.3.12) -69.54 (-2.64) -69.95 (-2.94) -79.37 (-2.91)
4.89 ( 3.03) 5.00 ( 3.34) 5.66 ( 3.27)
8.43 ( 2.12) 8.40 ( 2.29) 9.56 ( 2.34)

.71 .91 .88



101

Of the three procedures the Mallows is most stable both in terms of estima-
tion and inference. However, it also sacrifices the most efficiency.

It might be argued that t* has been tuned specifically to the two exam-
ples, thus diminishing its credibility in other situations. I do not believe
this to be the case. The motivation for classification as a  potentially
troublesome observation exists independently of the two examples. Further-
more, the choices CV=3.5, a=.05, and €=1/2 are quite natural, given the
context of the problem. However, this issue will only be resolved by fur-
ther application of these methods to a wide variety of data.

The potential problems with t* stem from its lack of continuity as a
function of 6. First, this can cause computational problems. In the results
presented in this section no difficulties were encountered. For the CHD data
with B=2.0, 1.25 and starting from the m.l.e., the routine converged in
only a few steps. However, for the intermediate value B=1.50 the routine
quickly moved to the appropriate neighborhood but then oscillated between
two similar values indefinitely. The second problem is theoretical. Although
Theorem 4.1 gives consistency for the Mallows estimate only for t=1 the
proof can be pushed through for t* with minor modifications. The key require-
ment is that €>0. However, for asymptotic normality it is probably neces-
sary to make some strong assumptions concerning the empirical measure of the
predictors, specifically weak convergence to a continuous probability distri-
bution. This problem remains to be investigated. Of course both problems
could be resolved by obtaining a continuous function behaving similarly to t*.

Work on this approach continues.
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TABLE 5.1  SVC DATA
o (1) (1)
B eMI eKw eKw (C=0)
oo -2.92 (-2.27)
(mle) 4.63 ( 2.59)
5.22 ( 2.81)
1.0
2.0 -2.95 (-2.21) -2.94 (-2.21) -3.07 (-2.22)
4.65 ( 2.50) 4.63 ( 2.51) 4.81 ( 2.51)
5.24 ( 2.73) 5.23 ( 2.74) 5.43 ( 2.73)
.94 .94 .94
1.75 -4,27 (-2.33) -4.18 (-2.33) -4.51 (-2.32)
6.25 ( 2.51) 6.14 ( 2.51) 6.58 ( 2.49)
6.99 ( 2.60) 6.88 ( 2.62) 7.40 ( 2.57)
.94 .94 .93
1.50 -5.65 (-2.32) -5.56 (~2.32) -6.29 (-2.27)
7.96 ( 2.43) 7.85 ( 2.44) 8.84 ( 2.37)
8.91 ( 2.42) 8.81 ( 2.43) 10.02 ( 2.34)
.88 .89 .87
1.25 DID NOT CONVERGE

Estimated efficiency w.r.t. maximum likelihood

Table entries are in the format:

Estimated
coefficien
vector

t (z-statistics)
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TABLE 5.2  CHD DATA
a a(1) NS
B Oy Ocu By (C=0)
o -46.70 (-2.96)
(mle) 4.24 ( 3.53)
4.82 ( 1.88)
1.0
2.0 -46.05 (-2.93) -46.06 (-2.93) -46.72 (-2.94)
4.19 ( 3.51) 4.19 ( 3.51) 4.25 ( 3.51)
4.74 ( 1.86) 4.74 ( 1.86) 4.82 ( 1.88)
.99 .99 .99
1.75 -46.67 (-2.93) -46.66 (-2.93) -47.93 (-2.95)
4.20 ( 3.48) 4.20 ( 3.48) 4.33 ( 3.50)
4.85 ( 1.89) 4.84 ( 1.88) 4.96 ( 1.90)
.98 .98 .98
1.50 -47.16 (-2.92) -47.20 (-2.92) -50.46 (-2.93)
4.19 ( 3.42) 4.20 ( 3.43) 4.53 ( 3.45)
4.95 ( 1.90) 4.95 ( 1.90) 5.26 ( 1.94)
.96 .96 .95
1.25 -49.55 (-2.95) -48.21 (-2.91) -57.57 (-2.93)
4.09 ( 3.31) 4.13 ( 3.33) 4.93 ( 3.30)
5.46 ( 2.03) 5.19 ( 1.95) 6.22 ( 2.06)
.91 .91 .87
1.10 -49.64 ( 2.83) -48.17 ( 2.83) -65.22 ( 2.78)
3.97 ( 3.11) 4.07 ( 3.22) 5.39 ( 3.04)
5.57 ( 1.99) 5.23 ( 1.92) 7.21 ( 2.07)
.82 .86 .76

Table entries are in the format:

Estimated .
coefficient
vector

(z-statistics)

Estimated efficiency w.r.t. maximum likelihood
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Figure 5.1

SVC data: This is a plot of the response (x~1, [0~0) as a function of
log(rate) = LRATE and log(volume) = LVOL. For reference with Figure 5.2
the line corresponding to an estimated probability of response equal to
one half, as determined by the Mallows estimate, is superimposed. If

observations #4 and #18 are removed the data are nearly singular.
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Figure 5.2

SVC data: This
function of the
Superimposed is

sponse equal to

106

is a contour plot of the Mallows weights as a continuous
design variables log(rate) = LRATE and log(volume) = LVOL.
the line corresponding to an estimated probability of re-

one half.
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Figure 5.3

SVC data:

108

This is a plot of the Mallows normalized observed influence

(NOI) versus observation number. Large values of NOI indicate influential

observations.
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Figure 5.4

SVC data: This is a plot of the Mallows normalizrd observed influence

versus fitted logits (LOGITF). Large values of NOI indicate influential

observations.
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Figure 5.5

CHD data: This is a plot of the response (x~1, [J~0) as a function of

log(cholesterol) = LCHOL and log(systolic blood pressure -75) = LSBP.
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Figure 5.6

CHD data: This is a plot of the Mallows normalized observed influence
(NOI) versus observation number. Large values of NOI indicate influential

observations.
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Figure 5.7

CHD data: This is a plot of the Mallows normalized observed influence
(NOI) versus fitted logits (LOGITF). Large values of NOI indicate in-

fluential observations.
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Figure 5.8

CHD data: This is a plot of observed and modeled response curves as func-
tions of the fitted logits (LOGITF). The plot illustrates the effect of

observations #4 and #35 on the fitting procedure.
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Figure 5.9

SVC data: This is a plot of the Mallows (t*) normalized observed influence
(NOI) vesus fitted logits (LOGITF). Large values of NOI indicate influ-

ential observation.
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Figure 5,10

CHD data: This is a plot of the Mallows (t*) normalized observed influence
(NOI) versus fitted logits (LOGITF). Large values of NOI indicate influ-

ential observations.
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