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1. Introduction. R. E. Bechhofér._[—;;7 has proposed a single-sample

multiple-decision procedure for choosing, among a group of normal populations with
common known variances, that population with the largest mean, and, with M. Sobel
1'2;7, a procedure for choosing the normal population with the smallest variance.
Several other analogous problems have also been treated.2 They suggest, with only
intuitive justification, choosging the population with the largest (smallest) sample
mean (variance), and give tables for finding the minimum sample size (agsumed equal
for all populations) which will guarantee a correct decision with prescribed prob-
ability when the extreme population parameter is sufficiently distinct from the
others. This paper gives justification for a wide class of such procedures, proving
that no other rules can meet this guarantee with a smaller (fixed) sample size; that

is, such rules are most economical / 4 7.

The main result is stated in section 2 and proved in section 3. It is applic-
able to any anslogous problem of choosing the population with the most extreme para-
meter when, for each sample, there is a numerical sufficlent statistic with a mono-

tone likelihood ra‘bio5 and the parameter is a loecation or scale (but not range)

parameter3 in the distribution of the statistic. The theorem is applicable to

1 This research was supported by the United States Air Force through the Air Force
Office of Scientific Research of the Air Research and Development Command, under
Contract No. AF 49(638)-261. Reproduction in whole or in part 1s permitted for
for any purpose of the United States Government.
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For a review, see the introduction in'[—§;7.

3 Por definition, see /5 7/ for example.
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Bechhofer's procedure and the corollary to Bechhofer and Sobel's. (In the latter
example, if the means are unknown, it will be necessary to invoke invariance) In
section 4, the result is further extended to problems of ranking the populations ac-
cording to the parameter values, or of grouping them by ranks, as formulated by

Bechhofer /- :L_7 .

The requirement that the parameter be one of location or scale is dropped in

section 5. Then the guarantee holds only at a specified location; for many pro-

blems, s least favorable location can be determined so that the guarantee can be

mede to hold irrespective of location. For example, the procedures of M. Sobel and
M. J. Huyett [ 6_7 for choosing the largest of several bilnomial parameters are proved
t0 be most econbmical. In section 6, the broader optimality of this latter procedure
is discussed.

. These results, some of which appeared in _/_ 7__7 , are obtained from application

of most economical decision theory /4% 7. As indicated by Bechhofer [ 17, if the

populations differ in a known way (normal populations with different known variances,
for example), optimal allocation of the sample sizes is apparently exceedingly com-

plex; such problems are not treated here.

2. Theorem. (i) ILet {fy} , 0¢(7) C Ry, be & homogeneous class of density
:E‘uncticms)+ w.r.t. & fixed measure. Let {Xij} (i=1, veoym; J=1, eou, n) de-

note mn independent random veriables where Xi 3 has the density functlon fg s
i
o, ¢( ), 1 =1, .v., m, and let O[ j_<_ eee <0 Cn be the ordered values of the
1 o !
. _ -
©,'s. Denote Q= (Ql, cees Om).

(yii) Suppose t, = ti(xil’ e, xin) is a mumerical sufficient statistic for

i

Oi , that ti hes a monotone likelihood ratio, and that Qi is a location parameter in

The reglon of positive density is independent of Q.
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the induced distribution of t, (i=1, ¢ov, m).

(iii) et Dn denote any decision rule for choosing which Oi is © ]: ]based
m
on an observation on the mn random variables iXi j} , and let DnO denote that Dn

which chooses as the largest of the m © i‘s the one corresponding to the largest of

the ti's. Suppose N is the least n for which

(1) S an“l(t + 8)ar (t) >« (6>0,0<y<1)

where Fy n('b) = Fn(t-O) is the c.d.f. of t with parameters @ end n.
3

Then DNP satisfies

(a) Pr{ correct decision using Dn] 975 >y for all © for which © -

0
(o] B4

>0 and
(b) there does not exist a decision rule D  satisfying (2) with n < N.
Corollary: Replace in (ii) "location" by "scale"; replace in (111) "t + 8"

by "td", "6 >0" by "® . 1", "Fn(t-O) " by "Fn(t/O) "; replace in (a)"®

-0 "
[m] E-1]

by

o
o B

3. Proof of theorem, Denote 9 = (9;, ..., Om), w = {9 toi =0

H
| - A ]
OE:] - O@.l 26} , and pi(g) = Pr{ choosing Di using Dn'-?} s 1 =[-l, ces, M.
m
Then (a) is equivalent to pi(g) >y for Qecui (L =1, s00, m).

Iet )si be a distribution over o, which assigns probebility one to the ©-point

with all coordinates equal to Oo (arbitrary) except the i-th coordinate which equals

Oo+6; i.e., © =@ =0 + 8 =0,. Denote this point O .

g e ° : 1

We first show that, for n fixed, Dnc> is minimex for choosing esmong 21,. .o ’-O-m
where the loss function is -1/y if a correct decision is made and zero otherwise,
and that, when using Dno, pi(gi) = LeH.S. of (1) for all i. Secondly, we show that
the A, 's are least favorable in the sense that infwipi(g) = pi(g ) = j Pi(g)d}"i s
as shown in the special case of Bechhofer in [ 1__7. Application of theg}'ems T and 9
from /74 7 completes the proof of the theorem. The corollary may be proved by

epplying a log transform to t, ©, and 3.
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l.o According to section 1.B of ‘/_"4_7 , a minimax rule for choosing among the
Q.'s with the specified loss is one which chooses'Oi es the largest 0 if aihi > ajh 3
for all ] where h(_‘g,g) is the joint density of tl, coey t’m when the parameter is
g,hj = h(_’g,gj), and 8., «.., & are positive constants chosen so that pl(gl) = ..
= pm(gm) . Denoting the density of F by g and pf Fy by g, (dropping the subscript n
assumed fixed),

h(ﬁ,@_) = ggl(tl)ggg(tg) seo ggm(tm)

s0 that f‘ihi‘ > ajh 3 implies

(2) aigoom(ti) gQO(tj) ze ,ngo(ti)g00+5( 2

or equivalently, since © is a location parameter, the subscripts on the g's can be
subtracted from thé argurents. Denoting r(t) = & +6(t) /gg (t) for fixed 6 end &,
defined throughout the region of positive density gor t, (2()> implies r(t ,j) <
r(ti)ai/aj. Since t has a monotone likelihood ratio, r(t) increases with t, the
inverse function exists, and (2) may be written tj < J:"'lj_‘:i:"('bi)a.i/e,'j 7] . Therefore,

the probability that the minimax rule chooses © ; @8 largest when @ =0 i is

(3) pi(g ) Pr{ aihi > ajhj for all J| 9_ 291}

Pri a;hy >ajb, for all j|t; =y, 9 =_Qi§

g :'1; ‘Pco?n { 1 [x(3)e, /s, ]} dFOO+ 5,09 -

This is independent of 1 if 8 =8 = ..o =8, in which case @, is chosen if hi is

i
largest. Because of the monotone property of hi s the minimex rule is thus D °,
n
Upon setting the ai's equal and transforming ¢t = y - Oo - B, (5) becones pi(gi) =

L.H.S. of (1), and is thus independent of the choice of Oo.
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2.° similarly to (3) above, for Dno we have pi(gl = Pr{ 5 2> tj for all

31_0_% = g WJ#FOJ_,n(y) dFOi,n(y) = S'ﬂgﬁ F(u+0, - oj) aF (u) which in-

creases with Oi - Oj for each j # i. For‘gewi, Oi - 03'2 % so that the infimum over

W, of Py is attained at 0, - Qj =8 for j # 1 and, in particular, at © =-Ei .

i

k. Extension to procedures for grouping by renks. The results in section 2

can be extended to the problem of ranking the populations according to their e-
values, or more generally, of selecting the n, "pest" populations, the m._q "second
best", etc., the my "worst" populations, given Mys eeey W (s <m, Zmi = m) -- the
"general goal" expressed by Bechhofer in section 3.B of_Z_;;7. The rule DNo is to
rank according to t-values, choose N by a rule analogous to (1) (see z—%;7), and
then the probability of a correct grouping will be at least y when the groups are
sufficiently far apart. Most economical theory is used for discriminating among the
m:/(m11m21 cee ms:) possible alternative decisions. The proof differs little ex-

cept for the notational complexities.

5. Extension to other ordering parameters. Intuitively, a procedure which
ranks the ©'s according to the values of the sufficient statistic t should be opti-

mel whenever © is some kind of ordering parameter in the distribution of t. That t

should have & monotone likelihood ratio is such an ordering requirement. A less
stringent requirement is that the c.d.f. of t be monotone in @ for all t; that is,

ifOl<O thenPr%_T>tl01‘g _<Pr{T>t’02.§ for all t, in which case the

2
one random variable is said to be stochastically larger than the other. E. L.

Lehmenn has shown (theorem 1 in /8 /) that a monotone likelihood ratio assumption
implies the latter type of ordering. That © be a location parameter is an addition-
al ordering requirement -- that Fb be a particular kind of monotone function, namely
F(t - 0). It was required in the theorem so that the probability in (8) could be
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computed on the condition that the best population was sufficiently distant from the

second best without regard to the location of the best population; that Fb be mono-

tone was also required, but this follows from the monotone likelihood ratio assunp-

tion. Thus, the location requirement in (ii) can be removed by adding it in (a), so

that replacing F(t + 8) by Fy -S(t) and 4F by dFy in (1) and replacing (&) by (a')
o

o

in which the inequslity is required to hold for all O for which 8] [ ] = Oo ané
m

- R > & for some specified value Oo of the parameter, the theorem and
_progg rema?%lvalid. The guarantee of a correct decision is only calculated at one
location, specified by 00.
In many such problems, it will be possible to find a least favorable loce-
tion @, i.e., a value of O vhich minimizes g FO_Gfbl(t) ng(t), in which case
(a) need not be replaced by (a'). Sufficient conditions are that () be bounded
and closed. If not, it may be possible to find a least favorable sequence, applying
theorem 8 of /4 7.

In this revised form, the theorem applies to all such problems of choosing
the best population whenever there is a numerical sufficient statistic with a mono-
tone likelihood ratio, and therefore, in particular, if its distribution is in the
exponential family. Thus, it holds for Sobel and Huyett's procedures / 6 7, the
condition (a) corresponding to their "original specification” using a least favor-

able 00, and (a') to their "alternative specification.”

6. A distribution-free extension. It can be shown that Sobel and Huyett's

procedure is optimal not only for choosing the best binomial population but for the
more general problem they describe of choosing the population with the largest
"survival probability", with no parametric specification of the underlying distribu-
tions. If the distributions differ only in location, then the problem is equivalent
to that of choosing the population with the largest median. This application is

adapted from an example by W. Hoeffding / 9 /.
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Iet the class of density functions under consideration include all densities,
f, w.r.t. a fixed measure u on the real line such that 0 < u( { x> ai ) <1 for
some speclfied a. The {xij‘k are assumed independent with Oi = Pr { xij-z 8 } )
constant over j =1, oo, n (i =1, ..., m. If xij represents a lifetime, then Oi
is the probebility of survival to age a, and none of the distributions need coincide
except in their ©-values.

Extension of the theorem can be accomplished as indicated briefly here:
Subsets {a%:l of density functions sre specified in terms of the ©'s as in sec-
tion 3; a priori distributions over these sets are specified, somewhat as in ex-
ample 5 in /74 7, which reduces the problem to that of choosing the best of m bi-
nomial distributions. The decision procedure is to choose Ok as the largest of the

@,'s if more of the xkj's exceed a than do the x_ .'s for any other i. That these

i iJ
a priori distributions are least favorable follows as in section 3, using theorem
7 from /4 7, end noting that the probebility of a correct decision depends only on
the O-values. A least fevoreble O_ can be chosen, if desired, as in /6 7. Thus,
the procedure of Sobel and Huyett is most economical for this distribution-free
problem in the sense that (a), or (a'), and (b) are satisfied.

The author would like to acknowledge several helpful comments by Professor

Wassily Hoeffding.
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