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SUMMARY

High temperature nuclear reactor components are subject to a complex history of thermal
and mechanical loading cycles. To evaluate the adequacy of such components, detailed infor-
mation on the accumulated inelastic strains and strain cycling is required. The purpose of this
work is to derive the theory, to develop efficient numerical techniques accounting for plasticity,
creep and overall equilibrium, to describe the overall structure of the resulting computer pro-
gram, and to demonstrate the capability of this analysis on a real structure.

Starting with the Principle of Virtual Work, exact equilibrium equations are derived for a
step-wise Lagrangian formulation. The resulting equilibrium equations are then specialized to
the incremental Piola-Kirchhoff stress computation and to small incremental strain formula-
tion.

Classical plasticity theory is used to develop a novel method based on the concept of ““plas-
tic stress” for consideration of inelastic behavior. It is shown that materials stress-strain curves
can be followed to any desired degree of accuracy both for isotropic and kinematic hardening.
1t is further shown that for kinematic hardening it is necessary to base the incremental change
on the state corresponding to the mean of the initial and the final states in order to satisfy the
yield condition at the final state.

The equation of state and strain hardening is used to describe the creep behavior.

A novel numerical technique to describe a complex load history is developed by using time
as a parameter, history breakpoint determination by scanning of various load vectors and by
linear interpolation between any two breakpoints in the load history.

Efficient criteria for load incrementation in the form of a fraction of the total *plastic
stress” for any sequence of two load history breakpoints are developed and made an internal
function of the program. This saves the user significant hardship when faced with guessing the
load increment for an unknown state of the solution at any of the load history breakpoints.

The “plastic stress” load vector concept is utilized with iteration and extrapolation to con-
verge to the equilibrium states with simultaneous satisfaction of the stress-strain relations for
each of the iterated states.

The essential features of the computer program DYPLAS-FSH, based on the theory and
techniques described above, and a postprocessor program POR-FSH, based on RDT F9-5T for
ratcheting and fatigue evaluation, are identified and discussed. These computer programs are
used to analyse the ellipsoidal pressure vessel head of the intermediate heat exchanger of EBR-
II, penetrated by two closely spaced non-radial nozzles, subjected to four consecutive compo-
site cycles of complex mechanical and thermal loads.

In summary, the significant new results of he efficient
trary load history, introduction of the “ pla for inelastic
implementation of classical plasticity with mentation ¢

nematic hardening, use of the load incrementation algorithm based on the ** plastic stress™ con-
cept, and creation of a computer code capable of solving practical problems.
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1. Introduction

The DYPLAS-FSH program is design for elastic-plastic-creep analysis of structures sub-
jected to a complex loading history. The FSH version of DYPLAS utilizes trilangular and
quadrilateral finite elements and hence can be used to model three-dimensional structures

which may be ideallized by initially flat elements.

Section 2 gives a brief summary of the general theory used in the formulation of
DYPLAS-FSH.

In Section 3 constitutive relations are developed in a form convenient for the use
of the "plastic stress" method. In Section 4 the techniques for following a complex load
history as well as the methods used for load incrementation and cyclic hardening are
developed. A brief program description is given in Section 5, with sample analysis results

given in Section 6.

2. Equations of Equilibrium and Method Solution

Basic equilibrium equations for the analysis under consideration of geometric and

materials non-linearities are derived from the virtual work primciple [1]

[Fiduid‘r +[Ti (Gki + uk,i) Gukdo =[Pij (Gki + uk,i) Guk,j dt o
where Pij i1s the Piola-Kirchhoff stress temsor [2], and the integrations are performed over
the undeformed volume T and surface o. The surface traction vector Ti is referred to the
undeformed geometry and resolved in components along the deformed base vectors 91’ Fig. 1.
For DYPLAS-FSH, eq. (1) can be significantly simplified by limiting it to statie prob-
lems alone with no body forces (other than those due to thermal, creep and other induced
strains, which enter the problem formulation through constitutive relations) and for struc-
tures were the strains and displacements are relatively small. For this case the distinc-
tion between the undeformed and deformed geometry can be neglected and there 1is no need to

distinguish between Euler's and Plola-Kirchhoff stress tensors.

The displacement vector u ls conveniently expressed in terms of nodal displacements D
and a matrix of displacement function R

u

]
=
o

u u

u

3 (2)

Partial derivatives with respect to a cartesian reference frame can be expressed in
terms of R derivatives with respect to curvilinear coordinates used to describe the geometry
of the element, followed by appropriate transformations

u
u = ul’k = F(k) D
<k 2,k 2
Y3,k (k = 1,3) . (3)

With the simplifications outlined above and by the use of eq (2) and (3), we reduce
eq. (1) to the following form
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(/PTLd'c -fTTRdc)5D=0
T~ a -

)
For arbitrary non-trivial D, eq (4) reduces to the equilibrium equation
fPTL dr =fTTR do
(. (e
5)
In eq. (5) P is the stress tensor consisting of the following components
P’ P, P ., P, P, P
- |_11’ 12° "13° “22° 23_,

6)
where P33 = 0 assumption used as for the plane Stress but the tranaverse shear stresses
P13, P23 are retained; L 1s the variation of the linear strain matrix. In terms of F(k)
matrix L 1s expressed as follows

(1)
)
2) 1)
e
- 3) (1
L 7+ E
)
P
r 3, @
~2 ~3 7)
where E‘j(_k) is the ith row of matrix F(k).
Reduction of eq. (5) to working form requifes computation of stress temsor. Since
plastic loading and unloading are to be considered, P 1is best computed incrementally
P=g +t ®)

~0
where % 1s the stress at a known state of equilibrium prior to the application of the load
increment, and t 1s the stress increment defined by
t=¢C (Ag - Agt) - Agp (9)
In eq. (9), C is the matrix of elastic constants, which for initially isotropic material

are given by

B/ (1-v2) 0 0 VE/(1-v3) 0
0 0
C =
0 0
Symmetric E/ (l—vz) 0
G

(10)
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Ae is the strain increment, Agt 18 the sum of thermal, creep and other induced etrains and

Agp is the unknown increment of plastic stress.
Strain tensor in vector form is given by
e=LD an
Utilizing eqs. (9), (10) and (11) we write eq. (8) in the following form

g = go +CL (P - Po) - CAEt - Agp (12)
where subscript "o represents the conditions at an equilibrium state prior to load increment.
Substituting eq. (12) into (5) we obtain the equilibrium equations

PTfLTCL dt =f'gTR do +f [(52 + Agz) c- cz:l L dt +on: L dr (13)
T o T ) - -

T

For static problems it is found more convenilent to work with displacement increments

rather than displacements. Defining the displacement increment d by

D=D +4d 14)

~0 ~

and substituting eq. (14) into (13) we obtain

deLTCL dt =f"rT R do +f(Ae:c -l )L +fAcT L dr
~ o - AN -0 . P
(15)

During the analysis the stress is first computed from eq (12) by neglecting the plastic
stress increment
=g +CLd-Ca .
g=g,tCLd-Che (16)
If § is found to be within the elastic range, it represents the final stress, otherwise
the plastic stress increment Aop is evaluated as shown in Section 3, and a corrected stress

1s computed from

=g - A 17
g=0 g 17)

3. Constitutive Relations

The equilibrium equations of Section 2 are exact linear equations. Accordingly, the

plasticity effects can be handled by the classical theory of plasticity.

The instantaneous yield surface is taken in the form proposed by von Mises [3]

U=f-%=0 @8)

The associated flow rule 1s assumed to be valid, and the plastic strain rate can be
computed from the following [4]

P

= A% f
eij A £ 9f/d0

13 (19)

The form of the function f varies depending on the strain-hardening rule considered.
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3.1 1Isotropic Strain Hardening

For isotropic strain hardening and yielding from some instantaneous state, we

1
£ _Esijsij (20)
and
2 =1 1,2
K= gy =2%4%y =3 %
s, =0, -Ls g (21)
13 1) 3 13 kk

with the understanding that J2 (and oe) represent the value of J2 attained at the yield during
the previous loading history.

DYPLAS-FSH employs numerical technique developed in [1] where eq. (19) is mé¥e con-
venlently used in the following form

P
eij = A af/aoij (22)

and A, a positive scalar, evaluated by requirdmg that the load increment stays on the

materials stress-strain curve and that the yield condition is exactly satisfied.

Limiting consideration to the plane stress case, 033 = 0, where the unit vector §3 is
chosen to be perpendicular to the reference surface of the plate (shell) element, eq. (17)
can be written as follows
-1

¢® = o° - 2acp0® (23)
where matrix D is given by
/3 0 0 -1/6
0
D= 1 0
Symmetric 1/3
(24)
Using eq. £24), we find the following expressiaon for J2
3, = @' oot (25)

One~dimensional materials test data can be represented in the following mathematical form
s _ e
o, = F (ep) (26)
where F 1s some non-linear function of the effective plastic strain.

As shown in [1], Eqs. (22), (23), (25) and (26) can be effectively combined, together with

the definition of the effective plastic strain
1/2

s _ s-1 2.,p P

e e + I: Aeij Aeij]

P p t |3 @7

to give two equations
- - _ - 2, &-1.T -1
% (u:)2 = @7 0e® - ane *HT 5% + 2a)? LT o° o5
g g g g g g s
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o: =F (el‘:'1 + 2AG u:'ll(sc)) (29)

from which the unknown effective stress cz (at state s) and the unknown quantity 2AG can be
evaluated. In DYPLAS-FSH these quantities are evaluated by Newton-Raphson iteration method
with the initial guess

8 ._ =8 _ -5 _ s8=1, _3F .8 . o878 _
o, =0, - 36 [(qe a, ) - 35 Ae]/(ac + H), 2A6 ce/ce 1 (30)
Equations (30) are derived in [5] with the assumption that 3f/301j = sij.

With known 0: and 2AG, the plastic strain increment, plastic stress and strese are
computed from
1 1 s

8 S— s d -8 S
te_ = (206/6) D ¢, Ags = 2AGL c_!s , 0 =9 - b (31)

Matrices, H, M and L are defined as follows

14-26\J+14v2 -13+28\)"13\)2

0 0

54 (1-v)2 54 (1-v)°
1 0 0 0
H= 1 0 0

L4-26vH14v?

Symmetric - 2

54 (1-v)
1
(32)
5-4v 5y=4
18 (1-v) 0 0 18 (1-v) 0
1 0 0 0
M= 1 0 0
Symmetric 185-(?:\)) 0
(33)
2-v 2v-1

3 (1-v) 0 3 A-v) 0
1 0 0 0
L= 1 0 0
Symmetric 32-(\])__‘,) 0

(34)
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3.2 Kinematic Hardening

For kinematic hardening and yielding from some instantamneous state, we have [6]

1 = =4 T - -
=898 % Tk "% D% =0~ (35)
and
2 _1 2 = - 21 -
K =3 % s:l.j %13 “13 3 Gij ("kk “kk) (36)

As shown in [1] the most convenient form for evaluating the plastic strain and yield
surface shift rates 1s as follows
P of .
13 " %o 9y = (ogy maydm G

To determine the solution point on the stress-strain curve and on the shifting yield

surface, we must solve the following three equations in terms of three unknowns, 0:, A, and n

o =g - AnC af/Bcij (38)
o=t @) - F (e:_l) (39)
of . 2 88 _

@(UU —otij) -39, oy—O (40)

where eq. (38) represents the stress correction to account for plasticity, eq. (39) is the

one dimensional stress-strain curve increment from state e:-l to e: and eq. (40) expresses
the condition U = 0, i.e., the requirement that the new stress point remain om the load surface

during plastic loading.

As 1t is shown in {1], in order to satisfy the yield condition at state 8, the cholce of
%)f/Bcij and (oij - aij) is limited to the mean value between states s and s-1, i.e.,

of 1 8 s~1
=5 (8, +5.,7) (41)
do,, 2 o437 71
o _1 8 _ 8 s=1 _ s-1 '
aij =3 [(G:Lj ai:]) + (Gij %y ):|n (42)
Utilizing eqs. (41), (42) in (38) to (40), we obtain the following three equations
s _ -8 *
g =g - Bl (43)
s _ s8-1 ] a-1
o, = 9, + F (ep) - F (ep ) (44)
*T s 1, s-1 l, s El
- = + = = (45)
gk D Ack 3 (oy 3 Aoy) Acy 0
where
200 6%+ 0 46)

<k <k <k
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Utilizing eq. (46), we find
- *
o® = a® g @n
*
Combining eq. (47) and (43), we find the following expression for 9
4 B-l %
9 = o (48)
where
- - -
A gs _ 95 1 + Ei 1 (49)
/A 0 0 - 313/A 0
1/B22 0 o} 0
-1 _
B 1/1322 0 0
Symmetric Bll/A 0
1By,
(50)
Bll =2+n+ ZAGnLll
B13 = ZXGnLl4
B22 =2+ n + 2AGn (51)

Substituting eq. (48) into (43) to (45) and performing operations similar to those for

isotropic hardening, we obtain

- - - -1 =%
% (c:)2 -G T+ menGH T u st o
—& - -1 —%*
+@en? s tust -0 (52)
s s-1 s-1 s s-1
-0 -F + A +F =0 53
9. ~ % (e ep) (e, ) (53)
-k - - —% - -1 =%
S Eloag® -3 slurtg @en
- - -1 =% —
R RN RO F W bl
Y (54)
where
s _ 1-% -1 -1 =*1/2
fe; = 2 in(39, B DB 9 (55)

Since B-l is a function of 2AG and n, the solution of eq. (52) to (54) 1s best performed
by the Newton-Raphson iterative method with conveniently chosen initial values [1].
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Once the quantities 2AG, n, c: and Ok are obtained, the plastic strain increment,
plastic stress, stress and yileld surface shift tensors are evaluated from
s * s * () s-1 s s s-1
A?p =22 D I Agp =2AG L % o =g - Agp o =a + ng, (56)

3.3 Creep and Cyclic Hardening

Creep behavior is represented by equation of state approach. For uniaxial state of creep

the equation of state is of the single exponential form [7]

e =Fq@- e_rt) + gt (57)

where
£(0,8) = primary creep rate
r(0,0) = primary creep rate decay coefficient

g(0,0) = steady state creep rate

¢} = temperature
[ = effective stress
t = time

Numerical comstants required for eq. (57) are baskd on the results of Blackburn's [8] work
for stainless steels 304 and 316. Equations of state, such as for example two exponent
representation [9], can also be used by substituting appropriate subroutines in DYPLAS-FSH.

Since DYPLAS-FSH employs the strain hardening rule, time t 1s eliminated from eq. (57)
and its time derivative via Newton-Raphson iteration when total creep strain is used as the
hardening parameter; if only the primary creep strain is utilized as a hardening parameter,
t may be directly eliminated [6].

The flow rule required to represent multiaxial creep conditions 1s

°c

e _3e”
T 20 s

€13 (58)

13

where Sij 1s the stress deviator, e€ 1s the effective creep strain rate and é:j 1s the multi-
axial creep strain rate. Variable stress conditions are taken into consideration by
incorporating "Auxiliary Procedures for Load Reversal Conditions" from RDT F9—5T [7]. The
definitions of the effective stress and the effective strain are [7]

3 )1/2

9= (E 513 13 )1/2

€ = (g E E
3 13 F1y (59)

Cyclic testing of S5304 and $S316 indicate hardening with each eycle with hardening
saturation at approximately ten (10) cycles. This characteristic is incorporated by pro-
viding incremental hardening for each load reversal up to the number of specified cycles N.
Numerical values for cyclic hardening are taken from [9]. Special plastic loading origin is
created to follow the load reversals accurately [1].

For kinematic hardening the cyclic hardening 1s applied at each load reversal (half
cycle of loading) as a factor, h, multiplying the current yileld stress

(°y)1+1 =h (°y)1 > (60)
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and by increasing the stresses on the stress-plastic strain curve by the amount of the change of

the yleld stress @)

o = Qi + (oy)i+1 - 1 (61)

1+1
In eq. (60) the index, 1, is the half cycle number and
h = (H)l/(ZN) (62)
After 2N half cycles the final saturated yield stress 1s

o
y

where H is the hardening factor specified by the user [9].

f 2N o
o = (h o, =Ho 6
y = @7 63

Load Historv. Load Incrementation and "Plastic Stress'" Iteration

The load history is prescribed by specifying various load components (temperature
distribution, pressure, displacements, discrete loads and others) independently of each other
and in the most convenient manner. To provide such a capability time is used as a parameter
to describe the load history. Thus, Fig. 2 shows symbolically the load history over a
number of composite cycles. For each type of the load, open circles represent points in
time at which the value of the corresponding load is specified. For example, in Fig. 2,
pressure is given only at three (3) points in time, temperature distribution at eight (8)
points in time and forces/displacements are glven at three (3) points in time. The DYPLAS-FSH
program begins the analysis at point O with the assumption that this represents a stress-free
initial state and determines the first load history as ending at time point 1 by scanning all
load vectors and picking the break in the load vector curve closest to point 0. The solution
corresponding to the loadings at time point 1 is then obtained. If the stresses at this
point are in the elastic range, the solution proceeds to the end point of the next load
history interval which 1s established as time point 2. If stresses at time point 1 exceed
the elastic limit, DYPLAS-FSH computes the precise point A in the range between time point O
and time point 1 where plasticity just occurs at one or more of the points in the structure.
Starting with this time point A, DYPLAS-FSH proceeds incrementally to time point 1. At each
load increment, iterations are performed [1] to achieve equilibrium and to stay on the
materialscurve. The size of the load increment on the path from time point A to time point 1
is determined internally, and the user need not be involved in the process. The method
built-in in DYPLAS-FSH to determine the number of load steps 1s based upon the evaluation of
total plastic stress found in the first single step solution corresponding to time point 1.
This total plastic stress 1s divided by a reference stress value to determine the number of
steps for load incrementation. Inasmuch as computer time 1s proportional to the number of
load steps, and to the number of iterations per load step, an optimum reference stress
exists that minimizes the cost of the solution.

The procedure from time point 1 to time point 2, and all the following load history
intervals is identical to that described above. At each point input information is scanned
to ldentify when the creep relaxation begins. If, for example, time point 2 1s specified as
the beginning of creep relaxation, DYPLAS-FSH will assume that creep relaxation takes place
from time point 2 to time point 3. Thus, while the overall load history can be quite general,
within each load history interval linear interpolation between the beginning and end points of
the interval 1s used to determine the applied loading at any point.
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The overall sequence of operations of DYPLAS-FSH is shown in Fig. 3. 1In the pre-
processor part of DYPLAS-FSH initial information related to problem size is read, which
allows set-up of the dynamic storage for arrays and vectors. Note that vector storage is em-
ployed throughout except as required for an individual element. At statement 200, the load
history interval loop begins. Here the times Tl and T2 are computed representing the
beginning and the end of the time history interval to be considered, also a decision is
made as to the need for creep relaxation. At statement 100, the load step loop begins.
Here a count of load steps 1s made, since determination of step size 1s established within
the first load increment. At statement 111, the iteration loop within the load step
begins. ' Here the right hand side L4 1is formed, solution placed in LA’ stresses evaluated
and plasticity adjustments made. When AL6 1s less than the specified error, DYPLAS-FSH
proceeds to the next load increment, the next load history increment or to the end of the
job as required. RESPT represents the total response time for a complete program solution.
To improve the convergence process (convergence is monotonic), L6 vector is projected nor-
mally every three iterations. As indicated by the experience, this greatly accelerates the
convergence. Restart information is stored at each load history break point, 1f the user
speclfies it. Provisions are avallable to repeat the load history for any number of addi-
tional cycles beyond the ones specified with the initial input. This function is accom-
plished at the restarting of the problem.

Results from DYPLAS-FSH are printed at the specified interval of load steps and, 1f
desired by the user, an output tape with complete information is formed for use with
POP-FSH. This 1s an important provision since evaluation of the structural adequacy by
inelastic analysis method requires significant amount of additional calculatiomns, such as
linearized averages, principal strains and others [7].

DYPLAS-FSH performs the minimum amount of calculations required to proceed with the
loading history. This is required in order to minimize the cost of computation. However,
in order to evaluate the results for comparison with the allowables of [10] as supplemented
by [11] a significant amount of additional calculations must be performed for all locations
of the structure where controlling conditions are deemed to exist. POP-FSH handles the
selection of locations for evaluation in the following manner. First the user, on the basis
of standard DYPLAS-FSH printout selects a specific set of elements for which evaluation 1s
to be performed. This is identified by the variable NAL1l. Then the user specifies the
total number of the elements to be selected by the computer. This is identified by the
variable NAL2., POP-FSH then scans all time records of DYPLAS-FSH output and selects NAL2
elements as the ones having the largest accumulated effective plastic strain. The selected
NAL2 elements may contain some of the elements NALL selected by the user, accordingly, the
total number of elements to be evaluated are known only when the evaluation is finished
and printed, internally identified by the variable NAL.

There are three (3) types of output processing availlable:

a, General printout for eacﬂ time history point. This provides the history of total

plastic plus creep strain, inside and outside linear equivalent plastic plus creep
strains and corresponding principal strains and average plastic plus creep strains

with the corresponding principal strains.
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b. Ratcheting evaluation. Printed output identical to that described under (a)

above except evaluated for the last cycle only and projected for the specified
end-of-life number of cycles.

c. Fatigue evaluation. TFor this case POP-FSH provides elastic plus plastic plus
creep strain referred to the reference state specifled by the user, effective
stress and effective strain corresponding to elastic plus plastic plus creep
strain above the reference state.

Evaluation under (a) and (b) described above is done in accordance with the procedures

proposed in [7], except that no surface extrapolation of quantities is needed since

DYPLAS-FSH computes data at the element inside and outside surfaces.

4, Application
DYPLAS-FSH was used to evaluate the design adequacy of the EBR-II IHX elliptical upper

head, penetrated by two closely spaced nozzles. Mathematical model i1s shown on Fig. 4.
Load history consists of two composite cycles followed by two cycles corresponding to the
transient 1, Fig. 5.

Detail evaluation of the IHX adequacy on the basis of DYPLAS-FSH analysis will be
reported in a separate papers

Tt is noted here that the analysis through the complex history, Fig. 5, was accom-
plished without any computational hardships. Number of locations exhibited plastic strain-
ing, Fig. 4. Typical plastic cycling of the element 97 and the ratcheting of the element 48
are shown in Fig. 6.
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Fig. 4. Mathematical Model of the EBR-II, IHX Head
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