
ABSTRACT 

Rich, Sabina. Combining Mixed Effects Modeling with Sparse Regression for Model Selection 

Using Biological Time Series Data. (Under the direction of Dr. Kevin Flores). 

 

By using the population level data of heterogeneous populations, statistical and 

mathematical approaches, such as Lasso and mixed effects modeling, to identify variables of 

interest and find a model that would fit different populations. The heterogeneity of the 

populations is exhibited in observational data on bonobos and simulated data involving oncology 

patients and the subsequent tumor dynamics. The results show that it is feasible to identify, and 

feature select variables that are of importance. In the bonobo dataset, sex, age and cardiac 

medication were consistent indicators and in the tumor dynamics, the growth and decay 

constants showed as central to understanding the subtleties of the tumor growth. This work sends 

a clear message that application of these methodologies can be extended to a variety of datasets 

in diverse research fields.  
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CHAPTER 1 

 

1. Introduction 

 

Data is consistently being collected for the purposes of analysis and extracting information, 

not only in the physical sciences, but in social sciences, veterinary sciences, sports, stock market, 

fashion, pharmaceutical developments, to name a few, across both public and private sectors. 

Today, the analysis of data is commonplace, with the goal of examining, exploring, extracting, 

and extrapolating information. The approaches to the analysis of data are varied, focused on 

mathematical and statistical techniques to identify variables of interest, understanding the profile 

of the data and the story it is trying to tell us. The data could be observational, collected from a 

controlled clinical trial, retrospective and so on. When first faced with the dataset, the primary 

question is which statistical and mathematical processes can be used to gain some insight on this 

data. The type of data being collected and analyzed, size of the datasets, collection methods, and 

research goals are as varied as the fields of research. A recent branch of science has been 

developed, finding its own space within the science world, known as data science, as an 

interdisciplinary field, combining mathematics and statistics, programming, and machine 

learning. This field has developed and gained recognition as its own branch of science, more 

than 50 years after statistician John W. Tukey’s “The Future of Data Analysis.” In 1961 he wrote 

“All in all, I have come to feel that my central interest is in data analysis, which I take to include, 

among other things: procedures for analyzing data, techniques for interpreting the results of such 

procedures, ways of planning the gathering of data to make its analysis easier, more precise or 

more accurate, and all the machinery and results of (mathematical) statistics which apply to 

analyzing data.”   
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In recent years, as the data collection has increased, the number of predictors has increased 

and hence the model selection has become more cumbersome. Choosing interpretable models 

while not losing on the accuracy of the prediction has been the primary objective. The number of 

variables can complicate this since the model may try to include most if not all of them. This 

risks having low bias but high variance, overfitting of the data, as well as poorer prediction. The 

model sensitivity to data changes is considered. The smaller changes in the sensitivity of the 

model to the changes in the data are better, thus providing a more robust model.  

In 1996, Robert Tibshirani published a paper on ‘Regression Shrinkage and Selection via the 

Lasso’ where he proposed a new method. He explains this “new technique, called the lasso, for 

‘least shrinkage and selection operator’. It shrinks some coefficients and sets others to 0, and 

hence tries to retain the good features of both subset selection and ridge regression.” Lasso has 

become a popular technique; by using Lasso, not only is the estimation of the parameters 

achieved but so is variable selection, known as feature selection, where some variables are set to 

zero and hence the model becomes simpler, more stable, robust, and interpretable with better 

prediction. Mixed effects modeling is a statistical method in exploration of the data that has 

variables, some of which can be considered as fixed and some as random variables, hence the 

name of ‘mixed’ model. The random component is seen as a variable that may contribute to the 

variance. Using mixed effects modeling along with Lasso has been employed to two different 

datasets in this thesis. These two approaches are the central components in analyzing the datasets 

in this thesis where we have heterogeneous populations.  

In the following pages, the description and background of these heterogeneous populations 

will be expanded on. There will be discussions about bonobos, endangered ape species, and the 

tumor dynamics based on oncology patients – the two projects making up this thesis containing 
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population-level data. Section 2 is focused on bonobos and Section 3 on the tumor dataset. 

Although one comes from the veterinary sciences and the other dataset contains synthetic data, 

the commonality to these two sections is the shared approaches to working with these types of 

datasets. Both use mathematical and statistical tools mentioned above to investigate and explore 

potential variables of interest, find models that work and illuminate areas where improvement is 

needed, such as informing study design. By doing this, a variety of modeling approaches are 

informed from these datasets creating a framework that would be applicable to other scenarios 

and datasets.  

The bonobo data is from the Great Ape Heart Project (GAHP), an organization focused on 

understanding and preventing cardiac disease in gorillas, orangutans, chimpanzees, and bonobos. 

The GAHP agreed to supply blood pressure (BP) readings from bonobos trained to accept a 

finger cuff, which can measure systolic blood pressure (SBP) and diastolic blood pressure 

(DBP). The data does not have the uniformity and regularity of a randomized clinical trial.  

Forty-two bonobos housed in seven zoos in the United States participated in the study. The 

data was masked so that the presentation of the data in the tables is described only by Zoos A 

through G and bonobos 1 through 42. What is truly unique in this study is that animals are not 

sedated to collect their BP measurements. The goal for the exploration of the bonobos data is to 

gain an understanding of their blood pressure reference ranges given the current practice to use 

human values. Expected outcomes are to: detect any covariates that may influence blood 

pressure values, explore the need for cardiac medication that some of these animals are taking 

and attempt to assess the accuracy and reliability of the blood pressure monitor used in the 

collection of the bonobo’s blood pressure value. 
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The second part of the thesis focuses on the tumor data that is simulated using a statistical 

software and primarily based on parameters acquired from a previously published paper, ‘Early 

predictions of response and survival from a tumor dynamics model in patients with recurrent, 

metastatic head and neck squamous cell carcinoma treated with immunotherapy’ by Gonzalez-

Garcia et al. in 2020. The authors utilized real clinical trial datasets to achieve their analysis 

goals. The principal question that the authors posited was if it is possible to predict the response 

of oncology patients treated with immuno-oncology therapies by using only their early data. 

Their conclusion was that by using novel statistical approaches, they were able to predict the best 

overall response and survival based on 12 weeks of data collected. The simulated data utilizes 

some of the parameters acquired from this published paper and expands on it by attempting to 

isolate the terms of importance not only by using mathematical but a statistical approach of 

selecting variables of interest. This simulated data attempts to explain and describe the behavior 

of a tumor, which is not an easy endeavor given the complexity of cancer cell biology. The 

primary goal for the tumor dynamics simulation has been to understand the workings of the 

statistical and mathematical methodologies in moving through the data with the focus on 

understanding the response of the size of the tumor given the early data (the simulation is based 

on the first 100 days in 400 patients) and checking the feasibility and worth of using a statistical 

approach like Lasso to pick out variables of interest thereby identifying the most useful variables 

to focus attention.  

In both the bonobo and tumor dynamics datasets, many methods were employed and 

investigated. The most promising were mixed effects models, linear and non-linear models, 

feature selection and shrinkage of the coefficients and descriptive statistics summaries. Several 

questions arose when looking at these datasets: Do sex and age impact bonobo blood pressures? 
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What do the blood pressure reference ranges actually mean? Does the temperament of bonobos 

come into play when deciding if the blood pressure measurement falls into hypertensive or 

normal range? Do the simulated data approaches sufficiently cover the nature and biology of 

cancer cells? Are there any determining factors in tumor growth and what does dynamics imply 

mathematically? Does it mean that the exponential function is sufficient in describing a tumor 

that keeps growing? Is it enough to predict the impact of treatments early in the treatment stages?  

The exploratory nature of the work discussed here is an effort to simplify and clarify an 

approach to understanding the two datasets, one observational and one simulated, where the 

primary objective has been in exploring how the statistical and mathematical techniques can 

provide us with valuable information, regardless of whether the data points are coming from 

bonobos or simulated.  
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CHAPTER 2 

 

2. Bonobos 

 

2.1 Introduction to Bonobos  

 

Bonobos (Pan paniscus) are a highly endangered great ape species. Hunting and trafficking 

are among the primary challenges facing the continued existence of bonobos in the wild. A 

variety of organizations actively work to curb these threats in situ and to increase their number ex 

situ. One of the health risks for all great apes in captivity is cardiovascular disease. The Great 

Ape Health Project (GAHP) is a group of dedicated “subject matter experts that provide a 

network of clinical, pathologic, and research strategies to aid in the understanding and treating of 

cardiac disease in all the ape species, with the ultimate goal of reducing cardiovascular-related 

mortalities and improving the health and welfare of great apes in managed care.” 

The GAHP is currently funded by the Institute of Museum and Library Sciences to monitor 

blood pressure in bonobos housed in U.S. zoos. A finger cuff is placed on a digit that the bonobo 

has been conditioned to present. Unlike BP measurements that are taken when an animal is 

anesthetized, the bonobo is awake and may reflect what the true BP is for a given animal. 

Additionally, some bonobos are on cardiac mediations and the awake BP readings may provide a 

non-invasive way to evaluate drug usefulness.  

For this thesis, an agreement was reached with GAHP to receive BP data collected on 

bonobos from seven participating zoos in the United States. The goal is to better understand the 

import of the data so as to provide insight and suggestions for future work. All the data analyses 

are exploratory in nature. SAS version 9.4 is used for descriptive and inferential analyses except 

for using R Studio for the Lasso applied to the linear mixed model. A mix of statistical 
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approaches are employed: general linear model using all variables as fixed, mixed effects model 

where intercept or zoo could be considered as random, as well utilizing Lasso variable selection 

models including both fixed and random to investigate the following:  

● Currently there are no reference ranges for the categorization of bonobos’ SBP and 

DBP values. Human references ranges are often used in lieu. Given the GAHP 

collected data and some previous research on apes, is it possible to establish reference 

ranges for bonobos that would classify a blood pressure measurement into normal, 

pre-hypertensive and hypertensive ranges?  

● Some of the apes at the zoos nationwide are taking cardiac medication for supposedly 

elevated blood pressure and since there are no bonobo-specific reference ranges on 

what is ‘normal’, are these cardiac medications needed for the maintenance and/or 

lowering of bonobos’ blood pressure? 

● What are some of the important features (for example sex, age, etc.) impacting blood 

pressure in bonobos? 

● Lastly, how accurate and reliable is the blood pressure monitor used in GAHP’s 

collection in the blood pressure assessments?  

2.1.1 Bonobo Natural History and Biology 

 

Bonobos live in 90,000 square miles of the Congo Basin rainforest, south of the Congo 

River, in the Democratic Republic of Central Africa. This region is home to the largest 

remaining population of bonobos, along with chimpanzees and gorillas. Until 1929 when 

bonobos were recognized as a separate species from chimpanzees (Pan troglodytes), they were 

frequently called ‘pygmy chimpanzees’ even though they are close in size to the chimpanzees 

living in the north part of the Congo River, in West and Central Africa.  Bonobos and 
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chimpanzees make up the genus Pan, family Hominidae, collectively known as panins. While 

they are two extant species, they are generally referred to collectively as ‘chimpanzees’ or 

‘chimps.’ Coolidge, 1982 discusses that bonobos have ‘longer legs and smaller chest girths 

relative to body height’ compared to other chimpanzees. An average male chimpanzee is about 4 

ft tall with the weight ranging from 90 to 120 pounds for males and 70 to 100 pounds for 

females; bonobos’ average height is about 4 ft with males weighing from 80 to 135 pounds and 

females from 60 to 84 pounds according to the data from World Wildlife Fund (WWF) and 

African Wildlife Foundation (AWF).  

Bonobos have a longer neck, longer legs, slimmer upper body, more parted long hair on 

the head, narrower shoulders and smaller head with a less pronounced forehead ridge compared 

to the sturdier chimpanzee. In 1954 the name ‘bonobo’ was first mentioned most likely being 

misspelled on a shipping crate from the town of Bolobo on the Congo River (Beaune 2012). 

Sharing almost 98.7% of their genetic code with humans, many consider these animals to be our 

closest living relatives. As AWF describes it, unlike any other ape, they control their emotions, 

walk on their feet and knuckles, and can walk on their two feet making them the ‘most human-

like of all apes.’ 

2.1.2 Female-centric male-philopatric society  

 

Living in a matriarchal society, bonobos organize small hunting groups during the day to 

look for food; they are omnivores with fruit being their favorite. At night, they come back to the 

main troop to sleep in nests made from vegetation they arrange. Splitting off into smaller parties 

and then merging back into one group makes their society a so-called “fission-fusion” one. The 

number of members within a group varies.  
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Male-philopatric society indicates that the males tend to stay with the mother and there 

were only a handful of recorded events where the males had left the group (Furuichi et al. 2012, 

Kano 1992). Females create alliances and dominate each troop maintaining close social 

interactions with each other. These close bonds are trumped by competition only when it comes 

to competing for the ranking dominance of their sons.  

Bonobos are considered to be less aggressive and more peaceful than the chimpanzees. 

Sex is pivotal in creating and maintaining bonobos’ nonviolent society. It is used to resolve 

conflict, reinforce ties, relieve stress and anxiety, receive food, and move up in social hierarchy; 

sex has no restrictions except for the case of incest, inclusive of the same sex contact (Clay 2012, 

Fruth 2006, Takahata 1999). Once females reach sexual maturity, they leave the troop, and the 

young males stay with the mother. 

The female bonobo is sexually mature at 12 years old. They feed their young up until 

they are about four years old, having a baby approximately every 5 to 6 years with a gestation 

period of about 8 months. Mother’s support is critical in the mating attainment of their sons 

(Surbeck et al. 2011). It is crucial for the young bonobo’s survival to stay with the mother. The 

mother is the sole caregiver making it impossible for the male apes to know which bonobo is 

their biological offspring and therefore prevent infanticide.  

2.1.3 Endangered species 

 

Bonobos have been recognized by the International Union for Conservation of Nature 

(IUCN) as an endangered species and placed on the IUCN’s Red List of Threatened Species. 

There are no actual numbers on their population; it is estimated that between 10,000 and 50,000 

bonobos are currently living in the wild and zoos. Bonobos typically live about 60 years in 

captivity and 20 to 50 years in the wild as recorded by the WWF and AWF.  The primary causes 
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of extinction are habitat destruction, such as deforestation, and the hunting of primates for food 

and illegal wildlife trade (IUCN, AWF). Part of the bonobos’ habitat is in protected areas, but 

their environment is threatened by the growing human population, slash-and-burn agriculture, 

and deforestation. The civil unrest in the Democratic Republic of Congo also has been a major 

challenge for them. Bonobos’ predators are humans. The rate of reproduction does not keep pace 

with the rate of their destruction, which is the crux for their endangered status (AWF).  

2.1.4 Ape trafficking  

 

The commercial trade of great apes is prohibited. However, the illegal wildlife trade, 

known as ape trafficking or smuggling, has been recognized as an ongoing threat to all great apes 

given that even commercial trade is occurring. In 2014, AWF’s director at the time, Jef Dupain, 

testified on the threat to  great apes that is posed by trafficking, with about 3000 apes of all 

species lost due to the black-market activities (AWF, 2014). The AWF urges for more support in 

recognizing this illegal activity, increasing transparency, improving resources such as enforcing 

the law, illuminating the fact that these animals are not only traumatized when captured but they 

continue to live the rest of their lives in often dubious captive settings. The Pan African 

Sanctuary Alliance (PASA) calls the situation of ape trafficking ‘dire’ and ‘deeply disturbing.’ In 

2017, the New York Times article ‘Smuggled, Beaten and Drugged: The illicit Global Ape 

Trade’ was published, describing in detail the sales, and smuggling of apes where a smuggled 

gorilla baby can cost as much as a quarter of a million dollars. Young apes are taken from their 

families and transported illegally thousands of miles to ‘wealthy homes and unscrupulous zoos’ 

where they are ‘often beaten or drugged into submission and used for entertainment like 

mindlessly banging on drums or boxing one another’ as part of the growing business of ape 
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shows. There have been reports of trafficked apes being used as prostitutes or even having their 

body parts sold internationally (Mongabay 2017, The Sun 2018). 

2.1.5 Bushmeat 

 

Often the adult apes are killed for bushmeat when the baby ape is captured for the 

purposes of the illegal wildlife trade. Bushmeat refers to meat obtained unlawfully from killed 

mammals. In the area where bonobos live, the Congo Basin, the apes are part of the larger set of 

wild animals, including reptiles and birds, used as the source of protein for the local population 

(Fa et al. 2003). The hunting method is focused on traps and snares where some of the animals 

escape with injuries, rot in the snares or are captured. If their feet get caught in a trap, bonobos 

do not scream in panic, like pigs or other animals typically do, but instead they try to untangle 

themselves from the snares without being noticed by the hunters. Bushmeat consumption, along 

with using primates for medicinal products or ornamental use, threatens the extinction of these 

animals (NY Times 2017, Ripple et al. 2016).  

2.1.6 Conservation 

 

Currently the only sanctuary for bonobos in the world is a PASA wildlife center called 

Lola ya Bonobo located in the large city of Kinshasa, Democratic Republic of Congo. The 75-

acre sanctuary houses over 60 orphaned bonobos. At the Lola ya Bonobo’s center, infant 

bonobos, discovered on the black market and highly traumatized from being taken away from 

their mothers, are brought in, taken care of both physically and psychologically, and when ready, 

released into a larger group. Lola ya Bonobo also functions as an educational center (PASA, 

Bowie et al. 2020, Andre et al. 2008). The AWF has set up the Lomako Conservation Science 

Center in Congo to support and develop conversation strategies and work with the local 

community on how to stop the destruction of bonobos and their habitat (AWF).  
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To counteract the threats of wildlife trafficking and hunting of these animals for meat, 

efforts have been made to educate the public on conservation steps with the goal of minimizing 

the hunting of these animals and destroying the biodiversity in the region. What is known as the 

conversation education hypothesis (CEH) suggests that people are more likely to support 

conservation if they have learned about endangered species and understand the impact of 

conserving those species on the environments shared by people and the animals. Scientists need 

to communicate and educate not only the general public, but the policymakers as well, on the 

efforts of conservation and sustainability (Bickford et al. 2012). This is especially crucial in the 

area where the local population is in direct contact with the endangered species, as is the case in 

the Congo 

The idea behind the CEH approach to conservation is that education and outreach will 

lead to positive changes in the local population’s attitudes toward wild animals.  This was tested 

at the Lola ya Bonobos sanctuary where tours are given to thousands of adults and children every 

year to experience and educate them about bonobos. The assessments were designed and 

implemented on the attitude of children toward bonobos as well as their knowledge and empathy 

toward bonobos pre- and post-tours. Bowie et al. (2020) showed changes in the improvement of 

pro- conservation attitudes, regardless of age or sex of the participants. 

Besides educational endeavors to increase awareness and support for apes, there are a 

number of organizations actively working to raise money for the conservation of apes. The Great 

Ape Conservation Fund has so far dedicated close to five million dollars in efforts to aid 

activities in Africa and Asia in collaboration with the local communities, as well as the Arcus 

Foundation in concert with the Great Apes and Gibbons Program affording more than 13 million 

dollars to organizations working on protecting great apes and gibbons.  
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2.2 Data 

  

2.2.1 Data Description  

 

There were 42 bonobos in the dataset from seven zoos with a total of 3187 observations 

collected. Zoos’ and apes’ names have been masked and presented as Zoo A through Zoo G and 

apes as Ape 1 through Ape 42. The number of bonobos per institution varied from two to eleven 

with a mix of ages and sex.  

The dataset contained information on bonobos’ blood pressure measurements taken at 

different timepoints from 2016 to 2019 with an average of four measurements per year per 

bonobos where some of the measurements were taken at different times of day in one day. The 

PetMapTM Graphic blood pressure device, shown in the picture below, is placed on a bonobo’s 

finger, while the animal is fully awake, and the measurement recorded. Finger blood pressure 

measurements had previously been used to identify blood pressure values on bonobos at the 

Milwaukee County Zoo, where the pilot study was initially implemented. The ability to measure 

blood pressure without sedation of an animal is important. Drugs used to anesthetize non-human 

primates, in general, decreases blood pressure and therefore may not give an accurate reading 

(Horne, 2001).   

 

Source: GAHP Blood Pressure Monitoring project website.  
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      Additional data collected included: sex, whether cardiac medication was administered 

and if so, the type of medication, age at the time of collection, the date of the blood pressure 

measurement, morning or afternoon session during which the blood pressure was collected, 

collector position within the zoo (curator, keeper, head keeper, assistant curator, zoo technician, 

or zoo veterinarian), device’s cuff size, hand, and finger (index, middle, pointer or ring) on 

which device was placed, and device’s wave form quality.  

By default, since no reference ranges exist for bonobo blood pressures, ‘baseline’ is 

defined as the first, earliest measurement. The blood pressure measurements were collected in an 

unscheduled manner, where each bonobo had multiple observations within the same and/or 

multiple visits. The approach here was to average out the values for the blood pressure per each 

date and the earliest date value would be considered as the baseline value, that is, for k records 

per each assessment date, the average value, separately for SBP and DBP, was taken 
∑ 𝑥𝑖

𝑘
𝑖

𝑘
= 𝑥  

per each assessment date per bonobo and the earliest date was chosen as baseline: 

𝑚𝑖𝑛⁡(𝑥1,⁡⁡𝑥2,, … 𝑥𝑗)⁡⁡⁡⁡where j  is the number of date assessments per each bonobo. After assigning 

the values as baseline, the rest of the measurements, following the same approach, are assigned 

as post-baseline and the difference was calculated between the post-baseline and baseline values 

as well as the percent change from baseline. 

2.2.2 Demographics 

 

The number of males outnumbered the number of females with only one bonobo pregnant at 

the time of data collection, as shown below in Table 1.  
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Table 1: Demographics n (%) 

 

  Zoo A Zoo B Zoo C Zoo D Zoo E Zoo F Zoo G Total  

Number of bonobos 5 8 3 7 2 11 6 42 

         

Age Class (years)a          

  Juvenile (< 8) 0 0 0 1 (14.3) 0 0 0 1 (2.4) 

  Young Adult (8-14) 1 (20.0) 1 (12.5) 1 (33.3) 1 (14.3) 0 2 (18.2) 3 (50.0) 9 (21.4) 

  Adult (15-24) 3 (60.0) 2 (25.0) 0 2 (28.5) 1 (50.0) 6 (54.5) 1 (16.7) 15 (35.7) 

  Mature Adult (25-34) 0 2 (25.0) 1 (33.3) 3 (42.9) 1 (50.0) 2 (18.2) 1 (16.7) 10 (23.8) 

  Geriatric (35+) 1 (20.0) 3 (37.5) 2 (66.6) 0 0 1 (9.1) 1 (16.7) 7 (16.7) 

         

Sex         

  Female 2 (40.0) 2 (25.0) 0 3 (42.9) 2 (100.0) 5 (45.5) 3 (50.0) 17 (40.5) 

  Male 3 (60.0) 6 (75.0) 3 (100.0) 4 (57.1) 0 6 (54.5) 3 (50.0) 25 (59.5) 

         

Pregnantb         

   Yes 0 0 0 0 0 1 (20.0) 0 0 

   No 0 0 0 0 0 0 0 0 

         

On cardiac medication         

  Yesc 1 (20.0) 5 (62.5) 0 0 0 6 (54.5) 1 (16.7) 13 (30.9) 

    Ace-inhibitord 1 (100.0) 4 (80.0) 0 0 0 6 (100.0) 1 12 (92.3) 

    Beta blockerd 0 1 (20.0) 0 0 0 3 (27.2) 0 4 (30.8) 

    Calcium-channel blockerd 0 0 0 0 0 2 (18.2) 0 2 (15.4) 

  No 4 (80.0) 3 (37.5) 3 (100.0) 7 (100.0) 2 (100.0) 5 (45.5) 5 (83.3) 29 (69.1) 

 
Note: n = Number of bonobos. SD = Standard Deviation. Percentages are based on the total number of bonobos in each zoo.  
a Age as collected during the last blood pressure measurement.  
b Percentages are based on the female bonobos.  
c If a bonobo was given more than one cardiac medication, they are counted in each medication category. 
d Percentages are based on the ‘Yes’ category for the medication.  

 
 

 

The outliers for continuous variables were removed using the interquartile method for the SBP 

and DBP as well as the heart rate. Blood pressure variables, both SBP and DBP, were 

categorized in ranges of 10 mmHg. Table 2 displays the descriptive statistics for age, blood 

pressure and heart rate measurements. 
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Table 2: Age, blood pressure and heart rate measurements.   

 

Variable Statistic Zoo A Zoo B Zoo C Zoo D Zoo E Zoo F Zoo G Total  

 N 5 8 3 7 2 11 6 42 

          

Age 

(years)a 

Mean (SD) 

Median 
Min, Max 

18 (8.26) 

20 
8, 37 

36 (7.20) 

37 
13, 43 

27 (11.81) 

34 
12, 42 

24 (7.39) 

23 
5, 34 

23 (2.83) 

23 
20, 26 

22 (9.04) 

21 
8, 51 

17 (10.19) 

14 
7, 44 

23 (10.69) 

20 
5, 51 

          

SBP 

(mmHg) 

Mean (SD) 

Median 

Min, Max 

133 (25.29) 

129 

82, 209 

130 (34.09) 

129 

57, 210 

141 (24.25) 

142 

80, 217 

136 (38.87) 

139 

59, 212 

125 (42.14) 

118 

78, 208 

173 (26.99) 

175 

67, 217 

130 (36.41) 

130 

50, 213 

148 (37.19) 

153 

50, 217 

          

DBP 

(mmHg) 

Mean (SD) 

Median 

Min, Max 

78 (17.73) 

78 

47, 129 

71 (22.76) 

69 

22, 126 

73 (22.18) 

71 

30, 128 

77 (24.88) 

75 

24, 128 

65 (29.55) 

54 

36, 120 

95 (19.65) 

97 

19, 129 

74 (24.17) 

72 

19, 129 

83 (23.93) 

83 

19, 129 

          

HR 

 (bpm) 

Mean (SD) 

Median 
Min, Max 

98 (18.05) 

95 
65, 129 

93 (17.26) 

91 
54, 129 

92 (15.55) 

91 
55, 126 

97 (13.08) 

96 
62, 129 

100 (10.26) 

100 
83, 115 

100 (11.88) 

100 
53, 131 

103 (17.52) 

106 
52, 131 

99 (15.08) 

100 
52, 131 

 

Note: N=total number of bonobos. SBP = Systolic Blood Pressure. DBP = Diastolic Blood Pressure. HR = Heart rate.  
a Age at the time of the blood pressure measurement, averaged across all visits. 

 

 

Figure 1 and Figure 2 below present the distribution of age and heart rate values across the zoos. 

Age is both continuous and categorical, classifying bonobos as either juvenile, young adult, 

adult, mature adult, and geriatric. The average age of a bonobo across all zoos was 23 with the 

youngest being 5 years old and the oldest 51. The most prevalent category were the adults 

followed by the mature adults group.  The heart rate varied from 53 to 131 beats per minute, with 

the mean of 99 and median of 100.  
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Figure 1: Age distribution of bonobos by zoo.                                                           

 
 
Figure 2: Distribution of heart rate.  

 
 

 

The average blood pressure across all zoos was 148/83 as shown below in Figures 3 and 4: the 

lowest SBP measurement of 50 mmHg and highest of 217 mmHg; for DBP the average is 83 

mmHg with the lowest of 19 and highest value of 129 mmHg.  
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Figure 3: SBP distribution by sex.                                                                                    

 
 
Figure 4: DBP distribution by sex.     

 
 

2.2.3 Reference Ranges 

 

GAHP’s Blood Pressure Monitoring Project goal is to ‘routinely monitor blood pressure 

values of bonobos using a finger cuff system. As mentioned above, to date, there are no known 

reference range values for normal bonobo blood pressure. By evaluating blood pressure readings 

over a 2-year period, the goal is to be able to use the dataset to establish normal reference range 

values for bonobos.’ According to the Center for Disease Control and Prevention (CDC), the 

leading cause of mortality among humans is heart disease. Heart disease is common in apes, 
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although it has been shown to be caused by different pathological processes than humans (Varki 

et al, 2009). The reference ranges for human blood pressure were established, first by Grasback 

and Fellman in 1969, followed by development of ‘reference intervals’ and ‘reference values’ in 

the early 1990s. The most current and widely used guideline is published by the Clinical and 

Laboratory Standards Institute (Ozarda, 2016). The same type of guideline is not present for the 

evaluation of blood pressure for bonobos and, oftentimes, the reference ranges used for apes are 

the human ones. CDC presents the following as the current reference ranges: 

Figure 5: CDC Blood Pressure Levels. 

Source: CDC Blood Pressure website.  

 

 In their 2011 paper, Ely et al. proposed reference ranges for chimpanzees based on their 

analysis of blood pressure data in sedated chimpanzees. The approach was to divide the blood 

pressure values into less than 90th percentile, 90th to 94th percentile and greater than or equal to 

95th percentile corresponding with the three categories: normotensive, pre-hypertensive and 

hypertensive, respectively. Taking the same approach as Ely et al., GAHP bonobos’ blood 
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pressure data was divided into three distinct categories based on the percentiles mentioned 

above. In Table 3, the reference ranges are presented overall, by age group and by sex. For 

female bonobos, the values are slightly higher while the medians stay close. Compared to the 

CDC human blood pressure reference ranges, the values are higher overall for bonobos. These 

values are also higher than the Ely et al. findings for healthy, sedated chimpanzees, where the 

normal range was 148-153 for SBP and 85-88 for DBP, with the medians of 126 and 63, 

respectively. 

Table 3: Reference intervals based on percentiles. 

  

 

Systolic Blood Pressure   Diastolic Blood Pressure  

Median < 90th % 90-94th % ≥ 95th %   Median < 90th % 90-94th % ≥ 95th % 

          

Overall  153 <198 198-204 205+  83 <115 115-120 121+ 

          

Sex          

   Female 152 <200 200-205 206+  83 <117 117-122 123+ 

   Male 153 <197 197-204 205+  83 <114 114-119 120+ 

          

Age categories: Overall          

         Juvenile (< 8)a 185 <211 211 211+  89 <126 126-128 128+ 

         Young Adult (8-14) 127 <166 166-176 178+  72 <109 109-117 118+ 

         Adult (15-24) 164 <202 202-206 207+  90 <117 117-120 121+ 

         Mature Adult (25-34) 135 <180 180-190 191+  75 <110 110-118 119+ 

         Geriatric (35+) 134 <169 169-178 185+  79 <114 114-119 120+ 

          

Age categories: by Sex          

  Female          

         Juvenile (< 8)a 119 <144 144 144+  64 <83 83 83+ 

         Young Adult (8-14) 148 <198 198-204 205+  83 <116 117-122 123+ 

         Adult (15-24) 147 <208 208-209 210+  82 <116 117-121 122+ 

         Mature Adult (25-34) 155 <199 199-203 204+  81 <117 117-120 121+ 

         Geriatric (35+) 157 <196 196-204 205+  85 <116 116-123 124+ 

  Male          

         Juvenile (< 8)a 185 <211 211 211+  110 <128 128 128+ 

         Young Adult (8-14) 127 <166 166-177 178+  65 <96 96-104 105+ 

         Adult (15-24) 164 <202 202-206 207+  90 <117 117-120 121+ 

         Mature Adult (25-34) 135 <180 180-190 191+  72 <108 108-116 117+ 

         Geriatric (35+) 134 <169 169-184 185+  70 <103 103-113 114+ 

a Juvenile group had one female and one male bonobo.  

< 90%  normotensive, 90 - 94% pre-hypertensive and ≥ 95% hypertensive. 
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Comparing Table 3 ranges with the descriptive statistics values by zoo in Table 2, SBP and DBP 

means for all zoos fell into the normal category. 

2.3 Methods 

 

The Shapiro-Wilk goodness of fit test for normality rejected the assumption of normal 

distribution for both SBP (W = 0.979, p = 0.0001) and DBP (W = 0.984, p = 0.0001) pressure. 

Both variables were normalized, and the standardized values were used for the analyses. 

Multiple approaches were utilized to assess the data: K-means clustering and principal 

components analysis to investigate potential clustering and identify any groupings within the 

data, Lasso application as a tool for variable selection to tease out any important predictors as 

well as general and mixed linear models to better understand the predictors and their relationship 

to the response variable by looking at their estimates.  

2.3.1 K-means Clustering  

 

To identify any likely groupings amongst bonobos, K-means clustering was utilized; it is a 

type of unsupervised clustering, where the primary goal is to try to find the K number of groups, 

known as clusters, within the data. As Hartigan and Wong explained in their 1979 paper, “the 

algorithm requires as input a matrix of M points in N dimensions and a matrix of K initial cluster 

centers in N dimensions. The number of points in cluster L is denoted by NC (L). D(I,L) is the 

Euclidean distance between point I and cluster L. The general procedure is to search for a K-

partition with locally optimal within-cluster sum of squares by moving point from one cluster to 

another.” In other words, once K is provided, the algorithm computes the cluster centroids based 

on assigning data point at random to each cluster, known as the expectation-step, which is 

repeated iteratively until the ideal centroid is found, known as the maximization-step. The data 
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points assigned to cluster do not change; this process is known as Expectation-Maximization 

strategy (Sharma, 2021).  

2.3.2 Principal Component Analysis  

 

Principal Component Analysis (PCA) is a method that focuses on reducing the 

dimensionality of the dataset, increasing interpretability, and minimizing the information loss by 

creating principal components, new variables that are uncorrelated variables which successively 

maximize variance, and which are ordered so that the first few retain most of the variation 

present in all the original variables. (Jolliffe, 2016). PCA takes the original data and transforms it 

into a new orthogonal axis system where the first principal component has the highest variance, 

the second principal component has a second highest variance and so on. This is oftentimes 

accompanied by the scree plot, also known as the elbow plot, which shows how much variation 

each principal component takes from the data.  

2.3.3 Lasso 

 

Least shrinkage and selection operator, known as Lasso, was developed by Robert Tibshirani 

in 1996. The method shrinks some coefficients and sets others to zero, retaining the beneficial 

features of both subset selection and ridge regression. It is a variable selection process. In his 

paper, Tibshirani proposed the following structure: adding a penalty term to the existing OLS 

form for minimizing RSS, with the penalty term on the 𝑙1 norm of the coefficient vector 𝛽: 

(𝛽̂𝐿𝑎𝑠𝑠𝑜) = 𝑎𝑟𝑔⁡𝑚𝑖𝑛 {∑(𝑦𝑖 − 𝑥𝑖
𝑇𝛽)2

𝑁

𝑖=1

} 

 

such that ∑ |𝛽𝑗|𝑗 ≤ 𝑡 , where again, t is known as a ‘tuning parameter’.  

 Lasso regression can also be written in Lagrangian form as:  

 𝛽̂𝐿𝑎𝑠𝑠𝑜 = 𝑎𝑟𝑔⁡𝑚𝑖𝑛{∑ (𝑦𝑖 − 𝑥𝑖
𝑇𝛽)2𝑁

𝑖=1 } + ⁡𝜆 ∑ |𝛽𝑗|
𝑝
𝑗=1    
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Whereas  𝜆 ∑ |𝛽𝑗|
𝑝
𝑗=1  is known as the penalty term.  

It is important to note here the geometric shape of the 𝑙1 norm which is defined as the sum of the 

magnitudes of the vectors in space, frequently exemplified by the city blocks/taxicab geometry:  

 

‖𝛽‖ = ∑|𝛽𝑖|

𝑛

𝑖=1

 

Comparing to the Ridge regression and using only 𝛽1⁡and 𝛽2, the geometric shape on a Cartesian 

plane would result in a diamond for Lasso instead of the circle. Each corner of the diamond is 

either a x or y intercept in a two-dimensional space so that when the beta solution curve touches 

the corner, the coefficient becomes zero. 

There are different approaches to using Lasso in variable selection. In the apes’ dataset, 

there are several categorical variables. To get a comprehensive picture of the effects by category, 

and not only on an individual level within each category, grouped Lasso was employed using the 

minimum Schwartz information criterion (SBC) and consequently identifying the optimal 

lambda parameter. Yuan and Lin (2006) showed that the grouped factor selection showed better 

performance than traditional stepwise approaches. As specified in the SAS description, “the 

optimal λ is usually unknown, a sequence of regularization parameters ρ, 𝜌2, 𝜌3, …, is employed 

where ρ is a positive value less than 1...In the 𝑖th step of group Lasso selection, the value used 

for λ is 𝜌𝑖 .” 

2.3.4 Models  

 

One of the questions posed was the impact of variables collected on the blood pressure 

values. In addition to variable selection using Lasso as described in 2.3.3, multiple models were 

used to assess the potential effects of the collected variables; the ones that had more than 10% of 

the data missing were not included. General linear model (GLM) with fixed effects and no 
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interactions was performed first, followed by the linear mixed model with the random intercept 

and then the linear mixed model with the zoo assigned as a random effect. The GLM approach 

was applied to two sets of variables: one was inclusive of all the variables and the other was 

including only the variables that were chosen by the grouped Lasso and their estimates.  

2.3.4.1 Linear model  

 

The general linear model contains both continuous and categorical variables as predictors 

and a continuous dependent variable as a response, where the model is fit by using the least 

squares approach. The form is 𝑦𝑖~𝑁(𝑥𝑖
𝑇𝛽, 𝜎2)  where 𝑥𝑖 represents the predictors, known as 

covariates, 𝛽 contains the coefficients to be estimated (intercept and the slopes of each covariate 

in relation to the dependent response variable) and 𝜎2 is the variance. Multiple linear regression 

was set up as follows:  

𝑌~𝑁(𝜇, 𝜎2) where 𝑌 is the dependent variable, normally distributed with mean 𝜇, representing 

SBP and DBP measurements in terms of the beta coefficients for each predictor. 

2.3.4.2 Linear Mixed Model  

 

Linear Mixed Model (LMM) is a subset of a Generalized Linear Model where the effects 

are permitted to be both random and fixed. The format of the LMM is 𝑦 = 𝑋𝛽 + 𝑍𝑢 + 𝜀 where 𝛽 

represents the fixed, unknown effects, 𝑏 are the random effects with 𝑏~𝑁(0, 𝜎𝑏
2),  𝑋 and  𝑍 are 

known as design matrices and 𝜀 represents the residuals with 𝑒~𝑁(0, 𝜎𝜀
2 ). The dimensions are: 

𝑌 is a 𝑁 𝑥 1 column vector for the 𝑁 total number of subjects, 𝛽 is a 𝑝 𝑥 1 column vector for the 

𝑝 predictor variables, 𝑏 is a 𝑟 𝑥 1 column vector for 𝑟 random effects and 𝑋 is a 𝑁 𝑥 𝑝 matrix, 

and 𝑍 is a 𝑁 𝑥 𝑟 matrix.  
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Mixed effects models can have only intercept as random and can also have slope (effect) as 

random with other covariates staying as fixed.  

Having the intercept as random tells us that the intercept is allowed to vary across the zoos while 

the slopes are staying fixed across all zoos, that is the effect of each predictor variable (i.e., sex, 

age, etc.) is the same in every zoo.  

The format is as follows: 

𝑦𝑖𝑗 = 𝛽0 + 𝛽𝑘𝑥𝑖𝑗+𝑏𝑗 + 𝑒𝑖𝑗 ;  𝑒𝑖𝑗~𝑁(0, 𝜎𝜀
2 ), 𝑏𝑗~𝑁(0, 𝜎𝑏

2 ) 

 

where 𝑦𝑖𝑗  is the SBP or DBP response variable, 𝑥𝑖𝑗   is the predictor of 𝑖th bonobos in 𝑗th zoo, 𝛽0 

is the overall intercept, 𝛽𝑘 is the slope of k fixed effects.  

The following notation presents the components of the mixed effects model: 

𝑦𝑖𝑗 = 𝛽0 + 𝛽𝑘𝑥𝑖𝑗 + 𝑏1𝑗𝑥𝑖𝑗 + 𝑒𝑖𝑗 

 

where 𝜀𝑖𝑗~𝑁(0, 𝜎𝜀
2 ), i=1,2,…, 42 representing bonobos and j=1, 2, …7 zoos. The response 

variable 𝑦𝑖𝑗 is the blood pressure of ith bonobo in jth zoo, 𝛽0 is the overall intercept, 𝛽𝑘 is the 

slope of k fixed effects listed.  

2.4 Results  

 

2.4.1 K-means Clustering  

 

Figure 6 presents the results of using the K-means clustering approach on bonobos data 

where the variables for blood pressure, heart rate, age as a continuous variable and cuff size were 

standardized. The means of these variables were calculated per each bonobo so that there is one 

record per ape and therefore one ape assigned per cluster. In addition, the age was included as a 

size to illuminate any potential grouping in Figure 7.  
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Figure 6: K-means clustering with K=2.  

 

Figure 7: K-means clustering with K=2 including age.  

 

 

The clustering for both figures showed no pattern to distinguish either of the two groups. 

Clusters with K larger than two were also implemented without yielding any distinct data 

separations.  
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2.4.2 Principal Component Analysis  

 

In this data, Figure 8 shows that there is no defined ‘elbow’ for bonobos data. That is, there is no 

defined juncture where there is a point of leveling off so that it is clear that only certain principal 

components are kept.  

Figure 8:  PCA elbow plot.  

 

However, SBP and DBP proportions for the eigenvalues explained the majority, approximately 

66% percent, of the variability in the data, as shown in Table 4. Using only these two 

components, grouped by cluster, the scatter plot in Figure 9 is created and here we can see there 

is some separation in the data. 

Table 4: PCA Eigenvalues of the Correlation Matrix  

 

  Eigenvalue Difference Proportion Cumulative 

     

SBP (mmHg) 1.94591175 0.59768477 0.3892 0.3892 

DBP (mmHg) 1.34822698 0.35044108 0.2696 0.6588 

Age (years) 0.9977859 0.39747524 0.1996 0.8584 

Heart Rate (bpm) 0.60031066 0.49254595 0.1201 0.9784 

Cuff size (in) 0.10776471  0.0216 1.0000 

SBP - Systolic Blood Pressure. DBP - Diastolic Blood Pressure.  
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Figure 9: PCA plot of principal components. 

 

Cluster 1 contained 30 and cluster 2 12 bonobos. As seen in Table 5, bonobos in cluster 1 are on 

average older than bonobos in cluster 2, although the median for both groups is in the adult 

category with the mean of cluster 1 belonging to the mature adult category. Lower values are 

found for the mean and median blood pressure and heart rate in cluster 1; in cluster 1, mean 

blood pressure was 135/76 and in cluster 2 164/90, falling into the normal range category in 

Table 3. Of note, the blood pressure is higher in the younger group.  
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Table 5: Age, blood pressure and heart rate measurements in two clusters. 

 

Variable Statistic Cluster 1 Cluster 2 

Number of bonobos  N 30 12 

    

Age (years)a 
Mean (SD) 

Median 
Min, Max 

28 (11.40) 

25 
12, 52 

18 (6.25) 

20 
5, 24 

    

SBP (mmHg) 
Mean (SD) 

Median 
Min, Max 

135 (35.26) 

135 
50, 217 

164 (33.15) 

169 
58, 217 

    

DBP (mmHg) 
Mean (SD) 

Median 
Min, Max 

76 (23.48) 

75 
19, 129 

90 (22.12) 

92 
19, 129 

    

HR (bpm) 
Mean (SD) 

Median 
Min, Max 

94 (15.08) 

93 
52, 129 

105 (13.22) 

104 
52, 131 

SBP = Systolic Blood Pressure. DBP = Diastolic Blood Pressure. HR = Heart rate. bpm – beats per minute. 
a Age at the time of the blood pressure measurement, averaged across all visits. 

 
 

 

2.4.4 Lasso 

 

For SBP and DBP, Table 6 shows the variables kept using the default rho value of 0.9. 

For SBP, the number of steps taken for the minimum SBC criterion was 19, making the lambda 

0.135 and for DBP the number of steps was 23 with the lambda of 0.088. Figure 10 and Figure 

11 three plots a, b and c show the steps and progression of the variable selection.   
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Table 6: Grouped Lasso variable selection. 

 

Response Parameter Estimate 

SBP   

 Intercept 0.612 

 Sex: F 0.012 

 Sex: M -0.012 

 Zoo A -0.026 

 Zoo B -0.084 

 Zoo C 0.006 

 Zoo D -0.014 

 Zoo E -0.052 

 Zoo F 0.054 

 Zoo G -0.029 

 On cardiac medication 0.066 

 Not on cardiac Medication -0.066 

 Wave_Form__Quality: Acceptable -0.006 

 Wave_Form__Quality: Good 0.006 

DBP   

 Intercept 0.517 

 Sex: F 0.021 

 Sex: M -0.021 

 Juvenile (< 8) 0.053 

 Young Adult (8-14) -0.023 

 Adult (15-24) 0.019 

 Mature Adult (25-34) -0.014 

 Geriatric (35+) 0.000 

 Zoo A -0.008 

 Zoo B -0.116 

 Zoo C -0.029 

 Zoo D -0.029 

 Zoo E -0.122 

 Zoo F 0.065 

 Zoo G -0.027 

 On cardiac medication 0.037 

 Not on cardiac Medication -0.037 

 Cuff_Size: 2.5 -0.072 

 Cuff_Size: 3 -0.044 

 Cuff_Size: 3.5 0.019 

 Cuff_Size: 4 -0.003 

 Cuff_Size: 4.5 0.003 

 BP_Cuff_Hand_Arm_Side: Left -0.002 

 BP_Cuff_Hand_Arm_Side: Left and Right -0.011 

 BP_Cuff_Hand_Arm_Side: Right 0.002 

 Heart Rate 0.001 

Note: SBP = Systolic Blood Pressure. DBP - Diastolic Blood Pressure.   

 

 

 

 

 

 



   

31 

 

 

Figure 10a: Grouped Lasso selection of the final effects with SBP as response – progression of coefficients.  

 

Figure 10b: Grouped Lasso selection of the final effects with SBP as response – fit criteria. 
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Figure 10c: Grouped Lasso selection of the final effects with SBP as response – progression of ASE. 

 

Figure 11a: Grouped Lasso selection of the final effects with DBP as response – progression of coefficients.  
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Figure 11b: Grouped Lasso selection of the final effects with DBP as response – fit criteria. 

 

Figure 11c: Grouped Lasso selection of the final effects with DBP as response – progression of ASE. 

 

The final effects chosen for SBP are sex, zoo, whether the animal was on cardiac medication and 

the wave form quality of the measuring device. For DBP, the final effects are sex, age, whether 
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the animal was on cardiac medication, cuff size used to measure the blood pressure, the hand on 

which the blood pressure device was placed and the heart rate.  

As described above, the categorical variables selected by grouped Lasso in Table 6 were 

treated as groups, not on an individual level of each categorical variable. By applying non-

grouped Lasso, the variable selection focuses on the level of each category. There were four 

different approaches done with this data to potentially discover any information of significance 

of categories and their levels. That is, Lasso picks one or more of the levels in each category, 

making those specific levels be of importance versus the omitted levels. The first approach is 

choosing the model that gives the smallest estimated prediction error: indirect estimation chooses 

minimum SBC. The second approach, the direct estimation, uses a split of the data, where 30 

percent of the data is treated as validation data and 70 percent as training data. The third 

approach is again direct estimation by choosing the model that gives the smallest 5-fold cross 

validation error. The final approach sets the lambda value to 0.1. Table 7 and Table 8 display the 

estimates where SBP and DBP are the response variable, and all predictors were treated as fixed 

effects.  

Table 7: Lasso variable selection with SBP as response. 

Method Parameter DF Estimate 

Minimum SBC    

 Intercept 1 0.494 
 Sex_F 1 0.012 
 AM_PM_SESSION: AM 1 0.007 
 Zoo B 1 -0.051 
 Zoo F 1 0.173 
 On cardiac medication 1 0.062 
 Cuff_Size:3.5 1 0.042 

 Wave_Form__Quality: Acceptable 1 -0.017 

Validation using 70-30% data split     

 Intercept 1 0.482 
 Sex_F 1 0.038 
 Juvenile (< 8) 1 0.04 
 Young Adult (8-14) 1 -0.007 
 Adult (15-24) 1 0.012 
 AM_PM_SESSION:AM 1 0.014 
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Table 7 (continued). 
 

 
 Zoo A 1 -0.014 
 Zoo B 1 -0.12 
 Zoo C 1 0.048 
 Zoo E 1 -0.206 
 Zoo F 1 0.131 

 BP_Data_Collector_Position: Keeper (head 

keeper) 
1 0.023 

 BP_Data_Collector_Position: Other - Asst. 
Curator 

1 -0.008 

 On cardiac medication 1 0.104 
 Cuff_Size: 2.5 1 -0.195 
 Cuff_Size: 3.5 1 0.057 
 Cuff_Size_4 1 -0.021 

 BP_Cuff_Hand_Arm_Side: Left and Right 1 -0.064 

 BP_Cuff_Hand_Arm_Side: Right 1 0.023 

 BP_Cuff_Finger__Ring_or_Middle: Ring 1 0.136 

 Wave_Form__Quality: Acceptable 1 -0.028 

    

Minimum 5-fold validation error    

 Intercept 1 0.497 
 Sex: F 1 0.038 
 Juvenile (< 8) 1 0.043 
 Young Adult (8-14) 1 -0.017 
 Adult (15-24) 1 0.006 
 AM_PM_SESSION: AM 1 0.003 
 AM_PM_SESSION: PM 1 -0.017 
 Zoo A 1 -0.009 
 Zoo B 1 -0.11 
 Zoo C 1 0.039 
 Zoo E 1 -0.117 
 Zoo F 1 0.158 
 On cardiac medication 1 0.087 
 Cuff_Size: 3.5 1 0.065 
 Cuff_Size_4 1 -0.011 

 BP_Cuff_Hand_Arm_Sid: Right 1 0.008 

 BP_Cuff_Finger__Ring_or_Middle: Middle 1 -0.001 

 BP_Cuff_Finger__Ring_or_Middle: Ring 1 0.189 

 Wave_Form__Quality: Acceptable 1 -0.034 

Setting lambda to 0.1    

 Intercept 1 0.496 
 Sex: F 1 0.01 
 AM_PM_SESSION: AM 1 0.005 
 Zoo B 1 -0.043 
 Zoo F 1 0.175 
 On cardiac medication 1 0.059 
 Cuff_Size: 3.5 1 0.038 
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Table 7 (continued). 

 

   

 

 Wave_Form__Quality: Acceptable 1 -0.015 

Note: SBP = Systolic Blood Pressure.  

 

 

 
Table 8: Lasso variable selection with DBP as response. 

Method Parameter DF Estimate 

Minimum SBC    

 Intercept 1 0.421 

 Sex: F 1 0.03 

 Juvenile (< 8) 1 0.031 

 Young Adult (8-14) 1 -0.022 

 Adult (15-24) 1 0.024 

 Zoo B 1 -0.077 

 Zoo E 1 -0.053 

 Zoo F 1 0.138 

 On cardiac medication 1 0.035 

 Cuff Size: 3 1 -0.046 

 Cuff Size:3.5 1 0.033 

 Heart Rate 1 0.001 

Validation using 70-30% data 

split  
   

 Intercept 1 0.396 

 Sex_F 1 0.061 

 Juvenile (< 8) 1 0.074 

 Young Adult (8-14) 1 -0.046 

 Adult (15-24) 1 0.03 

 Mature Adult (25-34) 1 -0.008 

 AM_PM_SESSION: Unknown 1 0.009 

 Zoo A 1 0.022 

 Zoo B 1 -0.124 

 Zoo C 1 -0.013 

 Zoo E 1 -0.05 

 Zoo F 1 -0.248 

 BP_Data_Collector_Position: Other - Asst. 

Curator 
1 0.113 

 BP_Data_Collector_Position: Zoo Veterinarian 1 -0.057 

 On cardiac medication 1 0.048 

 Cuff_Size: 2.5 1 0.048 

 Cuff_Size: 3.5 1 -0.082 

 Cuff_Size_4 1 -0.065  
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Table 8 (continued).    

 
 BP_Cuff_Hand_Arm_Side: Right 1 0.05 

 BP_Cuff_Finger__Ring_or_Middle: Index 1 0.024 

 BP_Cuff_Finger__Ring_or_Middle: Ring 1 -0.166 

 Heart Rate 1 0.156 

 Wave_Form__Quality: Acceptable 1 0.001 

  1 -0.013 

Minimum 5-fold validation error    

 Intercept 1 0.409 

 Sex: F 1 0.057 

 Juvenile (< 8) 1 0.09 

 Young Adult (8-14) 1 -0.039 

 Adult (15-24) 1 0.031 

 Mature Adult (25-34) 1 -0.016 

 AM_PM_SESSION: PM 1 -0.008 

 Zoo B 1 -0.114 

 Zoo C 1 -0.003 

 Zoo D 1 -0.022 

 Zoo E 1 -0.187 

 Zoo F 1 0.11 

 BP_Data_Collector_Position: Keeper (head 

keeper) 
1 -0.021 

 BP_Data_Collector_Position: Other - Asst. 

Curator 
1 -0.108 

 BP_Data_Collector_Position: Zoo Veterinarian 1 0.025 

 On cardiac medication 1 0.055 

 Cuff_Size: 2.5 1 -0.065 

 Cuff_Size: 3 1 -0.073 

 Cuff_Size: 3.5 1 0.051 

 Cuff_Size_4 1 -0.001 

 BP_Cuff_Hand_Arm_Side: Left and  Right 1 -0.064 

 BP_Cuff_Hand_Arm_Side: Right 1 0.007 

 BP_Cuff_Finger__Ring_or_Middle: Middle 1 -0.018 

 BP_Cuff_Finger__Ring_or_Middle: Ring 1 0.096 

 Heart Rate 1 0.001 
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Table 8 (continued). 

 
 Wave_Form__Quality: Acceptable 1 -0.008 

Setting lambda to 0.1    

 Intercept 1 0.434 

 Sex: F 1 0.024 

 Juvenile (< 8) 1 0.016 

 Young Adult (8-14) 1 -0.021 

 Adult (15-24) 1 0.019 

 Zoo B 1 -0.067 

 Zoo E 1 -0.028 

 Zoo F 1 0.142 

 On cardiac medication 1 0.029 

 Cuff_Size: 3 1 -0.041 

 Cuff_Size: 3.5 1 0.028 

 Heart Rate 1 0.001 

Note: DBP = Diastolic Blood Pressure.  

 

For both SBP and DBP, all four approaches showed consistent trends: for SBP, sex, age, 

morning/afternoon session when the blood pressure was assessed, zoo, cardiac medication 

administration, cuff size and wave form quality; for DBP, heart rate was added to the list.  

As mentioned previously, all the predictors were treated as fixed effects. Using zoos as a random 

variable, Lasso was applied to the mixed effects model, Table 9 shows that none of the variables 

are selected by using Lasso method for variable selection by looking at the accompanying z and 

p values. The value of the zoo variance component was 0.042 for DBP and 0.039 for SBP.  
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Table 9: Lasso variable selection with the zoo as a random variable. 

Response Parameter Estimate Standard Error z-value p-value 

SBP      

 Intercept 0.631 0.033 18.768 <2e-16 

 Sex: F 0.032 0.066 0.475  0.6348 

 Sex: M 0 . .  

 Juvenile (< 8) -0.21 0.437 -0.482 0.63 

 Young Adult (8-14) 0.023 0.129 0.178 0.8586 

 Adult (15-24) -0.012 NA NA NA 

 Mature Adult (25-34) 0.048 0.107 0.453  0.6505 

 Geriatric (35+) 0 . .  0.9593 

 AM_PM_Session: AM 0.002 0.058 0.051 0.5518 

 AM_PM_Session: Unknown 0.112 0.188 0.595  

 AM_PM_Session: PM 0 . .  

 BP_Data_Collector_Position: Keeper 0.023 NA NA NA 

 BP_Data_Collector_Position: Keeper (head 

keeper) 
0.048 0.175 0.274 0.7838 

 BP_Data_Collector_Position: Asst. Curator 0.629 0.551 1.142 0.2535 

 BP_Data_Collector_Position: Zoo Vetenarian 0.095 0.583 0.164  0.8698  

 Not on cardiac medication -0.156 0.1 -1.562 0.1183  

 On cardiac Medication 0 . .  

 Cuff Size 0 NA NA NA 

 BP_Cuff_Finger: Index 0.039 1.426 0.027 0.9782 

 BP_Cuff_Finger: Middle 0.039 1.006 0.039 0.969 

 BP_Cuff_Finger: Ring 0.243 1.121 0.217 0.8282 

 BP_Cuff_Finger: Pointer 0 . . . 

 Heart rate 0 NA NA NA 

 Wave_Form__Quality: Acceptable -0.039 0.065 -0.616 0.5381 

 Wave Form_Quality: Good  . . .  

DBP      

 Intercept 0.428 0.034 12.463 <2e-16 *** 

 Sex: F 0.037 0.067 0.555  0.5786  

 Sex: M 0 . . . 

 Juvenile (< 8) -0.304 0.454 -0.669 0.5034    

 Young Adult (8-14)  -0.028   0.136  -0.208  0.8353 

 Adult (15-24) -0.012 0.077 -0.151 0.8802 

 Mature Adult (25-34) 0.028 0.107 0.262 0.7933   

 Geriatric (35+) 0 . . . 

 AM_PM_Session: AM 0 NA NA NA 

 AM_PM_Session: PM -0.026 0.08 -0.327 0.7437  

 AM_PM_Session: Unknown 0 . . . 

 BP_Data_Collector_Position: Keeper  0.037 NA NA NA 

 BP_Data_Collector_Position: Keeper (head 

keeper)  
0.087 0.177 0.49 0.6242  
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Table 9 (continued). 

 
 BP_Data_Collector_Position: Asst. Curator 0.746 0.592  1.2598 0.2077  

 BP_Data_Collector_Position: Zoo Vetenarian  0.208  0.583 0.358 0.7204 

 On cardiac medication  0.104 0.105 0.994 0.3201    

 Not on cardiac Medication 0 . . . 

 Cuff_Size 0.058 0.104  0.561 0.5746  

 BP_Cuff_Finger: Index  -0.326 1.427  -0.228  0.8193    

 BP_Cuff_Finger: Middle -0.123 NA NA NA 

 BP_Cuff_Finger: Ring -0.025 1.12 -0.023  0.9819 

 BP_Cuff_Finger: Pointer 0 . .  

 Heart rate 0 NA NA NA 

 Wave_Form__Quality: Acceptable -0.01 0.065  -0.1476  0.8827    

 Wave Form_Quality: Good      

Note: SBP = Systolic Blood Pressure. DBP - Diastolic Blood Pressure.   

 

2.4.5 Linear Model  

 

Table 10 presents the values obtained from the multiple linear regression model using fixed 

effects with SBP and DBP measurement as a dependent variable.  
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Table 10: General Linear Model with fixed effects.   

 

Dependent variable Input Variables  DF R-Square F-valuea p-valuea 

SBP  436 0.59 4.83 < .0001 

 Sex  1  7.75 
0.0054 

 Age 1  2.56 0.1098 

 Zoo 6  11.45 <.0001 

 AM or PM Session 2  1.34 0.2619 

 Collector Position 4  1.18 0.3178 

 Session Date 411  2.14 <.0001 

 Cardiac Medication 1  8.02 0.0047 

 Cuff Size 1  0.07 0.7919 

 Hand 2  0.04 0.9560 

 Finger 1  7.06 0.0080 

      

DBP  433 0.51 3.40 <.0001 

 Sex  1  4.99 0.0257 

 Age 1  13.55 0.0002 

 Zoo 6  8.45 <.0001 

 AM or PM Session 2  4.06 0.0175 

 Collector Position 4  0.68 0.6055 

 Session Date 411  2.06 <.0001 

 Cardiac Medication 1  2.68 0.1020 

 Cuff Size 1  0.22 0.6401 

 Hand 2  1.70 0.1835 

 Finger 1  3.42 0.0647 

Note: SBP = Systolic Blood Pressure. DBP - Diastolic Blood Pressure. DF - Degrees of Freedom.  
a F value and p-value for the individual coefficients are based on the Type III SS.  

 

 

For both SBP and DBP, sex, age, zoo, and session date showed significance. Cardiac medication 

also had a low p-value for SBP but not for DBP.  

Table 11 presents the same model only using the selected effects from the grouped Lasso:  

 

 

 

 



   

42 

 

Table 11: General Linear Model with fixed effects selected by grouped Lasso.   

 

Dependent 

variable Input Variables  DF R-Square F-valuea p-valuea 

SBP  9 0.349 97.85 <.0001 

 Sex  1  34.26 <.0001 

 Zoo 6  33.02 <.0001 

 Cardiac Medication 1  49.78 <.0001 

 Wave Form Quality  1  22.99 <.0001 

DBP  16 0.264 33.29 <.0001 

 Sex    30.35 <.0001 

 Age   17.42 <.0001 

 Zoo   10.45 <.0001 

 Cardiac Medication   7.83 0.0052 

 Cuff Size   0.27 0.6056 

 Hand   0.31 0.7306 

 Heart Rate   6.59 0.0104 

Note: SBP = Systolic Blood Pressure. DBP - Diastolic Blood Pressure. DF - Degrees of Freedom.  
a F value and p-value for the individual coefficients are based on the Type III SS.  
 

 

Checking for the individual parameter estimates compared to the reference category, Table 12 

presents the estimates of the coefficients for sex, age, zoo, finger on which the cuff was placed, 

age category, cardiac medication category and the morning/afternoon session, again by using 

only the variables selected by grouped Lasso. 
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Table 12: General Linear Model with fixed effects (as selected by grouped Lasso) estimates.   

 

Dependent variable Input Variables  Estimate Standard Error t-value p-valuea 

SBP      

 Intercept 0.463 0.010 45.01 <.0001 

 Sex F 0.066 0.011 5.85 <.0001 

 Sex M 0.000 . . . 

 Zoo A 0.036 0.016 2.23 0.026 

 Zoo B -0.070 0.025 -2.76 0.0059 

 Zoo C 0.111 0.023 4.94 <.0001 

 Zoo D 0.051 0.017 2.97 0.003 

 Zoo E -0.050 0.053 -0.95 0.3424 

 Zoo F 0.163 0.019 8.63 <.0001 

 Zoo G 0.000 . . . 

 On cardiac medication 0.127 0.018 7.06 <.0001 

 Not on cardiac medication 0.000 . . . 

 Wave_Form__Quality: Acceptable  -0.046 0.010 -4.79 <.0001 

 Wave_Form__Quality: Good  0.000 . . . 

DBP      

 Intercept 0.400 0.047 8.58 <.0001 

 Sex F 0.067 0.018 3.74 0.0002 

 Sex M 0.000 . . . 

 Zoo A -0.011 0.021 -0.51 0.6068 

 Zoo B -0.160 0.033 -4.86 <.0001 

 Zoo C -0.018 0.027 -0.64 0.5215 

 Zoo D -0.058 0.028 -2.08 0.0378 

 Zoo E -0.233 0.060 -3.85 0.0001 

 Zoo F 0.081 0.029 2.8 0.0051 

 Zoo G 0.000 . . . 

 Juvenile (< 8) 0.115 0.054 2.13 0.0333 

 Young Adult (8-14) -0.043 0.022 -2 0.0453 

 Adult (15-24) 0.040 0.020 1.94 0.0525 

 Mature Adult (25-34) -0.019 0.023 -0.8 0.4253 

 Geriatric (35+) 0.000 . . . 

 On cardiac medication 0.061 0.021 2.96 0.0031 

 Not on cardiac medication 0.000 . . . 

 Cuff_Size: 2.5 -0.121 0.137 -0.88 0.3769 

 Cuff_Size: 3 -0.090 0.029 -3.14 0.0017 

 Cuff_Size: 3.5 0.055 0.019 2.87 0.0042 

 Cuff_Size: 4 -0.005 0.014 -0.36 0.7214 

 Cuff_Size: 4.5 0.000 . . . 

 BP_Cuff_Hand_Arm_Side: Left -0.025 0.018 -1.36 0.1739 

 BP_Cuff_Hand_Arm_Side: Left and 
Right -0.139 0.096 -1.45 0.1474 

 BP_Cuff_Hand_Arm_Side: Right 0.000 . . . 

 Heart rate 0.001 0.000 3.31 0.001 

Note: SBP = Systolic Blood Pressure. DBP - Diastolic Blood Pressure. 
a p-value for the individual coefficients is based on the Pr > |t| 

 

The reference category is the category with an estimate of 0 coming from the GLM 

parameterization where it sets the parameter estimate for the last level to zero making it the 
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reference level. The parameter estimates for other levels of the same variable are the difference 

in the effect of each level compared to the reference category. Males are the reference category 

for sex; female category estimate, 0.066, is the estimated difference in the mean of SBP between 

the two sexes, adjusting for other covariates. The p-value (p < .0001) is from a test of SBP means 

being equal for both, which the low p-value here rejects. Not taking cardiac medication is a 

reference category and p-value rejects that SBP and DBP are equal between the two cardiac 

medication categories with the estimated difference of 0.127 for SBP and 0.061 for DBP, 

adjusting for other covariates. Similarly, zoos show that there are differences between the 

categories, with Zoo G being the reference category. while accounting for the other variables, for 

both SBP and DBP.  The cuff size and blood pressure are present in the DBP but in the SBP 

category. The cuff size has primarily negative association with the blood pressure, compared to 

the reference level of the largest size. That is, the estimate for a cuff size of 3 compared to the 

size 4.5 is -0.121, the estimated difference in the mean of  DBP between the two sizes, while 

adjusting for all covariates.  

2.4.6 Linear Mixed Model  

 

2.4.6.1 Random Intercept Model 

  

In Table 13 the fixed variables are listed alongside their p-values where the intercept was 

assigned as random, covariance structure unstructured and subject effect was ape.  
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Table 13: Linear Mixed Model with random intercept. 

 

Dependent variable Input Variables  DFa F-valueb p-valueb 

SBP     

 Sex  1 3.64 0.057 

 Age category 4 0.61 0.658 

 Heart rate 1 0.08 0.783 

 Zoo 6 4.07 0.001 

 AM or PM Session 2 1.44 0.238 

 Collector Position 5 0.84 0.522 

 Cardiac Medication 1 2.23 0.136 

 Cuff Size 4 1.21 0.305 

 Hand 2 0.07 0.937 

 Finger 3 5.6 0.001 

     

DBP     

 Sex  1 5.55 0.019 

 Age category 1 1.93 0.104 

 Heart rate 6 3.11 0.005 

 Zoo 1 10.34 0.001 

 AM or PM Session 2 0.56 0.573 

 Collector Position 5 0.68 0.639 

 Cardiac Medication 1 0.02 0.897 

 Cuff Size 4 5.9 0.000 

 Hand 2 0.27 0.760 

 Finger 3 4.16 0.006 

Note: N=total number of bonobos. SBP = Systolic Blood Pressure. DF - Degrees of Freedom.  
a DF is the numerator DF for individual coefficients.  
b For the individual coefficients, it's based on Type 3 Tests of Fixed Effects, p value is Pr > F. 

 
 

 

 

The estimates presented in Table 14 and Table 15 reflect the relationship between the effect and 

the response for the variables chosen by grouped Lasso in Table 6. 
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Table 14: Linear Mixed Model with random intercept and variables chosen by grouped Lasso. 

 

Dependent 

variable Input Variables  DFa F-valueb p-valueb 

SBP     

 Sex  1 2.93 0.0871 

 zoo 6 3.92 0.0007 

 Cardiac Medication 1 2.93 0.087 

 Wave Form Quality 1 17.52 <.0001 

DBP     

 Sex  1 5.49 0.0193 

 Age category 4 2.13 0.0744 

 Heart rate 1 10.63 0.0011 

 zoo 6 2.49 0.0213 

 Cardiac Medication 1 0.08 0.7796 

 Cuff Size 4 6.03 <.0001 

 Hand 2 0.32 0.7248 

Note: N=total number of bonobos. SBP = Systolic Blood Pressure. SBP = Diastolic Blood Pressure. DF - Degrees of Freedom.  
a DF is numerator DF for individual coefficients.  
b For the individual coefficients, it's based on Type 3 Tests of Fixed Effects, p value is Pr > F. 
 

 

Table 15: Linear Mixed Model with random intercept: estimates of the fixed effects chosen by grouped Lasso. 

Dependent 

Variable  
Input Variables  Estimate Standard Error t-value 

 

p-value 
 

SBP      

 Intercept 0.461 0.045 10.19 <.0001 
 Sex F 0.065 0.038 1.71 0.0871 
 Sex M 0 . . . 
 Zoo A -0.01 0.064 -0.16 0.8699 
 Zoo B -0.015 0.062 -0.24 0.8075 
 Zoo C 0.116 0.075 1.53 0.1254 
 Zoo D 0.101 0.058 1.75 0.08 
 Zoo E -0.052 0.096 -0.54 0.5907 
 Zoo F 0.18 0.055 3.29 0.001 
 Zoo G 0 . . . 
 On cardiac medication 0.047 0.027 1.71 0.087 

 Not on cardiac medication 0 . . . 

 Wave Form Quality: 

Acceptable 
-0.039 0.009 -4.19 <.0001 

 Wave Form Quality: Good  0 . . . 

DBP      

 Intercept 0.387 0.075 5.18 <.0001 
 Sex F 0.09 0.038 2.34 0.0193 
 Sex M 0 . . . 
 Zoo A -0.012 0.061 -0.19 0.8475 
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Table 15 (continued). 

 

 
 Zoo B 0.014 0.062 0.22 0.8256 
 Zoo C 0.012 0.072 0.17 0.8685 
 Zoo D 0.036 0.059 0.61 0.5404 
 Zoo E -0.132 0.097 -1.35 0.1756 
 Zoo F 0.138 0.054 2.53 0.0115 
 Zoo G 0 . . . 
 On cardiac medication -0.008 0.028 -0.28 0.7796 

 Not on cardiac medication 0 . . . 

 Juvenile (< 8) 0.077 0.077 1.01 0.3135 
 Young Adult (8-14) -0.001 0.049 -0.02 0.9879 
 Adult (15-24) 0.001 0.046 0.02 0.9824 
 Mature Adult (25-34) -0.082 0.046 -1.77 0.0772 
 Geriatric (35+) 0 . . . 
 Cuff_Size: 2.5 -0.184 0.077 -2.38 0.0176 
 Cuff_Size: 3 -0.131 0.04 -3.23 0.0012 
 Cuff_Size: 3.5 -0.006 0.032 -0.19 0.8477 
 Cuff_Size: 4 -0.009 0.027 -0.33 0.7423 
 Cuff_Size: 4.5 0 . . . 

 BP_Cuff_Hand_Arm_Side: 

Left 
0.004 0.018 0.24 0.8138 

 BP_Cuff_Hand_Arm_Side: 

Left and Right 
-0.054 0.076 -0.72 0.4718 

 BP_Cuff_Hand_Arm_Side: 

Right 
0 . . . 

 Heart rate 0.001 0 3.26 0.0011 

SBP = Systolic Blood Pressure. DBP = Diastolic Blood Pressure.  

 

In comparison to the GLM Table 11, for SBP,  Table 14 shares zoo and wave form quality as 

important factors whereas for DBP heart rate is also coming out as significant.  Of note, in Table 

15 for SBP, the  ‘on cardiac medication’ category is positive and the estimate for DBP is 

negative, while in Table 12, it is a positive estimate for both SBP and DBP.  

2.4.6.2 Random Slope Model  

 

Once one or more of the predictors are assigned as random, that is there are random 

slopes, then the model is known as the mixed effects model, which permits each predictor to 
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have a different effect for each cluster. In bonobos’ data having zoo as random yields the 

following in Table 16.  

Table 16: Linear Mixed Model with zoo as random. 

 

Dependent variable Input Variables  DFa F-valueb p-valueb 

SBP     

 Sex  1 9.75 0.0018 

 Age category 1 0 0.9874 

 Heart rate 1 0 0.9653 

 AM or PM Session 2 2.53 0.08 

 Collector Position 5 1.05 0.3846 

 Cardiac Medication 1 29.78 <.0001 

 Cuff Size 4 11.51 <.0001 

 Hand 2 0.08 0.9276 

 Finger 3 3.22 0.0221 

DBP     

 Sex  1 8.61 0.0034 

 Age category 1 0.62 0.4301 

 Heart rate 1 11.39 0.0008 

 AM or PM Session 2 3.2 0.0411 

 Collector Position 5 1.43 0.2107 

 Cardiac Medication 1 17.3 <.0001 

 Cuff Size 4 11.67 <.0001 

 Hand 2 0.62 0.5396 

 Finger 3 2.94 0.032 

Note: N=total number of bonobos. SBP = Systolic Blood Pressure. DF - Degrees of Freedom.  
a DF is numerator DF for individual coefficients.  
b For the individual coefficients, it's based on Type 3 Tests of Fixed Effects, p value is Pr > F. 
 

 

Looking at the fixed effects chosen by Lasso from Table 6, we have the following in Table 17.  
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Table 17: Linear Mixed Model with zoo as random with fixed variables as selected from grouped Lasso. 

Dependent variable Input Variables  DFa F-valueb p-valueb 

SBP     

 Sex  1 33.49 <.0001 

 Cardiac Medication 1 52.81 <.0001 

 Wave Form Quality 1 23.47 <.0001 

     

DBP     

 Sex  1 14.18 0.0002 

 Age category 4 8.22 <.0001 

 Cardiac Medication 1 9.59 0.002 

 Cuff Size 4 11.36 <.0001 

 Hand 2 1.54 0.2157 

 Heart Rate 1 11.13 0.0009 

Note: N=total number of bonobos. SBP = Systolic Blood Pressure. DF - Degrees of Freedom. 

a DF is numerator DF/denominator DF for individual coefficients. 

b For the individual coefficients, it's based on Type 3 Tests of Fixed Effects, p value is Pr > F. 

 

The estimates in Table 18 display the relationship between the effect and the response and the 

variance of the random component, zoo, is a variance component that provides information on 

how much variance can be explained by having zoo as a random effect. It is estimated at 0.012 

and the residual is 0.032 for SBP and 0.009 for the zoo and 0.035 for residual where DBP is the 

response. 
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Table 18: Linear Mixed Model with zoo as random with fixed variables from grouped Lasso: estimates.    

 

Dependent Variable Input Variables (Type) Estimate Standard Error t-Value p-value 

SBP      

 Intercept 0.501 0.032 15.48 <.0001 

 Sex: F 0.065 0.011 5.79 <.0001 

 Sex: M 0.000 . . . 

 On cardiac medication 0.128 0.018 7.27 <.0001 

 Not on cardiac medication 0.000 . . . 

 Wave Form Quality: Acceptable -0.047 0.010 -4.84 <.0001 

 Wave Form Quality: Good  0.000 . . . 

DBP      

 Intercept 0.348 0.056 6.25 0.0008 

 Sex: F 0.066 0.018 3.77 0.0002 

 Sex: M 0.000 . . . 

 Juvenile (< 8) 0.117 0.054 2.17 0.0304 

 Young Adult (8-14) -0.041 0.022 -1.91 0.0569 

 Adult (15-24) 0.040 0.020 1.98 0.0478 

 Mature Adult (25-34) -0.020 0.023 -0.85 0.3948 

 Geriatric (35+) 0.000 . . . 

 On cardiac medication 0.063 0.020 3.1 0.002 

 Not on cardiac medication 0.000 . . . 

 Cuff_Size: 2.5 -0.127 0.137 -0.93 0.3537 

 Cuff_Size: 3 -0.091 0.028 -3.22 0.0013 

 Cuff_Size: 3.5 0.052 0.019 2.72 0.0066 

 Cuff_Size: 4 -0.005 0.014 -0.37 0.7081 

 Cuff_Size: 4.5 0.000 . . . 

 BP_Cuff_Hand_Arm_Side: Left -0.023 0.018 -1.27 0.2057 

 BP_Cuff_Hand_Arm_Side: Left and Right -0.137 0.096 -1.43 0.1541 

 BP_Cuff_Hand_Arm_Side: Right 0.000 . . . 

 Heart rate 0.001 0.000 3.34 0.0009 

Note: SBP = Systolic Blood Pressure. DBP = Diastolic Blood Pressure.  

 

For SBP, sex, cardiac medication and finger are coming out as significant and for DBP, it is sex, 

morning/afternoon session, cardiac medication, cuff size and finger where the device was placed 

while for DBP, sex again is coming out as an important predictor along with the cardiac 

medication, cuff size, finger, and heart rate.  
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Given the low value of the zoo variance component, the random-intercept model (with 

lower AIC value of -1066 vs random-zoo model AIC -869 value) seems to be a better fit. The 

mixed effects model with zoo as a random effect reflects the consistent trend seen also with the 

GLM approach where sex, age, and cardiac medication are affecting the blood pressure values. 

2.4.7 Cardiac medication  

 

A total of 13 bonobos were on cardiac medication at four of the seven zoos. As presented 

in Table 2, most of them were on angiotensin converting enzyme (ACE) inhibitors: four  were on 

enalapril, four on lisinopril, two on carvedilol and one on ramipril. Two of the bonobos were on 

an ACE inhibitor (either enalapril or lisinopril), a calcium channel blocker (amlodipine) and a 

beta blocker (carvedilol). Table 19 displays the demographic data of bonobos that were on 

cardiac medication. The average age was 24, mean blood pressure was 170/92 mmHg and the 

average heart rate was 100 bpm.  

Table 19: Bonobos on cardiac medication. 

 

Variable Statistic Zoo A Zoo B Zoo C Zoo D 

Zoo 

E Zoo F Zoo G Total  

Number of 

bonobos taking at 

least one cardiac 
medication   1 5 0 0 0 6 1 13 

          

Age (years)a 
Mean (SD) 

Median 
Min, Max 

20 (-) 

20 
20, 20 

38 (5.34) 

41 
23, 43 0 0 0 

24 (8.68) 

23 
13, 51 

26 (-) 

26 
26, 26 

27 (9.84) 

24 
13, 51 

          

SBP (mmHg) 
Mean (SD) 

Median 
Min, Max 

159 (25.12) 

162 
110, 205 

129 (34.35) 

128 
57, 210 0 0 0 

176 (24.15) 

177 
67, 217 

134 (34.58) 

137 
73, 180 

164 (33.45) 

170 
57, 217 

          

DBP (mmHg) 
Mean (SD) 

Median 
Min, Max 

88 (16.02) 

93 
53, 104 

70 (22.89) 

69 
22, 126 0 0 0 

96 (18.71) 

98 
19, 129 

76 (16.07) 

76 
47, 101 

90 (22.50) 

92 
19, 129 

          

HR (bpm) Mean (SD) 
Median 

Min, Max 

96 (8.58) 
96 

90, 121 

93 (17.01) 
90 

56, 129 0 0 0 

101 (11.61) 
102 

53, 131 

102 (20.84) 
107 

71, 126 

99 (13.32) 
100 

53, 131 

Note: N=total number of bonobos. SBP = Systolic Blood Pressure. DBP = Diastolic Blood Pressure. HR = Heart rate.  
a Age at the time of the blood pressure measurement, averaged across all visits. 
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Given that the average blood pressure measurements were higher in the group that was on 

cardiac medication, the question was on the feasibility of extracting any potential correlations 

between the blood pressure and medications that the animals were administered. Table 20 

presents the average of change from baseline and percent change from baseline values for the 

animals overall as well as specifically for the group that was cardiac medication. 

 

Table 20: Blood pressure change from baselinea values.  

 

Variable  (Mean, SD) Zoo A Zoo B Zoo C Zoo D Zoo E Zoo F Zoo G Total 

Total number of bonobos 5 8 3 7 2 11 6 42 

         

  SBP         

     Change from baselinea -3 (17.20) 1 (19.79) 11 (22.26) -5 (20.38) -14 (38.25) 3 (22.86) -5 (24.70) 0 (22.87) 

     Percent change from baselinea 10 (22.28) -2 (31.29) 9 (18.68) -9 (18.15) -24 (37.60) 15 (20.28) -4 (23.46) 4 (24.91) 

         

  DBP         

     Change from baselinea 11 (26.22) -8 (36.65) 11 (24.93) 

-13 

(25.05) -44 (61.88) 20 (28.90) -7 (31.97) 4 (33.61) 

     Percent change from baselinea -2 (21.21) 3 (29.20) 17 (34.36) -7 (25.37) -14 (47.37) 6 (27.69) 0 (35.32) 3 (30.62) 

         

Number of bonobos taking at least 

one cardiac medication  1 5 0 0 0 6 1 13 

         

  SBP         

     Change from baselinea -3 (8.45) -1 (19.06) - - - 0 (19.56) 9 (18.01) 0 (19.27) 

     Percent change from baselinea -11 (9.90) -8 (24.75) - - - 14 (18.57) 3 (25.75) 7 (23.03) 

         

  DBP         

     Change from baselinea -19 (17.16) 

-15 

(32.79) - - - 19 (26.62) 4 (35.62) 8 (32.65) 

     Percent change from baselinea -3 (9.38) 0 (26.97) - - - 1 (20.38) 13 (25.26) 1 (22.57) 

                  

Note: SBP - Systolic Blood Pressure. DBP - Diastolic Blood Pressure.  
a Baseline is defined as the first blood pressure assessment for each bonobo. Means are rounded to the nearest integer.  

 

 

Graphical representation of the blood pressure for different types of medication is shown in 

Figure 12 for SBP and DBP.  
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Figure 12: SBP and DBP assessments per type of medication. 
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For bonobos on cardiac medication, comparing to the reference ranges in Table 3, the means 

fell into the normal range.  

There seemed to be some clustering of the observations in the first quarter of 2019. As shown 

in Table 20, the standard deviation values were very large and given the number of bonobos 

within the zoos,  there were no valuable comparisons and no results of significance to be 

concluded.  

2.5 Conclusion 

 

Throughout the exploration of the bonobos’ data, patterns emerged pointing to the variables 

that appear to be important factors in the evaluation of blood pressure in these animals. Given the 

method described in 2.3, the values for SBP and DBP as collected in bonobos from the seven 

zoos in the U.S. are higher than those in sedated chimpanzees, and consequently their ranges for 

normal, prehypertensive and hypertensive are also higher. Looking at the PCA clustering, the 

values for blood pressure were higher for the younger group. One possible reason for this may be 

that the younger animals are more active and/or excitable so that their blood pressure would be 

higher. Overall, data assessment and conclusions raise several questions. Would chimpanzees 

have higher blood pressures if taken when awake since sedation tends to lower readings? If 

measuring device is correct, does this mean that bonobos naturally have a higher blood pressure? 

Then is there the need for cardiac medication, if the current medication is administered based on 

human reference ranges?  

As stated earlier, BP readings are done on a fully awake animal. It would be optimal to check 

the readings from the PetMAPTM Graphic device against readings from a different blood pressure 

monitor on the same awake animal so that a comparison can be made. This would help address 

whether the higher BP seen in bonobos are an artifact of the BP device or a true species 
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variation. Of note, waveform quality, which indicates the quality of the measurement on the BP 

device was an important factor for SBP measurements using the PetMAPTM Graphic device. The 

use of a human arm cuff on an awake bonobo has already been demonstrated as not feasible due 

to their inclination to pull back their arm once they feel the pressure of the cuff. The 

recommendation is to see if another alternative method of measuring blood pressure could be 

utilized so that the comparison can be made.  

Utilizing a variety of statistical approaches, cardiac medication was consistently an important 

predictor. In some of the models, the estimates were positive, for example in GLM Table 12, not 

being on a cardiac medication is the reference category. Being on cardiac medication, the 

category estimate, 0.127, is the estimated difference in the mean of SBP between the two 

categories, adjusting for other covariates. A positive number indicates that the SBP was higher 

for those on cardiac medication than it was for those that were not. However, since no true 

baseline values were available for animals before they started on a medication regimen, the 

benefit of cardiac medications on BP values cannot be assessed properly.  

These exploratory results are important because they provide us with the information for 

further work with bonobos. First, if possible, having two ways of measuring blood pressure on a 

non-sedated ape would allow for a comparison between the two and the estimation of precise 

blood pressure ranges. If it is correct that bonobos’ blood pressure is higher than expected or so 

far assumed, future work would need to focus on the use of cardiac medications and their merit 

for bonobos. It is prudent to evaluate their need for cardiac medication dependent on the 

bonobo’s age and sex. Both feature strongly in every analysis and provide caretakers with 

possible valuable insights for taking care of bonobos.   
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2.6 Contributions 

 

The primary goal of this work was to look at the data collected on bonobos, not conducted in 

a randomized clinical trial setting, and using a variety of approaches, attempt to understand better 

the mechanisms of blood pressure measurements on these animals and their response to using the 

blood pressure measuring device. We have shown that certain attributes, such as age and sex, are 

impactful in the bonobos blood pressure values. Additionally, the question of cardiac medication 

benefit and worth were brought to the spotlight as well as probing into the idea that the bonobos 

blood pressure may be higher naturally both of which need further research and study as we get 

more data. The current work done here is simply a start to a better understanding of bonobos and 

what we can do from a statistical perspective to enhance their health and quality of life.   
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CHAPTER 3 

 

3. Tumor dynamics  

 

3.1 Introduction 

 

Worldwide, cancer ranks as a leading cause of death, and it is the second leading cause of 

death in the United States after heart disease. American Cancer Society estimates that there will 

be approximately 1,918,030 cancer cases in the U.S. in 2022, with the breast cancer in women 

and skin melanoma as the two most widespread cancers. According to the World Health 

Organization (WHO) cancer accounted for almost 10 million deaths in 2020; cancer, also known 

as malignancies or neoplasms, is a “generic term for a large group of diseases that can affect any 

part of the body” with the defining feature of “rapid creation of abnormal cells that grow beyond 

their usual boundaries, and which can then invade adjoining parts of the body and spread to other 

organs” which is termed metastasis. Worsening metastasis leads to death.  

The treatment approach is highly dependent on the type of cancer and its correct diagnosis 

because every cancer is different and requires a unique tactic. Most people diagnosed with 

cancer will have more than one treatment, such as surgery along with chemotherapy. Treatments 

include surgery, chemotherapy, hormonal treatments, radiation therapy, photodynamic therapy, 

stem cell transplant, hyperthermia, and many other treatments and therapies (National Cancer 

Institute, NCI). Immuno-oncology (IO), also known as immunotherapy, is focused on using the 

immune system to “prevent, control and eliminate cancer.” The Cancer Research Institute (CRI) 

explains that immunotherapy can come in many different forms (e.g. targeted antibodies, cancer 

vaccines) and can be used in combination with other therapies, like surgery.  
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One common cancer is head and neck squamous cell carcinoma (HNSCC). It is the seventh 

most common cancer in the world and “well known for its local recurrence and spread via 

lymphatic and hematogenous routes” (Medline Plus, Djalilian, 2022). HNSCC is classified by 

location: oral cavity, middle part of the throat near the mouth (oropharynx), nasal cavity and 

paranasal sinuses, upper part of the throat near the nasal cavity (nasopharynx), larynx or lower 

part of the throat near the larynx (hypopharynx). If it metastasizes, to other parts of the body, 

such as lymph nodes or lungs, HSNSCC can be fatal. In general, there is no inheritable 

predisposition. The cancer is the result of a cell mutation (Medline Plus).  

In 2021, Gonzalez-Garcia et al. published a paper ‘Early predictions of response and survival 

from a tumor dynamics model in patients with recurrent, metastatic head and neck squamous cell 

carcinoma treated with immunotherapy’ which was focused on modeling early forecasts of the 

tumor size growth in patients diagnosed with HNSCC using the data from five different clinical 

trials. The authors established a method in evaluating the “best overall response (BOR) and 

overall survival at 6 months (OS6) in patients with cancer treated with immunotherapy. This 

method combines machine learning with modeling of longitudinal tumor size data.” The 

dynamics of the tumor modeling and the response of patients to the immune-oncology (IO) 

therapy were explored in this paper to address the primary question of the study: ‘Is it possible to 

predict the response of patients receiving IO therapies by using only early data?’ Four of the 

datasets from the clinical trials were used as a training set and the fifth one as a test dataset; the 

authors “introduced a method for early prediction of clinical response to IO therapy” by using “a 

nonlinear mixed effects model coupled with machine learning to classify patients’ responses, 

minimizing total classification error.” 
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For this thesis, utilizing the Gonzalez-Garcia et al. paper described above as a blueprint, 

collaboration was established with one of its authors, Dr. Helen Moore, and the following was 

investigated:  

• Using the simulated data based on the parameters developed by the authors of the paper 

and applying statistical variable selection approach, does the final set of variables 

selected match with those found in the final model portraying the tumor dynamics?  

3.2 Cancer 

 

3.2.1 Overview 

 

As stated above, cancer is the second leading cause of death in the United States and a 

leading cause of death worldwide. According to the American Cancer Society, the definition of 

cancer is a ‘group of diseases characterized by the uncontrolled growth and spread of abnormal 

cells that can result in death if not treated.’ The National Cancer Institute (NCI) describes the 

development of cancer by calling it a “genetic disease – that is, it is caused by changes to genes 

that control the way our cells function, especially how they grow and divide. Genetic changes 

that cause cancer can happen because of errors that occur as cells divide, of damage to DNA 

caused by harmful substances in the environment, such as the chemicals in tobacco smoke and 

ultraviolet rays from the sun” and familial inheritance.   

Each cancer is unique. There are multiple types of cancer, the most common being 

carcinomas (NCI). The stages of cancer describe the extent of the spread of cancer. Anyone can 

develop cancer, but the risk increases with age. The majority of people diagnosed with cancer in 

the United States, 80%, are over the age of 55 years old and 57% are older than 65 years old. 

Smoking, being overweight, alcohol, and unhealthy diet contribute to cancer risks with the 

understanding that each individual and each cancer differs (WHO). Looking at the race 
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differences, National Cancer Institute offers a chart portraying the disproportions between 

different races and ethnicities as shown in the figure below:  

Figure 13: Cancer Death Rates by Race/Ethnicity.  

 

Source: Cancer Disparities — Cancer Stat Facts 

When it comes to sex, men have a higher mortality rate than women and for all cancers 

combined, black men have the highest and Asian/Pacific Islander women the lowest cancer 

mortality (NIH, NCI).   

The American Cancer Society publishes Cancer Facts & Figures detailing cancer facts, 

description of selected cancers as well as a discussion on cancer disparities and global cancer 

burden. The figure below shows the estimates of new cases of cancer in 2022 by sex. Of note, 

these estimates do not consider the impact that COVID-19 had on the diagnosis of cancer. 

 

 

 

https://seer.cancer.gov/statfacts/html/disparities.html
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Figure 14: Cancer Facts and Figures 2022. Leading Sites of new Cases and Deaths – 2022 Estimates.  

 

Source: Cancer Facts & Figures 2022 

3.2.2 Tumor dynamics 

 

Tumor dynamics is a term referencing the dynamic aspect of cancer because of the 

illness’s complexity in its progression. Tumor size dynamics are “typically quantified with 

measurements of tumor diameters and volume” and a variety of tumor growth modeling 

strategies have been employed, including new mixed-effects models (Yin, 2019, Ribba 2014). As 

NCI states, “as cancer progresses, tumor typically becomes more heterogeneous, composed of 

diverse cancer and noncancer cells with different molecular characteristics and behaviors. This 

staggering complexity makes it difficult to predict how a person’s cancer will progress and 

respond to treatment.” Longitudinal aspect of tumor growth over time can be feasibly defined by 

mathematical models, describing the repeated measures of the cancer data: this approach being 

superior to the standard approach which is measuring the change from baseline (Fitzmaurice, 

2016). The efforts have been made in understanding the tumor growth in mathematical terms, 

https://www.cancer.org/content/dam/cancer-org/research/cancer-facts-and-statistics/annual-cancer-facts-and-figures/2022/2022-cancer-facts-and-figures.pdf
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applying mathematical and statistical modeling strategies to the clinical cancer data to develop a 

working model using a number of parameters in describing the disease progression and potential 

for prediction. Some of the models are pharmacodynamic models, such as the one done by Iliadis 

and Barbolosi, considering the toxic effects of the anticancer drug on the white blood cell counts 

and the kinetics behind the normal cell counts.  

One of the functions used to describe the growth of the tumor growth has been the 

exponential function (Yorke, 1993). The natural exponential function has the format:  

𝑓⁡(𝑡) = 𝑒𝑟𝑡 

where 𝑓(𝑡) is the response variable, t is time and 𝑟 is a constant representing growth rate.  

The problem with this approach is that it doesn’t account for tumor growth rate decrease 

as the tumor size increases, exponential function here representing the unrestrained growth. To 

account for the decrease in the growth, logistic function is often utilized where the growth 

eventually levels off to what’s known as its carrying capacity creating the sigmoid curve. The 

format of the logistic growth equation is: 

𝑑𝑁

𝑑𝑡
= 𝑟𝑁(1 −

𝑁

𝐾
) 

where 𝑁 is the population, 𝑡 is time, 𝑟 is the growth rate and 𝐾 is the carrying capacity.  

 A similar approach to limiting growth is the Gompertz model which is well known in the 

field of tumor dynamics modeling, as well as in many other biological applications. It is based on 
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the Gompertz curve, named after Benjamin Gompertz (1779-1865), and utilized by A.K. Laird in 

the 1960s to fit the complexity of tumor growth. The Gompertz sigmoidal curve models the 

tumor growth that starts slowly growing and slows down at the end of the period, eventually 

reaching a plateau as tumor increases in size, that is, tumor’s growth is slowest at the end, there 

is a deceleration of the tumor growth ( Stein 2011, Vaghi, 2020). In modeling cancer growth, the 

primary assumption is that the cell growth rate decreases exponentially as a function of time 

(Alzahrani et al. 2014). The difference compared to the logistic growth is in that Gompertz 

equation can model asymmetric curves (Franses, 1994, Chu 2020). The Gompertz model has the 

following format: 

𝑉(𝑡) = 𝑉0𝑒
𝛽
𝛼

(1−𝑒−𝛼𝑡)
 

where 𝑉(𝑡) is the size of the tumor, 𝛼 is the delay constant, and 𝛽  is the initial growth or 

regression rate. Visually, exponential, logistic and Gompertz look like the following: 

Figure 15: Exponential, Logistic and Gompertz curves. 

 

Source: Exponential, logistic, and Gompertz growth » Chebfun  

https://www.chebfun.org/examples/applics/Gompertz.html
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One of the drawbacks of the models specified above is that they don’t consider the 

structure of the tumor where there are three layers of the tumor, the layer where the cells are 

proliferating, the layer with the cells in a quiescent phase and the necrotic core consisting of the 

dead cells. Alzahrani et al. elucidate this structure with the following figure:  

Figure 16: Quiescence as an explanation of Gompertzian tumor growth. 

 

Quiescence as an explanation of Gompertzian tumor growth revisited (sciencedirectassets.com) 

The quiescent phase, defined as “a cellular state in which a cell remains out of the cell 

cycle but retains the capacity of divide” (Urban et al., 2021), is of interest in the cancer radiation 

therapy because “radiation is most damaging to the highly active proliferating cells. Quiescent 

cells are hit by radiation as well, but they have time enough to repair DNA damage and recover. 

Hence for treatment to be successful it is important to estimate the quiescent phase” (Hadeler et 

al., 2009).  

A number of papers have been published describing diverse approaches to the modeling 

of tumor growth, typically using the clinical data from a variety of clinical trials. A sample of 

https://pdf.sciencedirectassets.com/271979/1-s2.0-S0025556414X00076/1-s2.0-S0025556414001151/main.pdf?X-Amz-Security-Token=IQoJb3JpZ2luX2VjEHoaCXVzLWVhc3QtMSJGMEQCICKTL7pIvGsru9bk8TmZ09ejszWo4XK9vgUnwfty1NuvAiBfaarGwdNmwneGPgawyW5EbLC4TmwjuMooU0IxXSLQ2yrMBAhCEAUaDDA1OTAwMzU0Njg2NSIMoN2FpETbEs9hKShUKqkEUSzUorbDrC9c9obg%2BrR3GQlhay%2FW6PR1EUr53yDqJLuZYafn441ckL2MXP47ad3na6KUlR2ADPTFbxbhja%2BOZ9QZXOPCSlXgRUvE045WHh%2BGkc9nvld09CUhZHTRnNIQVQDu9a8DfBYuvi%2BUJrORXTm6wS9iZEL2sTRUb7If1G1EmBOFE2Aya6BPBsSQ%2BtVhRNAW6s9a2GgNipD%2FGZ8q51gxtZBdepM37gYwkRKoQon2HzioXcbjniukc%2FwpcZ6Cg0G3Ax%2FgwAoj%2BNT9%2BghtvTCTgwFq%2BCRmM0gcpDQggZ3wNnAWqDUVfJavEkkJc2U%2BWyI0WMikhra%2F7N8Sild6AAY3c%2BuQ2%2F%2B4Gtx68YLy%2Ft8bbuBHXL2nn%2B6qnv0nuSZ1M%2BnlkfmzNE3tsca5Bwi0Kkoi7PTgiYsB4YMlTfMVYjFz5sTXVHK7mYv58cRvFDHWVb0rnrhF0znXOH%2BZcxxczenwf5lnwjMsjWJ15BWgV10TOBG2MCXfxuyvivMUz8IjM2hWOa9ykewkIaxhgc1c3hsp%2Bt3CCrevm%2B1Vc4bd9FDI%2FrwbRdQM6eJo4lRNTceFS1CBoB84rhtEykAb%2FOLcyG8d06ChTTn28SLuMDIb80j3rhXjefU0hGJfP9yNQYY03cwj%2F6uEB1gvXvpwo3E%2FgZdb6T21cS%2BtS4V4z17eEwB0zq1T%2BrWwRLiJSk6MHiyYK2izFsdPhlk%2FzT%2BSF4DHoy9ykIXbik2x9jCfo4qaBjqqAVivCnt%2B6KYSWHyZShZD7QiCLgeJPk7jn5%2BZlRbRJVBP1%2F1cDMNtKkpTUwtqTq%2BoFXM7SH1efBszvfeB7bqNafNB%2FhIOYZW%2BZ3y9LZjmLrsCZN6G73HHYTdHYAw563pkdH8mkFN4RS5XSWdOI7IQyZbXme%2Bm%2FmMhjdL1qU4aNEcwCz8eOyiMtUOH84PurRQFR08xqugNNz8aNtTJRMwy42kB84rtpAcG4pIw&X-Amz-Algorithm=AWS4-HMAC-SHA256&X-Amz-Date=20221009T104600Z&X-Amz-SignedHeaders=host&X-Amz-Expires=300&X-Amz-Credential=ASIAQ3PHCVTY2J6WTTPP%2F20221009%2Fus-east-1%2Fs3%2Faws4_request&X-Amz-Signature=37e2e57608012e48aac20775c3228f4ee8f243dfca8707c7b9bfeb8213b2f111&hash=8576dab573e54a2b312253d58cd7325bd2798f2b24fc03c284d52dac07acfcbb&host=68042c943591013ac2b2430a89b270f6af2c76d8dfd086a07176afe7c76c2c61&pii=S0025556414001151&tid=spdf-73228856-1271-4807-89f2-4d6ded07ef20&sid=38a031891adc684461983a04d1438f34228bgxrqa&type=client&ua=4d5353575f520e00510454&rr=757687aa0b41b0df
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published papers described below, based on clinical trials cancer data, implement a variety of 

models to illuminate the tumor growth in patients treated:  

a) Wang et al. focused on building a predictive model in their paper ‘Elucidation of 

Relationship Between Tumor Size and Survival in Non-Small-Cell Lung Cancer 

Patients Can Aid Early Decision Making in Clinical Drug Development’ to 

“demonstrate that information in prior registration trials can be leveraged to develop 

quantitative models that relate patient baseline risk factors and the time course of 

tumor response to the probability of survival” using the data from four randomized 

clinical trials. The model that was developed used the non-linear mixed exponential-

delay and linear growth approach: 

𝑇𝑆𝑖(𝑡) = 𝐵𝐴𝑆𝐸𝑖 ∙ 𝑒−𝑆𝑅𝑖∙𝑡 + 𝑃𝑅𝑖 ∙ 𝑡 

where “𝑇𝑆𝑖(𝑡) is the tumor size at time 𝑡 for the 𝑖𝑡ℎ individual, 𝐵𝐴𝑆𝐸𝑖 is the baseline 

tumor      size, 𝑆𝑅𝑖 is the exponential tumor shrinkage rate constant, restricted to be 

non-negative, and 𝑃𝑅𝑖 is the linear tumor progression rate. The exponential tumor 

shrinkage component characterizes the treatment effect on tumor shrinkage over time 

over time that would result in reducing the tumor size asymptotically toward zero.” 

They show by using modeling approaches that a change in tumor size at week 8 can 

provide a critical signal for the effectiveness of the drug, indicating the use of early 

data to forecast outcome. 

b) Stein et al. in their paper on ‘Tumor Regression and Growth Rates Determined in 

Give Intramural NCI Prostate Cancer Trials: The Growth Rate Constant as an 
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Indicator of Therapeutic Efficacy’ used the tumor growth rate constant 𝑔 and 

regression rate constant 𝑑  from prostate specific antigen (PSA) data from five 

clinical trials in patients under treatment in assessing the overall survival (OS) by 

using the following model: 

𝑓(𝑡) = 𝑒−𝑑∙𝑡 + 𝑒𝑔∙𝑡 − 1 

where the response 𝑓(𝑡) is the PSA measurement at time 𝑡 (days), 𝑑 is the rate 

constant representing the exponential decrease/regression of the PSA signal and 𝑔 is a 

rate constant representing the exponential growth/regrowth of the tumor during 

therapy.  

One of the primary results was that “the measured growth rate constant (𝑔) of the 

change in the PSA signal correlates strongly with OS, making 𝑔 a novel clinical trial 

endpoint that may be useful as a predictor of OS, and that may allow comparisons 

across clinical trials.” They showed that the rate growth constant “𝑔 is a more 

accurate predictor of OS than PSA-DT and provides an accurate assessment of 

treatment benefit a median of 12 weeks earlier.”  

c) Working with the renal cell carcinoma data from patients, Bonate and Suttle paper 

‘Modeling tumor growth kinetics after treatment with anticancer study drug 

pazopanib or placebo in patients with renal cell carcinoma’ expanded on Wang et 

al.’s model by having the following mathematical model as a result, including the 

quadratic term: 

𝑌 = 𝐵𝐴𝑆𝐸 ∙ 𝑒−𝐴∙𝑡 + 𝐵 ∙ 𝑡 + 𝐶 ∙ 𝑡2 

where  𝑌 is the tumor size at time 𝑡, BASE is the baseline tumor size, 𝐴 is the 

shrinkage rate, 𝐵 is a linear growth term and 𝐶 is a quadratic growth term.  
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This model showed that “pazopanib 800mg increased the tumor shrinkage rate by 

267% compared with placebo but had no effect on the tumor regrowth rate.” It was 

concluded that the study was confirmatory of pazopanib’s efficaciousness compared 

to the patients treated with placebo including the development of new lesions. The 

drawbacks are in that the model, including Wang model, predict that the tumor will 

“grow infinitely” as well as that the tumor size, defined as the sum of lesions, doesn’t 

take into account the sensitivity of individual lesions’ shrinkage to the study drug.   

d) Previously mentioned paper by Gonzalez-Garcia et al. developed a method for early 

prediction of clinical response to IO therapy based on the five clinical trial datasets 

for patients with HNSCC treated with durvalumab anticancer treatment; four of the 

datasets were used as a training set and the fifth one as a test dataset. The 

mathematical model was fit as follows:  

𝑌 = 𝑌0 ∙ 𝑒−𝑘_𝑑∙𝑡 + 𝑌1 ∙ (1 − 𝑒−𝑘_𝑔∙𝑡) 

where 𝑌 is the model value for the sum of longest diameters of the tumor lesions 

(called the ‘tumor burden’ in the paper),  𝑌0 is the observed tumor burden at baseline 

per patient, 𝑌1 is the tumor burden at steady state, 𝑘_𝑑 is the tumor decrease constants 

and 𝑘_𝑔 is the tumor growth constant fitted as fixed effects. The model was developed 

based on the tumor compartmental model as presented in Dr. Moore’s 2016 poster, 

the derivation is provided below.    

This model “combines traditional pharmacometrics and machine learning to make 

early predictions of clinical outcome in durvalumab-tested patients with HNSCC” and 

this method  is “able to capture tumor size dynamics specific to patients receiving IO 

therapy. In particular, this model can capture pseudo progression as well as tumor 
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sizes that approach a steady-state value that is finite and non-zero” compared to for 

example the Wang et al. model where tumor size grows infinitely so the extrapolation 

is difficult.  

3.3 Data 

  

The dataset contains simulated data of 400 patients over the course of 100 days with 

some of the values used in the simulation coming from the Gonzalez-Garcia et al. paper’s 

supplementary table:  

Figure 17: Final model parameters from the Gonzalez-Garcia et al. paper.  

 

   Source: Supporting Information. https://doi.org/10.1002/psp4.12594. 

The simulation details are as follow: 

Given that for lognormal distribution with parameters 𝑚 and 𝑣, where 𝜇 and 𝜎 are the 

parameters from the normal distribution, we have: 

𝜇 = 𝑙𝑛 (
𝑚2

√𝑣 + 𝑚2
) , 𝜎 = √𝑙𝑛 (1 +

𝑣

𝑚2
) 

(𝐶𝑉)2 =
𝑣

𝑚2
, 𝑣 = 𝑚2(𝐶𝑉)2 

𝜇 = 𝑙𝑛 (
𝑚2

√𝑚2(𝐶𝑉)2 + 𝑚2
) = ln (

𝑚

√(𝐶𝑉)2 + 1
) 

𝜎 = √𝑙𝑛(1 + (𝐶𝑉)2) 

 

𝑚 = 0.00551, 𝑏𝑠𝑣𝑘𝑑 = 1.70⁡ 
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𝑚1 = 0.0226, 𝑏𝑠𝑣𝑘𝑔 = 1.83 

Parameters 𝑦0, 𝑘1⁡and 𝑘2 are randomly distributed normal variables with, as mentioned 

previously, 𝑦0 representing tumor burden of a patient at baseline, 𝑦1 is the tumor burden at 

steady state set to 37.9 value, and 𝑘𝑑 and 𝑘𝑔, a non-negative rate constants, representing tumor 

decrease and growth constants respectively, are derived as randomly distributed variables with 

lognormal distribution. Only positive values were kept for tumor size and burden values 

(resulting in 39,900 observations). Tumor burden is the sum of the longest diameter of the 

lesions. Figure 18 shows the distribution of tumor size:  

Figure 18: Tumor size distribution.  

 
 

Using the full simulated dataset, Table 21 displays the descriptive statistics followed by 

Figure 19 where the scatterplots are presented for a sample of subjects displaying the scatterplot 

of tumor size over time.  

Table 21: Descriptive statistics of the full dataset.  

 Parameter Mean Standard Deviation Median Minimum Maximum 

N=39,900      
Kd 0.01 0.01 0 0 0.04 

Kg 0.02 0.03 0.01 0 0.31 

k1 -0.09 1.01 -0.14 -3.09 2.96 
k2 0.11 2.06 0.19 -5.2 6.32 

y0 73.87 24.6 74.74 1.7 138.74 

y1 37.9 0 37.9 37.9 37.9 

Tumor size 76.01 26.08 75.78 2.29 148.44 
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Figure 19: Scatterplots of tumor size over time for a sample of subjects. 
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The figures show a variety of behaviors of individual’s tumor size.  

To check for the tumor size behavior on a sparser dataset, 10%, 20% and 30% of data was 

randomly sampled from the full dataset, repeated five times. Table 22 below shows that the 

descriptive statistics of these partial datasets are very close while Figure 20 uses the sparsest, the 

10% sample, showing that it mimics the behavior of the tumor size over the course of time 

compared to Figure 19.  

Table 22: Descriptive statistics of the 10, 20 and 30 percentages of the full dataset. 

  
Percentage of the full dataset 
    Variable Statistic Sample 1 Sample 2 Sample 3 Sample 4 Sample 5 

10% (3,990 observations)             

kd 

Mean (SD) 

Median 

Min, Max 

0 (0.01) 

0 

0, 0.04 

0.01 (0.01) 

0 

0, 0.04 

0.01 (0.01) 

0 

0, 0.04 

0 (0.01) 

0 

0, 0.04 

0.01 (0.01) 

0 

0, 0.04 

kg 

Mean (SD) 

Median 

Min, Max 

0.02 (0.03) 

0.01 

0, 0.31 

0.02 (0.03) 

0.01 

0, 0.31 

0.02 (0.03) 

0.01 

0, 0.31 

0.02 (0.03) 

0.01 

0, 0.31 

0.02 (0.03) 

0.01 

0, 0.31 

y0 

Mean (SD) 

Median 
Min, Max 

73.72 (24.52) 

74.55 
1.70, 138.74 

74.07 
(24.65) 

74.55 

1.70, 
138.74 

74.33 (24.35) 

74.59 
1.70, 138.74 

74.17 (24.41) 

74.74 
1.70, 138.74 

73.64 (24.51) 

74.78 
1.70, 138.74 

Tumor size  

Mean (SD) 

Median 

Min, Max 

76.42 (26.29) 

74.55 

5.71, 148.44 

76.15 

(26.04) 
76.11 

5.30, 

148.39 

76.59 (26.01) 

76.68 

2.29, 148.41 

76.39 (26.03) 

75.70 

3.34, 148.43 

75.43 (25.80) 

74.91 

4.01, 148.43 

20% (7,980 observations)             

kd 

Mean (SD) 

Median 

Min, Max 

0.01 (0.01) 

0 

0, 0.04 

0 (0.01) 

0 

0, 0.04 

0 (0.01) 

0 

0, 0.04 

0.01 (0.01) 

0 

0, 0.04 

0 (0.01) 

0 

0, 0.04 

kg 

Mean (SD) 
Median 

Min, Max 

0.02 (0.03) 
0.01 

0, 0.31 

0.02 (0.03) 
0.01 

0, 0.31 

0.02 (0.03) 
0.01 

0, 0.31 

0.02 (0.03) 
0.01 

0, 0.31 

0.02 (0.03) 
0.01 

0, 0.31 
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Table 22 (continued). 

 

y0 

Mean (SD) 

Median 

Min, Max 

74.02 (24.58) 

74.78 

1.70, 138.74 

73.92 

(24.65) 
74.78 

1.70, 

138.74 

73.63 (24.50) 

74.48 

1.70, 138.74 

73.65 (24.61) 

74.74 

1.70, 138.74 

73.63 (24.75) 

74.55 

1.70, 138.74 

Tumor size  

Mean (SD) 
Median 

Min, Max 

76.09 (26.15) 
75.40 

3.34, 148.44 

76.22 

(26.18) 

76.08 
2.29, 

148.41 

76.02 (26.11) 
75.57 

3.45, 148.42 

75.83 (26.21) 
75.59 

5.49, 148.35 

76.09 (26.24) 
75.76 

3.45, 148.44 

30% (11,970 observations)             

kd 

Mean (SD) 
Median 

Min, Max 

0 (0.01) 
0 

0, 0.04 

0.01 (0.01) 
0 

0, 0.04 

0.01 (0.01) 
0 

0, 0.04 

0.01 (0.01) 
0 

0, 0.04 

0 (0.01) 
0 

0, 0.04 

kg 

Mean (SD) 

Median 

Min, Max 

0.02 (0.03) 

0.01 

0, 0.31 

0.02 (0.03) 

0.01 

0, 0.31 

0.02 (0.03) 

0.01 

0, 0.31 

0.02 (0.03) 

0.01 

0, 0.31 

0.02 (0.03) 

0.01 

0, 0.31 

y0 

Mean (SD) 
Median 

Min, Max 

73.76 (24.79) 
74.81 

1.70, 138.74 

73.83 

(24.64) 

74.54 
1.70, 

138.74 

73.61 (24.54) 
74.54 

1.70, 138.74 

74.00 (24.46) 
74.74 

1.70, 138.74 

73.97 (24.70) 
74.81 

1.70, 138.74 

Tumor size  

Mean (SD) 

Median 

Min, Max 

76.13 (26.12) 

76.01 

2.29, 148.41 

75.66 
(26.00) 

75.66  

2.29, 

148.43 

75.77 (26.09) 

75.34 

3.45, 148.44 

76.16 (24.46) 

76.08 

2.29, 148.44 

76.24 (26.19) 

76.19 

3.34, 148.43 
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Figure 20: Scatterplots of tumor size over time for a sample of subjects using sparse data. 
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3.4 Methods 

 

3.4.1 Lasso 

 

As described in the bonobos section 4.3, the Least Shrinkage and Selection Operator method, 

known as Lasso, was developed by Robert Tibshirani in 1996, which performs both coefficient 

shrinkage as well as feature selection. This approach is used in the tumor dataset, both full and 

sparse (10% of the full data) models with the fixed effects, with the intent of picking up terms 

that are most impactful. It is a residual sum of squares plus penalty term lambda. As lambda 

increases, the number of variables kept in the model decreases as Lasso does variable selection 

as well as shrinking some of the variables.  

3.4.2 Models  

 

In addition to variable selection using Lasso, non-linear model was utilized to get the 

estimates for 𝑘𝑑 and 𝑘𝑔.  

Non-linear regression is a model describing the non-linear relationship between the 

dependent variable and the parameters. For example, the equation mentioned before, 

 𝑇𝑢𝑚𝑜𝑟𝑠𝑖𝑧𝑒 =⁡𝑦0 ∙ 𝑒(−𝑘𝑑∗𝑡) + 𝑦1 − 𝑦1 ∙ 𝑒(−𝑘𝑔∗𝑡) + 𝑘1 ∙ 𝑡 + 𝑘2 ∙ 𝑡2  

is non-linear because tumor size is exponentially related to 𝑘𝑑 and 𝑘𝑔.  

As the model above shows, a non-linear model may contain exponential, quadratic, etc. 

functions which are all non-linear. If the relationship between the dependent response variable 

and the parameter contains one of these functions, it means that the regression itself is non-

linear, regardless of whether it’s a fixed or random effect. As Bajaj et al. explain, ‘nonlinear 

models arise for most real systems and their presence in one form or another is generally the rule. 

The source of nonlinearity in structural and mechanical systems may be geometric, inertial, or 

material in nature. Geometric nonlinearities typically arise from large deflections or rotations, or 
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from purely kinematical characteristics.’ Random intercept mixed effect model allows each 

subject to have an individual specific intercept, for example allowing 𝑦0 and 𝑘𝑑 to be random 

effects, that is vary across the subjects, in the above equation would be fit as follows: 

 𝑇𝑢𝑚𝑜𝑟𝑠𝑖𝑧𝑒 =⁡ (𝑦0 + 𝑏1) ∙ 𝑒((−𝑘𝑑𝑖+𝑏1)∙𝑡) + 𝑦1 − 𝑦1 ∙ 𝑒(−𝑘𝑔∙𝑡) + 𝑘1 ∙ 𝑡 + 𝑘2 ∙ 𝑡2 

where 𝑏1⁡𝑏2⁡~⁡𝑁𝑜𝑟𝑚𝑎𝑙(𝑣𝑎𝑟𝑏1, 𝑐𝑜𝑣𝑏1𝑏2, 𝑣𝑎𝑟𝑏2)  

Using SAS 9.4 PROC NLMIXED procedures in SAS, non-linear model can be fit 

specifying the initial parameter values. In the SAS documentation, this procedure is described as 

‘generalizations of the random coefficient models fit by the MIXED procedure. This 

generalization allows the random coefficients to enter the model nonlinearly, whereas in PROC 

MIXED they enter linearly.” 

Using SAS 9.4, PROC NLIN procedure was run on the dataset and the estimates were 

obtained for 𝑘𝑑 and 𝑘𝑔. This procedure is described in the SAS documentation as  “estimating 

parameters in a nonlinear model is an iterative process that commences from starting values. You 

need to declare the parameters in your model and supply their initial values for the NLIN 

procedure.” For this data, 𝑘𝑑 and 𝑘𝑔⁡values were specified as a range from 0 to 1 by 0.01. Other 

values were checked as well resulting in the same estimates. This procedure involves also 

specifying a ‘method’. There are four options: gradient, Newton, modified Gauss-Newton, and 

Marquardt method, which are approximations to the derivatives of the sum of squares errors to 

the parameters to guide the search for the parameters producing the smallest sum of squares 

error. Not specifying method assumes the Gauss-Newton method which is used here. Other 

methods were tried as well resulting in the same estimates for  𝑘𝑑 and 𝑘𝑔. 
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3.5 Results  

  

3.5.1 Lasso 

 

Using the following equation: 

 𝑇𝑢𝑚𝑜𝑟_𝑠𝑖𝑧𝑒 = ⁡𝑦0 ∙ 𝑒𝑥𝑝(−𝑘𝑑 ∙ 𝑡) + 𝑦1 + 𝑦2 ∙ 𝑒𝑥𝑝(−𝑘𝑔 ∙ 𝑡) + 𝑘1 ∙ 𝑡 + 𝑘2 ∙ 𝑡2 

with 𝑦2=−𝑦1; the full data was split into two parts, the training and test sets, with 70% of the full 

dataset allocated to the training and the remaining 30% to the test dataset.  Lasso was applied on 

these, checking on the fit of the parameters from the validation dataset, on the test data and the 

full dataset as well as using it on the sparsest dataset. By using Lasso, the most parsimonious 

model is wanted with low mean squared error, not necessarily one with the lowest mean squared 

error. The computation was done in R using the ‘glmnet’ package and “plotmo” package for 

graphs.  

Using the full dataset containing 39,900 observations, the ‘train’ dataset contained 27,939 

observations and the ‘test’ dataset contained 11,961 observations. The first step was to input the 

model on the train data as specified above with the size being the dependent variable. R glmnet 

looks at each term individually, for example 𝑦0 ∙ 𝑒(−𝑘𝑑∗𝑡) is taken as three individual terms: 𝑦0, 

𝑒(−𝑘𝑑∗𝑡)⁡and 𝑦0 ∙ 𝑒(−𝑘𝑑∗𝑡). The optimal penalty parameter is found to be 0.0001, as shown in the 

Table 23 below and in displayed in Figure 21a below presents the plot of coefficients with Figure 

21b with a zoomed in view. 

Table 23: Summary of glmnet path. 

Number of non-zero coefficients % of null deviance explained Lambda 

5 99.85 1 

6 99.86 0.75 

6 99.88 0.5 

6 99.88 0.2501 

11 99.89 0.0001 
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Figure 21a: Plot of coefficients.   

 
 
Figure 21b: Plot of coefficients – zoomed in.   

 
Performing cross-validation and computing the test error, we get the Figure 22 presenting 

the train data mean squared error (MSE) against the log lambda values. The vertical dotted lines 

are the two lambda values, one is lambda minimum that gives minimum mean cross-validated 

error, and the second lambda is lambda 1se which gives the most regularized model such that the 

cross-validation error is within one standard error (se) of the minimum (Hastie, et al 2021). The 
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minimum lambda that minimizes the train dataset MSE was 0.344 (the 1 se lambda value was 

0.414) which was used to calculate the test data MSE which was 7.597. 

Figure 22: Cross-validation plot.  

 

Fitting Lasso on the entire full dataset and using the best lambda, provided a set of non-zero 

coefficients, listed in Table 24: 

Table 24: Nonzero coefficients based on the full dataset. 

 

Parameters Estimates 

y0 0.402 

exp(-kd*t) 41.171 

exp(-kg*t) -1.117 

T 0.036 

y0*exp(-kd*t) 0.511 

y2*exp(-kg*t) 0.879 

 

The next step was to have the full dataset including only the following terms (columns): 

size, 𝑦0 ∙ 𝑒(−𝑘𝑑∗𝑡), 𝑦1 , 𝑦2 ∙ 𝑒(−𝑘𝑔∗𝑡), 𝑘1 ∙ 𝑡 and 𝑘2 ∙ 𝑡2. The same steps were applied as above with 

the following results:  

Table 25 shows the summary of the glmnet path while Figure 23 shows a plot of 

coefficients and Figure 7 the mean squared error (MSE) against the log lambda values. The 

minimum lambda value was 0.279 (the 1se lambda was 0.707) and the calculated test data MSE 

of 152.59. Fitting the data on a full set results in the coefficients listing in Table 26.   
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Table 25: Summary of glmnet path. 

Number of non-zero coefficients % of null deviance explained Lambda 

3 97.6 1 

3 97.62 0.75 

3 97.64 0.5 

3 97.65 0.2501 

4 97.65 0.0001 

 

Figure 23: Plot of coefficients 

 

 

Table 26: Nonzero coefficients based on the full dataset. 

 

Parameters Estimates 

k1*t -0.016 

y0*exp(-kd*t) 1.334 

y2*exp(-kg*t) 0.391 

 

Same process was applied for the sparsest (10% of the full dataset) data. In Table 27, the term 

𝑘2 ∙ 𝑡2 was added.  
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Table 27: Nonzero coefficients based on the sparsest dataset. 

  

Parameters Estimates 

k1*t -1.81E-02 

k2*t^2 -2.32E-06 

y0*exp(-kd*t) 1.344 

y2*exp(-kg*t) 4.11E-01 

 

Additionally, as shown in Figure 24 below, for a sample of subjects the process was 

implemented to show individual change in the log lambda as the mean squared error increases 

along with the lambdas and MSE values found using the full dataset.   
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Figure 24: A sample of subjects’ log lambda plotted against the MSE. 
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• Subject 25, min lambda=16.738, 1 se lambda=67.573. 

 

 
• Subject 36, min lambda=0.488, 1 se lambda=0.536. 

 

 

• Subject 39, min lambda = 1.988, 1 se lambda = 2.183. 

 
• Subject 46, min lambda=1.451, 1 se lambda = 1.451. 
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• Subject 53, min lambda=0.493, 1 se lambda =1.654. 

 

 

• Subject 197, min lambda=8.475, 1 se lambda = 25.882. 

 
 

 

• Subject 283, min lambda=1.655, 1 se lambda = 1.817. 
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• Subject 357, min lambda=1.481, 1 se lambda = 1.626. 

 

 

Checking on the coefficient values, Table 28 presents the coefficients for the sample of subjects 

listed above. Of note, these subject’s nonzero coefficients are inclusive of the linear term 

alongside the exponential terms.  

Table 28: Sample of subjects’ chosen coefficients. 

Subject y1 y0*exp(-kd*t) y2*exp(-kg*t) k1*t k2*t^2 

Subject 25  1.055  -0.131  

Subject 36  1.517 1.016 -12.345  

Subject 39  1.711 0.857 0.123  

Subject 46   -0.86 0.653  

Subject 53   -1.91E+01 -1.91E+01 -1.41E-04 

Subject 197  1.026  -0.077  

Subject 283  1.68E+00 0.745 -0.161  

Subject 357  1.511 0.829 2.075  

 
 

 
 

3.5.2 Non-Linear Model Estimates 

 

As described in section 4.2, PROC NLIN procedure in SAS was used to obtain the 

estimates for  𝑘𝑑 and 𝑘𝑔; Table 29 below shows the results: 

Table 29: Non-linear estimates. 

 

Parameter Estimate Approx. Standard Error Approx. 95% Confidence Limits 

Kd 0.0712 0.2292 -0.3781 0.5206 

Kg -0.0359 0.00112 -0.0372 -0.0328 

 

The estimates are close to the ones obtained in the Gonzalez-Garcia et al. paper, where the 

estimate for 𝑘𝑑 was 0.0051 and for 𝑘𝑔 was 0.0226. 
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3.5.3 SINDy  

 

In addition to Lasso, Sparse Identification of Nonlinear Dynamics (SINDy) was 

employed to try to identify the terms of importance in the dataset not from a statistical 

perspective but from a differential equation one. This approach was developed for application to 

systems where every variable can be observed; in this dataset we are using a non-differential 

equation model coming from, it was converted to the second order differential equation system 

where the SINDy method can be applied. The one-dimensional systems only have monotone 

solutions and the data we consider are non-monotone. Therefore, it is insufficient to apply the 

SINDy method directly to the one-dimensional data that we use without including time-

dependent terms in the candidate function library. We modify the SINDy method to be used with 

one-dimensional data to learn the dynamics of a higher order autonomous system, and include 

time-dependent terms, thereby enabling the ability to learn whether ordinary differential equation 

system governing the data is higher dimensional or time-dependent. The data are non-monotone 

so that the library of “candidate functions” (Brunton et al. 2016) that we’d need to have on the 

right-hand side of the differential equation would need to include higher order derivatives to 

represent a multi-dimensional differential equation system or time dependent terms, i.e., 𝑡 and 

𝑡2. Additionally, MatLab’s “spline” function was used to approximate the data as a third order 

polynomial at each time point so that once derived, we get the second order differential equation. 

As described in the paper by Brunton et al., the ‘key observation is that for many systems of 

interest, the function f consists of only a few terms, making it sparse in the space of possible 

functions. Recent advances in compressed sensing and sparse regression make this viewpoint of 

sparsity favorable, because it is now possible to determine which right-hand-side terms are non-

zero without performing a combinatorically intractable brute-force search.”  
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By using the derivation as specified below, we have a system of differential equations: 

𝑑𝑢1

𝑑𝑡
= 𝑎 − 𝑘12 ∗ 𝑢1 + 𝑘21 ∗ 𝑢2 − 𝑏 ∗ 𝑢1 

𝑑𝑢2

𝑑𝑡
= 𝑘12 ∗ 𝑢1 − 𝑘21 ∗ 𝑢2 

Which, after some substitutions, becomes a second order different equation: 

𝑑2𝑢1

𝑑𝑡2
− 𝑢1 ∗ (𝑘12 + 𝑘12 ∗ 𝑘21 + 𝑘21 ∗ 𝑏) + 𝑘21

2 ∗
𝑑𝑢1

𝑑𝑡
+ 𝑘21 ∗ ⁡𝑎 = 0 

Resulting in the non-differential equation model: 

𝑦 = 𝑦0𝑒
−𝑘𝑑∗𝑡 + 𝑦1(1 − 𝑒−𝑘𝑔∗𝑡) 

by treating the second order differential equation as a characteristic equation and finding the 

non-imaginary roots. These roots are the basis for forming a general solution of the 

differential equation: including the exponential terms. This means that if the SINDy 

algorithm below learns that the second derivative is important, this means that the 

exponential term in the non-differential equation is needed to be kept. That is, the algorithm 

is choosing the terms that should be retained.  

If SINDy learns that the linear term t is important, this would then mean that the second order 

differential equation would be dependent on time, which then means that the resulting non-

differential equation model would have a term containing t that would be a solution to that 

second order differential equation.  

Applying the code adjusted from this paper to the tumor data, in the following algorithm, 

per each subject, run for N=10 iterations, which was sufficient for convergence for all simulated 

patient data: 

Let [1, 𝑦′′, 𝑦, ⁡𝑦2, 𝑦3, 𝑡, 𝑡2, 𝑡3]⁡be the list of candidate functions.  

Steps: 
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a) Solve 𝑦′ = 𝜃 ∗ 𝜒 using 𝜒 = 𝜃−1 ∗ 𝑦′ where 𝑦′ is a column vector of size n x 1, 𝜃 is a 

matrix of library terms of size n x 8, and 𝜒 is a vector of regression coefficients of size 8 

x 1, and n is the number of time points: 

𝑦′ =

[
 
 
 
 
𝑦′(𝑡1)

𝑦′(𝑡2)
...

𝑦′(𝑡𝑛)]
 
 
 
 

 

𝜃 =

[
 
 
 
 
1 𝑦′′(𝑡1)

1 𝑦′′(𝑡2)
⁡⁡⁡⁡

𝑦(𝑡1) 𝑦2(𝑡1)

𝑦(𝑡2) 𝑦2(𝑡2)
⁡⁡⁡⁡

𝑦3(𝑡1) 𝑡1
𝑦3(𝑡2) 𝑡2

⁡⁡⁡⁡
𝑡1
2 𝑡1

3

𝑡2
2 𝑡2

3

⁡⁡⁡⁡
⋮ ⋮
1 𝑦′′(𝑡𝑛)⁡⁡⁡⁡

⋮ ⋮
𝑦(𝑡𝑛) 𝑦2(𝑡𝑛)⁡⁡⁡⁡

⋮ ⋮
𝑦3(𝑡𝑛) 𝑡𝑛

⁡⁡⁡⁡
⋮ ⋮
𝑡𝑛
2 𝑡𝑛

3

⁡⁡⁡⁡ ]
 
 
 
 

 

 

𝜒 =

[
 
 
 
 
 
𝑐1

𝑐2

.

.

.
𝑐8]

 
 
 
 
 

 

b) Set any element of 𝜒 less than lambda, defined at 1e-3, equal to zero.  

c) Remove any elements of  𝜒 that are equal to zero.  

d) Remove the columns of 𝜃 corresponding to elements removed from 𝜒 

e) Go back to step a.  

Tables 30, 31 and 32 and Figures 25, 26, 27, 28, 29, and 30 show variations of the percent 

noise included, the number of days and the number of days of sampling. The figures come 

from simulated data for patient #10, illustrating the amount of noise and sampling present in 

the data and its downstream effect on derivative approximations.  
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Table 30: 100 days of data, sampled every day and every 10 days. 

ODE Term Sample every day Sample every 10 days 

 Noise level 

  0 0.5 0 0.5 

1 98.1 100 99.1 100 

y'' 87.7 91.9 100 99.9 

y'' 95.4 99.1 97.6 99.8 

y^2 4 87 3.9 82.9 

y^3 1.5 38.8 1.4 37.4 

t 46.9 92.6 43.4 93 

t^2 0 13.3 0 9.2 

t^3 0 0 0 0 

ODE = Ordinary differential equation.     

 

Table 31:1000 days of data, sampled every day, every 10 days, and every 50 days. 

ODE 

Term Sample every day Sample every 10 days Sample every 50 days  

 Noise level 

  0 0.5 0.1 0 0.5 0.1 0 0.5 0.1 

1 84.9 97.4 98.7 97.1 98 98.7 98.7 99.1 99 

y'' 79.2 47.9 51 99.8 98.2 98.3 84.5 100 100 

y'' 64 72.1 80.2 74.9 72.5 78.6 88.2 79.5 79.5 

y^2 0.6 15.3 22.2 0.3 11.5 11.7 0.9 7.3 8.5 

y^3 0 2.1 0.7 0 0.8 0.1 0.1 0.6 0 

t 3.7 7.5 10.8 0.4 9.1 10.5 0 6.4 5.5 

t^2 0 0 0 0 0 0 0 0 0 

t^3 0 0 0 0 0 0 0 0 0 

ODE = Ordinary differential equation.               

 

 
Table 32: 1000 days of data sampled every 100 days.  

ODE Term Sample every 100 days 

 Noise level 

  0 0.5 0.1 0.25 0.5 1 2 

1 98.5 99.5 99.3 99.7 99.6 99.7 99.9 

y'' 88.7 100 100 99.9 99.8 99.9 100 

y'' 91.9 83.4 82.4 88.7 88.4 87.6 87.6 

y^2 2.2 6.1 8.3 4.3 0.9 0.2 0.1 

y^3 0.1 0.9 0.1 0 0 0 0 

t 0 0.4 2.6 4.7 16 34.3 58.9 

t^2 0 0 0 0 0 0 0 

t^3 0 0 0 0 0 0 0 

ODE = Ordinary differential equation.             

 

 

 

 

 

 



   

96 

 

Figure 25: 100 days, 0% noise, 1 day sampling.  

 

Figure 26: 1000 days, 0% noise, 1 day sampling. 
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Figure 27: 100 days, 5% noise, 10-day sampling. 

 
 

 

 
Figure 28: 1000 days, 5% noise, 10-day sampling.  
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Figure 29: 1000 days, 10% noise, 100-day sampling. 

 
 

 
Figure 30: 1000 days, 200% noise, 100-day sampling.  

 
 
 

If using 100 days of data without any noise added, as shown in Table 30, (noise is added by 

adding N(0,1)*sigma, where sigma is computed from the user defined coefficient of variation 

CV, i.e., CV=sigma/mean, where the mean is the mean of the data for an individual patient: this 

is a method of adding noise relative to the size of the data for each patient) the correct equation is 

picking up ODE terms where the assumption is that any term that shows up in less than 50% of 
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the patients is neglected. Adding even small amounts of noise, for example 5% noise, then the 

linear "t" term starts to show up as significant. 

If using 1000 days’ worth of data, Table 31 and 32, then the method is very robust with 

respect to both sampling and noise. The correct terms show up for most patients when sampling 

is reduced to every ~100 days. In fact, sampling more sparsely seems to improve the results 

because it counteracts the noisy derivative calculations when you sample more often with noisy 

data and compute the spline approximation. Eventually, when adding the 200 percent noise 

(CV=2) and sample every ~100 days up to 1000 days, then the "t' term shows up in >50% of 

patients. 

3.5.4 Non-Linear Mixed Model  

 

A non-linear mixed model is a subject-specific model, an extension of a linear mixed-

effects model, providing the ‘means for users to specify models that may better describe a 

measured response whose pattern of change is complex’ fitting the concept behind tumor 

dynamics (Blozis, 2019). Using a variety of term combinations, each one was run using SAS 

PROC NLMIXED and, as seen in Table 33, Bayesian Information Criterion (BIC) is listed for 

each one. Definition of BIC (from SAS/STAT(R) 9.22 User Guide) is: 

𝑛𝑙𝑛 (
𝑆𝑆𝐸

𝑛
) + 2(𝑝 + 2)𝑞 − 2𝑞2⁡ 

where 𝑛 is number of observations, 𝑝 is the number of parameters including the intercept, 𝜎̂2 is 

the estimate of variance from fitting the full model, SSE is the error sum of squares and 𝑞 is 

defined as 𝑞 =
𝑛𝜎̂2

𝑆𝑆𝐸
.  
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Table 33: BIC values for each model formulation.  

Model BIC 

(y0+b1)*exp(-(kd+b2)*t) 38077 

(y0+b1)*exp(-(kd+b2)*t)+k1*t NA 

(y0+b1)*exp(-(kd+b2)*t)+k1*t+k2*t**2 NA 

(y0+b1)*exp(-(kd+b2)*t)+y1*(1-exp(-kg*t)) 36520 

(y0+b1)*exp(-(kd+b2)*t)+y1*(1-exp(-kg*t))+k1*t NA 

(y0+b1)*exp(-(kd+b2)*t)+y1*(1-exp(-kg*t))+k1*t+k2*t**2 NA 

(y0+b1)*exp(-(kd+b2)*t)+exp(-kg*t) 35764 

(y1+b1)*(1-exp(-(kg+b2)*t)) NA 

(y1+b1)*(1-exp(-(kg+b2)*t))+y0*exp(-kd*t) 20609 

(y1+b1)*(1-exp(-(kg+b2)*t))+k1*t NA 

(y1+b1)*(1-exp(-(kg+b2)*t))+k2*t**2 NA 

(y1+b1)*(1-exp(-(kg+b2)*t))+exp(-kd*t) 62740 

(y1+b1)*(exp(-(kg+b2)*t)) NA 

BIC = Bayesian Information Criterion 

NA = non-convergence of the NLME optimization. 

 

 

 3.6 Discussion 

 

The central idea in this project was to see if by using a simulated dataset and statistical 

approaches, on a population level data, the result would be a model posited in the Gonzalez-

Garcia et al. paper. This was done by using Lasso as well as nonlinear mixed effects model, 

looking at the complete dataset as well as sparse dataset. In Figures 18 and 20, the behavior of 

the tumor size is mirrored even though Figure 20 has only 10% of the data. The descriptive 

statistics are similar across multiple datasets containing different portions of the full dataset as 

shown in Table 22. 

The results obtained in a clinical data context have the potential to enhance our 

comprehension of the effects of long-term data collection. This can be achieved through 

simulation of the data and examination of the behavior of the predictors in a controlled setting. It 

is important, however, that the datasets used are realistic and built upon accurate assumptions 

that align with the research topic.     
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For the full dataset, Lasso’s nonzero coefficients picked up the two main components of 

the Gonzalez-Garcia et al. model, 𝑦0 ∙ 𝑒(−𝑘𝑑∙𝑡), 𝑦1 , 𝑦2 ∙ 𝑒(−𝑘𝑔∙𝑡) as well as 𝑘1 ∙ 𝑡 term which was 

also the case in the majority of a sample of subjects as shown in Table 26. In the nonlinear mixed 

model approach, the model with the lowest BIC was the one containing the two terms from the 

Gonzalez-Garcia et al. paper (Table 33) which contained subject specific random intercept for 

the steady state tumor burden. By using Matlab and graphing the tumor data, the patients tumor 

size is displayed in the same window in Figure 31 and in Figure 32, we can see that as the time 

goes on, beyond the 100 days, the trajectories start to converge. It shows that the early data, in 

the first 100 days, can provide information soon after the start of the treatment on choosing the 

coefficients that are important predictors.  

 

Figure 31 Patients’ tumor size trajectories during the first 100 days.  
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Figure 32: Patients’ tumor size trajectories over the course of 2000 days.  

  

 

In short, this shows that it is possible early on to tease out the terms that would be influential in 

the building of the optimal model for tumor dynamics.   

3.7 Contributions 

 

The key idea in this paper was to use the data that was simulated and provide a pathway to 

using statistical approaches that would offer an improved and efficient in choosing terms in a 

model that could be used for exploratory as well as predictive nature of the therapies, in this case 

for the tumor growth. Lasso and usage of the proc nlmixed tool in SAS are powerful steps to 

elucidate the terms that would be most useful in a given setting; its application can be utilized to 

provide a direction in which research can evolve in trying to find a most parsimonious model 

without having to collect a large amount of clinical data which can be both laborsaving and 

efficient. SINDy approach was developed for application to systems where every variable can be 

observed; for this simulated data, the two-dimensional model was converted to the second order 

differential equation system where the SINDy method could be applied. Moreso, this is the first 

application of SINDy to a biological scenario where the assumption of “full observability” is not 

assumed. By utilizing dummy data, even the sparsest dataset, the approaches above succeeded in 
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teasing out the crucial terms needed for the explanation of the tumor dynamics. In future work, 

applying this approach to a variety of therapies would allow it to be refined and enhance its 

effectiveness and application in real world scenarios of clinical trials.  
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CHAPTER 4 

 

4. Conclusion 

   

4.1 Bonobos 

 

The first section focused on the data from the Great Ape Heart Project where we explored 

the impact of variables collected on bonobos’ blood pressure values. One of the key inquiries 

was on establishing reference ranges by looking at the values obtained from the 42 bonobos 

across zoos in the U.S. The blood pressure reference ranges are higher than those compared to 

the chimpanzee study, where the animals were sedated, and the standard human reference ranges 

which are currently used to establish if a bonobo is hypertensive. For example, in a healthy 

sedated adult chimpanzee, hypertensive range is defined as SBP/DBP 154+/89+ (Ely et al. 

2011), in humans it is 130+/80+ while here it is 205+/121+ for bonobos overall. For the adult 

population (15-24 years old), in particular, it is 207+/121+. The average bonobo blood pressure 

across all zoos was 148/83.  

The impact of this is noteworthy because depending on the BP measurements, an ape 

may be put on one or more cardiac medications. The principal component analysis showed that 

by splitting the bonobos into two groups, the younger cluster had higher blood pressure values as 

well as higher pulse. No statistical testing was done between these two groups. For both SBP and 

DBP, approaches showed consistent trends: for SBP, sex, age, morning/afternoon session when 

the blood pressure was assessed, zoo, cardiac medication administration, cuff size and wave form 

quality; for DBP, heart rate was added to the list. 

Of note, the methods used here, such as Lasso and mixed effects modeling, provided the 

opportunity to apply these types of techniques to observational, animal data while carving the 
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path to make further improvements in the design of these types of research activities, and 

informing the next steps of design for not just animal, but any studies where observational data is 

collected.     

4.2 Tumor data  

 

The second section concerns the detection of the terms that would provide valuable 

information on the set of simulated patients and their data by using tools such as Lasso to rather 

quickly provide a path of feature selection by setting certain coefficients to zero and therefore 

creating a set of important predictors. With the simulated tumor data, the behavior of the tumors 

varied across patients, as shown for a selection of patients where the tumor can grow 

exponentially, or it may reach a peak/nadir and either keep growing or start shrinking. As 

described, this behavior is termed as tumor dynamics and due to the shape of this behavior, it is 

termed as non-linear dynamics since it does not exhibit a linear trajectory for the tumor 

growth/shrinkage. Several models have been proposed by researchers, with the focus on the 

growth and decay constants in effort to provide a measurement, a biomarker of sorts, so that an 

early estimation on the efficaciousness of the study drug being used (examples were given using 

oncology trials) can be evaluated at early visits, for example after 8 or 12 weeks of treatment. 

The key idea is achieving understanding of the tumor dynamics of the patients being treated by 

making use of the sparse dataset. Some work on this has included exponential, linear as well as 

quadratic terms to adequately describe the data and see which combination of these terms would 

make the best model.  

Using the simulated data here, the method was to use Lasso, mixed effects modeling as 

well as machine learning SINDy method to pick out the terms that would be significant, without 

going through any other model selection derivations prior to utilizing Lasso. Once Lasso 
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provided non-zero coefficients, including the two exponential terms from the Gonzalez-Garcia et 

al. model as well as adding the linear term, various models were fit to estimate the Bayesian 

Information Criterion (BIC). BIC was lowest when the model included only the exponential 

terms, showing that this two-step method arrives at the correct model. SINDy approach was 

developed for application to systems where every variable can be observed; for this simulated 

data, the two-dimensional model was converted to the second order differential equation system 

where the SINDy method could be applied. Moreso, this is the first application of SINDy to a 

biological scenario where the assumption of “full observability” is not assumed.  By extending 

the number of days for the modeling of the patient data, it was shown that by using the early 

data, the first 100 days, as shown in Figures 36 and 37, it is possible to isolate the important 

predictors without having data collected from a longer period.  

The significance of these results lies in the applicability of methods used in this thesis to 

the broader scope of datasets where the information on the terms useful to the data can be picked 

out and checked early in the data collection. There’s a pathway provided for the predictors to 

come through without having to have an extensive time period for the data to be collected. There 

is an opening for the simulated data to provide information early in the process not just for 

oncology but for a myriad of other types of research areas by following the approaches outlined 

here.   

4.3 Further work 

 

Further work would need to focus on the following two items: having a baseline value for 

bonobos prior to starting them on cardiac medication would enable calculation of change from 

baseline to assess the effectiveness of these cardiac medications.  
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Furthermore, it is not possible to estimate the feasibility and accuracy of the device that 

was used in the collection of the data because there was no data collected in a different manner 

so that the comparison can be evaluated appropriately.  

For the simulated work, it would need to focus on adding more variables to the data that 

are typically collected in the clinical trial setting, then running this two-step approach to confirm 

that it’s choosing certain terms of interest. By using synthetic data, an avenue opens for potential 

for various treatment explorations.  

The overall approach for the two sections has been to utilize mathematical and statistical 

methodologies to uncover and examine bonobos’ data and the simulated tumor data in a way that 

would provide us with the insight of the importance of certain variables from the two datasets 

and identifying any patterns that emerge. Given the results in this work, it would be applicable 

and expandable to a number of different scenarios where population-level data is collected.  
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Derivation 

 

Source: Personal communication from Dr. Helen Moore. Based on the tumor compartment 

model: 

 

 
𝑑𝐴1

𝑑𝑡
= 𝑘01 − 𝑘12𝐴1 + 𝑘21𝐴2 − 𝑘10𝐴1 

𝑑𝐴2

𝑑𝑡
= 𝑘12𝐴1 − 𝑘21𝐴2 

 

 

Resulting in: 

𝑦 = 𝑦0𝑒
−𝑘𝑑𝑡 + 𝑦1(1 − 𝑒−𝑘𝑔𝑡) 

 

Derivation: 

 

Letting  

𝑢1 = 𝐴1,⁡𝑢2 = 𝐴2⁡,⁡𝑎 = 𝑘01, 𝑏 = 𝑘10 

 

Then:  
𝑑𝑢1

𝑑𝑡
= 𝑎 − 𝑘12𝑢1 + 𝑘21𝑢2 − 𝑏𝑢1 

𝑑𝑢2

𝑑𝑡
= 𝑘12𝑢1 − 𝑘21𝑢2 

Setting: 

𝑢2 =
𝑑𝑢1

𝑑𝑡
 

Then:  

𝑑𝑢2

𝑑𝑡
=

𝑑2𝑢1

𝑑𝑡2
 

 

𝑑𝑢2

𝑑𝑡
=

𝑑2𝑢1

𝑑𝑡2
= 𝑘12𝑢1 − 𝑘21

𝑑𝑢1

𝑑𝑡
 

𝑑2𝑢1

𝑑𝑡2
= 𝑘12𝑢1 − 𝑘21(⁡𝑎 − 𝑘12𝑢1 + 𝑘21𝑢2 − 𝑏𝑢1) 

𝑑2𝑢1

𝑑𝑡2
= 𝑘12𝑢1 − 𝑘21 (⁡𝑎 − 𝑘12𝑢1 + 𝑘21

𝑑𝑢1

𝑑𝑡
− 𝑏𝑢1) 

𝑑2𝑢1

𝑑𝑡2
= 𝑘12𝑢1 − 𝑘21⁡𝑎 + 𝑘21𝑘12𝑢1 − 𝑘21𝑘21

𝑑𝑢1

𝑑𝑡
+ 𝑘21𝑏𝑢1 

𝑑2𝑢1

𝑑𝑡2
= 𝑢1(𝑘12 + 𝑘12𝑘21 + 𝑘21𝑏) − 𝑘21

2
𝑑𝑢1

𝑑𝑡
− 𝑘21⁡𝑎 

𝑑2𝑢1

𝑑𝑡2
− 𝑢1(𝑘12 + 𝑘12𝑘21 + 𝑘21𝑏) + 𝑘21

2
𝑑𝑢1

𝑑𝑡
= −𝑘21⁡𝑎 

Characteristic equation: 

𝑟2 + 𝑘21
2 𝑟 − (𝑘12 + 𝑘12𝑘21 + 𝑘21𝑏) = 0 



   

115 

 

Roots: 

𝑟1,2 =
−𝑘21

2 ± √𝑘21
4 + 4(𝑘12 + 𝑘12𝑘21 + 𝑘21𝑏)

2
 

Roots are always positive: 𝑘21
4 + 4(𝑘12 + 𝑘12𝑘21 + 𝑘21𝑏) > 0 

 

Solution is in the form (general + particular solution): 

𝑢1(𝑡) = 𝐶1𝑒
𝑟1𝑡 + 𝐶2𝑒

𝑟2𝑡 + 𝑢1𝑝(𝑡) 

 

Where a particular solution: 𝑢1𝑝(𝑡) = 𝐴, so that  
𝑑𝑢1

𝑑𝑡
= 0, 

𝑑2𝑢1

𝑑𝑡2 = 0 

 

𝑑2𝑢1

𝑑𝑡2
− 𝑢1(𝑘12 + 𝑘12𝑘21 + 𝑘21𝑏) + 𝑘21

2
𝑑𝑢1

𝑑𝑡
= −𝑘21⁡𝑎 

0 − 𝐴(𝑘12 + 𝑘12𝑘21 + 𝑘21𝑏) + 𝑘21
2 ∙ 0 = −𝑘21⁡𝑎 

𝐴 =
𝑘21⁡𝑎

𝑘12 + 𝑘12𝑘21 + 𝑘21𝑏
 

𝑢1(𝑡) = 𝐶1𝑒
𝑟1𝑡 + 𝐶2𝑒

𝑟2𝑡 +
𝑘21⁡𝑎

𝑘12 + 𝑘12𝑘21 + 𝑘21𝑏
 

𝑢1(0) = 𝐶1 + 𝐶2 +
𝑘21⁡𝑎

𝑘12 + 𝑘12𝑘21 + 𝑘21𝑏
 

𝑑𝑢1

𝑑𝑡
(0) = 𝐶1𝑟1 + 𝐶2𝑟2 

Letting: 

𝑢1(𝑡) = 𝑦, 𝐶1 = 𝑦0, 𝐶2 = −𝑦1 = −𝐴, 𝑟1 = −𝑘𝑑, 𝑟2 = −𝑘𝑔 

Then: 

𝑦 = 𝑦0𝑒
−𝑘𝑑𝑡 − 𝑦1𝑒

−𝑘𝑔𝑡 − 𝑦1 

𝑦 = 𝑦0𝑒
−𝑘𝑑𝑡 + 𝑦1(1 − 𝑒−𝑘𝑔𝑡) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



   

116 

 

Code  

 
SAS 

 

data simulated; 
call streaminit(9); 

do subject =1 to 400; 

y0=rand(&#39;normal&#39;,75,25); 
k1=rand(&#39;normal&#39;, 0,1); 

k2=rand(&#39;normal&#39;,0,2); 

y1=37.9; 
y2=-y1; 

m = 0.00551; 

bsv_kd=1.70; 

v=(m*bsv_kd)**2;s 

mu=log(m/sqrt((bsv_kd)**2+1)); 

sigma=sqrt(log((bsv_kd)**2+1)); 
kd = rand(&#39;lognormal&#39;, mu, sigma); 

m1 = 0.0226; 

bsv_kg=1.83; 
mu1=log(m1/sqrt((bsv_kg)**2+1)); 

sigma1=sqrt(log((bsv_kg)**2+1)); 

kg = rand(&#39;lognormal&#39;, mu1, sigma1); 
do t = 1 to 100; 

size=y0*exp(-kd*t)+y1*(1-exp(-kg*t)); 

output; 
end; 

end; 

run; 
data simulated2; 

set simulated; 

where size&gt;0; 
run; 

data simulated3; 

set simulated2; 
where y0 &gt;0; 

run; 

proc means data=simulated3 maxdec=2 mean stddev median min max; 
var y0 kd kg k1 k2 size; 

run; 

/*univariate on size*/ 
proc univariate data=simulated3 plots normal; 

qqplot size/normal; 

histogram/normal odstitle=&quot;Tumor size&quot;; 
var size ; 

label size = &#39;Tumor size&#39;; 

run; 
/*by subject figures of tumor size by day*/ 

 

title &#39;Tumor size by day&#39;; 
ods rtf file=&quot;C:\Users\sabina\Desktop\ncsu_work\tumor data\plots.rtf&quot;; 

proc sgplot data=simulated3; 
by subject; 

scatter x=t y=size; 

series x=t y=size; 
label size= &#39;Tumor size&#39;; 

label t=&#39;Day&#39;; 

run; 
ods rtf close; 

title; 

/*keeping only 10% of data - repeated 5 times*/ 

proc surveyselect data=simulated3 

method=srs 

n=3990 
out=tumor10_1 

seed=1 

; 
run; 

proc means data=tumor10_1 mean median min max stddev maxdec=2 ; 
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var kd kg size y0; 
run; 

proc surveyselect data=simulated3 

method=srs 
n=3990 

out=tumor10_2 

seed=2 
; 

run; 

proc means data=tumor10_2 n mean median min max stddev maxdec=2 ; 
var kd kg y0 size; 

run; 

proc surveyselect data=simulated3 
method=srs 

n=3990 

out=tumor10_3 
seed=3 

; 

run; 
proc means data=tumor10_3 n mean median min max stddev maxdec=2 ; 

var kd kg size y0; 

run; 
proc surveyselect data=simulated3 

method=srs 

n=3990 
out=tumor10_4 

seed=4 
; 

run; 

proc means data=tumor10_4 n mean median min max stddev maxdec=2 ; 
var kd kg size y0; 

run; 

 
proc surveyselect data=simulated3 

method=srs 

n=3990 
out=tumor10_5 

seed=5 

; 
run; 

proc means data=tumor10_5 n mean median min max stddev maxdec=2 ; 

var kd kg size y0; 
run; 

/*using 20% of data - repeated 5 times*/ 

proc surveyselect data=simulated3 
method=srs 

n=7980 

out=tumor20_1 
seed=1 

; 

run; 
proc means data=tumor20_1 n mean median min max stddev maxdec=2 ; 

var kd kg size y0; 

run; 
proc surveyselect data=simulated3 

method=srs 

n=7980 
out=tumor20_2 

seed=2 

; 
run; 

proc means data=tumor20_2 n mean median min max stddev maxdec=2 ; 

var kd kg size y0; 
run; 

proc surveyselect data=simulated3 

method=srs 
n=7980 

out=tumor20_3 

seed=3 
; 
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run; 
proc means data=tumor20_3 n mean median min max stddev maxdec=2 ; 

var kd kg size y0; 

run; 
proc surveyselect data=simulated3 

method=srs 

n=7980 
out=tumor20_4 

seed=4 

; 
run; 

proc means data=tumor20_4 n mean median min max stddev maxdec=2 ; 

var kd kg y0 size; 
 

run; 

proc surveyselect data=simulated3 
method=srs 

n=7980 

out=tumor20_5 
seed=5 

; 

run; 
proc means data=tumor20_5 n mean median min max stddev maxdec=2 ; 

var kd kg y0 size; 

run; 
/*keeping 30% of the data - repeated 5 times*/ 

proc surveyselect data=simulated3 
method=srs 

n=11970 

out=tumor30_1 
seed=1 

; 

run; 
proc means data=tumor30_1 n mean median min max stddev maxdec=2 ; 

var kd kg y0 size; 

run; 
proc surveyselect data=simulated3 

method=srs 

n=11970 
out=tumor30_2 

seed=2 

; 
run; 

proc means data=tumor30_2 n mean median min max stddev maxdec=2 ; 

var kd kg size y0 ; 
run; 

proc surveyselect data=simulated3 

method=srs 
n=11970 

out=tumor30_3 

seed=3 
; 

run; 

proc means data=tumor30_3 n mean median min max stddev maxdec=2 ; 
var kd kg size y0; 

run; 

proc surveyselect data=simulated3 
method=srs 

n=11970 

out=tumor30_4 
seed=4 

; 

run; 
proc means data=tumor30_4 n mean median min max stddev maxdec=2 ; 

 

var kd kg size y0; 
run; 

proc surveyselect data=simulated3 

method=srs 
n=11970 
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out=tumor30_5 
seed=5 

; 

run; 
proc means data=tumor30_5 n mean median min max stddev maxdec=2 ; 

var kd kg size y0 ; 

run; 
/*plots of 10 percent of full data*/ 

title &#39;Tumor size by day by subject - using 10% of data&#39;; 

ods rtf file=&quot;C:\Users\sabina\Desktop\ncsu_work\tumor 
data\plots_partial10.rtf&quot;; 

proc sgplot data=tumor10_1; 

by subject; 
scatter x=t y=size; 

series x=t y=size; 

xaxis values=(0 to 100 by 20); 
label size= &#39;Tumor size&#39;; 

label t=&#39;Day&#39;; 

run; 
ods rtf close; 

title; 

 
/*to get estimates for kd and kg using proc nlin*/ 

data simulated4; 

set simulated3; 
drop kd; 

drop kg; 
run; 

proc nlin data=simulated4 best=10 method=gauss; 

parms kd=0 to 1 by 0.01 kg=0 to 1 by .01; 
model size=y0*exp(-kd*t)+y1*(1-exp(-kg*t))+k1*t+k2*t**2; 

output out=new p=pred r=resid; 

run; 
/*using bic3 based on simulated dataset where k1,k2>0*/ 

proc nlmixed data=bic3 method=firo ; 

parms kd=0.05 s2b1=0.01 cb12=0.02 s2b2=0.03 delta=0.05 s2=2; 
pred=(y0+b1)*exp(-(kd+b2)*t); 

model size~normal(pred,pred**(2*delta)*s2); 

random b1 b2 ~ normal([0,0],[s2b1,cb12,s2b2]) 
subject=subject; 

run; 

proc nlmixed data=bic3 method=firo ; 
 

parms kd=0.05 s2b1=0.01 cb12=0.02 s2b2=0.03 delta=0.05 s2=2; 

pred=(y0+b1)*exp(-(kd+b2)*t)+k1*t; 
model size~normal(pred,pred**(2*delta)*s2); 

random b1 b2 ~ normal([0,0],[s2b1,cb12,s2b2]) 

subject=subject; 
run; 

proc nlmixed data=bic3 method=firo ;/*method=gauss doesn&#39;t converge, 

error*/ 
parms kd=0.05 s2b1=0.01 cb12=0.02 s2b2=0.03 delta=0.05 s2=2; 

pred=(y0+b1)*exp(-(kd+b2)*t)+k1*t+k2*t**2; 

model size~normal(pred,pred**(2*delta)*s2); 
random b1 b2 ~ normal([0,0],[s2b1,cb12,s2b2]) 

subject=subject; 

run; 
proc nlmixed data=bic3 method=firo ;/*method=gauss doesn&#39;t converge, 

error*/ 

parms kd=0.05 s2b1=0.01 cb12=0.02 s2b2=0.03 delta=0.05 s2=2; 
pred=(y0+b1)+k2*t**2; 

model size~normal(pred,pred**(2*delta)*s2); 

random b1 ~ normal([0],[s2b1]) 
subject=subject; 

run; 

proc nlmixed data=bic3 method=firo ;/*method=gauss doesn&#39;t converge, 
error*/ 

parms kd=0.05 s2b1=0.01 cb12=0.02 s2b2=0.03 delta=0.05 s2=2; 

pred=(y0+b1)+k1*t; 
model size~normal(pred,pred**(2*delta)*s2); 
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random b1 ~ normal([0],[s2b1]) 
subject=subject; 

run; 

proc nlmixed data=bic3 method=firo ; 
parms kd=0.05 kg=0.02 s2b1=0.01 cb12=0.02 s2b2=0.03 delta=0.05 s2=2; 

pred=(y0+b1)*exp(-(kd+b2)*t)+y1*(1-exp(-kg*t)); 

model size~normal(pred,pred**(2*delta)*s2); 
random b1 b2 ~ normal([0,0],[s2b1,cb12,s2b2]) 

subject=subject; 

run; 
proc nlmixed data=bic3 method=firo ; 

parms kd=0.05 kg=0.02 s2b1=0.01 cb12=0.02 s2b2=0.03 delta=0.05 s2=2; 

pred=(y0+b1)*exp(-(kd+b2)*t)+y1*(1-exp(-kg*t))+k1*t; 
model size~normal(pred,pred**(2*delta)*s2); 

random b1 b2 ~ normal([0,0],[s2b1,cb12,s2b2]) 

subject=subject; 
run; 

proc nlmixed data=bic3 method=firo ; 

parms kd=0.05 kg=0.02 s2b1=0.01 cb12=0.02 s2b2=0.03 delta=0.05 s2=2; 
pred=(y0+b1)*exp(-(kd+b2)*t)+y1*(1-exp(-kg*t))+k1*t+k2*t**2; 

model size~normal(pred,pred**(2*delta)*s2); 

random b1 b2 ~ normal([0,0],[s2b1,cb12,s2b2]) 
 

subject=subject; 

run; 
proc nlmixed data=bic3 method=firo ; 

parms kd=0.05 kg=0.02 s2b1=0.01 cb12=0.02 s2b2=0.03 delta=0.05 s2=2; 
pred=(y0+b1)*exp(-(kd+b2)*t)+y1; 

model size~normal(pred,pred**(2*delta)*s2); 

random b1 b2 ~ normal([0,0],[s2b1,cb12,s2b2]) 
subject=subject; 

run; 

proc nlmixed data=bic3 method=firo ; 
parms kd=0.05 kg=0.02 s2b1=0.01 cb12=0.02 s2b2=0.03 delta=0.05 s2=2; 

pred=(y0+b1)*exp(-(kd+b2)*t)+y1*exp(-kg*t); 

model size~normal(pred,pred**(2*delta)*s2); 
random b1 b2 ~ normal([0,0],[s2b1,cb12,s2b2]) 

subject=subject; 

run; 
proc nlmixed data=bic3 method=firo ; 

parms kd=0.05 kg=0.02 s2b1=0.01 cb12=0.02 s2b2=0.03 delta=0.05 s2=2; 

pred=(y0+b1)*exp(-(kd+b2)*t)+exp(-kg*t); 
model size~normal(pred,pred**(2*delta)*s2); 

random b1 b2 ~ normal([0,0],[s2b1,cb12,s2b2]) 

subject=subject; 
run; 

proc nlmixed data=bic3 method=firo ; 

parms kd=0.05 kg=0.02 s2b1=0.01 cb12=0.02 s2b2=0.03 delta=0.05 s2=2; 
pred=(y1+b1)*(1-exp(-(kg+b2)*t)); 

model size~normal(pred,pred**(2*delta)*s2); 

random b1 b2 ~ normal([0,0],[s2b1,cb12,s2b2]) 
subject=subject; 

run; 

 
proc nlmixed data=bic3 method=firo ; 

parms kd=0.05 kg=0.02 s2b1=0.01 cb12=0.02 s2b2=0.03 delta=0.05 s2=2; 

pred=y0*exp(-kd*t)+(y1+b1)*(1-exp(-(kg+b2)*t)); 
model size~normal(pred,pred**(2*delta)*s2); 

random b1 b2 ~ normal([0,0],[s2b1,cb12,s2b2]) 

subject=subject; 
run; 

proc nlmixed data=bic3 method=firo ; 

parms kd=0.05 kg=0.02 s2b1=0.01 cb12=0.02 s2b2=0.03 delta=0.05 s2=2; 
pred=(y1+b1)*(1-exp(-(kg+b2)*t))+k1*t; 

model size~normal(pred,pred**(2*delta)*s2); 

random b1 b2 ~ normal([0,0],[s2b1,cb12,s2b2]) 
subject=subject; 

run; 

proc nlmixed data=bic3 method=firo ; 
parms kd=0.05 kg=0.02 s2b1=0.01 cb12=0.02 s2b2=0.03 delta=0.05 s2=2; 
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pred=(y1+b1)*(1-exp(-(kg+b2)*t))+exp(-kd*t); 
 

model size~normal(pred,pred**(2*delta)*s2); 

random b1 b2 ~ normal([0,0],[s2b1,cb12,s2b2]) 
subject=subject; 

run; 

proc nlmixed data=bic3 method=firo ; 
parms kd=0.05 kg=0.02 s2b1=0.01 cb12=0.02 s2b2=0.03 delta=0.05 s2=2; 

pred=(y1+b1)*(exp(-(kg+b2)*t)); 

model size~normal(pred,pred**(2*delta)*s2); 
random b1 b2 ~ normal([0,0],[s2b1,cb12,s2b2]) 

subject=subject; 

run; 
 

R 

 

install.packages(&quot;glmnet&quot;) 

library(glmnet) 
library(caret) 

library(dplyr) 

install.packages(&quot;plotmo&quot;) 
library(plotmo) 

data&lt;-simulated 

data10&lt;-simulated10 
 

x&lt;-model.matrix(size~y0*exp(-kd*t)+y1+y2*exp(-kg*t)+k1*t+k2*c(t*t), simulated)[,-1] 

x2&lt;-x[, c(3, 10, 11,12,13)] 
y&lt;-simulated$size 

 

#splitting the data into training and validation 
set.seed(9) 

ind&lt;-sample(2,nrow(data),replace=T, prob=c(0.7, 0.3)) 

train&lt;-data[ind==1,] 
test&lt;-data[ind==2,] 

 

#including ALL terms/parts of terms 
 

x_train = model.matrix(size~y0*exp(-kd*t)+y1+y2*exp(-kg*t)+k1*t+k2*c(t*t), train)[,-1] 
x_test = model.matrix(size~y0*exp(-kd*t)+y1+y2*exp(-kg*t)+k1*t+k2*c(t*t), test)[,-1] 

y_train=train$size 

y_test=test$size 
 

# Fit lasso model on training data 

lasso_train = glmnet(x_train, 
y_train, 

alpha = 1, 

intercept=F, 
lambda = seq(0.0001, 1, length=5)) 

 

# Draw plot of coefficients 
print(lasso_train) 

plot(lasso_train) 

plotres(lasso_train) 
plot_glmnet(lasso_train) 

 

plot_glmnet(lasso_train, ,ylim=c(-2, 2),label=TRUE) 
 

# Fit lasso model on training data 

set.seed(9) 
cv.out = cv.glmnet(x_train, y_train,intercept=F, alpha = 1) 

# Draw plot of training MSE as a function of lambda 

plot(cv.out) 

# Select lamda that minimizes training MSE 

bestlam = cv.out$lambda.min 

bestlam 
bestlam1se = cv.out$lambda.1se 

 

bestlam1se 
# Use best lambda to predict test data 

lasso_pred = predict(lasso_train, s = bestlam, newx = x_test) 
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# Calculate test MSE 
mean((lasso_pred - y_test)^2) 

 

# Fit lasso model on full dataset 
full = glmnet(x, y, alpha = 1, intercept=F, lambda = seq(0.0001, 1, length=5)) 

lasso_coef = predict(full, type = &quot;coefficients&quot;, s = bestlam)[1:13,] 

lasso_coef[lasso_coef != 0] 
 

#including only the terms in the model 

x_train = model.matrix(size~y0*exp(-kd*t)+y1+y2*exp(-kg*t)+k1*t+k2*c(t*t), train)[,-1] 
x_train2&lt;-x_train[, c(3, 10, 11,12,13)] 

x_test = model.matrix(size~y0*exp(-kd*t)+y1+y2*exp(-kg*t)+k1*t+k2*c(t*t), test)[,-1] 

x_test2&lt;-x_test[, c(3, 10, 11,12,13)] 
y_train=train$size 

y_test=test$size 

 
lasso_train2 = glmnet(x_train2, 

y_train, 

alpha = 1, 
intercept = F, 

lambda = seq(0.0001, 1, length=5)) 

 
# Draw plot of coefficients 

print (lasso_train2) 

 
plot(lasso_train2) 

plotres(lasso_train2) 
plot_glmnet(lasso_train2) 

plot_glmnet(lasso_train2, label=TRUE) 

 
plot(lasso_train2, xvar=&#39;lambda&#39;,ylim=c(-0.3, 1.6), label=T) 

plot(lasso2, xvar=&#39;dev&#39;,label=T) 

 
# Fit lasso model : cross validation 

set.seed(9) 

cv.out2 = cv.glmnet(x_train2, y_train,intercept=F, alpha = 1) 
# Draw plot of training MSE as a function of lambda 

plot(cv.out2) 

# Select lamda that minimizes training MSE 
bestlam2 = cv.out2$lambda.min 

bestlam2 

bestlam2se = cv.out2$lambda.1se 
bestlam2se 

# Use best lambda to predict test data 

lasso_pred2 = predict(lasso_train2, s = bestlam2, newx = x_test2) 
# Calculate test MSE 

mean((lasso_pred2 - y_test)^2) 

 
# Fit lasso model on full dataset 

full2 = glmnet(x2, y, alpha = 1, intercept=F, lambda = seq(0.0001, 1, length=5)) 

lasso_coef2 = predict(full2, type = &quot;coefficients&quot;, s = bestlam)[1:6,] 
# Display only non-zero coefficients 

lasso_coef2[lasso_coef2 != 0] 

 
#using the sparsest dataset 

x10&lt;-model.matrix(size~y0*exp(-kd*t)+y1+y2*exp(-kg*t)+k1*t+k2*c(t*t), simulated10)[,-1] 

x20&lt;-x10[, c(3, 10, 11,12,13)] 
y10&lt;-simulated10$size 

 

#splitting the data into training and validation 
set.seed(9) 

ind&lt;-sample(2,nrow(data10),replace=T, prob=c(0.7, 0.3)) 

train10&lt;-data10[ind==1,] 
test10&lt;-data10[ind==2,] 

 

x_train10 = model.matrix(size~y0*exp(-kd*t)+y1+y2*exp(-kg*t)+k1*t+k2*c(t*t), train)[,-1] 
x_train20&lt;-x_train10[, c(3, 10, 11,12,13)] 

x_test10 = model.matrix(size~y0*exp(-kd*t)+y1+y2*exp(-kg*t)+k1*t+k2*c(t*t), test)[,-1] 

x_test20&lt;-x_test10[, c(3, 10, 11,12,13)] 
y_train10=train$size 
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y_test10=test$size 
 

# Fit lasso model on training data 

lasso_train10 = glmnet(x_train20, 
y_train10, 

alpha = 1, 

intercept=F, 
lambda = seq(0.0001, 1, length=5)) 

 

# Draw plot of coefficients 
print(lasso_train10) 

plot(lasso_train10) 

plotres(lasso_train10) 
plot_glmnet(lasso_train10) 

 

# Fit lasso model : cross validation 
set.seed(9) 

cv.out10 = cv.glmnet(x_train20, y_train10,intercept=F, alpha = 1) 

# Draw plot of training MSE as a function of lambda 
plot(cv.out10) 

# Select lamda that minimizes training MSE 

bestlam10 = cv.out10$lambda.min 
bestlam10 

bestlam10se = cv.out10$lambda.1se 

bestlam10se 
# Use best lambda to predict test data 

lasso_pred10 = predict(lasso_train10, s = bestlam10, newx = x_test2) 
# Calculate test MSE 

mean((lasso_pred10 - y_test10)^2) 

 
# Fit lasso model on full dataset 

full10 = glmnet(x20, y10, alpha = 1, intercept=F, lambda = seq(0.0001, 1, length=5)) 

lasso_coef10 = predict(full10, type = &quot;coefficients&quot;, s = bestlam10)[1:6,] 
# Display only non-zero coefficients 

lasso_coef10[lasso_coef10 != 0] 

 
#by subject 

#subject 25 

tumor1&lt;-simulated[which(simulated$subject==25),] 
yone &lt;- tumor1$size 

x_one = model.matrix(size~y0*exp(-kd*t)+y1+y2*exp(-kg*t)+k1*t+k2*c(t*t), tumor1)[,-1] 

xone&lt;-x_one[, c(3, 10, 11,12,13)] 
 

# Fit lasso model on training data 

lasso_trainone = glmnet(xone, 
yone, 

alpha = 1, 

intercept=F, 
lambda = seq(0.0001, 1, length=5)) 

 

# Draw plot of coefficients 
print(lasso_trainone) 

plot(lasso_trainone) 

plotres(lasso_trainone) 
plot_glmnet(lasso_trainone) 

 

# Fit lasso model : cross validation 
set.seed(9) 

cv.outone = cv.glmnet(xone, yone,intercept=F, alpha = 1) 

# Draw plot of training MSE as a function of lambda 
plot(cv.outone) 

 

#lambdas 
bestlamone = cv.outone$lambda.min 

 

bestlamone 
bestlamonese = cv.outone$lambda.1se 

bestlamonese 

 
# Fit lasso model on full dataset 
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fullone = glmnet(xone, yone, alpha = 1, intercept=F, lambda = seq(0.0001, 1, length=5)) 
lasso_coefone = predict(fullone, type = &quot;coefficients&quot;, s = bestlamone)[1:6,] 

# Display only non-zero coefficients 

lasso_coefone[lasso_coefone != 0] 
 

#subject 36 

tumor1&lt;-simulated[which(simulated$subject==36),] 
yone &lt;- tumor1$size 

x_one = model.matrix(size~y0*exp(-kd*t)+y1+y2*exp(-kg*t)+k1*t+k2*c(t*t), tumor1)[,-1] 

xone&lt;-x_one[, c(3, 10, 11,12,13)] 
 

# Fit lasso model on training data 

lasso_trainone = glmnet(xone, 
yone, 

alpha = 1, 

intercept=F, 
lambda = seq(0.0001, 1, length=5)) 

 

# Draw plot of coefficients 
print(lasso_trainone) 

 

plot(lasso_trainone) 
plotres(lasso_trainone) 

plot_glmnet(lasso_trainone) 

 
# Fit lasso model : cross validation 

set.seed(9) 
cv.outone = cv.glmnet(xone, yone,intercept=F, alpha = 1) 

# Draw plot of training MSE as a function of lambda 

plot(cv.outone) 
 

#lambdas 

bestlamone = cv.outone$lambda.min 
bestlamone 

bestlamonese = cv.outone$lambda.1se 

bestlamonese 
 

# Fit lasso model on full dataset 

fullone = glmnet(xone, yone, alpha = 1, intercept=F, lambda = seq(0.0001, 1, length=5)) 
lasso_coefone = predict(fullone, type = &quot;coefficients&quot;, s = bestlamone)[1:6,] 

# Display only non-zero coefficients 

lasso_coefone[lasso_coefone != 0] 
 

#subject 39 

tumor1&lt;-simulated[which(simulated$subject==39),] 
yone &lt;- tumor1$size 

x_one = model.matrix(size~y0*exp(-kd*t)+y1+y2*exp(-kg*t)+k1*t+k2*c(t*t), tumor1)[,-1] 

xone&lt;-x_one[, c(3, 10, 11,12,13)] 
 

# Fit lasso model on training data 

lasso_trainone = glmnet(xone, 
yone, 

alpha = 1, 

intercept=F, 
lambda = seq(0.0001, 1, length=5)) 

 

# Draw plot of coefficients 
print(lasso_trainone) 

plot(lasso_trainone) 

plotres(lasso_trainone) 
plot_glmnet(lasso_trainone) 

 

# Fit lasso model : cross validation 
set.seed(9) 

cv.outone = cv.glmnet(xone, yone,intercept=F, alpha = 1) 

# Draw plot of training MSE as a function of lambda 
plot(cv.outone) 

 

#lambdas 
bestlamone = cv.outone$lambda.min 
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bestlamone 
bestlamonese = cv.outone$lambda.1se 

bestlamonese 

 
# Fit lasso model on full dataset 

fullone = glmnet(xone, yone, alpha = 1, intercept=F, lambda = seq(0.0001, 1, length=5)) 

 
lasso_coefone = predict(fullone, type = &quot;coefficients&quot;, s = bestlamone)[1:6,] 

# Display only non-zero coefficients 

lasso_coefone[lasso_coefone != 0] 
 

#subject 46 

tumor1&lt;-simulated[which(simulated$subject==46),] 
yone &lt;- tumor1$size 

x_one = model.matrix(size~y0*exp(-kd*t)+y1+y2*exp(-kg*t)+k1*t+k2*c(t*t), tumor1)[,-1] 

xone&lt;-x_one[, c(3, 10, 11,12,13)] 
 

# Fit lasso model on training data 

lasso_trainone = glmnet(xone, 
yone, 

alpha = 1, 

intercept=F, 
lambda = seq(0.0001, 1, length=5)) 

 

# Draw plot of coefficients 
print(lasso_trainone) 

plot(lasso_trainone) 
plotres(lasso_trainone) 

plot_glmnet(lasso_trainone) 

 
# Fit lasso model : cross validation 

set.seed(9) 

cv.outone = cv.glmnet(xone, yone,intercept=F, alpha = 1) 
# Draw plot of training MSE as a function of lambda 

plot(cv.outone) 

 
#lambdas 

bestlamone = cv.outone$lambda.min 

bestlamone 
bestlamonese = cv.outone$lambda.1se 

bestlamonese 

 
# Fit lasso model on full dataset 

fullone = glmnet(xone, yone, alpha = 1, intercept=F, lambda = seq(0.0001, 1, length=5)) 

lasso_coefone = predict(fullone, type = &quot;coefficients&quot;, s = bestlamone)[1:6,] 
# Display only non-zero coefficients 

lasso_coefone[lasso_coefone != 0] 

 
#subject 53 

tumor1&lt;-simulated[which(simulated$subject==53),] 

yone &lt;- tumor1$size 
x_one = model.matrix(size~y0*exp(-kd*t)+y1+y2*exp(-kg*t)+k1*t+k2*c(t*t), tumor1)[,-1] 

xone&lt;-x_one[, c(3, 10, 11,12,13)] 

 
# Fit lasso model on training data 

lasso_trainone = glmnet(xone, 

yone, 
alpha = 1, 

intercept=F, 

lambda = seq(0.0001, 1, length=5)) 
 

# Draw plot of coefficients 

print(lasso_trainone) 
plot(lasso_trainone) 

plotres(lasso_trainone) 

plot_glmnet(lasso_trainone) 
 

# Fit lasso model : cross validation 

set.seed(9) 
cv.outone = cv.glmnet(xone, yone,intercept=F, alpha = 1) 



   

126 

 

# Draw plot of training MSE as a function of lambda 
plot(cv.outone) 

 

#lambdas 
bestlamone = cv.outone$lambda.min 

bestlamone 

bestlamonese = cv.outone$lambda.1se 
bestlamonese 

 

# Fit lasso model on full dataset 
fullone = glmnet(xone, yone, alpha = 1, intercept=F, lambda = seq(0.0001, 1, length=5)) 

lasso_coefone = predict(fullone, type = &quot;coefficients&quot;, s = bestlamone)[1:6,] 

# Display only non-zero coefficients 
lasso_coefone[lasso_coefone != 0] 

 

#subject 197 
tumor1&lt;-simulated[which(simulated$subject==197),] 

 

yone &lt;- tumor1$size 
x_one = model.matrix(size~y0*exp(-kd*t)+y1+y2*exp(-kg*t)+k1*t+k2*c(t*t), tumor1)[,-1] 

xone&lt;-x_one[, c(3, 10, 11,12,13)] 

 
# Fit lasso model on training data 

lasso_trainone = glmnet(xone, 

yone, 
alpha = 1, 

intercept=F, 
lambda = seq(0.0001, 1, length=5)) 

 

# Draw plot of coefficients 
print(lasso_trainone) 

plot(lasso_trainone) 

plotres(lasso_trainone) 
plot_glmnet(lasso_trainone) 

 

# Fit lasso model : cross validation 
set.seed(9) 

cv.outone = cv.glmnet(xone, yone,intercept=F, alpha = 1) 

# Draw plot of training MSE as a function of lambda 
plot(cv.outone) 

 

#lambdas 
bestlamone = cv.outone$lambda.min 

bestlamone 

bestlamonese = cv.outone$lambda.1se 
bestlamonese 

 

# Fit lasso model on full dataset 
fullone = glmnet(xone, yone, alpha = 1, intercept=F, lambda = seq(0.0001, 1, length=5)) 

lasso_coefone = predict(fullone, type = &quot;coefficients&quot;, s = bestlamone)[1:6,] 

# Display only non-zero coefficients 
lasso_coefone[lasso_coefone != 0] 

 

#subject 283 
tumor1&lt;-simulated[which(simulated$subject==283),] 

yone &lt;- tumor1$size 

x_one = model.matrix(size~y0*exp(-kd*t)+y1+y2*exp(-kg*t)+k1*t+k2*c(t*t), tumor1)[,-1] 
xone&lt;-x_one[, c(3, 10, 11,12,13)] 

 

# Fit lasso model on training data 
lasso_trainone = glmnet(xone, 

yone, 

alpha = 1, 
intercept=F, 

lambda = seq(0.0001, 1, length=5)) 

 
# Draw plot of coefficients 

print(lasso_trainone) 

plot(lasso_trainone) 
plotres(lasso_trainone) 
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plot_glmnet(lasso_trainone) 
 

# Fit lasso model : cross validation 

 
set.seed(9) 

cv.outone = cv.glmnet(xone, yone,intercept=F, alpha = 1) 

# Draw plot of training MSE as a function of lambda 
plot(cv.outone) 

 

#lambdas 
bestlamone = cv.outone$lambda.min 

bestlamone 

bestlamonese = cv.outone$lambda.1se 
bestlamonese 

 

# Fit lasso model on full dataset 
fullone = glmnet(xone, yone, alpha = 1, intercept=F, lambda = seq(0.0001, 1, length=5)) 

lasso_coefone = predict(fullone, type = &quot;coefficients&quot;, s = bestlamone)[1:6,] 

# Display only non-zero coefficients 
lasso_coefone[lasso_coefone != 0] 

 

#subject 357 
tumor1&lt;-simulated[which(simulated$subject==357),] 

yone &lt;- tumor1$size 

x_one = model.matrix(size~y0*exp(-kd*t)+y1+y2*exp(-kg*t)+k1*t+k2*c(t*t), tumor1)[,-1] 
xone&lt;-x_one[, c(3, 10, 11,12,13)] 

 
# Fit lasso model on training data 

lasso_trainone = glmnet(xone, 

 
yone, 

alpha = 1, 

intercept=F, 
lambda = seq(0.0001, 1, length=5)) 

 

# Draw plot of coefficients 
print(lasso_trainone) 

plot(lasso_trainone) 

plotres(lasso_trainone) 
plot_glmnet(lasso_trainone) 

 

# Fit lasso model : cross validation 
set.seed(9) 

cv.outone = cv.glmnet(xone, yone,intercept=F, alpha = 1) 

# Draw plot of training MSE as a function of lambda 
plot(cv.outone) 

 

#lambdas 
bestlamone = cv.outone$lambda.min 

bestlamone 

bestlamonese = cv.outone$lambda.1se 
bestlamonese 

 

# Fit lasso model on full dataset 
fullone = glmnet(xone, yone, alpha = 1, intercept=F, lambda = seq(0.0001, 1, length=5)) 

lasso_coefone = predict(fullone, type = &quot;coefficients&quot;, s = bestlamone)[1:6,] 

# Display only non-zero coefficients 
lasso_coefone[lasso_coefone != 0] 

 

 

MatLab 

 

close all; clear all; 

%population size 

pop_size = 1000; 
%sample Y0 parameters 

Y0_pop = normrnd(75,25,1,pop_size); 

%fixed Y1 
Y1 = 37.9; 

%sample kd parameters 
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kd = .00551; 
bsv_kd = 1.70; 

mu_kd = log(kd/sqrt(bsv_kd^2+1)); 

omega_kd = sqrt(log(bsv_kd^2+1)); 
kd_pop = lognrnd(mu_kd,omega_kd,1,pop_size); 

%sample kg parameters 

kg = .0226; 
bsv_kg = 1.83; 

mu_kg = log(kg/sqrt(bsv_kg^2+1)); 

omega_kg = sqrt(log(bsv_kg^2+1)); 
kg_pop = lognrnd(mu_kg,omega_kg,1,pop_size); 

 

%time goes from 0 to 2000 days 
time = linspace(0,2000,2001); 

%initialize all_data matrix 

all_data = zeros(pop_size,15); 
%fill all_data matrix with simulated model 

col_num=1; 

for t = time 
    disp(t); 

    new_col = Y0_pop.*exp(-kd_pop*t)+Y1.*(1-exp(-kg_pop*t)); 

    all_data(:,col_num) = new_col; 
    col_num=col_num+1; 

end 

 
%make a figure of all patient data from 0 to 2000 days 

figure; 
for i =1:1000 

plot(time,all_data(i,:));hold on; 

end 
xlabel('Time (days)','Fontsize',24) 

ylabel('Tumor size (mm)','Fontsize',24) 

xline(100,'k--',{'100 days'},'Fontsize',24); 
xline(1000,'k--',{'1000 days'},'Fontsize',24); 

 

%make a figure of all patient data from 0 to 100 days 
figure; 

for i =1:1000 

plot(time(1:101),all_data(i,1:101));hold on; 
end 

xlabel('Time (days)','Fontsize',24) 

ylabel('Tumor size (mm)','Fontsize',24) 
 

 

%save the simulated data and population parameters 
csvwrite('alldata.csv',all_data) 

csvwrite('kd_pop.csv',kd_pop) 

csvwrite('kg_pop.csv',kg_pop) 
csvwrite('Y0_pop.csv',Y0_pop) 

 

Equation learning: 

 

clear all;close all; 

 
%define the number of time points, note that the first entry is day 0 

num_tp = 1001; 

%amount of noise to add in terms of coefficient of variation (CV=sigma/mu) 
CV = 0.00; 

%ratio to cut down number of time points by sampling every tp_ratio days 

tp_ratio = 100; 
 

%index of representative patient to use for plotting 

rep_pat=10; 
 

%load all patient data 

M = csvread('alldata.csv'); 
%only use the first num_tp time points 

M = M(:,1:num_tp); 

 
%initialize a matrix to save sparse regression parameters for each patient 
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Xi_all = []; 
 

%loop over all patients 

for pat_num = 1:1000 
     

    %calculate sigma for noise based on the mean 

    sigma = mean(M(pat_num,:))*CV; 
    %create noisy patient data 

    pat_data = M(pat_num,:) + randn(1,length(M(pat_num,:)))*sigma; 

    %time mesh for data 
    time = fix(linspace(0,num_tp-1,fix(num_tp/tp_ratio))); 

    %calculate spline approximation of data 

    pat_data_spline = spline(time,pat_data(time+1)); 
    %take derivative of spline, y' 

    pat_data_spline_dt = fnder(pat_data_spline,1); 

    %take second derivative of spline, y'' 
    pat_data_spline_dt2 = fnder(pat_data_spline,2); 

 

     
    %calculate noisy approximations for y' and y'' based on data 

    pat_data_spline_data = ppval(pat_data_spline,time); 

    pat_data_spline_dt_data = ppval(pat_data_spline_dt,time); 
    pat_data_spline_dt2_data = ppval(pat_data_spline_dt2,time); 

     

    %plot data approximation and derivatives for representative patient 
    if pat_num == rep_pat 

        %finer mesh and values of splines for plotting 
        fine_mesh_plot = linspace(0,num_tp,num_tp*10); 

        pat_data_spline_plot = ppval(pat_data_spline,fine_mesh_plot); 

        pat_data_spline_dt_plot = ppval(pat_data_spline_dt,fine_mesh_plot); 
        pat_data_spline_dt2_plot = ppval(pat_data_spline_dt2,fine_mesh_plot); 

 

        %plot spline approximations of data for y' and y'' 
        figure; 

        subplot(3,1,1) 

        plot(time,pat_data_spline_data,'o',fine_mesh_plot,pat_data_spline_plot) 
        xlabel('Time (days)',Fontsize=24) 

        ylabel('y',Fontsize=24) 

        axis tight 
        subplot(3,1,2) 

        plot(time,pat_data_spline_dt_data,'o',fine_mesh_plot,pat_data_spline_dt_plot) 

        xlabel('Time (days)',Fontsize=24) 
        ylabel('dy/dt',Fontsize=24) 

        axis tight 

        subplot(3,1,3) 
        plot(time,pat_data_spline_dt2_data,'o',fine_mesh_plot,pat_data_spline_dt2_plot) 

        xlabel('Time (days)',Fontsize=24) 

        ylabel('d^2 y/dt^2',Fontsize=24) 
        axis tight 

    end 

 
    %perform sparse regression for y' = [1,y'',y,y^2,y^3,t,t^2,t^3]*Xi 

    dydt = pat_data_spline_dt_data'; 

    theta = 
[ones(length(time),1),pat_data_spline_dt2_data',pat_data(time+1)',(pat_data(time+1).^2)',(pat_data(time+1).^3)',time',time.^2',time.^3']; 

 

    %sequential least squares thresholding algorithm from Brunton et al. 
    %2016, PNAS 

    Xi = theta\dydt; 

    lambda = 1e-3; 
    for k=1:10 

        smallinds = (abs(Xi)<lambda); % find small coefficients 

        Xi(smallinds)=0; % and threshold 
        biginds =  ~smallinds(:,1); 

        % Regress dynamics onto remaining terms to find sparse Xi 

        Xi(biginds,1) = theta(:,biginds)\dydt(:,1); 
    end 

    Xi_all= [Xi_all,Xi]; 

end 
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disp('Percent of patients with ODE term:') 
terms = {'1','y''','y','y^2','y^3','t','t^2','t^3'}; 

percents = 100*sum(Xi_all ~= 0,2)/size(Xi_all,2); 

disp(terms) 
disp(percents') 
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