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SUMMARY

An economic technique for the numerical analysis of the elasto-plastic behavior of shells
of revolution would be of considerable value in the nuclear reactor industry. When the elastic
analysis rules of the ASME nuclear vessel code (Section III) and of the associated high tem-
perature code case 1592 cannot be met, the obvious alternative is to perform an inelastic analy-
sis to evaluate structural integrity. In the design of reactor fuel containments, and of reactor
fuel pins, the extremely high temperature environments and complicated loading systems

require an accurate as well as economic numerical ana vailable tech-
niques based on simultaneous equation solutin, e.g. t , require con-
siderable computer storage and computational time for necessary for

Inelastic analyses.

~ A numerical method based instead on the numerical integration of the governing shell
equations has been shown, for elastic cases, tot “more efficient than the finite element method
when applied to shells of revolution. In the numerical integration method, the governing dif-
ferential equations of motion are converted into a set of initial-value problems. Each initial-
value problem is integrated numerically between meridional boundary points and recombined

S0 as to satisfy boundary conditions. For large- ast equations
are nonlinear and, hence, are recombined in a us -Raphson
procedure. Suppression techniques are incorpo mi solutions

within the numerical integration procedure.

The Reissner-Meissner shell theory for shells of revolution is adopted to account for large
deflection and higher-order rotation effects. The computer modelling of the equations is quite
general in that specific shell segment geometries, e.g. cyelindrical, spherical, toroidal, conical
segments, and any combinations thereof can be handled easily.

The elasto-plastic constitutive relations adopted are in accordance with currently recom-
mended constitutive equations for inelastic design analysis of FFTF Components. The Von
Mises yield Criteria and associated flow rule is used and the kinematic hardening law is fol-
lowed. Examples are considered in which stainless steels common to LMFBR application are
used. :
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1. Introduction

In the nuclear industry there is a dire need to develop accurate and economic methods
for the analysis of structures subjected to complicated thermal loadings. It is, therefore,
necessary to account for the large deflection elastic-plastic behavior of structures.

The use of an appropriate non-linear shell theory is of considerable importance in elas-
tic-plastic analysis of shell structures. Although, numerous shell theories can not always
be made due to limited experimental data. Sander's non-linear shell (9) which invokes
Kirchoff's EXESXPeSiS (normals to the undeformed middle surface of the shell remain normal to

#;;zakeformed mid&I; surface) is used in the following work. .Sander's equations of equilibrim
and the strain displacement relations that are presented in the following are in the reduced
component form (Ref. 9). The generalized equations have been reduced to a form applicable to
axisymmetric shells subjected to symmetric loadings and limited to small rotations and small
rotation about the normal; otherwise the large deflection considerations have been retained.

A numerical integration scheme, which follows a Runge-Kutta-Gill procedure with a sup-
_pression technique of Refs. (6,7), has been extend herein to large deflection elastic-plastic
problems. In Ref. (5) is introduced an integration scheme applicable to the multisegment
method of numerical integration for the analysis of nonlinear elastic shells. Later, Gerdeen
(3) applied this procedure to non-linear elastic-plastic analysis of shells of revolution.
Both in the suppression technique that is presented here for the large deflection elastic-
plastic analysis and in the multisegment method of integration, the governing differential
equations of motion are coverted into a set of initial value problems. Each initial value
problem is integrated numerically between meridional boundary points and recombined so as to

satisfy the boundary conditions. Unlike the

ltisegment method, the suppression technique

ggggNEQE‘ggggirg‘thgwsolution to a set of simultaneous equations but eliminates the extraneous
golution in a marching process until the boundary has been reached. At that point th; ent;;e
solution is corrected by satisfying the boundary conditions.

For the non-linear problem a gqggilipg?r}gation technique, which was initially developed
by Bellman (10) and later used in Reféi (11,12) has been incorporated here with the suppres-
sion technique. In the quazilinearization technique a boundary value problem is converted to
an initial value problem by assuming arbitrary initial conditions so that it becomes directly
applicable in conjunction with the suppression technique. The quazilinearized form of the
‘Ehg}} equations derived in the following have not been presented before. For the elastic-
plastic problem the constitutive relatins adopted follow the Von-Mises yield criteria and
associated flow rule. The solution process for elastic-plastic problem is generally followed

from Refs. (1), (2) and (3).

General Shell Eouations
The Sander's shell equations () simplified to axisymmetric shells subjected to symme-
trical loadings and limited to the assumptions described earlier are as follows:
Bouations of Equilibrium
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Strain Displacement Relations
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In the above, use has been made of the expression
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a comma denotes partial differentiation, and the following definitions are assumed:
® - meridional coordinate
6 =~ circumferential coordinate
s - independent variable
R¢ - meridional radius of curvature
r - circumferential radius of curvature
p - force applied normal to shell
p¢ ~ force applied along ¢ directio..
egr e¢ - circumferential and meridional strains
kg, k¢ - circumferential and meridional rotations
Fundamental Variables:
u deflection normal to the middle surface of the shell
uq) deflection along ¢ direction
Nq) stress resultant in ¢ direction
s rotation about ¢ and as defined above.
M¢ moment resultant about ¢

QKD shear stress resultant normal to ¢
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Rearranging the governing shell equations, one obtains the required set of first order

nonlinear differential equations in terms of auxiliary and fundamental variables.
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Quazilinearization of Shell Equations

In the quazilinearization technique the non-linear differential equation is first re-
presented by a set of simultaneous first order differential equations. Fach of the first
order differential equations is linearized using Taylor series expansions with second and
higher order terms omitted. Iterative solutions of the resulting linearized differential
equations usually converges quadratically to the solution of the original equations such that
each iteration approximately doubles the accuracy.

For example let us consider the following non-linear first order differential equation
qos Gy (16)
with boundary conditions y (0) = g, where f (x,y) is a nonlinear function which can be

linearized around y ='y* as follows
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In other words, the differential equation can be represented around y=y* as
Xor (") + £, Gy G-y (18)
of
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If y is represented in the vector form (yl, yz......,yn) and f represented in the vec-

tor form (fl, f2......,fn) the above differential equation can be written as

%% = f(x,yl) + J(y) (y—yl) (19)



derived from the procedure outlined above,

where J (y) = ﬁ of, ﬁ
oy, oy, oy,
oy, Oy2 oy,
of Ef& of
oy, o, oy,

Thus, one obtains a recurrence relation in the following form:
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The general quasilinearized form of the first order non-linear differential equation,

tic cases. They are,
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are to be used both for elastic and elastic-plas-
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where NQ)O’ M¢O’ QV)O’ Y07 R¢O’ KO’ NOO etc. are residual values of the fundamental and aux-
iliary variables. There use will be specified in section 5 of this paper.

L4, Constitutive Relations
4,1 Elastic Case

Eh qu
NQ=K(eg+Ue¢)-W (28)
Eh QTO
N¢=K(e¢+uee)—(l—_u)— (29
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fy =D (K¢ +y K%) -Dg (1L + v T, (31)
Eh Eh . .
where K = — 5 and D = — P E = Elastic modulus, v = Poisson''s ratio €gr S50 KO' K(D
1-u 12 (1-v7)

are the circumferential and the meridional strain and rotation terms. NQ is the stress re-
sultant along the circumference, I"lQ is the circumferential moment, h is the thickness of the

shell, g the coefficient of thermal expansion, and

1 /2
T, (@) = w ) T (®,z) dz (32)
-h/2
15 (/2
Tl @) = 3 J z T (p,2) dz (33)
b n/e

T being the temperature distribution in the shell, z the coordinate through the thickness
k.2 FElastic-Plastic Case '

For elastic-plastic analysis consideration, the following incremental constitutive
relations can be formulated for thermal stress-strain behaviors with the aid of Ref. (1) and
Ref. (2). The appropriate temperature terms included herein are such that the elastic and
elastic-plastic behaviors are identified accordingly.

The incremental stress-strain relations
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(3t)

where A identifies incremental value of the quantity and the generalized stiffness coeffi-~

cients are related to partial stiffness coefficients (Ref. 1) by
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such that the incremental form of the constitutive relations are

%oy i)
de

dog g
%o,

& o
P ®
be¢

B by
deg bep
% %
deg bep
de de.
B P
beQ Q?p

where ep = effective plastic strain.
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The last of these is obvious replaceable by Prandt-Reuss relations. From Ref. (11)
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, cé are the deviatoric
(39)

(40)

The inversion of this matrix gives partial stiffness coefficients as
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The numerical algorithm for obtaining the solution of the elastic-plastic problem is
generally followed from Ref. 11, although some refinements presented in Ref. (13) and here
are helpful. The comparisons of the solution for linear-elastic and non-linear elastic

problem have been completed and are in general agreement with Refs. (14) and (15).

5. Numerical Scheme

In the numerical integration process, a standard Runge-Kutta-Gill procedure in con-
junction with Hamming's predictor-corrector method is used to solved the system of first
order differential equations.

In the suppression technique, for a system of order 2j, j quantities are assumed at
the initial points and j boundary conditions are satisfied at the terminal point. The
correct solution corresponds to some other set of initial values that produce boundary

quantities satisfying the terminal boundary conditiocns. Partial solutions for one -» -i-
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cular solution and j homogeneous solutions designated by 8y By """Sj are carried

1
simultaneously by assuming j initial values for each

0 1 0

{IO} = {Il} = 0 , [12} = 1 I, (51)

0 0 T557L

At a suppression point the values are represented by the vectors {tz} with the element

tzK (€ = 1y0000.3)e A convenient selection of the arbitrary boundary values is as follows

t . =C too=1 0 0
{to} = ‘oo ftl} = ftp} - {tj} = (52)
0 0 .
0
£y 00
0 o 0 t..
3

Let the unsuppressed quantities {tz} (1 =0, leseaee,yj) represent the displacement quanti-
ties at the suppression point, i.e. at a point at which extraneous solution can not be

tolerated, so that the following terminal boundary conditions are satisfied

él B ftz}+ItK}={tK} (K =0y Lyeened) 53)

Each solution will yield a set of BKI values so that the suppressed solution can be

written as

J
5, = S, +1&§1 B, S, (K =20, leeeeeed) (54)

In the quasilinearization technique a set of residual values must be known as follows

RFp RAq
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where p = 1, eeseeeyn and @ = 1, «ecae.m and n represents the number of fundamental variables
and m represents the number of auxiliary quantities. RF are the residual values of funda-
mental variables and RA are the residual values of auxiliary quantities.

For the elastic case the linear elastic solution can be used as residuals for the non-
linear elastic solution. For the elastic-plastc case, the nonlinear solution corresponding
to the yield point can be used as the residual solution. In subsequent iterations, the
values from the previous iteration can be used as the residual values for the following
iteration until convergence has been obtained. Once residuals have been appropriately de-

fined the suppression process described above is directly applicable owing to the quazi-

linearized form of the differential equations.
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