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Abstract. In thispaperwedescribetheapplicationof a parallelimplementationof theimplicit filtering algorithm

to acontrolproblemfrom hydrology. Weseekto controlthetemperatureatagroupof drinkingwaterwellsby placing
barrierwellsbetweenthedrinkingwaterwellsandawell thatinjectsheatedwaterfrom anindustrialsite.
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1. Intr oduction. The objective of this paperis to show how the implicit filtering algorithm
[11,15] for noisy optimizationproblemscanbe appliedto optimizationproblemsin hydrology.
We focuson a groundwatertemperaturecontrol problem. This problemhassomeof the impor-
tantdifficulties,suchasnonconvexity andnonsmoothness,thatonewouldexpectin moredifficult
cases,but canuseflow andtransportmodelsandformulationsof theoptimizationproblemthatare
sufficiently simpleto allow for a completedescriptionin a singlepaper. More difficult problems,
with coupledflow and transport,temperaturedependentdensitiesand viscosities,threedimen-
sionalgeometries,andmorecomplex flow andtransportequations,will be consideredin future
work.

In thispaper, wesolvethesubsurfaceflow controlproblemwith aparallelimplementation[3]
of theimplicit filtering algorithm[10,11,15]. Implicit filtering is asamplingmethodfor optimiza-
tion of noisyfunctions.Theproblemhassimpleboundconstraintsandfour optimizationvariables.
Theobjective functionis nonconvex, nonsmooth,andhasseverallocal minima. Theoptimization
landscapein Figure1.1 is aplot of theobjective functionwith two of thevariablessetto zero.

We begin in
�

2 by briefly discussingthegroundwaterflow andtransportmodelsusedin this
work andby formulatingthecontrolproblem.

In
�

3 we review the implicit filtering algorithmandits implementationin parallel. Thenin�
4 wereporton theresultsof theoptimizationandtheparallelperformance.

2. Groundwater Temperature Control. The problemwe considerin this paperwasgiven
to usby TGU (TechnologieberatungGrundwasserundUmwelt) GmbH,a consultingengineering
company for groundwaterandwater resources.We wish to control the temperaturein a setof
drinkingwaterwells. Thesiteshown in Figure2.1 is in therechargeregion for thesewells. There
is anindustrialzoneon theright of theshadedregion which injectsheatedwaterin a singlewell,�
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FIG. 1.1. OptimizationLandscape
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theinfiltration well. Germanlaw (theWasserhaushaltsgesetz)requiresthatanthropogenicchanges
of groundwaterpropertiesbeminimized. In this regulationis therequirementthatdrinking water
be providedat the lowesttemperaturethat is possibleunderundisturbedconditions.We seekto
reducethe temperatureat thedrinking waterwells by minimizing a quadraticfunction involving
pumpingratesat a set of barrier wells, which is an approximatemeasureof cost, anda linear
combinationof pumpingrateandtemperatureatasetof drinkingwaterwells.

Figure2.2shows therelative locationsof thewells. Theinjectionwell is thesquareat thefar
right, thebarrierwells theverticalrow in themiddle,andthedrinkingwaterwellsarethearrayon
theleft.

Numericalexperimentsshow that a steady-statesolutionis obtainedafter eight to ten years
of real time. Becauseof this we mayusethefour steadystatepumpingratesascontrolvariables.
For the work reportedherewe neglect the vertical dimensionand the dependenceof viscosity
anddensityon temperature.Theseassumptionsenableusto decoupletheequationsfor flow and
temperatureandto usea two-dimensionalsimulatorfor each.Giventhecontrols,wecansolvefor
theflow andusetheresultsfrom theflow codeto computethetemperaturedistribution.

To determinetheflow wecomputethepiezometrichead� from

�	� ���

� ����������� �������(2.1)

andappropriateinitial/boundaryconditions. In (2.1),
�

is the storagecoefficient,
��� �"!$# � is the

thicknessof the aquifer,
��� �"!$# � is the hydraulicconductivity, and � is a sourceterm. Fromthe

headwecomputethemeanmacroscopicporevelocityvectorvia

% �'&
��� �( !

(2.2)

where( is theeffectiveporosityof theporousmedium.
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FIG. 2.1. Mapof theSite

FIG. 2.2. Well Locations

Infiltration well

Drinking water well

Barrier well

After solving theflow equation,we modeltemperaturein a way thata solutetransportcode
canbeusedto solve therelevantequations[7].
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Thewatertemperature) satisfies

*�+,)+�-/. 0�1�2�34150 )7698;: 150 )=<(2.3)

wherethethermalretardationfactoris

* . >@?BA$CEDFCEGHCA$IJDKILGMION(2.4)

In (2.3), A$I . P N Q is thevolumefractionof theaqueousphase,ARC . P N S is thevolumefractionof
thesolid phase,DFC$GJC . > N TKU'V,WYX�Z\[

is theheatcapacityof thesoil, and DKIHGJI . ] N >^TK_`U'V,WYX�Z\[
is theheatcapacityof thefluid. For saturatedflow, A . A$I .

Thethermaldispersiontensoris

acbed . f�g\h : h i bjd ? 2 f,k 8 f�g 6ml b l dh : h <(2.5)

where
i bed

is theKronecker
i
, and

f,k . >nPoX
and

f�g . >^X
arelongitudinalandtransversaldisper-

sivity valuesthatarecharacteristicof the porousmedium.
3

is a nonsmoothfunctionof : , and
henceof p . Thisaccountsfor thenonsmoothnessthatis clearlyvisible in Figure1.1.

We formulatetheoptimizationproblemas

qsrutvnw^x V 2 py6 . p�z�p ?�{ z,) N(2.6)

Here p}| *7~
is the vector of steady-statepumpingratesat the control wells, ) | *7~

is the
temperatureat thedrinkingwaterwells,and

{ . 2 N PoQK�`_ < N P�>`>^� < N P ]`] P < N P ]`� > 6�z�| * ~
is avectorof therelativepumpingrates(in

X�ZJW`�n� G ) at thesewells. Thetruncationerrorin theflow
andtransportcodescontributelow-amplitudenoiseto

V
.

Theboundconstraintswereimposedto accountfor limits in thepumpingrates.Thesecon-
straintswere not active at the solution, and the optimizationwas essentiallyan unconstrained
problem.

3. Implicit Filtering . Implicit filtering [11,15] is a projectedquasi-Newton iterationwhich
usesdifferencegradients,reducingthe differenceincrementasthe optimizationprogresses.The
methodwasdesignedfor problemswith objectivefunctionsthataresmallperturbationsof smooth
functions.Ourparadigmis �

.
� C ?��

(3.1)

where
� C is smooth,and

h � 2�� 6 h is small. In practice
�

is usuallynonsmoothandsometimesdiscon-
tinuous.

Implicit filtering is a samplingmethod. This meansthat the optimizationis directedonly
by informationon function values,with no gradientinformation. Implicit filtering differs from
classicalsamplingmethodssuchastheNelder-Mead[17] or Hooke-Jeeves[12] algorithmsin that
it is readilyimplementedin parallel[3,4,6] by simplyperformingthefunctionevaluationsneeded
for the differencegradientin parallel. The potentialfor quasi-Newton acceleration[5, 11,15]
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is a featurethat other parallelizablesamplingmethods,suchas the PDS method[8, 19,20] or
DIRECT [9,13,14], cannotexploit. Theresultsreportedin this paperwereobtainedwith IFFCO,
aFORTRAN implementationof implicit filtering [3].

Supposeweseekto solve �s�u�
�^�L�s�����y�(3.2)

where �����
������� �E¡�¢9£'���y�¤¢¥£§¦¥¢©¨Fª(3.3)

Here,
�
¡�¢©¨ �¢¬«y­ and

�
¦¥¢®¨ �¢¯«y­ aresequencesof realnumberssuchthat

°7± ² ¡³¢ ² ¦¥¢ ²µ´	± ª(3.4)

Herewedenotethe ¶ th componentof thevector � by � �y��¢ to distinguishthecomponentindex from
theiterationindex. Wedenoteby · the ¸�¹ projectiononto

�
. For �º�»�7¼

· � �y��¢
� ½¾¿

¾À
¡³¢ if � �y��¢¥£µ¡³¢� �y�¤¢ if ¡�¢ ² � �y��¢ ² ¦¥¢¦9¢ if � �y��¢¥Á§¦9¢

(3.5)

Implicit filtering asimplementedin IFFCObeginsby scaling
�

to theunit cube( ¡�¢
�ÃÂ

and

¦¥¢
�ÅÄ

for all ¶ ). For
Â ²BÆ £

Â
ªÈÇ , let ÉËÊ � denotethe finite differenceapproximationof É �

with stepsize Æ thatusescentraldifferencesif all pointsof thecentraldifferencestencilarein
�

andone-sideddifferencesin thosedirectionsin which onepoint in the stencil is not in
�

. The
restriction Æ £ÃªÌÇ impliesthatat leasttwo pointswill bein thestencilin any coordinatedirection
(thecenterandat leastoneof �ÎÍ Æ,Ï , where Ï is theunit vectorin thatdirection). Thestencilis
usedbothto approximatethegradientandto provide oneof theterminationcriteria. Let Ð ���"Ñ Æ �
bethedifferencestencilabout� in

�
with stepsize Æ . We call thecondition

��� �y�Ò£
�s�u�

ÓR�^ÔKÕÖ�^× ÊJØ ���ÚÙK�(3.6)

stencilfailure. In theunconstrainedcase[2,15] stencilfailureimpliesthat É �YÛ
�§Ü

� Æ � . A similar
resultalsoholdsin theboundconstrainedcase,wherestencilfailureimpliesthat

� ° · � � ° É �YÛJ� �y�Ý�
�§Ü

� Æ �Mª
Weterminatethequasi-Newtoniterationfor agivenvalueof Æ afterastencilfailurefor thisreason.

IFFCOoffersachoiceof SR1andBFGSquasi-Newtonupdates.For boundconstrainedprob-
lemswe recommendthe SR1update. We will formally describethe algorithm. We begin with
Algorithm fdquasi, which is afinite differenceprojectedquasi-Newton iterationfor (3.2).

Implicit filtering is a sequenceof calls to fdquasi with the differenceincrementsor scales
reducedaftereachreturnfrom fdquasi.

Thereareseveral convergencetheoremsfor implicit filtering [5, 11,15]. We statea typical
resultfrom [15] for completeness.

THEOREM 3.1. Let � satisfy(3.1)andlet É �YÛ beLipschitzcontinuous.Let Æ�Þàß Â
,
�
� Þ ¨ be

theimplicit filtering sequence, and Ð Þ � Ð ���"Ñ Æ�Þ � . Assumethat fewer than áKâãá � backtracksare
takenfor all but finitelymany ä . Thenifå �u�Þ\æ=ç � Æ�Þè´éÆëê ­Þ �Îì5í

ÓR�nÔ5î �eïð�ÚÙK�m�e�
�ñÂ

(3.7)
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Algorithm 1 fdquasi ò�ó"ôMõ�ô�ö,÷ãø`ó"ô$ù�ôMúûô\øK÷ãø`óyüöþýÃÿ
while ö��;ö�÷ãøKó and �\ó���� ò ó��	��
mõ�ò�óyü$ü���
 ùOú do

computeõ and ��
5õ
if (3.6)holdsthen

terminateandreportstencil failur e
end if
updatethemodelHessian� if appropriate;solve ��� ý�����
Yõ�ò óyü
useabacktrackingline search,with atmost øF÷ãø`ó backtracks,to find asteplength �
if øK÷ãø`ó backtrackshavebeentakenthen

terminateandreportline search failur e
end ifó�� � ò ó�������üö�� ö��µÿ

endwhile
if ö��/ö,÷ãø`ó reportiteration count failur e

Algorithm 2 imfilter ò ó"ôMõOô®ö,÷ãø`ó"ô$ù�ô��Yú �"!Fô\øK÷ãøKóyü
for #sý%$�ô'&(&'& do
fdquasi ò�ó"ôMõ�ô®ö�÷ãøKó"ôÝù�ôMú)�5ô\øK÷ãøKóyü

end for

thenanylimit pointof thesequence�nó*�"! is a critical pointof õ"+ .
The implicit filtering methodhasmany parameters,the sequenceof scales,the termination

parameterù , andthelimits øK÷ãø`ó andö,÷ãø`ó on theinnerandouteriterations.Wewill discussour
settingsof thoseparametersin , 4.

Themostsignificantopportunityfor parallelismis in thecomputationof ��
5õ , whereall the
functionevaluationsfor ó.-0/=ò ó"ôMúOü areindependent.Onecanalsoperformtheline searchfunc-
tion evaluationsin parallel. In , 4.2we show how theparallelismcanbeeffectively exploitedby
IFFCO.

4. Computational Results. Thecomputationsreportedin thissectionweredoneon theIBM
SP/2supercomputerlocatedat theNorth CarolinaSupercomputerCenterrunningIBM AIX 4.3.
This IBM SP/2consistsof 180 nodes,whereeachnodeconsistsof four 375 MHz Power3-II
processors.Eachnodehas2 GB of memory. WeusedtheIBM xlf 7.1FORTRAN compiler.

The parametersin the implicit filtering algorithmwere ù�ý ÿ , øK÷ãø`ó ý 1 , ö,÷ãø`ó ý ÿ'$ ,243 ý5&6$"7 for 89ý'ÿ`ô'&(&'&Lô97 , and : 3 ý��;&6$<7 for 89ý�ÿ`ô'&'&'&Hô97 . WeusedtheSR1quasi-Newtonmethod
andimposeda limit of 50 function evaluationson the optimization. The scaleswere ú 3 ý>=@? 3
for ÿ��A8��AB . We terminatedthe optimizationafter we expendedthe budgetof 50 function
evaluations.

The parallelismwas in the simultaneousevaluationsof the objective function to form the
differencegradients.We discretizedtheflow equationson a 7C=�DE7@= meshandusedMODFLOW
[16] to computethe piezometrichead.Fromthe headwe extractedthe velocity vectorandused
MT3D [18], a transportsimulator, to computethe temperaturedistribution on the mesh.See[1]
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for a morecompleteaccountof themodel,theboundaryconditions,andtheunderlyingphysical
assumptions.Wecomputedthesteady-statesolutionsusingaccuratetemporalintegrationoutto ten
years.For theflow simulation120time stepsof 30 daysaretaken. Thetransportintegrationwas
explicit, andwetook150transportstepsfor eachflow step.MODFLOW andMT3D communicate
via disk I/O.

4.1. Effectivenessof the Control. In Figures4.1 and4.2 we plot contoursof temperature.
We normalizethe FHG<I9J temperatureof thegroundwaterto zeroandthe F�K<I9J temperatureof the
waterfrom the injectionwell to one. The injectionwell is locatedat thebox on theright sideof
the plume,the control wells at the vertical row of diamondsin the centerof the plume,andthe
drinking waterwells at thecirclesto theleft of thecontrolwells. Thetemperatureof theinjected
wateris K I J warmerthattheambientgroundwatertemperatureof F'G I J . This leadsto anincrease
of F I J at thedrinkingwaterwells for theuncontrolledflow, to highsatisfytheregulations.

Thefiguresclearlyshow thattheoptimizedpumpingratesreducethetemperatureatthedrink-
ing wells andthat thesizeof thehigh temperatureplumehasbeenreduded.Themaximumtem-
peratureat thedrinking waterwells is F'GMLNF'I9J for thecontrolledflow, which is within regulatory
limits.

FIG. 4.1. TemperatureDistribution: UncontrolledFlow
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4.2. Parallel Performance. As wedescribedearlierin O 3, therearetwo opportunitiesfor par-
allelismin IFFCO,theevaluationof thegradientandtheline search.Weexploit thesepossibilities
in our implementationby usingthePVM parallelprogramminglibrary.

Theprocessorson eachnodeshare2 gigabytesof memory(which did not affect our compu-
tations)anda local, temporarydirectory. We usedthis temporarydirectoryfor thedatafiles and
temporaryfiles we neededin our simulation. Sincefour processorssharedthe samelocal direc-
tory, we addeda uniquetaskidentificationnumber(TID) to eacheachtemporaryfile to prevent
thedifferentprocessorsfrom writing to thesamefile.

The PVM programminglibrary leadsto the useof the master-slave parallel programming
paradigm.In thecomputationamasterprocessordid all thework in IFFCOexceptfor thefunction
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FIG. 4.2. TemperatureDistribution: ControlledFlow
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Numberof Processors Run-time(in sec.) Speedup
1 5582.89 1.0000

2+1 2986.31 1.8695
4+1 1618.64 3.4491
8+1 1050.15 5.3163

TABLE 4.1
Paralell efficiency

evaluations. The time neededto do this was muchsmallerthan the time neededto evaluatea
function. Therefore,we usedthe masterto run IFFCO andusedboth the masterandthe slaves
to do the function evaluationsneededduring the evaluationof the gradientandthe line search.
We only neededto sendshortmessagesbetweenthemasterandtheslaves,sothecommunication
timeswereverysmallcomparedto thecomputations.Thismeansweonly neededto usethebasic
sendandreceivemechanismsprovidedby PVM.

ThePVM implementationavailableon theIBM SP/2neededadedicatedprocessorto run the
PVM server. In Table4.1 we show thetimesneededto solve theproblemwith differentnumbers
of processors.We recordthenumberof processorsas,for example, PRQTS to emphasizethatone
processorwasneededasthePVM server(acharacteristicof theIBM SP/2PVM). Thelastcolumn
of thetableshows thespeedupfactor U

VXWZY\[Y V^]
where Y\[ is the time neededwith oneprocessorand Y V is the time neededwith _\Q`S processors.
Perfectspeedupfor ourconfigurationwouldbe

U
VXW _ .

Notethat it doesnot make sensefor this problemto usemorethannineprocessors.At most
eightprocessorsarerequiredfor evaluatingthegradient,andoneis requiredasthePVM server.
Table4.1showsgoodparallelperformance.
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