Abstract

HARTL, ALEXANDRE EMMANUEL. Bouncing, Sliding and Rolling Dy-
namics of a Spherical Rover Crossing a Ravine. (Under the direction of Dr.

Andre Mazzoleni)

This study presents a numerical simulation model predicting the mo-
tion of a tumbleweed rover as it encounters ravines and valleys. The
research provides an understanding of the range of tumbleweed de-
sign parameters essential for mobility over varied terrain. The study
also introduces a numerical model covering the rover’s rolling, sliding
and bouncing behaviors and the transitions between these modes of

movement.

A collision model based on Kane’s method of dynamics is used to
study the impact between the rover and flat terrain. The model is
extended by considering collisions on hills, and a numerical model is
created tracking the rover’s motion and transition between different
terrain types. Rolling and sliding models for a rover in motion are
developed for flat and sloping terrains. This study includes several
case studies which demonstrate the model’s utility as an initial design

tool for tumbleweed rovers.
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1

Nomenclature
b Radius
m Mass
J Principal Moment of Inertia
e Coefficient of Restitution
0 Coefficient of Static Friction

Coefficient of Kinetic Friction
Angular Velocity
Translational Velocity
Generalized Speeds

Partial Velocity of P
Contact Force

Component of Contact Force
Normal Impulse

Tangential Impulse
Generalized Impulse
Generalized Momentum
Kinetic Energy

Force

Normal Force

Angular Acceleration
Translational Acceleration
Gravitional Acceleration

Angle of Decline Plane

S T T e A TN R =

Angle of Incline Plane
Height of Decline Plane
pl Length of Horizontal Plane

S
>

! Any symbol which is not a vector is assumed to be a magnitude or scalar
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Chapter 1

Introduction and Background

The evidence of water on Mars and the idea of using the Moon as a staging
ground for future planetary missions has increased interest in these regions. Fu-
ture missions will require the exploration of large areas on these surfaces since
areas of scientific interest are far away from the landing sites. Because of the
inherit dangers with manned missions, rovers provide a viable option for future
investigations on these regions.

NASA currently employs wheeled rovers, including the Mars Exploration
Rovers, to examine the Martian surface. These rovers are intricate and expen-
sive, with limited ability to navigate rough terrain. This complicates gathering
scientific data on Martian climate and geology, and renders answering questions
on the existence of water and life difficult.

A vehicle prepared to explore large areas of terrain is the tumbleweed rover.
A tumbleweed is a spherical (wind-driven or self-propelled) rover designed to
provide superior mobility and greater accessibility on the surface of Mars and the
Moon, see figure 1.1. Compared with conventional wheeled rovers, a tumbleweed
can cover vast distances faster and reach previously inaccessible areas of scientific
interest, such as canyons and valleys. Since a tumbleweed is significantly less
expensive than traditional rovers, multiple tumbleweeds can be deployed across
the Martian or Lunar surface for scientific surveys. The tumbleweed’s design
is also well suited for polar missions since the rover can seek out water sources

beneath a surface desert or an ice sheet, a task that cannot be done accurately



from orbit. For these reasons a model describing and predicting a tumbleweed’s

motion across the Martian or Lunar terrain is valuable.

Figure 1.1: Artist’s concept of a Tumbleweed Rover (1)

The tumbleweed rover is based on concepts going back to the 1970’s, where
Jacques Blamont of the National Center for Space Studies developed the notion
for wind-driven rovers. The concept has been pursued by several investigators at
the NASA Langley Research Center (LaRC) and at the Jet Propulsion Laboratory
(JPL). LaRC is focusing on concepts based on lightweight deployable structures,
while JPL is focusing on inflatable concepts based on airbag landing technology.
Other organizations, including Texas Technical University (TTU), North Carolina
State University (NCSU) and the Swiss Federal Institute of Technology are also
examining wind-driven rover concepts.

Research into the tumbleweed rover’s dynamics, however, is in its early stages.

Feasibility studies of wind-driven mobility on the surface of Mars have been exam-



ined (2) — (10), and other studies have presented dynamic models for particular
tumbleweed concepts (11) — (17). Researchers at NASA Langley have investi-
gated the dynamics of a tumbleweed rover rolling on a flat surface and on a slope
(2). A simplified dynamic analysis of a rover bouncing and impacting a rock have
also been presented (3). Kolacinski and Quinn investigated the numerical mod-
eling of wind-driven Martian rovers, and developed techniques for numerically
modeling the rover’s dynamics (15). Work done by Rose et al. have produced
a detailed dynamic model using Martian wind driven sensor platform concepts
(11), (12).

Several areas have been identified where the existing research can be expanded.
Particularly, a numerical simulation model predicting a tumbleweed’s motion for
arbitrary terrains is needed. Also required are dynamic models describing the
tumbleweed’s behaviors on these terrains, which include flat planes, hills, gullies
and valleys.

This study presents a numerical simulation model predicting the motion of a
tumbleweed rover as it encounters real terrain scenarios. The research provides an
understanding of the range of tumbleweed design parameters essential for mobility
over varied terrain. The study also introduces a numerical model covering the
tumbleweed’s rolling, sliding and bouncing behaviors and the transitions between
these modes of movement.

A collision model based on Kane’s method of dynamics is used to study the
impact between the tumbleweed and flat terrain. The model is extended by
considering collisions on hills, and a numerical model is created tracking the
tumbleweed’s motion and transition between different terrain types. Rolling and
sliding models for a tumbleweed in motion are developed for flat and sloping
terrains. This study includes several case studies which demonstrate the model’s

utility as an initial design tool for tumbleweed rovers.

1.1 Notation/Assumptions

Kane’s equations and the Newton-Euler method are adopted for the modeling
of the equations of motion. The choice of notation to employ is based on the

application. For complex systems, including the collision dynamics of a bouncing



sphere, Kane’s equations provides a concise approach for deriving equations of
motion, resulting in efficient algorithms. For basic applications, including the
equations of motion for free-fall and rolling, the Newton-Euler method is pre-
ferred. Throughout the study the tumbleweed is modeled as a sphere, and it
is assumed the tumbleweed is non-rigid during collisions with the terrain. It
is also assumed the tumbleweed rover is sufficiently rigid while rolling so that
elastic considerations may be ignored. Due to the thin Martian atmosphere, the
effects of drag and the Mangus force are neglected. Note the words ”sphere” and

"tumbleweed rover” are used interchangeably in the study.



Chapter 2

Equations of Motion for a

Bouncing Sphere

Kane’s collision model for a bouncing sphere on a horizontal plane provides a
direct method for computing a sphere’s generalized speeds after impact(18). We
extend the model to include collisions on the incline and decline planes. As a
result an efficient set of algorithms are constructed for numerical simulations. For
completeness, the collision models for the horizontal, incline and decline planes
are independently derived, and these models may be used to analysis the sphere’s

motion for varied terrains.

2.1 Equations of Motion for a Bouncing Sphere

on a Horizontal Plane

2.1.1 Background

Consider a sphere of mass m and radius b, whose motion is unconstrained on a
horizontal plane defined by three mutually perpendicular unit vectors (n}, 13, n3),
where 13 is perpendicular to the plane, see figure 2.1. The sphere has six degrees
of freedom, three angles defining its orientation and three components defining

its position. Consequently, the sphere’s angular and translational velocities may



be expressed in terms of the generalized speeds uq,...,ug as
W= uln_’l —+ UQTTQ + u;;n?, (21)

and

U= U4n_)1 + u5n_’2 + uﬁn_é (22)

where ¢ denotes the velocity of the sphere’s center of mass.
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Figure 2.1: Reference Frame (Horizontal Plane)

From equations (2.1) and (2.2), we define the velocity of the point P of the

sphere that comes into contact with the surface as
g, (2.3)

where p' = -bns.

Then from equation (2.3), the partial velocities of P are determined by in-
spection and are simply the coefficients for each generalized speed.

Operating under the aforementioned system, Kane’s collision model enables

us to investigate the collision of a sphere as it impacts a flat surface beginning at



time ¢; and ending at time t;. Two dynamical equations essential to the model
are the generalized impulse I, and the generalized momentum p,. The generalized

impulse is defined as

t2
L = vP(h)- / Rt (r=1,..6) (2.4)
t

1

-

where vf’(t1) is the partial velocity of the sphere at the point of contact with the
surface at time ¢, and fttf R dt is the contact force exerted on the sphere by the
surface at their contact point during the time interval [t;, t5]. Moreover, if we let
S; = nj - :12 R dt (i=1,2,3), then we can define fttf R dt as

t2
t

1
The generalized momentum? is defined as follows:

0K
-~ Ou,

Dr (r=1,...,6) (2.6)

where K is the kinetic energy of the sphere and u, are the generalized speeds.
Integrating equation (2.4) results in the following approximation connecting the

generalized impulse to the generalized momentum?:

I, = p.(ta) — pr(t1) (r=1,...,6) (2.7)

In order to capture the sphere’s motion at time t,, two assumptions supple-
ment the use of equation (2.7) together with a complete description of the sphere’s
motion at time t;. The first assumption is the normal components of the velocity
of approach v and separation vg of the sphere, with respect to the surface, have

opposite directions, where the magnitudes are related by the following equation:
Ny - Vg = —€Ny - Ux (2.8)

In equation (2.8), e is called the coefficient of restitution, v; = P (t1) and vg =

—

vP(t9), where it is assumed the surface’s velocity is zero during and after colliding

with the sphere. The second assumption determines if the sphere encounters no

1See page 226 of (18) for a proof of this definition
2See pages 226-227 of (18) for a proof of this definition



slipping or slipping at the point of contact with the surface. If there is no slipping

at to, the following inequality must be satisfied:
7] < w7l (2.9)

where 7=51n] + S3nz is the tangential impulse, 7/=S5n5 is the normal impulse

and p is the coefficient of static friction. Consequently,
1y X (U5 X ny) =0 (2.10)

The equation states the tangential component of the velocity of separation is zero.

If inequality (2.8) is violated, slipping occurs at t9, and 7 is expressed as

(2.11)

where the constant z is the coefficient of kinetic friction.

The model requires the physical parameters b, m, J, e, u and g, and the
generalized speeds at time ¢; are known. Then the motion of the sphere at time
ty is fully defined by invoking equations (2.7), (2.8), (2.9), (2.10) and (2.11).

2.1.2 Derivation

This section provides a complete derivation of Kane’s collision model for a bounc-
ing uniform sphere on a horizontal plane. Assume the following physical para-
meters are known: b, m, J, e,  and . Also assume that the generalized speeds
at time ¢; are known and are given in the form of equations (2.1) and (2.2). The
generalized speeds at time 5 are the quantities to be determined.

The velocity of the point P of the sphere that comes into contact with the

surface is given by equation (2.3):

P =04+ dx g
= ugny + usny + uens + (u1ng + uens + ugng) x —bny
= u4n_i + U57f2 + U6TL_§, + bU37’L_i — bulrfg

= (uyg + bug)ny + usny + (ug — buy)n; (2.12)



The partial velocities of P at time t; are determined by inspection of equa-
tion (2.12) and are listed below:

vP () = —biy (2.13)
vP(t) =0 (2.14)
of (t1) = bri (2.15)
of (t) = 11} (2.16)
v (th) = 1) (2.17)
vg (th) = n3 (2.18)

From equations (2.4) and (2.5) and employing equations (2.13) through (2.18),

the generalized impulse at the point of contact is expressed as

I, = vP(t1) - (Syriy + Soriy + Syniy) (r=1,..,6) (2.19)
where
I, = —bns - (S1n) + Sons + S3ni)
= —bS; (2.20)

Iy =0- (517 + Soris + Ssniz)
0 (2.21)

13 = bn_i . (Smﬁ + 52772 + 53773)
=bS, (2.22)

I, =ny-(S1n1 + Somy + S3ng)
e (2.23)

Is =njy- (S1n) + Sany + Ssns)
=9y (2.24)



Is = njs- (S1n1 + Sany + Ssns)

The kinetic energy of the sphere is equal to the sum of the kinetic energy due

to the rotational and translational velocities about the center of mass. So, we

can write:
Ksphere - Kw + K’U (226)
where
1 —
K, =-0-L-&
2
1
= L) [0 ()
1
5 (Lllul + L22u2 + L33U3) — L12U1UQ — L13U1U3 - L23U2U3 (227)
and
1
K, =-mv-v
2
1 T
— Lm0} )
1
=gm (uj +us +ug) (2.28)

Since the coordinate axes are selected as the principal axes, the expression for

the rotational kinetic energy in equation (2.27) simplifies to

K LHU,? + LQQU% + ngug)

(
J (uf + uj + u3) (2.29)

er—twln—

where J = L1 = Loy = L33. Therefore, the kinetic energy of the sphere is

1
—m (uf + ui + ug) (2.30)

1
—J(u%+u§+u§)+2

Ksphere = 9

Substituting equation (2.30) into equation (2.6), results in expressions for the

generalized momentum:

P = Ju (2.31)

10



p2 = Juy
p3 = Jus
Pg = Muy
Ps = mus
Pe = Mg

With expressions developed for the generalized impulse and momentum, sub-
stituting equations (2.20) through (2.25) and equations (2.31) through (2.36) into

equation (2.7), we develop the following expressions:

—bS3 =~ Jlu(tz) — ui(t1)]

0 =~ J[ua(tz) — uz(ty)]

bS1 ~ Jlus(ta) — us(ts)]

S1 &~ mlug(ty) — ug(ty)]

Sy =~ mlus(ta) — us(ty)]

Sz~ mlug(ta) — ug(ty)]

From equation (2.38), we can immediately solve for us(ts):

u2(t2) ~ Uz(tl)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

Studying equations (2.37) and (2.39)— (2.42), we have five equations and

eight unknows: uy(t2), us(ta), ua(te), us(ta), us(tz), S1, Sz and S3. We use equa-

tions (2.8)- (2.11) to supplement the preceding equations. To use equation (2.8)

we first define the velocity of approach and separation. Assuming the velocity

of the surface is zero during and after colliding with the sphere, the velocity of

approach and separation are determined from equation (2.12) where:

—

vy =vP(t)

= [U4(t1) + bu3(t1)]ﬁl + U5(t1)7f2 + [UG(tl) — bul(tl)]ﬁg

11

(2.44)



and

= [U4(t2) + bud(tg)]nﬁ + U5<t2)n3 + [U6(t2) — bu2(t2)]n§ (245)
Then by equation (2.8), we solve for us(ts):
U5<t2) = —€U5(t1) (246)

Furthermore, S, in equation (2.41) may by replaced by the following expres-

sion when employing equation (2.46):
Sy~ —m(1 + e)us(ty) (2.47)

To solve for the remaining six unknowns, u;(ta), us(t2), us(ta), ug(tz), S1 and
S35, we must determine if the sphere encounters no slipping or slipping at the
point of contact with the surface. We first define several quantities relevant to
both cases. From equation (2.5) the normal impulse ¥ and the tangential impulse
T are given below:

U= Somy (2.48)
and
T =511 + S3nj (2.49)

Next, the tangential component of the velocity of separation is

5 X ([ug(te) + bus(te)|ny + us(ta)ns + [ug(ta) — buy(ta)|ns x n3)
= 1y X (—[ue(tz) — bui(ta)]nn + [ua(tz) + bus(t2)]n3)
= [ua(ta) + bus(t2)]n1 + [ue(ta) — bur(t2)]n3 (2.50)

At time 5 the sphere may experience no slipping or slipping. We consider
no slipping first when determining the remaining six unknowns. From equa-
tions (2.10) and (2.50) and from equations (2.9), (2.48) and (2.49) respectively,

we see that

12



and
(524 S22 < 1|,] (2.53)

Eliminating S; from equations (2.39) and (2.40) and removing S3 from equa-

tions (2.37) and (2.42), we obtain the following expressions:
bm[u4(t2) - U4(t1)] ~ J[Ug(tz) - Ug(tl)] (254)

and
— bm[uG(tg) — u6(t1)] ~ J[u1 (tg) — Uy (tl)] (255)
We solve for usz(ts) and wuy(ty) using equations (2.51) and (2.54). Solving for
uy(t2) in equation (2.51) and wus(t2) in equation (2.54) respectively, we obtain
and
bm
Ug(tg) ~ U3<t1) + 7[@64@2) — U4(t1>] (257)
Substituting equation (2.56) into equation (2.57) gives

- Jus(ty) +mb[—bus(ta) — uy(ty)]

ug(t2) b (2.58)
Solving explicitly for us(t2) in equation (2.58) results in
Jug(t1) — mbuy(t
us(ts) us(t) = mbua(tr) (2.59)

mb? + J

Substituting equation (2.59) into equation (2.56) determines the value of u4(t2)

Similarly, we solve for u(t2) and wug(t2) using equations (2.52) and (2.55).
Solving for wug(t2) in equation (2.52) and wus(t2) in equation (2.55) respectively,

we obtain
and )
ur(te) ~ ur(t) — 7m[u6(t2) — ug(ty)] (2.62)
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Substituting equation (2.61) into equation (2.62) gives
JUl (tl) - mb[bul(tg) — UG(tl)]

uy (tg) ~ 7 (2.63)
Solving explicitly for w;(t2) in equation (2.63) results in
t bug(t
() ~ T O (2.6

mb? + J
Substituting equation (2.64) into equation (2.61) determines the value of ug(t2)

S1 and Sy are determined by substituting equations (2.60) and (2.65) into equa-
tions (2.40) and (2.42) respectively.

Hence, successive use of equations (2.43), (2.46), (2.59), (2.60), (2.64)
and (2.65) result in a set of values for uy,..., ug at time t5. These values are valid
if and only if inequality (2.53) is satisfied for values of Sy, Sy and S3 given by
equations (2.40), (2.41) and (2.42).

Otherwise, if inequality (2.53) is violated, then the sphere is slipping at time
ty, and the quantities wy(t2), us(t2), ua(tz), us(tz), S1 and S3 must be recalcu-
lated. Note uy(t2), us(t2) and Sy are given by equations (2.43), (2.46) and (2.59)
respectively, regardless if the sphere experiences no slipping or slipping at time
to.

If there is slipping at time ¢, then from equations (2.11), (2.48), (2.49)
and (2.50) we see that

_ / u4(t2)+bU3(t2)
Si=—p |5 {[ua(t2)+bus (t2)]2+[us (t2) —bua (t2))2} /2 (2.66)

_ ’U46(t2)7b’u1(t2)
Ss = 1 152 i T e P Tvotiz) b G (2.67)

Next, we solve for equations (2.37), (2.39), (2.40) and (2.42) in terms of the

generalized speeds at time t,, giving

uy(t2) ~ ui(ty) — bS3/J (2.68)

Ug(tg) ~ U3(t1) + bSl/J (269)
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U4(t2) ~ U4<t1) + Sl/m (270)

UG(tg) ~ U6<t1) + Sg/m (271)

We notice ui(ta), us(ta), us(ta) and ug(t2) are in terms of their corresponding
generalized speed at time t;, which are known quantities, and either S; or Ss,
which are unknown quantities. To determine S; and S; respectively, we recast
expressions involving generalized speeds at time ¢ in equations (2.66) and (2.67)
in terms of generalized speeds at time t;. Consequently, we form the following

two expressions using equations (2.69) and (2.70) and equations (2.68) and (2.71):

ua(tz) + bus(tz) ~ walt) + bus(t) + (& + %) 8, (2.72)
ug(ta) — bua(t2) = wg(tr) — bus (1) + (£ + ) S (2.73)

For convenience, we define the constants oy, 7, and k; as

a1 = U4(t1) + bU3(t1) (274)
1 = ug(t1) — bus(t) (2.75)
k=142 (2.76)

Substituting equations (2.74) through (2.76) into equations (2.66) and (2.67)

results in

~ ! a1 +k1 S
Sl ~ —Uu |SQ| [(al+k151)21+(’711+1k153)2}1/2 (277)
and
~ ! +k1S
SS ~ —Uu |SQ| [(041+k151’)y21+(;1+3k153)2}1/2 (278)

Dividing equation (2.77) by (2.78) leads to

Sl ~ o1 + /{?151

—_ 2.79
Sz oy + k1S3 ( )
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which implies that

Substituting equation (2.80) into equation (2.77) gives

’ (03] + k‘lSl
S~ —p | Sy 1/2
{(or 4 E151)2 + [ + ka(y1 /1) S1)?}
p oy + kS
= 11 |5, LI (2.81)

o + ka Sl [L+ (71 /en)?]1/?
For slipping at time o, successive use of equations (2.74), (2.75), (2.76), (2.81),
(2.80), (2.68), (2.69), (2.70), (2.71), (2.43) and (2.46) result in a set of values
for uq,..., ug at time to.

In conclusion, the model initially assumes no slipping at time ty for each
bounce of the sphere. A set of values for uq,..., ug at time t, are produced, and
are valid if and only if inequality (2.53) is satisfied for values of S;, Sy and S;
given by equations (2.40), (2.41) and (2.42). If inequality (2.53) is violated, then
a new set of values for wuq,..., ug at time t, are developed under the assumption
of slipping. The process is repeated until the bouncing ends. The method for
reinitializing the generalized speeds after each bounce is discussed in the next

section.

2.1.3 Trajectory Model and the Reinitialization of the

Generalized Speeds

A trajectory model tracking the sphere’s motion after each bounce is developed
and incorporated into Kane’s collision model. By employing this model, the
sphere’s generalized speeds are reinitialized after each bounce. As a starting point,
we define the equations of motion for the sphere’s trajectory after experiencing a
collision.

From basic dynamics, the equations of motion for a sphere in free-fall in the

n1, ny, ny directions are

> F, =ma, =0 (2.82)
Z F,, = mag, = —myg (2.83)
> Fy =mag, =0 (2.84)
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where air resistance and the Mangus Force are neglected.

Since the Mangus Force is neglected between bounces, we can reinitialize
the angular velocities for the next bounce by setting u(t1) = ui(t2), us(t;) =
us(ty) and ug(t;) = wug(ty). Notice the velocities in the nj and 73 directions,
namely wuy(ty) and ug(tz) respectively are constant since the acceleration term
in equations (2.82) and (2.84) are both zero. This implies that the horizontal
speed is unchanged between bounces, and permits us to set uy(t;) = u4(tz) and
ug(t1) = ug(tz) for the next bounce. Because of the conservation of mechanical
energy between bounces, the velocity in the nj direction changes sign and allows
us to set us(t1) = —us(ty) for the next bounce. Bouncing continues until wus(t;)
equals 0 m/s.

Note the above method for reinitializing the generalized speeds is valid only for
collisions occurring on the horizontal plane. A more general and flexible method
is to employ a numerical model to reinitialize the generalized speeds since it can
detect collisions occurring on all types of planes. This approach also handles a
sphere transitioning between different planes. Consequently, the latter method
is chosen for this study. Note the collision model reduces to a two-dimensional

model if the following initial generalized speeds are zero: u;, us and ug.

2.2 Equations of Motion for a Bouncing Sphere

on an Incline Plane

2.2.1 Background

Consider a sphere of mass m and radius b, whose motion is unconstrained on
an incline plane defined by three mutually perpendicular unit vectors (¢i, é3, ¢3),
where ¢3 is perpendicular to the plane, see figure 2.2. The sphere has six degrees
of freedom, three angles defining its orientation and three components defining
its position. Consequently, the sphere’s angular and translational velocities may

be expressed in terms of the generalized speeds uy1,...,ugs as

W0 = unc_i + UQQCB + u330_§ (285)
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and

U= U44CE + U55CE + ’LL66CT0, (286)

where ¢ denotes the velocity of the sphere’s center of mass.

tho
—
11
C3 L

. P
sz ?

Figure 2.2: Reference Frame (Incline Plane)

From equations (2.85) and (2.86), we define the velocity of the point P of the

sphere that comes into contact with the surface as
P =0+ &% (2.87)

where p'= -bc.

Then from equation (2.87), the partial velocities of P are determined by in-
spection, and are simply the coefficients for each generalized speed.

Operating under the aforementioned system, Kane’s collision model enables
us to investigate the collision of a sphere as it impacts a flat surface beginning at
time ¢; and ending at time ¢5. Two dynamical equations essential to the model are

the generalized impulse I, and the generalized momentum p,.. The generalized
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impulse is defined as

I, =vl( t1 R dt (rr=1,...,6) (2.88)

tl

where vfr(tl) is the partial velocity of the sphere at the point of contact with the
surface at time ¢;, and fttf R dt is the contact force exerted on the sphere by the

surface at their contact point during the time interval [t1, t5]. Moreover, if we let
Sy = ¢ - :12 R dt (i=ii=1,2,3), then we can define fttf R dt as

t2
/ R dt = SHC_i + 52203 + S33C_3: (289)
The generalized momentum® is defined as follows:
oK
Drr = D0 (rr=1,...,6) (2.90)

where K is the kinetic energy of the sphere and wu,., are the generalized speeds.
Integrating equation (2.88) results in the following approximation connecting the

generalized impulse to the generalized momentum?:

Irr ~ prr(t2> - prr(tl) (TT = 17 ceey 6) (291)

In order to capture the sphere’s motion at time ¢y, two assumptions sup-
plement the use of equation (2.91) together with a complete description of the
sphere’s motion at time ¢;. The first assumption is the normal components of the
velocity of approach v and separation vg of the sphere, with respect to the sur-
face, have opposite directions, where the magnitudes are related by the following
equation:

Cy - Ug = —€Cy - V) (2.92)

In equation (2.92), e is called the coefficient of restitution, vy = v}(tl) and
vg = vP (tg), where it is assumed the surface’s velocity is zero during and after
colliding with the sphere. The second assumption determines if the sphere en-
counters no slipping or slipping at the point of contact with the surface. If there

is no slipping at t,, the following inequality must be satisfied:

7] < p 7] (2.93)

1See page 226 of (18) for a proof of this definition
2See pages 226-227 of (18) for a proof of this definition
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where 7=9511¢1 + S33¢3 is the tangential impulse, 7=9S55¢5 is the normal impulse

and p is the coefficient of static friction. Consequently,
X (Ug xc3)=0 (2.94)
The equation states the tangential component of the velocity of separation is zero.
If inequality (2.92) is violated, slipping occurs at t5, and 7 is expressed as

¢ X (U5 X ¢3)

- = - 2.95
5 X (U X é3)] ( )

— [N
T=—WK ‘V||

where the constant ' is the coefficient of kinetic friction.

The model requires that the physical parameters b, m, J, e, p and i’ and the
generalized speeds at time ¢; are known. Then the motion of the sphere at time
to is fully defined by invoking equations (2.91), (2.92), (2.93), (2.94) and (2.95).

2.2.2 Derivation

This section provides a complete derivation of a collision model for a bouncing
uniform sphere on an incline plane. Assume the following physical parameters are
known: b, m, J, e, u, and . Also assume the generalized speeds at time t; are
known and are given in the form of equations (2.85) and (2.86). The generalized
speeds at time ¢y are the quantities to be determined.

The velocity of the point P of the sphere that comes into contact with the

surface is given by equation (2.87):

P =04+ dxp
= UgqCy + Us5C + UgeCa + (U11CT + U226 + Uz3C3) X —bC3
= U44C_i + 'LL55C§ + UGGC_;% + bUggC_i — bullc_§

= (U44 + bU33)C_i + U55C_é + <u66 — bun)c_é (296)

The partial velocities of P at time #; are determined by inspection of equa-
tion (2.96) and are listed below:

vﬁ(tl) = —bc; (2.97)

-

WP () =0 (2.98)
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From equations (2.88) and (2.89) and employing equations (2.97) through (2.102),
the generalized impulse at the point of contact is expressed as

-

IM = ’Uﬁ(tl) . (5'1151 + 5220_2' + 5336_3;) (T’T’ = 1, ceey 6) (2103)
where
Iy = —=bés - (S1161 + S2265 + Ss363)
= —bSs3 (2.104)

Iy =0-(S11¢1 + S2265 + S5363)
=0 (2.105)

I33 = bci - (S1161 + S9265 + S33¢3)

Iy = ¢c1 - (S1161 + Saacs + S33¢3)

= Sy (2.107)
Iss = ¢3- (S1161 4 Sa265 + S3363)

= S (2.108)
Iss = ¢3- (S1161 + S22 + Ss363)

S (2.109)

The kinetic energy of the sphere is equal to the sum of the kinetic energy due
to the rotational and translational velocities about the center of mass. So, we

can write:

Ksphere - Kw + Kv (2110)
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&l
h
&L

{w}" (L] {w}
(

Lyui, + Lygu3® + L33U33) Lysugugg — Lizugguss — Logudaidsl 1)

w|>—~w|»—m|>—n

and

1
v = —_— _)- T
K = 2mv (%

1 T
= Sm o} {v}
1

= §m (uf14 + u§5 + ugﬁ) (2.112)

Since the coordinate axes are selected as the principal axes, the expression for

the rotational kinetic energy in equation (2.111) simplifies to

1
K, =- (Luufl + Logu3, + L33U§3)

— DN

=5 (w3, + udy + u3y) (2.113)

where J = Ly = Loy = L3z3. Therefore, the kinetic energy of the sphere is

1 1
Kphere = 5‘] (Ufl + gy + u§3) + oM (u4214 + uzs + u§6) (2.114)

Substituting equation (2.114) into equation (2.90), results in expressions for

the generalized momentum:

pin = Jun (2.115)
P22 = Jug (2.116)
P33 = Juss (2.117)
D44 = Mgy (2.118)
D55 = MUss (2.119)
Pe6 = MUes (2.120)
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With expressions developed for the generalized impulse and momentum, sub-
stituting equations (2.104) through (2.109) and equations (2.115) through (2.120)

into equation (2.91), we develop the following expressions:

—bSy A Juny (ta) — i (1)) (2.121)
0 ~ Jlugs(ts) — uss(t)] (2.122)
bSt A Jluss(ty) — uss(t)] (2.123)
S~ mfua(ts) — taa(ty)] (2.124)
Say A mluss(ty) — uss ()] (2.125)
Sis A mlugs(ta) — (1)) (2.126)

From equation (2.122), we can immediately solve for ugs(ts):
Uga(t2) & uga(ty) (2.127)

Studying equations (2.121) and (2.123)— (2.126), we have five equations and
eight unknows: wuqq(2), ugs(ta), was(ta), uss(te), ues(ta), Si1, Sae and Siz. We
use equations (2.92)- (2.95) to supplement the preceding equations. To use equa-
tion (2.92), we first define the velocity of approach and separation. Assuming
the velocity of the surface is zero during and after colliding with the sphere, the

velocity of approach and separation are determined from equation (2.96) where:

—

va =vP(ty)

= [ugqa(t1) + bugs(tr)]c1 + uss(t1)és + [uee(t1) — buiq(t1)]cs (2.128)

and

-

g = vP(ty)

= [U44(t2) + bUgg(fg)]C_i + U55(t2)0_é + [UGG(tQ) — bUQQ(tQ)]C_;;, (2129)
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Then by equation (2.92), we solve for uss(ts):

U55<t2) = —eu55(t1) (2130)

Furthermore, Sy, in equation (2.125) may by replaced by the following ex-

pression when employing equation (2.130):
822 ~ —m(l + €)U55(t1) (2131)

To solve for the remaining six unknowns, uq(t2), uss(tse), waa(te), ugs(t2), Si1
and S33, we must determine if the sphere encounters no slipping or slipping at
the point of contact with the surface. We first define several quantities relevant
to both cases. From equation (2.89) the normal impulse 7 and the tangential

impulse 7 are given below:
V= SQQCB (2132)

and
T = SHC_i + 8330_?: (2133)

Next, the tangential component of the velocity of separation is

¢ X (Ug X é3) = ¢ X ([uga(ta) + buss(te)]ci + uss(ta)ca + [ugs(t2) — buqr(t2)]cs X é3)
= ¢3 X (—[ues(t2) — buir(t2)lci + [uaa(ta) + buss(tz)|c3)
= [U44<t2) + bU33(t2)]C_i + [U66(t2) - bull(tg)]C_é (2134)

At time ¢5 the sphere may experience no slipping or slipping. We consider
the case of no slipping first when determining the remaining six unknowns. From
equations (2.94) and (2.134) and from equations (2.93), (2.132) and (2.133) re-

spectively, we see that

U44(t2) + bU33(t2> =0 (2135)

UGG(tQ) — bun(tg) =0 (2136)
and

(St + 533)"% < 1Sl (2.137)

Eliminating Sj; from equations (2.123) and (2.124) and removing Ss3 from
equations (2.121) and (2.126), we obtain the following expressions:

bm[u44(t2) — U44(t1)] ~ J[Ugg(tg) — Ugg(tl)] (2138)
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and
— bmfugs(te) — ues(t1)] = Jlui(ta) — w11 (t1)] (2.139)

We solve for ugs(t2) and ugy(ts) using equations (2.135) and (2.138). Solving
for ugq(te) in equation (2.135) and wgs(te) in equation (2.138) respectively, we
obtain

ugq(ta) = —buss(ta) (2.140)

and

bm

ugs(te) ~ uss(ty) + 7[u44(t2) — Uyq(tq)] (2.141)

Substituting equation (2.140) into equation (2.141) gives

JU33(t1) + mb[—bU33(t2) - U44(t1)]

Solving explicitly for us3(ts) in equation (2.142) results in
Jugs(t1) — mbugy(t
uss(ts) ~ T00) — mbaa(h) (2.143)

mb? 4+ J

Substituting equation (2.143) into equation (2.140) determines the value of uy4(t2)
U44<t2) = —bU33(t2> (2144)

Similarly, we solve for uy;(t2) and wugg(t2) using equations (2.136) and (2.139).
Solving for ugs(t2) in equation (2.136) and wuy; (£2) in equation (2.139) respectively,

we obtain
UGG(tQ) = bull(tQ) (2145)
and
bm
Uu(tg) ~ Ull(tl) — 7[U66(t2) — u66<t1)] (2146)

Substituting equation (2.145) into equation (2.146) gives

Juy (t1) — mblbuyy (t2) — ues(t1)]

uy (tz) ~ 7 (2.147)
Solving explicitly for u1;(t) in equation (2.147) results in
J t b t
uy (tz) ~ waby) + mbues(t) (2.148)

mb? 4+ J
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Substituting equation (2.148) into equation (2.145) determines the value of ugg(t2)
ugs(t2) = buq(t2) (2.149)

S11 and Sz are determined by substituting equations (2.144) and (2.149) into
equations (2.124) and (2.126) respectively.

Hence, successive use of equations (2.127), (2.130), (2.143), (2.144), (2.148)
and (2.149) result in a set of values for wujy,..., ugs at time t5. These values are
valid if and only if inequality (2.137) is satisfied for values of Sj;, Sae and Ss3
given by equations (2.124), (2.125) and (2.126).

Otherwise, if inequality (2.137) is violated, then the sphere is slipping at time
to, and the quantities wuq1(t2), uss(ta), was(ta), ues(ta), S11 and Ss33 must be re-
calculated. Note wuy1(t2), uss(t2) and Sop are given by equations (2.127), (2.130)
and (2.143) respectively, regardless if the sphere experiences no slipping or slip-
ping at time t5.

If there is slipping at time ¢y, then from equations (2.95), (2.132), (2.133)
and (2.134) we see that

o ug4 (t2)+buszs(ta)
Su = —p 92| {[uaa (t2)+buss (t2)]2 + [ues (t2) —bu (t2))2} /2 (2.150)

U66 (t2)—bu11 (tg)
s (t2)+buss (t2)]2+[ugs (t2)—bury (t2)]2 1> (2. 151)

533 = —M/ |S22| T

Next, we solve for equations (2.121), (2.123), (2.124) and (2.126) in terms of the

generalized speeds at time t,, giving

uy1(t2) & upy(ty) — bSs33/J (2.152)
ugs(ta) &~ uss(ty) + bS1/J (2.153)
s (t2) & uga(th) + S11/m (2.154)
uge(t2) = ugs(t1) + Ss3/m (2.155)

We note wuqq(ta), uss(ta), ugs(tz) and ugs(te) are in terms of their correspond-

ing generalized speed at time t;, which are known quantities, and either Sy; or
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Ss3, which are unknown quantities. To determine Sp; and Ss3 respectively, we

recast expressions involving generalized speeds at time ¢, in equations (2.150)

and (2.151) in terms of generalized speeds at time ;. Consequently, we form

the following two expressions using equations (2.153) and (2.154) and equa-

tions (2.152) and (2.155) respectively:

2

uaa(t2) + buss(tz) =~ uaa(tr) + buss(tr) + (% +Z

uge(ta) — buii(ta) = ugs(t1) — buii(t1) + <% + %) Ss3

For convenience, we define the constants aqq, 711 and k7 as

aqy = ugy(ty) + bugs(ty)
Y11 = uge(t1) — bugy(ty)

1.
kll_m+J

(2.156)

(2.157)

(2.158)
(2.159)

(2.160)

Substituting equations (2.158) through (2.160) into equations (2.150) and (2.151)

results in

a11+k11511
a11+k11511)2+(y11+k11533)2]1/2

S~ —M/ \522| (

and

~11+k11533
a11+k11511)2+(y11+k11S33)2]1/2

S33 ~ —,LL/ |S22| [(

Dividing equation (2.161) by (2.162) leads to
Su_ an +kiSn
Sz Y11+ k11533

which implies that

Y11
Ssz =~ —5Sn1
11

Substituting equation (2.164) into equation (2.161) gives
a1 + kS

S~ —/Ll |522’

_ —M/ Sl aqy + kS
|1 + k11Sua| [1 + (911 /0q1)?]/?
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For slipping at time to, successive use of equations (2.158), (2.159), (2.160),
(2.165), (2.164), (2.152), (2.153), (2.154), (2.155), (2.127) and (2.130) result
in a set of values for uqy,..., ugg at time t,.

In conclusion, the model initially assumes no slipping at time t, for each
bounce of the sphere. A set of values for wuq1,..., ugs at time t, are produced,
and are valid if and only if inequality (2.137) is satisfied for values of Sii, Soo
and Ss3 given by equations (2.124), (2.125) and (2.126). If inequality (2.137) is
violated, then a new set of values for uq1,..., ugs at time t, are developed under
the assumption of slipping. The process is repeated until the bouncing ends. The
method for reinitializing the generalized speeds after each bounce is discussed in

the next section.

2.2.3 Trajectory Model and the Reinitialization of the

Generalized Speeds

A trajectory model tracking the sphere’s motion after each bounce is developed
and incorporated into the collision model. By employing this model, the sphere’s
generalized speeds are reinitialized after each bounce. As a starting point, we
define the equations of motion for the sphere’s trajectory after experiencing a
collision.
Resolving the gravitational force into the ¢ frame, results in the following
expression:
— gny = —g(sinféi + cosfcs) (2.166)

Then the equations of motion in the ¢1, ¢3, ¢3 directions respectively are

Yo F,, =may, = —mgc - (sindc + costcs)

= —mgsint (2.167)
Y Fy,, =mag,, = —mgé - (sinféi + coshcs)

= —mgcost (2.168)
Y Fiyy = Mag, = —mgcs - (sinfé] + coshcs)

=0 (2.169)
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where air resistance and the Mangus force are neglected.

Since the Mangus Force is neglected between bounces, we can reinitialize the
angular velocities for the next bounce by setting wq1(t1) = wi1(t2), ua(t;) =
ugo(tz) and wuss(ty) = wuss(tz). Notice the velocity in the ¢3 direction, namely
uge(t2), is constant since the acceleration term in equation (2.169) is zero. This
implies that the horizontal speed in the ¢3 direction is unchanged between bounces,
and permits us to set ugg(t;) = ugg(t2) for the next bounce. Because of the con-
servation of mechanical energy between bounces, the velocity in the ¢3 direction
changes sign, and allows us to set wuss(t;) = —us5(t2) for the next bounce. The
horizontal velocity in the ¢ direction, namely wuy4(ts), is not constant between
bounces because of the gravity component acting in that direction. Hence, to
reinitialize uy4(t2) for the next bounce, u4y(ts) is determined by numerically inte-
grating equations (2.167) and (2.168) simultaneously using w44 (t2) and wuss(t2) as
initial conditions. A collision occurs when the velocity in the ¢3 direction is equal
to —uss(t2). At this event, we obtain the final velocity in the ¢; direction, which
we call uyy. Finally, we may set uqq(t1) = uygy for the next bounce. Bouncing
continues until us5(t1) equals 0 m/s.

Note the above method for reinitializing the generalized speeds is valid only
for collisions occurring on the incline plane. A more general and flexible method
is to employ a numerical model to reinitialize all the generalized speeds since it
can detect collisions occurring on all types of planes. This approach also handles
a sphere transitioning between different planes. Consequently, the latter method
is chosen for this study. Note the collision model reduces to a two-dimensional
model if the following initial generalized speeds are zero: w1, use and ugg.

Note the sphere’s motion may be resolved into the n-frame, or the horizontal

plane, by the following rotation matrix (see figure 2.3):

a1 Ca C3
ny [ cos® —sind 0O
ny | sind  cosd 0 (2.170)

nz \ 0 0 1
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Figure 2.3: Rotation Matrix (Incline Plane)

2.3 Equations of Motion for a Bouncing Sphere

on a Decline Plane

Consider a sphere of mass m and radius b, whose motion is unconstrained on
a decline plane defined by three mutually perpendicular unit vectors (a3, a3, as),
where a3 is perpendicular to the plane, see figure 2.4. The sphere has six degrees
of freedom, three angles defining its orientation and three components defining
its position. Consequently, the sphere’s angular and translational velocities may

be expressed in terms of the generalized speeds u111,...,Uges as
W = U1110] + U222 + U33303 (2.171)

and

U= U444(l_i + u555a_§ + U666CL_§, (2172)

where ¢ denotes the velocity of the sphere’s center of mass.
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Figure 2.4: Reference Frame (Decline Plane)

From equations (2.171) and (2.172), we define the velocity of the point P of

the sphere that comes into contact with the surface as
P =0+ &% p (2.173)

where p'= -bas.

Then from equation (2.173), the partial velocities of P are determined by
inspection, and are simply the coefficients for each generalized speed.

Operating under the aforementioned system, Kane’s collision model enables
us to investigate the collision of a sphere as it impacts a flat surface beginning at
time ¢; and ending at time ¢5. Two dynamical equations essential to the model are
the generalized impulse I, and the generalized momentum p,,... The generalized

impulse is defined as
2
L = o2 (1) - / Rdt  (rrr=1,..6) (2.174)
t1

—

where vl (t1) is the partial velocity of the sphere at the point of contact with the

rrr

surface at time ¢;, and fttlz R dt is the contact force exerted on the sphere by the
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surface at their contact point during the time interval [t1, t5]. Moreover, if we let
Siii = a; - ttf R dt (i=iii=1,2,3), then we can define fttf R dt as

t2
/ R dt = Snlcfl + 5222&3 + 533353 (2175)
t1

The generalized momentum! is defined as follows:

0K

m (TT’T: 1,,6) (2176)

Prrr =

where K is the kinetic energy of the sphere and u,,, are the generalized speeds.
Integrating equation (2.174) results in the following approximation connecting

the generalized impulse to the generalized momentum?:

Lr 22 Pror(t2) — Pror(t1) (rrr=1,...,6) (2.177)

In order to capture the sphere’s motion at time t5, two assumptions supple-
ment the use of equation (2.177) together with a complete description of the
sphere’s motion at time ¢;. The first assumption is the normal components of the
velocity of approach v and separation vg of the sphere, with respect to the sur-
face, have opposite directions, where the magnitudes are related by the following
equation:

a3 - Vg = —eay - Uy (2.178)

In equation (2.178), e is called the coefficient of restitution, vy = v_jj(tl) and
vg = oP (tZ), where it is assumed the surface’s velocity is zero during and after
colliding with the sphere. The second assumption determines if the sphere en-
counters no slipping or slipping at the point of contact with the surface. If there

is no slipping at t5, the following inequality must be satisfied:
7] < |7 (2.179)

where 7=95111a7 + 533303 is the tangential impulse, 7/=.5592a53 is the normal impulse

and p is the coefficient of static friction. Consequently,

ay x (vg X dz) =0 (2.180)

1See page 226 of (18) for a proof of this definition
2See pages 226-227 of (18) for a proof of this definition
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The equation states the tangential component of the velocity of separation is zero.

If inequality (2.178) is violated, slipping occurs at to, and 7 is expressed as

a3 X (Ug X ds)

(2.181)

= P e = @)
where the constant 4 is the coefficient of kinetic friction.

The model requires the physical parameters b, m, J, e, u and g and the
generalized speeds at time t; are known. Then the motion of the sphere at
time t5 is fully defined by invoking equations (2.177), (2.178), (2.179), (2.180)
and (2.181).

2.3.1 Derivation

This section provides a complete derivation of a collision model for a bouncing
uniform sphere on an incline plane. Assume the following physical parameters
are known: b, m, J, e, y, and ', Also assume that the generalized speeds at time
t, are known and are given in the form of equations (2.171) and (2.172). The
generalized speeds at time 5 are the quantities to be determined.

The velocity of the point P of the sphere that comes into contact with the
surface is given by equation (2.173):

-

P =0+ dxp
= Uga4@7 + Uss502 + Useea3 + (U111G7 + U2@s + Usz3a3) X —bas
= U44401 + Us5502 + Useea3 + buszzar — buiiidz
= (Ugaq + bussz)ai + usssaz + (Uges — bui11)ds (2.182)

The partial velocities of P at time t; are determined by inspection of equa-
tion (2.182) and are listed below:

v () = —ba; (2.183)
vE (1) = 0 (2.184)
vEL (1)) = ba; (2.185)
vPL(t) = d; (2.186)
wE (1) = d (2.187)
wEs(th) = a3 (2.188)
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From equations (2.174) and (2.175) and employing equations (2.183) through (2.188),

the generalized impulse at the point of contact is expressed as

I,«mﬂ = Uﬁr_{tl) . (Slna_i -+ 522203 + Sggga_é) (7”7’7“ = 1, caey 6) (2189)
where
Iy = —baj - (S111a1 + Sazeds + S333a3)
= —bS333 (2.190)

Iygy =0+ (S111d1 + Sa92ds + S333aG3)
_0 (2.191)

I333 = bay - (S111a7 + So22a5 + S333a3)

== bSlll (2192)
Iy = ay - (S111a7 + Sazeas + Ss33a3)

= 5111 (2193)
Isss = a3 - (S111a1 + Saz0di + Ss33a3)

= S99 (2.194)
Isge = a3 - (S111a1 + Sazedi + S333a3)

= Suzs (2.195)

The kinetic energy of the sphere is equal to the sum of the kinetic energy due

to the rotational and translational velocities about the center of mass. So, we

can write:
Ksphere = Kw + K’U (2196)

where

1 -

1

= Y D)

1

=5 (L11U111 + Losu3yy + L333U333) Lipuii1uasy — Liguniiusss — Losu(zohiE)
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and

1 T
= Sm o} {v}
1

— M (U?144 + ugss + u§66) (2.198)

Since the coordinate axes are selected as the principal axes, the expression for

the rotational kinetic energy in equation (2.197) simplifies to

K, = (Lllu%n + Losu3gy + L33U§33)

1

2
1

= §L (u%ll + Udy + u§33) (2.199)

where J = Ly = Loy = L3z3. Therefore, the kinetic energy of the sphere is

1 1
Ksphere = §J (“%11 + Uy + ugsrs) + ;M (Ui44 + Ugss + u§66) (2.200)

Substituting equation (2.200) into equation (2.176), results in expressions for

the generalized momentum:

pi = Juin (2.201)
Paz2 = Jugz (2.202)
P33z = Jusss (2.203)
Pada = Mgy (2.204)
D555 = MUsss (2.205)
Pess = MUges (2.206)

With expressions developed for the generalized impulse and the momentum,
substituting equations (2.190) through (2.195) and equations (2.201) through (2.206)

into equation (2.177), we develop the following expressions:

—bSs33 = Jui1(t2) — uin(ty)] (2.207)

0 ~ J[u222(t2) — u222(t1)] (2208)
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bSi1 =~ Jlusss(ta) — usss(th)] (2.209)

5111 =~ m[u444(t2) — U444(t1)] (2210)
Sooo & mfusss(tz) — usss(t1)] (2.211)
Sz~ mluees(tz) — Usss(t1)] (2.212)

From equation (2.208), we can immediately solve for ugo(ts):

Ug2a(t2) & Uga(th) (2.213)

Studying equations (2.207) and (2.209)— (2.212), we have five equations and
eight unknows: wu111(t2), usss(ta), wasa(ta), usss(ta2), Uees(t2), Si11, S22 and Ssss.
We use equations (2.178)- (2.181) to supplement the preceding equations. To use
equation (2.178), we first define the velocity of approach and separation. Assum-
ing the velocity of the surface is zero during and after colliding with the sphere,
the velocity of approach and separation are determined from equation (2.182)

where:

—

va =vP(t)

= [waaa(t1) + bugss(t1)]ai + usss(t1)as + [uees(t1) — buiri(t1)]ak2.214)

and

—

v = vl (ta)
= [waaa(t2) + bugss(t2)]ai + usss(t2)az + [uees(t2) — buga(t2)]ad2.215)
Then by equation (2.178), we solve for usss(t2):
U555(t2) = —GU555(t1) (2216)

Furthermore, Sagy in equation (2.211) may by replaced by the following ex-

pression when employing equation (2.216):

Saoo &= —m(1 + e)usss(t1) (2.217)
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To solve for the remaining six unknowns, uy11(t2), uss3(t2), wass(tz), uees(t2),
S111 and Ss33, we must determine if the sphere encounters no slipping or slipping
at the point of contact with the surface. We first define several quantities relevant
to both cases. From equation (2.175) the normal impulse 77 and the tangential

impulse 7 are given below:
U = Syay (2-218)

and
T = S111a1 + S33303 (2.219)

Next, the tangential component of the velocity of separation is

— —

as X (Ug X az) = a X ([uaaa(te) + busss(ta)]ai + usss(to)as + [uees(t2) — buiri(t2)]az x az)

= ap X (—[uees(t2) — buiri(ta)]ai + [uasa(tz) + busss(tz)]az)
= [uaaa(t2) + busss(tz)]ai + [uess(t2) — buiii(t2)]as
At time 5 the sphere may experience no slipping or slipping. We consider
the case of no slipping first when determining the remaining six unknowns. From

equations (2.180) and (2.220) and from equations (2.179), (2.218) and (2.219)

respectively, we see that

U444(t2) + bU333<t2) =0 (2221)
upee(t2) — bugir(ta) =0 (2.222)

and
(St + S333)"/? < 11| S22 (2.223)

Eliminating S11; from equations (2.209) and (2.210) and removing Ss33 from

equations (2.207) and (2.212), we obtain the following expressions:

b fuags(te) — ugaa(t1)] = Jusss(tz) — ussz(t1)] (2.224)

and
— bm[uges (t2) — uess(t1)] =~ Ju111(ta) — uin1(t1)] (2.225)
We solve for ugss(ta) and uass(t2) using equations (2.221) and (2.224). Solving
for w44(t2) in equation (2.221) and wuss3(tz) in equation (2.224) respectively, we

obtain
Ugas(t2) = —busss(ta) (2.226)
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and
bm

uss3(ta) ~ usgs(ty) + 7[16444(752) — Uaa4(t1)] (2.227)

Substituting equation (2.226) into equation (2.227) gives

J t1) + mb|—b ty) — t
u333(t2)% U333( 1) m[ }%33(2) U444( 1)] (2.228)

Solving explicitly for usss(t2) in equation (2.228) results in

Jusss(t1) — mbugag(th)
mb? 4+ J

U333(t2) =~ (2229)

Substituting equation (2.229) into equation (2.226) determines the value of w444 (t2)
Ugas(t2) = —busss(ta) (2.230)

Similarly, we solve for w111 (f2) and uges(t2) using equations (2.222) and (2.225).
Solving for wuges(t2) in equation (2.222) and wuiq1(f2) in equation (2.225) respec-

tively, we obtain

ugee(t2) = buiir(ta) (2.231)
and )
ur11 (t2) = i () — Tm[ueeﬁ(tz) — Ugee(t1)] (2.232)

Substituting equation (2.231) into equation (2.232) gives

Juir1(t1) — mb[buii1(t2) — uees(t1)]

u11 (t2) ~ 7 (2.233)
Solving explicitly for u111(t2) in equation (2.233) results in
t b t
(1) o T s (1) (2.234)

mb% + J
Substituting equation (2.234) into equation (2.231) determines the value of uggg(t2)

uges(t2) = burin(t2) (2.235)

Si11 and Ssgs are determined by substituting equations (2.230) and (2.235) into
equations (2.210) and (2.212) respectively.
Hence, successive use of equations (2.213), (2.216), (2.229), (2.230), (2.234)

and (2.235) result in a set of values for uiy1,..., uges at time to. These values are
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valid if and only if inequality (2.223) is satisfied for values of Si11, Sa90 and Sss3
given by equations (2.210), (2.211) and (2.212).

Otherwise, if inequality (2.223) is violated, then the sphere is slipping at time
to, and the quantities uyq1(t2), usss(ta), uass(t2), uees(t2), S111 and Sszz must be re-
calculated. Note uj11(ts), usss(t2) and Sage are given by equations (2.213), (2.216)
and (2.229) respectively, regardless if the sphere experiences no slipping or slip-
ping at time t5.

If there is slipping at time ¢, then from equations (2.181), (2.218), (2.219)
and (2.220) we see that

uq44(t2)+buszss(t2)
{[ua44(t2)+buzzsz(t2)]?+|uess (t2) —bui11 (tQ)P}l/Q <2'236)

Sin = —M/ ‘5222|

] uee6 (t2) —bui11(t2)
Ssas =~ S| i P s () b T (2.237)

Next, we solve for equations (2.207), (2.209), (2.210) and (2.212) in terms of the

generalized speeds at time t,, giving

uq11(t2) =~ ug11(t1) — bSs33/J (2.238)
ugss(te) = usss(t1) + bS111/J (2.239)
Ugaa(t2) & Uggq(ty) + S111/m (2.240)
ugee (t2) =~ uees(t1) + Szzz/m (2.241)

We note uj11(ts), ugss(te), ugaa(te) and uges(te) are in terms of their correspond-
ing generalized speed at time t;, which are known quantities, and either Si;; or
S333, which are unknown quantities. To determine Sy1; and S333 respectively, we
recast expressions involving generalized speeds at time ¢y in equations (2.236)
and (2.237) in terms of generalized speeds at time ;. Consequently, we form
the following two expressions using equations (2.239) and (2.240) and equa-
tions (2.238) and (2.241):

Ugga(l2) + busss(ta) ~ wsa(ty) + busss(ty) + (% + %) S1i1 (2.242)
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uges (t2) — buinn (t2) = uees(t1) — buin (t1) + (% + %) S333 (2.243)

For convenience, we define the constants aq11, 7111 and k111 as

o111 = Uaaa(t1) + busss(t1) (2.244)
Y11 = Uees(t1) — buiri(t1) (2.245)
k=L +% (2.246)

Substituting equations (2.244) through (2.246) into equations (2.236) and (2.237)

results in

~ _ a111+k1115111
S & H ’S222| [(a1114k1115111)2+(v111+k1115333)2] /2 <2247)

and

~ 4, Y111+k1115333
5333 ~TH ’S222| [(111+k111S111)2+(y111+k111S333)2]1/2 <2248)

Dividing equation (2.247) by (2.248) leads to

St o+ kinSin
Ss3z Y11+ k1115333

(2.249)

which implies that

Sz v LG (2.250)
111

Substituting equation (2.250) into equation (2.247) gives

arrr + k1S

{(cq11 + k1115111)2 + [ + k111(’7111/06111)5111]2}1/2
aqi + kS (2.251)
|11t + k1S | [+ (y111/aan)?]/? '

S =~ —,u/ |S222|

= — i | Saa0]

For slipping at time t,, successive use of equations (2.244), (2.245), (2.246),
(2.251), (2.250), (2.238), (2.239), (2.240), (2.241), (2.213) and (2.216) result
in a set of values for ui11,..., Uggg at time .

In conclusion, the model initially assumes no slipping at time ¢, for each

bounce of the sphere. A set of values for wui1,..., Uugeg at time t5 are produced,
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and are valid if and only if inequality (2.223) is satisfied for values of Si11, Sao2
and Sss3 given by equations (2.210), (2.211) and (2.212). If inequality (2.223) is
violated, then a new set of values for ui11,..., uggg at time ty are developed under
the assumption of slipping. The process is repeated until the bouncing ends. The
method for reinitializing the generalized speeds after each bounce is discussed in

the next section.

2.3.2 Trajectory Model and the Reinitialization of the

Generalized Speeds

A trajectory model tracking the sphere’s motion after each bounce is developed
and incorporated into the collision model. By employing this model, the sphere’s
generalized speeds are reinitialized after each bounce. As a starting point, we
define the equations of motion for the sphere’s trajectory after experiencing a
collision.
Resolving the gravitational force into the @ frame, results in the following
expression:
— gny = —g(—sinfa; + cosfay) (2.252)

Then the equations of motion in the aj, a3, a3 directions are

> Fy =mag,, = —mga - (—sinfay + cosfaz)

= mgsinf3 (2.253)
Z FQ222 = Mgy, = _mga_é : (_Sinﬂa_i + COSﬂCL_é)

= —mgcosf3 (2.254)
Z Fq333 = MGgyys = _mga?i : (_Sinﬁaﬂl + COSﬂG})

=0 (2.255)

where air resistance and the Mangus force are neglected.
Since the Mangus Force is neglected between bounces, we can reinitialize the
angular velocities for the next bounce by setting uy11(t1) = wi11(t2), ue(t;) =

Ug02(t2) and us3s(t1) = usss(t2). Notice the velocity in the a3 direction, namely
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uges(t2), is constant since the acceleration term in equation (2.169) is zero. This
implies that the horizontal speed in the a3 direction is unchanged between bounces,
and permits us to set uggs(t1) = uges(t2) for the next bounce. Because of the con-
servation of mechanical energy between bounces, the velocity in the a3 direction
changes sign, and allows us to set uss5(t1) = —uss5(t2) for the next bounce. The
horizontal velocity in the a; direction, namely wuy44(t2), is not constant between
bounces because of the gravity component acting in that direction. Hence, to
reinitialize wyq4(t2) for the next bounce, w444 (t2) is determined by numerically in-
tegrating equations (2.253) and (2.254) simultaneously using us44(t2) and usss(t2)
as initial conditions. A collision occurs when the velocity in the a3 direction is
equal to —uss5(t2). At this event, we obtain the final velocity in the a7 direc-
tion, which we call u4qy. Finally, we may set wgqq(t;) = u4q4 for the next bounce.
Bouncing continues until uss5(t1) equals 0 m/s.

Note the above method for reinitializing the generalized speeds is valid only
for collisions occurring on the decline plane. A more general and flexible method
is to employ a numerical model to reinitialize all the generalized speeds since it
can detect collisions occurring on all types of planes. This approach also handles
a sphere transitioning between different planes. Consequently, the latter method
is chosen for this study. Note the collision model reduces to a two-dimensional
model if the following initial generalized speeds are zero: wq11, U0 and uggg.

Note the sphere’s motion may be resolved into the n-frame, or the horizontal

plane, by the following rotation matrix (see figure 2.5):

— —

ai ay a3
ny [ cosB  sinf 0
ny| —sinf cosB 0 (2.256)
n3 0 0 1
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Figure 2.5: Rotation Matrix (Decline Plane)
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Chapter 3

Equations of Motion for a Rolling
and Sliding Sphere

In this chapter we consider the rolling and sliding motion of a sphere on the
horizontal, incline and decline planes. For all planes assume the following physical
parameters are known: b, m, J, e, i and . Also assume the sphere is rigid, in
motion and the initial generalized speeds are known. Note the sphere is rolling
without slipping when |v| = |w|r. Otherwise, the sphere is sliding when |v| #

|w| 7.

3.1 Rolling and Sliding Model of a Rigid Sphere

on a Horizontal Plane

Consider the two-dimensional rolling and sliding motion of a rigid sphere shown
in figure 3.1. The equations of motion are written using the free-body diagram.
Note the sense of the frictional force depends on whether the sphere has back-
spin or topspin. If the sphere has backspin, then the frictional force, Fy,, is
directed toward the left. If the sphere has topspin, then the sense of the frictional
force depends on the relationship between |v| and |w|r. The different cases are

summarized as follows:

o If |u| = |w|r, then Ff, =0
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o If |u| < |w|r, then F}, is directed toward the right

o If |u| > |w|r, then F}, is directed toward the left

q W

pt.G’

ot C

Figure 3.1: Free Body Diagram (Horizontal Plane)

Once the sense of the frictional force is known, the equations of motion may
be defined. First, we consider the case of I, directed toward the left. Summing

the forces in the n3 and n] directions respectively, we have

§ :FQ2 :mafh

= N-W=0
= N=W=myg (3.1)

and

§ :Fth = Mag

- —Fp = mag,

- —uN= mag,
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/
= —[mg = mag

= 4y =-—g (3.2)
Summing moments about point G, with the clockwise direction as positive, we
have

Z Mg = Joan,
= Ffrb = JGOén
= ulmgb = Joay,
w1 gb
=  q,=—— 3.3

Then equations (3.1), (3.2) and (3.3) define the motion of a rolling sphere with
Fy, directed toward the left.
Next, we consider the case of FYy, directed toward the right. Summing the

forces in the n5 and nj directions respectively, we have

and

= ulmg = Mag,
= g =Hg (3.5)

Summing moments about point G, with the clockwise direction as positive, we

have
Z MG = Jgan
== —FfTb = Jgoén
= —p'mgb=Jga,

1 gb
S 3.6
=  « Tofm (3.6)
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Then equations (3.4), (3.5) and (3.6) define the motion of a rolling sphere with
Fy, directed toward the right.

Now, we consider the case of I, equal to zero, which implies the sphere is
rolling without slipping. Summing moments about point C, with the clockwise

direction as positive, we have

Z Mc = Jeay,
= 0= Jcoén

=  a,=0 (3.7)

Since the sphere is rolling without slipping, the following kinematic expression

applies:
(g, = bay, = 0 (3.8)

Then equations (3.7) and (3.8) define the motion of a rolling sphere with Fy,
equal to zero.

The model determines if the sphere is initially rolling without slipping or if
the sphere is initially sliding. If the sphere is initially rolling without slipping,
then the motion will continue until the sphere impacts the terrain. If the sphere
is initially sliding, then two potential cases arise. For the first case, the sphere
impacts the terrain while sliding. For the second case, the sphere’s motion will
transition from sliding to rolling without slipping before impacting the terrain.

In this study we vary the sphere’s density, where the principal moment of
inertial can range from Jg = 0.1mb? to Jg = 2/3mb* for a thin spherical shell.
Note the minimum value of the coefficient of static friction compatible with rolling

Fyr 0

in the horizontal plane is pimin = 37 = 72

above are valid if and only if > .

= (0. Hence, the equations derived

3.2 Rolling and Sliding Model of a Rigid Sphere

on an Incline Plane

Consider the two dimensional rolling and sliding motion of a rigid sphere shown

in figure 3.2. The equations of motion are written using the free-body diagram.
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Note the sense of the frictional force depends on whether the sphere has back-
spin or topspin. If the sphere has backspin, then the frictional force, Fy,, is
directed toward the left. If the sphere has topspin, then the sense of the frictional
force depends on the relationship between |v| and |w|r. The different cases are

summarized as follows:
o If |u| = |w|r, then F}, is directed toward the right
o If [u| < |w|r, then F}, is directed toward the right

o If |[v| > |w|r, then FYy, is directed toward the left

theta

Figure 3.2: Free Body Diagram (Incline Plane)

Once the sense of the frictional force is known, the equations of motion may be
defined. First, we consider the case of Fy, directed toward the left and |v| # |w|r.

Summing the forces in the ¢; and ¢; directions respectively, we have

§ :FQ22 = Mgy,
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= N —Wecosh =0
= N —mgcostd =0
= N =mgcosb (3.9)

and

Z F<111 = Mag,

=  —Fy —Wsind = maq,
=  —u N —mgsinf = may,,
=  —/'mgcostd — mgsinf = mag,,

= ag, = —g(p cosh + sinh) (3.10)

Summing moments about point G, with the clockwise direction as positive, we

have

Z MG = JGac
= Ffrb = Jgoéc

= p'mgbcost = Jaa
B 1 gbcost

— 1
= o Jofm (3.11)

Then equations (3.9), (3.10) and (3.11) define the motion of a rolling sphere with
Fy, directed toward the left.
Next, we consider the case of F, directed toward the right and |v| < |w|r.

Summing the forces in the ¢; and ¢; directions respectively, we have

E :FQ22 = Mgy,

= N—-—Wecosh =0
= N —mgcosd =0
= N =mgcosb (3.12)

and

§ :FQ11 = Magqy,

= Py —Wsind = mag,
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= /N —mgsinf = may,,

= (mgcost) — mgsint = mag,,

= ag, = g(pt cosh — sinh) (3.13)

Summing moments about point G, with the clockwise direction as positive, we

have

Z Mg = Jea.
= —Ffrb = JgOéc
= —u'mgbcostd = Jga,

1 gbcost

JoTm (3.14)

= o=

Then equations (3.12), (3.13) and (3.14) define the motion of a rolling sphere
with F, directed toward the right.

Now, we consider the case of Fy, directed toward the right and |v| = |w|r.
Summing moments about point C, with the clockwise direction as positive, we

have
Z MC == JcOéc

=  —Wbsind = (Jg +mb*)a.
= —mgbsinf = (Jg + mb*)a,

gbsinf
= = 3.15
@ JG / m + b2 ( )
Since the sphere is rolling without slipping, the following kinematic expression
applies:
gb?sind
Agqy = bae = _JG/m 4 b2 (316)
Summing the forces in the ¢; and ¢; directions respectively, we have
Z Fyyy = Mg,
= N—Wcos# =0
= N —mgcost =0
= N = mgcost (3.17)
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and

§ :FQ11 = ma(h1

= Iy — Wsind = may,

. mgb?sind
= Iy — l=——"1——
't — MGSIn e
_ mgb®sinf
= F; = 0 — ——— 3.18
b = MYSIN Tofm 4 0 (3.18)

Then equations (3.15), (3.16), (3.17) and (3.18) define the motion of a sphere
that rolls without slipping.

The model determines if the sphere is initially rolling without slipping or if
the sphere is initially sliding. If the sphere is initially rolling without slipping,
then the motion will continue until the sphere begins to roll down the incline. If
the sphere is initially sliding, then two potential cases arise. For the first case,
the sphere slides until it begins to move down the incline. For the second case,
the sphere’s motion will transition from sliding to rolling without slipping before
rolling down the incline.

In this study we vary the sphere’s density, where the principal moment of
inertial can range from Jg = 0.1mb? to Jg = 2/3mb? for a thin spherical shell.
Note the minimum value of the coefficient of static friction compatible with rolling
in the incline plane will range from i, = %tan@ for a solid sphere to finim =
%tanQ for a thin spherical shell. Hence, the equations derived above are valid if

and only if p > fmin-

3.3 Rolling and Sliding Model of a Rigid Sphere

on a Decline Plane

Consider the two dimensional rolling and sliding motion of a rigid sphere shown
in figure 3.3. The equations of motion are written using the free-body diagram.
Note the sense of the frictional force depends on whether the sphere has back-
spin or topspin. If the sphere has backspin, then the frictional force, FYy,, is
directed toward the left. If the sphere has topspin, then the sense of the frictional
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force depends on the relationship between |v| and |w|r. The different cases are

summarized as follows:

o If |u| = |w|r, then F}, is directed toward the left
o If |v| < |w|r, then FYy, is directed toward the right

o If |u| > |w|r, then F}, is directed toward the left

Figure 3.3: Free Body Diagram (Decline Plane)

Once the sense of the frictional force is known, the equations of motion may be
defined. First, we consider the case of F'y, directed toward the left and |v| # |w]| 7.

Summing the forces in the a3 and aj directions respectively, we have

E :Fq222 = maqmz

= N—-—Wecosf=0
= N —mgcosf =0
= N =mgcosf (3.19)
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and

§ :Fthn = Magq,

—Fp +Wsing = mag,,,
—i' N + mgsinfi = Mg, ,,
— ' mgcos + mgsinB = may, ,,

Qg1 = —Q(Mlcosﬁ - SZ?”Lﬁ) (320)

Summing moments about point G, with the clockwise direction as positive, we

have

Z Mg = Jea,
= Ffrb == JGoza
= ,ulmgbcosﬁ = Jgay,

B 1 gbcos 3

= 21
= Jejm (3.21)

Then equations (3.19), (3.20) and (3.21) define the motion of a rolling sphere
with F, directed toward the left.

Next, we consider the case of Fy, directed toward the right and |v| < |w|r.

Summing the forces in the a; and aj directions respectively, we have

and

: :Fq222 = maqzzz

= N—-—Wecosp =0
= N —mgcosf =0
= N =mgcosf (3.22)

E :F61111 = mathn

Ffr + Wsinf = Mag,,,
,u/N +mgsinf = Mgy,
,ulmgCOSB + mgsmﬁ = Mag,,,

gy, = 9(1t cosB + sinf3) (3.23)
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Summing moments about point G, with the clockwise direction as positive, we

have

Z MG = JGoza
== —Ff,«b = JGaa
= —,u,mgbcosﬁ = Jga,

"gb
_ 1 gbeosf3 (3.24)

= o=
« J(;/m

Then equations (3.22), (3.23) and (3.24) define the motion of a rolling sphere
with FY, directed toward the right.

Now, we consider the case of FY, directed toward the left and |v| = |w|r.
Summing moments about point C, with the clockwise direction as positive, we

have

Z Mc = Jcaa
= Whsing = (Jg +mb*)a,

= mgbsinB = (Jg +mb*)a,
gbsin3

= 2
da Jg/m—i-bQ (3 5)

Since the sphere is rolling without slipping, the following kinematic expression

applies:
gb*sinf3
aq111 = bOéa = JG/m + b2 (326)
Summing the forces in the a3 and a; directions respectively, we have
Z FQ222 = mamez
= N-—Wcosf=0
= N —mgcosB =0
= N =mgcosf (3.27)

and

§ :FQ111 = Mgy,
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=  —Fp+Wsing =may,,

. mgb?sinf3
=~y mgsing = 20
, mgb®sinf

Then equations (3.25), (3.26), (3.27) and (3.28) define the motion of a sphere
that rolls without slipping.

The model determines if the sphere is initially rolling without slipping or if
the sphere is initially sliding. If the sphere is initially rolling without slipping,
then the motion will continue until the sphere impacts the terrain. If the sphere
is initially sliding, then two potential cases arise. For the first case, the sphere
impacts the terrain while sliding. For the second case, the sphere’s motion will
transition from sliding to rolling without slipping before impacting the terrain.

In this study we vary the sphere’s density, where the principal moment of
inertial can range from Jg = 0.1mb? to Jg = 2/3mb* for a thin spherical shell.
Note the minimum value of the coefficient of static friction compatible with rolling
in the decline plane will range from i, = %tanﬁ for a solid sphere to pimi, =
%tanﬂ for a thin spherical shell. Hence, the equations derived above are valid if

and only if 1 > fmin-
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Chapter 4

Numerical Simulation Model

4.1 Framework

This chapter develops the framework of a numerical model based on the dynamic
models presented in previous chapters. The framework illustrates how the model
can determine suitable ranges of tumbleweed design parameters required for op-
timal mobility. The study considers the rover’s motion for arbitrary valleys, as
shown in figure 4.1. Note the numerical model can generate other terrain types
the tumbleweed rover may encounter, including flat planes, hills and gullies.

During a simulation the numerical model considers the rover’s rolling, sliding
and bouncing behaviors and the transitions between these modes of movement.
The simulation also considers when the rover transitions between different terrain
types.

The model requires the following parameters are specified for a defined valley:
b, J/m, e, u, 1, g1, G2, g3, U1,...,ug and g. Two additional assumptions supplement
the model: first, we assume the rover rolls without slipping over the valley edge.
This implies an initial condition of uz = —u4/b. Second, we assume the rover is
not experiencing any initial side spin. This assumption reduces the study from a
three-dimensional to a two-dimensional analysis, and implies the following initial
generalized speeds are zero: uy, ug and ug. Furthermore, equations (2.84), (2.169)
and (2.255) can be ignored. The simulation is stopped once the rover rebounds
or begins to roll or slide down the incline plane. Throughout the simulation

the rover’s motion is referenced to the 7 frame. The rotation matrices given by
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Figure 4.1: An example of an arbitrary valley encountered by a tumbleweed rover
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equations (2.170) and (2.256) for the incline and decline planes respectively are
used to resolve the rover’s generalized speeds and position into the appropriate
reference frame for computations and simulations.

Note the equations derived in the trajectory, rolling and sliding models can be
solved by numerical integration methods such as the Euler or Runge-Kutta algo-
rithms. This study implements the classic fourth-order four-stage Runge-Kutta
to the models mentioned above. Instead of using adaptive Runge-Kutta meth-
ods already available in existing software, we write our own algorithms because
we achieve greater control over the simulation at each time step. This approach
proves beneficial when the sphere transitions between different terrain types and
modes of movement as well as for numerical interpolation. See Appendix A and

B for examples on the fourth-order Runge-Kutta method.

4.2 Numerical Simulation Example

The following example is used to define the parameters of the numerical simu-
lation model and demonstrate the type of simulations produced. Consider fig-
ure 4.1. The parameters (3, 6, dh and pl) will be referred to as terrain parameters,
where J and 6 are the angles of the decline and incline planes respectively, dh
is the height of the decline plane and pl is the length of the horizontal plane.
Note the positive sense for dh is in the upward direction. For convenience, the
terrain parameters will be represented in the following format: [3, 6, dh, pl].
The parameters (b, J/m, e, u, yf) will be referred to as physical parameters, and
they are defined as before. Again, for convenience the physical parameters will
be shown as [b, J/m, e, u, p']. We define the subset of the physical parameters
[b, J/m, e], and refer to them as the design parameters. The rover’s position and
generalized speeds and the gravitational acceleration are the initial conditions.
These conditions will be shown as: [q1, ¢2, g3, U1,...,ug, g].

In its strictest form, the numerical simulation model predicts the rover’s mo-
tion for a set of parameters and initial conditions. For example, suppose the
terrain and physical parameters are given by [ = 30°, 8 = 30°, dh = —10m,
pl = 30m] and [b = Im, J/m = 0.4m? e = 092, u = 1.0, ' = 0.8]. Also

suppose the initial conditions are specified as [¢1 = Om, g2 = 1m, uz = 5rad/s,
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ug = 5m/s, g = 3.71m/s?). Figure 4.2 shows the two-dimensional representation
of the simulation, and figures 4.3 and 4.4 display the same information, but shown

on a valley having three-dimensions.

== T T T T T T T

a, (m)

0 : : ; : : —

o i i i i i i i
el 0 10 2 El 0 &0 &0 70

Figure 4.2: A two-dimensional simulation representation

Given this set of parameters and initial conditions we see the rover traveled

3.25 meters up from the valley’s floor before rebounding off the incline plane.

4.3 Parametric Study Framework

To determine the tumbleweed’s behavior as it engages specific valleys, parametric
studies are developed, where the numerical simulation model is run for various sets
of parameters and initial conditions. For all runs, we allow the design parameters
to vary as follows: the radius b ranges from 1 to 6 m in increments of 1 m.

The coefficient of restitution e ranges from 0.6 to 1.0 in increments of 0.01. Note
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e = 1 represents the theoretical limit for perfectly elastic collisions. The principal
moment of inertia divided by the mass J/m can take values of J/m = 0.1b
through J/m = 0.6b* and J/m = 0.67b*>. Note J/m = 0.4b* and J/m = 0.67b*
correspond to a solid sphere and a thin spherical shell, respectively. Values of
J/m < 0.4b* correspond to the sphere’s density being concentrated toward the
sphere’s geometric center. Fach simulation is run over a velocity range of 2-7
m/s or 5-10 m/s in increments of 0.1 m/s. Therefore, a completed simulation
has 6 x 41 x 7 x 51 = 87,822 runs. Note for all simulations, we assume the
nominal values of 1 = 1.0 and g = 0.8u. We also assume ¢ = 3.71m/s* on
Mars, g = 9.81m/s? on Earth and g = 1.60m/s? on the Moon. For this study we
consider parametric studies only on Mars and on Earth. Examples of parametric

studies produced by the model are found in Chapter Five.
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Figure 4.3: A three-dimensional simulation representation (view I)
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Chapter 5

Parametric Studies

The parametric studies presented below demonstrate the numerical model’s use-
fulness as an initial design tool for tumbleweed rovers encountering real terrain
scenarios. The studies provide an understanding of the range of tumbleweed de-
sign parameters [b, J/m, e] essential for mobility over varied terrain. Note the

parametric study figures are located at the end of the chapter.

5.1 Parametric Study I and II

The following studies examine the tumbleweed rover’s behavior while encounter-
ing a shallow valley. Consider a valley defined by the terrain parameters [3 = 15°,
0 = 15°, dh = —3m, pl = 9m]. Assume a tumbleweed rover has a velocity rang-
ing between 2 and 7m/s. Allow the design parameters to vary according to the
guidelines set in Chapter 4, ” Parametric Study Framework”. The first parametric
study is for a rover on Mars, while the second parametric study concentrates on
an Earth-bound rover. Given the above conditions, the numerical model produces
a series of parametric plots for various sets of design parameters, see figure 5.1
for Mars and figure 5.2 for Earth.

These plots determine the percentage crossed versus e for selected values of b
and J/m. We define the percentage crossed as the average a tumbleweed rover

crosses the valley for a design parameter set and velocity range.
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The figures for Mars and for Earth exhibit similar trends: the percentage
crossed is sensitive to values of e but remains relatively unchanged for values of b
and J/m. The findings suggest the coefficient of restitution is the critical design
parameter for considering the rover’s ability to clear shallow valleys.

Figures 5.1 and 5.2 also reveal the percentage crossed increases monotonically
for increasing values of e before leveling off. We define the value of e at this

transition point as e..;, and values of e satisfying the inequality
€ Z Cerit (51)

maximize the rover’s chance to cross the valley for any mission statement.

5.2 Parametric Study III and IV

The following studies examine the tumbleweed rover’s behavior while encounter-
ing a deep valley. Consider a valley defined by the terrain parameters [ = 25°,
0 = 25°, dh = —30m, pl = 90m]. Assume the tumbleweed rover has a velocity
ranging between 5 and 10m/s. Also, assume an area of interest on the valley’s
adjacent wall is at a height of —15m and above. Allow the design parameters
to vary according to the guidelines set in Chapter 4, "Parametric Study Frame-
work”. The third parametric study is for a Mars-bound rover, while the fourth
parametric study is for a rover on Earth. Given the above conditions, the nu-
merical model produces a series of parametric plots for various sets of design
parameters, see figures 5.3 through 5.17 for Mars and figures 5.18 through 5.32
for Earth.

These plots determine the average tumbleweed height versus e for selected
values of b and J/m. Note the average height is determined for each design
parameter set and velocity range. The vertical error bars on the plots represent
the standard deviation or the variability of the height values from the mean
height.

The figures for Mars and for Earth exhibit similar trends: the average height
is nearly level for initial values of e (region I), then increases monotonically for in-
creasing e (region II) before leveling off (region III). This result suggests a critical

value of e exists, namely e..;;, where the average height stops to strictly increase.
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For e > e..;; (region I1T), the rover will approximately attain its maximum height
traveling up the valley. Generally, we see the error bars are larger in region II,
while they show the smallest variability in region III.

Figures 5.11 through 5.17 and figures 5.26 through 5.32 for Mars and Earth
respectively, superimpose the rover’s height for specific velocities. The figures
show for e > e..;, the rover’s height for varying velocities is more likely to be
bounded within the error bars associated with the average height. Consequently,
the plots confirm the rover’s maximum height traveling up the valley occurs for
€ 2 Cerit-

Notice from the figures, different values of b produce relatively minor changes
in the average height. This is not the case, however, for values of J/m, see
figures 5.10 and 5.25 for Mars and Earth respectively. For clarity, the error bars
have been omitted. Initially, the average height drops off for increasing values
of J/m before leveling off. Moreover, larger values of J/m show the greatest
variability in the rover’s height. Thus, for optimal performance the tendency for

a bigger rover with its density concentrated at its center exists on both planets.

5.3 Parametric Study Figures

Below are the parametric study figures.
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Figure 5.1: Percentage crossed for varying design parameter sets and velocity

range (2 — 7m/s) on Mars.
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Figure 5.2: Percentage crossed for varying design parameter sets and velocity

range (2 — 7m/s) on Earth.
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Figure 5.3: Average tumbleweed height for varying design parameter sets and

velocity range (5 — 10m/s) on Mars. Note J/m = 0.1b%,

67



Jim=020*2 Jm =022
5 5
0 : : ‘ g0 : : ‘
g ok o om o [T ool | | g ook om m 41 { logl | TPEF T | [ole| | | pog
24 = - 29 P11 i
I - I
: . : L
5 45 5 45
£ £
J =
= =
20 % 20
g g
2 ] 4
<25 < 25
a0 0
e e
Jim=02b*2 Jm =022
5 5
£ 0 : . ‘ g0 : : ‘
% o Tl ofs| [ TEHS T bolel | | ped $ o5 oe 4| [ Jog| | TRESTT [ole | | g
£ e < wpessiic
I it I | 41
% 10 4 g0
: H :
5 s 215
£ r1 £ a
[ = &
220 8 20
g g
£ 5
< 25 T 25
a0 30
e e
Jm=02b*2 Jm=02b*2
5 5
£ 0 ; : ; g0 ; ; ;
% o oo ois| | To33 7| lolo| | | peg $ oo oes oyl 3 || el | TPEd 71 lofel | | ped
5 e 2 3 T ==
I 1 I
30 310
z B i B
5 45 5 a5
E 1 £
= 1 = a
220 3 20
g g
£ g l
< 2 2 25
0 30
e e

Figure 5.4: Average tumbleweed height for varying design parameter sets and
velocity range (5 — 10m/s) on Mars. Note J/m = 0.2b%,
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Figure 5.5: Average tumbleweed height for varying design parameter sets and

velocity range (5 — 10m/s) on Mars. Note J/m = 0.3b%,
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Figure 5.6: Average tumbleweed height for varying design parameter sets and
velocity range (5 — 10m/s) on Mars. Note J/m = 0.4b%,

70



Jim =0.5"b*2 Jim =0.5"b*2
5 5
= Tr T ~ =
g0 o g 0 .
S o o0es [foff| || D ol | | D, alg| | | nsg g % oe [ 4| og| | | ojo| | | p.od
B 5 = = o 5 1
3 T £ HT| 1L
30 30
£ ;
ERE = 2as
= =
= [
%20 % 20
= g
o o
Z 25 <2
.30—*? «’iU"F
e e
Jim =0.5"b*2 Jim =0.5"b*2
5 5
g0 ; g0 ;
S o o0es ||o7 ofs | | b ojg o S o o0& [lo7 3 || log H ool | | bea
£ SHaR £ a
E ps AR 3 4 Jl ==
I I
3 -0 % -0
2 -} [==0=3n] H T [ov=n]
B 215
=) J
= =
B 20 520
g g
5 s
> > T
< 25 4725#
a0 H1 30
e e
Jim =0.5"b42 Jim =0.5"b42
5 5
S o 06 |[o7 0 31 | [olgl | | peg S o o0& [lo7 || o] |os H ojo| | | bea
- Hty L . ol bt
T L L 5 [ L1417 H
I I
30 %10
H i H
215 g5
=) =
= =
g 20 8 20
I o
5 [ 5
> >
4-25’&4 < 25
302 ao”i/
e e

Figure 5.7: Average tumbleweed height for varying design parameter sets and
velocity range (5 — 10m/s) on Mars. Note J/m = 0.5b%,
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Figure 5.8: Average tumbleweed height for varying design parameter sets and
velocity range (5 — 10m/s) on Mars. Note J/m = 0.6b%,
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Figure 5.9: Average tumbleweed height for varying design parameter sets and

velocity range (5 — 10m/s) on Mars. Note J/m = 0.670°.
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Figure 5.10: Average tumbleweed height for varying design parameter sets and
velocity range (5 — 10m/s) on Mars.
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Figure 5.11: Tumbleweed height for varying design parameter sets and velocity
profiles (5 — 10m/s) on Mars. Note J/m = 0.10°.
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Figure 5.12: Tumbleweed height for varying design parameter sets and velocity
profiles (5 — 10m/s) on Mars. Note J/m = 0.20°.
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Figure 5.13: Tumbleweed height for varying design parameter sets and velocity
profiles (5 — 10m/s) on Mars. Note J/m = 0.30°.
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Figure 5.14: Tumbleweed height for varying design parameter sets and velocity
profiles (5 — 10m/s) on Mars. Note J/m = 0.40°.
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Figure 5.15: Tumbleweed height for varying design parameter sets and velocity
profiles (5 — 10m/s) on Mars. Note J/m = 0.50°.
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Figure 5.16: Tumbleweed height for varying design parameter sets and velocity
profiles (5 — 10m/s) on Mars. Note J/m = 0.60°.
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Figure 5.17: Tumbleweed height for varying design parameter sets and velocity
profiles (5 — 10m/s) on Mars. Note J/m = 0.67b%.
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Figure 5.18: Average tumbleweed height for varying design parameter sets and

velocity range (5 — 10m/s) on Earth. Note J/m = 0.16%.
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Figure 5.19: Average tumbleweed height for varying design parameter sets and
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velocity range (5 — 10m/s) on Earth. Note J/m = 0.2b%.
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Figure 5.20: Average tumbleweed height for varying design parameter sets and
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velocity range (5 — 10m/s) on Earth. Note J/m = 0.3b%.
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Figure 5.21: Average tumbleweed height for varying design parameter sets and
85

velocity range (5 — 10m/s) on Earth. Note J/m = 0.4b%.
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Figure 5.22: Average tumbleweed height for varying design parameter sets and
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velocity range (5 — 10m/s) on Earth. Note J/m = 0.5b%.
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Figure 5.23: Average tumbleweed height for varying design parameter sets and
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velocity range (5 — 10m/s) on Earth. Note J/m = 0.6b%.
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Figure 5.24: Average tumbleweed height for varying design parameter sets and
velocity range (5 — 10m/s) on Earth. Note J/m = 0.67b%.
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Figure 5.25: Average tumbleweed height for varying design parameter sets and
velocity range (5 — 10m/s) on Earth.
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Figure 5.26: Tumbleweed height for varying design parameter sets and velocity
profiles (5 — 10m/s) on Earth. Note J/m = 0.15%.
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Figure 5.27: Tumbleweed height for varying design parameter sets and velocity
profiles (5 — 10m/s) on Earth. Note J/m = 0.2b%.
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Figure 5.28: Tumbleweed height for varying design parameter sets and velocity
profiles (5 — 10m/s) on Earth. Note J/m = 0.3b%.
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Figure 5.29: Tumbleweed height for varying design parameter sets and velocity
profiles (5 — 10m/s) on Earth. Note J/m = 0.4b%.
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Figure 5.30: Tumbleweed height for varying design parameter sets and velocity
profiles (5 — 10m/s) on Earth. Note J/m = 0.50%.
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Figure 5.31: Tumbleweed height for varying design parameter sets and velocity
profiles (5 — 10m/s) on Earth. Note J/m = 0.6b%.
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Figure 5.32: Tumbleweed height for varying design parameter sets and velocity
profiles (5 — 10m/s) on Earth. Note J/m = 0.67b%.
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Chapter 6

Case Studies

The case studies presented below determine the optimal tumbleweed design pa-
rameters [b, J/m, e] essential for mobility for several terrain scenarios, and spot-

lights the principal results developed in this study.

6.1 Case Study I

Landing on Mars is hazardous because the planet is filled with rough terrain,
steep slopes and rocks that could damage the rover. Landing constraints im-
posed by (1) spacecraft and rover designs, (2) entry, descent and landing, (3)
scientific potential at various sites and (4) safety are important considerations
in landing site selection. Landing requires smooth, flat (low slope) areas with
low-to-moderate rock distributions. (19). Consequently, regions of scientific in-
terest are far away from the landing sites, requiring tumbleweed rovers to travel
substantial distances across varied terrain. During the tumbleweed’s expedition,
the rover is likely to encounter shallow valleys. This case study determines the
optimal range of tumbleweed design parameters required for the rover to cross
such areas.

Picture a tumbleweed rover deployed on the Martian surface, where the terrain
is flat except for areas populated with shallow valleys. Assume a characteristic
valley is defined by the terrain parameters [ = 15°, 6 = 15°, dh = —3m,
pl = 9m]. Also, assume the tumbleweed has a velocity ranging between 2 and

7m/s. This velocity range is consistent with typical surface wind speeds during
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a Martian summer. Given the above conditions, the numerical model produces
parametric plots for various sets of design parameters, see figure 5.1. These plots
determine the percentage crossed versus e for selected values of b and J/m. We
define the percentage crossed as the average a tumbleweed rover crosses the valley
for a design parameter set and velocity range.

Suppose a mission is considered successful if the rover crosses the valley 80
percent of the time for a velocity range defined as before. Also, suppose the dimen-
sions of the instrument payload dictates a rover with b = 2m and J/m = 0.3b%.
Figure 5.1 reveals e > 0.85 results in mission success. The figure also shows
eqrit = 0.92, indicating values of e ranging from 0.92 to 1 maximizes the rover’s
ability to cross the valley for any mission. Financial and material constraints,
however, often favor rovers with lower e values. Based on this information, sup-
pose a mission planner selects a material with e = 0.85 for the construction of the
rover. Then, a possible design parameter set satisfying conditions of the mission

is [b=2m, J/m = 0.3b* e = 0.85)].

6.2 Case Study II

Case Study II is similar to the first case study, with exception to setting g =
9.81m/s?. This case study demonstrates the variability in the range of tumble-
weed design parameters for a mission performed on Earth versus a Mars mission.
Again, the numerical model produces a series of parametric plots for various sets
of design parameters, see figure 5.2. These plots determine the percentage crossed
versus e for selected values of b and J/m.

Suppose a mission is deemed successful if the rover crosses the valley 80 percent
of the time for a velocity range defined as before. Also, suppose b = 2m and
J/m = 0.3b%. For these conditions we notice e > 0.95 results in mission success.
We also see e..;; = 0.95, indicating values of e ranging from 0.95 to 1 maximizes
the rover’s ability to cross the valley for most missions. Suppose a mission planner
selects e = 0.95. Then a possible design parameter set satisfying conditions of
the mission is [b = 2m, J/m = 0.3b% e = 0.95].

Comparing Case Studies I and 1T (and figures 5.1 and 5.2), we notice design

considerations must account for the gravitational force, which effects the percent-

98



age crossed, the value range of e for mission success and the location of e..;;. The
findings suggest possible sizes and material options ruled out for the construction

of a rover on Earth may still be a viable option for successful Mars missions.

6.3 Case Study III

On Mars, science considerations on Martian climate and geology favor sites at
the mouths of outflow channels, highland sites and areas covered with dark un-
oxidized materials. Science considerations also favor sites suspected of housing
underground water sources. Regions exhibiting scientific potential include Ares
Vallis, Tritonis Lacus and Isidis (19) — (21). These regions are valleys possibly
carved by large water flows billions of years ago. Tumbleweed rovers, equipped
with a package of scientific instruments, are designed to explore such areas, and
future missions will require these rovers to examine specific regions within the
valleys. This case study determines the optimal range of tumbleweed design
parameters required for the rover to reach a specified height in a deep valley.

Consider a tumbleweed rover encountering a deep valley on the Martian sur-
face. Assume the valley is defined by the terrain parameters [ = 25°, § = 25°,
dh = —30m, pl = 90m|. Also, assume the tumbleweed has a velocity ranging
between 5 and 10m/s. This velocity range is consistent with typical surface wind
speeds during a Martian fall. Suppose the tumbleweed rover identifies an area
of interest on the valley’s adjacent wall at a height of —15m and above. Given
the above conditions, the numerical model produces a series of parametric plots
for various sets of design parameters, see figures 5.3 through 5.17. These plots
determine the average tumbleweed height versus e for selected values of b and
J/m, where the average height is determined for each design parameter set and
velocity range.

The figures suggest to maximize the average height while minimizing the vari-
ability in the height range, the rover should be constructed with its density con-
centrated toward its center. Hence, we select J/m = 0.10*>. From figure 5.3
different values of b produce relatively minor changes in the average height and
size of the error bars. Tumbleweed rovers are designed to be large, so suppose a

rover with a radius of 2m is chosen. For this radius figure 5.3 shows e ranging
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from 0.71 — 1 provides an average height greater than —15m, while minimizing
the length of the error bars. For this e range, the average height and its corre-
sponding error bars are above —15m. Figure 5.11 also shows for ¢ > e..;, the
tumbleweed height for different velocities is more likely to be bounded within the
error bars associated with the average height. Financial and material constraints,
however, are inclined toward rovers with lower e values. Then based on figures 5.3
and 5.11, we select e = 0.71. A possible design parameter set to satisfy conditions
of the mission is [b = 2m, J/m = 0.10%, e = 0.71].

To demonstrate the selected design parameter set accomplishes the mission for
a defined velocity range, the numerical simulation model is run for an arbitrary
velocity of 6.4m/s. Figure 6.1 shows the simulation, where the rover reaches a
height of —14.69m (or 15.31m up from the valley’s floor) and it confirms our

choice for the design parameter set.
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Figure 6.1: A two-dimensional simulation representation on Mars.
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6.4 Case Study IV

Field studies performed at the South Pole by JPL in 2004, confirmed the tumble-
weed rover’s ability to roll using the wind and the vehicle ultimately demonstrated
its long-term durability in an extreme environment. Plans to construct the next
generation tumbleweed rovers are underway at JPL and LaRC, and future tests
will attempt to mimic the conditions on Mars with a plan to use these rovers to
explore the Martian polar caps for terrain and ice surveys (22). Case Study IV
replicates the third case study only this time on Earth. The numerical model
produces a series of parametric plots for various sets of design parameters on
Earth, see figures 5.18 through 5.32. These plots determine the average tumble-
weed height versus e for selected values of b and J/m, where the average height
is determined for each design parameter set and velocity range.

The field studies performed at the South Pole used a two-meter diameter
rover, and suppose J/m and e were allowed to vary. The figures indicate to
maximize the average height while minimizing the variability in the height range,
the rover should be constructed with its density concentrated toward its center.
Hence, we select J/m = 0.1b%. For these parameters figure 5.18 shows e ranging
from 0.87 — 1 provides an average height greater than —15m. For this e range,
the average height and its corresponding error bars are above —15m. Figure 5.26
shows for e > e..;;, the tumbleweed height for different velocities is more likely
to be bounded within the error bars associated with the average height. Based
on figures 5.18 and 5.26, we select e = 0.87. Thus, a possible design parameter
set to satisfy conditions of the mission is [b = 1m, J/m = 0.10?, e = 0.87].

To demonstrate the selected design parameter set accomplishes the mission for
a defined velocity range, the numerical simulation model is run for an arbitrary
velocity of 8.3m/s. Figure 6.2 shows the simulation, where the rover reaches a
height of —7.28m (or 22.72m up from the valley’s floor) and it confirms our choice

for the design parameter set.
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Figure 6.2: A two-dimensional simulation representation on Earth.
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Chapter 7

Conclusions

The main results of this thesis can be summarized as follows:

e A collision model based on Kane’s method of dynamics is used to study the
impact between the tumbleweed rover and flat terrain. We extend the model
by considering collisions on the incline and decline planes, and ultimately

establish a trajectory model tracking the rover’s motion between bounces.

e A rolling and sliding model for a rover in motion is created for flat, incline

and decline planes.

e A numerical simulation model covering the tumbleweed’s rolling, sliding and
bouncing behaviors and the transitions between these modes of movement is
developed. The model also tracks the rover’s movement and transition be-
tween different terrain types. In its strictest form, the numerical simulation
model predicts the tumbleweed’s motion for a set of parameters and initial
conditions. Parametric studies are established, where the rover’s behavior

as it engages specific terrains is determined.

e A set of presented case studies show the numerical model’s utility as an
initial design tool for tumbleweed rovers encountering real terrain scenar-
ios. The case studies provide an understanding of the range of tumbleweed
design parameters [b, J/m, e] essential for mobility over (shallow and deep)

valleys.
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Appendix A

Example Of The Runge-Kutta
Method

Consider the initial value problem

y = f(t,y) y(to) = Yo (A1)

The fourth-order Runge-Kutta method involves a weighted average of values of

f(t,y) at different points in the interval t,, <t <t,.;. It is given by

Ynt1 = Yn + é(k‘l + 2kg + 2k3 + k) (A.2)
where
kv = hf(tn, yn) (A.3)
ko = hf (6t 0+ 5h) (A4
ks = bt + 500 + ) (A5
ko =Nhf(tnt1, Yn + kn3) (A.6)

Note that the effective slope used is a weighted average of the slopes at the four
points (t,, yn), (t, + %7 Yn + 3kn1), (o + }—2‘, Yn + 3kn2) and (tni1, Y + kp3) in the
t,y plane, an average because the sum of the coefficients 1/6, 2/6, 2/6, 1/6 that
multiply the k's is 1 (24).
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Appendix B

Application Of The Runge-Kutta
Method

This appendix illustrates the application of the Runge-Kutta method to the equa-
tions of motion derived for the trajectory and the rolling and sliding models for

the horizontal, incline and decline planes.

B.1 Numerical Models on the Horizontal Plane

Applying the Runge-Kutta method to equations (2.82) and (2.83) yields expres-
sions that determine the sphere’s position and velocity between bounces in the

ny and ny directions respectively. Assuming a time step of h, we have in the nj

direction:
G(i+1)=q()+1/6% (k1 +2%k2+ 2% k3 + k4) (B.1)
ud(i+1) =ud(i) +1/6 % (11 +2 %12+ 213+ 14) (B.2)
where
k1 = h*ud(1) (B.3)
[1=0 (B.4)
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k2 = h* (ud(i) + 0.5 % [1) (B.5)
12=0 (B.6)
k3 = h* (ud(i) + 0.5 % [2) (B.7)
[3=0 (B.8)
k4 = hx (ud(i) +13) (B.9)
4=0 (B.10)
For the n5 direction, we have:
@I +1)=q)+1/6% (k1 +2%k2+ 2% k3 + k4) (B.11)
ub(i+1) =ub(i) + 1/6 % (11 +2 %12+ 2«13+ 14) (B.12)
where
k1 = h * ub(1) (B.13)
I1=—hxg (B.14)
k2 = h* (ub(i) + 0.5 % (1) (B.15)
[2=—hxg (B.16)
k3 = hx (ub(i) + 0.5 % [2) (B.17)
[3=—hxg (B.18)
k4 = h x (u5(i) + 13) (B.19)
4= —hxg (B.20)

Next, we apply the Runge-Kutta method to the rolling model previously de-
veloped. We list the expressions that determine the sphere’s position and transla-
tional velocity in the n7, ny directions and the angular velocity in the n3 direction
respectively. Again, we must take into account the relationship between |v| and

lw| 7. For |v|] > |w|r and considering equations (3.2) and (3.3), we have:

@21 +1) = g2(2) (B.21)
G(E+1)=q (i) +1/6% (k1 +2% k242 k3 + k4) (B.22)
WA(i +1) = ud(i) + 1/6 % (11 + 2% 12 + 2 % 13 + I4) (B.23)
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where

and

where

k1 = h*ud(1)
Il=—hxy *g

k2 = h* (ud(i) + 0.5 % [1)
12=—hxu xg

k3 = h* (ud(i) + 0.5 % [2)
13=—hxp *g

k4 = h« (ud(i) +13)
4= —hxp g

u3(i+ 1) = u3(i) + 1/6 % (11 + 2 % 12+ 2% [3 + [4)

k1 = h*u3(i)
I1=hsxbspu «g/Jg/m
k2 = h* (u3(i) + 0.5 % [1)
12="hxbxpu *g/Ja/m
k3 = h* (u3(i) + 0.5 % [2)
13=hxbxpu *g/Ja/m
k4 = h* (u3(i) + 13)
I4=hsxbxpu «g/Jg/m

For |v| < |w|r and considering equations (3.5) and (3.6), we have:

G(i+1)=q (i) +1/6% (k1 +2%k2+ 2% k3 + k4)
wd(i+1) = ud(i) + 1/6 % (11 +2% 12 +2 13+ I4)
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where

k1 = h*ud(1)
Il=hxu xg
k2 = h* (ud(i) + 0.5 % [1)
12=hxu xg
k3 = h* (ud(i) + 0.5 % [2)
I3=hxp *g
k4 = h* (ud(i) + (3)
A=hxpu =g
and
ud(i+1) =u3d(i) +1/6 % (11 +2 %12+ 213+ [4)
where

k1 = h*u3(i)
I1=—hsxbxpu «g/Jg/m
k2 = h* (u3(i) + 0.5 % [1)
12=—hxbxp *g/Ja/m
k3 = h* (u3(i) + 0.5 % [2)
13=—hxbxpu *g/Ja/m
k4 = h* (u3(i) +13)

4= —hxbxyu «g/Jg/m

For |v| = |w|r and considering equations (3.8) and (3.7), we have:

G(i+1)=q (i) +1/6% (k1 +2%k2+ 2% k3 + k4)
wd(i+1) = ud(i) + 1/6 % (11 +2% 12 +2 13+ I4)
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where

and

where

k1 = h*ud(1)

1=0

k2 = h* (ud(i) + 0.5 % [1)
12=0

k3 = h* (ud(i) + 0.5 % [2)
[3=0

kd = hox (ud(i) + 13)
4=0

u3(i+ 1) = u3(i) + 1/6 % (11 + 2 % 12+ 2% [3 + [4)

k1 = h*u3(i)

[1=0

k2 = h* (u3(i) + 0.5 % [1)
[2=0

k3 = h* (u3(i) + 0.5 % [2)
[3=0

k4 = h* (u3(i) + 13)
4=0

B.2 Numerical Models on the Incline Plane

Applying the Runge-Kutta method to equations (2.167) and (2.168) yields ex-

pressions that determine the sphere’s position and velocity between bounces in
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the ¢] and c3 directions respectively. Assuming a time step of h, we have in the

¢; direction:

qu(i+1) = qu1(i) +1/6 % (k1 4+ 2% k2 + 2 % k3 + k4) (B.81)
udd(i +1) = udd(i) +1/6 % (11 + 212+ 2 %13 + 14) (B.82)

where

k1 = hxudd(q) (B.83)
I1=—hxgx*sinf ( )
k2 = h* (ud4(i) + 0.5 * I1) (B.85)
12 =—hx*gx*sind (B.86)
k3 = h* (udd(i) + 0.5 % 12) (B.87)
[3=—h=xgx*sinf ( )
kd = hox (udd(i) + 13) (B.89)
4= —hxgx*sinf ( )

For the ¢; direction, we have:

Goo(i + 1) = qoa + 1/6 % (k1 + 2 % k2 + 2 % k3 + k4) (B.91)
ub5(i + 1) = ub5(i) + 1/6 % (I1 + 2% 12+ 2 % 13 + 14) (B.92)

where
k1 = h*ub5(i) (B.93)
I1=—hxgx*cost (B.94)
k2 = hx (u55(i) + 0.5 % [1) (B.95)
12 = —hx*gx*cosb (B.96)
k3 = hx (u55(i) + 0.5 % 12) (B.97)
13 = —hxgx*cosb (B.98)
k4 = h* (u55(i) + 13) (B.99)
14 = —hx*gx*cosb (B.100)
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Next, we apply the Runge-Kutta method to the rolling model previously de-
veloped. We list the expressions that determine the sphere’s position and transla-
tional velocity in the ¢1, ¢5 directions and the angular velocity in the ¢3 direction
respectively. Again, we must take into account the relationship between |v| and

lw| 7. For |v| > |w|r and considering equations (3.10) and (3.11), we have:

Go2(i + 1) = goa(i) (B.101)
(i +1)=q1(i) + 1/6 % (k1 + 2% k2 + 2 x k3 + k4) (B.102)
udd(i+1) = udd(i) +1/6 % (11 +2 %12+ 2%13+14)  (B.103)

where
k1 = h o+ udd(i) (B.104)
11 = —hx*g(p cosd + sinf) (B.105)
k2 = h# (udd() + 0.5 % [1) (B.106)
12 = —h * g(yt cosf + sind) (B.107)
k3 = hox (udd(i) + 0.5 % 12) (B.108)
13 = —hx* g(p cosd + sinf) (B.109)
kd = b (udd(i) + 13) (B.110)
14 = —h* g(p cosd + sinf) (B.111)

and

u33(i+ 1) =u33(i) + 1/6 % (11 + 2% 2+ 2 %13 + [4) (B.112)

where
k1 = h*u33(i) (B.113)

1 gbcost
1=h%——7F— B.114
L (B.114)
k2 = h* (u33(i) + 0.5 % [1) (B.115)
1 gbcost

[2=h%—F—— B.116
L (B.116)
k3 = h* (u33(i) + 0.5 * 12) (B.117)
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- gbcost

13 =
Jg/m
k4 = h* (u33(i) + 13)
14 — 1  Pgbeost
Jg/m

For |v| < |w|r and considering equations (3.13) and (3.14), we have:

where

and

where

Go2(i + 1) = qoa(i)
1 +1)=q1(i) +1/6 % (k1 4+ 2% k2 + 2« k3 + k4)
udd(i+1) =udd(i) + 1/6 % (11 + 2% 2+ 2 %13 + [4)

k1 = h* udd(i)

11 = hx*g(p cosd — sinf)
k2 = h* (ud4(i) + 0.5 % 11)
12 = h* g1 cosd — sind)
k3 = h  (ud4(i) + 0.5 % [2)
13 = h* g(p cosd — sinf)
kd = o+ (udd(i) + 13)

14 = h* g(p cosd — sinf)

u33(i + 1) = u33(i) + 1/6 % (I1 + 2 % 12 + 2% [3 + [4)

k1 = h*u33(1)

o —hs 1t gbcos6

Jg/m
k2 = h (u33(i) + 0.5 % 1)
19— s 1 gbcost

Jg/m

k3 = hx (u33(i) + 0.5 % [2)

117

(B.118)
(B.119)

(B.120)
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B.130
B.131

o~ o~ o~ o~ o~ o~ o~~~
~— — — ~— ~— ~— ~— —



For |v| = |w|r and considering equations (3.16) and (3.15), we have:

where

and

where

13 =—h

Jg/m
k4 = h* (u33(i) + 13)
14—y Pgbeost

q22(i + 1) = q22(i)

wdd(i + 1) = udd(i) + 1/6 % (I1 + 2 % 12 + 2% 13 + I4)

LM gbcost

Jg/m

k1 = R+ udd(i)

[1=-h

[2=—h

[3=—h

4=—-h

u33(i+ 1) = ud3(i) + 1/6 % (11 + 2% 12+ 2% 13 + 14)

gb*sinf

* —
Jg/m+b2
k2 = h (ud4(i) + 0.5 % (1)

gb?*sind

* —
Jg/m—i—b2
k3 = h  (ud4(i) + 0.5 % [2)

gb?sind

Ry F—
kd = B (udd(i) + 13)

gb*sinf

* Jg/m+b2

k1 = h x u33(i)

[1=—-h

[2=—h

gbsin®

* —
Jg/m—i-bQ
k2 = h* (u33(i) + 0.5 % 11)

gbsin®

i Jg/m+b2
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k3 = hx (u33(i) + 0.5 % 12)

gbsind
3=—h*x—"——
; * Jo)m + 02
k4 = h* (u33(i) +13)
gbsin®
4=—h*x ———
* Jofm + b

B.3 Numerical Models on the Decline Plane

Applying the Runge-Kutta method to equations (2.253) and (2.254) yields ex-

pressions that determine the sphere’s position and velocity between bounces in

the a7 and a3 directions respectively. Assuming a time step of h, we have in the

a; direction:

uddd (i + 1) = uddd (i) + 1/6 % (I1 + 2% 12 + 2 [3 + 14)

where

k1l = hx udd4(i)
I1=hx*gx*sinS

k2 = h x (ud44(i) + 0.5 x 1)
[2="h=*g=*sing

k3 = h* (ud44(i) + 0.5 * [2)
[3="h=xg=*sing

kA = h* (uddd(i) + I3)

4= hx*gx*sinS

For the a3 direction, we have:

uB55(i + 1) = u555(i) + 1/6 % (I1 + 2% 12 + 2 % 13 + I4)
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B.163
B.164
B.165
B.166
B.167
B.168
B.169
B.170
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where

k1 = h * u555(i)

11 =—hxgx*cosf3

k2 = h % (u555(i) + 0.5 * [1)
[2 = —hx*gx*cosf

k3 = hx (u555(i) + 0.5  12)
[3=—hxgxcosf3

k4 = h = (ub55(7) + 13)

4= —hxgx*cosf3

Next, we apply the Runge-Kutta method to the rolling model previously de-

veloped. We list the expressions that determine the sphere’s position and transla-

tional velocity in the aj, as directions and the angular velocity in the a3z direction

respectively. Again, we must take into account the relationship between |v| and

|w|r. For |v] > |w|r and considering equations (3.20) and (3.21), we have:

where

@222(i + 1) = qo22(7)
WAdA(i + 1) = uddd(i) + 1/6 % (I1 + 2% 12 + 2 % [3 + 14)

k1 = h o+ uddd(i)

11 =—hx*g(y cosB — sinf3)
k2 = h x (ud44(i) + 0.5 x 1)
12 = —hx g(1i cosp — sinf)
k3 = B (uddd(i) + 0.5 % 12)
13 = —hxg(p cosB — sinf3)
kd = h* (uddd(i) + I3)

14 = —hx g(p cosp — sinf)
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and

where

u333(i + 1) = u333(i) + 1/6 % (11 + 2 % 12+ 2 % 3 + [4)

k1 = h*u333(i)

11 = L90cOSD
Jg/m
k2 = hx (u333(i) + 0.5 = 1)
12 — 4 1L90COSP
Jg/m
k3 = h x (u333(i) + 0.5 % [2)
13 =+ 1L90COSD
Jg/m
kd = hx (u333(i) + [3)
14 = | 5 1L90COSD
Jg/m

For |v| < |w|r and considering equations (3.23) and (3.24), we have:

where

Q222(7 + 1) = q222(7)
wddd(i 4 1) = uddd(i) + 1/6 % (11 + 2% 12 + 2% 13 + 14)

k1 = B uddd (i)

11 = hx* g cosf + sinf)
k2 = h# (uddd (i) + 0.5 % [1)
12 = h* g1 cosp + sinf3)
k3 = hx (uddd(i) + 0.5 % 12)
[3=hx g(ulcosﬁ + sinf3)
kd = hx (uddd(i) + 13)

14 = h* g(p cosf + sinf3)
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and

u333(i + 1) = u333() + 1/6 % (11 + 2% 12 + 2 % 13 + I4)

where
k1 = h*u333(i)
1= —p« 29200 gbeoss
Jg/m
k2 = h* (u333(i) + 0.5 * [1)
12 = —p « HI2O0 gbeoss
Jg/m
k3 = hx (u333(i) + 0.5 % 12)
13 = 5 1L90COSS
Jg/m
k4 = hx (u333(i) + 13)
14 = —p HI2O0 gbeoss
Jg/m
For |v| = |w|r and considering equations (3.26) and (3.25), we have:
Ga22(1 + 1) = Gaaa(7)
wdd4(i + 1) = uddd(i) + 1/6 % (11 + 2% 12 + 2 % [3 + 14)
where

k1l = h o+ uddd(i)

gb*sinf3
1l=h*x —2F———
* Jg/m + b2
k2 = h* (u444(i) + 0.5 [1)
gb*sinf3
2=h*x ZF——
* Jofm + b
k3 = hx (uddd(i) + 0.5 % 12)
gb*sinf3
3=h*x —2F——
L Y
kd = I * (uddd(i) + 13)
gbzsmﬂ
4=h* —————
i Jg/m + b2
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and

u333(i+1) = u333(i) + 1/6 % (11 + 2% 12+ 213+ 14)  (B.232)

where

k1 = h*u333(1) (B.233)
gbsin

1l=hx ———— B.234

i Jg/m + b2 ( )

k2 = h* (u333(i) + 0.5 x 1) (B.235)
gbsin(

2=hx ———— B.236

i Jg/m + b2 ( )

k3 = h* (u333(i) 4+ 0.5 % [2) (B.237)
gbsinf3

3=hx ———m— B.238

i Jg/m + b2 ( )

k4 = h* (u333(i) 4 13) (B.239)
gbsinf3

l4=hx ———— B.240

Ry F— (B-240)
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