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Suppose (Xl,Yl) has the improper distribution G(x,y) and X1
is a positive lifetime whose distribution F is such that F(«) =
w < 1. Independent vectors (Xl,Yl), (X2,Y2);~- having distribution
G are sampled until an infinite lifetime is chosen, when the renewal
process is said to "die." Let N(t) be the number of lifetimes ob-
served by time t and let A(t) =1 if X1 < 0 ees XN(t)+1 < = and

0 otherwise. When A(t) = 1, define the Type B cumulative process
N(t)
W(t) = Y. .
=t J

To ensure W(t) is defined, expectations and probabilities of interest
are conditioned upon {A(t)=1}. Two sharply delineated situations
arise. Although many standard renewal theoretic results have direct
analogs in the first, they do not in the second.

In the first case, there is some o> 0 making

f r e?*G(dx,dy) = 1
0 /-

and a new d.f.

- XY
G(x,y) f J e G(du,dv)

0 /-
is defined. Under general conditions on the product moments of G,
E[W(t)k[A(t)=l] is a kth degree polynomial in t plus Rk(t), a term
converging to zero at a rate depending upon assumptions about G. These

same conditions ensure that the kth conditional cumulant of W(t) is

Akt + Bk + Rk(t).
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Results about the conditional asymptotic normality of W(t) are
also obtained.

In the second case, the tail of F is a function of slow growth;

a technical assumption implies

lim P{N(t)=n|A(t)=1} > 0
£t
and
. k
lim E[N(t) |A(t)=1] = O < .
o0
Several examples of transient cumulative processes are considered

and the assumption that each Xi has the same defect 1 -wis relaxed.
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NOTATION

37 (s)

s to 3t

L{J(t)} e 5t aI(t)

Oy = 3%s) e St J(t)dt

Note: All functions J are assumed to be zero on (-=,0).

t

F(t)*G(t) = f F(t-t)dG(Tt), the Stieltjes convolution of
0
F and G.
(n) t (n-1)
F (t) = J F(t-t)dF (t), the n-fold Stieltjes convolution

0
of F with itself. (n =2, 3,¢°+ )

U(t) = P{0 < t}
~ x 0
F(x) = f % dF (y) whenever there is a ¢
0
) X Y making F and G proper
G(x,y) = f f e~ G(du,dv)
0 /-» distributions

, #__, ¥, etc. has its usual meaning

Any expression of the form ﬁr, £ s

S

with the understanding that expectations have been taken with respect

-~ -~

to F and G.

C is the class of distributions F such that F(k) has an abso-

lutely continuous component for some finite k.

L, is the class of Lebesgue integrable functions.



S is the class of distributions G on (0,») such that G(0+) = 0,

G(x) <1 for 0 < x < =, and

1-63) (x)

linm )

X0
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CHAPTER 1

INTRODUCTION

1.1 RENEWAL THEORY

A renewal process is a sequence of independent, identically

distributed positive random variables X Let Xi have

1 %2

distribution function F; assume F(0) < 1 and write Hy = EXik < o,
Typically, the X's are interpreted as waiting times for some pre-
described event t; occur. If the event occurs at time t, we begin
waiting all over again for the next occurrence, and the process
beginning at t is a probabilistic replica of the process which
began at time 0. .

The X's could be lifetimes of pieces of equipment and the
recurrent event the failure of the equipment. At time 0, the first

piece is installed; it fails at time X, and is instantly replaced.

1
Xn is the lifetime of the nth piece of equipment while the partial
n
sum S = ] X, is the time of the nth renewal.
i=1

Let N(t) be the integer k such that Sk £t<S N(t) is the

k+1°
number of events by time t. A great deal of research in renewal
theory has centered around the renewal function H(t) = EN(t), for

knowledge of the properties of H allows one to answer most questions

arising about a renewal process. H(t) may be written

H(t) = EN(t) = E§ x(S_<t) = ] F™(p), (1.1.1)
n=1 n n=1



where F(n)(t) denotes the n-fold convolution of F with itself. H
satisfies the integral equation of renewal theory
t
H(t) = F(t) + j H(t-1)dF(T). (1.1.2)
O .
In the usual literature, F is a proper distribution. That is,
lim F(t) = 1. In this case the asymptotic behavior of N(t) and H(t)
tow
is well known.

One of the earliest results concerning H(t) is the Elementary

Renewal Theorem (Feller, (1941)), which states

Ly - L (1.1.3)
t My

where here and elsewhere we interpret %- as 0 when My = -
1
The waiting times {Xi} are d-lattice random variables if

Y P{X, = nd} =1 (1.1.4)

and d is the largest number for which (1.1.4) holds. If the X's are
lattice random variables, the renewal process is discrete; if not,
it is continuous. In all the work which follows, we shall assume the
process is continuous. There is usually a parallel theorem for dis-
crete processes to any theorem about continuous processes.
Blackwell's Theorem (1948) is an important generalization of the
Elementary Renewal Theorem for continuous processes. It states that
for any fixed a > 0

H(t+a) - H(t) +% as t - o, (1.1.5)
1
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Blackwell's Theorem was extended by the Key Renewal Theorem,
proved by W. L. Smith in 1954 and stated in its most general form

in 1961.

Key Renewal Theorem (Smith 1961)

If F(x) is a non-lattice distribution and Q(x) is Riemann

integrable in every finite interval and satisfies

-]

Z max IQ(x)l < », then (1.1.6)
n=0 nsxsn+l

X Lo]
j Q(x-1)dH(7) + = J Q(t)dt as x + » . (1.1.7)
0 M1 Yo
Feller calls functions satisfying the conditions of this theorem
"directly Riemann integrable."

The Key Renewal Theorem does not require the finiteness of any

moments of F; however, by assuming Wy <, Smith (1954) proved

t M2
H(t) - = = -1 +0(l) as t > (1.1.8)
Y 2
1 2u
1
by applying the theorem to a judiciously chosen function Q.
The theorem was instrumental in his proof that
2
e

3
]

Var(N(t)) = t + o(t) as t + = (1.1.9)

when Hy < =,

The fact that the first two cumulants of N(t) are asymptotically
linear functions in t led Smith to investigate higher order cumulants.
Let C be the class of distribution functions F such that for some

finite k, F(k) has an absolutely continuous component.



Theorem (Smith 1959)

If FeCandy o, p 2 0, then there exist constants

n+p+1 <

a_ and bn such that the nth cumulant of N(t) is given by

at+hb LA (1.1.10)

(1+t)P

where A(t) is of bounded total variation, is o(l) as t - =, satisfies

the condition
A(t) - At-a) = o(t™}) as t » = (1.1.11)

for every fixed o > 0, and when p =2 1 has the additional property

that ALL) belongs to the class L

1+t 1’

In addition to N(t), there are two other random variables

associated with time which require our attention. Ct = sN(t)+1 -

is called the forward delay and represents the waiting time from t

il the next ent. = -
until ext event nt t SN(t)

elapsed time since the last event.

is the backward delay, the

+ T

Ny £ = XN(t)+l’ the lifetime

spanning time t.
When u1< o, limiting distributions for n

lated via the Key Renewal Theorem. One can show that

z -
N and " can be calcu

t
P{Ctsx} = F(t+x) - J [1-F(t+x-1)]dH(T) and hence
0

lim P{g,<x} = 1 - & f [1-F(t)]dr
to M1 X
1 X
= J [1-F(1)]dT = K(x) (1.1.12)

1°0
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Similarly, if ] < @,

: -8C,
lim Ee = 2 [1-F*(8)] = K*(8). (1.1.13)

1

too fuy

For the backward delay, we find
t

P{nth} = U(x-t) [1-F(t)] + J [1-F(t-T1)]dH(T)
t-x

where U(t) = P{0<t}. Again assuming My < o,

lim P{ntsx} = %— Jx [1-F(t)]dT = K(x). (1.1.14)
o 1 70
The forward and backward delays have the same asymptotic distributions.
Just as limiting distributions for the forward and backward de-
lays can be derived, there are asymptotic digtributional results
about N(t). Using the relationship P{N(t)=n} = P{Snst}, Feller (1941)
proved that if Hy < and 02 = My - ulz, then

PIN(t) > % - % §} > 0(a) as t + ®. (1.1.15)

1 M1 1

Feller's proof dealt specifically with discrete renewal processes,

but his argument can be extended to cover the continuous case.

1.2 CUMULATIVE PROCESSES

Cumulative processes are a natural extension of renewal processes.
A cumulative process is a stochastic process built up from processes

of random length called tours in a special way. A random tour con-

sists of an ordered pair (X(w), &(t,w)) defined on a probability
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space (Q,8,p), where X is a non-negative random variable and
£(+,w) is a function defined for 0 < t < X(w) taking its values
in some abstract space X. Let F be the distribution of X; assume
F(0) <1 and F(=) = 1.

Let (Qi,Bi,pi), i 2 1, be independent copies of the probabi-

«©

lity space and let P be the product measure defined on 'H B.e
Suppose 61, 62, ... is a sequence of tours where each =

ei = (X(mi),g(t,wi)) has domain Qi and is chosen in accordance
with the probability measure p; - Writing Xi = X(wi), we see that

{Xi} is a renewal process. We can construct a cumulative process

as follows

Wit) = &(t, w), t =X

N(t)
iil E(Xi,wi) + E(t'SN(t)’wN(t)+l)’ SN(t)<tSSN(t)+1'

We require that W(t) be of bounded variation in every finite t
interval with probability one and that the random variables
S.

i
Y = J ]dW(t)I also be iid.
Si-1

Nit)
Let Yi = E(Xi,wi); then W(t) = L Yi + E(t-SN(t), wN(t)+1)'

At time t the process is therefore the sum of N(t) iid random variables

plus an extra piece depending upon the tour in progress at time t.
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* *
Write K. = EY.lr and Kr = EYi T when these moments exist. Let

2 _ 2 _ _ .
o, = Var(Xi), Oy = Var(Yi), and pxy = Cov(xi,Yi). Smith (1955)
has shown that

S *

lim L w(t) = La.s. ifp <w, ok, <o (1.2.1)
t U 1 1
{0 1
l(l %
EW(t) = — t + o(t) if u, <, Kk, <= . (1.2.2)
Uy 1 1
K K, 2
Definey= o 2 2p 0 O (—19 + 0 2(—10 . Then
y Xy Xy ¥y X Wy
t . * -
var(W(t)) = — v + o(t) if u, < =,x < (1.2.3)
W(t)—KlN(t) .
lim P{ <al= ¢(a) if Ky <® My <® (1.2.4)
1
toeo t
0’ —
y Wy
and Klt
W(t) - ——
1im P{ <a} = ¢(a) if x < o, P, < ®, (1.2.5)
— 2 2
too ¥t
!

Equations (1.2.2) and (1.2.3) suggest that the cumulants of
W(t) may be asymptotically linear in t just as the cumulants of
N(t) are. Smith has shown this for two special kinds of cumulative

processes. W(t) is a Type A cumulative process if

N(t)+1
W(t) = % Yk' (1.2.6)
k=1



It is a Type B process if

W(t) = 0 , <X (1.2.7)
N§t)
Y, t2X
Lok 1

The advantage of dealing with Type A and B processes rather

than the more general process

N(t)
W(t) = i Y, + £(t-S

s W )
k=1 k N{t) N(t)+1

is that we thereby avoid questions about the behavior of the pro-

cess between regeneration points.

Theorem (Smith 1979)

Suppose W(t) is either a Type A or Type B cumulative process.

n+p+l
1

EX1r+plY1|S <oforr<n,ssn r+s<n+1,and p =2 0. Then

For integer n 2 1, assume EX < », E|Y1|n < », and

the nEh_cumulant of W(t) is

ACt)

kn(t) = Ant + B + .
(1+t)P

The function A(t) is of bounded total variation, is o(l) as t =+ =,

and if p 2 1 AL-1-:--)--belongs to the class L

? 1+t 1°

1.3 TRANSIENT RENEWAL PROCESSES

All of the quoted properties of renewal and cumulative pro-

cesses depend on the assumption that lim F(x) = 1. When
D G



lim F(x) = w < 1, they no longer hold. We allow X to take the value
X

"w! with probability 1 - w and when Xn = » we say the renewal pro-
cess ''dies' at time Sn-l' The probability an infinite lifetime

eventually occurs is

», some n} = Z P{Xl, e, X all finite; Xn = o}

P{Xn a-1
n=1

©

(1-w) T o™t =1, (1.3.1)
n=1

The process dies with probability one and is called a transient
renewal process for that reason.

If Xl, X cey XN(t)+1 are all finite, we say the process 1s

2’

"alive'" at time t. Let

A(t) = 1 if the process is alive at t

0 otherwise

and q(t) = P{A(t) = 1}.

q(t) = ¥ P{A(t) =1, N(t) = n}

n=0

t
w - F(t) + J [w-F(t-7)]JdH(T) =w- (1-w)H(t). (1.3.2)
0 :

As usual, H(t) = Z F(n)(t) and the integral equation H(t) =
n=1
t
F(t) + [ H(t-t)dF(t) is still true despite the transient nature of
0
the process. Note, however, that
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ot 2 (1.3.3)

lim H(t) = T

tor n=1

W18

We only expect to see —%a-renewals before the process dies.
The fact that q(t) - 0 as t +~ «» explains why the usual renewal
theoretic results fail to hold when F is defective. W(t) cannot be
defined satisfactorily and "asymptotic normality' makes no sense in
this case. Because H(t) is not asymptotically linear in t but con-
verges to a finite limit instead, a Key Renewal type result is not
possible. Rather than finding
l -,
Q(x-1)dH(T) ~ — Q(t)drt ,
0 M1 o
we find
X
f Q(x-1t)dH{(T) - 0 as x » =
0
for all functions Q satisfying the conditions of the Key Renewal
Theorem. Informally, for large t, dH(t) acts like "0-dt'" and not
like "u, " dt."

1.4 EXAMPLES OF TRANSIENT RENEWAL AND
CUMULATIVE PROCESSES

1. Time Until Ruin in Collective Risk Theory

Let the renewal process {Xi} represent times between claims
against an insurance company and let Yj be the value of the jth
claim. Assume that in the absence of claims, reserves increase at

the constant rate ¢ > 0 and that the company has initial assets u.
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The risk reserve at time t is

The company is ''ruined" at time t if R(t) < 0. Define
T = inf{t:R(t)<0} (1.4.1)

Cramer (1955), von Bahr (1974), Siegmund (1975), and others have
Je
studied T , the time of ruin.
Let
t)
Y

W(t) = N§
j=1

. - ct;

]

W(t) is a cumulative process with increments Yj - cxj. Ruin can occur
only at some regeneration point Sn when W(t) exceeds all of its pre-

vious values. Let Ll’ L . be the ladder random variables con-

2)

structed from the increments Yj - ch. That is,

I

1
L= ) (Y,-cX)
17 T
if I1 is the smallest integer making L1 positive. For n = 2, 3, ...,
Il+0é.+l
L = (Y, -¢cX. )
M kel #eeesl_  +1 k Xk
1 n-1

where In is the smallest integer making Ln positive. Ln is the sum

of In iid random variables; the L's are iid because the I's are.
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Associated with the L's is the renewal process {Zi},

I1+..u+In

Z
n

Xk n=2,3,

k=Il+---+In_1+1

Let M(t) be the renewal count for the process {Zi} and let

Mit)
W () = ) L,

k=1

be the increasing cumulative process built from the ladder variables.

. M(t)
P{t <t} = P{ Lk > ul. (1.4.2)
k=1
n
If E(Yl-cX) < 0, z (Yk-ch) attains a maximum with probability
k=1

one and then drifts toward -«, This means {Zi} and Wz(t) are transient
processes. In Chapter 4 we will suggest a way of coping with (1.4.2);
our results and methods are similar to those of von Bahr and Sieg-

mund .

2. Waiting Times for Long Gaps

Suppose the renewal process {Xi} is stopped at the first
appearance of an interval longer than L which is free of renewals.
Let F be the proper distribution of the X's and define W to be the
waiting time for such an interval. Let V(t) = P{W < t}. V(t) =0,

t < L. For t > L, the event {W's t} can occur in one of two ways.
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Either X, itself exceeds L or X, < L and the search for a long gap

1 1

begins again from the new starting point X1 and the event {W < t - Xl}

occurs. Thus

L

V(t) = 1-F(L) + [ V(t-t)dF(t), t>L. (1.4.3)
0
We can write
t
V(t) = v(t) + f V(t-t)dG(T) (1.4.4)
0

where G is a defective distribution defined by

G(t) = {F(t),tSL
F(L), t > L
and
v(t) = (0 , t <L
1 1-F(L), t > L
Hence
t
V{t) = v(t) + f V(t-T)dHG(T). (1.4.5)
0

Feller (1971) uses the notion of waiting for a large gap to
model the problem of a pedestrian trying to cross a stream of traffic.
Let the renewal process {Xi} be the gaps between successive cars.

In order to cross the street with safety, the pedestrian must wait
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for a gap of more than L seconds, say. The distribution of his
waiting time is given by (1.4.5).

V(t) may also be interpreted as the probability that the maxi-
mum lifetime or partial lifetime observed by time t exceeds L.

Lamperti (1961) has studied the problem from this point of view.

3. Lost Telephone Calls
Suppose that calls arriving at a telephone trunkline form a
Poisson process with intensity A. A call is placed at time 0. The
lengths of conversations are independent random variables with common
distribution F. Calls arriving during a busy period are lost; we are
interested in the waiting time W for the first lost call. We may
consider the renewal process {Xi} where Xi is the time between the
i-1st and ith calls so long as no calls arrive during the busy period
caused by the i-1§E_ca11; otherwise Xi = «» and the process stops.
The busy periods associated with the process have distribution
X
G(x) = f e MaF(1). (1.4.6)
0
The event {Xlsx} occurs when the call begun at time 0 lasts for some

time T £ x and a new call is received in the remaining time x - T.

Hence
X
J(x) = P{X;sx} = J [1-e (XD ye A T4p () (1.4.7)
0
lim J(x) = f e AR (1) = F*(A) =w < 1. (1.4.8)

X0 0
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We can study W, the waiting time for the first lost call, by
studying the transient process {Xi}. Let q(t) be the probability

the X process is alive at time t.
P{w>t} = q(t) = w - (l-w)HJ(t) (1.4.9)

by (1.3.2). Of course, we know that P{W>t} -~ 0 as t - =, but it
would be interesting to know the rate of this convergence. Results
obtained in Chapters 3 and 4 address this question. This example is

from problem 17, Chapter 6.13 of Feller (1971).

4. Generalized Type II Geiger Counters

Particles arriving at a generalized type II Geiger counter
constitute a Poisson process with intensity A. The nth particle
locks the counter for a time Tn and annuls the after-effects of all
preceding particles. Suppose the T's have common distribution B
and let Yi be the length of the ith locked period. Define Z(t) =
P{Y1>t}. The event {Y1>t} can result either because T, >t and no
particles arrive in (0,t] or because a particle arrives at some time

T < Tl’ T £ t and the locked period begun at T exceeds t - t. Thus

-t t -AT
Z(t) = e [1-B(t)] + J e [1-B(t)]1Z(t-T)dT. (1.4.10)
0
We may regard
F _ Jt -AT
(t) = [1-B(t)]re " dr (1.4.11)

0
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as a defective distribution and write

At t
Z(t) = e T{1-B(t)] + f Z(t-t)}dF(1) (1.4.12)
0
which implies
-At toxt-1) .
Z(t) = e T[1-B(t)] + J e [l-B(t-r)]dHF(r). (1.4.13)
0

To investigate the distribution of the locked periods, we must deal
with the transient renewal function HF(t). Also, if we are interested
in the renewal process {Xi} where Xi represents the time between the

beginning of the i-lgg and ith blocked periods, we see that

X
P{XISX} = [ Ke-AT[I-Z(X-T)]dT (1.4.14)
0

because X1 is the sum of the length of a locked period and the
waiting time for the arrival of the first particle after the counter
has become unlocked. Study of {Xi} requires coping with F and H.

This example is from problem 15, Chapter 11.10 of Feller (1971).

5. Age Dependent Branching Processes

A particle born at time 0 lives some random time and then splits
into k new particles with probability Gy > k=20,1, .... Its life-
time has distribution G; assume G(0+) = 0 and G(x) = 1. The new

particles develop independently of one another and of their time of
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birth; they have the same lifetime distribution and splitting proba-
bilities as the first one.

Let Z(t) be the.number of particles at time t and pr(t) =
P{Z(t) = r}. If Z(t) = 0, then Z(t+s) =0 for all s = 0; the

branching process becomes extinct. Define the generating functions

h(s) =

0 ~18

s and F(s,t) = J p_(t)st. (1.4.15)
148 =0 T

n=0

Bellman and Harris (1948) initiated the study of age dependent

branching processes and derived the equation

t
F(s,t) = J h[F(s,t-y)]dG(y) + s[1-G(t)]. (1.4.16)

0
Levinson (1960) proved that (1.4.16) has a unique solution
F(s,t) which is a generating function for each t and is the unique
bounded solution.
To investigate A(t), the expected number of particles at time

t, suppose a = h'(1l) < =.

3F(s,t)

Alt) = =55

t
= a[ A(t-y)dG(y) + 1 - G(t). (1.4.17)
s=1 0

Bondarenko (1960) has shown that if a < 1, po(t) +~1as t » =,
That is, the process becomes extinct with probability ome. In parti-
cular, consider the case o < 1. We may regard aoG(y) as a defective

distribution with corresponding renewal function Ha(Y)' Hence
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t

A(t) = 1-G(t) + L) [1-G(t-r)]dHa(r). (1.4.18) .
Depending upon our assumptions about the tail of G, we can find
different asymptotic estimates of A(t) by using the results of
Chapters 3 and 4. These estimates agree with those of Vinogradov
(1964) and Chistyakov (1964).

To study po(t) and u(t) = l-po(t), we need only notice that

po(t) = F(0,t). Thus equation (1.4.16) yields

t
py(t) = J hip,(t-y)1dG(y). (1.4.19)
0

Vinogradov and Chistyakov have derived asymptotic expressions for
u(t) from (1.4.19) by expanding h in a power series around 1 and

applying methods like those we will discuss in Chapters 3 and 4. .



CHAPTER 2

PRELIMINARY RESULTS ON TRANSIENT PROCESSES

2.1 INTRODUCTION

Our goal is to develop a theory for transient-renewal and cumu-
lative processes which parallels that for standard renewal and cumu-
lative processes. To ensure that it makes sense to talk about the
behavior of a transient process at time t, we will condition expecta-
tions and probabilities of interest upon {A(t) = 1}. We will study
questions of the following type:

1) Does P{A(t+s) = 1|A(t) = 1} have a limit as t = w?

2) Do P{ct5x|A(t) = 1} and P{ntSXIA(t) = 1} have limits which
are proper distributions in x?

3)  Is E[W(t)klA(t) = 1] asymptotically a kth degree poly-
nomial in t?

4) Is W(t) conditionally normal?

A brief examination of several of these questions will indicate
the types of expressions we must cope with if we are to answer these
queries satisfactorily.

Notice that

_ qt+s) _ H(=) - H(t+s)

P{A(t+s) |A(t)=1} = 5™ = (=) - H(Y)
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It is not difficult to derive the conditional distribution of

the backward delay. We have that

P{n,sx, A(t)=1} = } P{n_sx, A(t)=1, N(t)=n}
t n=0 t

© t
U(x-t) [U)-F(t)] + z J [w__F(t_T) ]dF(n) (T)

n=1 ‘t-x
t
= U(x-t) [w-F(t)] + f [w-F(t-1) JdH(T) .
t-x
Therefore
. t
U(x-t) [m—F(t)]-t-f [w-F(t-1)]dH(T)
P{n sx|A(t)=1} = (1-w)[H(m§:§(t)] . (2.1.1)

Taking W(t)

N(t) and k = 1 in question 3 leads us to investi-

gate E[N(t)|A(t) = 1]. But

EN(t)A(t) = E ) x(S_st, A(t)=1)
n=1

t (n) t
f q(t-1)dF™M (1) = f q(t-t)dH(1).
170 0

e~18

n

Hence

© [H(=)-H(t-1)]dH(x)

E[N(t) |A(t)=1] = f (2.1.2)

These examples demonstrate that to answer the questions posed

we must study F(«)-F(t), H(«)-H(t), and their relationship.
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2.2 THE TAIL OF H

We begin with a helpful lemma.

Lemma 2.1
q(t+s) 2 q(t)q(s) for all t,s > 0.
Proof:

Let Gt(x) = P{Cth}

q(t+s) = P{A(t+s)=1} = P{A(t+s)=1,ct35} + P{A(t+s)=1,;t>s}

s
J q(s-u)dG (u) + P{A(t+s) = 1, Ct>5}
0

i\

q(s) [G,(s) + P{A(t) =1, g.>s}] = a(s)a(t). N

It is well known (see, for example, Chapter 1 of Galambos and

Kotz (1978)) that if

Z o1iqm 9(trs)
v(s) tif o)

exists, then either
(1) w(s) = e 9% for some o > 0 or
(ii) Ww(s) is either 0 or 1 for all s > 0.

In fact, Lemma 2.1 shows that in case ii), ¥(s) = 1 because

v(s) 2 q(s) > 0.
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If lim ——=
T
moderate growth. All such functions have the property that

= 1 for all fixed s, £ is called a function of

t
f(t) ~ k exp {J a(u)du} ' (2.2.1)
0

where a(u) - 0 as u > », See Smith (1972).
Hence if y(s) exists, either H(«)-H(t) or ect[H(w)-H(t)] is
a function of moderate growth. When case i) obtains, if we fix

g > 0, there is a T(e) such that
T [H(=)-H(t)] < e for all t = T.

Thus if we choose any 0 < ¢ < 0 and fix € < ¢ - ¢,

fm et [H(=)-H(t) ]dt
0

T ct * -(o-c-e)t
< e " [H(«=)-H(t)]dt + e dt < = (2.2.2)
0 T
This ensures that both H and F have moments of all orders.
We shall see in Chapter 4 that ¢ is an important constant and
[ ecxdF(x) < 1. If the equality holds, we can salvage many
0 .
standard renewal theoretic results by conditioning arguments. How-
ever, if the inequality is strict, much less can be proved. But

regardless of whether F*Q-q)= 1 or F*G o)< 1, we have the following

lemma.

Lemma 2.2

q(t+s)
q(t)

Suppose ¢ is an integrable function on [0,x}. If > &%
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then

t d(t-1) o] X
lim J S WO = f e o (y)dy (2.2.3
L t-X

Proof:

Establish a partition of [t-x,t]:t-x = Yo €Y <ttt <y =t

Let min o(t-1) = ¢,
ijTSyj+l ]
max $(t-1) = ¢,
yjstsyj+1 )
Nil 5. H(y5+1)-H(¥j) HE=) _'H(yj) < Jt ¢ (t-1) dH(t)
o0 T3 HY - HGY (1-w) (H(=)-H(t)) = J._, q(t)
N-1 1) -HOY, =) - Hly,
s H(y,)-H0y ) H(=) - Hly,)
iko ©) H(®)- H(yj) (1-w) (H(=)-H(t))

As
H(«)-H(y. t-y.
o (=) (Yl) R eU( YJ)
> H(=)-H(t)
and
H(YJ+1)-H()’J) b1 - e'O(Yj+1'Yj);

H(“)-H(yj)
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this convergence is uniform since t - x < Yj < t. Thus for any

e < 0, we can choose t to be large enough to make

N-1 -o(y. .-y.) of(t-y.) t
= 0. {[l-e 31 7379e Tl ¢ J 2D gy
520 tox  a(®)
N-1 ~a(ly. ,-y.) o(t-y.)
< T%G' Y 9.{[l-e SALS le I+ el
j=0 J

Letting the mesh of the partition approach zero and noting that

qb(y)eCry is necessarily integrable on [0,x], we conclude

t t (t-1)
limj $(t-1)dH(1) =1L f o(t-1)e? " dr
-W
tro St-X t-Xx
o (¥ oy
- jo s(y)eVdy. 0
Corollary 2.1
¢ Alt*s) e %% then
q(t) ’
s (X
lim P{ntsxlA(t)=1} * 1 J [w—F(y)]ecydy = J(x). (2.2.4)
too 7o
Proof:
From (2.1.1), we have
t
Ux-t) [P (0)]+]  [o-F(e-0]an()
- = t-Xx
P{n <x|A(t)=1} = 6

The result follows directly.
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Corollary 2.2

If gé%%§1-+ e %%, then

-0X X
lim P{ZtSXIA(t)=1} = E§___ f e [1-F(y)]dy = L(x). (2.2.5)
oo ¢y

Proof:

P{c sx,A(t)=1} = L P{z <x,A(t)=1,N(t)=n}
n=0

© st
F(tex) - F(£) + ] J [F(t+x-1)-F(2-1) 1aF M (1)

n=1 ‘0
t+x t+x
= F(t+x)-F(x) + I F(t+x-t)dH(T) - f E(t+x-t)dH(T)
0 t
t
- J F(t-1)dH(7)
0
t+x
= F(t+x)-F(t)+H(t+x)-F(t+x) - f F(t+x-1)dH(T)-H(t)+F(t)
t

t+x
J [1-F(t+x-t)]dH(T).
t

Therefore

[1-F(t+x-1)]1dH (1)
q(t)

t+x
P{Ct$x|A(t)=1} = j (2.2.6)
X

Jt+x [1-F(t+x-1) ]dH(T) . q(t+x)

lim P{g <x[A(t)=1} = lim q(t+x) q(t)
t

too o
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ge % (X oy
= e [ e’ [1-F(y)ldy. a
1-w 0

We can rewrite the limiting distribution as

X
L(x) = (1-6) *{1-w-e %%+ %% J eV dF (y) +w-F(x)}. (2.2.7)
0
It is worth noting that J and L are distinct distributions. In
proper renewal theory, the forward and backward delays share the same
limiting distribution. In the transient setting, however, n is

t
asymptotically greater in distribution than Ly

Lemma 2.3

L{x) 2 J(x) for all x = 0.

Proof:

Q0

Using the fact that [ ecxdF(x) < 1, we have
0

]_e~0% -0x X
-e 2 (1-e ) {

e%%dF(2) + J e%%dF(2)}
0 X

x 00
> (1-e 7% f e9%dF(z) + J (e®*-1)dF(2).
0 X
Thus

1-e 9% + 7% J e®%dF(z) + w-F(x) = J
0

e%dF(z) + f e*dF (2)
0 v X
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X
<=> 1-¢ 9% 4 7% J e9%dF(z) + w-F(x) 2
’ 0

X ¢z o X
o} [ J eoydy dF(z) + c[ f eoydy dF(z) + w
0 x ‘0

X
c=> 1-w-e” % 4 e-cxf e92dF(z) + w-F(x) 2
0

X (o X
OJ [ ecde(z)dy =cf eoy[w-F(y)]dy.
0’y 9

From (2.2.4) and(2.2.7), we see L(x) 2 J(x). g

Much of proper renewal theory draws heavily upon the fact that
H(t) = EN(t) is asymtotically linear in t. In the transient situation,
if H(») - H(t) is a function of moderate growth, conditioning on
{A(t) = 1} will not help us develop an analogous theory. This is

because E[N(t)|A(t) = 1] is not asymptotically linear.

Lemma 2.4
If H(») - H(t) is a function of moderate growth, then

E[N(t) [A(t)=1]
t

+0

Proof:
From (2.1.2) we have
a(t-1)

t
E[N(t) |A(t)=1] = Jo -*a—ET—dH(T).
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H(x+1)-H(x)

LOE IR

Fix € > 0. There exists an N(g) such that

all x = N.

N ¢
E[N(t) |ACt)=1] = f at-1) 4oy +J aC=1) gy(oy.
0

q(t) N alt)
q(t-1) 1
By Lemma 2.1, E) < O Thus
’ t
_ (t-N) f dH (1)
E[N(t) |A(t)=1] < S—q(t) HN) + L e
But
r an(r)  LE Jj"l dH(T) _ 1 [‘i] H(j*+1)-H(3) . _te
N q(T) J=N J Cl(T) T l-w J=N H(w)-H(J) Tlew”
Hence
E[N(t) |A(t)=1]
- 0
t
since £ is arbitrary. a

2.3 THE RELATIONSHIP BETWEEN H(«)-H(t) AND F(=)-F(t)

We now turn to the relationship between the moments of F and
H and between the rates at which the tails of F and H approach O.
k

Let u, = xde(x) £ o and v, = x dH(x) 5 o,
k 0 k 0

The integral equation of renewal theory yields a simple rela-

tion between the Laplace-Stieltjes transforms of F and H.

(2.3.1)
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Lemma 2.5

H and F have the same number of finite moments.

Proof:

J xde(x) < =>J xde(x) < o
0

0
k dk *
Suppose fw x dF(x) < o, Then‘——E F (s) exists and is finite for
0 ds '

s 2 0. Hence

k k j k-j

d k, d * d 1

= H'(s) = 1 () == F (s) o (2.3.1)

ds j=0 7 ds ds 1-F*(s)

exists and is finite for s 2 0. (Note that F*(s) < w<1 for
s 2 0.) Therefore

dk

k

H* (s) = (-1)kvk is finite. 0
ds

s=0

From expression (2.3.1), we see that vk is a linear combination

m
of terms like cuy, °** u, where 2 k =k. 1In fact,
k k n
1 m n=1
"k
Ve T + terms involving products of lower order
(1-w) moments of F.

Because of this form, one might expect that if Mo = % then

X
f yT [H(=) -H(y) ]dy
1i 0 _ 1
im = .
X=»co Tr (l-w)z
y [F(®)-F(y)ldy

0

We will show that this is indeed the case.
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We begin with a variation on Feller's (1963) ratio limit

theoren.

Theorem 2.1
Let a(x) and b(x) be non-negative and non-increasing functions
of xe[0,») and define ¢(x) = xka(x) and ¢(x) = xkb(x), k > 0.

Suppose ¢O(s) and wo(s) exist for all s > 0. Then if we write

X X
o(x) = J ¢(y)dy and ¥(x) = J v(y)dy,
0 0
é%%%-+ @ as x » = if and only if
0
96£51-+ aas s =+ 0 (o < @),
v (s)
Proof I:
¢0(S)
Assume —6———-+ a as s > 0. Define
v (s)
-CcX X
¢§(X) = E—E—Eiizil ; ¢§(X) = [ 6L (y)dy
¢ (c/t) 0
and
-cX X
¢ECX) = 9—5—395351 ; Wi(X) = J w;(y)dy-
b (c/t) 0
Let
- o(t) _ -
lim v(o) = A <
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Then there is a sequence

8(t.)

® A
{tj} 4 such that W(tj) - X .

By Helly's Selection Theoren, 3 a subsequence {tj } such that
n

¢§. (x) 3 F,(x) and wi. x) 4 F,(x)

In In

where F. and F, are nondecreasing right continuous functions

1 2

bounded between O and 1. The continuity theorem for Laplace

transforms implies

0 % 0
c 0 c 0
Qt. (s) - Fl(s) and Wt. (s) - Fz(s).

In In

Upon calculating transforms, we see this means

0% (£ 10 €3
j 3
— - Fg(s) and —5—2— > FO(s). (2.3.2)
c 2
s¢ (;;—0 sY (E——J
Jn jn

We want to be sure that Flo(s) and on(s) are strictly greater than

zero for all s 2 0.

Note that
X
e-cytl.<+lyka(tj y)dy
cpc (x) = 0 n n
tj ® -cy k+1 k
n e “‘t. 7y a(tj y)dy

0 n n



- 32 -

e-cytk+1yka(t. y)dy
< 3 j

a1 - n n
J e_cyt¥+1yka(t. y)dy
0 Jn Jn
a(tj x)J e-cyykdy
> 1 - n xx
a(t. x) I ™Yy Kay
In 0
T'(k+1) x -cy k
[ k+1 - J € y dY]
C 0
=1 - X
J e Yy¥ay
0
=2 F(k+1)
X
ck+1 J e—cyykd}'
0

This is strictly positive for sufficiently large x.
Therefore Fl(x) > 0 for all large x and hence F?(s) > 0 for
all s 2 0. By exactly the same argument, Fg(s) > 0 for all s 2 0.

From (2.3.2) we see

0
G B 0
Jn I, F,7(s)
-
0,c+s 0, ¢ 0
] (t. ) b (Ef—J Fy(s)
In In

But by assumption, the product of these factors converges to 1 as

t. > =,
In
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F2°(s) = FO(s).

Hence Flo(s)

Let z > 1 be a continuity point of F(x). Then

c
Qtj (2)
n - 1
c
wt. (z)
In
And
0
o (2) 6 ()
In . In I
c 0, ¢ ’
Wt. (z) ] (ET_J
In In
i.e.,
z
f e Ve, o(t. y)dy
0 Jn Jn > a
z
f e Y. y(t. y)dy
0 In In
Thus
1
e Ve, o(t. y)dy
TIE 0 Jn Jn <a
z <
e J e Ve, y(t. y)dy
0 In In
_C 1
e f t. o(t. y)dy
Farone 0 Jn Jn
lim < a

z
e j t. v(t. y)dy
0 Jn Jn
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t.
-c Jn
e J p(u)du
Tim —2- <
N0 j
n
z f y(zu)du
0
%5
n
e~cf ¢ (u)du
TEE 0 <o
t.
N>

J
,k+l[ n ukb(zu)du
0

jn
J ¢(u)du
Tin — < &S X!
o ig
k
J u b(u)du
0
=> )\ £ eczk+1a

But ¢ is arbitrary and z is arbitrarily close to 1. Therefore

A £ a. By reversing the roles of ¢ and ¥ we will find

- Y¥(t) -1 . %(t)
lim < a => 1im 2 a.
oo o(t) E:;-W(t)
Hence
. 9(t)
lim IO

1t



Proof II:
We now assume that lim o(x) _ a.
¥(x)
X->0
Let
0
Tim ¢0(5) r
s+0 ¢ (s)
Let
0.c
¢ (ETJ,
{t.} + = be such that Y
J W0 S
t.
J

We can select a subsequence {tj } such that
n

o(xt. ) W(xtj )

n
T-(—t-;i-—) Fl (X) and

for 0 £ x <1

8 (xt) ¥ (xt)
3oy 2 v

point of both F1 and FZ'

because

d(xt. ) ¥(t. )
In ] In -1
W(xtjn) ®(tjn)

= lim
N>

Thus Fl(x)

Fz(x) = F(x).

(2.

are d.f's on [0,1]. Let x be a continuity

.3)
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We want to be certain that F*(s) > 0. Note that

x/2 x , k+1
k 1 k
2(3) = yady = | (3 va(mdv =
2 2 2
0 0
k+1 (x k+1
1 k 1
) va(v)dv = (3) o(x)
2 2
0
%
1 ?(— 1 K+ *
F(Ea = lim ) 2 (EJ Hence F (s) > 0.
n->o j
n
By the continuity theorem,
-CcXx
1 € d@(xtj )
n
d(t. )
0 g
*
and +~ F (¢)
-cx
1 © dW(xtj )
n
0 W(tj )
n
and their ratio converges to 1. Thus we see
1 -cx k+1 k
J e t. X a(xtj Ydx <I>(tj )
9 n L - LI (2.3.4)
1 -cx k+1 Xk ¥t )
f e t. X b(xt, )dx In
0 In Jn



Consider

m+1

® _ex k 2 k 2 -cx_k
j e X xta(xt, )dx = J e Fxfa(xt, Ydx + ) J e “x a(xt., )dx.
0 In 0 In m=1 oM In

Let
X
u=-—m
2
Then
m+1
2 2 m
f , e-cxxka(xt. Ydx = J e ? cu(2k+1)muk a(2™ut. )du
m Jn 1 In
2
k+l.m 2 —[2m—1]cu -cu k
< (2 ) j e e u a(ut, )du
1 In
k+l.m -[Zm—l]c 2 -cu _k
s (27 7) e e u a(ut. )du.
1 In
But

2 1
J ¢~SU K a(ut. )du = [ ¢~ 2Cu k1L K a(2ut. )du
1 In 1/2 In

1
< okl e_c/2 J e-cuuka(ut. Ydu
1/2 In

< 2 uka(utj )du.

k+1 -c/2 Jl -cu
e e
0 n
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Thus

J e X xk a(xt. )dx s
0 J

1 . © m
J e CX xk a(xtj )dx{1 + 2k+1e_c/2[1 + 3 (2]“'1)me~[2 —1]C]}
0

n m=1
Q. c o
o (ET_Q f e-cxtl?“1 xk a(xt. )dx
Jn - 0 Jn Jn
0, ¢ o
v (t. ) J e-cxtlf+1 xk b(xt. )dx
In 0 n Jn
- n 'cxxka(xtj )dx
< {1+ 2k+le-c/2[1+_z (2k+1)me7[2 —l]c]} g n__
m=1 f e-cxxkb(xt. Ydx
0 Jn

From (2.3.4), we conclude

© m
\< {1+ 21(+1e-c/2[1 . (2k+1)me-[2 -l]c]}a.

m=1

By letting ¢ + =, we see A £ a.

Reversing the roles of ¢ and ¥, we will discover

¢0(S) S

lim 5 > a and the conclusion follows. O
s>0 ¢ (s)

In order to apply Theorem 2.1,.we derive a relation between

the tails of H and F.
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t
H(t) = E(t) + J F(t-T)dH(7)
0
2 t
=> H(*)-H(t) = F(x)-F(t) + [P f F(t-t)dH(T)

0

= F(»)-F(t) + w[H(«)-H(t)+H(t)] - ft F(t-1)dH(T)

0
Thus
t
(1-w) [H(=)-H(t)] = F(=)-F(t) + f [w-F(t-T)]dH(T)
0
and hence
(1-w re'St[(H(m)-H(t)}dt
0
® st t st
= J e >Y[F(»)-F(t)]dt + fm J e S [F(=)-F(t-1) ]dH(1)dt
0 0’0
= J e ST [F(=)-F(t)]dt + f e ST Jme-s(t—T)[F(m)-F(t-r]dth(r).
0 0 T
Therefore
(1-w Jm e St [H(=)-H(t)]dt
0
={J e SY[F(w)-F(t)]dt} {1 + fw e Stan(n)} (2.3.5)
0 0
fm e St [H(=)-H(t) ]dt
= 1im 2 - 1 (2.3.6)

s-0 (l-m)2

e ST [F(=)-F(t)]dt
0
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This is true regardless of whether F and H have finite first moments. ‘
Suppose Wy < « but Hop1 =% (n=0, 1, ...). Then
(1-w) [ tne—St[H(w)-H(t)]dt
0

n e
-0 (- & JO &S [H(=) -H(t) Jdt

n 0 . .
) {[ te S [F(=)-F(t) 1dt} {x(j=n) + ft“‘Je'Sthcm
j=0 0 0

by (2.3.5). Thus

[wtne-St[H(w)-H(t)]dt 1+ f e StaH(t)
0 - 0 "'
n_-st 1-u
tPe ST [F(=)-F(t)]dt
0
el sst ® n-j -st
y (.){J tde 3 [F(=)-F(t) ]dt} {J t" e aH () }
Li=0 7 Yo 0
(1-w) f t%e ST [F(=)-F(t)]dt
0
Therefore
fw t"e ST [H(=)-H(t) ]dt
lin - (2.3.7)
s+0 f tne'St[F(w)—F(t)]dt (1-w)
0
Hence if Hoel is the first infinite moment of F (n =0, 1, ...), .

then by (2.3.7) and Theorem 2.1,
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X
y" [H(=)-H(y) ]dy
. 0 1
lim - = >
= YR -F Iy )
0
Lemma 2.6

Suppose f t"™! Gp(t) =® (@ =0, 1, ...). Then

X
t™[H (=) -H(t) ]dt
. 0 1
lim = >
xao % n (1-w)
0 t [F(»)-F(t)]dt

for every integer m 2 n.

Proof:
From the previous discussion we know that there is an integer

nO < n such that

f tno+1 dF(t) = =  and

0
n
fm e St O[H(m)-H(t)]dt
. 0 1
lim = .
50 -st n0 (1-w)2
e "t [F(»)-F(t)]dt

0
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As a result,

J e St O[H(w) H(t)]dt
51- 0 -0 as s » 0;

ds n
Jw e 5% Orr(=)-F(t)]dt
0

i.e.,

n.+1
fw e St 0 [H(=)-H(t)]dt
0

f -5t 0 [p wy R (1) 14t
0

n_ +1
f“ oSty O[H(w) HE) Jdt I“ o-st, 0" [F(=)-F(t)]dt
0 0

n
{Jw e St 0[F(w)-F(t)]dt} 2
0

+ 0.

Consider

n. +1
Jm e 5% O [H(w)-H(t)]dt
0

0 n_+1
f e 5% O [r(=)-F(t)]dt
0

fn e t [H(w)-H(t)]dt fm e St O[F(w) F(t)]dt
0

Jw -st n0+1

o

fw e St O[F(w) F(t)]dt e 5% Y [F(=)-F(t)]dt
0

o

n +1

0 n
f e 5% OH(=)-H(t)]dt [me_Stt O [F(=)-F(t)]dt
= (2 0 o)} x
{J e 5% O[F(=)-F(t)]dt} 2
0
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J e "t O[F(=)-F(t)]dt
0 .

f” e 5t O [F(e)-F(t)]dt
0

o n
J e 5% O[H(=)-H(t)]dt

(=]

n
e-stt 0

[F(=)-F(t)]dt

- + o(1){2

n
e St O[F(e)-F(t)]dt

SE.

0

Therefore

n_ +1
® 5% 0 [H(=)-H(t)]dt
0 1

e

lim i

M1 oSt 0 Ry -B(t) ]dt

By induction,

fm e St M [H(=) -H(t) ]dt
. Jo 1
lim =

2
Ol et R Jae (W)

0

for every integer m 2 n.

And now Theorem 1 ensures the result.

Lemma 2.7

Lig BEI-HEO o1

;‘_;F(m)-F(X) - (l_w)Z

(l-w)?

-st

t

n0+1

[F(=)-F(t)dt
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Proof:

™-F )™ F 0™ F ™ (0]
1

H(=)-H(x)

n
We~18

n

W F(x) . _F(x)
T 1-w  1-F(x) 1-F(x)

- H(x).

w F(x)
H(=)-H(x) , 1-w ~ I-F(x) _ w - F(x)

F(=)-F(x) = wF(x) © (1-w) (1-F(x)) (w-F(x)) ~

Therefore

. H(»)-H(x) 1
lim >
;(—_):; F(w)—F(X) (1"(0)

> -

Lemma 2.8

If uj = » for some j 2 1, then

. OH(=)-H(x) _ 1
ORI

X -w)

Proof:

From Lemma 2.6, we have

X i1
t? T [H(=)-H(t) ]dt

].im ) = 5
37 [ (=)-F () ]dt (1-w)

1
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. Since both the numerator and the denominator diverge, this can be

true only if

g H-HGO) |1

;(—;; F(m)-F(X) - (1'1.0)2

In the next chapter, we shall see that if

H(=)-H(x) _ _1

lim = )
X0 F(‘”)-F(X) (1—(0)2

then conditioning on {A(t) = 1} has no ultimate effect on the
behavior of the renewal process. Thus this last lemma tells us that

if F has an infinite moment and is well enough behaved to ensure

@ Lip HC-H(E)

im
o F(=)-F(t)

exists, then it is hopeless to try to develop a theory paralleling

standard renewal theory by conditioning on {A(t) = 1}.



CHAPTER 3

THE SUB-EXPONENTIAL CASE

3.1 DEFINITIONS AND BACKGROUND

We need to know when lim g%:%:g%ig - 1

. (1-w)?

and the ramifications -

of this equality. Some preliminary definitions are required.
Let G be a proper distribution on (0,«) such that G(0*)=0 and
G(x) <1 for 0 < x < =». G belongs to S, the sub-exponential class

of distributions, if

1-63 ) .

lim =3 = 2. (3.1.1)

X0

The class S was introduced by Chistyakov (1964); he found it useful

in studying branching processes.

Lemma A (Chistyakov)

1-G(x+s)

m—=lforalls<w.

If G ¢ S, then lim
X

00

Because 1-G(x) is a function of moderate growth,

X
1-G(x) ~ k exp{-f a(u)du}
0

where a(u) 2 0 and a(u) -~ 0. Hence

eSt[l-G(t)] > as t » « for all s > O,
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The fact that the tail of G converges to O more slowly than any

exponential function explains the label "'sub-exponential."

Lemma B (Chistyakov)

If G € S, then

1-¢

lim —T:ETET—— =

X0

k. (3.1.2)

Athreya and Ney (1972) have also used the class S to deal with

branching processes and have proved the following useful lemma.

Lemma C (Athreya and Ney)
If G ¢ S, then given any ¢ >0, there is a D < = such that

(n)
1-G (x) n
BECOR < D(1l+¢g)

for all n and x.
Teugels (1975) used these lemmas to prove an important theorem

for transient renewal processes.

Theorem A (Teugels)

If F(») = w < 1, the following statements are equivalent.
. -1
(i) F(») "F(x) € S

(ii) H(=) PH(x) € S

H(=)-H(x) _ 1
ORI NN

(iii) 1lim

X
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Chistyakov's result on the expected number of particles at
time t in an age-dependent branching process is now an easy conse-
quence of Theorem A. From equation (1.4.18) we have

t
A(t) = 1-G(t) + (o [1-G(t-r)]dHa(r)

where Ha is the transient renewal function corresponding to the

defective distribution aG. Evaluating the integral, we find
-1
A(t) =1 - (o -I)Ha(t)

or

O a-(l-a)Ha(t) R (5.1
1-G(t) a-aG(t) l-a T

as t > © if and only if G ¢ S.

We shall see that when m—lF(x) € S, the resulting transient
renewal process has remarkable properties. It is worth noting, |
therefore, that distributions of this type can he quite simple in

form. For example, w-lF(x) € S if
(1) w-F(x) ~x*L(x), « 2 0 and L is slowly varying.
(i) w-F(x) ~ k exp{-x®}, 0 < 8 < 1.
(1ii) w-F(x) ~ k exp {x(logx) %}, & > 1.

However, if B < 1 in (iii), w-lF(x) ¢ S. (See Teugels (1975).)
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3.2 PROPERTIES OF TRANSIENT RENEWAL PROCESSES WHEN w-lF(x) )

Conditioning on {A(t) = 1} focuses on only those processes
alive at time t. One feels intuitively that if the process is alive
at t, it should be behaving like an ordinary renewal process. In-
tuition is far from correct, however, when w-lF(x) is a sub-exponential
distribution. In fact, many limit results are the same regardless

of whether one conditions on {A(t) = 1}.

Lemma 3.1

If w 'E(x) € S, then

wk(l-w).

lim P{N(t) = k|A(t) = 1} = 1lim P{N(t)=k}

tooo £+

Proof:

t
[-F(t-1)]dF &) (1)

P{N(t)=k, A(t)=1} = J
0

FF (2 - PR D gy, (3.2.1)

Thus

x) (k+1)
i ) _ wF " (t)-F (t)
PIN(E) = k|A(Y) = 1} = A=) A ]

WL R D) oy p () (4]
(1-w) [H(=)-H(t) ]

wk+1-F(k+1)(t) w[wk-F(k)(t)]} w-F(t)

=TT T e (e [ A
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- {(k+1)wk - kwk}(l—w) = wk(l-w), (3.2.2)

by Lemma B and Theorem A. But

pIN(t) = k} = FO gy - FOM D) gy & K piy (3.2.3)

O

If N(t) is the renewal count for a proper renewal process, then

lim P{N(t) = k} = 0 for all fixed k.

t>oo
Thus this simple lemma warns us that even those transient processes
alive at time t do not behave like proper processes. The fact that

N(t) is not growing large as t increases is reflected in the asymptotic

properties of the forward and backward delays and in XN(t)+1’ the
lifetime spanning time t.
Lemma 3.2
1>{xN(t)+1 > t|A(t) = 1} > 1 as t » =,
Proof:
P{)(N(t)+1 > t, A(t) = 1}
= P{N(t) = 0, A(t) = 1} + J P{N(t)=n, X 1>t A(t)=1}

n=1

-] t (
w-F(t) + J f [w-F(t)]dF™ (1)
n=1 ‘0

=[w-F(t) ] [1+H(t)]. (3.2.4)
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Hence
tig Py eye1 > t]A(t) =
- lin [ w-F(t) 1[1+H('C)] . (- w) (3.2.5)
toee H(®)- -H(t)" (1- )2
0

Therefore, if the process is alive at some distant time t, this
seems to be because one of the lifetimes begun prior to the instant
t is itself longer than t. Evidently we have not observed a large
number of moderate lifetimes; processes built up of many such
""reasonable' X's would have died before reaching time t.

Given this result about xN(t)+1 =7, + Ct’ it is not surprising

t

that the forward and backward delays have degenerate limiting distri-

butions. From (2.2.6),

Jt*x [1-F(t+x-1) JdH ()

lim P{z,sx|A(t)=1} = lim . (o) [H)-H®)]

too t>oo

H(t+x)-H(t)

(1-w) [H(=)-H(t)] = 0 for all fixed x.

< 11

Similarly, (2.1.1) yields

t
. 11 = 1 [w-F(t-1)]dH(T)
iig P{n sx|A(t)=1} iig ft_x(l-w)[ﬂ(w)—H(t)]

. H(t)-H(t-x)
S 1o UM THayoED

too

= 0 for all fixed x.

Before studying Ct and n,_ more closely, we prove a simple lemma.

t
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Lemma 3.3
Suppose G € S. Then for any € > 0 and integer k, there exists

a A(e,k) such that

t
. 1-G(t-1)] (k)
lim J (2o g6t () < e . (3.2.6)
om 1y 1-G(D)

Proof:

Choose A(e,k) such that G(k)(A) > 1-e. We know

(k) (k+1) t
. G (1)-G () _ , _ . J [1-G(t-1)] (k)
lim =1 = 1im 2 dG (t) (3.2.7)
torco 1-G(t) o0 10 1-G(t)
and
A
J ll:%éé%%%l-dcck)(r) > ¢®ay > 1-c. 0
0
Lemma 3.4
Suppose m-lF(x) € S. Then
iicn: P{n st-c|A(t)=1, N(t)21} = ﬁ%)— .
Proof:
t
Pin, < t-c, A(t)=1} = J [w-F(t-1)]dH(T) (3.2.8)
c
while
t
P{A(t)=1, N(t)=21} = J [w-F(t-1)]dH(T) = F(t)-(1l-w)H(t).
: 0

(3.2.9)
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Note that
L - (LwH(D)  _ u- (Low)H(D) - [0-F(8)] -
oo F(t)-(1-w)H(t) w-(1-w)H(t)

= {1 - (l-w)}-l = w-l.

Thus

P{ntSt-clA(t)=l, N(t)21}

_ Jt [w-F(t-1) JdH(t) _ w - (1-w)H(t)
¢ (1-w) [H(=)-H(t)] F(t)-(1-w)H(t) ~

Choose ¢ > 0. Then there is some A(e) > c such that

t ,
w-F(t-1) <
[A o) H= AT D <

by Lemma 3.3. Hence

[w-F(t-c) J[H(8)-H(e)] _ Jt [w-F (t-1) JdH(z)
(T H-AEO] ), T EE-HD)]

. [w-F(t-8)] [H(8)-H()]
* - A=) -H(D)]

€.

But

lim w-F(t-s)

Hn Ty (=) Ao T

(3.2.10)

(3.2.11)

(3.2.12)

for all fixed s and ¢ is arbitrarily small while A is as large as
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we like. Therefore

t
. [w=-F(t-1) ]dH(T) - (1. o)
1i2 fc EDICIORIO) (1-w) [H(=)-H(c)]. (3.2.13)
The conclusion follows from (3.2.10), (3.2.11), and (3.2.13).

a
Lemma 3.5

If w-F(x) ~ x *L(x), then

Pl sat|A(t)=1} + 1-(1+A)™% for A > 0.

Proof:
x-aL(x)

By Theorem A, H(«)-H(x) ~ >
(1-w)

C*N) [ peart-y]dH(y)
. (I-w) [H(=)-H(t) ]

P{;tskt]A(t)=1} =I

(3.2.14)

o HE+At)-H(t) | ft(l+k) (w-F(t+rt-v) 144 (y)
H(=)-H(t) ¢ (1-w) [H(=)-H(t)]

Now

Lip HOEAD-H(E) _ | . H(®)-H(t+At)

= 0 Te
e H(®)-H(T) - om  B-HE) 1-(1+2) (3.2.15)

while

Jt(l"')\) [w-F(t+At-y) JdH(y)
. (1-w) [H(=)-H(t)]

lim
torx
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S ENCIORHEY

I

H(=) -H(t*\t) EHAL 4 (@) -H(t+At-y) dH(y)
H(=) -H(t+*At)

0 by Lemma 3.3. (3.2.16)

g

To study the moments of N(t), we begin by finding expressions
for these moments. The factorial polynomial x(n) is defined as
X = x{x-1)e+e*(x-n+l); x =1 (n=0, 1, 2, ...). Stirling's
(my = XD e Genel)s x =1 ) g

. n .
numbers of the second kind are used to express x as a linear

combination of factorial powers of x no higher than the nth.

n

X=Xy T2k T T Ty
Lemma 3.6
E— K . .
a)  EN(fa) = 7 j!tkj[wH(J)(t)-(l-w)H(J+l)(t)] and
=1
K .
by EN@)F = T j!tij(J)(t)
=1

where the tkj's are Stirling's numbers of the second kind.

Proof:

o t
a) EN(fa) = § o J [w-F(t-7) ]dE ™ (1)
n=1 0

= 21 n®[oF (™ (1) -F* ) (1)) (3.2.17)
n=

=> L{EN(t)kA(t)} = [w-F*(s)] z nkF*(s)n. (3.2.18)
n=1
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k
= f

t,.n,.,, SO we can write
; kj (3)

1

k ©
k * * n
L{EN(t)"A(t)} = [w-F (s)] ) t,.. ) n,. F(s)
j=1 kI 425 (j)

K

)

[w-F (s)]

t F*(s)d T n,. F*(s)™
j=1 K n=j ()

1

Kk . .
o-F ()] 131 F () (-F ()7
&1

i
([ e

1 j:tkj[m-F*(s)]H*(.s)j[1-1:*(5)]‘1. ' (3.2.19) ®

J

’ * * *
From the equation H (s) = F (s)[l+H (s)], we see that

(1-F (s))(1+H (s)) = 1. Hence
[w-F ($)][1-F ()]} = w - (1-w)H (s). (3.2.20)

Substituting the expression in (3.2.20) into (3.2.19), we find
k B . * 0J *  j+1
L{EN(t) A(t)} = ¥ J!tjk{wH (s)?-(1-w)H (s)’ °}
. j=1
and hence

EN(e) A(e) = § e e () - (et (1) (3.2.21)
=1 ’ ®
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o t
b) EN@O)< = T J [1-F(t-7)]dF ™ (1)
=1

= 7 afE® (- rt ) () (3.2.22)
n=1

Therefore

LENDS) = [1-FT ()1 T ofE ()"

n=1
k .
, j
= ¥ jit .H (s)’ from (3.2.19).
& kj
j=1
Hence
k_ ¥ (3)
EN(E)S = ¥ jre  HY (o). (3.2.23)
. kj
j=1
0
Theorem 3.1

k kS
lim E[N(t) |A(t) = 1] = lim EN(t) = ] j!'t A Som

to to j

only if m-lF(x) € S.

Proof:

(i) Suppose m-lF(x) € S. Then H(w)-lH(x) € S and by Lemma B,

n
(2 - ™o onel
H(=)-H(T) > n(y ) n=l, 2, ... (3.2.24)
Thus
(3.2.25)
HW ) awuW | W ™t o(1).

H(=)-H(t) = q(t) i (1-0)" gt ) (1-)™
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. . w
Multiplying by 1o » %e have

(n) n+i n
wH™ 7 (t) _ w NI (3.2.26)

At ) 1-o)®

Taking n = k in (3.2.26) and n = k+1 in (3.2.25) and subtracting, we

find

o™ (1) - (g

q(t) (1-w)X

.2.27)

(73]

+ o(1). (

Therefore

k (i) (3+1)
lim E[N(t)klA(t)=1] = lim § e, (B (t)-(l-w)H (t)

k j k .
. W . . (j)
= 1§t (=) =1lim ] j!t HY(¢t)
i=1 ki l-w tow j=1 kj
= lim EN(t)k by (3.2.21) and (3.2.23).
tow
(i1) Now suppose
k K W ]
lim E[N(t) |A(t)=1] = J it ()
oo j=1 J
Taking k = 1, we have
t ]
[H(=)-H(t-1) JdH(T) w
f f(=) -H(t) 1o by (2.1.2).

0
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That is,

e 2w P () HE HE@HE | o
A=) -AD) H= A 1w

But then

() 219 (1) L 2w
H(=)-H(t) I-w ’

which is equivalent to saying H(w)“lH(t) e S. Theorem A implies
m’lF(t) e S as well. a
Smith (1959) has shown that when {Xi} is a proper renewal pro-
cess E[N(t)k] is asymptotically a kth degree polynomial in t.
However, when {Xi} is transient and m-lF(x) e S, the moments of
N(t) converge to finite values, even when we restrict our attention
to moments of processes alive at t. This is an important discrepancy.
For example, many of the standard renewal theoretic results cited in
Chapter 1 are direct outgrowths of the Key Renewal Theorem, which
depends in turn on the approximate linearity of H(t) = EN(t). Our
efforts to recover these standard results in the transient setting
by conditioning on {A(t) = 1} are completely fruitless when
m_lF(x) € S because E[N(t)|A(t)=1] ~ T%E .
In the sub-exponential case, conditioning on {A(t) = 1} seems
to have little effect on the long term properties of the transient
process.‘ We have seen, for example, that

1im(P{N(t)=k|A(t)=1} - P{N(t)=k}) =0

tr
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and

1mEN© X |A)=1] - ENEDX]) = 0.

{roo
This is particularly surprising in light of later chapters, where
we shall see that when the tail of F decreases exponentially, the
conditioning scheme is very effective in developing a theory paral-

leling the standard renewél theory.



CHAPTER 4

THE EXPONENTIAL CASE

4.1 THE PROPER DISTRIBUTION F

Suppose

lim 9&%%§l = y(s) = e°°, g>0.

Tt

Then, as we recall from Chapter 2, eot[H(m)-H(t)] is a function of

moderate growth and J eCt[H(m)—H(t)]dt < » for all ¢ < ¢. The tail
0
of H (and of F) now falls off exponentially, in contrast with the

sub-exponential case examined in the last chapter.

We can take -s = ¢ < ¢ in (2.3.5) and conclude

O

eCt[F(WJ—F(t)]dt}{l+J e“taH (1)}

Le~]

(l-w)Jcn eCt[H(w)-H(t)]dt ={f
0 L

0 0
or o
(1-w)| eSE[H(=)-H(t)]dt
ct ‘0
fw e” [F(»)-F(t)]dt = — . (4.1.1)
0 (1-w)'1 + cJ et [H(=) -H(t) ]1dt
0

Now either

1]
=

< oo

a) lim J et [H(=)-H(t) ]dt
cto ‘0

or

i
8

b)  lim J e [H(=) -H(t)]dt
cto ‘0
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When a) holds,

lim fw et [F(=)-F(t)]dt = —illﬂ%%———
cto ‘0 (l-w) “+0

= [ T [F(=)-F(t)]dt (4.1.2)
0

by the Monotone Convergence Theorem.

However, if the integral diverges and b) obtains, then

lim J ST [F(=) -F(t)]dt = (129
cto ‘0 °
= f 9T [F(=) -F(t)]dt. (4.1.3)
0

0f course

J eot[F(m)-F(t)]dt - F(9-0

0 g
and hence either
* l-w
a) F (-0) = + w<l

or

b) F (-0)

il
i
.



Lemma 4.1

- *
If q(t) ~ ke ct, then F (-0) = 1.

Proof:

If q(t) = (l-w) [H(=)-H(t)] ~ ke "7,

lim fm T [H(») -H(t)]dt =
cto ‘0

and the result follows from the previous discussion. g
*
Suppose that F (-0) = 1. Then we can define the proper distri-

bution F by
dF(x) = e”*dF(x). (4.1.3)

Write E and P for expectations and probabilities with respect to

this distribution; let ﬁk = EX < o,

We say that a stochastic process G(t) is natural if its distri-

bution depends only on t and Xl’ XZ’ Cumulative pro-

° XN(t)+l'
cesses are therefore natural. G(t) is a proper process defined for

~

all t if X, ~ F; it is transient if Xl ~ F. The proper and transient

processes are said to be equivalent and their expected values are

related.

-cS ©
fe NB)*lgey - ¥

f G(t,x
n=0 ‘{N(t)=n}

l""’xn+l)

—O’(X1+° . .+xn+l)

e dF(xl)---dF(xn+l)
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G(t,xl,--',xn+l)dF(xl)---dF(xn+1).

L [
n=0’ {N(t)=n}
(4.1.4)

In the right hand side of (4.1.4), G(t) is a transient process.
However, the expression is well-defined because on each set

{N(t)=n},Xl+---+ant<w and Xn+l<m since we are integrating with

respect to dF(xn+l). Thus the process G is alive at time t.
Remembering that SN(t)+1 = t+ct, we can rewrite (4.1.4) as
-0z
e %8e  tG(t) = EG(t)A(L). (4.1.5)
Lemma 4.2
* ~ ® ox (1-w)e ot
If F (-0) =1 and u, = J xe dF(x) < =, then q(t) ~ ~—%——
1 ou
0 1
Proof:
Let G(t) 2 1 in (4.1.5). Then
-gtx 95
e %%e T - q(r). (4.1.6)
From (1.1.13),
. -0z, N
lim Ee °© = é:9-= *(c). 0
too !

*
We shall assume thatF (-¢)=1 throughout the remainder of this
chapter and in the next two chapters. Equations (4.1.5) and (4.1.6)

yield

Ee ‘o(e)
_17 - Ee t
E[G(t) [A(t)=1] o,

Ee

(4.1.7)
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Suppose G(t) is a cumulative process. Then the right hand side
of (4.1.7) involves G(t), a proper process built up from N(t) inde-
pendent random variables and some extra piece unlikely to affect the
distribution of G(t) substantively for large t, and Cpo the time from
t until the next event. In a loose sense, [ is determined by local
X's around time t while G(t) depends on all tours up to time t. We
are led to consider the circgmstances when

-0¢

~ t
Ee__ﬂz)__éc(t) >0 as t - (4.1.8)

for when (4.1.8) holds, we have
E[G(t)]A(t)=1] - EG(t) 0 as t + = (4.1.9)

and we can apply our considerable knowledge about éG(t) to the

transient process.

4.2 THE ASYMPTOTIC INDEPENDENCE OF g _ AND G(t)

The notions of sluggish events and processes are helpful in
finding conditions guaranteeing that (4.1.9) holds. An event A(t)
is sluggish if P{x(A(t)) # x(A(t+T))} > 0 as t » = for all fixed
T > 0. A(t) is natural if x(A(t)) is a natural process. The
following unpublished theorem is a major step toward the desired

conditions assuring the asymptotic independence of G(t) and [y

Theorem B (Smith)

Suppose A(t) is a sluggish and natural event. Then if
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ﬁ{gth,A(c)} - R(x)P{A(t)} » 0 as t + =, (4.2.1)

Proof:

Let GA (y) = ﬁ{ctsy,A(t)} and choose ¢ > 0.
t

Plc,, sx,A(D)) = P{g st+T,A(t) }

t+ e+t XSy (1) +1

+ P{Ct+Tsx’SN(t)+l>t+T’A(t)}

P{z

#

t+TSX’CtST’A(t)} + P{T<CtST+X,A(t)}

JT - T+X
= P{g_ _sx}dG, (y) + j dG, (y) (4.2.2)
0 Ty At T At

We know that when p. < =, lim ﬁ{ctsx} = ﬁ(x), a continuous distri-
torx

1

bution function. Thus the convergence is uniform with respect to

X. Hence there is some T(e) such that
]ﬁ{;tSX} -K(x) |<e for all x
whenever t 2 T. Let t = 2T in (4.2.2). Then

2T 2T+x

(y)+f dG, 69 (4.2.3)

P{Ct+2TSx,A(t)} = f - .

P{;ZT_ysx}dGA

0 t

T~ {o0]
< P{c <x}dG, (y) + J dG, (¥)
fo 2T-y At T At

s[K(x)+e]P{A(t)} + P{g >T}
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< [X(x)+e]PLA(E)} + 1-K(T)+e.

But for sufficiently large T, 1-K(T) < € and thus

~

P{c K(x)P{A(t)} + 3e. (4.2.4)

[7aY

t+2Tsx,A(t)}

(4.2.3) also yields

P{;t+2T5x,A(t)}

v

[R(x)-€]G, (T) = [R(x)-e] [P{A(t) -P{A(t),c,>T}]
. ¢

v

K()B{ACt)} - PLA(R),c >T}-e

K(x)P{A(t)} - [L-K(T)+e]-¢

i%

> R(x)P{A(t)}-3¢. (4.2.5)

Therefore
IIE‘ﬁ{;t+2T5x,A(t)}-k(x)ﬁ{A(t)} <3e(T) (4.2.6)

1t

where €(T)+0 as T-=. Because A(t) is sluggish,

P{ct+2T5x,A(t)}—P{;t+2T5x,A(t+2T} + 0

and

P{a(t)} - P{A(t+2T)} - 0.
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Therefore

1im|P{z
e

sx,A(t+2T)}—k(x)ﬁ{A(t+2T)}’

t+2T

= 1im|P{zg <x,A(t) }-T(x)P{A(t) }] < 3e(T).

toe

t+2T

That is,
ﬁ{cth,A(t)}-K(x)ﬁ{A(t)} +~ 0 as t > =, d

Corollary 4.1

If A(t) is a sluggish and natural event and ﬁl < =, then

_OC

~ t
Ee _Oé(A(t)) - P{A(t)} + 0. (4.2.7)
t
Ee

Proof:
-oct
Choose €>0. There exists an N such that if ;tzN, e <g.

Let BN = {ct<N}.

-0z -0z

- t . ~0%
Ee x (Alt)) =Ee

t

tx(A(t)nBN) + Be  “X(A(t)nB") (4.2.8)

. 0%y c
Ee  “x(A(t)B) < e. (4.2.9)

Establish a partition 0 = x <x1<---<xn=N with mesh m.

0




- 69 -

By Theorem B

|
n-1

-cxj+1~ N )
BLA(E)}R(xy, )-R(x;)1) 2 0

-0z
lim {Ee tx(A(t)nBN)- Y e
Lo j=0
(4.2.10)
n-1 -ox. . . . -oct
. lim § e JBIA()}[R(xy,)-R(x)]-Ee  “x(A(t)nBQ)} = 0.
to>o j: J J
(4.2.11)
Letting m - 0, we conclude
. "% < N ox s
lim {Ee x(A(t)nBN)-P{A(t)} J e dK(x)} = 0. (4.2.12)
£ 0
(4.2.8), (4.2.9), (4.2.12), and the arbitrary size of € imply
@ e, o
Be  “x(A(t)) - P{A(t)}K"(0) - O.
_gct .
- K*(c). A direct

The conclusion follows because when ﬁl < =, Ee

application of this corollary produces the following lemma.

*

Lemma 4.3
-~ * -
Let W(t) be a cumulative process such that EY1 =K < and
ﬁl < o, Then
) W(t) <y
P{ l————-— —| >e|A(t) =1} >0 as t > =, (4.2.13)
t ul
Proof: .
K
Let A(t) = {IW(t) R N e}
t ul
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A(t) is sluggish because P{x(A(t)) # x(A(t+T))} < P{A(t)} +

< . w(e) <1 . N
P{A(t+T} - 0 as t - » since —5 +~a— a.s.(P) when iy o< and
|<'1 < ™,
g 9%t -
p{‘lv_%l. - Ase [ Ae)=1} = Ee~ _OXEA(")) (4.2.14)
o1 ge 00
= P(A(t)) + o(1l) by Corollary 4.1. 0

To translate the asymptotic independence of Ct and A(t) into
an independence result for ct and some process G(t), we define
sluggish processes. A real valued process G(t) is sluggish if for

all x outside a set E of Lebesgue measure 0 and for all fixed T > 0
P{G(t)<x<G(t+T} + P{G(t)>x2G(t+T)}~>0.

Lemma 4.4
If G(t) has a limiting proper distribution, then G(t) is sluggish

if and only if G(t+T)- G(t) >0 as t + =.

Proof:
(i) Suppose G(t) is sluggish and has limiting distribution J.
Fix ¢ > 0. There exists some N(eg) such that *N are continuity points

of J and J(N) - J(-N) > 1l-e. Let AN = (-N,N].

P{|G(t+T)-G(t) |>e} < P{|G(t+T-G(t) |>e, G(t+T) €A,

G(t)eA ) + ﬁ{c(t+T)sAN°} + ﬁ{c(t)eANc}. (4.2.15)
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_ PR _ E
' Let -N = xj<x <++=<x = N be a partition of Ay such that X517%s < 3
-and x.eES
b)
B{|G(t+T-G(t) [>e, G(t+T)eAy, G(t)eAy}
M-1
. < jZo P{G(t+T)e(xj,xj+l], G(t) £ (xj,xj+1]}
M-1 _ M-1
< ) B{G(t)sx.<G(t+T)} + ) P{G(t+T)<x.<G(t)}
j:O J j:O J
+ 0 as t » = since G is sluggish. (4.2.16)
Tim [P{G(t+T)eA S} + PIG(t)eA "}] < 2e. (4.2.17)
tow AN AN
. € is arbitrary; thus (4.2.15), (4.2.16), and (4.2.17) imply
1%
G(t+T) - G(t) = 0.
(ii) Now suppose G(t) has limiting distribution J and G(t+T) -
G(t) 14 0. Define E = {x: J(x) # J(x-)}; E has Lebesgue measure 0.
Let xeES and choose €>0.
P{G(t)sx<G(t+T)} = P{G(t)<x} - P{G(t)sx, G(t+T)sx}
< P{G(t)sx} - P{G(t)<x-€,|G(t+T)-G(t) |<e}
= P{G(t)<x} - P{G(t)sx-e} + P{G(t)<x-¢e,|G(t+T)-G(t)|2e}
< P{G(t)sx} - P{G(t)sx-e} + P{|G(t+T)-G(t)]z2¢e} (4.2.18)
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+ J(x) - J(x-e) by assumption.

But x is a continuity point of J and e is arbitrary. Thus
P{G(t)sx<G(t+T)} + 0 as t - =; the argument for P{G(t)>x2G(t+T)}

is exactly the same. gd

Lemma 4.5
Suppose G(t) is a sluggish and natural process such that for

every € > 0 there is a A(e) making
EG(t)x(|G(t)| 2 4) < ¢

for all sufficiently large t. If i, > =, then

1
- 'UCt
EEL—:E%iEl-- EG(t) » 0 as t + w. (4.2.19)
~ t
Ee

Proof:

Fix € and choose a concomitant A. Define BA = (-4,4].

. 9% . %% - %% c
Ee  "G(t) = Ee  G(t)x(G(t)eB,) + Ee  "G(t)x(G(t)eB,)
| -9t
__ |Ee Teux(G(ves, S| ., |
Iim < ek (9) 7. (4.2.20)

-0g
30 -
t Ee t

Now establish a partition -4 = xo<x1<---<xN = A having mesh m.

. -oct N-1 _ -og
Ee G(t)x(G(t)eB,) = ) Ee

Co(t) x (x_<G(t)sx
n=0 n n

+1)

and hence



n=0
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-0g -0g

~ t ~ t
N-1 ane x(xn<G(t)an+1) . Ee G(t)x(G(t)eBA)
-0g - . ~0¢
fe ¢ ‘ fe °©
_ 0%,
N-1 xn+lEe x(xn<G(t)an+l)
< ) e
n=0 e t

(4.2.21)

Because the events An = x(xn<G(t)5xn+1) are sluggish, Corollary 4.1

implies
. "9%,
Lin E&  G(©)x(G(t)eB,) N-1
5w | ot -7 x Plx <G(t)sx 1] 20
x t n=0
Ee
and
. ‘UCt
N-1 i Ee  G(t)x(G(t)eB))
lim [ ) x o Plx <G(t)sx . }- o >
t+o n=0 Ee t

Letting the mesh m approach 0, we find

Iim
£t
(4.2.20)

The

of Lemma

~-gg
Ee tG(t)x(G(t)eBA) i
[ e - EG(t)x(G(t)eBA)] = 0.
~ t
Ee
and (4.2.23) guarantee the result.

0

(4.2.22)

(4.2.23)

a

following lemma is useful for checking that the conditions

4.5 are fulfilled.
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Lemma 4.6
Let G(t) be a natural process having proper distribution Jt'

If Jt ¥ J and

J]xlth(x) > JlxldJ(x) < (4.2.24)

then for every € > 0 there is a A(e) making [ | lxlth(x) < g
{|x{>a}
for all sufficiently large t.

Proof:
Fix € > 0. There is a T1 such that
|J|x|th(x) - jlx[dJ(x) <e fort 2 T1 (4.2.25)
by (4.2.24).
There is a A(e) such that J |x|dJ(x)<e, (4.2.26)
{Ix]|>a}
where :A are continuity points of J. Define g(x) = |x|, [x] < 4,

A otherwise. g is a bounded continuous function and thus
Jg(X)th(X) - Jg(X)dJ(X)-
Thus for t 2 T2,

< e. (4.2.27)

l[g(X)th(X) - fg(X)dJCX)
Because *A are fixed continuity points of J,

1-J,(8) + J_(-8) ~ 1-J(8) + J(-8).
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In particular, for t 2 T3,

A'[l-Jt(A)+Jt(—A)] - [1-J(8)+J(-8)]] < e. (4.2.28)

Let T4 = max(Tl, T2, TS)' Then

lfg(x)th(x)-fg(x)dJ(x) + ‘Jleth(x)—flxldJ(x) <2e
for t = T4 by (4.2.27) and (4.2.25).
=> J [lxI-A]th(x) - f [[x]|-8]dJ(x) |<2e (4.2.29)
{|x]>a} {|x]>a}
=> f []x]—A]th(x) < 3¢ (4.2.30)
{|x|>a}
. for t 2 T, by (4.2.26) and (4.2.30). But Af dJ_(x) < 2e by
4 {|x|>a} T
(4.2.28) and (4.2.26) and hence
[ leth(x) < 5¢ for all t 2 T, ad
{|x|>a}

4.3 RESULTS AND EXAMPLES

We now use the technical lemmas of the last section to derive
some results about transient cumulative processes. We also return

to the ''time until ruin" problem discussed in Chapter 1.

Lemma 4.7

Suppose W(t) is a cumulative process such that ﬁl < » and

*

EZ < », Then
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W(t)-ElN(t)

e
VH

is a sluggish process.

(2]

(4.3.1)

nl(t) =

Proof:
From (1.2.4), we know that 5{nl(t)sa} + &(a) and hence by
Lemma 4.4 it is sufficient to prove that nl(t+T) - nl(t) R 0.

! W(E+T)-R N(T+T)  W(E) =& N(t)
- > €

P
' Py o 5 ‘/:3

R IN(E+T)-N(t) ]

p)| WEATIW(E)

~ t+T ~ t+T
g ‘/ = g 5
y ul y 1

W(t) R N(t)

—— 1 "« "ViéTa > ey . (4.3.2)
- [x
Gyﬁ—]'.—

Hence
ﬁ{lnl(t+T)-nl(t)l> e}

W(t+T)~W(SN(t+T))+W(SN(t+T))-W(SN(t)+l)+W(SN£t)+l)-W(t)

5 t+T
Y v ﬁl

(R

<P
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. Kl [N(t'\"T) -N(t)] e - W(t)-KlN(t) Em
+ P >-§- + P >
3 t+T 3 \l_‘g 3(»’t+T-/€)
y Ul y Ul
= A+ B+ C. (4.3.3)

In his paper introducing the concept of cumulative processes,

*

Smith (1955) proved that if ﬁl <o and k, < ®,

2
(i) >0 a.s. (B) and
/E S
W(S )-W(t)
(i) N(E)+1 +0 a.s. (P).

t

These two results coupled with the fact that

N(t+T)
Y.
"Oyieam " Onieyen) | gaNwez 3 neemonem-a1
/e+T N(t+T)-N(t)-1 /4T

a.s. (P) by the Strong Law of Large Numbers ensure that A > 0.
B - 0 by the Strong Law also. Finally, C -~ O by the asymptotic

normality of n (t). ad

Lemma 4.8

Suppose W(t) is a cumulative process such that ﬁz < » and

K, < , Then
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is sluggish.

Proof:

(4.3.4)

(1.2.5) and obvious modifications to the argument in Lemma 4.7

will suffice.

Theorem 4.1
Let W(t) be a cumulative process such that ﬁl
Then
W(t)-ElN(t)
(1) Pl————— < a|A(t)=1} > ¢(a)
X l/ t
g =
(ii) 1If, addition, ﬁz <
€.t
W(t) - —
M1
P < alA(t) = 1} + o(a).
¥t
M1
Proof:

0

< © and E; < ©,

&

(4.3.5)

(4.3.6)

Using the notation nj(t) established in Lemmas 4.7 and 4.8,

{nj(t) s

a} is a sluggish event if condition j holds; j = 1, 2.
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L
Ee x(n, (t)<a)
P{n, (t)<a]A(t)=1} = J
J . ..o-;t
Ee
+~ ¢(a) by Corollary 4.1. 0

Let us re-examine the 'time until ruin' problem. We found that
Mﬁt)

k=1

L, > u}

Pir st} = P{ .

where M(t) is the renewal count for the transient renewal process
%
{Zi}. Note that Lk = Lk' Let J(z,%) be the joint distribution

of Z1 and L1 and suppose there is a o making

fw fw ecsz(z,z) = 1.
0’0

~ . D -
Define dJ(z,%) = ecsz(z,z). If EZ.° < = and EL 2 < o, then Theorem

1 1
4.1 implies
M(t) Eth EL,t
WLy kT E YT
> A(t) =1
yt yt
Ez1 EE;
-Eth
gz - U
1
- 9
gt
EZ



~

EL

. ' 1 2
where ¥ = E'(L1 - EZI 21) . Therefore

*
P{t <t} ~ -
oEZ1

where

(1-w)e °F
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(4.3.7)

Equation (4.3.7) agrees with Cramer's estimate for the time until

ruin (1955).

Theorem 4.2

Suppose W(t) is a cumulative process such that ﬁz < = and

£ < o, Then

2
€.t 2
1 ¥t
E[(W(t) - =) [A(t) = 1] = ==
"1 "1
Proof:
Let zlt
W(t) - —ﬁ—
nz(t) = 1 , as before.
It
1

+ o(t).

5{n2(t)25a} + 20(Ya)-1, a 20 since

ﬁ{nz(t) <al > 9(a).

(4.3.8)
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Smith (1955) has shown that Enz(t)2 + 1 which is, of course,
the first moment of the limiting distribution of nz(t)z. Note that

as nz(t) is a sluggish process, nz(t)z is too. Therefore, by

Lemma 4.5 and 4.6,

-0z
Be Ty’ .
- En,(t)" =+ 0 as t + =, (4.3.9)
~-0g 2
= t
Ee
Hence
. ~9¢%
) Ee (1)’
Eln,(t)7]A(E) = 1] = e > 1. 0
~ t
Ee

In light of this result, it is reasonable to ask whether

var[W(t) |ACt) = 1] = %E + o(t). (4.3.10)
1
We have
Rt 2
E[{W(£)-E(W(t) [A(t)=1) + EQW(t) [A(E)=1)- =} [A(?)=1]
1
= E[N(t)-EQW(E) [A() =D |A(2)=1]
gt 2 o,
+ {EW(D)JA(D)=1) - =——} = 1%+ o(t).
*1 %1
If we can show that
Elt
{E(W(t) |A(L)=1) - _E_'} = o(V1),
1
then we will know
., o(t).

var[W(t) |A(t)=1] =

=t
—
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In the next two chapters we will derive the asymptotic forms
of the conditional cumulants of W(t); in the process we will dis-

cover conditions under which (4.3.10) does indeed hold.



CHAPTER 5

THE CUMULANTS OF TRANSIENT RENEWAL PROCESSES

5.1 PRELIMINARY RESULTS

We shall show that when the proper distribution F exists, the
kth conditional cumulant of N(t) is asymptotically linear in t, just
as is the kth cumulant of the renewal count of a proper process. To
deal with cumulants, Smith (1959) had to assume that (the then
proper) F ¢ C, the class of distributions for which F(n) has an
absolutely continuous component for some finite n. We will need

FeC and will see that it is sufficient that F(») 'F ¢ C.

Lemma 5.1

Suppose df(x) = e’¥dF(x). Then

X
(M () - J e ar™ (yy. (5.1.1)
0
Proof:
?*(s) = F*(s-c)=> }5*(5)n = F*(s-c)n.

That is,

f e S%E (M () = f e X Xgp (M) 14y | (5.1.2)
0 0
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By the uniqueness theorem for Laplace Transforms,

X
(M = { e7Yar(™ (4. 0
0

Lemma 5.2

If F(») 'FeC F e C

Proof:

This is clear from Lemma 5.1, for if F(n)(x) has an absolutely

X

continuous component J fn(y)dy, F(n)(x) has an absolutely continuous
X 0

component f ecyfn(y)dy. a
0

As a first step toward an examination of the conditional

cumulants, let us consider

L "%k
EIN(E)]A(t)=1] = EE__:E§LEL_ k=1, 2,
= t
Ee
Lemma 5.3
_ -0t _ -0z
fe  In()K = Be  EaEN(D)E.
Proof:
_ -0 ® t ) o i
fe tN(t)k - z nk J r e 0(y+T t)dF(Y)dF(n) (T)
n=1 0/t-T

]

t
2 nkJ ectdF(y)dF(n)(r) by Lemma 5.1
1

n:
0 t-7

&t 3 afpuE(™ (- r™ D (1. (5.1.3)
n=1



- 85 -

. |
fe t = fm e (T 4Ecr + [ fw e 00Tt 4k (y) dii (1)
t 0’t-T1

t

et J dF(t) + et f f dF (y)dH(1)
t t-T

0

et [w- (1-w)H(t)]. (5.1.4)

EN)K = ¥ 2X[EM ()5 (D) 4y, (5.1.5)
n=1

Hence

-0 .
Fe T« EN(O)X =

t s '
f ) [ (wace-n)] T nFaE™ (0-a8 ™D (1))
0 n=1 .

- t
=%ty ok f [0- (1-w)H(t-1)] [dF ™ (1) -dF P 1) ()]
n=1 0 .

th Z
n=1

n* [F (™ () -0F ™ (1) (1-0) F D) ()]

@

et T nffr™ () r™ ) ()7, (5.1.6)
n=1

Define

M (t) = EN(t)(k) = EN(t) [N(t)-1]+++[N(t)-k+1] (5.1.7)
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Lemma 5.4

M (t) = ki ey,

Proof:

) t poo .
M (1) = Zk i JOJ df (y)dE 9 (1) (5.1.8)
j= t-T

co

t > .
0 . -st = =(3)
Mo(s) = ) fm e f J dF (y)dF'/ (1) dt
" jak (K g 0 t-t

o o0

Y+T . N
- L 3y J fw f ™St ataf (yaE ) (1)
j= 0071

|
o~

) i) {me-srf (1-e"yaE () ar 3 (o)
S j=k 0 0
LA N T G ) - G (5)"
j=k (k) s[l—ﬁ*(s)]k
= sl sk, (5.1.9)

Since Mk(t) is nondecreasing, its Laplace-Stieltjes Transform exists

and is
Mk*(s) = sMkO(s) = k:ﬁ*(s)k. (5.1.10)

The uniqueness theorem for Laplace Transforms implies the result.

g
Combining Lemmas 5.3 and 5.4, we discover
-0z
t = t-1,5(k)
E[N(t) .. |A(t)=1] = k:f Ee ai (1) (5.1.11)
(k) 0 . -0C,

Ee
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We know about the properties of ﬁ(k)from Smith (1959), but we need
. ~9% *
to find the rate at which Ee t converges to K (o). The next

lemma provides valuable information on this point.

Lemma 5.5

Suppose m = 1, {i <o, and F ¢ ¢. Then

m+1

~ 'OC ~% -
Ee t-K (o) = o(t m).

-o'c t ~ -
fe T = fw e Tty + f fm e 0 (X* Tt 4E () afi ()
t 0/t-1

t (t w ot
- o(t—m—l)+{ f e_O(X+T-t)dﬁ(r)dF(x) N J J e-o(x+r-t)
t ‘0

dH(T)dF(x) . (5.1.12)

Note that

t
fw J e I (Tt iy dF (x)
¢ Jo

[7aY

o o [t] . . )
J e 9 Y TG+ 1) -A(5) 1E ()
t j=0

A

c(1-¢"9 71 Jw e 94k x) = o(¢™™ 1. (5.1.13)
t

« is a finite upper bound on ﬁ(j+1)-ﬁ(j); this bound exists by a

well-known inequality.
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Hence

t (x
fe ' = J J e Ui (durt-x)dE(x) + o(t™™ ). (5.1.14)

=~
~
Q
—
[}
¢

L f e 90X g (y)dx
u1 0 “‘x

t oy Y -
B T
0 M1t o

t gy ) -
== J J e Cdu df(y) + o™ ). (5.1.15)

Therefore

- K*(c)|=

t (X . d 1
lj f e Y[H(du+t-x) - ﬁgid?(x) +o(t™™Y

0 1

<

t [x] _ ;o 5 ] }
J Ve T A(trj+1-x) -H(t4j-x) - = [dF(x) + o(tT )
0 j=0 M1

t/2 (Xl g5 - . 1. -
< J Y e T | H(t+j+1-x)-H(t+j-x) - =| dF(x)
0 j=0 "1

t
+ k(l-e” %1 J dE(x) + o(t™™ 1y, (5.1.16)

t/2
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On the range 0 < x < %—, |H(t+j+1-x)-H(t+j-x) - §;| is o(t™™

by Theorems 3 and 4 of Smith (1959) since ﬁm+1 < i. Thus the first

summand in (5.1.16) is o(t™™ and the second is o(t'm-l). The

result follows. g
-0z,

In Lemma 5.2 we found that Ee = ect[w—(l-m)H(t)]. This
function is of bounded variation in every finite interval and thus

its Laplace-Stieltjes Transform exists.

Lemma 5.6

"°Ct} _ s[EM(s)-u]

L{Ee ) [1-F (5)]

Proof:

gz -0z

stiEe %3 = (OiFe O
% t

= [ Jm e_Ste-o(x-t)dﬁ(x)dt + fw J fm e-Ste-c(y+T-t)d?(Y)dﬁ(T)dt
0-’t 0 t-1

0
X
fm e X f et (9754t dE(x)+
0 0

(0-5)"* J (e *%.e 9 %yaF(x) + (c-s)‘lfme‘STJ (e 3 - % YdE (y)dH (1)
0 0 0

S

) e [TRY Lo ..
e °wa e [ et (934t 4 (y)afi(r)
0 T

(0-5) " E (s)-0] [1 + H*(s)]

. F(s)-w since A*(s) = RO (5.1.17)

(0-5) [1-F ()] 1-F*(s)

a
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Returning to expression (5.1.11), we have

t o "%%tor - -0%,
E[N(t) (k)lA(t)=1] = k'.ﬁ(k) (t)+k! fo [Ee -;lZe
ot t
Ee

1di ) (o).

(5.1.18)
From Smith (1959), H(k)(t) is asymptotically a kth degree polynomial
in t. Given Lemma 5.5, it is reasonable to expect E[N(t)kIA(t)=1]
(and hence E[N(t)klA(t)=l]) to be a kth degree polynomial in t whose
leading coefficient is the leading coefficient in k!ﬁ(k)(t) if
ﬂk+1 < », OQur arguments to this effect depend upon the following

lemma.
Lemma D (Smith 1959)
A necessary and sufficient condition for the proper distribution

F of a non-negative random variable to have its first k moments finite

is that there exist another distribution function F such that

(k)

* oo 2 Hk-1 k-1 Mk, k. *
F (S) = 1‘1-115 + ‘2—!— S = s+t W (-S) + F(-S) F(k) (S)
for real s > 0. (5.1.19)

* ur r*
In fact, F (s) = l-u.s ++++ + ;T(—s) F (s} for 1 £ r £ k where

1 (r)

F(r)’ the rth derived distribution of F, has k-r finite moments. The

jth moment of F is a rational function of Hys woes ur+j'

(r)

Theorem 5.1

Suppose F e Cand iy < . Then

]

t 1 2-w
't o T T T o

"1

|N

+

E[N(t) |A(t)=1] =

p =]
Laandll 29
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Proof:

t = "%%tor o
E[N(t)lA(t)=l] - J Ee -GdH(T)
0 gt
Consider
t - L
P(t) = J Ee “TaH(T) - K (o))
0
v(s) = s[F (S)-Tlﬁ (s) . K*(c)ﬁ*(s) by Lemma 5.6
(0-s) [1-F (s)]
N ST LOEh By S}
(o-s)[1-F (s)]  om
By Lemma D,

From (5.1.11) we know that

~

E'(s) = 1-fi.sF.. (s) = 1-0 L2 (s)
S = -Uls (1) S = —].lls 3 S (2)5,

which implies

scl-w)][“z (2) ®) 1 ;1_].
0 -

“s) = H ()1
v (s) = s =
1 (D)
fi fi
lim y (s) 152[2% L i%—d lim sﬂ*(s).
s40 OHp ety @ Y7 sv0
But
> B (s) ' (s)
1im sH (s) = 1lim ——i———i— = lim — 3 i
s+0 sv0 1- F (s) s+0 ﬁlF(l)(s)

(5.1.20)

(5.1.21)

(5.1.22)

(5.1.23

)
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Therefore
fi
lim ¥(t) = iﬁ“ [ g + cé - lfm] (5.1.24)
oo 1 21 1
and hence ﬁz 1 1
- N
K* (o) {H(t) + Zﬁl2 + oy - 1w}
E[N(t) |A(t)=1] = T + 0(1).(5.1.25) )
=~ t
Ee

From Smith (1954),

h =4

2_ . 1 + o(l)

2
%1

A(t) = =% +
!

[y

_O'ct L
-K ()] - 0. Thus

and Lemma 5.5 guarantees t[Ee

T
p—t

N

€

+

o

~

—

—

]

o

t
= — 4+

iy

=t

= NN
Q
=
[

E[N(t) A(t)=1]

The method employed in Theorem 5.1 can be used to derive forms
However, the computations involved become

for higher cumulants.
For example, to

increasingly burdensome as the order increases.

find the conditional variance, we begin with

-0z
t =~ t-1,2(2)
E[N(t) (N(t)-1) |A()=1] = 2 J Ee fg (r) (5.1.26)
0 . "%
Ee
If ﬁs < o  we can show that
-0z -
t =~ t-1,5{(2) . i
Ee —dH (D - 5@ ey - ey 2+ L. } : .
O - UCt 2..2 0111 1 [4V]
Ee |
N . 2 -
H H u u
2 1 1 2 1 2 3 :
> e 1) e 5 - = (5.1.27) [
2 cul 1-w Zﬁi oul 4ﬁi 6ﬁf
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The argument depends heavily upon Lemma D and the distributions

F(l)’ F(Z)’ and F(Z)‘

Combining this result with Theorem 5.1 and

Smith's work on the cumulants of proper renewal processes, we dis-
prop P

cover

EIN(E)% - (EIN(E) |a()=11%|A(t)=1] =

(5.1.28)

In the next sections we provide a preferable method of deriving the

cumulants. We prove they are asymptotically linear in t and find

properties of their error terms.

5.2 THE CONDITIONAL ¢-MOMENTS

Smith discovered asymptotic formulas for the cumulants of a

renewal process by studying what he called the ¢-moments of the

process:
¢,.(t) = E[N(t)+1][N(t)+2]--- [N(t)+T].

These moments have generating function

1
¢, (2) = El——grery] -
t (I-C)N(t) 1

n
0. (g) =1+ L 6. (t) Tt o(z") as z+0

(5.2.1)

(5.2.2)
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and Wt(C) = log Qt(c) admits the expansion

j
wj(t) §7-+ o(z™. (5.2.3)
; .

)
=1
The coefficients wj(t) are called y-cumulants of N(t). By working
with ¢-moments and y-cumulants rather than conventional moments and

cumulants, one bypasses certain computational complexities. The rth

conventional cumulant kr(t) is a linear combination of wl(t),---,wr(t).

ky (8) = v (B)-1
(5.2.4)
n-1 j
k (1) = jZO (17t | svp s(8), nz 2

where the tn's are Stirling's numbers of the second kind. See
Smith (1959) for details.

We will study the conditional ¢-moments and y-cumulants of
transient renewal processes and then relate our results to the
ordinary conditional cumulants, which we specify up to an error

term. Let
¢ () = E[(N(E)+1)++ - (N(t)+n) [A(t)=1]

-0z
_ -0z = "% -
_ Ee t[N(t)+1]---[N(t)+n] - Ee *¢n(t)
. -oT, -0z
Ee Ee

(5.2.5)

by Lemma 5. 3.
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Consider

-z s[w-F ()16 ()

L{Ee x4 (£)} = — (5.2.6)
(s-0) [1-F (s)]

by Lemma 5.6. Our goal is to rewrite (5.2.6) as a linear combination
] . % . ®

of ¢n(s), ¢n_1(s),---, ¢1 (s) because Smith carefully studied the

properties of $n(t)’.." él(t) in his 1959 paper.

Suppose n is a positive integer, p is nonnegative, and

ﬁn+p+1 < =, Assume temporarily that s > o. Note that
x w- J e-(s—o)xdF(x)
w-F (s) _ 0
s-0 s-0
® - - - %*
=wJ e (s 0)xdx - (s-0) 1F (s-0)
0
= fx e "X (e [u-F(x)]}dx = fw e S*L(x)dx. (5.2.7)
0 0
Since

f e®XdF(x) = 1, L(=) = lim e”*[w-F(x)] = O
0

X

and hence

X
r P e | - f J (nep+1)y"*Pay |dL(x) |
0 0°‘0

= (n+p+l)[ yn+pL(y)dy = (n+p+1)J yn+peoy[w-F(y)]dy.
0

0
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= (n+p+l)[co Jw yn+Peode(x)dy
0’y

<J KPRy = Tepe1 < (5.2.8)
0

Therefore

~ %
- *
s[w-F ()] _ sLo(s) = 1"(s)

s-0

is the Laplace-Stieltjes Transforms of a function of bounded varia-
R *

tion on [0,») having n+p+l absolute moments. The transform L (s) is
defined throughout the half plane R(s) > 0; the integrability of

%*
L(x) and the identity L (s)

sLO(s) imply that L (s) = 0(|s]) as

|s| ~ 0. Thus given i < w and F ¢ C, Theorem G of the appendix

n+p+l

applies withm=n + pand q = 1. It follows that

*

Dl*(s) - aD(s), s >0,  (5.2.9)

slw-F(s)] . _L(s) _
[ 1

(s-0) l-ﬁ*(s)] l—ﬁ*(s)

where D1 and D2 are distributions on [0,») having n+p finite moments.

Notice that the right hand side of (5.2.9) is an analytic function

throughout the half plane R(s) > 0. Thus equation (5.2.9) must hold

for R(s) > 0.
Let the first n moments of D1 and D2 be vll’ Viga Tt Vg and
Vopr Vopsttts Voo We can write
* ijsz \’jn(‘s)n *
Dj (s) = l-vjls + 57 - ...+ T Dj(n)(s) (5.2.10)
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where D, is the nth derived distribution of D., j = 1,2. D,
j(n) — j j(n)

has p finite moments.

Define

~ - ~ n+l
ok qu un(-s)n Un“'l(-S) * %
Qls) = 1-F (s) = flys - —7—= *==+- n! (n+1)! F(n+1)(s)'
(5.2.11)

*
We can rewrite Dj (s) as

*

* n
D. (s) =1+ A, +esed ), + R. [ 5.2.12
O 10 ind * Ry (9 ( )

where the XA.'s are chosen to make the coefficient of sk in Aj1Q+---+

n
Aan equal to

k
v.k(-l)

k!
. k *
the coefficient of s in Dj (s), 1 £k <n.

* n
Let L. (s) =1 + XA, Q +eees+ A, , =1, 2.
3 (8 512 s 0 d

Lemma 5.7
Lj(t) is a linear combination of distribution functions on

[0,®) having n + p + 1 finite moments.
Proof:

k n
Aij =1 + Z

v n ~% k
Lj (s) =1+ kz ) Ajk[l-F (s)]

1 1

k

M QE & enf e s

=1 +

k

[l s fe

1 0
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n n
. L () * N
*jk zzl 3 (s) kZz(z)( 1) Ajk'

k %
() (-1 A

Then
* n ~(2)*
L. (8) = vy..~ * . F S
5 () = 50 ZZI YiF (9
and hence
T - (%)
L.(t) = v, U(t) + ) v, F7(1). (5.2.13)
j jo go1 I
We remark that
® n+p+1 .~(2) - . N -
JO X dF "/ (x) < = for 2 2 1 since B epel < @, 0

As a result of the last lemma,

Y *
Lj‘(s) = l+ujls+---+a. s™s n+l (5.2.14)

in® *% s Y S

where L.

J(n+1)(t) is a linear combination of distributions having p

finite moments. But from the definition of the Aj's, we must have
k
vjk(-l)

G =TT+ P Sksa
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Thus

L. () = 1-v,.5 #+0o¢ B4 g n+l, *

j i1 n 5e1% Linen )

From (5.2.10) and (5.2.15) we conclude

n
% v (-S)
Rsp (5] = (S) -Ly “(s) = — (D () (83-1]
n+l_*
j.n+l Lj(n+1)( s).
Now define
Ak = alllk - aZAZk; XO = al - az 5

* *
R, (5) = ayR, (s).

%
R (s)
By equations (5.2.9) and (5.2.12) we have

s [w- F (s)]
(s-0) [1-F*(5)]

n *
+ AlQ + et AnQ + Rn (s).

Lemma E (Smith 1959)

5. (s) = niqes)™"

Lemma 5.8
If ﬁn+p+1 <o, p20, and F € C, then
" ok *
s[w-F (s)]¢n(s) n . n'.Rn (s)

=* 2 N A$ (s) +
(s-0) [1-F (s)] k=0 (k) "k 'n-k

(-8 ()™

(5.2.15)

(5.2.16)

(5.2.17)
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Proof:
The expression follows directly from expression (5.2.17) and
Lemma E. ad
When we invert the transforms in Lemma 5.8, we will find

-0g

Ee °©

*&n(t) is a linear combination of $n(t),---, $1(t), a constant
term, plus an error term. We will prove the error term belongs to
a particular class of functions.

Let m 2 0 and ¥(t) be a function on [0,»). We say ¥(t) belongs

to the class B(m) if and only if it is of bounded total variation and

J th|dy(t)| < = .
0

It is clear that if ¥(t) e B(m) and ¥(») = 0, we may write

(5.2.18)

where A(t) is of bounded variation, tends to zero as t approaches

A(t)
1+t

infinity, and if m =2 1, belongs to the class L

1

Lemma 5.9
If ﬁn+p+1 <w, p20, and F ¢ C, then
R (s)
s
n *
¥ n =¥ (s)
[1-F (s)]

where ¥(t) ¢ B(p) and ¥(=) = 0.

Proof: "
‘h (s)

~% - has the described
[1-F (s)]

It is sufficient to show that
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properties. Identify p with m and n with q in Theorem G. We have

1) F ¢ C and ﬁp+1 < o,

2) Rjn(t) = Dj(t)-Lj(t) is a function of bounded variation
on [0,®) having n + p absolute moments since Dj and Lj are such

functions. Also,
* n
Rjn (s) = o(|s| ) as |s] + O

by equation (5.2.16). Theorem G implies

*

R.  (s) *
o ¥.(s)

-8 (s)1®

where Wj(t) e B(p).

¥.(=) = 0 since lim —L%—— = 0. a
T s]+0 [1-F (s)]
_We now want to find kk explicitly for k = 0,1,2,3 and indicate
its general form for higher values of k. We learned in equation

(5.2.17) that when ﬁn+p+1 < o

s[m—ﬁ*(s)]
(s-0) [1-F (s)]

= AO + AlQ boood ann + o(sn) as s + 0.

First we rewrite

wE (s) |
(s-c)ﬁlﬁcl)(s) j

c.S
0

N~

V- o(sn) as s -~ 0. (5.2.19) .
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We have derived c. for j < 4 by using properties of the derived

distributions of F.
e = 1-w
0 ~
O'Lll
c = l-w - .l_ -+ E_-_Lu}.ll_z_
1 2. o] 26 2
o i oily
(1-0)i, (l-w)ii, (l-w)f,’
D TR S e Wil %
2 3. 2 202~ 2 6c~2 40l 3
o 9 4 "1 M1
(1-0)i,  (l-o)i, (l-w)d, (l-w)i,’
N GRS S e B AT "2
37 4. 3 2 3.2 6 2. 2 245l 2 402~ 3
oWy 0 T 9 H M M1
(l-w) i, (l-w)i,>
i 2"3 2
. 3 . 4
60u1 80u1
l-w 1 (l-m)ﬁ2 (l-w)ﬁ3 (l-w)ﬁ4 (l—w)ﬁs
C4 ) 5, K ' 204~ 2 6 552 ' 2402~ 2 12001 2
oTl; o iy o7, i iy
. 2 I - . 2 - 3
(l-w)u2 (l-w)u2 3 (1-<u)u2u4 (l-w)i, (I-M)uz
33 7.3 57 = 74
~ -~ ~ ~ 2 ~
4o ul 60 ul 24ou1 360u1 8o ul
. . 2. . 4
) (l-w)u2 iy . (l-w)u2
2. 4 . 5
8o ul léoul
There are no conceptual difficulties in deriving CS’ C6’ ., but

the arithmetic involved becomes increasingly tedious.
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Notice that
k ~%
klc, = dk [ (i)_lj (51 ]
ds (s—c)ulF(l) (s)

1]
o

S

and hence ck is a rational function of the first k moments of F and

That is, ¢ where 7k+1 represents any rational function

Fay Kk~ kel
Of 1-11’ uZ)'..} Uk+1-
Now to find the A's, we equate coefficients of powers of s in

the equation

n . n .
2 >\.Q(s)J + o(sn) = Z c.s? + o(sn). (5.2.20)
j=0 7 j=0
We find
-
AO - cﬁl
NS EE (1-w)i,
17 2.2 - pon 3
! 9 o
i (l-0)i, (l-w)i, (l-w)i,’
NS RS S 2 3, 2
2 3.3 2.2 5 3 2. 4 con F 00D
S A | 9 9y 9 ouy
\ _ l‘(.l) } 1 ) ﬁz . 3(1~w)ﬁ2 . ﬂs (l'w)ﬁs
37 2,47 3,37 28 35 gond 35255
1 "1 Hi o ¥ 9 9 ¥
N L2 L2 . .3
(1-w)i, i 5(1-w) i, S(1-w)ii,iiq S(1-w)i,
* 5~ 5T T 7.6 -~ 3 L
240u1 Zcul 4c ﬁl 120ﬁ1 80ﬁ1
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since ¢ and the coefficient of sk in

In general, Ak = ?k;l X = Yk+1

K _ (o oex *royrk
Q" = [HysFyy (8]

will be of the form ?k.

Lemma F {(Smith (1959)

If @ @, p 20 and F e C, then

n+p+1 <

~ n . .n-1 . . A(t)
(1+t)P

where A(t) is of bounded total variation, is o(l) as t - «, satisfies

the condition
. -1
A(t) - A(t-a) =o(t ") as t > =

for every fixed o > 0, and when p > 1 has the additional property

A(t)
that Tt € Ll.

Theorem 5.2

If ﬁn+p+l <o, p20, and F € C, then

E[(N(t)+1) (N(t)+2)++« (N(t)+n) |A(t)=1]
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Proof:

E[(N(£)+1) -+ - (N(t)+m) [A(E)=1] = o (t)

n
-0z 2

~ t -
Ee *¢n(t) _ k=0
-0T

~*
fe T K (9)

n(k)xk$n_k(t)+n:w(t)

n
s o(t™™ Py T n A d  (£)+nl¥(t)
k=0 (k) "k"n-k

by Lemmas 5.5, 5.8, and 5.9.

Define

= =% -1 = -
9 = K (D] "0 = 757 = Teare

Then
7 ; -p
¢ () = kzo n(k)2k¢n_k(t) + o(t™5) (5.2.21)
= ?1tn + yztn-l *eeet Y00t o(t p)
by Lemma F. 0

5.3 THE CONDITIONAL CUMULANTS OF N(t)

In the last section we learned that when i <o, pz0,
n+p+l

the nEh_conditional ¢-moment of N(t),
¢ (t) = E[(N()+1) -+ (N()+m) [A(®)=1],

is asymptotically an nth degree polynomial in t. Let
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1

0, (2) = El——ryey | A(®)=1]

tc (l_C)N(t)+1
be the conditional ¢-moment generating function. When ﬁn+p+1 < ™,
we can write

n j
o () =1+ § 4. (t) 3+ o(z) as ¢ >0 (5.3.1)
tc j=1 jc j!
T Cj n
loge, (7) = v (2) = jzlec(t) Fr+ o) as >0, (5.3.2)

The coefficient wnc(t) is the nth conditional y¢-cumulant of
N(t); discovering its asymptotic form is our next task. We have

that wnc(t) is the coefficient of (n!)-lcn in

n Cj
log{l + jzl¢jc(t) j_!} )

which, by equation (5.2.21), is

j r.(t)
%5--———4L—-——} (5.3.3)

(1) P

28] e ]
log{l + e % Jey e ds o (B) +
ja1 3% x=o ~(RTKTI-K j=1

where rj(t) >0 as t » o,

Let

cj E kio j(k)zk¢j-k (t).

From the Taylor expansion for log(l+z), we know wnc(t) is the co-

efficient of (nl)-lcn in
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j
n j n T.(t) 2
--% {7 e 35+ ] L—— g o+ e
j=1 10 521 (ee)™PT)
n+l 1 n Cj n r.(t) 3 n
s DTS ey ] — e %} (5.3.4)
j=1 130 j=1 ()P
n j n j 2 n j n
T N C SR S S IR
j=1 3 3° j=1 J ) j=1 I
r(t) . . .
+ + terms involving mixtures of powers of
(1+t)?
n j n r.(t) .
2 C. z;—,8.]'1(‘1 _JI'I_'P-I;:—'—CJ . (5.3.5)
j=1 1 I j=1 (1+t)"P7I

We want to show that the coefficient of Cn in the mixture of

powers can be represented by _r(t) , r(t) 0 as t » . A typical
(1+t)F
summand in the mixture is
n iomon ) o9 (5.3.6)
{y c.21 (]} Tk © } e
j=1 3 3¢ k=1 (1+t)"'P"

where m 21, g 21, m+ g S n. We now bound the absolute values of

J

the coefficientsof z’ and ck individually. We know that |cj] < Mt?
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and lrk(t)l < r(t) where r(t) = o(1) as t > «». Thus the coefficient ‘
of (n!)-lcn in (5.3.6) is smaller in absolute value than its coeffi-
cient in

q
e (3 eyl o 7 — et . (5.3.7)
j=1 k=1 (1+t)

The coefficient of (n!) 1z in (5.3.7) is

n!Mmr(t)q

oy { ™ e M e MM e e )
(1+t)

= o(t™ D).
Therefore v . (t) is the coefficient of (n!)—lc in

j
1
R T

j 2
c. 57-} oot (-1)n+l %

1 33 j

"ne-13
I~
LW}

-
I~
(=]
[¢)
.
[ lﬂ
—

j j
(5.3.8)

plus a term of the form o(t-p). But we recognize the coefficient

-1 n

of (n!) in (5.3.8) to be identical to its coefficient in
n j
log{l + ) «c. 57-}
‘ j=1 J J-

noj
log{l + § 57
=] J:

[}

b5 (D)

k_(J_T)-'—} . (5.3.9)

n .
-logls T

°
Recall that & = (I:Z? Ao = 1. Thus expression (5.3.9) is simply
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n . $. (1)
-k
log{ } ¢’ % R, ———— }. (5.3.10)
j20 k=0 & (7K

b 1 (B

Qk GK)° is a term in the convolution sequence of

Since i
k=0

—_—1 , the coefficient we seek is the coefficient

n . n é, (1)
K
togl[ § 2.21[ | 2
=0 7 k=0 k!
n . n ¢, (t)
= log{ ¥ %.¢7} + log{ § LSS0 (5.3.11)
j=0 k=0 k!
We recognize
noe (t) noe (8)
T T

k=0 ) k=1

as the first n+l terms in 5t(§), the usual ¢-moment generating
function.

Hence

b () =+ (1) + o(t™P) (5.3.12)

where n_ is the coefficient of ) L in
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n .
log{ ¥ 2.z} (5.3.13)
=0 ] _
and &n(t) is the nth y-cumulant of a proper renewal process whose
lifetimes have distribution F. We can conclude n, = ?n+1 from

(5.3.13).

Theorem 5.3

If n is a positive integer, p 2 O, FeC, and §i < «, then

n+p+1

the nth conditional cumulant of N{t) 1is

knc(t) = En(t) * e, + o(t_p)

= S -P
Ynt * Vo1t ot 5).

The constant pn is N ifn=1

n-1

b} (-1)7t. _.n . ifn2 2.
520 n,n-j n-j

Proof:

We know that
- n -p
v (&) = n + B (t) +o(t™P).

The relationship cited in (5.2.4) between p-cumulants and conventional

cumulants also holds between their conditional counterparts. That is,

Ky (8) = vy (8) - 1 (5.3.14)
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n-1 .
- J
k (1) = 520 (17, 15 Ypoge(8), 22,
Hence
Ky (8) =0h(8)-1} + n +o(t™P)= K (£) + n + o(t™D) (5.3.15)
n-1 3 . n-1 3 -p
kpe(®) = 1D b (6 ¢ D any sro(7T)
j=0 3=0
= f(n(t) s+ o(t™Py. (5.3.16)

Finally, we appeal to Smith's 1959 theorem on the cumulants of

renewal processes, which was quoted in Chapter 1. It ensures
kK () =y t+y . +o(t™h

given our hypotheses. D
In order to derive the correction factor o of Theorem 5.3,

we must find n_, the coefficient of (n.')_lcn in

n .
log{‘z zij}.

j=0
o#
By definition, &. = —— A, and thus

i l-e ]

10 =1
i
1 1 2

2.1 = - + 5
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. . y L2
H U y H
zz’éz“ — - 2z+ 5'33+24
of;  (l-w)on, 2(1-0)f] o, 6H; 20
L, -1 1 I B
3 3.3 ° 2.2 3 2.4 3
o H) (1-w)o By (l-w)cu1 20 iy 6(1-w)ul
“ - L2 - 2 A .
By M4 L e B - D
- 4 7 4 5 .5 6
3oi 24u1 2(1-w)u1 4cu1 12u1 8u1
In general, Zj = Yj+1'
Now
n . n .
log{ § 2.27} = log{l + J2.27}
j=0 7 j=1
n 1 n 2 1 n .3
= 1 -5 0Ty s 0]t e
j:l ] J=1J J=1 J
Hence
Y
2
Ny =2y - 4
Ne = 60, - 600 + 20.°
3 3 172 1

o~

and, in general, UL
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Using the previously derived values of the ¢'s we have

I S
1o, " T-w 2ﬁ2
1
. . 2
I S 2 '3, 3, 1
2 - 2.2 3 T3 4 2
o H; ol 31, 4n, (1-w)
.2 2, MW
3 3.3 ° 3 2.4~ 4 4
o iy (1-w) o i ol 4u1
.2 . .3
. 58, ) 2H s . SH,
o 5 50
S| "1 S|
Corollary 5.1
If ﬁ2+p <o, p20and if F ¢ C, then
EIN(t) |ACt)=1] = = + 2 + L _ 229, (7P
H 2 ofi l1-w
1 Ay 1

Proof:

E[N(t) |A(t)=1]

Ky (8) = ki (8) + np + o(t™P)

t M2
—— +

- %
ﬁl 1 +o(th)

kl(t) = H(t) = 2~2
M1
by Smith (1959) and thus the result follows. Note that this formula

agrees with the one derived in section 5.1 by different methods.

a
Corollary 5.2

If ﬁ3+p <®, p20and if F ¢ C, then
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Var[N(t) |A(t) = 1]

i-n2 2wl w. B, @
2771 2 3 2 2 1 1 W -p
- L S S s L A
S % %1 H1 Y1 LT |
Proof:
11 = -7 -p
var[N(t)|A(t)=1] = ko (8) = Ky (1) + o) + 0(t™)
352 . . .
o = men. = i R T B 1 w
2 2" T AT T3 2 3 2.2 - 2
4n, 3u1 2u1 on, o # ol (1-w)
and by Smith (1959),
2 2
. fi,-ii 5§52 i i
F(t) = (=Bt + 2.3 2,41
2 3 PR .
M1 M1 1 o1

The result follows and agrees with the independently derived equation
in (5.2.28). 0
If we are interested in higher cumulants we can proceed in this

same way. For example,

- % _ -p
kSC(t) ks(t) * ng 3n2 + +o(t ™)

M
whenever ﬁ4+p < » and ﬁ e C.

The form for ﬁs(t) can be found by the methods outlined in

Smith (1959) and the correction factor has already been derived. We

find
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0 {(Suz ) 1_13 ) 3u2 ) -1—)t'+ 3u4 ) 5u2u3
3¢ 5" 4 3 " a0 5
L T T B 4 M1
1150 20 15i i
i S R S T
6 @ 3 4 2
2u1 Hy 4u1 2u1
. 3 2.
i 2@ 5¢ il o
+{ 4 - 23 + 2 + -—3— - —-—2- + —2—— +
e 5 6 B a2l
S| s TS W
30 i 32 3i
2 B N e S T
33 T e 2o 5773
111 W Ul ul Ul Ul UI
+ 3 5+ 1 _ 1 } + o(t p)
(1-w) Oﬂl l-w
That is, .
2
3 i 3i
_ 2 3 2 1
kse(®) = (% - 7 - —3-7¢
S B | 1M
. . 3 . 2
.4 7i,f . 81, . 3“3_ 6ii, L2 2
4 5 6 B S B N ERE
Y1 "1 My S L L | Y1 w
30 i 3312 30
Y2 g CHp 3 42 3 1 1 -p
+ - + - - + + - + ot ).
2.4 4 ) 2.2 370 )2 - L
Lll O']Jl 0'111 g Ul O'lul1 - O'Lll w
(5.3.17)

-

We will confirm this last formula in Chapter 6.



CHAPTER 6

THE CONDITIONAL CUMULANTS OF CUMULATIVE PROCESSES

6.1 INTRODUCTION

We want to investigate_E[W(t)nlA(t)=l] and the conditional cumu-

lants of the transient cumulative process W(t). We know that

-0z
= t n
E[W(t)" |A(t)=1] = EEL_jaggﬁl_.
~ t
Ee

.

In the last chapter we were concerned with the special (Type B)

cumulative process

N(t)
W(t) = N(t) = ) 1
j=1
and found that in this case

-og -0g

Be w(t)" = Be  CxEw(t)".

-gz
The fact that Ee tW(t)n is the Stieltjes convolution of two fami-

liar functions explains the success of our Laplace Transform attack.
In this chapter we shall restrict ourselves to general Type B
processes

N(t)
W(t) = i Y. ,
j=1

for we shall find that whenever ElYlln < =,
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-azg -ag
fe W)™ = Be CxBW(t)"
and the Laplace Transform is again effective.
Suppose W(t) is built from the iid sequence (Xl, Yl), (XZ, Y2),
. where G(x,y) is the joint defective distribution of (Xl,Yl). Let
F(x) = G(x,») and assume F(«») = w < 1. As in the last two chapters,

we assume there is some o > 0 making

X
B(x) = f 7% dF(u)
and

. X ry
G(x,y) = f J Y6 (du, dv)

Lk . -sX1+ieY1 -7
proper distributions. Define G (s,8) = Ee . Let fi__ = EX1

= i =.‘r K = i = E
i, =i, EXl, and Ky Hos EY

s
1
Lemma 6.1

If EIYlln < =, then

- "% oon_ 2 %%t o on
Ee W(t)" = Ee *EW(t)  whenever W(t) is a Type B cumulative

process.

Proof: Nit)

e -t)+1i0,
} o= J e St fe J
0

We can reverse the order of integration to find
N(t)

N -(s-0)t -0S +ig. .~ Y,
g J e o N(t)+1 " 7j=1 j
0

-oct+ieW(t) -a(

0 SN(t)+1

L {Ee

dt
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n

1 " j=1

o n+l -(s-o)t -a0S . +ie.2 Y,
f n I at
S

n
-0S +ie.§ Y. -(s-0)S -(s-0)X
= j e n(l-e n+1)

[}
~
(7]
]
Q
~—
4]

n
-sS +ie.z Y, -oX -sX
n - j=17j e n+l n+1]

]
—
wn
]
Q
A
i
—t
e
e~ 8
o

)
o -sS_+i6.=. Y, -oX -sX
-1 z Ele n = j=1 J]E[e n+1_e n+1]

n=0

1]
~
7]
]
Q
~—

since (Xn,Yn) is independent of (Xm,Ym) for n # m.

(s-0) ME (0)-F ()] § & (s,0)"

n=0
(6.1.1)
_ w—F*(S)
= o *
(s-0) (1-G (s,8))
Next we consider
N§t)
i8 < Y

LO{Eeiew(t)} = Jm e StEe
0



n n
. Spel st ie.zl Y L@ 16.21
=E } [ et e 17 Jat=EY e’
n=0 ‘S n=0
n
n
1. 2 -sS +16.21 Y -sX .1
=s E y e 3= J(1-e )
n=0
n
102 . -sS +19.Z1 Y 5 -an+1
= s Y Ee J I E(1l-e )
n=0
~%
= 1-F (s)
~k .
s[1-G (s,8)]
From Lemma 5.6 we recall
-0z ~%
Lige = —SluF ()]
(s-0)[1-F (s)]
and therefore
0. = —cct+ieW(t) . -0%g 0.~ i8W(t)
L {Ee } = L{Ee }L " {Ee }o.
If E|Yl|n < «», we can conclude
-0z _ -0g .
Otke  Tweoy™= Lie Ty OEw)™ .

EW(t)n is of bounded variation in every finite interval.

Laplace-Stieltjes Transform exists and we have

(6.1.2)

(6.1.3)

(6.1.4)

Hence its
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-0 og

. - -0t
LBe W)™ =sOFe W)} = sLife

8y YEwe™

o] 4 -0z

= L{Be T} LEEW(O™ = L{Be CxEW(t)™} . (6.1.5)

By the uniqueness theorem for Laplace Transforms we conclude
_ -0t _ =0L_
Be  Sw(t)" = Ee  SxEW(D)". 0
To study the properties of E[W(t)nlA(t) = 1], we study the
Laplace Transform of its numerator, which we have just found to be
. ~ag . . —0¢
s| {Ee t} LO{EW(t)n}. We examined [ {Ee t} in the last chapter

and thus focus our attention on LO{EW(t)n}. A special notation for

W(t)n will help us calculate its transform.

W(t) =

#Hho~18

1

Z.(t)Y. where Z.(t) = 1 if S. € ¢t
; J( ) j J( ) { 3

0 otherwise

TONEND)

n
; Zj(t)Yj] .

1

Consider the particular case n = 3.

3 v 2 o
W(t)™ = 2.(8)Y.” + 2 Z.(B)Y.Y Z ()Y

3 2 2
Z.()Y.” + 3 Y Z. (oYY, +3 ) Z.(t)Y.Y
i joke1 30 03k Ty 30T Tk

+6 ] zj(t)YijYZ
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= 1,(3) + 3 1.(2,1) + 3],(1,2) + 61(1,1,1).
In general,

W) = I (m) +nl (n-1,1)+e-ceml] (1,1,000,1). (6.1.6)

A typical summand in (6.1.6) is

P, P2 P
Czt(pl"'.’Plc) =c 2 Zr (t)Yr Yr ‘..Yr
T, 5T >eeed>r, 21 1 1 2 k
1772 k
k
where E pj = n and ¢ is a constant depending upon (pl,"',pk)-

j=1
This notation is adapted from notation Smith developed for Type A
processes in his 1979 technical report.

Let S(p1,~-°,pk) = ‘Lo{ézt(pl,-",pk)}. (6.1.7)
Thus |

O(EN()™ = S(n) + nS(n-1,1) +++-+n!S(1,+++1). (6.1.8)

Consider the term S(pl,---,pk). Let g = max(pl,-°-,pk) and assume

19¢w
E|Y1| < w,

@ -
S(Plx"'Pk) = JO € S Eitcplx‘“,Pk)dt

= E -St LA
= E J‘On € zt(pl’ st)dt
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. © P, P P
=E f etz ()Y, lvr 2-~-Yr K gt
T, >eee>r 21 /0 1 1 2 k
1 k
. P Py
= E y y Loy 'k I e (t)dt
r,>eeesr 21 11 rk 0 1
1 k
p p -
= E Y Y 1---Yr k JQ e Stat
r.>see>r, 21 T k S
1 k T
1
_ . P, -sX _ Db, -sX, o T, -k
=st ] By le  TheeeBr_ e K)(F(s))
r1>-c->rk21 r1 k

(6.1.9)

We could interchange the order of integration in the course of these

P
manipulations because if we replace each term Yr J by its absolute

j
value, the resulting k-fold sum is convergent.
Define
K_. -k -sz
Ck(s) z (189) G (s,8) e=0= EYj e j=1,2,0.
Then
SR S B S
S(pysr Py = € (8)00eC) st TE LT e T 1
1 k p & _
1 Py r.=k T,=k-1 T, =1
1 2 k
1% o TrK -1
=C_(s)+++C_ (s)s Yy OE(s) (r,-1)eee(r -k+1)[(k-1)!]
Py Pk r =k 1 1
Cp, (977 C e r -+l
T T s(k-1)7 L F(s) 1
r =k-1 (k-1)
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C_ (s)-=+C_ (s)

P P
. el - (6.1.10)
s[1-F (s)]
. "9 . .on
Therefore L{Ee W(t) '} 1is composed of terms like
C_(s):-++C_ (s) ¥
Py . Px slu-F (s)] (6.1.11)
Q(s) (s-0) [1-F (s)]

E q © Wi ) E k+p q o
If we assume E{Yli <@ fyupe €70 P2 0, and EX] |Y1| < = where
q = max(pl,~--,pk), what are the properties of this term?

In Chapter 5 we found that when ﬁk+p+1 < @,

s[w-F (s)]
(s-0) [1-F (s)]

k *
=2+ AQ e AQC + R (S)

where Rk(t) is a function of bounded variation on [0,«) having k+p

*
absolute moments, and R (s) = o(lslk) as Isl +0. If we write

s[w—?*(s)]

B (s) = .
(s-0) [1-F (s)]

then Ay =B (0) = ¥, and for j 2 1 Aj is a rational function of the

first j moments of B(x) and F(x). As the jth moment of B(x) 1is a
rational function of ul’."’uj+1’ Aj = yj+1, j =2 0.

We now express Cp (s) in powers of Q.
T

p_ -sX tew [ P
C_ (s) = By, Te 1. Jm e 3% J y T&(dx,dy)
PI‘ 0 -0

P...
= L{J°° y TG(x,dy)} L{Cp (x)} . (6.1.12)

T
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The assumption EX k+P|Y1|q < ®» implies Cp (x) is a function of

1
r
bounded variation on [0,») having k+p absolute moments. Therefore
Smith's Lemma D guarantees

2 H

S
PR R

s+ ﬁ2pr 3T ‘“‘ET“"'Cpr(k)(s)

C (s) =i, -1
pr( : Op, “lp,

(6.1.13)
where CP (k)(x) is a function of bounded variation on [0,~) having p
T

absolute moments.

By the same argument applied to

s[w-F ()]
(s-0) [1-F (s)]

B*(s) =

we can rewrite Cp (s) in powers of Q(s).
T
*

k
o s) = 1 + Fo et ¥ + D s 6.1.14
pr( ) uopr YlprQ YkprQ Pr( ) ( )

where D_ (t) is a function of bounded variation on [O,m) having k+p

r %*
absolute moments and Dp (s) = o(|s|k) as |s| » 0. The coefficient
T
Y. is a rational function of {i and the first j moments of C_ (x)
IP, OPr Pr
and F(x). That is, ¥. is a rational function of &€ , {i,,***,ii.,
iP,. P, 1 j
and {i s, H. .
lp.. JP,
Expression (6.1.11) consists, in part, of Cp (s)---Cp (s)
1 k
N - . Ak *
= YOq + quQ +eooot quQ + Dk(s). (6.1.15)

As usual, Dk(t) is a function of bounded variation on [0,») having

k+p absolute moment; D;(s) = o(lslk) as |s| > 0.
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Py Pr  sfu-E (s)]
Q)" (s-0) [1-F (5)]
= jgﬂ. A +X.Q+eeetr ) k *
- Qk [ 0 IQ kQ + Rk (S)]

o~

+ 6%%T Dgrag@ree o+ 4 Q5 + R (8)]

+"'+>7kq[AO+A1Q+'°'+ Aka . Rk*(s)]
¢ D (8) gty Q oot A QS+ R (5]

L, _2_ R _(s) (6.1.16)

where R(t) is a function of bounded variation on [0,®) having k+p
*
absolute moments. In addition, R (s) = o(|s|k) as |s| » 0. The

coefficients & are rational functions of ﬁl,---, ﬂk+1’

l’...’ 6k+1

cee, Kq’ and L forr = 1,-++, kand s = 1,+++, q.

Kl,

As in the last chapter, this means that
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-1, g Py s[m—ﬁ*(s)]
L { 'k * ~* }
Q(s) (s-0) [1-F (s)]
= 8.0, (€) + 850, J(t)4eeev 8 L o+ ¥(L). (6.1.17)

The function Y(t) can be expressed as

Alt)
¥(t) = i
(1+t)P

where A(t) is of bounded variation, tends to zero as t approaches

A(t)

infinity, and if p 2 1, e

belongs to the class Ll'
Thus far we have focussed our attention on just one of the

summands in Ee-cctW(t)n. If we are to make statements similar to

(6.1.17) about all the éerms making up Ee—GCtW(t)n, we must broaden

our assumptions. Equation (6.1.17) depends on the suppositions:

1) ﬁk+p+1< ©

2) E‘Yllq < »
By K¥Pyy a4 L
3 EX) lyll <w

We need 1, 2, and 3 to hold for all possible partitions (pl,---, pk)

of n. The largest possible value of q arises when k = 1 and q = p; = n.
Thus we must assume E|Y1|n < = and {i < =, As for the assumption
that Exlk+p|Y1[q < », note that q < n+l-k. Hence we require

EX1r+p|Y1|S < » for r+s s n+l, s < n, and r < n.
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Lemma 6.2
Let n be a positive integer and p 2 0. Suppose ﬁn+p+1 < ®,
E|Y1|n< », and EX1r+p|Ylls <oforr+s<n+1l,s<n,andr <n.

Then

-0z
~ t n - ~ A(t)

w = 6 6 t e 6 —
Ee (t) 195(8) * 20n-1(B* 0 S (1+t)P

where A(t) is of bounded variation, tends to zero as t approaches

. s . A
infinity, and if p 2 1, Té%l' belongs to Ll'

The coefficients 61,---, 6n+1 are rational functions of
ﬁl,--°, ﬁn+1’ El,--~, En’ and ﬁrs forr+ss<n+1, r<n, and
s <N

Theorem 6.1
Suppose Fe C,nis apositive integer, and p 2 0. If

< w, I:3|Y1|n < », and EX r+p|Y1|s <o forrT+ssn+l,

W 1

n+p+l

r <n, and s < n, then
n
E(W(t) |A(t) = 1]

_ n n-1 _ .. -p
= Glt + Gzt +eoet 6n+1 + o(t 7).

The coefficients 61, 62,---, 5n+1 are rational functions of

ﬁl,-- , n+1’ El .o, K , and the product moments u for r+s<n+1,
n.

r<n, and s €
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Proof:
-0C
~ t n
E[W(t)nlA(t)=1] = EE__:E%Lgl_
& t
Ee
n+1 ol
= { 2 8 $ (t) + l(t) } { 1 + o(t-n—p)} (6.1.18)
k=1 k n+1-k (1+t)p 1"(1)

by Lemma 5.5 and Lemma 6.2.

Since F ¢ C and @ < », the conditions of Lemma F are ful-

n+p+1
filled. Hence

-n+r-p)

o (t) = Ylt + 721: Foe oy ?I‘+1 + o(t (6.1.19)

for 1 €< r £ n. The result follows easily from (6.1.18) and (6.1.19)

0

6.2 THE CONDITIONAL CUMULANTS OF W(t)

We have learned that under certain conditions on the moménts and
product moments of (Xl,Yl), E[W(t)n!A(t)=1] is asymptotically an
nth degree polynomial in t. We now turn from the conditional moments
to the conditional cumulants of W(t).

Define
Mg (t) = Eet®™ () ace) = 17, (6.2.1)

Mec(t) is the conditional moment generating function of W(t). If

EY, " < =,

w(t)-1+r21 t(ie)j+ o 5 + 0 6.2.2
‘GC = j=1 mJC()—J'— O( )as ( ....)
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. where mjc(t) = E[W(t)le(t)=1].

Let

Kec(t) = log Mec(t)

n sayJ
Lk (0) -(;—?)— + 0(6™) as 8 » 0. (6.2.3)
j=1 '

Kec(t) is the conditional cumulant generating function of W(t).

The nEh_conditional cumulant is

kpe(9) = 1 Cpsermopdmy (€)oo, o (0) (6.2.4)

where the summation is over all partitions (pl,--~,pk) of n and where

' C(pl, ces ,pk) is a constant.

Under the conditions of Theorem 6.1,

p..-1 -n+p_-p
m, J(B) = 8,7 8t +onost 6P . T okt )

= n n-1 ... % 2
| knc(t) = Glt + 8.t +oset 6n+1+o(t ). (6.2.5)

As in Theorem 6.1, the coefficients 61,---, 5n+1 are rational functions
of certain moments and product moments of (Xl,Yl); they do not depend
on the particular form of the distribution G(x,y). While (6.2.5) is

valid whenever il < o, EIYlln < =, and Ex1r+p|Y1|s < » for

n+p+1

r+s<n+1,s <n, r<n, wecan make the extra assumption that

EX

n+l
P Y

|n+1 < », Then if we can find the values of § ,¢°*+, §

1 1 n+l
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in this restricted case, these will also be the coefficients' values

in the more general case.

n+1| ln+1

Assuming that EX Y < o, we can say that §,,¢-+, §

1 1 1’

are rational functions of ﬁrs for r and s in {0,1,++-,n+l}. As

n+l

rational functions of a point in [(n+2)2—1]—dimensional Euclidean
space, the §'s are determined uniquely by their values in any sphere
in this space. For every pdsitive integer n, we shall find a sphere

in which § ---,Gn vanish identically. This will tell us they are

1’ -1

also 0 outside the sphere and will allow us to conclude the nth

conditional cumulant is

- -p
knc(t) ént + Gn +o(t M)

+1

whenever the conditions of Theorem 6.1 are fulfilled. We will also

find the functional forms of § and § .
n n+l

Our arguments are based on the properties of Mec(t). We know

- -oct+16W(t) N (t)
e - e
M (t) = =

8¢ - —oct . -OCt

Ee Ee

and we consider

0 .

Ng (s) = w-F (s) (6.2.6)

(s-0) [1-G (s,8)]

by equation (6.1.1).
Set m = (n+2)2 - 1. In his 1979 technical report on the cumu-
lants of proper cumulative processes, Smith discussed sequences

{(Xj,Yj)} ''generated by a Mmodel."” For such a model, the proper
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distribution G(X,y) of (Xl,Yl) depends solely on the positive
parameters A1,°--,Am; also, moments and product moments of all
orders exist. He showed that there is a sphere in the m-dimensional

)

space of vectors having coordinates (“10’°"’”n+1,0" ., un+1,n+1
such that these product moments are generated by a A-model in which

Al > A2>--->Am. In these circumstances, he proved that the equation

G (z,8) = 1 (6.2.7)

has m distinct roots zl(e),---, zn(e) which are analytic functions
of the complex variable 6 in some neighborhood of 0. Smith found

zl(O) = 0 and for 6 in a sufficiently small neighborhood of O,

-1

1 i=2,3,,m. (6.2.8)

R{Zj(e)} < A

Thus from Smith's results, we know there is an m-dimensional

re in the space of vect ii cee, 1 eee,
sphe pace of vectors (i g,y Wy oo"" "> “n+1,n+1)
such that these moments are generated by an appropriate A-model having

the properties already outlined. Let 21(6),---, En(e) be the roots of
~*
G (z,8) = 1. (6.2.9)

In this case we can expand Neo(z) in partial fractions when & is in

a suitable neighborhood of 0;

NeO(z) - m-ﬁ*(z)
(z-0) [1-G (z,8)]
m Z.(8)
=y —4— (6.2.10)
j=1 z-ij(e)
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where
~% o
w~-F (zj (e))
zj(e) = - o - (6.2.11)
z.{8)-0) T (z.(8)~-2, (8
( J( ) )k=1( J( ) k( ))
k#j
Note that for 6 in a sufficiently small neighborhood of 0,
R{Z(8)} < %- for j = 1,++, m and zj(e) # 2,(8) for j # k.
We can easily invert Ng(z) to find
n z.(8)t
N.(t) = ) Z.(8)e : (6.2.12)
6 521 j

But since R{Ej(e)} < -xl'l for j=2,3,-++,m, we can conclude that

-1

(e)t . O(e-tll ) (6.2.15)

'z

_ 7 1
Ny (t) = 2, (8)e

where the 0 term can be shown to be uniform for all sufficiently

small |8] .

Therefore

. 'OCt
Kec(t) = log Mec(t) = log Ne(t) - log Ee
. 9%, —tAl-l
= Zl(e)t + log zl(e) - log Ee + 0(e ). (6.2.14)
This shows that
3 ) -tA1°1
knc(t) = Ant + Bn + 0(e ) (6.2.15)

whenever G(x,y) is based on an appropriate A-model. The constant

An is from the expansion

DL

z.(8) = .
1 1 j 3!

j

(6.2.16)

Wr~18



- 133 -
while En is from

. ® _ (ig)d
log 2,(8) = B, + | B. (9 (6.2.17)
g 13!

Theorem 6.2

Suppose FeC and n is a positive integer. If @i

®
2

n+p+1

E|Y1|n < w, and EX1r+p|Y1[s <o forr+ss<n+1, rsn,s<n, and

p < 0, then
= X B -P
knc(t) Ant + Bn +o(th).

A and En are rational functions of fi,,---, eee, ® , and

n

~

g forr+s<n+1l, s<n, and r < n.

Proof:

From equation (6.2.5) we have

_ n n-1 . -p
knc(t) = Slt + 52t teoot 6n+1 +o(t )

and we know the 8's are determined by their values in any sphere.
Thus it is enough to consider the &'s resulting from a sphere whose

points are generated by a A-model. But in such a sphere, § $

1’."’ n_l

vanish identically and the values of Gn and 5n+1 are given by equations

(6.2.16) and (6.2.17). This proves the theorem. 0

6.3 THE DERIVATION OF A and 8_

Smith found that if W(t) is a proper Type B cumulative process
generated by a A-model, then kn(t), the nth cumulant of W(t), is

-txl'l
kn(t) = Ant + Bn + 0(e )
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where the generating function for the An's is precisely (6.2.16).
Thus to find Rn we need only refer to Smith (1979) and assume the
joint distribution of (Xl,Yl) is G(x,y). However, Smith assumed
EY, = 0 when deriving A_ = A . As we wish to avoid this assumption,

1

we rederive these coefficients.

~ L *
Since zl(e) is a root of the equation G (z,8) 1, we have

-1] =&Y nl—,— [ieY-Elx]“

= ¥ L Eliev-7X] (6.3.1)
n=1 n! 1
© . J
Using the expansion El(e) = ) Aj Ll?%—, we find
j=1 '
0= (ie)e, - 7, ] & G0l %2 g2 gy 1A 49
1 u13.=1 R 7 “11j=1 R

< ~ 2
i AR, A
2 2,...2 % 33 173 2 ...\ 4
+ 7 [Al (le) +A1A2(1e) + ( 3 + _4—)(16) +...]
Loy 3 % S B
. (i9) 12 .. ..2 < (i8) 21, ek 20002
+ Ry g - 5 (18) jzl AJ. S ——(i0) [A, " (18) "+
. 2.
3R,

C . .3 Hz 3. 3
A1A2(1e) +ees] - ET{AI (is)~ +

2 (10) %A, 2(18)? weee]
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i By
B —gl (ie)[A13(19)3+...] + Z% [514(16)4 +eee] (6.3.2)

)3

i8 L. . . . .
Since the coefficient of L—13-;—-15 identically 0 in this expression,

we conclude

¢

R1=~—1
1
s n L2
. 2 “Mifr M5y
A, = — - +
27§ ~ 2 3
1 H1
I L2, R 2.3
PO VL e S U s P e 1 U T B
3 2 ~ 3 4 3 5
"1 M1 % Y1 %1
_ L N
3 SHpoRp SHy Ry HgRy
+ == - + -
i 2 3 4
|51 ! M1

Values ofin for n > 4 can be calculated by this same method.
To find En we must solve the equation

® . j .
log z,(0) = | B 0.3

ja1 J0 3 0
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From equation (6.2.10), .
. ~ 0
zl(e) = lim [z-zl(e)]Ne (2)
z+zl(e)

[o-F (2)][2-%, (8)]
lim

z+21(e) (z-o){l-C*(z,e)] .

L% -
w-F (z,) y z-z,(6)
I im * . %
z2,-0 2>z, G (zl,e)-G (z,9)
Bz
w- z
1
-1 1 (6.3.3)
z2,-0 -K(9)
~ ~¥
where K(8) = g% G (s,8) . is as in equation (4.13) of Smith
s=zl(e)

(1979).

We expand the two factors in (6.3.3) separately.

~% *

w-F (z,) F (2,)-w

.- . e (6.3.4)
~ 1-w o-2z o]

zl-c 1

As the generating function for the ﬁn's is based on a A-model, the

distribution function F has moments of all orders. We can write

-2 -3 .4
L s A S T
F(z) = 1-mz) + 0y 5y - fg —5r+ iy g7 - (6.3.5)
= ion AR, A7
P . @) Moo 2. 3 Mtz Ay gy .
=1-10 Z A —— SR, 7 (10) T+K A (10) "+ (= + ) (i6)
j=1 j!
N < 2+ i
i A4 oy

G 000% « L2 Goyteeny + AR Aot . )

+ eee]-

3T
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. Therefore

~F o N
F (z))-0 . E N (i8)7
— P
l-w 320 b jl
where
ao =1
.. oAy
1 1-w
L w2
I U
2 1-w 1-w
- - L= 3
.. A5 | S I
3 1-w 1-w 1-w
1k snAk A2 emA%K, wAY
S G St e i e S 0 S A !
4 - 1-0 1-w 1-w 1-w 1-w
' It follows that
B (z,) i
Z.)-w © . an ]
1 - , (i8)°
log [———1 = 'Z as 5 (6.3.6)
j=1
and
A
a 4 -
1 l1-w
- .2 L 2x2
TR U T s e W
2 1-w 1-w (1-m)2
G R snAAL mA 3 2RA
S G s v S i W i T A
3 1-w l-w l-w (l-w)z
.. <3 3.3
e br- N 2u) A
2 3
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s Lo S22 s 2 .4
BA, 4AAL SETALT GTA TA) TR
= - + - +
l-w l-w - - 1-w
L 2- 2 L 2- L2+ 4 L2+ -
3u1 A2 18u1u,,A1 A2 3u2 A1 4u1 A1A3
} z " —5 - 7"
(1-w) (1-w) (1-w) (1-w)
L. L 3. 2« L2~ 4 L4
AULES A14 12u13‘\12"2 120, 708, © 6y A14
- - -+ -
(1-0)° (1-w)° (1-w)° (1-w)*
Now we expand o-; in powers of (ie).
1
w %k o s v ]
0?2 = 2 (-5]—'-) = 1 + %' 2 A —‘——(le)' +
1 k=0 j=1 9 I¢
AA, K2

1% 2.2 0 5 % r:a49
;2-[1\1 (18)7 + AR (10)7 + (=3

2~
3A.7A
3 1 2 (ie)4 +...] + _%[A14(ie)4 +'..]+...
ag

1.~ 3.,
+—§[A1 (i8)~ + 5

=]

g
oy J
- 1 g, U5 6.3.7)
j=0 J J-
80 =1
- 1
B =5
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. = 2
I !
82 g 2
o
K, 6A K, 6i°
8. = 3 . 172 . 1
3 c 2 3
o o
~ ~ ~ 2 ~ 2= ~ 4
- 5& . 8A1A2 . 6A2 . 36A1 A2 . 24A1
4 o 2 2 3 4
o] o o o
. 5 4 (18)
Since = - 1+ 2 B. — ,
1 j=1 1
log g = E B.' (16)’
- 3 '
o] 21 521 J ]
B':il_
1 o]
~ ~ 2
B':A—2+_.1.'__
2 o] 2
of
A, 3AA, 2R°
Bt = 3 . 172 . 1
3 o] 2 3
bof o
T = 2 = 2% < 4
5 - Ay . 4A1A3 . 3A2 . 12A1 A2 . 6A1
4 ~ ¢ 2 2 3
o} o} o} foj
Combining results, we find
B (z) E(2,)
w- pA Z,)-w
1 o] l-w
log ( Zo ) = log(—3 ) log(gjgzﬂ + log(=")

sy

(6.3.8)
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(ie)j l-w
' ————————— ——
. Cj 3T + log( > )

1}
He-18

j

where Cj’ aj' + Bj' byvequations (6.3.6) and (6.3.8).

(6.3.9)

We must also expand -K(8) in powers of i8. From Smith (1979),

p. 40, we have

R SN O ) A .
-K(®) = jzl G Yj(e) (6.3.10)
where
I Ln g
v:(8) = 1 — (i8) (6.3.11)
J n=0 ’
Thus
-R(e) _,, 1 Mg o2 Pz s Paa e
o, 1+ u—l—{ 11(18) + == (18)" + —7(i8)" + —5(i87)++ "]
L [p, g0y, (100 a2+ - (A (o) » &1
1“20“211 — 1A, (1 22
.3 4 i
z . . 32,
Ry O3+ &y U8 71}?{[“304'“31(1-9) I RCOREED
- L2
A, A
[Alz(ie) + A A (19)3+( 13 + _3_9(19)4+...]}
3A Z\
- g-é— f[ﬁ40+ﬁ4l(ie)+---][A13(19)3 + —1——(19) +e0e]}

1
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' zi_nl (laggre 1A famteeeeny o oo

o . J'
ok (1?2 (6.3.12)
j=0 J j:

where

I S L s 2
ky = E;[“lz'“zAz - 20yA) + AT
k =-3—[ﬁ - A, - 30, A, - 30, A, + 3u.A A, + 334 2 -i A 3]
375, 137N 2172 221 37172 3171 41
1~ - - ~ . - . ~ ~~-.
ky = EI[“14‘“2A4 - 4ip Ag - SlA, - 4D ¢ AAAL
+ 3f A 2, 120, A K. + 60K 2 - 61 A %% - 4, K3 +i AL
372 317172 3271 471 ™2 411 571
Therefore
~ o . )
K(6 ie
tog(- £y = § k G
1 j=1 J
where
Ky = ol A ]
1 117%2M

M1
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1 - - 2 1 N L2+ 2 ()
L —ggpeesiity I -1i - T} i3 -
K, ﬁl[“lz oA, - 204 + DA ] ; sl - 20 A M, A
1
K.' = 3;[ﬁ -fi.A, - 3 A, - 3 .A, + 30 A A, + 3i,.A 2 _ i A 3]
LS T R 2142 22 3% 31 4™
C B i m fy o foRo- 20 Ak A 2 A
o 2otz fuzeT S 11738 - Hi2¥e
1 -
2+ n I
AR+ 20000 A0 - lEA ]
2 .03 2.~ . 2 _ 33
v —glig 7 - Sy A 3 AT - HyA
"1
2 2 4 )
1 = - - -
k,' = 4k, - 3k, - 4Kk, ¢ 12k "k, - 6k
Returning to equation (6.3.3), we have ‘
~%
w-F (zl) 3
log Z.(8) = log(—5—) - log(-K(8))
1 Zl-o
o " _
6 - -R(® _
= ] C. (%.) + 1°g(l—99 - log( K(9)y log(ii,)
L) 3! o} fi 1
j=1 1
® . J _
= 7 B, B8 10y (6.3.13)
and
B, =C,' - k'
i j
5L 1A R S VO
1 l-w g ul ul
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e 22 242 .+ =2
. BAy AT HA 2 M
By = -3 T - e
(1-w) o
R T | 2 s 2v2
"’;[“12'“2A2' 2UypA + EgAT ¢ : Flfy - 20y A, A ]
1
- P I P =3
PR - SAAy BgA SE AN, BTN
3 1-w 1-w l-w (1-w)2 (1-w)2
3.3 - - -3
B AR, 7y
(1-w)3 o 02 03
--3;[ﬁ ~f.A - 3 A~ 3 A+ 30 A A+ 3, A 2.4k 3]
Ty sty Siarfam Siagfyt SEsRi Rt Sty R
+ —é—[ﬁ fi 21, fi,, A, i, L0 A 2h p A+ KA
e LotLEY Hyqlighy= 20y 0o A i,y HypliAy+ iy AR,
1
2 3 . 2. 2.2 _ 3+ 3
+ 20,0, A, T, A ] 53 [ g1 - 30y AL 3T A T, TA T

1

Values of ﬁn for n 2 4 can be derived by careful arithmetic.
As a check on our derivation of Rn and ﬁn’ we compute their

values for the special case Yj = 1. The formula

= X A -pP
knc(t) Ant + Bn +0o(t ™)

should then reduce to the formula for the nth conditional cumulant

of N(t) found in Chapter S.
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When Yj =1, € =1 for all s and ﬁrs = ﬁr. The first three

An's reduce to

A =2
a1
A, = _Zg - é;
iy 1
2 .
i . i D I L1
3° .5 T4 3

and the first three ﬁn's are

i
B = 2 . } . 2-w
1 - 2 ol l-w
i 1
1
232 o . .
S R T BN SR S SR
2 M R A ) _ 3 a )2
L5 T ol B 0 1 9 9 e
L3 . .2 L2 N
;. 8u2 ) 7u2u3 . A . Suz ) 6u2 ) e
3 ~ 6 L5 47 57 4 _ 4
Hy S| | T | My
R . S, 3 L2 2 s
37 2. 47 37 2 3.3 2. 2
111 111 Ul Lll g 1-11 g 1-11
L1 2, 301
M-’ aew?
Thus we have that if ﬁn+p+1 <oand Fe C

a) and n = 1, then
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i
-t 2 1 2- -p
klc(t) = ﬁl + — + - i + o(t ©)
"1 "1
b) and n = 2, then
i 20,2 a5, @
A 2 3 W 1
ke =5 - Dt +— - — - =5+ 2.2
ul ul ul ul Ul ul
i
o e R IO
"1 ofi, (1-w)
c) and n = 3, then
2 3
3i H 3 8ii 74,0
L. 3 2 1 2 2"3
kse®®) = (5 - —-—%+ ﬁ;ﬂt YT s
ul ul ul 111 Ul
1 3.2 6nl 1 . 30 3. @
. U4 uz ) u2 ) US . u3 . uZ } Uz . uz
4+ .85 7 A S M S
Ul 0'111 Ul 0111 Ul Ul U Ul
b2 3 1 2 .3 1. oty
3.3 2.3 3 7 " Tow
o, op;  (1-w) (1-w)

Since these formulas are the same as those derived in Chapter 5,
We

we believe the cited values of An and En are correct.
Finally, we return to a question raised in Chapter 4.

*
assumed ﬁz < = and Ez < » and asked whether

+ o(t).

i

= -4
ct

Var[W(t) |A(t) = 1]
1
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We concluded that the statement is true if
2t
E[W(t) |A(t)=1] - == = o(Vt).
1
* ~
The assumption that {i, < = and &, < = implies EX1|Y1|< «; if we also

suppose that F ¢ C and W(t) is a Type B process, Theorem 6.2 yields

E[W(t) |A(t)=1] = Alt + §1 + o(1).

¢

Since Al = ﬁl , the result is true for these special cumulative
1
processes.

Of course, if we are willing to assume more about the moments
and product moments of (Xl,Yl), we can specify the error term much

more precisely. It is worthwhile to note that 52, the coefficient

of t in Var[W(t)IA(t)=1] under the conditions of Theorem 6.2, is
éL-, as we know it should be. This is a further check on our

1
calculations.



CHAPTER 7

PROCESSES WITH VARIABLE DEFECTS

Although we have assumed that each lifetime Xi has the same
defect 1-w, there may be cases in which it is reasonable to suppose
that the defect depends on the number of lifetimes preceding Xi.
Let {mj} be a sequence in (0,1] and suppose {Xi} is a sequence of
independent positive random variables such that P{XiSX} = wiJ(x)

where J is a proper distribution on [0,~) and J(0*) < 1. Note that

t
PX +X,st} = fo 0,3 (£-1)uyd3 () = wo,d P ()
and in general
. (n)
P{S;st} = (1 w)J(6). (7.1)

j=1

It follows immediately that

v on (n)
Ht) = § (0 w)d™(t) (7.2)
n=l j=1
and
@ n
H(») = § (I w,) € =.
n=1 j=1 J

If the wj's are not bounded above by some w < 1, it is entirely

possible that H(») = =. Also, unlike the sitnation in which
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mj < w, the probability the process is alive at time t does not ’

necessarily converge to 0. We find

q(t) = P{A(t) = 1}
o t n (n)
= wl[l—J(t)] + nzl fo wn+1[1-J(t-r)](jI=Il mj)dJ (1)
-] n+1
-1 on w5 -3 P o). (7.3)
= j=
Lemma 7.1
v a (n)
a(t) = w; - nzl(l-wn+l)(jgl ws) I (8). (7.4)

Proof: ‘

The right hand side of (7.4) equals

® n
Wy © 2 (l'wn+1)(.n

0. ) [T (2) -0 ™) (4]
n=1 j J

1

® n
- T e o0n 0™V

n=1 R T
T (n) . _;(n+1)
=w; - L (T ws) [I77(2) -9 (t)]
n=1 j=1 -
® n+l : ® n
s 1 0n wMw-sPY w1 - § e 1w ™
n=1 j=1 J n=1 M =1
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o n+l
- Y n wI™e-s™Dm1 ¢ I
n=0 j=1

© n .
& wj)[J(“)(t)-J(“ Uy
n=1 j=1

E 1 1 31 (43
& ( 'wn+1) ( 1-.[ wj) (t)
n=1 j=1

o]

qe) + ajJ(j)(t). (7.5)
j=1

Note that o, = w, - w, = 0 and

1 1 1
k k-1 k-1
= -0 w, + I . - (1- I w. =0. D
o - TR W, ( wk)j=1 ;

Formula (7.4) shows the monotonicity of q(t) much more clearly

than (7.3).
n
Because I w. is nonincreasing in n, it converges to some limit
j=1 ‘
2 2 0. In fact, since we are assuming wj > 0 for all j, 2 1is

positive if and only if y (l-wj) < »,

j=1
Lemma 7.2
n

lim q(t) = 1lim T w, = & .

oo me j=1 3 '
Proof:

at) = 2§ ™0™ )

n=0
= o[1- 1im I (1)) = 2. (7.6)

n-ro
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n+l
Now choose € > 0. There exists some N(¢) such that 1 wj < L+ e
j=1
whenever n 2 N. Thus
N-1 n+l
1im q(t) < Lim § (1 w) 3™ )-3D (1)
too to n=0 j=1 I
+ 1im (2+e) § 3™ (0)-0™V (1)
tre =N .
< tim (-0 ()] + 2 + ¢
t0
= 4 + g, (7.7)
Since € is arbitrary, lim q(t) = 2. 0

to

Lemma 7.3

© n
Suppose y (1T w,) = . Then
n=1 j=1 J

P{A(t+s) = 1|A(t)=1} ~ 1 as t - «.

Proof:
If T w, =% >0, then by Lemma 7.2 lim 9£%§§l = 1.
j=1  J toe 4
n
Suppose then that lim I w, = 0. We will first show that
noe j=1

P{N(t)=k|A(t)=1} + 0 for fixed k.
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k+1
(1 w3 - ()
j=1
o n+l
T(n
n=0 j=1

P{N(t)=k|A(t)=1} =

IR ORAIIO)

) 300 gy - 0D gy

— . (7.8)
108Dy 11w ™ -1 0]
n=k+1 j=k+2 J
Observe that
§ m-1
1= (l-w_ ) + (l-w ) T w n=1, 2,
n+2 m=n+3 m p=n+2 P
n
since lim @I w. = 0. Hence
ne j=1
n+l1 .l
(1 0™ -0 )
j=k+2 J '
. n+l - m-1
- W @-s ™Y O N T w)r 1 i) 1w}
n j=k+2 ) m=n+3 m p=k+2
(n) . _(n+l T m-1
=™ e)-d™ V1 7 ) 1w, . (7.9)
m=n+2 m j=k+2 J

Thus it follows that

) n+l

7 (1 w)® -0
n=k+1 j=k+2
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hod %o m-1
b} 0™y Dy S (-a) 1w
n=k+1 m=n+2 j=k+2

® m-1 m-2
U (ro)( 1w 3 3™ ()™ 1))
m=k+3 n j=k+2 n=k+1

o m-1
= 3 (1w ™Dy, (7.10)
m=k+3 j=k+2 J
Also,
© m-1

(k+1) (k+1)
1-J (t) = [1-J () {l-w, .+ § (Q-w) T .}
K2 hekes ™ jake2 I

Therefore,

© n+l
3% e ¥ )™ 0™ )
n=k+1 j=k+2 7
(7.11)
(k+1) 3 m-1 (m-1)
= (l-w ) [1-J ()]+ § (1-w)( T 0;) [1- (t)]
m=k+3 j=k+2
and we have
P{N(t)=k|A(t)=1} (7.12)

< 1-5 (1) ¢4y

-]

(k+1) m G
(1-w,,,) [1-] 1))+ } (l-e_,)( T w,) [1-7 ™))

m=k+2 j=k+2
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i = [P
Now define @ = [k+1]'

[+

(o (k+1)) ' N m
m ) < & o)

™y <

and thus

Qo
m

1-0™ ) 2 1-0® Dy (7.13)
Combining (7.12) and (7.13), we see

P{N(t)=k|A(t)=1}

1 - gD
(k+1) v m k+1) . m
(1-w )Y[1-J () ]+ (1- (T w.){1-{J (t)] ™}
k+2 m=E+2 “m+1 seke2

<

_ 1

- L m o.~-1 "

Qow, D+ 3 Qeo (1 w3 E D e ® 1™
2 ez ™ gaken

(7.14)
Note that

4 @« m

m
Z (l-w_ J( T w.)a_ >c 2 m(l-w_ )( I w.)
mekez ™ gake2 3P Tpeke2 ™ joke2

for some ¢ > 0. But
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© m L m
Vo m(l-w_)( T w,) = (k+t1) § (-0 )( T w.)
mek+e2 ™1 ka2 mek+2 - ™ jage2

E m-§-1 m
+ (lvw J( T w.)
mek+2 221 1 jope2

(<] [~

m Ll m
= k+1) ¥ (Q-o ) T w)+ § ) (Q-w_,.) 0T w,
mek+2 MU ioke2 37 pake2 mer ™ 5oken
(7.15)
Now since
n © m 2
Hm-*O,Z(lwl)Hm.—l'[ w.
j=1 =% j=k+2 7 j=k+2
and so
) T ] m
m(l-o_ )( T w,)=(k+1) (l-w_ (T w,)
meke2 O Ty meke2 ™ jokez
o L
Y (D w) = (7.16)
g=k+2 j=k+2 .

by assumption. Therefore

lim P{N(t)=k|A(t)=1} = 0.

toro
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Now we use this fact to show

lim ﬂé%%%l =1 for fixed s.

troo

Choose € > 0 and fix s. There exists some N(e,s) such that for

alln 2N, 1- J(n)(s)>1-e. Also, since 2 (

n
Iw.) =x,

n=1 j=1 -

and there is some K(N) making

k+1+N
Il w. > 1- ¢ whenever k = K.

j=k+1

q(t+s) _ P{A(t+s)=1,N(t)<K} . P{A(t+s)=1,N(t)2K}

q(t) P{A(t)=1} P{A(t)=1}

P{A(t+s)=1,N(t)2K}  P{N(t)2K,A(t)=1} .

2 BINCD)=K,A(L)=1] PA(D)=1}
We already know

PIN(t)2K,A(t)=1} _
P{A(t)=1}

and now consider

P{A(t+s)=1,N(t)2K} = § P{A(t+s)=1,N(t)=n}

n=K

n=K

\%

n=K

§ P{A(t+s)=1|N(t)=n,A(t)=1}P{N(t)=n,A(t)=1}

Y P{N(t)=n,A(t)=1}P{A(t+ct+s)=1|N(t)=n,A(t)=1}

W,

J

> 1

(7.17)
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® o n+m+l
Y P{N(t)=n,A(t)=1} § ( T w0) 0™ (5)-00 1) (5]

n=K m=0 j=n+l J

o N n+l+N (m) (m+1)
Y P{N(t)=n,A(t)=1} § ( ws) [3°7 ()9 (s)]

n=K m=0 j=n+l

[\

v

(1-e) T PINCE)=n,A(t) =1} [1-0 1) ()]
n=K

(1-€)2PIN(t)2K,A(t)=1}. (7.18)

v

Hence

lim 31%%31- > (1-¢)°.
tro 4 ‘

Since € is arbitrary this proves the result. 0
In Chapter 3 we learned that if J(x) € S, the class of sub-

exponential distributions, and if P{Xin} = uJ(x), then

lim ﬂé%%§l = 1. Our next lemma generalizes this result.
tox

Lemma 7.4

Suppose w, S < 1 for all n and J(x) € S. Then

. qt+s)
iif q(t) -
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Proof:
Since
. n
Wy <w, 1 =21 - w) * z (1-wn+1)(.ﬂ w,)
n=1 j=1
or
o n
= nzl(l-mn+l)(jgl wj) . (7.19)

Combining (7.19)'and expressionv(7.4) for q(t), we discover

a® = 1 (a1 w3 @), (7.20)
n=1 j=1

Hence

1-3™ (t4s)

(1- )( H )[ ]
1im QIt+S) 1-J(t+s) nz “n+1 %5 1-J(t+s)
-() __—_______
n=1 n+l j=1 7 1 J(t)

(7.21)

By Lemmas A, B, and C in Chapter 3, we know that

1-3(t+s) | 5. 1-3(e)
-3 Y 190

[

o ()
and for any ¢ > 0 there is some D(e) < « making ET%3T5§EL SD(l+e)n
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Thus if we choose ¢ to make w(l-¢) < 1,

(n) =
Z Lo (T n P 0 1 Qea ) fa-a)]” <
n=

and the Dominated Convergence Theorem implies

.5 n 1-0™) (1) ot n
1im § (l-w__)( T )[————-—-——q = ] (lew_, )( T w)n.
tom mo1 L5003 T TAI() n=1 M e d
(7.22)
Therefore
q(t+s) _
T I .

The next lemma generalizes Lemma 3.1.

Lemma 7.5

Suppose w S < 1 for all n and Je S. Then

k+1
T w.
. i=1 J
lim P{N(t)=k|A(t)=1} = —
e 1 (m w )
n=0 j=1
Proof:

When J(x)} € S,

PLLON 7R+ gy [ (k)(t)_J(k+1)(t)] [ L3(e) }
(n)(t) J(n+1)(t) 1-3(t) J(n)(t)_J(n+1)(t)
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But
100Dy 10y 1B
1-J(t) - 1-J(t) 1-J(t)
>{r+1l-r}t=1la t+=forr=1, 2, ...
Thus
(k) (k+1)
J( )(t)'J( +1)(t) >last >, (7.23)
I (£)-5' gy
Now
k+1

(1) -0 @)
PIN(E)=k|A(t)=1} = L2

Jen w)@®)-0 0
n=0 j=1 J

k+1
(I w.)
j=1

= (7.24)

]

We know that

1M )-g™ D [}-J(n+l)(t)] [ 1-3(t) ]
38 ()3 (g 1-3t) 4 L ey g gy

< p(1+e)™! [1+0(D)]. (7.25)
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The Dominated Convergence Theorem applies to the denominator of

(7.24) and the result follows. ad

-]

We will consider some of the consequences when I w, =2 > 0.

. j=1
As noted earlier, for this product to be nonzero, the mj's must

approach one quickly enough to make z (1-wj) < o, It is easy to

j=1
see that when

2 > 0, lim P{N(t)=k|A(t)=1} = 0 for all fixed k.

Tt

Thus if the renewal process is alive at some time t and t is large,
then with high probability the process has survived many lifetimes;

intuition suggests the future development of the process will be

much like that of a process whose lifetimes have proper distributionJ.

Lemma 7.6

Then

" =t 8
€
]
=
v
(o]

Suppose

E[N(t+s)-N(t)|A(t)=1] [Hy(t+s)-H;(t)] + 0 as t + =.

Proof:
© n

th_nle)[J(“)(t+s)-J(“)ct)]
n=1 j=

E[N(t+s)-N(t) |A(t)=1] = (7.26)

q(t)

Fix € > 0. There exists an N(e) such that whenever n = N,

n
I w, <& + . Thus
j=1 7
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E[N(t+s)-N(t) |A(t)=1]

N-1 ' o
™ sy -a ™ 0 1s ) T 5 (009)-0 (03]

n=1 n=N
L

A

o(1) + [Hj(t+s)-H (t)][1 + %q . (7.27)

Similarly,

2 [Hy(t+s)-H;(t)]

E[N(t+s)-N(t) |A(t)=1] = (7.28)

2+ o(1)
Therefore the result follows. ad
In order to study more general questions, suppose G(t) is a

natural process depending on the defective random variables Xl’

XZ’...’XN(t)+l' Let Fl(x) = wiJ(X)=P(XiSX). Then

EG(t)A(t) = G(t,x ( )

n

---,xn+1)dF1(x1)---dF X 41

1’ n+l

Ite~8

Of{N(t)=n}

n+l
ce,x_ (I

[}

G(t,xl,' n+1 . )

y f w.)dI(x, )+ -dT(x
n=0 ’{N(t)=n} jer 0t n+l

1

N{(t)+1
EJG(t)( jzl mj) (7.29)

where E_ indicates integration with respect to the proper distribution

J
J.
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Taking G(t) = 1, we find

N(t)+1
a(t) = E;( T w)) (7.30)
j=1
and N(t)+1
EJG(t)( I w.)
j=1 7
E[G(t) |A(t)=1] = D)+ (7.31)
E.( I ‘w.)
J j=1 J
Lemma 7.7

Suppose |G(t)| <M. If T ws =8> 0, then

j=1

E[G(t) |A(t) = 1] - EjG(t) » 0 as t > =.

Proof:

With no loss of generality, we may assume that G(t) = 0. Choose

n+l
e > 0. There exists an N(g) such that if n 2 N, | it mj - z|< %—.
j=1
Let B, = {N(t) = N}.
By.assumption,
N(t)+1
E_[G(t)( @ w.)]
J j=1 j
N(t)+1 N(t)+1 c
- Bl T w)x(B)] + E;[6(E)( 5 w;)x(B, )]
N(t)+1
= EJ[G(t)( ‘E wj)x(Bt)] + o(1). (7.32)

j=1
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Also,
. N(t)+1
1By (BB ISES OO (T uyx(Bole LE[G(t)x(B)] + «
(7.33)
and
N(t)+1
E.( I w.,) =2+o0(l) as t » =, (7.34)
J j=1 j .
Therefore,
N(t)+1
EJ[G(t)( .H w,)]
E,[G(t)]+o(1) ' — it < B [G(0)]+ e+ o(1).
E( T w.)
3y 3 (7.35)
As ¢ is arbitrary, the lemma is proved. a

Applications of Lemma 7.7

Let uk(J) = Jw xde(x). Suppose W(t) is a cumulative process
0
T %*
based upon {(Xi,Yi)} where Xi miJ and EJY = Kr(J). If 3 (J) ¢ =

and ul(J) < =, then let

I IO R S
6(t) = xC 1% - gyl > 9
If T w. =& >0, it follows that
j=1
W | <) ) e 1) N
P{I ul(J)| > g|A(t)=1} - pJ{l — - “1(J)| >e} >0
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and hence

W) )
t e))

P{] | > e|A(t) =1} »0 as t » =. (7.36)

If Kz*(J) < @ and u,(J) <=, define

€, (9)

W(t) - ;IT?T{

G(t) = x < a
YJt

ul(J)

e

ul(J)

_ 2 .
where A EJ[Y1 - Xl] . Lemma 7.7 implies

1 (J)
T &)
P L <a|A)=1]+ o(a) as t » = (7.37)
YJt .

uy (9]

<o

whenever T w., = 2 > 0.
j=1 7

Lemma 7.7 only applies to bounded natural processes. The next
lemma gives a crude indication of the behavior of more general

processes.

Lemma 7.8
Suppose G(t) is a natural process such that EJG(t)x(N(t)SN) -0

for every fixed N. If, in addition,
o«
w, =2 >0,

1

0=

j
then
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E[G(t) |A(t) = 1] ~ E;G(t).

Proof:

Again we may assume G(t) 2 0. Choose € > 0. There exists
n+l
some N(e) such that | T mj-ll < € whenever n 2 N. Let
j=1
Bt = {N(t) = N}.

N(t)+1 N(t)+1

EfI6()( T )] = EfI6(0)( T w)x(By)]
j=1 j=1
N(t)+1 c
+ EyI6 (T w)x(B ]
j=1
Again

N(t)+1 c c

E;[6()C T w)x(B,7)] < E;6(E)x(B,) = o(1)

t=1

by assumption.

N(t)+1
LB [6(£)x(B,)] < E;[G(t)( - w)x(B)] < (1e)ES[G()x(B,)]
and thus
N(t)+1
ZEJ[G(t)] +0o(l) < EJ[G(t)( I w.)] < (e+e)E_[G(t)]+o(1).
j=1 J

The result follows. O
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Application of Lemma 7.8

N(t)k. If I wj = ¢ > 0, then Lemma 7.8 implies
j=1

Suppose G(t)

E(N(D)X|A(D)

1] ~ EJN(t)k. (7.38)
If uk+1(J) < o, this indicates
EINCOFIACE) = 1] = ct® + o(t9).

Of course, as we indicated earlier, the assumption that
(-]
T w. =2 >0 is a very strong one. Rather than assume wj + 1 with
j=1
a certain speed, it may be more reasonable to suppose that

mj +w < 1. As before, let Fj(x) = ij(x) = P{Xj S x}. If there

exists a ¢ > 0 making

mjm e?XdI(x) = 1 (7.39)
0
then
dij(x) =2 ecxdFj(x) = we ¥4I (x) = dF(x) (7.40)
b

defines a proper distribution F(x).
Let G(t) be natural and let E indicate integration with respect
to the proper distribution E(x). Then

EG(t) = G(t,x1,~-~,xn+l

YdF(x))+ - dF(x_, )

A
n=0’ {N(t)=n}
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E I n+l w, ot OCt
G(t,X,,***,x_ ,)( T —e e ~dF,(x,)+--dF (x_..)
n=0’ {N(t)=n} 1 n+l 5=1 mj 1771 n+l " n+l”
and thus
. -0, N(t)+1 w.
Ee(t)e (I - = EG()A(E) (7.41)
j=1
_ _ -ag, N(t)+1 w,
ae) =e % Ee (1 =D, (7.42)
j=1
Therefore
. -oct N(t)+1 w.
EG(t)e (I m)
11 - j=1
E[G(t) |A(t)=1] = “o, N o (7.43)
Ee ( 0 -1
. w
j=1
Lemma 7.9
« w.
Suppose I = 2 > 0. If there is a ¢ making dF(x) = wecde(x)
j=1 N
a proper distribution, and if ﬁl = fm xdF(x) < = , then
0
. -cz N(t)+1 w
Ee ( il ) - l[———J = zK () as t » =,
j=1 1
Proof:
. -cc N(t)+1 w,
Be (M D = (7.44)
. w
j=1
w o n+l w t
Tlr “0(-Bgrg+ ¥ (1 -l)f r e 9 T8 g7y ™ ().
t n=1 j=1 0/t-t
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Choose € > 0. There exists an N(e) such that

n+l w.
R
j=1 ¥

< g whenever n = N.

Then

_ =0, N(t)+1 w,
e S( 1 -4
=1 "

w N-1 n+l w.
4 f” O P T S ‘lﬁf
© ot n=1 j=1 ¢

t o
J e-o(y+1—t)d§(y)d§(n)(r)
0/t-t

© ot
v (ave) T f fw e 0Tt i (y)aE (M (0. (7.45)
n=1 ‘0 ‘t-t

. -og_ N(t)+1 w, w .
limBe °( 1 -3 s lim — [1-E(t)]
. w w
tro j=1 £

N-1 n+l w.
m § (1 D E® - @)
too n=1 j=1 °

+

+

t (yoret) in -
(2+€) 1im f fw e O+ T8 4 (y) dff (1)
t>o ‘0 ‘t-T

_ () (1-w)

e by the Key Renewal Theorem. (7.46)
1
Similarly, one can show
. -0z, N(t)+1 w,
lim Ee t( I —19 2 &L%:El .
oo j=1 Y T

This proves the result. O
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Lemma 7.10

Assume the proper distribution F exists. Also suppose G(t)

is a sluggish and natural process such that for every e > 0 there

exists some A(e) making

BEG(t)x(|G(t)] > 8) < ¢

* [V
for all sufficiently large t. Then if I :% =2 >0,
j=1

E[G(t) |A(t)=1] - EG(t) +~ 0 as t + =,

Proof:
n+l w.
Fix €> 0. There exists some N(e) making I ;% -2
j=1
whenever n 2 N. Let Bt = {N(t) = N}.
_ =0z N(t)+1l w. . =0g . N(t)+1l w,
Be SG(t)( T -9 =fe G(o)x(BI( T D
. w t . w
j=1 j=1
_ -0g N(t)+1 w.
+ B SG(ox(BSHC T D).
. w
j=1
But
. -oct c N({t)+] w, . c
lBe  SG(t)x(B.9Y( T D] s MEG(Ix(B, )]
t j=1 w t
m w,
where M is an upper bound on I :%- for m=1,++-, N.
j=1

< MEG(t)x(]G(t)]| > 4 ) + MAP(B,®) < ¢

if we choose A correctly and if t is sufficiently large.

< e

(7.47)

(7.48)
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Also,
-0g -0 N(t)+1 w,
Ee CG(t)x(B.) < Be ‘tG(t)x(B)( m1 D
t t j=1 w
_ -oT,
< (2+€)Ee G(t)x(Bt). ' (7.49)
Therefore
_ -0t . -0¢ N(t)+1 w. . -0g
-evsBe  SG(r) s B G()( M - < (2+e)Ee to(t) +e
j=1
(7.50)
for sufficiently large t. Hence
- 'UCt
E[G(t) |A(t)=1] - &EE_TtaﬁiEl > 0 (7.51)
N
by Lemma 7.9 and expression (7.50). Now Lemma 4.5 implies
E[G(t) |A(t)=1] - EG(t) - O. 0

This lemma allows us to extend several of the results in
Chapter 4 to the situation in which the wj's are not necessarily

identical but do converge to some w quickly enough to make

@ w.

1 Z% = ¢ . For example, by linking Lemma 7.10 and Theorem 4.1,
j=1

*

we find that if ﬁ1< = and Ez< =, then
W(t)-ElN(t)
(1) Pj——————— < a | A(Lt) =1} » ¢(a) (7.52)
t
o ~
y 4y
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g, t
W(t)- %—
(ii) Pl——— < a]A(t) =1} - ¢(a). (7.53)
yt
"1
Linking Theorem 4.2 and Lemma 7.10 yields
Rt 2 ¥
E[(W(t) - =) JA(t) = 1] = == + o(t) (7.54)
M1 "1

*
ift|2<~==>and22 < o,

Thus we see that the assumption that all lifetimes have the

same defect w can be relaxed somewhat without overturning our

results.



APPENDIX

Theorem G

Suppose that q is a positive integer, m 2 0, and

1) FeC and Brep €%

2) J(t) is a function of bounded variation on [0,») having

*
m + q absolute moments and J (s) = 0(|s|%) as |s| + 0.

3) W*(s) is defined for R(s) > O by

% *
and ¥ (0) is defined to make ¥ (s) continuous.
Then ¥(t) ¢ B(m), the class of functions of bounded variation

on [0,~) having m absolute moments.

Proof:

This theorem is a special case of Theorem 1 in Smith (1966).
Smith's Theorem is couched in terms of Fourier-Stieltjes transforms
but can be adapted to the current Laplace-Stieltjes setting. In this

m

instance we take @ =y =q and M(x) = x .
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