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ABSTRACT

As a type of boundary-only meshless method, boundary node method (BNM) combines the Moving Least
Square (MLS) approximation and the regularized boundary integral equation (BIE) and inherently possesses the
attractive advantages of both the boundary element method (BEM) and meshless method. In this paper, by the
combination of the BNM and the repeated similar sub-domain approach, a scheme for the 2-D simulation of
piezoelectric composites is presented. Moreover, the micromechanics algorithm is applied to determine the
effective electroelastic properties of transversely isotropic piezoelectric materials containing randomly
distributed inclusions. These 2-D analyses based on fundamental solutions are carried out to investigate the
relations between the effective properties and the inclusion volume fraction. Emphasis is placed on the
application of the scheme of repeated similar sub-domain BNM to obtain the coupled elastic and electric fields
by discretizing the outer boundaries and the inner matrix-inclusion interfaces of the entire physical domain and
further to numerically determine the effective properties of piezoelectric composites. The numerical results
illustrate great agreement with the available exact solution and the analytical predictions by Mori-Tanaka model.

Keywords: Effective properties; Boundary node method; Piezoelectric material; Inclusions; Repeated similar
sub-domain

1. INTRODUCTION

With the rapid development of intelligent and smart structures, micro-electro-mechanical systems (MEMS),
piezoelectric materials have been widely used as sensors and actuators in many engineering fields. In processing
of piezoelectric materials, all kinds of defects, cracks, voids or inclusions inevitably occur within the structures.
Changes of the overall properties of a piezoelectric material due to the presence of voids or inclusions
considerably affect the functions of piezoelectric smart structures as well as MEMS. Micromechanical analyses
of piezoelectric structures for integrity and actualizations of a certain special function require the knowledge
about the influences of voids or inclusions on the effective properties of piezoelectric materials. Therefore,
investigations of the effective properties of a piezoelectric material containing defects are of scientific
significance and engineering importance [1, 5, 8].

The influences of defects on the effective properties of isotropic or anisotropic elastic materials have been
studied in past decades [2-4, 10, 11]. In recent years, some analytical approaches, such as the dilute,
self-consistent, Mori-Tanaka, and differential approximations have been extended to study the effective
electroelastic properties of piezoelectric materials with defects [1, 6-8, 22-25, 27]. These analytical models
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provide an approximate evaluation of the overall properties of piezoelectric materials based on the assumption of
average over the studied physical domain. For instance, Wu [7] adopted the equivalent inclusion method [19]
and Mori and Tanaka’s mean field theory [6] to evaluate the influences of void volume fraction and the void
shape on the electroelastic properties of piezoelectric materials. Dunn et al. [24] presents a theoretical approach
to predict the electromechanical properties of porous piezoelectric ceramics. This analysis is able to account for
the effects of porosity shape and concentration and is applicable to piezoelectric material of arbitrary symmetry.

Some efforts have also been made in recent years to numerically simulate piezoelectric materials and
determinate the effective properties. Li et al. [5] studied the effective properties by FEM using ANSYS, based on
a cubic unit cell model. As mentioned in [5], that kind of cell analysis is only suitable to periodical distributed
voids. Lee [15] and Liu et al. [18] analyze piezoelectric materials with a defect by BEM. Qin [1] proposed a
micromechanics BE algorithm for analyzing the overall properties of piezoelectric material with cracks or voids
of various shapes. In [1], numerical results of effective material constants are obtained by self-consistent BE
method with an iterative scheme and Mori-Tanaka-BEM approach.

Most progress has been made in determination of the overall properties of piezoelectric materials containing
defects of regular shapes [1, 6-8, 22-25]. In practical applications of piezoelectric materials, however, it is very
likely that defects are of high shape irregularity. Therefore, overall analysis of a piezoelectric structure using
finite element method may suffer from difficulties due to a large number of defects with irregular shapes and fine
mesh required locally. In recent years, several boundary-only meshless methods, based on meshless interpolation
schemes such as Moving Least Square (MLS) approximation, have been proposed to avoid these drawbacks
[12-14]. These methods include Boundary Node Method [12], Boundary Point Interpolation Method (BPIM)
[13], and Hybrid Boundary Node Method [14], et al. In this paper, the BNM is adopted.

In the BNM, the MLS approximation is introduced into the regularized BIE, and only some scattered nodes
distributed on the boundary are required. Thus, the BNM possesses the meshless character of MLS as well as the
dimension-reduction advantage of BEM, which reduce even eliminate the difficulties in problems involving
frequent re-meshing, such as crack propagation.

In this paper, based on the idea of the BEM scheme for the determination of effective elastic properties
presented by the authors’ group [10, 11], a BNM scheme for evaluating the effective properties of piezoelectric
composites is proposed. This BNM scheme simulates the structure of piezoelectricity by fully descretizing the
outer boundaries and the inner matrix-inclusion interfaces of the entire physical domain and produces high
accurate results. This scheme is a promising approach for analyzing composite materials with a large number of
defects/inclusions of both regular and irregular shapes.

2. GOVERNING EQUATIONS IN PIEZOELECTRICITY
The theory of piezoelasticity is summarized in this section. The basic governing field equations are [9, 16, 18,
20, 21]

oyt f.=0 1)
Di,i —-Qq= 0 2
where o; is the stress tensor, f, the body force vector per unit volume, D, the electric displacement vector and

q is the electric charge per unit volume. Eqg. (1) is the equilibrium equation of elasticity and the Eq. (2) the
Gauss’s law of electrostatics. Consider a piezoelectric material the constitutive relation is formulated as

Oy = Cijklgkl — Cij E, @)
D, =ey&q + K Ey (4)
where &, is the elastic strain tensor, E, the electric field vector, C;, the elastic modulus tensor measured in
a constant electric field, €, the piezoelectric tensor and x; the dielectric tensor measured at constant strains.

The elastic strain field &; and electric field E; are defined by
1
Gjj :E(ui,j +uj,i) )

E = —¢i (6)
where U, is the elastic displacement vector and ¢ the electric scalar potential.
The boundary conditions are given by
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mechanical boundary conditions: {

_ (7
u, =0, on I',
Dn=-w on T,
electric boundary conditions: — (8)
p=¢ on I,

where t; and @ are the traction and the surface charge respectively, and N, the unit outward normal vector of
the surface. The upper-barred quantities indicate prescribed values. Note that Fti UFUi =FwUF¢ =1,
andl', N, =T, NI, =D

If the displacement U, and the electric potential ¢ are independent of X, , the problem reduces to
plane-strain case. For a transversely isotropic piezoelectric material with the X, being the axis of poling
direction and let X, — X, plane be the plane of interest. The constitutive Egs. (3) and (4) reduce to the following
matrix equations
On _C11 Cs O 0 _e31_ én
O33 Cs Cy3 O 0 —€y || &y
our=| 0 0 C, —&; 263 ©)
D, 0 0 e &y E
D] [e& & 0 0 xyu]lE

0
0

3. MOVING LEAST SQUARE (MLS) APPROXIMATION
In this paper, the MLS approximations are constructed along the piecewise smooth segments

Fk, k=1,2,---,M independently, in curvilinear coordinates. The approximation scheme for the boundary
displacement U, and boundary traction f, are independently defined as

0,(5)= Y0 (5)3! (10
((5)=Y ' (5)F )
where -

@' (5)=2.p' ) A (5)B()] (12
A(s) =YW (5)p(sHp(5') i
B(s) =[ W' (s)p(s'), W’ (s)p(s*),--w" (s)p(s") | (14)

In the above equations, P is a complete monomial basis vector and w' (s) is the weight function. In this
paper, the Gaussian weight function is chosen as

exp[—(d' /c")?]-exp[-(d' /c")?]
w'(s) = 1—exp[-(d' /c')?] (15)
0 d'>d'

where d' is the distance from a point S to the boundary node S' measured along T, d' the support
size of the weight function and c' isthe parameter controlling the shape of the weight function.

Since the MLS approximation does not possess the Kronecker Delta property, G' and fi' are the
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fictitious nodal values and l]i' and fi' are the exact nodal values. For a well-posed problem, the value of

either U, or t; isknown on the boundary. Therefore, Oi' and fi' can be obtained first

N N

U‘il — Z RIJ aiJ — Z RIJ UiJ (16)
J=1 J=1

til :ZRU i.] :ZRIJEJ (17)
J=1 J=1

-1
where RY = [@J (s' )] . N is the total number of the boundary nodes on the edge .

4. BOUNDARY NODE METHOD FOR 2-D PIEZOELECTRICITY
The regularized form of the BIE for 2-D piezoelectricity without body force and electric charge can be
written as [18]

[ T(P,a)[ai(a) - a(P)]dr(a) = [ U(P,q)i(a)dr(q) (18)
where
I, U t [ U, U, U, U, U; ¢,
U= az =9 U; ’f: fz =11 U= U21 Uzz U23 = U3*1 U;3 ¢;
0y —¢ t, - Us, Us Uy U:l U:3 ¢tl
e e s (19)
T, T, Tp T, Tp o
T=|T, T, Tu|=|Ty Ty o

*
*

*

T Ty Ty Ty Ty o
In the above equations, P and  denotes the source point and field point, respectively. P, qeI". U and

t are boundary displacement and traction, respectively. U(P,q) and T(P,q) are the fundamental
solutions for 2-D piezoelectricity. In this paper, we adopted the fundamental solutions which have been defined

in [16, 177:
By substituting Egs. (10) and (11) into Eq. (18), one can obtain
Ng Np Ng R
[ T, (P.a) IZ::,‘D'(Q)GE —IZ;,CD'(P)G} dr(q) =IrUi,-(P,q);@'(q)t;dF(q) (20)

where N, and Nq are the numbers of the nodes in the support of the evaluation points P and (,

respectively.
The regular integrals and weakly singular integrals in Eq. (20) are evaluated by standard Gaussian quadrature
and log-weighted Gaussian quadrature, respectively [26].

5. A SCHEME OF REPEATED SIMILAR SUB-DOMAIN BNM FOR 2-D PIEZOELECTRIC COMPOSITES
The model of 2D piezoelectric matrix with randomly distributed piezoelectric inclusions is shown in Fig. 1,

in which €, denotes the sub-domain of the matrix, €2,(i=1,2,---,n) the sub-domain of the i-th inclusion,

I'; the matrix-inclusion interface of the i-th inclusion, and I'; the outer boundary of the matrix.

By the similar procedure in [11], the final equation system in matrix form for the 2D piezoelectric matrix with
randomly distributed piezoelectric inclusions can be written as
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T, Ty -T—lls TIIS -T—lr; U U, U,
T, Ty Tzls Tzlg T2n3 t U 21 U 22
T, T, 15 T Ta| |0 Uy U T
: : : .o .o = {_} (21)
L o iy o i | (T
T31 T32 Tsé "' T33 t T33 u U31 U 32
_T3nl ng Te?sl -T_eg Ts? | a" _Ugl ng |
where
= i i i V1o
T =T+ U (U Inc) Tine
< i i i Vi
Ty =T+ Uy (U Inc) Tine (22)

~ . . . -1 .
T3I’J3 = Tsl’JS + UgS (Ullnc) Tllnc
The first and the second subscripts in Eq. (21) indicate the boundary where the source point P and the field

point Q locate, and 1, 2, 3 denote the known traction and displacement of the outer and interface boundaries,
respectively. To distinguish different inner boundaries, the superscripts are used in the above equations. The first
and the second (if applicable) superscripts indicate the number of inner boundary where the source point P
and the field point q locate.

In Eq. (21), O stands for the unknown displacement on the outer boundary, t the unknown traction on
the outer boundary, and (' the unknown displacement on the i-th interface boundary. On the other hand, t
and U denote the known traction vector and the given displacement vector on the outer boundary, respectively.

Matrices U' and T'

Inc Inc

the randomly distributed circular inclusions are identical, the corresponding coefficient matrices UiInC and
Ti

Inc

in Eq. (22) are coefficient matrices for the inclusion material sub-domains. Since all

are also identical, it requires to form such coefficient matrices only once, for one inclusion.

6. COMPUTATION OF EFFECTIVE MATERIAL PROPERTIES
According to the constitutive Eq. (9) of transversely isotropic piezoelectric materials, the material constants

can be obtained by imposing appropriate boundary conditions [5]. In this paper, we carry out the calculations for

the effective elastic constantsC;', CS1, C5I', piezoelectric constantse$, €5, and dielectric constant &5 .

For example, applying the boundary conditions shown in Fig. 1(a) we have &;, = 0 and E3 =0. Then, we can

obtain the longitudinal stiffness constant C' and CSh

[ t-dr/L,
cof—fu_xh 23
. én u /L, @
[ t-dr/u
Ceff =%: X3=L3 o4
. én u/L, 9

where t, and t; are the unknown tractions along the edges X, =L, and X, =L, respectively.

Similarly, we can calculate Ce;; by applying the boundary conditions shown in Fig. 1(b)
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[ t-dri/y,
ff O. X3=L
Ch="T="T——— (25)
Ex U, /L,
where t; is the unknown traction along the edge X, = L.
The other material constants e;f e;gf and Kgg can be obtained by imposing boundary conditions
described in Fig. 1(c). They can be expressed as

[ t-driL,
eeff =_&= X =L _
YR /L,
(26)
[ ty-dr/L,
oeff = _Os _Xbs 27
TR T 4L o
[ w-dr/w,
P » N
K =E3=L_T (28)
3 ¢lL,

where @ is the unknown surface charge on the edge X, =L,.

(a) (b)
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Fig. 1. Computational models to evaluate the effective properties

(@) C& and CI; (b) C&s () e, e and &g,

7. NUMERICAL EXAMPLES
In this section, we present three numerical examples in which PZT-4 and PZT-6B ceramics are specified
and their mechanical and electric constants are [16, 28]:
PZT-4.

C,=126.0GPa, C,=743GPa, C,=115GPa, C, =256 GPa

e, =12.7C/m?*  e,=-52C/m*  e,=15.1C/m?

K;, = 6.4635587 x10~° C*/Nm?,  x,, =5.62241065x10° C*/Nm?
PZT-6B:

C,=168.0GPa, C,=60.0GPa, C,=163.0GPa, C,=27.1GPa

e, =46 C/m*>, e,=-09C/m*  e,=7.1C/m?

K, =3.6x107° C?)/Nm?, K, =3.4x10° C*/Nm’

In all examples below, the parameters in MLS approximations are chosen as d' =3.5h,d '/C' =4.0,in

which h is the mesh size.
Example 1. Simple tension of a piezoelectric prism (Fig. 2).
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Fig. 2. Simple tension of a piezoelectric prism

A virtual inclusion is located at the center of the piezoelectric prism, with the material properties specified the
same as the ones of the matrix. In this example, the PZT-4 is selected. A regular nodes scheme of 6 nodes on
each edge and 20 nodes on the inner boundary of the circular inclusion are adopted. The boundary conditions
are

{Ulzo.o m, T, =0.0 Pa, #=0.0 C/m*> whenx,=0.0 m
U,=0.0m, T =0.0Pa, ¢=00V when x, =0.0 m
and

{ﬂ =10.0 Pa, ;, =0.0 Pa, =0.0 C/m*  whenx, =1.0m

t,=10.0 Pa, T, =0.0 Pa, »=0.0 C/m*>  whenx,=1.0 m
The exact solutions obtained by the similar procedure proposed in [16] are

3 3 3
u, = Zain U; = _Zailaisixeu ¢ = _Zaizaisix3
=1 i=1l i=1

where
21,3 31,2 31,2 21,3
a — k12k13 - k12 k13 — k11k13 - k11k13
Q== |(132k113 - k112 k133 +—= k111k133 - k131k113
11,2 21,1 21,1 11,2
a, |(12 k13 - k12 k13 k11k13 - k11k13

In above equations, ., S D, and krinj are defined in [16]. To compare with the exact solutions, we select

five reference points as shown in Fig. 2. The corresponding results are listed in Table 1.

Table 1 Comparison of the results of BNM and the exact ones (data in parenthesis)

Location u, (x107° m) u, (x107°m) ¢ (V)
A(1.0,0.0) 0.569915 2.74219E-6 —1.58274E-8
(0.569915) (0.0) (0.0)
B (1.0, 0.5) 0.569938 0.210896 0.030291
(0.569915) (0.210906) (0.030288)
C(1.0,1.0) 0.569906 0.421801 0.060582
(0.569915) (0.421812) (0.060576)
D (0.5, 1.0) 0.284957 0.421778 0.0605827
(0.284958) (0.421812) (0.060576)
E (0.0, 1.0) —3.17515E-6 0.421790 0.0605814
(0.0) (0.421812) (0.060576)
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Table 1 shows that the results by the scheme of repeated similar sub-domain BNM agree very well with the
exact solutions.

Example 2. A finite piezoelectric plane with a circular inclusion or periodically distributed inclusions (Fig. 3).
In Fig. 3 (a), the dimension of the plane is 1.0m x1.0m with a circular inclusion (radius R = 0.3 m) at

the center. Fig. 3 (b) describes a 3.0m x 3.0m piezoelectric plane with periodically distributed inclusions of
radius R = 0.3 m. The matrix and inclusions are specified as PZT-4 and PZT-6B, respectively.

X, u,

(0,3) (3.3)

988985080000 00090008008!

C
B
o0 A o)
(0.5,0.5) Inez
(a) (b)
Fig. 3. A finite piezoelectric plane with (a) a circular inclusion; (b) periodically distributed

inclusions

For the 1.0mx1.0m plane with one inclusion (see Fig. 3(a)), 10 nodes are distributed on each outer edge
and 40 nodes on the inner boundary. The boundary conditions are

0, =00m,t=00Pa, @=0.0C/m*> whenx, =0.0m
{US =00m,§=0.0Pa, ¢=00V when x, =0.0 m
and

U, =0.001m, T, =0.0Pa, »=0.0 C/m*> whenx, =1.0m
{Us =0.001m, §, =0.0 Pa, ®=0.0 C/m*  whenx,=1.0m

Accordingly, for the 3.0mx3.0m plane with periodically distributed inclusions (see Fig. 3(b)), 30 nodes

are distributed on each outer edge and 40 nodes on each of the inner circular boundaries. The boundary
conditions are

U,=00m, T =00Pa, ®=0.0C/m*> whenx,=0.0m
U,=0.0m, T =0.0Pa, ¢=00V when x, =0.0 m
and
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U,=0.003m, §,=0.0 Pa, »=0.0 C/m*  whenx, =3.0m
U,=0.003m,§=0.0Pa, @=0.0C/m* whenx,=3.0m

In Fig. 3 (a) and (b), three locations (labeled as point A, B, and C) on each of four representative inclusions
(labeled as Inc 1 - Inc 4) are selected as reference points. At these points, the BNM results of displacement
relative to their respective center of inclusion are given in Table 2 to verify the periodicity. Table 3 shows the
comparison of the BNM results of electric potential at all reference points with the corresponding ones by
ANSYS simulations.

Table 2

Comparison of results of BNM with the ones of ANSYS: displacement relative to the center of
inclusion.

Location ANSYS BNM
Inc1 Incl Inc 2 Inc 3 Inc4
A U, (m) 0.76947E-03| 0.76950E—03| 0.76945E-03| 0.76945E-03| 0.76951E—03
U, (m) 0.50005E-03| 0.49987E-03| 0.49982E—03| 0.49982E—03| 0.49987E-03
5 U, (m) 0.68906E-03| 0.68904E—03| 0.68889E-03| 0.68889E—03| 0.68904E—03
U; (m) 0.70594E—-03| 0.70596E-03| 0.70599E-03| 0.70599E-03| 0.70595E-03
U, (m){ 0.50000E—03| 0.50000E—03| 0.50000E-03| 0.50000E-03| 0.50000E—03
¢ U; (m) 0.79148E-03| 0.79148E-03| 0.79182E-03| 0.79182E-03| 0.79148E-03
Table 3

Comparison of results of BNM with the ones of ANSYS: electric potential ¢ .

Locatio] #(x10" V)onincl| ¢ (x10" V)oninc2| ¢ (x10" V)oninc3| ¢ (x10" V)oninc4
n ANSYS BNM ANSYS BNM ANSYS BNM ANSYS BNM
A | 0087222 | 0.087193 | 0.087206 | 0.087178 | 0.26162 | 0.26159 | 0.43605 | 0.43602
B | 0.12149 | 0.12149 | 012151 | 0.12151 | 0.29592 | 0.29592 | 0.47031 | 0.47031
C | 0.13560 | 0.13560 | 0.13583 | 0.13583 | 0.31024 | 0.31024 | 0.48443 | 0.48442

Based on the comparisons of this example, we note that the BNM scheme possesses encouraging accuracy
when simulating this kind of piezoelectric composites.

Example 3. Effective material constants of a finite piezoelectric plane with 120 randomly distributed inclusions
(Fig. 4).

In this example, we calculate the effective material constants by implementing the models described in
Section 6. The matrix and inclusions are specified as PZT-4 and PZT-6B, respectively. 100 nodes are distributed
on each outer edge and 18 nodes on the inner boundary of each circular inclusion. The boundary conditions in
Fig. 1 (a) - (c) are applied in this example to obtain the corresponding effective material constants.

oo

@ f=0.10

e Q00 C (o) o

) f=020

d f ~0.40
Fig. 4. A finite piezoelectric plane with 120 randomly distributed inclusions at various
volume fractions f

() f=0.30
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Figs. 5 and 6 display the normalized effective elastic, piezoelectric, and dielectric constants of PZT-4
ceramic as functions of inclusion volume fraction f . In this example, calculations of 8 cases of various volume
fractions, f = 0.05, 0.10, 0.15, 0.20, 0.25, 0.30, 0.35, and 0.40 are performed. In these figures, the superscript

“eff” indicates the effective material property and the superscript “Mx” indicates the material property of the
matrix.

1.175
]  eff, o Mx .
1150 - (” .-(” by BNM /////ﬁ
’ o—¢ cn'_(, M by e
1 % *u y M-T ///A
1.125 4 ) Mx -~
e C by BNM A

] 33 | ‘n -
P ¥ =
11009 —n—c ¢ ™ by M-T =
—

: 10754 /‘
.,._:-“-.J.‘ 1.050 - //

] -
1.025 Ao
: (&
1.000 4
] -
0.975 S e—
i L eff, My Tl
—e—C,"IC ™ by BNM —e—
0.950 Ve, My "--Q::;—_-____:__,.\
| —o—c e ™ by met B
0.925 4———— ———

—T— T —T—
000 005 010 015 020 025 030 035 040 045

Volume fraction f of voids

Fig. 5. Normalized effective elastic constants versus volume fraction of inclusions

Fig. 5 displays the normalized effective elastic constants versus volume fraction of inclusions. The
numerical results by BNM are compared with the predictions by Mori-Tanaka model [24, 27]. This comparison
tells that the numerical results of effective elastic constants agree very well with the analytical results by
Mori-Tanaka at low volume fraction (say, lower than 0.25). Moreover, the differences between the numerical
results and the analytical predictions increase with increasing volume fraction.

1.000
0.975 -
0.950
0.925 -
" 0.900 4
> 0.875 -
=z ]
2 0850+ \ ™ by BNM
2 0825 .
v by M-T
5 0.800 )
w 1 by BNM
0.775
1 M by M-T
0.750 B
1 M by BNM
0.725 - s
0700 AT K Ky by M-T
T T T T T T T T

T — T T T T
0.00 0.05 010 015 020 025 0.30 0.35 040 045

Volume fraction f of voids

Fig. 6. Normalized effective piezoelectric constants and dielectric constant versus volume
fraction of inclusions
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eff

Fig. 6 shows the normalized effective piezoelectric constants €5, o

e, e /eXand dielectric constant

Kgf / Ke',\gx by BNM. They are also compared with the results by Mori-Tanaka model. These comparisons

exhibit very well agreements between the numerical results and the analytical ones. It can be seen that the
differences between the numerical results and the analytical predictions also increase with increasing volume
fraction.

8. CONCLUSIONS

In this paper, a BNM scheme is presented to evaluate the effective properties of piezoelectric matrix with a
large number of circular piezoelectric inclusions. The numerical results illustrate great agreement with the
analytical predictions by Mori-Tanaka model. It shows that the BNM scheme is applicable to simulate structures
of piezoelectric composites with inclusions of arbitrary distribution, since this scheme fully discretizes the outer
boundaries and the inner matrix-inclusion interfaces of the entire physical domain. In this work, no assumptions
are induced for discretizing the inner boundaries of inclusions, which means that this scheme can be easily
extended to analyze the problems of piezoelectric materials with defects/inclusions of various shapes.

From the numerical examples and discussions, one can see that the BNM scheme inherits the virtue of high
accuracy from BIE/BEM besides dimension reduction. It makes the BNM scheme be a promising approach to
analyze the problems of composite materials with a large number of defects/inclusions of various shapes or
structures with complex profile or configuration.
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