
ABSTRACT

ERNSTBERGER, STACEY L. Sensitivity Methods for Dynamical Systems. (Under the
direction of Professor H. T. Banks).

Sensitivity analysis is an important tool for researchers in a variety of fields, as it

can be used in mathematical modeling to further the understanding of system dynamics.

We review the usefulness of traditional and generalized sensitivity functions for general

nonlinear dynamical systems for classical least squares parameter estimation problems. By

analyzing the sensitivities of the logistic growth population model, we determine strengths

and weaknesses of each technique when used in parameter estimation problems. We also

employ sensitivity functions as tools in the formulation of data collection.

Next, we consider a hybrid biologically-based model, which couples the classical

Sinko-Streifer size-structured population model to a multi-stage viral model. We model a

population as the individuals move from states of healthy growth through various stages

of infection. Further, partial differential equations (PDE) for sensitivities of solutions are

derived with respect to rate functions associated with dynamics of the population or infec-

tion. Numerical results illustrating the use of these PDE systems are presented graphically.

Additionally, we assess environmental conditions which affect the Pacific white shrimp for

the growth portion of the hybrid model.
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Chapter 1

Introduction

Sensitivity analysis of dynamical systems is of interest to numerous researchers be-

cause the resulting sensitivity functions have many applications in optimization and design

[12, 24, 32, 37], computation of standard errors [5, 6, 17, 18, 35], information theory [15],

and parameter estimation and inverse problems [2, 5, 6, 10, 38]. In recent years, due to a

continuous need to better describe physical reality as well as a tremendous improvement

in computing technology, these models have become more complex, with increased num-

bers of parameters. This has naturally introduced questions involving the determination

of important parameters, the effects on model output due to changing parameters, etc.,

with answers that are not obvious for large, complex models [34]. Sensitivity analysis offers

answers to these questions for problems of interest, yielding an improved understanding of

the underlying mathematical model as well as better results.

General Methodology

In parameter identification studies, one typically wants to estimate model param-

eters from data measurements. One question of interest is the determination of which time

point observations will carry the most information for the estimation of specific parameters.

The information content with respect to parameter estimation may vary considerably be-

tween time measurements, and in this regard some measurements may be more informative

than others. We assess and develop mathematical tools which can be used to improve the

formulation of data collection, by specifying the duration and distribution of time sampling

in the measurements to be taken. This improves the accuracy (i.e., reduces the uncertain-
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ties) of the parameters to be estimated. In particular, we aim to determine the least final

time T for successful parameter estimation. Further, we would like to find the optimal

locations for a given number of data points in order to best recover the parameters. To

carry this out, we assume that we have continuous time measurements and develop tools to

quantify the information content with respect to our parameters.

We first address difficulties in parameter estimation problems, involving sampling

data in regions of low parameter sensitivity. Then we show that the traditional and gener-

alized sensitivity functions (GSF) can indicate regions of high information content, where

if additional data points are sampled, the corresponding parameter estimates are improved

[4, 38]. To present our ideas, we use the logistic growth population model as an exam-

ple because it has an analytical solution, few parameters, and well-known dynamics (see

[4, 6, 27]).

Hybrid Model

We next investigate sensitivities pertaining to the size-structured population model

first studied by Sinko and Streifer [36] (additionally, see [27] and the related efforts of

McKendrick [30] and von Forester [22]). Our motivation for investigating sensitivity for a

size-structured population model originates from the study reported in [1], where a shrimp

biomass production (growth) system and a related vaccine production system is modeled

with a hybrid size-structured population model. The growth and mortality rates of the

shrimp population are affected by several environmental factors such as temperature and

salinity [26, 40]. Hence, the sensitivity of such a model with respect to the growth and

mortality rates is an important factor in optimizing the entire production system.

The goal of the study pertaining to the hybrid system is to produce a maximum

amount of vaccine by harvesting the shrimp population at a certain point in the infection

process. Further, the population responds dramatically to changes in mortality and infection

rates, and consequently we want to assess the sensitivity of the overall system to these rates.

We thus derive and investigate sensitivity equations for both components of the hybrid

model. The method of characteristics is a commonly used technique for establishing the

existence and uniqueness of solutions to size-structured population models (see [8, 16, 25,

31]). We use this method in conjunction with the contraction mapping theorem to perform

sensitivity analysis for the biomass portion of the hybrid model. We then apply the method
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of characteristics to the vaccine production system to complete the sensitivity analysis of

the hybrid model.

Organization

In Chapter 2 we discuss sensitivity analysis and apply the theory to the logis-

tic growth population model. We present a short theoretical framework for least squares

estimation problems, including a discussion in Section 2.1 pertaining to continuous time

measurements. There we discuss traditional and generalized sensitivity functions. In Sec-

tion 2.2 we relate sensitivity studies to the logistic model and perform numerical simulations

to investigate the effectiveness of the GSF for improving accuracy of parameter estimates.

We describe a strategy to determine the “optimal” duration time for an experiment based

on the time evolution of the sensitivity functions and the condition number of the Fisher

information matrix. We additionally consider sensitivity functions as tools in optimal de-

sign and present a new criterion based on finding the time distribution which gives the best

discrete approximation for the continuous version of the Fisher information matrix.

In Chapter 3 we consider the hybrid biomass/vaccine production model and study

the sensitivities pertaining to each model component, providing a detailed motivation for

conducting the sensitivity analysis in Section 3.1. In Section 3.2 we give preliminary the-

oretical results that are essential to our sensitivity derivations. We perform the sensitivity

analysis for the Sinko-Streifer size-structured population model used in the biomass portion

of the hybrid model. Then, we formulate finite difference schemes to obtain numerical solu-

tions of the model and sensitivities, and present numerical results. In Section 3.3 we derive

the sensitivity equations pertaining to the vaccine production model, and similarly present

a finite difference scheme and results of corresponding numerical simulations. Section 3.4

details the consideration of the effects of environmental conditions on the population density

corresponding to the biomass model.

Finally, in Chapter 4 we give our concluding remarks and indicate directions for

future work.
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Chapter 2

General Methodology

We first give a general summary of the asymptotic theory for standard errors in

the context of a parameter estimation problem for the general nonlinear dynamical system

ẋ(t) = g(t, x(t), θ)

x(t0) = x0.
(2.0.1)

We will then use this theory when investigating sensitivities for a problem of type (2.0.1),

specifically we will consider the logistic growth population model as an example.

2.1 Theoretical Framework

Corresponding to system (2.0.1) is the following single-output model

y(t; θ) = f(t, θ) + ε(t) = Cx(t, θ) + ε(t), 0 ≤ t ≤ T, (2.1.1)

for the observation process. The nonlinear regression function f is assumed to be continuous

and twice differentiable with respect to the parameter vector θ ∈ Rp, and C gives the

observation data in terms of the components of the state variable x. Also, ε(t) represents

the observation measurement error at time t ∈ [0, T ]. The function y, which gives the

measurements at any time t in [0, T ], is a realization of a stochastic process

Y (t) = f(t, θ0) + E(t)

which governs the measurement process. Here, f(t, θ0) is the (deterministic) model output

corresponding to a “true” parameter θ0, and E is a noisy random process. The measurement

error ε(t) in (2.1.1) is simply a realization of E(t).
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Standard assumptions on the noise process E(t) are the following:

(i) The random variables E(t), for t ∈ [0, T ], are independent and identically distributed.

(ii) E(E(t)) = 0 for t ∈ [0, T ].

(iii) The variance of E(t) is not dependent on θ, however it may be time-dependent:

var(E(t)) = σ(t)2, t ∈ [0, T ].

These assumptions imply that E(Y (t)) = f(t, θ0) and var(Y (t)) = σ(t)2, t ∈ [0, T ].

We now consider the case where we have n scalar longitudinal observations (with

constant variance σ2
0), and note that the extension to vectors is straightforward, see [4].

The measurements will be given as

yj = f(tj , θ0) + εj , j = 1, . . . , n

for “true” parameter value θ0, and we use an ordinary least squares (OLS) approach to

estimate θ0. We seek to find a value θ̂n that minimizes the cost functional

Jn(θ) =
n∑

j=1

1
σ(tj)2

(yj − f(tj , θ))2 (2.1.2)

over all admissible parameter vectors θ. Because {yj} is a realization of the random variable

set {Yj}, the estimate θ̂n we obtain by the minimization of Jn is a realization of some random

variable Θ̂n. Therefore, the accuracy of the parameter estimates θ̂n ultimately depends on

the statistical properties of this random variable. We employ a standard error approach to

qualitatively analyze the estimates.

From the asymptotic theory of statistical analysis,

Θ̂n ∼ Np(θ0, Σ0) as n →∞,

where the covariance matrix Σ0 is given by

Σ0 = σ2
0[χ

T (θ0)χ(θ0)]−1, (2.1.3)

and χ(θ) is the n× p sensitivity matrix with elements

χjk(θ) =
∂f(tj , θ)

∂θk
.
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The covariance matrix Σ0 is used in computing the standard errors for the estimates θ̂n,

which are given by

SEk =
√

(Σ0)kk =
√

σ0
2(χT χ)−1

kk (2.1.4)

for k = 1, . . . , p. Note that true parameter value θ0 and variance σ2
0 are generally unknown,

and we use the approximation σ̂2 to σ2
0 in (2.1.4) which is given by

σ2
0 ≈ σ̂2 =

1
n− p

n∑

j=1

|f(tj , θ̂n)− yj |2. (2.1.5)

Both σ̂2 and θ̂n are used in the approximation Σ(θ̂n) to Σ0 in (2.1.3) with

Σ0 ≈ Σ(θ̂n) = σ̂2[χT (θ̂n)χ(θ̂n)]−1.

2.1.1 Traditional Sensitivity

Traditional sensitivity functions (TSF) are classically used in mathematical mod-

eling to investigate how the output of a model changes when the parameters and the initial

conditions vary. These functions are of interest in simulation studies (forward problems)

where one must assess the degree of sensitivity of a model with respect to various parameters

and to identify the parameters or the initial conditions to which the model is most/least

sensitive.

We consider the dynamical system (2.0.1). In order to quantify the variation in

the state variable x(t) with respect to changes in the parameter θ or the initial condition

x(t0) = x0, we are naturally led to consider the traditional sensitivity functions (TSF)

sθk
(t, θ) =

∂x

∂θk
(t, θ), k = 1, . . . , p, (2.1.6)

and

rx0l
(t, θ) =

∂x

∂x0l
(t, θ), l = 1, . . . , N, (2.1.7)

where x0l is the l-th component of the initial condition x0. When the function g (from

(2.0.1)) is sufficiently regular in θ and x0, the solution x is differentiable with respect to θk

and x0l, and therefore the sensitivity functions sθk
and rx0l

are well-defined.

Often, in practice, the model under investigation is simple enough to allow us

to combine the sensitivity functions (2.1.6) and (2.1.7), as is the case with the logistic

growth population example. However, when we deal with a more complex model, it is often

preferable to consider these sensitivity functions separately for clarification purposes.
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From sensitivity analysis theory for dynamical systems, we know s = (sθ1 , . . . , sθp)

is an N × p vector function that satisfies the ordinary differential equation (ODE) system

ṡ(t) = gx(t, x, θ)s(t) + gθ(t, x, θ), (2.1.8)

s(t0) = 0N×p.

Here we denote by gx = ∂g/∂x and by gθ = ∂g/∂θ the derivatives of g with respect to x

and θ, respectively. Similarly, the sensitivity functions with respect to the components of

the initial condition x0 are represented by an N × N vector function r = (rx01 , . . . , rx0N ),

which satisfies

ṙ(t) = gx(t, x, θ)r(t), (2.1.9)

r(t0) = IN×N .

Equations (2.1.8) and (2.1.9) are used in conjunction with system (2.0.1) to numerically

compute the sensitivities s and r for general cases when the function g is complicated and

a closed form solution is not easily obtained via direct integration.

In practice, parameters often have different units and state variables have varying

orders of magnitude, making it more convenient in many ways to use the normalized version

of the TSF, referred to as relative sensitivity functions (RSF). However, since we are using

the standard error approach to analyze the performance of the least squares algorithm in

estimating parameter values, we do not employ the RSF in most cases, and instead focus

on the non-scaled sensitivities (TSF).

It is important to note that the traditional sensitivity functions depend on both t

and θ, and these dependencies make the TSF suitable for use as optimal design tools. Like

the partial derivatives through which they are defined, the TSF measure the rate of change

of the output of a model with respect to parameters/initial conditions, but similarly have

only local character.

For example, if the sensitivity sθk
= ∂x

∂θk
(t, θ0) is near zero on a time subinterval

[t̃ − δ, t̃ + δ], then the model (2.0.1) and its solution are insensitive to the parameter θk

on that particular interval. Hence, the state variable x will not change significantly on the

time interval when the parameter θk varies in a neighborhood of the corresponding k-th

component of θ0. The same function, sθk
, can have large values on a different subinterval,

indicating that the state variable x is very sensitive to θk on that subinterval. Intuitively, in



8

nonlinear regression problems where one wants to estimate θk from data, taking observations

at time points which are within regions of high sensitivity with respect to θk should result

in important improvements in the accuracy of the estimates for θk .

2.1.2 Generalized Sensitivity

Generalized sensitivity functions (GSF) were proposed by Thomaseth and Cobelli

[38] as a tool in identification studies to analyze the distribution of the information content

(with respect to the model parameters) of system output variables given a set of observa-

tions. However, the generalized sensitivity functions were only initially defined discretely

as

gs(tl) =
l∑

i=1

1
σ2(ti)

[
F−1

D ×∇θf(ti, θ0)
] • ∇θf(ti, θ0), (2.1.10)

where {tl}, l = 1, . . . , n is the time distribution where the measurements are taken, and

FD =
n∑

j=1

1
σ2(tj)

∇θf(tj , θ0)∇θf(tj , θ0)T (2.1.11)

is the corresponding Fisher information matrix (FIM), denoted FD to acknowledge that it

is here defined in a discrete manner. The symbol “•” represents element-by-element vector

multiplication and for the motivation and details which led to the definition above, the

interested reader may consult [10] and [38].

We note that the generalized sensitivity functions (2.1.10) are vector-valued func-

tions having the same length as θ. The k-th component of the vector function gs represents

the generalized sensitivity function with respect to θk, and we denote this gsθk
. The GSF

are defined only at the discrete time points {tj , j = 1, . . . , n}. They are cumulative functions

at each time point tj , taking into account only the contributions of the measurements prior

to tj . This shows how the information associated with each measurement for the parameter

estimates is distributed throughout the simulation.

From (2.1.10) it follows that all the components of gs equal one at the end of

the time interval, i.e., gs(tn) = 1, and initially gs(t) = 0 for t < t1 (gs is zero when

no measurement is collected). Then each component of gs varies from 0 to 1 during the

experiment, not necessarily monotonically or with values remaining within [0, 1]. According

to [38], the time subinterval during which the rate of change of gsθk
has the sharpest increase

corresponds to measurements which provide the most information on possible variations in
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the corresponding true model parameter θk. Thus, the amount of information with respect

to a parameter θk is directly related to the rate of change of the corresponding GSF, where

regions of sharp increases in gsθk
indicate a high concentration of information about θk.

The numerical implementation of the generalized sensitivity functions (2.1.10) is

straightforward, because the gradient of f with respect to θ is simply the Jacobian of x

with respect to θ multiplied by C, see (2.1.1). These Jacobian matrices can be obtained by

numerically solving the sensitivity ODE system (2.1.8) or (2.1.9) coupled with (2.0.1). In

many cases, the ODE is simple enough to be solved analytically.

General Formulation

It is often advantageous to consider more general measurement procedures than

just a finite number of discrete time instances. We introduce the measurement density m(t)

at time t ∈ [0, T ], i.e.,
∫ t
0 m(s) ds is the number of measurements in the interval [0, t]. Then

the cost functional (or the total weighted error) J(y, θ) can be rewritten as

J(y, θ) =
∫ T

0

m(t)
σ(t)2

(y(t)− f(t, θ))2 dt (2.1.12)

and can be viewed as an integral of the error function

t → 1
σ(t)2

(y(t)− f(t, θ))2

with respect to a measure P on [0, T ] with density m(·) for the Lebesgue measure [21].

More generally, we shall consider least squares errors of the form

J(y, θ) =
∫ T

0

1
σ(t)2

(y(t)− f(t, θ))2 dP(t) (2.1.13)

where P is a general nonnegative measure on [0, T ]. Since the minima of J(y, θ) as defined

in (2.1.13) are not affected if we replace P with kP for k > 0, we can assume without loss

of generality that P in (2.1.13) is a probability measure on [0, T ]. For points 0 ≤ t1 < · · · <
tn ≤ T , if we take

P =
1
n

n∑

i=1

δti (2.1.14)

where δa denotes the delta distribution with support a, then

J(y, θ) =
1
n

n∑

i=1

1
σ(t)2

(y(ti)− f(ti, θ))2 (2.1.15)
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which only varies from (2.1.2) by the normalizing factor (n)−1.

We now consider parameter vectors θ in a neighborhood U about some fixed θ0,

and impose the following condition concerning local identifiability:

(iv) For any θ in a neighborhood of θ0, the functional Θ → J(f(t, θ)+E(t), Θ) has a unique

minimum for each realization ε(t) of E(t).

The estimator Θ̂ is then defined as

Θ̂ = arg min
Θ

J(Y, Θ),

and we note that Θ̂ is also a random variable, dependent on Y (t), with estimates

θ̂ = arg min
τ

J(y, τ),

where Y (t) and consequently y(t) are generated based on the parameter θ in a neighborhood

of θ0. Then, for θ in a neighborhood of θ0, assumption (iv) implies that

∇θJ(y, θ̂) = ∇θJ(f(t, θ) + ε(t), θ̂(θ)) = 0,

∇2
θθJ(y, θ̂) = ∇2

θθJ(f(t, θ) + ε(t), θ̂(θ)) > 0.

Further, Θ̂ satisfies the conditions

H1(θ) = ∇θJ(Y, Θ̂) = ∇θJ(f(t, θ) + E(t), Θ̂(θ)) = 0,

H2(θ) = ∇2
θθJ(Y, Θ̂) = ∇2

θθJ(f(t, θ) + E(t), Θ̂(θ)) > 0.

Moreover,

H1(θ) = ∇θJ(Y (t), Θ̂)

= ∇θ

[∫ T

0

1
σ2(t)

(Y (t)− f(t, Θ̂))2 dP(t)
]

= −2
∫ T

0

1
σ2(t)

∇θf(t, Θ̂)
[
Y (t)− f(t, Θ̂)

]
dP(t)

and

H2(θ) = ∇2
θθJ(Y (t), Θ̂)

= −2
∫ T

0

1
σ2(t)

[
∇2

θθf(t, Θ̂)
(
Y (t)− f(t, Θ̂)

)−∇θf(t, Θ̂)∇θf(t, Θ̂)T
]

dP(t),
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which we can simply write as

H2(θ) = 2
∫ T

0

1
σ2(t)

∇θf(t, Θ̂)∇θf(t, Θ̂)T dP(t)

−2
∫ T

0

1
σ2(t)

∇2
θθf(t, Θ̂)

(
Y (t)− f(t, Θ̂)

)
dP(t).

(2.1.16)

Recall that assumptions (i) and (ii) imply

E[Y (t)] = E[f(t, Θ̂) + E(t)] = f(t, θ),

as we are considering θ in a neighborhood of θ0. Also, from asymptotic statistical theory we

have that the estimator Θ̂ is unbiased, i.e., E[Θ̂] = θ. Then we note that if a given function

g is linear, then E[g(θ)] = g(E[θ]), but this is true only to a first-order approximation

when g is a general nonlinear function. In general, we only have E[g(θ)] ≈ g(E[θ]). This

linearization argument applies with regard to
∂f

∂θ
, and hence the expected value of the first

integral in (2.1.16) is exactly

2
∫ T

0

1
σ2(t)

∇θf(t, θ)∇θf(t, θ)T dP(t)

if we have linearity. Next, we make the tacit assumption that the scalar random variable
(
Y (t)−f(t, Θ̂)

)
and the elements of the random variable matrix∇2

θθf(t, Θ̂) are independent,

and hence the expected values of the quantities multiplied together are the product of the

expected values of each component. This is the property

E[X · Y ] = E[X] · E[Y ] (2.1.17)

for independent random variables X and Y . Applying these assumptions, we see that

E[H2(θ)] ≈ 2
∫ T

0

1
σ2(t)

∇θf(t, θ)∇θf(t, θ)T dP(t)

−2
∫ T

0

1
σ2(t)

∇2
θθf(t, θ)

(
f(t, θ)− f(t, θ)

)
dP(t)

= 2
∫ T

0

1
σ2(t)

∇θf(t, θ)∇θf(t, θ)T dP(t)

= 2F (T )

where F is the Fisher information matrix for a general continuum observation formulation.

We now note that H ′
1(θ) = 0, which can be written as

H ′
1(θ) = ∇2

θθJ(Y, Θ̂)
∂Θ̂
∂θ

(θ) +∇2
θyJ(Y, Θ̂)

∂Y

∂θ
(θ) = 0,
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which (assuming the invertibility from condition (iv)) implies that

∂Θ̂
∂θ

(θ) = −(∇2
θθJ(Y, Θ̂))−1∇2

θyJ(Y, Θ̂)
∂Y

∂θ
(θ). (2.1.18)

We next argue that the second derivative ∇2
θyJ(Y, Θ̂) is a Fréchet derivative, and

use this to rewrite (2.1.18).

Definition 2.1.1. The linear operator A is a Fréchet derivative of ∇θJ with respect to y if

lim
h→0

1
‖h‖

∥∥∥∇θJ(Y + h, Θ̂)−∇θJ(Y, Θ̂)−A(h)
∥∥∥ = 0.

We have that

lim
h→0

1
‖h‖

∥∥∥∥∇θ

[∫ T

0

1
σ2(t)

(Y (t) + h(t)− f(t, Θ̂))2 dP(t))
]

− ∇θ

[∫ T

0

1
σ2(t)

(Y (t)− f(t, Θ̂))2 dP(t))
]
−A(h)

∥∥∥∥

= lim
h→0

1
‖h‖

∥∥∥∥−2
∫ T

0

1
σ2(t)

∇θf(t, Θ̂)
[
Y (t) + h(t)− f(t, Θ̂)

]
dP(t)

+2
∫ T

0

1
σ2(t)

∇θf(t, Θ̂)
[
Y (t)− f(t, Θ̂)

]
dP(t)−A(h)

∥∥∥∥
which further reduces to

lim
h→0

1
‖h‖

∥∥∥∥−2
∫ T

0

1
σ2(t)

∇θf(t, Θ̂)h(t) dP(t)−A(h)
∥∥∥∥

and is zero when

A(h) = −2
∫ T

0

1
σ2(t)

∇θf(t, Θ̂)h(t) dP(t).

Therefore,

∇2
θyJ(Y, Θ̂)[h] = A(h),

and we see that ∇2
θyJ(Y, Θ̂) is in fact a Fréchet derivative. Then we see that

∇2
θyJ(Y, Θ̂)

[
∂Y

∂θ
(θ)

]
= −2

∫ T

0

1
σ2(t)

∇θf(t, Θ̂) ·
(

∂Y

∂θ
(θ)

)T

dP(t)

= −2
∫ T

0

1
σ2(t)

∇θf(t, Θ̂)∇θf(t, θ)T dP(t),

and, again using a first order approximation,

E
[
∇2

θyJ(Y, Θ̂)
∂Y

∂θ
(θ)

]
≈ −2

∫ T

0

1
σ2(t)

∇θf(t, θ)∇θf(t, θ)T dP(t)

= −2F (T ).
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Next we take the expected value of (2.1.18), but must first assume that
(∇2

θθJ
(
Y, Θ̂

))−1

and ∇2
θyJ

(
Y, Θ̂

) [
∂Y
∂θ (θ)

]
are independent p × p random variables. Then, by (2.1.17), we

have

E
[
∂Θ̂
∂θ

(θ)
]

= E
[
−(∇2

θθJ(Y, Θ̂))−1∇2
θyJ(Y, Θ̂)

[
∂Y

∂θ
(θ)

]]

= −E
[
(H2(θ))−1∇2

θyJ(Y, Θ̂)
[
∂Y

∂θ
(θ)

]]

= −E
[
(H2(θ))−1

]
E

[
∇2

θyJ(Y, Θ̂)
[
∂Y

∂θ
(θ)

]]

≈ −(2F (T ))−1(−2F (T ))

= F−1(T )F (T )

= Ip×p.

We can now consider the expected values of
∂Θ̂
∂θ

for all t ∈ [0, T ],

E
[
∂Θ̂
∂θ

(θ)
]
(t) = E

[
(H2(θ))−1 · 2

∫ t

0

1
σ2(t)

∇θf(t, Θ̂)∇θf(t, θ)T dP(t)
]

≈ (2F−1(T )) · 2
∫ t

0

1
σ2(t)

∇θf(t, θ)∇θf(t, θ)T dP(t)

= F−1(T )F (t),

where the above arguments are heuristic in that tacit assumptions (generally unverifiable)

of independence have been made. If the θi values are independent, E
[

∂Θ̂
∂θ

]
is just a diagonal

matrix. Although this is generally not the case, this provides motivation for looking at the

diagonal components of E
[

∂Θ̂
∂θ

]
(t):

gsk(t) =
(

F−1(T )
∫ t

0

1
σ2(t)

∇θf(t, θ)∇θf(t, θ)T dP(t)
)

kk

=
(
F−1(T )F (t)

)
kk

for k = 1, . . . , p, which are the generalized sensitivity functions for the general continuum

case.

2.2 Application to Logistic Model

In order to illustrate traditional and general sensitivities in applications to an

ODE system, we start by considering the logistic growth (Verhulst-Pearl) equation, which



14

approximates the evolution of a population size over time [27], i.e.,

dx

dt
= rx

(
1− x

K

)
. (2.2.1)

The constants K and r represent the carrying capacity and the intrinsic growth rate, re-

spectively. The solution x(t) of (2.2.1), representing the population number at time t, is

given by

x(t) =
K

1 +
(

K
x0
− 1

)
e−rt

, (2.2.2)

where x0 = x(0) is the initial population size. The solution x(t) approaches an asymptote

at x = K when t →∞, as can be seen in the graph of x(t) in Figure 2.1.

The Verhulst-Pearl logistic equation is a relatively simple example with clear dy-

namics that can be used to demonstrate the utility of the traditional sensitivity functions as

well as the generalized sensitivity functions in parameter estimation problems. Unless data

is sampled from regions with changing dynamics, it is possible that there will be difficulty

estimating some of the parameters. The parameters that are obtainable may have high

standard errors as a result of introducing redundancy to the sampling region [6]. In order

to demonstrate this phenomenon for the logistic growth problem, we will examine vary-

ing behavior in the model depending on the region from which tj is sampled. We consider

points τ1 and τ2, as depicted in Figure 2.1, partitioning the curve into three distinct regions:

0 < tj < τ1, τ1 < tj < τ2, and τ2 < tj < T , for T sufficiently large for the solution to closely

approximate its steady state. We expect differences in the ability to estimate parameters

based upon solution dynamics in these differing regions of observation.

K

τ1 τ2

x0

Figure 2.1: Partition of solution curve into distinct regions.
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2.2.1 Traditional Sensitivity

We perform estimation procedures for θ = (K, r, x0) in the logistic growth popu-

lation model using ordinary least square procedures with both exact (no-noise) and noisy

simulated data. We created a simulated data set {yj}n
j=1 by evaluating the solution (2.2.2)

at tj with the “true” value parameters θ0. We minimize the cost functional

Jn(θ) =
n∑

j=1

|f(tj , θ)− yj |2 (2.2.3)

with respect to θ, using an initial estimate θ0 for the optimization algorithm. Because we

have a small dimension parameter space, a Nelder-Mead optimization routine is sufficient

for this problem. In order to avoid what is typically called an inverse crime, we evaluate f in

the cost function using a numerical ODE solver, which returns the numerical approximation

to the solution f(t, θ) = x(t;K, r, x0), rather than using the analytical solution. We consider

a specific example [6], with θ0 = (K, r, x0) = (17.5, 0.7, 0.1).

As stated earlier, we consider an ordinary least squares problem for the parameters

θ = (K, r, x0) in (2.2.2) with the corresponding estimate of the standard error

SEk =
√

σ̂2(χT χ)−1
kk , k = 1, 2, 3. (2.2.4)

The approximate covariance matrix is given by

Σ = σ̂2
(
χT χ

)−1

=
1

n− p

n∑

j=1

(
f
(
tj , θ̂

)− yj

)2(
χT χ

)−1
,

(2.2.5)

where
n∑

j=1
(f(tj , θ̂)− yj)2 is the residual sum of squares (RSS). The partial derivatives

∂x

∂K
=

x2
0(1− e−rt)

(x0 + (K − x0)e−rt)2
,

∂x

∂r
=

Kxo(K − x0)te−rt

(x0 + (K − x0)e−rt)2
, (2.2.6)

∂x

∂x0
=

K2e−rt

(x0 + (K − x0)e−rt)2
,

are the traditional sensitivity functions sK , sr and sx0 . The matrix χ is composed of these
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partial derivatives evaluated at points t = t1, . . . , tn, i.e.,

χ =




∂x(t1)
∂K

∂x(t1)
∂r

∂x(t1)
∂x0

...
...

...
∂x(tn)
∂K

∂x(tn)
∂r

∂x(tn)
∂x0




.

Then

χT χ =
n∑

j=1




(
∂x(tj)
∂K

)2 ∂x(tj)
∂K

∂x(tj)
∂r

∂x(tj)
∂K

∂x(tj)
∂x0

∂x(tj)
∂r

∂x(tj)
∂K

(
∂x(tj)

∂r

)2 ∂x(tj)
∂r

∂x(tj)
∂x0

∂x(tj)
∂x0

∂x(tj)
∂K

∂x(tj)
∂x0

∂x(tj)
∂r

(
∂x(tj)
∂x0

)2




can be used in the approximation (2.2.5).

Analytical Considerations

We examine varying model behavior and the resulting statistical analysis based

on the region from which tj is sampled. To this end, we divide the entire sampling region

into three sections: where t ∈ [0, τ1], t ∈ [τ1, τ2], and t ∈ [τ2,∞) as depicted in Figure 2.1,

and will consider each section separately. We expect differences in the ability to estimate

parameters depending on the region in which the solution is observed. In order to consider

the problem for data in different regions, we use the explicit solution of (2.2.1), given by

(2.2.2), and then examine the partial derivatives ∂x
∂K , ∂x

∂r , and ∂x
∂x0

. We readily see that

x(t) → K as t →∞ and x(t) → x0 as t → 0. The process is as follows:

1. We analyze the TSF corresponding to each parameter in the initial region of the curve,

where the solution approaches x0. When we consider this region, where 0 < tj < τ1

for j = 1, . . . , n, we have

∂x(tj)
∂K

≈ 0,
∂x(tj)

∂r
≈ 0,

∂x(tj)
∂x0

≈ 1,

as a result of taking the limits of the sensitivity functions (2.2.6) as t → 0. Based on

the above analytical findings, which indicate low sensitivities with respect to K and

r on [0, τ1], we expect to have no accuracy in determining these parameters; however,

we should be able to estimate x0. Also note that
n∑

j=1

∂x(tj)
∂x0

∂x(tj)
∂x0

≈
n∑

j=1

1 = n
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for tj < τ1, and hence, in this region we can make the approximation

χT χ ≈




0 0 0

0 0 0

0 0 n


 . (2.2.7)

As additional data points are sampled from [0, τ1], we expect that SEK and SEr will

increase because the first two diagonal elements of (χT χ)−1 become unbounded.

2. We next consider the region of the curve which has an asymptote at x = K, where

τ2 < tj < T for j = 1, . . . , n. Here we find that by taking the limits as t → ∞, we

may make the approximations

∂x(tj)
∂K

≈ 1,
∂x(tj)

∂r
≈ 0,

∂x(tj)
∂x0

≈ 0.

Based on these approximations, we expect to be able to estimate K when we sample

data from [τ2, T ]. However, in this region we do not expect to be able to estimate x0

or r using this data only. Again, we note that

n∑

j=1

∂x(tj)
∂K

∂x(tj)
∂K

≈
n∑

j=1

1 = n

for τ2 < tj < T , and hence when sampling in this region

χT χ ≈




n 0 0

0 0 0

0 0 0


 . (2.2.8)

The ill-posedness (ill-conditioning) of χT χ can be expected to become more severe

and SEx0 and SEr will increase as more data points are sampled from [τ2, T ].

3. Finally we consider the part of the solution curve that has changing dynamics, where

τ1 < tj < τ2 for j = 1, . . . , n. We note that the partial derivative values differ greatly

from the values in regions [0, τ1] and [τ2, T ], and in general the matrix χT χ is well-

conditioned. Also, estimating θ with reasonable standard errors is possible, and using

more data (within reason) will improve reliability (i.e., the corresponding standard

errors). When [τ1, τ2] is included in the sampling region we should be able to recover

good estimates for all three parameters.
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Correlation

Before we perform the supporting numerical simulations, we add a note regarding

the significance of the correlation coefficients for the parameter set. Recall that correla-

tion coefficients range from −1 to 1, where higher magnitudes indicate stronger correlation

between the corresponding parameters. Positive values indicate that the parameters vary

together; likewise, negative coefficients indicate that the parameters vary in opposite direc-

tions. The correlation coefficients displayed in Table 2.1 were computed using the standard

definition

corr(X, Y ) =
cov(X, Y )

σXσY

where X and Y are two random variables with variances σ2
X and σ2

Y . From the asymptotic

theory of statistical analysis for the least square algorithm, the parameter estimates θ̂n can

be interpreted as realizations of a random variable Θ̂n, which has a normal distribution

when n →∞, i.e. Θ̂n ∼ Np

(
θ0, σ

2
0

(
χT χ

)−1
)
. Then the correlation coefficient between two

components of θ is given by

corr(θk, θl) =
cov(θk, θl)

σθk
σθl

.

Using the definition of the covariance matrix, cov(θk, θl) is simply the (k, l)-th element of

σ2
0

(
χT χ

)−1 and the standard deviations σθk
and σθl

are the square roots of the (k, k)-th

and (l, l)-th diagonal entries.

In [6], the logistic model was considered and analyzed with regard to traditional

sensitivity functions, however the model was set up with a different parameterization: in-

stead of θ = (K, r, x0), the parameter set was given by β = (a, b, x0) =
(
r, r

K , x0

)
. By

studying the TSF curves with the β parameterization, there was no difficulty in predicting

the regions in which the state was sensitive to each parameter with no consideration given

to the correlation coefficients. With the original parameterization, θ = (K, r, x0), the cor-

relation between the coefficients has a direct affect on our ability to predict the sensitivity

corresponding to each parameter. In particular, we note that the correlation is very high

Table 2.1: Correlation coefficients for each parameter
K r x0

K 1.0000 −0.34339 0.28546
r −0.34339 1.0000 −0.97714
x0 0.28546 −0.97714 1.0000
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between r and x0, see Table 2.1. We observe the significance of the correlation between the

parameters in the following numerical simulations.

Numerical Simulations with Noise-Free Data

To illustrate our previous analytical arguments in a computational sense, we per-

form several simulations using the example of the logistic equation with θ0 = (K, r, x0) =

(17.5, 0.7, 0.1), and we see this curve plotted in Figure 2.2.

Our analytical observations are supported by the graphs of the TSF and RSF

illustrated in Figure 2.3 for T = 25. We use sθk
and rsθk

, respectively, to denote the

traditional and relative sensitivities of the solution with respect to θk. We note that

rsθk
=

∂x

∂θk
· θk

x
= sθk

· θk

x
.

We observe in Figure 2.3(a) that the curve sK slowly increases with time and the solution

appears insensitive to K until the inflection point of the logistic curve (which occurs shortly

after t = 7). Also, we notice that sx0 and sr are nearly zero in [15,25], suggesting that

we will be unable to recover x0 or r there. In Figure 2.3(b) we have the graphs of the

sensitivities relative to the parameter sizes. We now see that the sensitivities rsK and rsr

are both small when t is close to zero, and we deduce that K and r will be difficult (or

impossible) to recover in that region. This is consistent with our previous estimation to the

sensitivity matrix χT χ, see (2.2.7). We again notice that rsx0 and rsr are nearly zero in
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Figure 2.2: Logistic curve with θ0 = (17.5, 0.7, 0.1).
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Figure 2.3: (a) TSF and (b) RSF corresponding to each parameter for the logistic curve
with θ0 = (17.5, 0.7, 0.1).

[15,25], indicating that we will be unable to identify x0 or r in that region. Again, this is

consistent with the approximation (2.2.8).

Results

In order to computationally illustrate how the traditional sensitivity theory applies

to our logistic growth problem, we use exact (no-noise) simulated data. We also restricted

the time domain from which we sample data points to the region of interest [0, τ1], [τ1, τ2]

or [τ2, T ] for each simulation. Then we determine the standard errors of each parameter set

in order to analyze the success of the algorithm at approximating the components of θ.

We first sampled data where the solution curve is close to x0, and for this example

we considered the region [0, 1]. We passed several initial estimates to the optimization

routine, and expected with each estimate that we would be able to recover x0, but not r or

K, based on the approximation (2.2.7). In actuality we were able to obtain close estimates

for both r and x0, see Table 2.2. Upon further examination we learned that r and x0 are

highly correlated, which is evident by the magnitude of their correlation coefficients, given in

Table 2.1, and clearly seen in Figure 2.3(a). By studying each iteration of the optimization

routine, we observed that x0 is easily identified, and due to the high correlation between r

and x0, r is eventually obtained each time. However, as predicted, K is never reasonably

estimated. In Figure 2.4(a), when θ0 = (15, 1.4, 1), the simulation demonstrates the poor
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Table 2.2: Optimized θ̂ and corresponding standard errors for θ0 = (17.5, 0.7, 0.1) on the
given intervals. Model fit to exact data.

θ0 θ̂ Standard Error
Values corresponding to the interval [0, 1]

(5,0.2,0.5) (8.3127,0.70674,0.099955) (2.1916,0.0034321,3.3265·10−5)
(8,1,0.3) (11.2296,0.70339,0.099976) (2.0616,0.0017523,1.6981·10−5)
(15,1.4,1) (26.881,0.6979,0.10001) (6.8706,0.0010032,9.7196·10−6)

(19,0.4,0.8) (19.0481,0.69951,0.1) (0.67786,0.00019803,1.9188·10−6)
(25,0.8,2) (32.3378,0.69724,0.10002) (13.2303,0.0013323,1.2908·10−5)

Values corresponding to the interval [1, 15]
(5,0.2,0.5) (17.4983,0.69987,0.10003) (0.00018458,2.7386·10−5,1.9253·10−5)
(8,1,0.3) (17.4983,0.69986,0.10003) (0.0001847,2.7405·10−5,1.9267·10−5)
(15,1.4,1) (17.4984,0.69985,0.10004) (0.00018483,2.7422·10−5,1.928·10−5)

(19,0.4,0.8) (17.4983,0.69986,0.10004) (0.00018458,2.7385·10−5,1.9253·10−5)
(25,0.8,2) (17.4983,0.69987,0.10003) (0.00018453,2.738·10−5,1.9248·10−5)

Values corresponding to the interval [15, 25]
(5,0.2,0.5) (17.5025,0.53639,1.1724) (0.00056618,0.019696,0.3311)
(8,1,0.3) (17.4878,1.1452,0.048662) (0.0031974,135.8319,100.6793)
(15,1.4,1) (17.4877,1.28,0.89893) (0.0031185,22996.6125,298995.5609)

(19,0.4,0.8) (17.5018,0.57375,0.6752) (0.00040349,0.01542,0.15394)
(25,0.8,2) (17.4877,0.8672,2.1698) (0.0035097,75.9155,2213.0856)
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θ0 =(15, 1.4, 1) with data from [0,1] alone.
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Figure 2.4: The logistic curve with θ0 = (17.5, 0.7, 0.1), and optimal curves using θ0 =
(15, 1.4, 1) with data sampled only from (a) [0, 1] and (b) [15, 25].

estimate of K when using data from only this region [0, 1]. Note that the predicted value

for K is 26.881, which is nowhere near the true value of 17.5.
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We next considered the region where the dynamics of the curve changed, and for

our example this region is the interval [1, 15]. As expected, regardless of the initial estimate

that is passed to the optimization routine, we obtained reasonable estimations for K, r and

x0 as can be seen in Table 2.2.

Lastly, we sampled data where the curve approaches an asymptote at K. For

this example we considered the region [15, 25]. We passed several initial estimates to the

optimization algorithm, and expected that with each estimate we would be able to identify

K, but not for r or x0, based on the approximation (2.2.8). This occurred with every

initial estimate, although we note that in some cases the standard errors are significantly

larger than others, see Table 2.2. We observe that when the optimized r is larger than the

true value r = 0.7, the corresponding standard errors for r and x0 are very large. This

is due to the dependency of the sensitivities on r. This results in the sensitivity matrix

χT χ approaching singularity at a much faster rate than when r is small. For example,

we notice that the largest standard errors that are represented in Table 2.2 are from the

optimized parameters associated with θ0 = (15, 1.4, 1) when data was sampled from the

interval [15, 25] alone. The sensitivity matrix for this example is given as

χT χ =




61 1.21008 · 10−4 9.0382 · 10−6

1.21008 · 10−4 1.48107 · 10−9 1.1335 · 10−10

9.0382 · 10−6 1.1335 · 10−10 8.68057 · 10−12


 . (2.2.9)

For these simulations a step size of 1/6 was used, resulting in 61 data points for the region

[15, 25]. Hence, we see that (2.2.9) is a close approximation of the predicted sensitivity

matrix (2.2.8). We see the results from this simulation in Figure 2.4(b), and note the poor

approximation for both r and x0.

These results help us see that the TSF, used in conjunction with the correlation

coefficients, provided enough information to predict which parameters would be able to be

determined in each region.

2.2.2 Generalized Sensitivity

To display the effectiveness of generalized sensitivity functions for parameter es-

timation problems, we again consider the logistic growth population model (2.2.1) as an

example. We start by numerically computing the GSF using (2.1.10) with σ = 1 and T = 25

with true parameter value θ0 = (K, r, x0) = (17.5, 0.7, 0.1). The plots of these functions are
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Figure 2.5: GSF for the logistic curve with θ = (17.5, 0.7, 0.1).

shown in Figure 2.5 where one can notice clear regions of steep increase in each curve. For

the curves gsx0(t), gsr(t) and gsK(t), we find (by visual inspection) that these regions are

approximately [4.5, 7.5], [7, 11] and [12, 25] respectively. By the aforementioned generalized

sensitivity theory, if we increase the number of data points sampled in one of these regions,

the estimation of the corresponding parameter is expected to improve.

We note that generally the GSF would be applied to models with more parameters,

and in these cases a uniform distribution of time points is reasonable. Hence, we will initially

consider a uniform time grid for these simulations.

Numerical Simulations with Noisy Data

For the numerical simulations, we initially sample n data points uniformly over

[0, T ], and then sample an additional m points pertaining to the GSF regions of interest.

By including data points from the entire region [0, T ], we will be able to recover the exact

parameter values when using noise-free data, as seen in Table 2.2. Hence, for these simu-

lations we must consider noisy data, and consequently add Gaussian noise to the logistic

curve with εj
i.i.d.∼ N (0, σ2

0) for j = 1, . . . , n + m.

Each parameter in θ has an interval of steepest increase for each corresponding

GSF, and the m additional points are sampled according to those regions. We first consider

the time grid tuniform, which refers to n uniform time points over [0,25] with m additional

points added as uniformly as possible over the entire region. The results using this grid are

displayed in Table 2.3, and are used as a basis of comparison for the remaining results in
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Table 2.3: Standard errors (SEK ,SEr,SEx0) corresponding to the addition of m additional
uniformly distributed points throughout [0, 25].

n m tuniform

50 0 (0.10748,0.029371,0.021604)
50 25 (0.086565,0.023623,0.017374)
50 50 (0.077352,0.021049,0.01548)
125 0 (0.061814,0.016807,0.01236)
125 25 (0.057056,0.015504,0.011401)
125 50 (0.053388,0.014502,0.010664)
125 125 (0.047175,0.012805,0.0094158)
250 0 (0.047175,0.012805,0.0094158)
250 50 (0.043685,0.011854,0.0087166)
250 100 (0.0404,0.01096,0.0080592)
250 250 (0.034008,0.0092229,0.0067818)

this section. Then in each of Tables 2.4, 2.5, and 2.6, we consider two alternate time grids:

• tGSF consists of n uniform time points over [0,25] with m points added in the area of

steepest increase according to the GSF for each parameter, and

• tnonGSF consists of n uniform time points over [0,25] with m points added everywhere

except the area of steepest increase according to the GSF for each parameter.

For example, in Table 2.4, the tGSF column refers to the standard errors generated by

optimizing θ over n uniformly distributed data points in [0,25] with m additional data

points sampled from the interval of gsK with the steepest increase, which is [12, 25]. The

standard errors in the tnonGSF column refer to the same n initial data points, with the

additional m points sampled from outside the “GSF region” for K. We expect SEK to be

the standard error which is most affected by additional points sampled with respect to this

region, and hence it is the component of interest in Table 2.4. Similarly Tables 2.5 and 2.6

are based on the GSF regions corresponding to r and x0 respectively, with SEr and SEx0

as the respective values of interest.

We expect that for each parameter, the corresponding standard errors in the tGSF

column will generally improve as m increases. In actuality, the corresponding standard

errors show improvement when m additional points are sampled in all three grids for each

parameter. However, we get better results with the tGSF grid than with the tuniform grid,

with the worst results from the tnonGSF grid.
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Table 2.4: Standard errors (SEK , SEr, SEx0) corresponding to the addition of m extra points
within and excluding [12,25], the period of steepest increase in gsK .

n m tGSF tnonGSF

50 0 (0.10748,0.029371,0.021604) (0.10748,0.029371,0.021604)
50 25 (0.077068,0.027991,0.020752) (0.10441,0.021464,0.015622)
50 50 (0.059962,0.025752,0.019184) (0.099866,0.01754,0.012632)
125 0 (0.061814,0.016807,0.01236) (0.061814,0.016807,0.01236)
125 25 (0.053069,0.016569,0.012234) (0.061051,0.014428,0.010561)
125 50 (0.046431,0.016095,0.011919) (0.06453,0.013726,0.010003)
125 125 (0.037958,0.016276,0.012124) (0.061772,0.010767,0.0077615)
250 0 (0.047175,0.012805,0.0094158) (0.047175,0.012805,0.0094158)
250 50 (0.039627,0.012356,0.009123) (0.046264,0.010884,0.0079648)
250 100 (0.035866,0.012422,0.009198) (0.045259,0.0095868,0.0069842)
250 250 (0.027388,0.011737,0.0087426) (0.04239,0.0073602,0.0053052)

Table 2.5: Standard errors (SEK , SEr, SEx0) corresponding to the addition of m extra points
within and excluding [7,11], the period of steepest increase in gsr.

n m tGSF tnonGSF

50 0 (0.10748,0.029371,0.021604) (0.10748,0.029371,0.021604)
50 25 (0.097735,0.021034,0.016379) (0.085987,0.025298,0.01814)
50 50 (0.10215,0.019931,0.015575) (0.071516,0.022395,0.015627)
125 0 (0.061814,0.016807,0.01236) (0.061814,0.016807,0.01236)
125 25 (0.061485,0.014585,0.011165) (0.055069,0.0155,0.011258)
125 50 (0.063405,0.013979,0.010842) (0.052744,0.015359,0.011012)
125 125 (0.062507,0.012136,0.009478) (0.043153,0.013462,0.0093937)
250 0 (0.047175,0.012805,0.0094158) (0.047175,0.012805,0.0094158)
250 50 (0.046673,0.011057,0.0084657) (0.043127,0.012158,0.0088167)
250 100 (0.045837,0.010087,0.0078221) (0.038498,0.01117,0.0080133)
250 250 (0.043884,0.0085094,0.0066447) (0.032496,0.010137,0.0070706)

We further observe that SEr and SEx0 both improve greatly when we consider

the tGSF grid corresponding to each parameter r and x0, (see Tables 2.5 and 2.6). This

observation inclines us to investigate the theory regarding the regions of “steepest increase”

providing the most information for parameter identification. At each time point, the corre-

sponding Fisher information matrix does not necessarily have only positive entries, resulting

in the non-monotonicity of the GSF. However, contrary to the idea of “steepest increase”

proposed by Thomaseth and Cobelli [38], we have no reason to assume that the positive

entries are of greater value than any of the negative entries. Hence, we consider another

time grid, corresponding to regions of steep increase or decrease in the GSF. By visual
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Table 2.6: Standard errors (SEK , SEr, SEx0) corresponding to the addition of m extra points
within and excluding [4.5,7.5], the period of steepest increase in gsx0 .

n m tGSF tnonGSF

50 0 (0.10748,0.029371,0.021604) (0.10748,0.029371,0.021604)
50 25 (0.10338,0.021906,0.014617) (0.081923,0.02323,0.017621)
50 50 (0.099638,0.018577,0.012139) (0.07291,0.021106,0.016235)
125 0 (0.061814,0.016807,0.01236) (0.061814,0.016807,0.01236)
125 25 (0.064238,0.015175,0.010452) (0.056836,0.015457,0.011486)
125 50 (0.059416,0.012951,0.0086999) (0.052824,0.01476,0.011091)
125 125 (0.05867,0.010902,0.0071197) (0.043777,0.012942,0.0099389)
250 0 (0.047175,0.012805,0.0094158) (0.047175,0.012805,0.0094158)
250 50 (0.046931,0.011043,0.0076218) (0.043069,0.011892,0.0088565)
250 100 (0.046695,0.010136,0.006819) (0.040509,0.011467,0.0086329)
250 250 (0.043801,0.0081056,0.0052964) (0.031893,0.0095317,0.0073385)

Table 2.7: Standard errors (SEK , SEr, SEx0) corresponding to the addition of m extra points
within and excluding [4.5,11], the period of most significant change in the GSF for the
parameters x0 and r.

n m tGSF tnonGSF

50 0 (0.10748,0.029371,0.021604) (0.10748,0.029371,0.021604)
50 25 (0.10801,0.020384,0.014864) (0.089544,0.028147,0.020721)
50 50 (0.10407,0.016495,0.011929) (0.066204,0.022516,0.01656)
125 0 (0.061814,0.016807,0.01236) (0.061814,0.016807,0.01236)
125 25 (0.066803,0.015054,0.011051) (0.056917,0.016377,0.012)
125 50 (0.063829,0.012666,0.0092624) (0.049834,0.015145,0.011094)
125 125 (0.059484,0.00939,0.0067894) (0.045552,0.015425,0.011285)
250 0 (0.047175,0.012805,0.0094158) (0.047175,0.012805,0.0094158)
250 50 (0.04625,0.010394,0.0076238) (0.041199,0.011995,0.0088246)
250 100 (0.045683,0.0090403,0.0066069) (0.038051,0.011663,0.0085602)
250 250 (0.044083,0.006944,0.0050191) (0.030519,0.01041,0.0076278)

inspection of Figure 2.5, we see that these regions are approximately [4.5, 11], [4.5, 11], and

[12, 25] for the curves gsx0(t), gsr(t) and gsK(t), respectively. Notice that the new GSF

region for K is [12, 25] as before, however the GSF regions corresponding to r and x0 have

changed. In fact, these regions are equal, which is not unexpected based on the correlation

we have already observed in Table 2.1.

In Table 2.7 we consider the same structure for our numerical simulations as before,

adding m additional points in (and excluding) the region [4.5, 11]. The resulting standard

errors for r and x0 are generally lower in Table 2.7 than in the corresponding entries in
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Tables 2.5 and 2.6 (for the tGSF grid). Thus, we see that the decreasing regions in the

GSF curves also appear to be useful (as with the the increasing regions) when recovering

parameters and improving standard errors.

By utilizing the regions that are indicated by the GSF, we obtain better standard

errors for the corresponding parameters than by merely increasing the number of points

uniformly sampled over the entire region. Further, we postulate that sampling additional

points from the regions with steepest increase/decrease will result in better standard errors

than if we only consider the regions with steepest increase.

Forced-to-One Artifact

We note that the shape of the TSF curves remains the same regardless of the

amount of data that is sampled, whereas the GSF curves are data dependent and change

shape with varying amounts of data. We see in Figures 2.6(a) and 2.6(b) that when we

restrict the data set for the logistic growth population model to [0, 2], the TSF curves look

the same as when we merely zoom in to [0, 2] after sampling data over the entire region:

[0, 25]. However, the GSF curves look very different when the sampled data is only from

the interval [0, 2] in Figure 2.7(a) than when the data is sampled from [0, 25] and scaled to

[0, 2] as shown in Figure 2.7(b).

If an insufficient amount of data is used for parameter estimations, the GSF curves
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Figure 2.6: (a) TSF for the logistic equation when sampling data in [0,2], (b) the scaled
portion when data is observed from the entire region [0,25].
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Figure 2.7: (a) GSF for the logistic equation when sampling data in [0,2], (b) the scaled
portion [0,2] when data was observed from the entire region [0,25].

can be misleading because by definition the GSF are forced to be equal to one by the end of

the data set. This so-called “forced-to-one” artifact can cause false regions of steep increase

in the GSF curves as can be seen in the curve gsK when t ∈ [1.7, 2] in Figure 2.7(a). Notice

that in Figure 2.6 we can see that the state is clearly not sensitive to the K parameter in

region [0, 2], and hence sampling additional data points in the period of false increase would

merely increase standard error. We see another example of this phenomenon in Figure 2.8

where we compare the GSF curves generated from data sampled on [0, 0.2] to the curves

generated when data is sampled on [0, 25]. In Figure 2.8(b) it is clear that there is no

significant period of increase for either K or r, however in Figure 2.8(a) it appears that

the corresponding GSF curves both have distinct regions of (false) increase. Therefore, it

is important to note that while the GSF curves can be misleading when a limited portion

of data is obtainable, the TSF curves can still be used appropriately in sensitivity studies.

Although there is improvement when the GSF regions are considered, the amount

of additional points sampled to garner the improved standard errors needs to be taken into

consideration. Depending on the problem, the cost may be too high to sample additional

data points for the slightly improved results. However, in other cases the additional sampling

may be worth the improvement. While a useful tool, the GSF may not be an efficient choice

in all parameter estimation problems.
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Figure 2.8: (a) GSF for the logistic equation when sampling data in [0,0.2], (b) we have the
scaled portion [0,0.2] when data was observed from the entire region[0,25].

2.2.3 Usefulness in formulating data collection

We now consider several mathematical tools to assist in the formulation of data

collection. We begin by analyzing the usefulness of the condition number of F , the Fisher

information matrix for a general continuum observation, and use this tool in combination

with traditional sensitivity functions to determine an optimal final time. Next, we strive

to use the Fisher information matrix in determining the optimal placement of longitudinal

data points.

Condition number of the Fisher information matrix

In this subsection we establish the theoretical basis for using the condition number

of the generalized Fisher information matrix F to indicate an optimal stopping time. As we

have seen, the FIM relates the variation in parameter estimates to variations in collected

data. Also, F−1 is an important component in the definition of the generalized sensitivity

functions. Consequently, the condition number of F , which we denote ρ(F ), is expected

to contribute to the statistical properties of the estimate θ̂, and numerical stability issues

suggest that it is important to have the sampling interval [0, T ] chosen appropriately. The

following theorem gives a theoretical basis for using the condition number of the Fisher

information matrix as an optimal design tool.

Theorem 2.2.1. Assume that det(F (T )) 6= 0. Then det(F (T + ∆)) 6= 0 for all ∆ ≥ 0 and



30

the spectral norm of the covariance matrix F−1 is a nonincreasing function of the final time

T , i.e.,
∥∥F (T + ∆)−1

∥∥
2
≤ ∥∥F (T )−1

∥∥
2

for all ∆ ≥ 0 (here ‖ · ‖2 denotes the spectral norm of a matrix).

Proof. The matrix F (T ) is positive definite. Let λmin(T ) and λmax(T ) denote the smallest

and the largest eigenvalue of F (T ). Then we have

λmin(T )‖a‖2
2 ≤ aT F (T )a ≤ λmax(T )‖a‖2

2, a ∈ Rp.

For a ∈ Rp and ∆ > 0 we have

λmin(T )‖a‖2 +
∫ T+∆

T

1
σ2(t)

‖∇θf(t; θ0)a‖2dt ≤ aT F (T + ∆)a

≤ λmax(T )‖a‖2 +
∫ T+∆

T

1
σ2(t)

‖∇θf(t; θ0)a‖2dt.

The left side of this inequality implies

λmin(T + ∆) ≥ λmin(T ). (2.2.10)

If we choose a as an eigenvector of F (T ) corresponding to λmax(T ) then we obtain

aT FG(T + ∆)a = λmax(T )‖a‖2 +
∫ T+∆

T

1
σ2(t)

‖∇θf(t; θ0)a‖2dt ≤ λmax(T + ∆)‖a‖2,

which implies

λmax(T ) ≤ λmax(T + ∆). (2.2.11)

The largest and smallest eigenvalues of F (T + ∆)−1 are respectively 1/λmin(T + ∆) and

1/λmax(T + ∆). Then (2.2.10) implies that detF (T + ∆) 6= 0. The result on the spectral

norms is a consequence of (2.2.10). Note that ‖F (T + ∆)−1‖2 = 1/λmin(T + ∆), because

F (T + ∆)−1 is symmetric and consequently the spectral radius of
(
F (T + ∆)−1

)T
F (T +

∆)−1 is λmin(T + ∆)−2.

One might think a natural consequence of this theorem is that the condition num-

ber of the generalized Fisher information matrix is a nonincreasing function of the final

time T , i.e.

ρF (T ) ≥ ρF (T + ∆). (2.2.12)
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Table 2.8: The minimum eigenvalue, maximum eigenvalue, and condition number of the
FIM corresponding to the logistic equation, with increasing final time T .

T λmin(T ) λmax(T ) ρF (T )
15 2.6112 11403.3913 4367.0612
20 7.3132 11404.9422 1559.5081
25 12.2328 11404.9461 932.3246
30 17.1568 11404.9467 664.7493

Indeed, when we increase the final time in the logistic equation, we see that the minimum and

maximum eigenvalues both increase while the condition number decreases. The numerical

values in Table 2.8 and the plot in Figure 2.9(a) support this idea. We observe that the

minimum eigenvalue increases at a significantly faster rate than the maximum eigenvalue,

see Table 2.8. Upon closer examination, we see that the eigenvalues and the rate at which

they increase appear to be directly related to the traditional sensitivity equations. We use

this observation to construct another example which also has increasing eigenvalues (of the

FIM), but where the maximum value increases faster than the minimum value.

The differential equation

ẋ = −µ1 exp(−t) +
µ2

t + 1

has solution

x = µ1 exp(−t) + µ2 ln(t + 1)

and corresponding sensitivity equations

∂x

∂µ1
= exp(−t) and

∂x

∂µ2
= ln(t + 1).

As t increases, ∂x
∂µ1

will become close to zero, however ∂x
∂µ2

will stay relatively large.

As recorded in Table 2.9, both eigenvalues of the corresponding FIM increase,

with the maximum value increasing at a faster rate than the minimum value. For these

computations we used the values µ1 = 2, µ2 = 4, and δt = 0.1. It is important to note that

the condition number of the Fisher information matrix increases in this case.

Thus, we conclude that Theorem 2.2.1 does not always imply a nonincreasing

condition number of the corresponding Fisher information matrix. However, for the example

of the logistic model, the condition number of the FIM is nonincreasing, and this will be

useful when analyzing the system.
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Table 2.9: The minimum eigenvalue, maximum eigenvalue and condition number of the
FIM corresponding to the counterexample, with increasing final time T .

T λmin(T ) λmax(T ) ρF (T )
10 0.6941 306.2346 441.2221
15 0.7217 644.9540 893.6955
20 0.7316 1070.8184 1463.6838
25 0.7364 1569.4112 2131.3063
30 0.7391 2130.7878 2883.1087

Determining an Optimal Final Time

The choice of an optimal interval [0, T ] for data sampling is important to parameter

estimation problems for dynamical systems. Specifically, we consider an “optimal interval”

as one that satisfies the two following criteria:

1. All data on [0, T ] is relevant to the estimation of θ (i.e., more accurate estimates are

obtained when sampling data on [0, T ] than on [0, T −∆T ] for ∆T > 0).

2. Data outside [0, T ] is irrelevant with respect to the quality of parameter estimates (i.e.,

improvements in parameter estimates are negligible when the interval is enlarged to

[0, T + ∆T ] for ∆T > 0).

The choice of an optimal final time T reaps particular benefit in applications where the

collection of data is prohibitively expensive.

In practice, experimentalists commonly use prior knowledge to choose the stopping

time. For numerical simulations, we want T to be sufficiently large to guarantee that the

state variable reaches any possible steady state. Here, we use the evolution of the condition

number of the FIM (as function of final time T ) and the traditional sensitivity functions to

indicate the optimal final time.

From Figure 2.2 we estimate that the steady state is reached by approximately

t = 20 for the logistic model with θ0 = (17.5, 0.7, 0.1). If we look at the traditional sensitivity

functions of Figure 2.3(a), we observe that the TSF for r and x0 are compactly supported

in the interval [0, 20] and they vanish elsewhere. Also, the TSF for K increases from

zero and reaches one (the steady state) slightly before t = 20. Therefore, for the logistic

model with θ0 = (17.5, 0.7, 0.1), the interval [0, 20] appears to be the minimum interval for

sampling data. Sampling data from a smaller interval may prove unwise. The elimination
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of data points where the model exhibits sensitivity to a specific parameter would render

their identification difficult (or impossible).

To quantify the final time, we look at each sensitivity function individually and

locate the time point after which there is no transitional behavior, i.e., to find TK , Tr and

Tx0 given by

TK = max{t : |sK(u)− sK(v)| > ε, for u, v ∈ [t, t + h]},
Tr = max{t : |sr(u)− sr(v)| > ε, for u, v ∈ [t, t + h]},

Tx0 = max{t : |sx0(u)− sx0(v)| > ε, for u, v ∈ [t, t + h]},
(2.2.13)

where sK , sr and sx0 are the traditional sensitivity functions with respect to the corre-

sponding parameters, ε is a small tolerance, and h > 0 is the length of the time window

used. Note that a smaller ε results in a larger final time Tθi for i = 1, . . . , p. The final time

T is simply the maximum of the previous times, given as

T = max (TK , Tr, Tx0) .

In Figures 2.9(a), 2.9(b) and 2.9(c), the condition number of the Fisher information matrix

(FIM) for the logistic model is described as a function of the final time T , as well as the same

time evolution of the first and second time derivatives. Here, we consider the integral version

of the FIM which incorporates all three parameters. The FIM initially has a large condition

number which decreases exponentially on the interval [0, 15], after which it decreases at a

slow rate. In order to better understand the rate of change and concavity of the condition

number of the FIM, we look at the first and second derivatives.

The condition number of the FIM decreases sharply on [0, 15], followed by a slower

rate of decrease, as seen in Figure 2.9(a). Also we observe that the second derivative (of the

base ten logarithm of the condition number) approaches zero near T = 7, corresponding

with the change of inflection of the logistic model. This implies that we cannot estimate

all three parameters if we sample data only from [0, 7], regardless of the number of points

sampled. This is due to the data in [0, 7] carrying little to no information about K. In

fact, we know that the value of the curve when the inflection changes is precisely half of the

carrying capacity, K. Until this point is reached, we can only estimate r and x0. However,

the continuous improvement in the condition number of the FIM after T = 20 is due to the

sensitivity with respect to K which approaches the steady state of one (the sensitivities with

respect to r and x0 approach zero after T = 20). This results in the adding of nontrivial
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Figure 2.9: (a) Log10 of the condition number of the FIM, (b) first and (c) and second
derivatives of the log10 of the condition number of the FIM, and (d) correlation coefficients.
All figures plotted for the true parameter value θ0 = (17.5, 0.7, 0.1).

rank one matrices to the FIM, slightly improving its condition number. As a consequence

(in agreement with the TSF and the time derivative of the GSF), Figures 2.9(a)–(c) suggest

that most of the relevant information is contained in the interval [0, 20] and little is left

outside this interval.

The behavior of the condition number of the Fisher information matrix illustrated

in Figure 2.9(a) agrees with the theoretical results (see Theorem 2.2.1) and coincides with

our insight about the logistic model. Intuitively, if T is larger, we have more information

about the logistic curve and thus we can estimate the parameters which control the shape

of the curve more accurately. Hence, it is perfectly reasonable for the condition number of

the FIM to decrease as T gets larger. A smaller condition number for the FIM is desirable,
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resulting in a “smaller” dispersion matrix (the inverse of the FIM) and smaller standard

errors for the estimates.

Also of interest is the evolution of the correlation coefficients for this problem,

(see Figure 2.9(d) for the corresponding plots). In general, it is more difficult to estimate

parameters which are strongly correlated than those which are moderately correlated. By

looking at the evolution of the correlation coefficients we conclude that T = 20 is a rea-

sonable choice, as the correlation has strongly decreased between K and r, as well as the

correlation between K and x0. Note that the correlation between r and x0 remains high,

as we observed in Table 2.1, which is unavoidable regardless of the final time chosen.

It is very important to note that all the curves plotted in Figure 2.9 depend on the

true value θ0 = (17.5, 0.7, 0.1) which in practice is not known a priori (θ0 is the parameter

we want to estimate). Hence, we use mathematical tools to indicate an optimal stopping

time. However, these tools depend on the values of the parameters we want to find making

the use of prior knowledge is necessary. In optimal design literature ([12, 24, 32, 37]), it is

assumed that a reasonable initial estimate for θ0 is available. We assume that we have a

range of values from prior knowledge for the components of θ which is a weaker assumption

than having a reasonable initial estimate for θ0. Instead of using the one-dimensional curves

plotted in Figure 2.9, we will plot and use the 2D maps of these functions depending on T

and the corresponding parameter (see Figure 2.10 to establish the sampling intervals).

We then choose a stopping time T with conditions involving ranges of acceptable

values, and use a “worst-case scenario” approach as before. However, this time we will

consider the two-dimensional maps of Figure 2.10. Specifically, we choose a minimum

stopping time after which both the TSF and the condition number of FIM do not exhibit

any significant transient behavior.

In Figure 2.10(a) we include the (traditional) sensitivity plots corresponding to the

interval [K−δ1K,K+δ1K] with δ1 = 0.5, instead of just considering K = 17.5. We see that

for smaller values of K, the solution is insensitive to changes in K until approximately t = 7,

where for larger values the change occurs slightly higher at around t = 10. This is a relatively

subtle change, especially when compared to the changes in sensitivity when we vary r. In

Figure 2.10(b), we consider the TSF corresponding to r over the range [r − δ2r, r + δ2r],

with δ2 = 0.5. Here we see that for lower values of r, the solution is sensitive to changes

for a longer period of time than when considering larger values of r. In Figure 2.10(c) we

observe the TSF corresponding to x0 over the range [x0−δ3x0, x0 +δ3x0] with δ3 = 0.5, and
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Figure 2.10: TSF maps for (a) K centered around 17.5, (b) r centered around 0.7, and (c)
x0 centered around 0.1.

notice that there are small changes, just as we observed with the sensitivities corresponding

to K. We now consider the maximum time pertaining to all three sensitivities,

TD = max
[
max
θ∈D

TK(θ),max
θ∈D

Tr(θ), max
θ∈D

Tx0(θ)
]

where D refers to the interval [θk − δkθk, θk + δkθk] for each parameter θk, and Tθk
(θ) are

defined as in (2.2.13). We consider the ranges [K − δ1K,K + δ1K], [r − δ2r, r + δ2r], and

[x0− δ3x0, x0 + δ3x0] with δ = δ1 = δ2 = δ3. The resulting optimal final time points TD can

be seen in Table 2.10 for various values of δ and ε.

As expected, we see that better a priori knowledge yields a closer estimate to the

final time value corresponding to the true value parameter θ0 with no uncertainty. However,
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Table 2.10: The optimal duration time, TD, for several values of δ and ε, based on the TSF
with non-noisy data.

δ TD(ε=10−3) TD(ε=10−4) TD(ε=10−5)
0 15.3 17.6 20.9

0.25 21.0 23.0 27.4
0.4 26.9 28.2 33.7
0.5 32.8 33.4 39.9
0.6 41.9 41.9 49.2

in practice there will be noisy data, which we currently do not take into account. Rather,

this indicates the final time which best includes any usable information for determining

optimal parameter values, regardless of noise level.

Numerical Simulations

Numerical simulations verify the analysis carried out in the previous subsection

which demonstrates that the traditional sensitivity functions, when used in conjunction with

the condition number of the Fisher information matrix, are efficient tools in determining

a sufficient final experiment time. We set up and evaluate an inverse problem in which

we optimize the parameter θ̂ over an increasing time interval. We use standard errors to

indicate the accuracy of θ̂, and our goal is to determine a sufficient stopping time T based

on when the standard errors for θk, k = 1, . . . , p reach a steady state.

To conduct this experiment, we consider a data set (created by solving the logistic

ODE with a “true” parameter θ0, and then adding Gaussian noise to the obtained solution),

and set up an inverse problem using the solution of the logistic equation in order to obtain

the optimal parameter set based on an ordinary least squares cost functional. Next, we add

an additional data point to the existing data set, and again perform the inverse problem.

We continue to add additional data points and solve the inverse problem until the data set

reaches a predetermined final stopping time. Each time we perform the simulations, we

compute the standard errors for each of the parameters. We consider average values over

many simulations as opposed to values from an individual data set. Because we note that

each data set y(·) is a realization of a random variable Y (·), we want to look for character-

istics of the random variable (i.e., similarities among all the realizations) as opposed to just

a single realization. We repeat the entire process 100 times, averaging the standard errors

(for each final time T ) over all the data sets in order to obtain the mean values.
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Due to the small number of parameters to estimate, we use the Nelder-Mead

optimization algorithm, implemented with fminsearch in MATLAB. We consider T = 10 as

the starting value for the final time, because the standard errors (and condition number)

are very large for the parameters when there is an insufficient amount of information for

the computations, as is the case with a lower stopping time. We allow T to increase by one

unit at a time until 50, a value sufficiently large for the purposes of these simulations. By

increasing T in this manner, we create a uniform grid for each simulation. We generate noisy

data by adding Gaussian noise with mean zero and variance σ2
0 = 0.16 to a deterministic

solution to the logistic ODE with true parameter θ0 = (17.5, 0.7, 0.1). The optimization

algorithm also requires an initial estimate for the parameter set, which we give as θ0 =

1.4 · θ0 = (24.5, 0.98, 0.14).

We observe the results of the simulations in Figure 2.11 and note that the standard

errors for r and x0 remain consistently low after T ≈ 20, as shown in Figures 2.11(b) and

2.11(c). The standard error for K is higher, but continues to decrease even after reaching

T = 20, as seen in Figure 2.11(a). However, we observe that by T ≈ 25, SEK is relatively

low, and additional data points sampled beyond this point will contribute very little to the

optimization of K. Also, we consider the condition number of the corresponding Fisher

information matrix, ρ(F ), and we can see in Figure 2.9(a) that ρ(F ) is relatively low by

T = 15. Hence, any final time chosen beyond this point would be reasonable. We note that

in many problems, the condition number may not be steadily decreasing in this manner,

and may require further consideration. Thus, by examining the evolution of condition

number obtaining as well as the decreasing standard errors, a final time of T = 25 should

be sufficient for low standard errors for the parameter set. However, depending on the cost

of data collection it may be necessary to be less conservative with the final time choice, and

hence a final time of T = 20 should be sufficient.

We note that in Table 2.10, the suggested final time, corresponding to prior knowl-

edge of up to 40% of the true parameter value, is TD = 26.9 for ε = 10−3. This indicates

that we should be able to obtain a sufficiently optimized parameter set from data in an

interval no larger than [0, 26.9] with the initial estimate of 1.4 · θ0. Note that the data to

which the model is compared is noiseless. Nonetheless, we see from computational results

that choosing a final time of T = 26.9, as suggested by the initial TSF analysis, seems to

be decent although slightly conservative in this case. This indicates that the traditional

sensitivity functions are a useful tool in determining a sufficient (or “optimal”) final time.
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Figure 2.11: As the final time T increases, we have the averages over 100 sets of noisy data
with σ2

0 = 0.16 of (a) SEK , (b) SEr, and (c) SEx0 .

Sampling Distribution

As discussed in Section 2.1.2, it is typical to consider discrete time measurements

and minimize the residual sum of squares (2.1.15) when solving parameter estimation prob-

lems. However, when modeling a physical or biological phenomenon, we assume that the

mathematical model f(t, θ) approximates the phenomenon for all t in some interval [0, T ]

and for all θ in a neighborhood of the true value θ0. In other words, in the absence of mea-

surement noise, the model f(t, θ) should accurately predict the behavior of the physical sys-

tem for an entire time interval and not just for some particular instances t1 < t2 < · · · < tn

in the interval [0, T ]. Therefore, when solving a parameter estimation problem for θ, it seems

logical to consider continuous time observations, i.e., to find the estimate θ̂ which minimizes
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(2.1.13). Due to constraints/restrictions imposed by real world applications, the continuous

cost functional (2.1.13) is rarely feasible in practice, and we are often forced to use (2.1.15).

However, from a theoretical point of view, the approach (2.1.13) is perfectly legitimate, and

the idea of using continuous time measurements comes naturally, when considering that the

model itself is continuous.

Recall that each cost functional is associated with a probability measure P(t).

When P is taken in the form (2.1.14), we see that it governs the location of the discrete

time points. Then we naturally can extend this idea to Fisher information matrices, where

we consider the amount of information in the measurements at those time points supported

in the measure P. It follows intuitively that the continuous formulation of the Fisher infor-

mation matrix, F , carries the maximum amount of information for each of the parameters.

However, since gathering data that is longitudinally continuous is rarely possible, our goal

is to determine the longitudinal placement of n given data points which yields the most

information toward parameter identification. We assume there is an optimal P? (associ-

ated with an optimal F ?
D) which is the probability measure producing a placement of data

points yielding the most information. Given n, we then assume that there is some P̂n

which best approximates P?. The Fisher information matrix F̂n
D which corresponds to this

measurement P̂n is the argument which minimizes

J(Fn
D) =

p∑

i=1

p∑

j=1

∣∣Fij − Fn
Dij

∣∣2, (2.2.14)

for a system with p parameters. That is, we seek the discrete measure P̂n that gives the best

discrete approximation F̂n
D to the continuous Fisher information matrix F in the Frobenius

norm.

Numerical simulations implementing this data formulation technique are currently

underway.

2.2.4 Concluding Methodology Remarks

Through our analysis and application to the logistic growth population model,

we have established that the traditional and generalized sensitivities are both essential

tools in parameter estimation and inverse problems. Additionally, the consideration of the

Fisher information matrix, both with respect to its condition number and usefulness in
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measurement of information content, is helpful in the formulation of data collection for

these types of problems.

We will continue efforts in numerically implementing the optimal time point dis-

tribution methodology as outlined in Section 2.2.3.
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Chapter 3

Sinko-Streifer Hybrid Model

We model a system in which shrimp are used as a scaffold organism to produce

biological countermeasures. First, shrimp postlarvae would be stocked in a controlled en-

vironment, and allowed to grow normally. The shrimp would then be infected with a

recombinant viral vector (e.g., recombinant Taura Syndrome Virus or rTSV) expressing

a foreign antigen, resulting in vaccine production in live infected shrimp. To mathemati-

cally represent this approach, we consider a hybrid model of the shrimp biomass/vaccine

production system as found in [1], which has two components: (uninfected) biomass pro-

duction, and vaccine/antibody production. The output of the biomass production model

is used as input to the vaccine production model, as depicted in Figure 3.1, from [1]. We

make the initial assumption that the amount of vaccine produced equals the total infected

biomass, which we seek to model. The model we employ is based upon the McKendrick-

von-Foerster/Sinko-Streifer size-structured population models (see [27, 31, 36]), where we

consider mass rather than size.

Figure 3.1: Flow of the hybrid model.
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3.1 Motivation for Sensitivity Analysis

Our ultimate goal is to maximize the total amount of live infected biomass, which

directly corresponds to the amount of vaccine produced. Hence, we focus on the parameters

which directly impact the total amount of infected biomass. We begin by considering the

biomass component of the hybrid model.

As previously stated, a certain density of shrimp postlarvae are initially placed

into a controlled growth environment. Then, after the shrimp have reached a sufficient

size, they are infected with a recombinant viral vector. In Figure 3.2(a) we see an example

of the progression of the shrimp from the initial stocking time until the time of infection.

In Figure 3.2(b) we see the output from the biomass model, which is the input into the

vaccine production model. The model output is highly dependent on the growth, mortality

and reproduction rates of the individual shrimp. Since this output is also the input into

the vaccine production model, we see that these rates affect the amount of total infected

biomass. Hence, we investigate the sensitivity of the biomass model with respect to each of

these functions.

Next, we motivate the need to conduct sensitivity analysis for the vaccine produc-

tion component of the hybrid model. As we will discuss in detail in Section 3.3, the infected

shrimp move through several states of infection in our model: susceptible, latent, and acute.

After exposure to the infection, the shrimp are said to be in the susceptible state. When
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Figure 3.2: (a) Example of the biomass simulation, and (b) output from the biomass model,
used as input to the vaccine production model.
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the shrimp have become infected, but show few signs of infection and are not yet producing

the vaccine, we say the shrimp are in the latent state. Lastly, the latently infected shrimp

progress into the acute state, where they show severe signs of infection and produce the

vaccine.

The cumulative latent-to-acute rate function governs the rate of progression of the

shrimp population from the latent to the acute state, of which several examples are displayed

in Figure 3.3(a). Then in Figure 3.3(b), we see the total amount of acutely infected shrimp as

a function of time, where each population density corresponds to one of the rate functions

shown in Figure 3.3(a). It is evident that the latent-to-acute rate function is significant

in determining the optimal harvest time (when the total acutely infected biomass is at a

maximum). The details regarding the generation of the plots in Figure 3.2 and Figure 3.3

can be found in [1].

We have established the need to investigate the sensitivity of each component of

the hybrid model with respect to the rates which govern the population size. Consequently,

we derive the necessary sensitivities and then show the results of numerical simulations.
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Figure 3.3: (a) Several examples of cumulative latent-to-acute rate functions. (b) The
corresponding acutely infected total population densities.
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3.2 Biomass Model

We present a classical size-structured population model with mass as the structure

variable. The factors that we consider which affect the total biomass of normal shrimp

are the growth and mortality rates. We do not include reproduction in the model, as the

amount of time required for shrimp to grow from the postlarval stage until they are ready for

vaccination is insufficient for reproduction. At present, we consider a controlled environment

for biomass production and assume that the growth and morality rates of normal shrimp

are indifferent to changes in environmental factors such as temperature and salinity.

Shrimp growth is characterized by molting and “intermolting” (no external growth)

periods [14]. However over a long period of time, the growth can be approximated by a con-

tinuous process. Consequently, the growth rate g(x) is assumed to be a continuous function

of mass x. We likewise consider mortality as a function of mass x only.

The biomass production model is given by

ut(x, t) + (g(x)u(x, t))x + m(x)u(x, t) = 0,

u(0, t) = 0,

u(x, 0) = u0(x).

(3.2.1)

for (x, t) ∈ [0, xmax]× [0, TB]. The function u(x, t) denotes the population density with size

x at time t, g is the size-dependent growth rate, m represents the size-dependent mortality

rate, and u0 is the initial population density. TB denotes the final time considered in

the biomass portion of the model, and the maximum size individuals may obtain in the

time interval [0, TB] is xmax. The well-posedness of this model is proven in [9] using weak

formulations, while existence and uniqueness are proven in [8].

3.2.1 Sensitivity Analysis

In this section, we derive and investigate the sensitivity equations for the more

general linear size-structured population model

ut(x, t) + (g(x)u(x, t))x + m(x)u(x, t) = 0,

g(0)u(0, t) =
∫ x̄

0
β(x)u(x, t)dx,

u(x, 0) = u0(x),

(3.2.2)
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which has only minor differences from the biomass production model (3.2.1). Notice that we

have incorporated reproduction in (3.2.2), because we want to investigate the sensitivities

for the general formulation as opposed to restricting the analysis to the shrimp biomass

model. Here (x, t) ∈ [0, x̄] × [0, T ], u(x, t) denotes the population density with size x at

time t, g is the size-dependent growth rate, m represents the size-dependent mortality rate,

β is the size-dependent reproduction rate, and u0 is the initial population density. The

maximum size individuals may obtain in their lifetime is x̄. Although our objective is to

derive the sensitivity equations of u with respect to the functions β, g, m, and u0, here

we consider only the sensitivity with respect to mortality m as an example of the process

required for each function. We note that this derivation, as well as the others, can be found

in [7].

For traditional finite-dimensional parameter-dependent systems of ordinary differ-

ential equations

ẋ(t) = f(x(t), θ), x(0) = x0,

one finds that the heuristic differentiation of the system (using the chain rule) with respect

to a parameter θ, provides the correct sensitivity equations for y(t) =
∂x

∂θ
(t),

ẏ(t) =
∂f

∂x
y(t) +

∂f

∂θ
, y(0) = 0.

Differentiation of (3.2.2) with respect to the functions β, g, m, or u0 is somewhat more

delicate. However, we establish that a formal, heuristic differentiation also results in the

correct sensitivity equations and that this heuristic derivation can be made rigorous.

The method of characteristics is commonly used (see [8, 16, 25]) to establish the

existence and uniqueness of the solution to size-structured population models. Using this ap-

proach one obtains an implicit representation of the solution which can be used to transform

the partial differential equation into an integral equation. Then, we apply the contraction

mapping theorem to complete the sensitivity analysis for m in (3.2.2).

Preliminary Results

In order to develop the sensitivity formulations, the following assumptions are

imposed on our model parameters and initial conditions in (3.2.2):

(A1) g ∈ W1,∞(0, x̄), g > 0 on [0, x̄), and g(x̄) = 0, and
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(A2) m ∈ L∞(0, x̄), and m ≥ 0 on [0, x̄].

We will use ‖·‖∞ to denote the norm ‖·‖L∞(0,x̄), and ‖·‖1 to denote the norm ‖·‖L1(0,x̄) for

the rest of the section. Note that assumption (A1) implies that g is in a convex subset of

W1,∞(0, x̄). Assumption (A2) shows that m is in a convex subset of L∞(0, x̄). Consequently,

we can formulate the sensitivity equations for (3.2.2) using a directional (Gateaux) derivative

of u with respect to m. The directional derivative is defined in Definition 3.2.1.

Definition 3.2.1. Let Θ be a convex subset in some topological vector space, and f :

R+ ×Θ → R. Given θ and ϑ in Θ, we define the derivative fθ(t; θ, ϑ) of a function f at θ

in the direction ϑ to be

fθ(t; θ, ϑ− θ) = lim
ε→0+

f(t; θ + ε(ϑ))− f(t; θ)
ε

, (3.2.3)

provided this limit exists.

The existence and uniqueness of the solution to (3.2.2), as well as the sensitivity

equations, are carried out using the method of characteristics. The equations are reduced to

a renewal equation (a Volterra equation of convolution type), and the existence and unique-

ness of the solution to this integral equation are established with the result of Theorem

3.2.4 from [11].

Theorem 3.2.2. If Ψ(t) is bounded on [0, T ], and
∫ T

0
|φ(s)|ds < ∞, then the equation

Φ(t) =
∫ t

0
φ(s)Φ(t− s)ds + Ψ(t) (3.2.4)

has a unique bounded solution in [0, T ]. If we further assume that Ψ(t) is continuous, then

Φ(t) is also continuous.

Suppose that φ and Ψ in equation (3.2.4) are both dependent on parameter θ in

a convex subset Θ of some topological space. Then the integral equation (3.2.4) becomes

Φ(t; θ) =
∫ t

0
φ(s; θ)Φ(t− s; θ)ds + Ψ(t; θ). (3.2.5)

We first give a sensitivity result for (3.2.5) because the sensitivity results for (3.2.2) are

heavily dependent upon it. We state this formally as a theorem because it is fundamental

to the subsequent results in this section.
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Theorem 3.2.3. Suppose that for some θ ∈ Θ, the functions φ(t; θ) and Ψ(t; θ) are both

bounded on [0, T ]. We assume that for θ, ϑ ∈ Θ, φ has a bounded directional derivative

φθ(t; θ, ϑ) on [0, T ] with respect to θ ∈ Θ in the direction ϑ, and Ψ has a bounded directional

derivative Ψθ(t; θ, ϑ) on [0, T ] with respect to θ ∈ Θ in the direction ϑ. Then the directional

derivative Φθ(t; θ, ϑ) of Φ with respect to θ in the direction ϑ exists. Let z(t) = Φθ(t; θ, ϑ),

then it satisfies the following equation

z(t) =
∫ t

0
φ(s; θ)z(t− s)ds +

∫ t

0
φθ(s; θ, ϑ)Φ(t− s; θ)ds + Ψθ(t; θ, ϑ). (3.2.6)

See [7] for arguments which establish these results.

Sensitivity Equation with Respect to Mortality Rate

In this section, we conduct the sensitivity analysis of u with respect to m. We

will use the method of characteristics to obtain the renewal equation for (3.2.2) and show

that there exists a unique solution to this equation. The following notation will be used

throughout this section:

G(x) =
∫ x

0

1
g(ξ)

dξ and B(t) =
∫ x̄

0
β(x)u(x, t)dx,

where u is the unique solution of (3.2.2) which is guaranteed to exist (see [8, 25]). By

assumption (A1), we find that for ξ ∈ [0, x̄),

0 < g(ξ) = g(ξ)− g(x̄) ≤ ‖g′‖∞(x̄− ξ).

Hence, we have

G(x) ≥ 1
‖g′‖∞

∫ x

0

1
x̄− ξ

dξ,

which implies that

lim
x→x̄

G(x) = ∞.

G is a strictly increasing function due to the fact that g > 0 on [0, x̄). Thus, G−1 exists and

is a strictly increasing map from [0,∞) → [0, x̄). Therefore, the requirement that g(x̄) = 0

in (A1) guarantees that the size of an individual always remains less than x̄. In addition,

to simplify the expressions, we let:

π(x, t) = G−1(G(x)− t), %(t, ξ) = G−1(t− ξ), ρ(x, t, ξ) = 2t−G(x)− ξ.

Using the method of characteristics, we see that the solution of (3.2.2) is given implicitly

as follows:
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If x ≥ G−1(t), then

u(x, t) = u0(G−1(G(x)−t))
g(G−1(G(x)− t))

g(x)
exp

(
−

∫ x

G−1(G(x)−t)

m(ξ)
g(ξ)

dξ

)
, (3.2.7)

and if x < G−1(t), then

u(x, t) =
B(t−G(x))

g(x)
exp

(
−

∫ x

0

m(ξ)
g(ξ)

dξ

)
. (3.2.8)

Hence, we have

B(t) =
∫ G−1(t)

0
β(x)

B(t−G(x))
g(x)

exp
(
−

∫ x

0

m(ξ)
g(ξ)

dξ

)
dx

+
∫ x̄

G−1(t)
β(x)u0(π(x, t))

g(π(x, t))
g(x)

exp

(
−

∫ x

π(x,t)

m(ξ)
g(ξ)

dξ

)
dx.

(3.2.9)

Let η = G(x), then x = G−1(η) and dη =
1

g(x)
dx. Consequently, the first term of (3.2.9)

can be rewritten as
∫ G−1(t)

0
β(x)

B(t−G(x))
g(x)

exp
(
−

∫ x

0

m(ξ)
g(ξ)

dξ

)
dx

=
∫ t

0
β(G−1(η)) exp

(
−

∫ G−1(η)

0

m(ξ)
g(ξ)

dξ

)
B(t− η)dη

=
∫ t

0
β(G−1(η)) exp

(
−

∫ η

0
m(G−1(σ))dσ

)
B(t− η)dη.

(3.2.10)

Letting η = G−1(G(x)− t) yields x = G−1(G(η)+ t) and
1

g(η)
dη =

1
g(x)

dx. These relations

imply that dx =
g(G−1(G(η) + t))

g(η)
dη. Recall that lim

τ→∞G−1(τ) = x̄, and hence

lim
x→x̄

G−1(G(x)− t) = x̄ for all t ∈ [0, T ]. (3.2.11)

We then use (3.2.11) to rewrite the second term of (3.2.9) as

∫ x̄

G−1(t)
β(x)u0(G−1(G(x)− t))

g(G−1(G(x)− t))
g(x)

exp

(
−

∫ x

G−1(G(x)−t)

m(ξ)
g(ξ)

dξ

)
dx

=
∫ x̄

0
β(G−1(G(η) + t))u0(η) exp

(
−

∫ G−1(G(η)+t)

η

m(ξ)
g(ξ)

dξ

)
dη.

(3.2.12)
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Now, let σ = G(ξ)−G(η), which implies that ξ = G−1(G(η) + σ) and dσ =
1

g(ξ)
dξ. Then

we have

exp

(
−

∫ G−1(G(η)+t)

η

m(ξ)
g(ξ)

dξ

)
= exp

(
−

∫ t

0
m(G−1(G(η) + σ))dσ

)
. (3.2.13)

Following from (3.2.13) and (3.2.12), we see that

∫ x̄

G−1(t)
β(x)u0(G−1(G(x)− t))

g(G−1(G(x)− t))
g(x)

exp

(
−

∫ x

G−1(G(x)−t)

m(ξ)
g(ξ)

dξ

)
dx

=
∫ x̄

0
u0(η)β(G−1(G(η) + t)) exp

(
−

∫ t

0
m(G−1(G(η) + σ))dσ

)
dη.

(3.2.14)

Therefore, by (3.2.9), (3.2.10) and (3.2.14) we obtain the renewal equation

B(t) =
∫ t

0
k(η)B(t− η)dη + F (t), (3.2.15)

where

k(η) = β(G−1(η)) exp
(
−

∫ η

0
m(G−1(σ))dσ

)
(3.2.16)

and

F (t) =
∫ x̄

0
u0(η)β(G−1(G(η) + t)) exp

(
−

∫ t

0
m(G−1(G(η) + σ))dσ

)
dη. (3.2.17)

Note that 0 ≤ F (t) ≤ ‖β‖∞‖u0‖1 and 0 ≤ k(t) ≤ ‖β‖∞ on [0, T ]. Hence, by Theorem 3.2.2

we are guaranteed the existence of a unique bounded nonnegative solution to (3.2.15). Thus,

the solution of (3.2.15) is the same B used in the unique nonnegative solution to (3.2.2),

given in equations (3.2.7) and (3.2.8).

We observe from equation (3.2.8) that the representation for u(x, t) in the region

{
(x, t)

∣∣ 0 ≤ x < G−1(t), t > 0
}

is dependent on B. Hence, in order to derive the sensitivity equation of u with respect to

m, we need to investigate the sensitivity for B. To simplify notation, we use h to denote a

given direction in the corresponding parameter space when we take a directional derivative

with respect to m. Then, for example, the sensitivity of B with respect to m in the direction

h is written as Bm(t;m,h).
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We first consider the sensitivity of B with respect to m. Using the chain rule, we

find that km(η; m,h) satisfies

km(η; m,h) = −β(G−1(η)) exp
(
−

∫ η

0
m(G−1(σ))dσ

) (∫ η

0
h(G−1(σ))dσ

)

= −k(η)
(∫ η

0
h(G−1(σ))dσ

)
,

(3.2.18)

and Fm(t;m,h) is given by

Fm(t; m,h) = −
∫ x̄

0
u0(η)β(π(η,−t)) exp

(
−

∫ t

0
m(π(η,−σ)dσ

)(∫ t

0
h(π(η,−σ)dσ

)
dη.

(3.2.19)

Then,

|km(η; m,h)| ≤ T‖h‖∞‖β‖∞ for η ∈ [0, T ]

and

|Fm(t; m,h)| ≤ T‖h‖∞‖β‖∞‖u0‖1 for t ∈ [0, T ].

Theorem 3.2.3 guarantees that Bm(t; m,h) is the unique bounded solution to

Bm(t; m,h) =
∫ t

0
k(η)Bm(t−η;m,h)dη+

∫ t

0
km(η;m, h)B(t−η)dη+Fm(t; m,h). (3.2.20)

Based on the above discussion of the sensitivity analysis for B with respect to

m, we can now obtain the sensitivity of u with respect to m using (3.2.7) and (3.2.8).

Equations (3.2.7)–(3.2.8) coupled with the existence of Bm(t;m, h) for t ∈ [0, T ] imply that

the directional derivative um(x, t; m,h) satisfies:

If x ≥ G−1(t), then

um(x, t; m,h) = −u(x, t)
∫ x

G−1(G(x)−t)

h(τ)
g(τ)

dτ, (3.2.21)

and if x < G−1(t), then

um(x, t; m,h) =
Bm(t−G(x);m,h)

g(x)
exp

(
−

∫ x

0

m(τ)
g(τ)

dτ

)

−B(t−G(x))
g(x)

exp
(
−

∫ x

0

m(ξ)
g(ξ)

dξ

)∫ x

0

h(τ)
g(τ)

dτ.

(3.2.22)

Differential equations are typically easier to numerically approximate than integral equa-

tions. Hence, we show that um(x, t;m,h) is the solution to a first-order hyperbolic partial
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differential equation. Then, we use this partial differential equation to obtain the numerical

solution for the sensitivity of u with respect to m instead of using an integral equation as

in (3.2.20).

Let w be the unique solution to

wt(x, t) + (g(x)w(x, t))x + m(x)w(x, t) + h(x)u(x, t) = 0,

g(0)w(0, t) =
∫ x̄

0
β(x)w(x, t)dx,

w(x, 0) = 0.

(3.2.23)

We wish to show that w = um(x, t;m,h). Using the method of characteristics, we find that

the solution to (3.2.23) is given by

If x ≥ G−1(t), then

w(x, t) = −
∫ t

0
h(π(x, ξ))u(π(x, ξ), t− ξ)

g(π(x, ξ))
g(x)

exp

(
−

∫ x

π(x,ξ)

m(τ)
g(τ)

dτ

)
dξ,

(3.2.24)

and if x < G−1(t), then

w(x, t) =
W (t−G(x))

g(x)
exp

(
−

∫ x

0

m(τ)
g(τ)

dτ

)

−
∫ t

t−G(x)
h(%(t, ξ))u(%(t, ξ), ρ(x, t, ξ))

g(%(t, ξ))
g(x)

exp

(
−

∫ x

%(t,ξ)

m(τ)
g(τ)

dτ

)
dξ,

(3.2.25)

where W (t) =
∫ x̄

0
β(x)w(x, t)dx.

We begin by simplifying (3.2.24). Note that x ≥ G−1(t) implies that

G(π(x, ξ)) = G(x)− ξ ≥ t− ξ,

and further, G−1(G(π(x, ξ))− (t− ξ)) = π(x, t). Hence, by (3.2.7),

u(π(x, ξ), t− ξ) = u0(π(x, t))
g(π(x, t))
g(π(x, ξ))

exp

(
−

∫ π(x,ξ)

π(x,t)

m(τ)
g(τ)

dτ

)
, (3.2.26)

and thus, when x ≥ G−1(t),

w(x, t) = −u0(π(x, t))
g(π(x, t))

g(x)
exp

(
−

∫ x

π(x,t)

m(τ)
g(τ)

dτ

)∫ t

0
h(π(x, ξ))dξ. (3.2.27)
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Next we simplify (3.2.25). Together, (3.2.8) and the relation

2t−G(x)− ξ −G(G−1(t− ξ)) = t−G(x)

imply that

u(G−1(t− ξ), 2t−G(x)− ξ) =
B(t−G(x))
g(G−1(t− ξ))

exp

(
−

∫ G−1(t−ξ)

0

m(τ)
g(τ)

dτ

)
(3.2.28)

when x < G−1(t). Using (3.2.25) and (3.2.28), we see that

w(x, t) =
W (t−G(x))

g(x)
exp

(
−

∫ x

0

m(τ)
g(τ)

dτ

)

−B(t−G(x))
g(x)

exp
(
−

∫ x

0

m(τ)
g(τ)

dτ

) ∫ t

t−G(x)
h(G−1(t− ξ))dξ.

(3.2.29)

Then from (3.2.27) and (3.2.29), we find that when x < G−1(t)

W (t) =
∫ G−1(t)

0
β(x)

W (t−G(x))
g(x)

exp
(
−

∫ x

0

m(ξ)
g(ξ)

dξ

)
dx

−
∫ G−1(t)

0
β(x)

B(t−G(x))
g(x)

exp
(
−

∫ x

0

m(ξ)
g(ξ)

dξ

)(∫ t

t−G(x)
h(G−1(t− ξ))dξ

)
dx

−
∫ x̄

G−1(t)
β(x)u0(π(x, t))

g(π(x, t))
g(x)

exp

(
−

∫ x

π(x,t)

m(ξ)
g(ξ)

dξ

)(∫ t

0
h(π(x, ξ))dξ

)
dx.

Using the same transformation as derived for B(t), we obtain

W (t) =
∫ t

0
β(G−1(η)) exp

(
−

∫ η

0
m(G−1(σ))dσ

)
W (t− η)dη

−
∫ t

0
β(G−1(η)) exp

(
−

∫ η

0
m(G−1(σ))dσ

)(∫ η

0
h(G−1(σ))dσ

)
B(t− η)dη

−
∫ x̄

0
u0(η)β(π(η,−t)) exp

(
−

∫ t

0
m(π(η,−σ)dσ

)(∫ t

0
h(π(η,−σ)dσ

)
dη.

(3.2.30)

From equations (3.2.18), (3.2.19), and (3.2.30), we see that

W (t) =
∫ t

0
k(η)W (t− η)dη +

∫ t

0
km(η; m,h)B(t− η)dη + Fm(t; m,h). (3.2.31)

Hence, equation (3.2.31) and the uniqueness of the solution to (3.2.20) imply that

W (t) = Bm(t; m,h) for any t ∈ [0, T ]. (3.2.32)
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Next we argue that
∂u

∂m
[h] = w, which shows that um(x, t; m,h) satisfies (3.2.23).

Let τ = G−1(G(x)− ξ). Then dξ = − 1
g(τ)

dτ , and hence,

∫ t

0
h(G−1(G(x)− ξ))dξ =

∫ x

G−1(G(x)−t)

h(τ)
g(τ)

dτ. (3.2.33)

From equations (3.2.7), (3.2.27) and (3.2.33), we observe that

w(x, t) = −u(x, t)
∫ x

G−1(G(x)−t)

h(τ)
g(τ)

dτ, (3.2.34)

if x ≥ G−1(t). Therefore, by (3.2.21) and (3.2.34) we see that
∂u

∂m
[h] = w in the region

defined by
{
(x, t)

∣∣ x̄ > x ≥ G−1(t), t ≥ 0
}

.

Now let τ = G−1(t− ξ). Then dξ = − 1
g(τ)

dτ , and hence,

∫ t

t−G(x)
h(G−1(t− ξ))dξ =

∫ x

0

h(τ)
g(τ)

dτ. (3.2.35)

From equations (3.2.29), (3.2.32) and (3.2.35) we see that if x < G−1(t) then we have the

following

w(x, t) =
Bm(t−G(x);m,h)

g(x)
exp

(
−

∫ x

0

m(τ)
g(τ)

dτ

)

−B(t−G(x))
g(x)

exp
(
−

∫ x

0

m(ξ)
g(ξ)

dξ

) ∫ x

0

h(τ)
g(τ)

dτ.

(3.2.36)

By (3.2.22) and (3.2.36) we have
∂u

∂m
[h] = w when x < G−1(t). Therefore, um(x, t;m,h)

satisfies the initial boundary value problem (3.2.23), and we can use this system to determine

um(x, t; m,h).

3.2.2 Numerical Scheme and Results

We now illustrate the ease of computations for the sensitivity of u with respect to

m. We use an implicit finite difference scheme to approximate the population density u(x, t)

as well as w(x, t) = um(x, t; m,h). Let ∆x = x̄/n and ∆t = T/l be the spatial and time

mesh sizes, respectively. The mesh points are then given by xj = j∆x for j = 0, 1, . . . , n,

and tk = k∆t for k = 0, 1, . . . , l. We denote by uk
j the finite difference approximation of
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u(xj , tk), and we let u0
j = u0(xj), gj = g(xj), mj = m(xj), and βj = β(xj), j = 0, 1, . . . , n.

The finite difference scheme used to approximate the solution u(x, t) to (3.2.2) is now given

as
uk+1

j − uk
j

∆t
+

gju
k+1
j − gj−1u

k+1
j−1

∆x
+ mju

k+1
j = 0, 1 ≤ j ≤ n,

g0u
k+1
0 =

n∑

i=1

βiu
k
i ∆x.

(3.2.37)

We denote the finite difference approximation of w(xj , tk) by wk
j , and let w0

j = 0 and

hj = h(xj). The scheme used to approximate the solution w(x, t) to (3.2.23) is then given

by

wk+1
j − wk

j

∆t
+

gjw
k+1
j − gj−1w

k+1
j−1

∆x
+ mjw

k+1
j + hju

k+1
j = 0, 1 ≤ j ≤ n,

g0w
k+1
0 =

n∑

i=1

βiw
k
i ∆x.

(3.2.38)

In this example, we assume a maximum size of x̄ = 1 unit of mass and a final time of T = 5

units of time. The initial condition and model parameters are given as

u0(x) = 10x3(1− x), g(x) = 0.2(1− x), m(x) = 0.4, β(x) = 0.

Then, by (3.2.7) and (3.2.8), we can solve analytically for u(x, t):

u(x, t) =





10(1− x)[1− (1− x)e0.2t]3 x ≥ 1− e−0.2t

0 x < 1− e−0.2t.

Note that m is a constant, and hence we allow the direction h = 1 when we take the

directional derivative of u with respect to m. Then, by (3.2.34) and (3.2.36), the analytical

solution for w(x, t) is given as

w(x, t) =




−10t(1− x)[1− (1− x)e0.2t]3 x ≥ 1− e−0.2t

0 x < 1− e−0.2t.

The numerical solutions to (3.2.37) and (3.2.38) with ∆x = 10−4 and ∆t = 10−3

are shown in Figures 3.4(a) and 3.5(a), respectively. Figures 3.4(b) and 3.5(b) depict the

analytical solutions, and we see the difference between the analytical and approximate

solutions for u(x, t) and w(x, t) in Figures 3.4(c) and 3.5(c). These figures demonstrate

that numerical solutions for u(x, t) and w(x, t) provide reasonable approximations to the
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(a) (b)

(c)

Figure 3.4: (a) The finite difference approximation ufd(x, t) of u(x, t), (b) analytical so-
lution for u(x, t), and (c) error between the analytical solution and the finite difference
approximation.

analytical solutions. However, we observe in Figures 3.6(b) and 3.7(b) that the magnitude

of the error increases with time, due to a change in the shape of the population distribution

curve (see Figures 3.6(a) and 3.7(a)). In particular, the decreasing growth rate causes the

population distribution to become more narrow and steep with time. Notice also that the

mortality rate directly affects the magnitude of the density.

The error for the population density is on the order of 10−4, and the error for the

sensitivity is on the order of 10−3, as seen in Figures 3.6(b) and 3.7(b). Hence, the finite

difference schemes seem to sufficiently approximate the analytical solution, as well as the
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(a) (b)

(c)

Figure 3.5: (a) The finite difference approximation wfd(x, t) of w(x, t), (b) analytical so-
lution for w(x, t), and (c) error between the analytical solution and the finite difference
approximation.

sensitivity, for this problem. If a more precise approximation is sought, one could refine the

mesh with respect to mass and/or time in order to decrease the error.

3.2.3 Concluding Biomass Remarks

In this section, we considered the Sinko-Streifer/McKendrick-von Foerster equa-

tions for size-structured populations (3.2.1). First, we rigorously derived the partial differ-

ential equations for the sensitivity of the population density with respect to mortality m.

Then, we verified that the systems of differential equations could be numerically represented
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and t = 5, and (b) error between analytical and approximate solutions at t = 1 and t = 5.
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Figure 3.7: (a) The analytical and approximate solutions for sensitivity with respect to m
at t = 1 and t = 5, and (b) error between analytical and approximate solutions at t = 1
and t = 5.

with finite difference schemes in order to sufficiently approximate the analytical solutions,

which in many cases might be difficult or impossible to procure.

Due to our investigations, we see that the correct sensitivity equations can be

formally obtained by differentiating the population equation of interest with respect to the

function m. This is also seen to be true when we consider the functions µ0, g and β, see [7].
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3.3 Vaccine Production Model

Now we consider the vaccine production model, which is the second component

of the biomass/vaccine production hybridization. Healthy shrimp are exposed to infection

by ingesting dead transfected biomass, and it is assumed that all the shrimp are equally

likely to become infected within a reasonable amount of time. Once infected, we generally

consider only a time interval of seven to ten days, due to the nature of the infection (see

[1, 20, 29]). Beyond this time frame, the shrimp will typically either become resistant to

the virus (entering into a chronic state) or expire. In our model, the infected shrimp move

through several states of infection: susceptible, latent, and acute. When initially exposed

to the infection, the shrimp are in the susceptible state. Then, the shrimp become latently

infected, and show few signs of infection and are not yet producing the vaccine. Lastly, the

latently infected shrimp move into the acute state, showing severe signs of infection and

producing the vaccine. Recall that we make the assumption that the amount of vaccine

produced equals the total live infected biomass, which we model.

The vaccine production model [1] is given by

St(x, t) + (gS(x)S(x, t))x + mS(x)S(x, t) = −λS(x, t),

Lt(x, t, θ) + (gL(x)L(x, t, θ))x + Lθ(x, t, θ) + mL(x)L(x, t, θ) = −γL(θ)L(x, t, θ),

At(x, t, θ) + Aθ(x, t, θ) + mA(θ)A(x, t, θ) = 0,

L(x, t, 0) = λS(x, t), A(x, t, 0) =
∫ t

0
γL(ξ)L(x, t, ξ)dξ,

S(xmin, t) = 0, L(xmin, t, θ) = 0, A(xmin, t, θ) = 0,

S(x, 0) = S0(x), L(x, 0, θ) = 0, A(x, 0, θ) = 0,

(3.3.1)

where (x, t, θ) ∈ [xmin, xmax]× [0, T ]× [0, T ]. The function S(x, t) represents the density of

susceptible individuals with mass x at time t. The function L(x, t, θ) represents the density

of individuals with mass x at time t that have spent θ days in the latent state. Also, the

function A(x, t, θ) represents the density of individuals with mass x at time t that have

spent θ days in the acute state.

The functions mS(x), mL(x) and mA(θ) respectively denote the mortality rate of

individuals in the susceptible state, the mortality rate of individuals in the latent state, and

the mortality rate of individuals who have spent θ days in the acute state. The function
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γL(θ) represents the latent to acute rate (the rate at which the shrimp that have spent

θ days in the latent state become acutely infected) and the quantity λ denotes the initial

infection rate. The initial population density of susceptible shrimp, which is the output

from the biomass production model, is given by S0(x).

Using the method of characteristics, we solve the vaccine production system for

S(x, t), L(x, t, θ), and A(x, t, θ) as detailed in [1]. Those solutions are given explicitly as

follows:

• If x ≥ G−1(t),

S(x, t) = S0(πS(x, t))
gS(πS(x, t))

gS(x)
exp

(
−

∫ x

πS(x,t)

mS(y)
gS(y)

dy

)
exp(−λt) (3.3.2)

and if x < G−1(t),

S(x, t) = 0 (3.3.3)

where πS(x, t) = G−1(G(x)− t), and G(x) =
∫ x

0

1
gS(s) ds

.

• Then, if x ≥ G−1(θ),

L(x, t, θ) = λS(πL(x, θ), t− θ)
gL(πL(x, θ))

gL(x)
exp

(
−

∫ θ

0
γL(y) dy

)

· exp

(∫ πL(x,θ)

x

mS(y)
gS(y)

dy

) (3.3.4)

and if x < G−1(θ),

L(x, t, θ) = 0 (3.3.5)

where πL(x, t) = G−1(G(x)− t), and G(x) =
∫ x

0

1
gL(s) ds

.

• Lastly, if x = xmin,

A(x, t, θ) = 0, (3.3.6)

otherwise for x > xmin,

A(x, t, θ) =
(∫ t−θ

0
γL(y)L(x, t− θ, y) dy

)
exp

(
−

∫ θ

0
mA(y) dy

)
. (3.3.7)
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3.3.1 Sensitivity Analysis

There are several factors which strongly affect the total acutely infected population

density, including the acute mortality mA(θ) and the latent-to-acute rate function γL(θ). It

is then prudent to consider the sensitivities of the population density with respect to these

factors. We formally show that the solutions obtained by heuristically taking the derivatives

of the vaccine production system and then solving with the method of characteristics are

correct.

Acute Mortality Rate mA(θ)

We now analyze the sensitivity of the population density of the acute state with

respect to the acute mortality mA(θ). We first verify that the Gateaux derivative (see

Definition 3.2.1),

dA(mA, hm) := lim
ε→0

A(x, t, θ; mA + εhm)−A(x, t, θ; mA)
ε

exists, where hm, mA ∈ M, the set of all possible mortality rates. Using (3.3.7), we see

that

dA(mA, hm) = lim
ε→0

1
ε

[(∫ t−θ

0
γL(y)L(x, t− θ, y) dy

)
exp

(
−

∫ θ

0
(mA + εhm)(y) dy

)

−
(∫ t−θ

0
γL(y)L(x, t− θ, y) dy

)
exp

(
−

∫ θ

0
mA(y) dy

) ]

=
∫ t−θ

0
γL(y)L(x, t− θ, y) dy exp

(
−

∫ θ

0
mA(y) dy

)

× lim
ε→0

1
ε

[
exp

(
−ε

∫ θ

0
hm(y) dy

)
− 1

]
,

and by substitution,

dA(mA, hm) = A(x, t, θ) · lim
ε→0

1
ε

[
exp

(
−ε

∫ θ

0
hm(y) dy

)
− 1

]
.

We now apply the rule

lim
h→0

ah − 1
h

= ln a (3.3.8)
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to our problem, where we see that

lim
ε→0

1
ε

[
exp

(
−ε

∫ θ

0
hm(y) dy

)
− 1

]
= ln

(
exp

(
−

∫ θ

0
hm(y) dy

))

= −
∫ θ

0
hm(y) dy.

Consequently,

dA(mA, hm) = −A(x, t, θ)
∫ θ

0
hm(y) dy. (3.3.9)

Computationally, (3.3.9) can be implemented in several ways. First, we could solve

for A(x, t, θ), and then use a quadrature to approximate

−
∫ θ

0
hm(y) dy.

Alternately, we consider a partial differential equation corresponding to (3.3.9). We couple

the PDE with the vaccine production model (3.3.1) and use a finite difference scheme to

approximate the corresponding solutions. Before we numerically implement this method,

we formally verify that the system

Mt(x, t, θ) + Mθ(x, t, θ) + mA(θ)M(x, t, θ) + hm(θ)A(x, t, θ) = 0,

M(x, t, 0) = 0, M(xmin, t, θ) = 0, M(x, 0, θ) = 0,

(3.3.10)

obtained by taking the derivative of (3.3.1) with respect to mA in the direction hm, has

the solution (3.3.9). We let M(x, t, θ) denote the derivative of A with respect to mA in the

direction hm.

We solve (3.3.10) explicitly using the method of characteristics with the charac-

teristic equations

t̃(s) = t + s, θ̃(s) = θ + s, x̃(s) = x.

We now consider the solution M(x, t, θ) along the characteristic curve

dM(x̃(s), t̃(s), θ̃(s))
ds

= −mA(θ̃(s))M(x̃(s), t̃(s), θ̃(s))− hm(θ̃(s))A(x̃(s), t̃(s), θ̃(s))

and use the integrating factor

exp
(∫ s

0
mA(θ̃(z)) dz

)
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to get the relation
[
exp

(∫ s

0
mA(θ̃(z)) dz

)
M(x̃(s), t̃(s), θ̃(s))

]′

= − exp
(∫ s

0
mA(θ̃(z)) dz

)
hm(θ̃(s))A(x̃(s), t̃(s), θ̃(s)).

From this we see that

M(x, t, θ) = M(x̃(s), t̃(s), θ̃(s)) exp
(∫ s

0
mA(θ̃(z)) dz

)

+
∫ s

0
exp

(∫ τ

0
mA(θ̃(z)) dz

)
hm(θ̃(τ))A(x̃(τ), t̃(τ), θ̃(τ)) dτ.

However, the initial and boundary conditions

M(x, t, 0) = 0, M(xmin, t, θ) = 0, M(x, 0, θ) = 0,

imply that the first term is zero, and then

M(x, t, θ) =
∫ s

0
exp

(∫ τ

0
mA(θ̃(z)) dz

)
hm(θ̃(τ))A(x̃(τ), t̃(τ), θ̃(τ)) dτ.

For every s ∈ R, it is clear that θ̃(s) ≤ t̃(s) and therefore we obtain s = −θ. It follows that

M(x, t, θ) = −
∫ θ

0
exp

(
−

∫ τ

0
mA(θ − z) dz

)
hm(θ − τ)A(x, t− τ, θ − τ) dτ,

which simplifies to be

M(x, t, θ) = −
∫ θ

0
exp

(
−

∫ θ

θ−τ
mA(y) dy

)
hm(θ − τ)A(x, t− τ, θ − τ) dτ.

However,

A(x, t− τ, θ − τ) =
(∫ t−θ

0
γL(y)L(x, t− θ, y) dy

)
exp

(
−

∫ θ−τ

0
mA(y) dy

)
, (3.3.11)

and by substituting (3.3.11) into M(x, t, θ) and simplifying, we get

M(x, t, θ) = −
∫ θ

0
exp

(
−

∫ θ

θ−τ
mA(y) dy

)
hm(θ − τ)

×
[∫ t−θ

0
γL(y)L(x, t− θ, y) dy exp

(
−

∫ θ−τ

0
mA(y) dy

)]
dτ

= −
(∫ t−θ

0
γL(y)L(x, t− θ, y) dy

)
exp

(
−

∫ θ

0
mA(y) dy

)∫ θ

0
hm(θ − τ) dτ

= −A(x, t, θ)
∫ θ

0
hm(θ − τ) dτ.
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This reduces to

M(x, t, θ) = −A(x, t, θ)
∫ θ

0
hm(y) dy,

which is precisely (3.3.9), and hence we see that

M(x, t, θ) = dA(mA, hm).

Latent to Acute Rate Function γL(θ)

We next analyze the sensitivity of the population density of the latent and acute

states with respect to γL(θ). Due to the dependence of the acute state on the latent state,

we begin with the latent state in order to accurately obtain the necessary derivatives as

well as verify their correctness.

Gateaux Derivatives

We first verify that the Gateaux derivative (see Definition 3.2.1),

dL(γL, hγ) := lim
ε→0

L(x, t, θ; γL + εhγ)− L(x, t, θ; γL)
ε

exists, where hγ , γL ∈ Γ, the set of all possible latent-to-acute rates. Using (3.3.4), we see

that

dL(γL, hγ) = lim
ε→0

1
ε

[(
λS(πL(x, θ), t− θ)

gL(πL(x, θ))
gL(x)

exp
(
−

∫ θ

0
(γL + εhγ)(y) dy

)

× exp

(∫ πL(x,θ)

x

mS(y)
gS(y)

dy

))
−

(
λS(πL(x, θ), t− θ)

gL(πL(x, θ))
gL(x)

× exp
(
−

∫ θ

0
γL(y) dy

)
exp

(∫ πL(x,θ)

x

mS(y)
gS(y)

dy

))]
.

We can rewrite this as

dL(γL, hγ) = λS(πL(x, θ), t− θ)
gL(πL(x, θ))

gL(x)
exp

(∫ πL(x,θ)

x

mS(y)
gS(y)

dy

)

× lim
ε→0

1
ε

[
exp

(
−

∫ θ

0
(γL + εhγ)(y) dy

)
− exp

(
−

∫ θ

0
γL(y) dy

)]

= λS(πL(x, θ), t− θ)
gL(πL(x, θ))

gL(x)
exp

(∫ πL(x,θ)

x

mS(y)
gS(y)

dy

)

× exp
(
−

∫ θ

0
γL(y) dy

)
lim
ε→0

1
ε

[
exp

(
−ε

∫ θ

0
hγ(y) dy

)
− 1

]
,
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where substitution yields

dL(γL, hγ) = L(x, t, θ) · lim
ε→0

1
ε

[
exp

(
−ε

∫ θ

0
hγ(y) dy

)
− 1

]
.

We again apply (3.3.8) to our problem and see that

lim
ε→0

1
ε

[
exp

(
−ε

∫ θ

0
hγ(y) dy

)
− 1

]
= −

∫ θ

0
hγ(y) dy.

Therefore,

dL(γL, hγ) = −L(x, t, θ)
∫ θ

0
hγ(y) dy. (3.3.12)

We next verify that the Gateaux derivative

dA(γL, hγ) := lim
ε→0

A(x, t, θ; γL + εhγ)−A(x, t, θ; γL)
ε

exists. Using (3.3.4) and (3.3.7), we may expand A(x, t, θ) as

A(x, t, θ) =
(∫ t−θ

0
γL(y)L(x, t− θ, y) dy

)
exp

(
− ∫ θ

0 mA(y) dy
)

=

(∫ t−θ

0
γL(y)

[
λS(πL(x, y), t− θ − y)

gL(πL(x, y))
gL(x)

exp
(
−

∫ y

0
γL(z) dz

)

× exp

(∫ πL(x,y)

x

mS(z)
gS(z)

dz

)]
dy

)
exp

(
− ∫ θ

0 mA(y) dy
)

.

(3.3.13)

Then we express the Gateaux derivative of A(x, t, θ) as

dA(γL, hγ) = lim
ε→0

1
ε

[(∫ t−θ

0
(γL + εhγ)(y)

[
λS(πL(x, y), t− θ − y)

gL(πL(x, y))
gL(x)

× exp
(
−

∫ y

0
(γL + εhγ)(z) dz

)
exp

(∫ πL(x,y)

x

mS(z)
gS(z)

dz

)]
dy

)

× exp
(
−

∫ θ

0
mA(y) dy

)
−

(∫ t−θ

0
γL(y)

[
λS(πL(x, y), t− θ − y)

× gL(πL(x, y))
gL(x)

exp
(
−

∫ y

0
γL(z) dz

)
exp

(∫ πL(x,y)

x

mS(z)
gS(z)

dz

)]
dy

)

× exp
(
−

∫ θ

0
mA(y) dy

)]
,
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which can be rewritten as

dA(γL, hγ) = exp
(
−

∫ θ

0
mA(y) dy

)
lim
ε→0

1
ε

[∫ t−θ

0
λS(πL(x, y), t− θ − y) · gL(πL(x, y))

gL(x)

× exp

(∫ πL(x,y)

x

mS(z)
gS(z)

dz

)[
(γL + εhγ)(y) exp

(
−

∫ y

0
(γL + εhγ)(z) dz

)

− γL(y) exp
(
−

∫ y

0
γL(z) dz

)]
dy

]
.

(3.3.14)

This is exactly

dA(γL, hγ) = exp
(
−

∫ θ

0
mA(y) dy

)
lim
ε→0

1
ε

[∫ t−θ

0
λS(πL(x, y), t− θ − y) · gL(πL(x, y))

gL(x)

× exp

(∫ πL(x,y)

x

mS(z)
gS(z)

dz

)
exp

(
−

∫ y

0
γL(z) dz

)[
(γL + εhγ)(y)

× exp
(
−ε

∫ y

0
hγ(z) dz

)
− γL(y)

]
dy

]

(3.3.15)

and substitution of (3.3.4)–(3.3.5) into (3.3.15) yields

dA(γL, hγ) = exp
(
−

∫ θ

0
mA(y) dy

)
· lim

ε→0

1
ε

[∫ t−θ

0
L(x, t− θ, y)

×
[
γL(y)

(
exp

(
−ε

∫ y

0
hγ(z) dz

)
− 1

)
+ εhγ(y) exp

(
−ε

∫ y

0
hγ(z) dz

)]
dy

]
.

By choosing

a = exp
(
−

∫ y

0
hγ(z) dz

)

and using (3.3.8) we see that

dA(γL, hγ) = exp
(
−

∫ θ

0
mA(y) dy

)
lim
ε→0

∫ t−θ

0
L(x, t− θ, y)

[
γL(y)

aε − 1
ε

+ hγ(y)aε

]
dy

= exp
(
−

∫ θ

0
mA(y) dy

)∫ t−θ

0
L(x, t− θ, y)

[
γL(y) ln(a) + hγ(y)

]
dy.

This is just

dA(γL, hγ) = exp
(
−

∫ θ

0
mA(y) dy

) ∫ t−θ

0
L(x, t− θ, y)

[
− γL(y)

∫ y

0
hγ(z) dz + hγ(y)

]
dy.

(3.3.16)
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System of Partial Differential Equations

Computationally, (3.3.12) and (3.3.16) can be implemented in several ways. We

could solve for L(x, t, θ), and then use a quadrature to approximate the remaining compo-

nents of each equation. Alternately, we consider a PDE system corresponding to (3.3.12)

and (3.3.16), coupled with the vaccine production model (3.3.1). Then we can approximate

the solution and sensitivities using a finite difference scheme.

Before we numerically implement this method, we formally verify that the system

Rt(x, t, θ) + (gL(x)R(x, t, θ))x + Rθ(x, t, θ) + mL(x)R(x, t, θ)

= −γL(θ)R(x, t, θ)− hγ(θ)L(x, t, θ),

Pt(x, t, θ) + Pθ(x, t, θ) + mA(θ)P (x, t, θ) = 0,

R(x, t, 0) = 0, P (x, t, 0) =
∫ t
0

(
γL(ξ)R(x, t, ξ) + hγ(ξ)L(x, t, ξ)

)
dξ,

R(xmin, t, θ) = 0, P (xmin, t, θ) = 0,

R(x, 0, θ) = 0, P (x, 0, θ) = 0.

(3.3.17)

obtained by taking the derivative of (3.3.1) with respect to γL in the direction hγ , has

the solutions given by (3.3.12) and (3.3.16). We let R(x, t, θ) and P (x, t, θ) denote the

derivatives of L and A, respectively, with respect to γL in the direction hγ .

We first examine the sensitivity in the latent state, thereby reducing the system

(3.3.17) to

Rt(x, t, θ) + (gL(x)R(x, t, θ))x + Rθ(x, t, θ) + mL(x)R(x, t, θ)

= −γL(θ)R(x, t, θ)− hγ(θ)L(x, t, θ),
(3.3.18)

with initial and boundary conditions

R(x, t, 0) = 0, R(xmin, t, θ) = 0, R(x, 0, θ) = 0. (3.3.19)

We solve (3.3.18) for R(x, t, θ) using the method of characteristics, and employ the charac-

teristic equations

t̃(s) = t + s, θ̃(s) = θ + s, x̃(s) = G−1(G(x) + s),

and setting G(x) =
∫ x

0

1
gL(z)

dz.
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We now consider the solution R(x, t, θ) along the characteristic curve,

dR(x̃(s), t̃(s), θ̃(s))
ds

= −
(
γL(θ̃(s)) + gL

x (x̃(s)) + mL(x̃(s))
)

R(x̃(s), t̃(s), θ̃(s))

−hγ(θ̃(s))L(x̃(s), t̃(s), θ̃(s)).

Utilizing the integrating factor:

exp
(∫ s

0
γL(θ̃(z)) + gL

x (x̃(z)) + mL(x̃(z)) dz

)

we get
[
exp

(∫ s

0
γL(θ̃(z)) + gL

x (x̃(z)) + mL(x̃(z)) dz

)
R(x̃(s), t̃(s), θ̃(s))

]′

= −hγ(θ̃(s)) exp
(∫ s

0
γL(θ̃(z)) + gL

x (x̃(z)) + mL(x̃(z)) dz

)
L(x̃(s), t̃(s), θ̃(s)).

From this we have

R(x, t, θ) = R(x̃(s), t̃(s), θ̃(s)) exp
(∫ s

0
γL(θ̃(z)) + gL

x (x̃(z)) + mL(x̃(z)) dz

)

+
∫ s

0
hγ(θ̃(τ)) exp

(∫ τ

0
γL(θ̃(z)) + gL

x (x̃(z)) + mL(x̃(z)) dz

)
L(x̃(τ), t̃(τ), θ̃(τ)) dτ.

(3.3.20)

Recalling the initial and boundary conditions (3.3.19) we see that the first term of (3.3.20)

is zero, yielding

R(x, t, θ) =
∫ s

0
hγ(θ̃(τ)) exp

(∫ τ

0
γL(θ̃(z)) + gL

x (x̃(z)) + mL(x̃(z)) dz

)

×L(x̃(τ), t̃(τ), θ̃(τ)) dτ.

(3.3.21)

Further, θ̃(s) ≤ t̃(s) for every s ∈ R, implying that we can make the substitution s = −θ

and rewrite (3.3.21) as

R(x, t, θ) = −
∫ θ

0

[
hγ(θ − τ) exp

(∫ −τ

0
γL(θ̃(z)) + gL

x (x̃(z)) + mL(x̃(z)) dz

)

×L(x̃(−τ), t− τ, θ − τ)
]

dτ.
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We can rewrite the exponential component as

exp
(∫ −τ

0
γL(θ̃(z)) + gL

x (x̃(z)) + mL(x̃(z)) dz

)

= exp
(
−

∫ τ

0
γL(θ − z) dz

)
exp

(
−

∫ τ

0
gL
x (x̃(−z)) + mL(x̃(−z)) dz

)

= exp
(∫ θ−τ

θ
γL(z) dz

)
exp

(∫ x̃(−τ)

x

gL
x (z)

gL(z)
+

mL(z)
gL(z)

dz

)

=
gL(x̃(−τ))

gL(x)
exp

(
−

∫ θ

θ−τ
γL(z) dz

)
exp

(∫ x̃(−τ)

x

mL(z)
gL(z)

dz

)
.

Then,

R(x, t, θ) = −
∫ θ

0

[
hγ(θ − τ)L(πL(x, τ), t− τ, θ − τ)

gL(πL(x, τ))
gL(x)

× exp
(
−

∫ θ

θ−τ
γL(z) dz

)
exp

(∫ πL(x,τ)

x

mL(z)
gL(z)

dz

)]
dτ

where πL(x, τ) = x̃(−τ) = G−1(G(x)− τ). Note that

L(πL(x, τ), t− τ, θ − τ) = λS(πL(πL(x, τ), θ − τ), t− θ)
(

gL(πL(x, θ))
gL(πL(x, τ))

)

× exp
(
−

∫ θ−τ

0
γL(y) dy

)
exp

(∫ πL(x,θ)

πL(x,τ)

mS(y)
gS(y)

dy

)
,

and
πL(πL(x, τ), θ − τ) = G−1(G(G−1(G(x)− τ))− θ + τ)

= G−1(G(x)− τ − θ + τ)

= G−1(G(x)− θ)

= πL(x, θ).

Hence,

R(x, t, θ) = −
∫ θ

0

[
hγ(θ − τ)

[
λS(πL(x, θ), t− θ)

(
gL(πL(x, θ))
gL(πL(x, τ))

)

× exp
(
−

∫ θ−τ

0
γL(y) dy

)
exp

(∫ πL(x,θ)

πL(x,τ)

mS(y)
gS(y)

dy

)]
gL(πL(x, τ))

gL(x)

× exp
(
−

∫ θ

θ−τ
γL(z) dz

)
exp

(∫ πL(x,τ)

x

mL(z)
gL(z)

dz

)]
dτ
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which simplifies to

R(x, t, θ) = −λS(πL(x, θ), t− θ)
gL(πL(x, θ))

gL(x)
exp

(
−

∫ θ

0
γL(y) dy

)

× exp

(∫ πL(x,θ)

x

mS(y)
gS(y)

dy

)∫ θ

0
hγ(θ − τ) dτ

= −L(x, t, θ)
∫ θ

0
hγ(θ − τ) dτ.

By substituting y = θ − τ , we have

R(x, t, θ) = −L(x, t, θ)
∫ θ

0
hγ(y) dy, (3.3.22)

which is just (3.3.12), and therefore we see that

R(x, t, θ) = dL(γL, hγ).

We next examine the sensitivity in the acute state, reducing the system (3.3.17)

to

Pt(x, t, θ) + Pθ(x, t, θ) + mA(θ)P (x, t, θ) = 0, (3.3.23)

with initial and boundary conditions

P (x, t, 0) =
∫ t

0

(
γL(ξ)R(x, t, ξ) + hγ(ξ)L(x, t, ξ)

)
dξ,

P (xmin, t, θ) = 0, P (x, 0, θ) = 0.

(3.3.24)

Using the method of characteristics we solve (3.3.23) by implementing the characteristic

equations

t̃(s) = t + s, θ̃(s) = θ + s, x̃(s) = x.

We now consider the solution P (x, t, θ) along the characteristic curve,

dP (x̃(s), t̃(s), θ̃(s))
ds

= −mA(θ̃(s))P (x̃(s), t̃(s), θ̃(s))

with solution

P (x, t, θ) = P (x̃(s), t̃(s), θ̃(s)) exp
(∫ s

0
mA(θ̃(s)) ds

)
.

Again, note that θ̃(s) ≤ t̃(s) for every s ∈ R, and by making the substitution s = −θ, we

get

P (x, t, θ) = P (x, t− θ, 0) exp
(∫ −θ

0
mA(θ + s) ds

)
.
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Lastly, we use our initial θ condition from (3.3.24) and have

P (x, t, θ) =
∫ t−θ

0
γL(y)R(x, t−θ, y)+hγ(y)L(x, t−θ, y) dy exp

(
−

∫ θ

0
mA(z) dz

)
. (3.3.25)

We substitute (3.3.22) into (3.3.25), which results in

P (x, t, θ) = −
∫ t−θ

0
γL(y)L(x, t− θ, y)

(∫ y

0
hγ(z) dz

)
+ hγ(y)L(x, t− θ, y) dy

× exp
(
−

∫ θ

0
mA(z) dz

)
,

and we write this as

P (x, t, θ) =
∫ t−θ

0
L(x, t− θ, y)

[
−γL(y)

∫ y

0
hγ(z) dz + hγ(y)

]
dy

× exp
(
−

∫ θ

0
mA(z) dz

)
. (3.3.26)

We see that this is exactly (3.3.16), and thus

P (x, t, θ) = dA(γL, hγ).

3.3.2 Numerical Scheme and Results

Now we couple the sensitivity systems (3.3.10) and (3.3.17) with the vaccine pro-

duction model (3.3.1) in order to solve for the sensitivities M(x, t, θ), R(x, t, θ) and P (x, t, θ).

We will also approximate these systems using finite differences. In order to produce compu-

tational results, we use the following function values in our numerical schemes: we consider

x ranging from 0 to 10 grams with a uniform step size of 0.02, and t ranges from 0 to 10

days with a uniform step size of 0.01. Additionally, we let the class age θ range from 0 to 7

days for both the latent and acute states. The initial population density for the susceptible

state is

S0(x) = 10x3(10− x)

with an infection rate of λ = 1.5. Here we define the susceptible and latent growth functions

as

gS(x) = .2− .02x and gL(x) = .5gS(x)

and give the corresponding mortality rates as

mS = 0.0014 and mL = 0.0028.
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For this example the acute mortality rate is given by

mA(θ) =
1(

1 + 1
1.1 |θ − 3|)2 ,

as shown in Figure 3.8(a). We observe that most of the shrimp die from infection within

approximately three days after entering the acute state. In Figure 3.8(b) we have the

cumulative acute mortality rate, given as

1− exp
(
−

∫ θ

0
mA(τ) dτ

)
,

and we note that only around 93% of the acutely infected popluation die from infection

after spending seven days in the acute state. This reflects the idea that some shrimp

become resistant to the infection and survive for long periods of time after the infection

(chronic state). However, recall that our goal is to harvest the shrimp population before they

have either become resistant to the infection or expired. For our numerical simulations we

consider the sensitivity of the acute population density with respect to mA in the direction

of hm, where hm = 2mA.

The latent to acute rate function is given by

γL(θ) =
2

1 + exp(−5(θ − 4))
.

We observe in Figure 3.9(a) that the shrimp generally spend at least three days in the latent

state before progressing into the acute state. In Figure 3.9(b), we see the cumulative latent
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Figure 3.8: (a) The acute mortality rate mA(θ) and (b) the cumulative acute mortality
rate.
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Figure 3.9: (a) The latent to acute rate function γL(θ) and (b) the cumulative latent to
acute rate function.

to acute rate function given as

1− exp
(
−

∫ θ

0
γL(τ) dτ

)
.

For this example, almost 100% of the latently infected popluation have become acutely

infected after spending seven days in the latent state. We will consider the sensitivities of

the latent and acute population densities with respect to the latent-to-acute rate function

γL in the direction of hγ , where hγ = 2γL.

Numerical Scheme

As in Subsection 3.2.2, we numerically approximate the solution to the vaccine

production model (3.3.1) using a finite difference scheme. We begin by dividing the x

interval [xmin, xmax] into nx equal subintervals, where ∆x =
xmax − xmin

nx
. We then have

nx + 1 points xj = j∆x for j = 0, 1, 2, . . . , nx. We similarly divide the t interval [0, T ] into

nt equal subintervals with nt+1 points tk = k∆t for ∆t =
T

nt
, and k = 0, 1, 2, . . . , nt. Lastly

we divide the θ interval [0, T ] into nθ equal subintervals, with nθ + 1 points, θl = l∆θ for

∆θ =
T

nθ
, and l = 0, 1, 2, . . . , nθ. Let the notations

Sk
j ≈ S(xj , tk), Lk,l

j ≈ L(xj , tk, θl), Ak,l
j ≈ A(xj , tk, θl),
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represent the susceptible, latent, and acute states at mass xj , time tk, and class age θl.

Also,
gS
j = gS(xj), gL

j = gL(xj), γL,l = γL(θl),

mS
j = mS(xj), mL

j = mL(xj), mA,l = mA(θl).

We will discretize the vaccine production model (3.3.1) using the implicit finite difference

scheme [1] as follows.

For j = 1, . . . , nx, k = 0, . . . , nt − 1, and l = 0, . . . , nθ − 1 we have

(i)
Sk+1

j − Sk
j

∆t
+

gS
j Sk+1

j − gS
j−1S

k+1
j−1

∆x
+ mS

j Sk+1
j = −λSk+1

j ,

(ii)
Lk+1,l+1

j − Lk,l+1
j

∆t
+

gL
j Lk+1,l+1

j − gL
j−1L

k+1,l+1
j−1

∆x
+

Lk+1,l+1
j − Lk+1,l

j

∆θ

+mL
j Lk+1,l+1

j = −γL,l+1Lk+1,l+1
j ,

(iii)
Ak+1,l+1

j −Ak,l+1
j

∆t
+

Ak+1,l+1
j −Ak+1,l

j

∆θ
+ mA,l+1Ak+1,l+1

j = 0,

(iv) Sk+1
0 = 0,

(v) Lk+1,l+1
0 = 0, L0,l+1

j = 0, Lk+1,0
j = λSk+1

j ,

(vi) Ak+1,l+1
0 = 0, A0,l+1

j = 0, Ak+1,0
j =

ñθ,k+1∑

l=1

γL,lLk+1,l
j ∆θ,

(3.3.27)

where ñθ,k = [tk/∆θ] with [z] being the usual greatest integer part of z.

We additionally use the following notation to denote the finite difference approxi-

mations used in the numerical schemes for the sensitivities:

Mk,l
j ≈ M(xj , tk, θl), Rk,l

j ≈ R(xj , tk, θl), P k,l
j ≈ P (xj , tk, θl),

where we recall that M is the sensitivity of the acute state with respect to the acute

mortality rate, R is the sensitivity of the latent state with respect to the latent-to-acute

function γL, and P is the sensitivity of the acute state with respect to γL. Also,

hm,l = hm(θl) and hγ,l = hγ(θl).

We discretize the system (3.3.10) governing the sensitivity of the acute state with respect

to the acute mortality rate mA using an implicit finite difference scheme as follows.
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For j = 1, . . . , nx, k = 0, . . . , nt − 1, and l = 0, . . . , nθ − 1 we have

(i)
Mk+1,l+1

j −Mk,l+1
j

∆t
+

Mk+1,l+1
j −Mk+1,l

j

∆θ
+ mA,l+1Mk+1,l+1

j

+hm,l+1Ak+1,l+1
j = 0,

(ii) Mk+1,l+1
0 = 0, M0,l+1

j = 0, Mk+1,0
j = 0.

(3.3.28)

We will similarly discretize the system (3.3.17) governing the sensitivity of the

latent and acute states with respect to the latent to acute rate function γL using the

following implicit finite difference scheme.

For j = 1, . . . , nx, k = 0, . . . , nt − 1, and l = 0, . . . , nθ − 1 we have

(i)
Rk+1,l+1

j −Rk,l+1
j

∆t
+

gL
j Rk+1,l+1

j − gL
j−1R

k+1,l+1
j−1

∆x
+

Rk+1,l+1
j −Rk+1,l

j

∆θ

+mL
j Rk+1,l+1

j = −γL,l+1Rk+1,l+1
j − hγ,l+1Lk+1,l+1

j ,

(ii)
P k+1,l+1

j − P k,l+1
j

∆t
+

P k+1,l+1
j − P k+1,l

j

∆θ
+ mA,l+1P k+1,l+1

j = 0,

(iii) Rk+1,l+1
0 = 0, R0,l+1

j = 0, Rk+1,0
j = 0,

(iv) P k+1,l+1
0 = 0, P 0,l+1

j = 0, P k+1,0
j =

ñθ,k+1∑

l=1

(
γL,lRk+1,l

j + hγ,lLk+1,l
j

)
∆θ,

(3.3.29)

where ñθ,k = [tk/∆θ].

Computational Results

In Figure 3.10 we see plots of S(x, t), L(x, t), and A(x, t) where

L(x, t) =
∫ T

0
L(x, t, θ) dθ and A(x, t) =

∫ T

0
A(x, t, θ) dθ,

which are the population densities for each viral state over all age classes. We note that

the shrimp progress from the susceptible to latent state and then latent to acute state after

remaining in each for a few days. To see the transition more clearly, we plot the total

number of individuals in each state as a function of time. Then,

NS(t) =
∫ xmax

xmin

S(x, t) dx, NL(t) =
∫ xmax

xmin

L(x, t) dx, and NA(t) =
∫ xmax

xmin

A(x, t) dx
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(a) (b)

(c)

Figure 3.10: (a) The susceptible, (b) latent, and (c) acute population densities.

as seen in Figure 3.11. After two days, the predominance of the susceptible population has

become latently infected, while some of the population has transitioned to the acute state.

In Figure 3.12(a) we see the plot of

M(x, t) =
∫ T

0
M(x, t, θ) dθ

which represents the sensitivity of the acute population density with respect to the acute

mortality rate mA over all acute class ages θ. M(t), displayed in Figure 3.12(b) represents

the sensitivity for all sizes x at time t and is given by

M(t) =
∫ xmax

xmin

M(x, t) dx.
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Figure 3.11: The total number of individuals for the susceptible, latent, and acute popula-
tions, as a function of time. These numbers are represented as NS , NL and NA, respectively.
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Figure 3.12: The sensitivity of the acute population with respect to mA in the direction
hm = 2mA (a) as a function of size and time, M(x, t) and (b) as a function of time, M(t).

Similarly, R(x, t) and R(t) respectively represent the sensitivities of the latent

population density with respect to the latent-to-acute rate function γL over all latent class

ages θ, and the sensitivity for all sizes x at time t. These are given as

R(x, t) =
∫ T

0
R(x, t, θ) dθ

R(t) =
∫ xmax

xmin

R(x, t) dx

and are shown in Figure 3.13.
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Figure 3.13: The sensitivity of the latent population with respect to γL in the direction
hγ = 2γL (a) as a function of size and time, R(x, t) and (b) as a function of time, R(t).

Likewise,

P(x, t) =
∫ T

0
P (x, t, θ) dθ

P(t) =
∫ xmax

xmin

P(x, t) dx,

respectively, represent the sensitivity of the acute population density with respect to γL

over all acute class ages θ, and the sensitivity for all sizes x at time t. The corresponding

plots are given in Figure 3.14.

We observe in Figures 3.13(a) and 3.14(a) that both R(x, t) and P(x, t) reach

their highest magnitude near the fifth day in the latent state. This corresponds to the

time when the rate of change of the cumulative latent-to-acute rate function decreases.

This is more obvious when we consider the functions R(t) and P(t) in Figures 3.13(b) and

3.14(b), respectively. We notice in Figure 3.14 that P(x, t) and consequently P(t) have zero

sensitivity when the values of both curves change from positive to negative. We readily

observe this behavior in Figure 3.14(b) when t nears 6.3. We must determine whether this

zero value occurs due to insensitivity or due to equivalent positive and negative contributions

from the class ages at t ≈ 6.3. It follows that we consider a new set of equations:

Pabs(x, t) =
∫ T

0
|P (x, t, θ)| dθ (3.3.30)

Pabs(t) =
∫ xmax

xmin

Pabs(x, t) dx. (3.3.31)
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Figure 3.14: The sensitivity of the acute population with respect to γL in the direction
hγ = 2γL (a) as a function of size and time, P(x, t) and (b) as a function of time, P(t).
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Figure 3.15: The absolute sensitivity of the acute population with respect to γL in the
direction hγ = 2γL (a) as a function of size and time, Pabs(x, t) and (b) as a function of
time, Pabs(t).

We can see the graphs of (3.3.30) and (3.3.31) in Figure 3.15 where it is made clear that

the zero value is due to adding positive and negative values at each time point.

3.3.3 Concluding Vaccine Production Remarks

In this section, we considered the multi-stage vaccine production model (3.3.1),

which is the second component in our hybrid Sinko-Streifer model. We derived the partial
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differential equations for the sensitivity of the population density with respect to the latent-

to-acute rate function γL and the acute mortality mA. Then, we verified that the systems

of differential equations could be numerically represented with finite difference schemes in

order to sufficiently approximate the analytical solutions, which in most cases are difficult

or impossible to attain.

Due to our investigations, we see that the correct sensitivity equations can be

formally obtained by differentiating the population equation of interest with respect to

each rate function. This will be essential when investigating the sensitivities pertaining to

realistic inputs and rates for a model such as in the case with the shrimp biomass/vaccine

production system.

3.4 Environmental Conditions affecting the Biomass Model

By studying the Pacific white shrimp (Litopenaeus vannamei), we determined the

primary factors contributing to the growth and mortality of healthy shrimp. We can use

this information to determine the conditions in which the Pacific white shrimp can be raised

within a certain time period to achieve maximum growth potential, given a certain initial

distribution. Additionally, through our study of the Taura Syndrome Virus (TSV), we

learned about the additional influences of growth and mortality factors on the shrimp when

infected by a virus.

Water quality affects the growth and mortality of the Pacific white shrimp. In

this section we consider the main affecting factors of the water quality, and determine how

sensitive the biomass system is to each one. The factors that we are considering include the

temperature
(
qH

)
, dissolved oxygen level

(
qdo

)
, pH level

(
qph

)
, salinity (qs), nitrite level

(qn), and amount of un-ionized ammonia (qua), collectively represented by

q =
(
qH , qdo, qph, qs, qn, qua

)
.

Because the water quality changes with time, the water must be regularly monitored to

ensure properly regulated levels.

Growth and Mortality

In order to demonstrate the importance of each environmental factor, we create

an example of potential growth and mortality functions. We represent the growth function
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by

g(x,q) = 0.25 gH
(
x, qH

)
gdo

(
qdo

)
gph

(
qph

)
gs

(
qs

)
gn

(
qn

)
gua

(
qua

)
, (3.4.1)

with each of the individual growth functions given by the formulae listed in this section.

The mortality function is similarly given by

m(q) = 0.0014 + mH
(
qH

)
+ mdo

(
qdo

)
+ mph

(
qph

)
+ ms

(
qs

)
+ mn

(
qn

)
+ mua

(
qua

)
, (3.4.2)

where 0.0014 is approximately the natural mortality rate of the shrimp [1, 13].

Sensitivity

We consider the sensitivity of the biomass system (3.2.2) with respect to each

parameter. We will use q to denote the water quality factor of interest. Then by choosing

an initial value q0 we have

∂

∂t

(
∂u

∂q
(x, t; q0)

)
+

∂

∂x

(
∂g

∂q
(x; q0) u0 + g0

∂u

∂q
(x, t; q0)

)
= −∂m

∂q
(x; q0) u0−m0

∂u

∂q
(x, t; q0)

where u0, g0, and m0 represent the state as well as the growth and mortality functions

evaluated at q0. By allowing v = ∂u
∂q (x, t; q0), we have

∂v

∂t
+

∂

∂x

(
∂g

∂q
(x; q0) u0 + g0v

)
= −∂m

∂q
u0 −m0v

which is just
∂v

∂t
+

∂

∂x
(g0v) = −m0v − ∂

∂x

(
∂g

∂q
u0

)
− ∂m

∂q
u0.

We then have two systems to solve:

∂u0

∂t
+

∂

∂x
(g0u0) = −m0u0, u0(0, x) = Φ(x), u0(t, 0) = 0, (3.4.3)

and
∂v

∂t
+

∂

∂x
(g0v) = −m0v + F (u0) , v(0, x) = 0, v(t, 0) = 0, (3.4.4)

where

F (u0) = − ∂

∂x

(
∂g

∂q
u0

)
− ∂m

∂q
u0. (3.4.5)

The initial input u0(0, x) = Φ(x) is chosen to be a smooth function which peaks

at one gram,

Φ(x) = 25231e−20(x−1)2 . (3.4.6)
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and represents a scenario of about 1000 shrimp of size near one gram initially placed in the

raceway, or ∫ 25

0
Φ(x) dx = 1000.

3.4.1 Dissolved Oxygen Level

Shrimp require oxygen to metabolize food, making the dissolved oxygen (DO) level

a very important component of water quality. If the oxygen level is too low, the shrimp will

have reduced food conversion and growth rates. Shrimp growth rates are at their best when

the oxygen level is maintained above 80% of the saturation level of the water [39]. Oxygen

depletion can cause mass mortality of shrimp if they are exposed to low concentrations of

oxygen for extended periods of time.

Growth and Mortality

We now determine the dependency of the growth and mortality functions on the

DO level. We begin with the growth function,

gdo
(
qdo

)
=

1

1 + e−2.25(qdo−3.75)
,

created based on the available literature [40], as shown in Figure 3.16(a). Here, the dissolved

oxygen level, qdo, ranges from 1.5 to 10 ppm. The shrimp exhibit stress below 2 ppm DO,
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Figure 3.16: (a) Dissolved oxygen dependent growth function and (b) mortality function.
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and values less than 1.5 ppm can be lethal. Hence, we only consider values as low as 1.5

ppm, although dissolved oxygen levels as low as 3 ppm can be inadequate for maximum

growth [13]. Additionally, the solubility of oxygen in water as a function of temperature

and salinity is given as

φ
(
qH , qs

)
=

1418− 17qH

120
+

qs
(
qH − 70

)

1050

and is an approximation to data provided in [39], see Figure 3.17. Incorporating this

constraint means that we restrict the level of dissolved oxygen to be no greater than the

solubility level. We consider the following

qdo = adoφ
(
qH , qs

)
,

where ado is a value ranging from 0.26 to 1, bounding qdo between 1.5 and 10 ppm. The

DO mortality rate increases as the amount of DO decreases, since a certain DO level must

be maintained for shrimp survival. This function is given by

mdo
(
qdo

)
=

.3

1 + e5(qdo−1.5)

and can be seen in Figure 3.16(b).
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Figure 3.17: Solubility of oxygen as a function of temperature and salinity.

Sensitivity

In order to observe the effects of the dissolved oxygen without regard for the other

environmental conditions, we allow the growth function (3.4.1) to have a contribution of
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one from each of the remaining individual growth functions, i.e.,

gH
(
x, qH

)
= gph

(
qph

)
= gs

(
qs

)
= gn

(
qn

)
= gua

(
qua

)
= 1.

Similarly for the mortality function (3.4.2), the individual mortality functions for the other

factors have zero contribution, with

mH
(
qH

)
= mph

(
qph

)
= ms

(
qs

)
= mn

(
qn

)
= mua

(
qua

)
= 0.

Then we see that

g
(
qdo

)
= .25gdo

(
qdo

)
and m

(
qdo

)
= mdo

(
qdo

)
+ 0.0014. (3.4.7)

We solve system (3.4.3) using the dissolved oxygen growth and mortality functions (3.4.7).

Since gdo
(
qdo

)
and mdo

(
qdo

)
are not dependent on x, we can use the method of character-

istics to solve this system easily, which is given by

u0

(
x, t; qdo

0

)
= Φ

(
x− g

(
qdo
0

)
t
)

e−m
(
qdo
0

)
t

for a fixed dissolved oxygen level given by qdo
0 . Then the forcing function (3.4.5) used to

solve the sensitivity system (3.4.4) is given by

F
(
u0

(
x, t; qdo

0

))
= −

(
∂g

∂q

(
qdo
0

)
Φ′

(
x− g

(
qdo
0

)
t
)

+
∂m

∂q

(
qdo
0

)
Φ

(
x− g

(
qdo
0

)
t
))

e−m
(
qdo
0

)
t

where ∂g
∂q

(
qdo
0

)
and ∂m

∂q

(
qdo
0

)
are both constants. Then, using the method of characteristics

we obtain

v = F
(
u0

(
x, t; qdo

0

))
t

= −
(

∂g

∂q

(
qdo
0

)
Φ′

(
x− g

(
qdo
0

)
t
)

+
∂m

∂q

(
qdo
0

)
Φ

(
x− g

(
qdo
0

)
t
))

te−m
(
qdo
0

)
t.

Numerical simulations are performed using (3.4.6) as the initial function with a set value

for qdo
0 . To show a sample population density and sensitivity that are dependent on our

dissolved oxygen growth and mortality functions, we performed simulations corresponding

to 2.2688 ppm DO, where

g
(
qdo
0

)
= 0.0077 and m

(
qdo
0

)
= 0.0086.

This amount of dissolved oxygen gives us a non-zero contribution from both the growth

and mortality functions. In Figure 3.18, the corresponding sample population density and
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(a) (b)

Figure 3.18: (a) Population density and (b) sensitivity with 2.2688 ppm dissolved oxygen.

sensitivity are displayed. We see that u
(
x, t; qdo

)
is not sensitive to qdo when the population

density is low, and is less sensitive to the parameter near the initial time, where the initial

function is dependent on x and not q. As time progresses, we see that the sensitivity to the

parameter qdo grows linearly. We note that there are positive and negative contributions

in the sensitivity function, and the true magnitude of the sensitivity would be reflected if

we included only the absolute value of each contribution. Regardless, the magnitude of the

sensitivity is large (on the order of 104), which is not unreasonable when considering the

magnitude of the population density.

3.4.2 pH Level

The pH level is another factor which contributes heavily to the water quality. We

note that the pH level affects the ammonia levels in the water, and consequently the pH

range must be closely monitored. Additionally, shrimp cannot tolerate very acidic or basic

water, as the gills of the shrimp will be affected, causing reduced growth rates.

Growth and Mortality

We now consider a pH-dependent growth function, gph
(
qph

)
where qph represents

the pH level, which ranges from 5 to 9.5. The growth function is given by

gph
(
qph

)
=

1(
1 + e−4(qph−6.9)

)(
1 + e8(qph−8.8)

)
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Figure 3.19: (a) Growth and (b) mortality functions dependent on pH level.

and is shown in Figure 3.19(a). From [40] we know that the pH-dependent growth function

should peak between 7.5 and 9.0, as water with pH levels in this range is generally suitable

for shrimp production. The growth rate decreases if the pH falls below 5.0, and pH values

greater than 9.5 may also be harmful to shrimp growth and survival. The corresponding

mortality rate increases if the pH Level is outside of the proper range. This is indicated by

the function

mph
(
qph

)
=

.21

1 + e−7(qph−9.4)
+

.14

1 + e5(qph−5.3)

seen in Figure 3.19(b).

Sensitivity

To observe the effects of the pH level without considering the other contributing

factors, we restrict the growth function (3.4.1) with a contribution of one from each of

the remaining individual growth functions, as before. Similarly for the mortality function

(3.4.2), the individual mortality functions for the other factors have zero contribution. Then

we have

g
(
qph

)
= .25gph

(
qph

)
and m

(
qph

)
= mph

(
qph

)
+ 0.0014. (3.4.8)

We solve system (3.4.3) using the pH growth and mortality functions (3.4.8), and because

gph
(
qph

)
and mph

(
qph

)
are not dependent on x, we can use the method of characteristics
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to solve this system easily. The solution is given by

u0

(
x, t; qph

0

)
= Φ

(
x− g

(
qph
0

)
t
)

e−m
(
qph
0

)
t

for a fixed pH level qph
0 . The forcing function (3.4.5) used to solve the sensitivity system

(3.4.4) is given by

F
(
u0

(
x, t; qph

0

))
= −

(
∂g

∂q

(
qph
0

)
Φ′

(
x− g

(
qph
0

)
t
)

+
∂m

∂q

(
qph
0

)
Φ

(
x− g

(
qph
0

)
t
))

e−m
(
qph
0

)
t

where ∂g
∂q

(
qph
0

)
and ∂m

∂q

(
qph
0

)
are constant values. Then, using the method of characteristics,

we obtain

v = F
(
u0

(
x, t; qph

0

))
t

= −
(

∂g

∂q

(
qph
0

)
Φ′

(
x− g

(
qph
0

)
t
)

+
∂m

∂q

(
qph
0

)
Φ

(
x− g

(
qph
0

)
t
))

te−m
(
qph
0

)
t.

We perform numerical simulations using the initial function (3.4.6) for a set value qph
0 =

9.093. The corresponding growth and mortality functions,

g
(
qph
0

)
= 0.0219 and m

(
qph
0

)
= 0.0233

are displayed in Figure 3.20. This pH level gives us a non-zero contribution from both the

growth and mortality. We see that u
(
x, t; qph

)
is less sensitive to qph near the initial time,

as Φ(x) is dependent on x and not q. We see that as time progresses, the sensitivity to

(a) (b)

Figure 3.20: (a) Population density and (b) sensitivity with pH level of 9.093.
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the parameter qph seems to grow at an inversely proportional rate to that of the population

density. We note that there are positive and negative contributions in the sensitivity func-

tion, and the true magnitude of the sensitivity would be reflected if we included only the

absolute value of each contribution. Regardless, the magnitude of the sensitivity is large

(on the order of 105), which is reasonable when considering the magnitude of the population

density.

3.4.3 Salinity

Salinity is a measure of the concentration of salts in the water (i.e. the salinity

of seawater is generally in the range 28-35 ppt). Shrimp gain the ability to regulate their

internal salt and water balance as they grow out of the postlarval stage. Adult penaeid

shrimp can tolerate a broad range in salinity; however, it is best that the salinity level not

fluctuate heavily. In addition to temperature, the salinity levels in the water directly affect

the solubility of oxygen [39].

Growth and Mortality

We now consider the dependency of the growth and mortality functions on salinity.

Based on literature ([28, 33, 40]), we have created a growth function,

gs (qs) =
1.009(

1 + e−1.5(qs−9.5)
) (

1 + e0.45(qs−24.5)
) ,

where qs ranges from 0.5 to 45 ppt. While the shrimp tolerate these levels of salinity, they

grow best in the 7 to 34 ppt range, peaking near 15 ppt. This function is displayed in Figure

3.21(a). We represent the effects of salinity on the mortality of the shrimp in

ms(qs) =
.1092

1 + e3.5(qs−1.4)
.

This function can be seen in Figure 3.21(b).

Sensitivity

To observe the effects of salinity alone, we allow the growth function (3.4.1) to

have a contribution of one from each of the remaining individual growth functions. Likewise,

when considering the mortality function (3.4.2), the individual mortality rates corresponding
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Figure 3.21: (a) Growth and (b) mortality functions dependent on the salinity level.

to the other factors have zero contribution. Then we have

g(qs) = .25gs(qs) and m(qs) = ms(qs) + 0.0014. (3.4.9)

We solve system (3.4.3) using the salinity growth and mortality functions (3.4.9), and since

gs(qs) and ms(qs) are independent of x, we use the method of characteristics to solve this

system easily. The population density is given as

u0 (x, t; qs
0) = Φ (x− g (qs

0) t) e−m(qs
0)t

for a fixed amount of salinity given by qs
0. Then the forcing function (3.4.5) used in the

sensitivity system (3.4.4) is given by

F (u0 (x, t; qs
0)) = −

(
∂g

∂q
(qs

0)Φ′ (x− g (qs
0) t) +

∂m

∂q
(qs

0) Φ (x− g (qs
0) t)

)
e−m(qs

0)t

with constant values ∂g
∂q (qs

0) and ∂m
∂q (qs

0). Then, using the method of characteristics again,

we obtain the sensitivity

v = F (u0 (x, t; qs
0)) t

= −
(

∂g

∂q
(qs

0)Φ′ (x− g (qs
0) t) +

∂m

∂q
(qs

0)Φ (x− g (qs
0) t)

)
te−m(qs

0)t.

Using initial function (3.4.6) with a set value for qs
0 we can perform the numerical sim-

ulations. Initially, we allow qs
0 = 0.5 ppt, which yields a nonzero contribution from the

mortality function. For this simulation,

g (qs
0) = 0 and m (qs

0) = 0.1061
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(a) (b)

Figure 3.22: (a) Population density and (b) sensitivity with 0.5 ppt salinity.

where the resulting population density and sensitivity plots can be viewed in Figure 3.22.

We observe that u(x, t; qs) is less sensitive to the parameter near the initial time, as the

initial function Φ(x) is not dependent q. By choosing such a low amount of salinity, we have

forced the population to respond poorly, and hence we see a rapid decline in the biomass,

with no growth. The magnitude of the sensitivity is much lower than in the other sensitivity

equations we have observed as a consequence of the reduced population density.

We also ran simulations corresponding to 15.0352 ppt salinity, where

g (qs
0) = .2487 and m (qs

0) = 0.0014,

and these plots can be seen in Figure 3.23. Then, as time progresses the sensitivity to the

parameter qs grows linearly. As with dissolved oxygen and pH level, we note that there are

positive and negative contributions in the sensitivity function. The true magnitude of the

sensitivity would be reflected if we included only the absolute value of each contribution.

Regardless, the magnitude of the sensitivity is nearly seven times larger than the sensitivity

displayed in Figure 3.22(b), which seems much more reasonable since the population density

is not declining in this case.

3.4.4 Ammonia Levels

Ammonia can be both un-ionized (NH3) and ionized (NH4). While both forms

are generally present in the water, only the un-ionized form is toxic to shrimp [40]. Con-
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(a) (b)

Figure 3.23: (a) Population density and (b) sensitivity with 15.0352 ppt salinity.

centrations above 0.1 ppm are considered to be moderately lethal, although non-lethal

concentrations above 0.03 ppm will still produce undesirable effects on shrimp, including

reduced growth rates, swollen gills, low tolerance of low dissolved oxygen concentrations,

and lower resistance to disease [39]. Generally, high concentrations of un-ionized ammonia

can be reduced to safer levels by using a biofilter.

Growth and Mortality

We consider the effects that the amount of un-ionized ammonia has on the growth

and mortality functions of the shrimp, and begin by creating a growth function,

gua(qua) =
1

1 + e70(qua−0.06)

which is shown in Figure 3.24(a). In this function, qua represents the amount of un-ionized

ammonia nitrogen, which ranges from 0 to 1.3 ppm. We want the growth to peak very close

to 0 ppm [40]. We measure the total amount of ammonia nitrogen (TAN), represented here

by qa, while only the un-ionized ammonia is toxic to shrimp. The proportion of TAN that

is un-ionized is dependent upon the temperature as well as the pH level, and is given by

the function A
(
qH , qph

)
. Hence, qua = qaA

(
qH , qph

)
, where

A
(
qH , qph

)
=

(
0.0193

(
qH + 24.7681

)

1 + e−2.4369(qph−8.8614)

)
− 0.2129(

1 + e−2.97(qph−8.44)
)(

1 + e3.7(qph−9.85)
) .
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Figure 3.24: (a) Growth and (b) mortality functions dependent on the un-ionized ammonia
level.
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Figure 3.25: Proportion of TAN in the un-ionized form as a function of temperature and
pH.

This is an approximation to data provided in [39], and is shown in Figure 3.25. When we

combine the growth functions, we have gua
(
qaA

(
qH , qpH

))
= gua

(
qua

)
. The effects that the

ammonia levels have on the mortality of the shrimp are represented in

mua(qua) =
0.17

1 + e−8(qua−0.8)
,

and can be seen in Figure 3.24(b).
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Sensitivity

In order to observe the effects of the un-ionized ammonia on the shrimp without

regard for the other environmental factors, we allow the growth function (3.4.1) to have

a contribution of one from each of the remaining individual growth functions, as before.

Similarly, for the mortality function (3.4.2), the individual mortality functions for the other

factors have zero contribution. Then we see that

g(qua) = .25gua(qua) and m(qua) = mua(qua) + 0.0014. (3.4.10)

We solve system (3.4.3) using the ammonia growth and mortality functions (3.4.10), and

we use the method of characteristics to solve this system easily. The population density is

u0 (x, t; qua
0 ) = Φ (x− g (qua

0 ) t) e−m(qua
0 )t

for a fixed un-ionized ammonia concentration given by qua
0 . Then the forcing function (3.4.5)

used in the sensitivity system (3.4.4) is given by

F (u0 (x, t; qua
0 )) = −

(
∂g

∂q
(qua

0 )Φ′ (x− g (qua
0 ) t) +

∂m

∂q
(qua

0 )Φ (x− g (qua
0 ) t)

)
e−m(qua

0 )t

with ∂g
∂q (qua

0 ) and ∂m
∂q (qua

0 ) as constants. Using the method of characteristics, we then obtain

v = F (u0 (x, t; qua
0 )) t

= −
(

∂g

∂q
(qua

0 ) Φ′ (x− g (qua
0 ) t) +

∂m

∂q
(qua

0 )Φ (x− g (qua
0 ) t)

)
te−m(qua

0 )t.

We perform numerical simulations using (3.4.6) as the initial function for a set value for

qua
0 . We ran simulations corresponding to 0 ppm un-ionized ammonia present, where

g (qua
0 ) = 0.2463 and m (qua

0 ) = 0.0017

as well as 1.2608 ppm, where

g (qua
0 ) = 0 and m (qua

0 ) = 0.1672,

and these plots can be seen in Figures 3.26 and 3.27, respectively.

With 0 ppm un-ionized ammonia, there is maximal growth and minimal mortality,

and when there is 1.2608 ppm un-ionized ammonia, there is minimal growth and maximal

mortality. With 0 ppm un-ionized ammonia, we see that u
(
x, t; qua

)
is not sensitive to qua
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(a) (b)

Figure 3.26: (a) Population density and (b) sensitivity with un-ionized ammonia level of 0
ppm.

(a) (b)

Figure 3.27: (a) Population density and (b) sensitivity with un-ionized ammonia level of
1.2608 ppm.

when the population density is low, and is less sensitive to the parameter near the initial

time, where the initial function is not dependent on q. Then we see that as time progresses

the sensitivity to the parameter qua grows linearly, see Figure 3.26(b). There are again

positive and negative contributions in the sensitivity function, and the true magnitude of

the sensitivity would be reflected if we included only the absolute value of each contribution.

Regardless, the magnitude of the sensitivity is large (on the order of 105), which is not

unreasonable when considering the magnitude of the population density.
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Next, we consider the plots in Figure 3.27 corresponding to 1.2608 ppm un-ionized

ammonia. By choosing such a high amount of un-ionized ammonia, we have forced the

population to respond poorly, and hence we see a rapid decline in the biomass, with no

growth. The magnitude of the sensitivity is much lower (than when we considered 0 ppm

un-ionized ammonia) as a consequence of the immediate decay in population density.

3.4.5 Nitrite Level

High levels of nitrite in the water lower the tolerance of shrimp to low dissolved

oxygen levels, as well as causing retarded growth and mortalities [23, 39]. As with ammonia,

a biofilter is the best means to keep the levels of nitrite low in the water.

Growth and Mortality

We consider the effect that the nitrite level has on the growth and mortality

functions of the shrimp. The nitrite levels should remain very low for optimal growth,

particularly at low salinities [13]. The shrimp can tolerate levels as high as 20 ppm, however

the growth process is halted with nitrite levels higher than 2 ppm. This is reflected in the

growth function

gn(qn) =
1

1 + e6.5(qn−0.7)
,

which is shown in Figure 3.28(a). In this function, qn represents the nitrate level and ranges

from 0 to 20 ppm. We want the growth to peak very close to 0 ppm.

Based on [39], we have constructed a nitrite-dependent mortality function given

by

mn(qn) =
.1733

1 + e−0.6(qn−10.8)
.

This function, shown in Figure 3.28(b), represents an increasing rate as the amount of

nitrite increases.

Sensitivity

In order to observe the effects from the nitrite alone, we allow the growth function

(3.4.1) to have a contribution of one from each of the remaining individual growth functions.

Similarly for the mortality function (3.4.2), the individual mortality functions for the other
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Figure 3.28: (a) Growth and (b) mortality functions dependent on nitrite level.

factors have zero contribution. Then we see that

g(qn) = .25gn(qn) and m(qn) = mn(qn) + 0.0014. (3.4.11)

We solve system (3.4.3) using the nitrite growth and mortality functions (3.4.11), and use

the method of characteristics to solve this system. The solution is

u0 (x, t; qn
0 ) = Φ (x− g (qn

0 ) t) e−m(qn
0 )t

for a nitrite concentration given by qn
0 . Then the forcing function (3.4.5) used for the

sensitivity system (3.4.4) is given by

F (u0 (x, t; qn
0 )) = −

(
∂g

∂q
(qn

0 )Φ′ (x− g (qn
0 ) t) +

∂m

∂q
(qn

0 ) Φ (x− g (qn
0 ) t)

)
e−m(qn

0 )t

with constants ∂g
∂q (qn

0 ) and ∂m
∂q (qn

0 ). Then, using the method of characteristics, we obtain

v = F (u0 (x, t; qn
0 )) t

= −
(

∂g

∂q
(qn

0 )Φ′ (x− g (qn
0 ) t) +

∂m

∂q
(qn

0 )Φ (x− g (qn
0 ) t)

)
te−m(qn

0 )t.

We perform numerical simulations with initial function (3.4.6) for a set value for qn
0 . Initially,

we allow qn
0 = 0 ppm, which is the value corresponding to the maximum growth value, and

the growth and mortality values for this nitrite quantity are given by

g (qn
0 ) = 0.2474 and m (qn

0 ) = 0.0017.
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(a) (b)

Figure 3.29: (a) Population density and (b) sensitivity with 0 ppm nitrite.

The resulting population density and sensitivity plots can be viewed in Figure 3.29. We see

that u(x, t; qn) is less sensitive to the parameter qn when the population density is small,

and is also less sensitive to the parameter near the initial time. Then as time progresses

the sensitivity to the parameter qn grows linearly, see Figure 3.29(b). There are again

positive and negative contributions in the sensitivity function, and the true magnitude of

the sensitivity would be reflected if we included only the absolute value of each contribution.

Regardless, the magnitude of the sensitivity is large (on the order of 105), which is reasonable

when considering the magnitude of the population density.

We also ran simulations corresponding to 20 ppm nitrite, where

g (qn
0 ) = 0 and m (qn

0 ) = 0.1740,

and these plots can be seen in Figure 3.30. By choosing such a high amount of nitrite, we

have forced the population to respond poorly, and hence we again observe a rapid decline

in the biomass, with no growth, see Figure 3.30(a). The magnitude of the sensitivity is

much lower than any of the other sensitivities we have observed in this section, and is a

consequence of the immediate decay in population density.

3.4.6 Temperature

Water temperature strongly affects the health of the Pacific white shrimp since

their internal temperature is environmentally regulated. Temperature also affects other
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(a) (b)

Figure 3.30: (a) Population density and (b) sensitivity with 20 ppm nitrite.

aspects of the water quality such as the dissolved oxygen level and proportion of un-ionized

ammonia.

Growth and Mortality

We consider a growth function which is dependent upon temperature as well as

size. The growth function, shown in Figure 3.31, is given as

gH
(
x, qH

)
=

1.0309(
1 + e−0.62(qH−25+ 53

250
x)

)(
1 + e(4−

29
250

x)(qH−32+ 17
125

x)
) .

We consider temperature ranging from 10 to 33 degrees, and size ranging from 0 to 25

grams. We desire the peak growth to occur at approximately 30◦C when the shrimp are

small (around one gram). We desire the peak growth to occur around 27◦C when the shrimp

are approximately 12-18 grams [19]. As the degree of peak growth gets further from 33◦C,

the rate of decrease (where ∂gH

∂qH < 0) declines. It is important that the growth rate of

the shrimp not decrease to zero before 33◦C. The mortality function that is dependent on

temperature is not size-dependent, and is given by

mH
(
qH

)
=

.1
1 + e4(32.5−qH)

+
.14

1 + e(qH−12)
,

which represents a higher mortality rate as the temperature gets too high or too low, see

Figure 3.32.
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Figure 3.31: (a) Growth function dependent on size and temperature for all sizes x, and
(b) for the initial and final sizes only.
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Figure 3.32: Mortality function dependent on temperature.

Sensitivity

In order to observe the effects of the temperature alone, we allow the growth

function (3.4.1) to have a contribution of one from each of the remaining individual growth

functions. Similarly for the mortality function (3.4.2), the individual mortality functions

for the other factors have zero contribution. Then we see that

g
(
x, qH

)
= .25gH

(
x, qH

)
and m

(
qH

)
= mH

(
qH

)
+ 0.0014. (3.4.12)
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We solve system (3.4.3) using the temperature growth and mortality functions (3.4.12), but

since gH
(
x, qH

)
is dependent on x, we note that this system will be more challenging to solve

than the others. We use the method of characteristics as when solving for the population

densities in the hybrid model, and we represent the system for a fixed temperature qH
0 as

u0

(
x, t; qH

0

)
= Φ(x̂(t))

g(x̂(t))
g(x)

exp

(
−

∫ x

x̂(t)

m(ξ)
g(ξ)

dξ

)
,

if x ≥ G−1(t), and

u0

(
x, t; qH

0

)
= 0

otherwise. Here, x̂(t) = G−1(G(x) + t) and G(x) =
∫ x

0

1
g(ξ)

dξ. Then, because v(0, x) = 0,

we have

v = e−
R t
0 m(x̂(τ))+gx(x̂(τ)) dτ

∫ t

0
e−

R t
s m(x̂(τ))+gx(x̂(τ)) dτF

(
u0

(
x, t; qH

0

))
ds

where F (u0) can be represented as in (3.4.5).

When we previously considered the other environmental factors, we were able to

analytically solve for the biomass and the sensitivities. However, in this case, the more

complicated growth function prevented us from successfully solving the biomass and sensi-

tivities in this manner. In order to represent the system graphically, we need to use a finite

difference scheme; however, this is not currently easy to implement. Due to the sharp spike

in the initial condition, the scheme is unable to reasonably approximate the solution curves.

In order to represent this well, we would need to implement a moving mesh so that the grid

would be refined in the region of interest for better results. This will be left to future work.

3.4.7 Concluding Environmental Condition Remarks

Based on the available literature [23, 28, 33, 39, 40] as well as consultation with

biologists in this field [13, 19], we were able to reasonably establish the amount of influence

that each environmental factor has on the growth and mortality of non-infected shrimp,

given our created growth and mortality functions (3.4.1) and (3.4.2).

In the future we would like to determine a realistic set of growth and mortality

functions which include influences from each of the affecting environmental conditions. The

affecting factors have varying levels of influence on the shrimp, and we would like to take this

into consideration when determining the new rate functions. The factors, listed in the order
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of importance, are nitrite, un-ionized ammonia, dissolved oxygen, pH level, temperature,

and salinity [13]. By studying the sensitivities associated with each factor, performing

extensive searches in the available literature, and consulting further with biologists in this

field, we should be able to appropriately weight each influence from the environmental

conditions in the creation of new rate functions.



102

Chapter 4

Conclusions and Future Directions

In summary, we have illustrated the usefulness and feasibility of using sensitivity

analysis in parameter estimation and modeling problems.

In Chapter 2 we established that the traditional and generalized sensitivities are

both essential tools in parameter estimation and inverse problems. We used the logistic

model as a simple example to demonstrate the effectiveness of each type of sensitivity func-

tion. Additionally, the we considered properties of the Fisher information matrix as tools

for the formulation of data collection for parameter estimation problems. We will continue

efforts in numerically implementing the optimal time point distribution methodology as

outlined in Section 2.2.3.

In Chapter 3 we considered the hybrid model with components (3.2.1) and (3.3.1),

based on the widely used Sinko-Streifer equations for size-structured populations. We de-

rived the partial differential equations for sensitivities of the population density. We then

verified that the systems of differential equations could be numerically represented with

finite difference schemes in order to approximate the analytical solutions. Due to our

investigations, we see that the correct sensitivity equations can be formally obtained by dif-

ferentiating the population equation of interest with respect to each rate function. This will

be essential when investigating the sensitivities pertaining to realistic rates (growth, mor-

tality, latent-to-acute, etc.) for a model such as the shrimp biomass and vaccine production

system.

In the hybrid model with components (3.2.1) and (3.3.1), we made the assumption

that each shrimp of size x has the same growth rate. In actuality, the shrimp grow at

different rates, and hence we would like to incorporate this when modeling the biomass and
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vaccine production in the future [3]. Additionally, we would like to determine a realistic

set of growth and mortality functions for the Pacific white shrimp which include influences

from each of the affecting environmental conditions.
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