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ABSTRACT

Suppose Xt’ t =0, +1, +2, ... is a second order stationary time
series with zero mean and known autocorrelation function. The classical
linear prediction problem deals with prediction of Xt+h from
Xt, xt—l, L Xt—n+l for h > 1, where the predictors are restricted to
be of the form ggt ai(n) xt—i for finite n and 1limits in mean of such
linear combinations for an infinite past. In practice it often happens
that a sequence of numbers 835 815 e exists such that izo a, xt—i is a
mean convergent series which represents the best linear predictor of
Xt+h based on an infinite past. When this is the case the ai's are
often used to predict from a large but finite past.

The problem of when such a coefficient sequence {ai} can be
found, is the first one investigated in this research. It is related
to the problem of determining when a non-orthogonal basis for a general
Hilbert space forms a "Schauder basis' for that space.

The second problem deals with linear prediction when the mean of
the process is unknown. Formulae are derived for the best linear
predictor when the observed past is finite and the mean is a polynomial.
If the observed past is infinite and the mean unknown no best linear

prediction formulae exist so linear predictors that are "almost" best

are constructed using a principle suggested by D. R. Cox.
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SUMMARY AND REMARKS

In this thesis we have been concerned with several aspects of
prediction theory in a stationary time series Xt’ t =0, +1, +2, ...
The existence of a best linear predictor for arbitrary stationary pro-
cesses with known mean and correlation function was established
independently by Kolmogorov and Weiner around 1940. This best predictor
is, of course, a simple linear function of the observations for a finite
observed past whereas if the observed past is infinite it is given as a
limit-in-mean of a sequence of finite linear combinations of the observa-
tions. That is we predict Xt+h from Xt’ Xt—l, by a limit-in-mean of

linear combinations of the form ggé ai(n) X In practice it often

t-i°

happens that the ai(n) can be chosen to be independent of n in this

infinite case and the predictor is then given by a mean-convergent series
(2]

L a, X_ ..

i=g 1 t-1

The second chapter of this work characterizes the time series

whose best linear predictors from an infinite past are of the form

i 8

iZ0 34 Xt—i for all h > 1. These processes are given the name strictly

linear and form a class we call EI 15%,4&2, andﬁ&g are subclasses of Jﬂl

formed by restricting the coefficient sequence 8gs 8)5 oo for h = 1.
If the Hilbert space;~ﬁgenerated by the Xt process has the property that

+00
every element Z hn’fﬁmy be represented in the form _g ai Xi where the

ai's depend on Z then we say the Xt process is completely linear and all
such processes form the class &€ (the terms strict and complete linearity
are not meant to imply that,zjand & are subclasses of the linear pro-
cesses of Grenander and Rosenblatt [4]). The condition that the Xt
process be in €& is closely related to though not equivalent to the

condition that Xt’ t =0, +1, +2, ... form a so called "Schauder basis"
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forW. The elements of a Schauder basis are required to be linearly
independent in the usual sense whereas we may have processes which are
singular in the sense defined in chapter 1, page 6. If we require the
Xt process to be nonsingular then the conditions are equivalent.

Conditions on the spectral distribution function which ensure
strict linearity are found in chapter 2 and these are rather more general
than previously known conditions.

The third chapter of this work is directed at the problem of
finding the best linear predictor when the mean function is unknown, the
correlation function is known, and the observed past is finite. Formulae
are derived for the best linear predictor when the mean function is some
polynomial. Properties of this predictor are discussed and examples
given.

The last chapter is concerned with prediction from an infinite
past when the mean function is unknown. As might be expected there is
generally no "best" predictor in this case which is a linear function of
the observations. The best "linear" predictor in this case is given as
a limit-in-mean of a sequence of finite linear combinations of the past
and generally involves the unknown mean function. With this in mind, an
idea put forth by D. R. Cox is explored and shown to be useful in con-
structing good predictors when the infinite past is observed and the mean
is an unknown constant. Efficient predictors, in a certain defined sense,
are constructed using an extension of Cox's idea for the case of a
constant mean. Best predictors, among those in a certain restricted
class, are derived for processes with a polynomial mean function. These

predictors are shown to be efficient for a useful family of processes.
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Probably the most interesting problems to theoretical
statisticians suggested by this work are those connected with the study
of time series inAﬁf In light of past work donme on autoregressive
schemes of finite order it seems that stronger conditions on the spectral
distribution function of a process inAa{should be deducible than those
given in theorem é.l. It also seems that necessary and sufficient
conditions for@d-processes should be available if a spectral density is
assumed. Theorem 2.2 gives the best.conditions we have so far. Last of
all, the connection betweenziand € needs further investigation. It is
clear that & Cjzébut to what extent the converse relation holds still
needs studying. Theorems 2.3 and 2.4 assure us that mncé process with
a bounded spectral density is in €.

On the more practical side, the question of how good the predic-
tors developed in chapter 4 are when truncated and applied to a large
but finite past is one that needs investigation. Perhaps Tchebycheff-
type bounds which depend only on the constants in the predictor, can be

derived.



CHAPTER 1
INTRODUCTION
A stochastic process in a family of random variables {Xt}
indexed by some set T. If the set T is the whole real line or some
interval then Xt is a random function and if T is any countable subset
of the real line Xt is called a random sequence. When the parameter t
is interpreted as denoting time then the stochastic process is called
a time series, with the adjective continuous or discrete being used to
indicate whether it is a random function or a random sequence.
In this work we shall confine attention to complex-valued

random sequences which may be represented by the model:

(1.1) X, =M +Y, tel

T=1{0, *1, * 2, ...}

where Mt in a nonrandom mean value function and Yt in a fluctuation
function. The Yt process is assumed to be second order stationary with

a mean function which is zero for all t € T. This means

a) E(Yt) =0, teT

= 2 2 ©
(1.2) b) E(Yt t+v) o prl t, veT 0% <

where E denotes expectation and pl“‘ is the autocorrelation function

of the process.



Of considerable interest in applied fields, as well as in the
theory of stochastic processes, is the matter of predicting future
values of a process after it has been observed at a number of time

points. In particular, suppose we have observed Xt, X se e X

t-1 t-n+]

for some integers t and n and wish to forecast the value of the process

at t + h (i.e. predict X__. ) utilizing the information supplied by the

t+h

observed values, the forecast being optimum in some sense. Although
our principle concern is with prediction it will develop that some of
the results obtained do not depend on h being a positive integer and
hence are valid for interpolating processes and in estimating past
values of the process. Interpolation is useful when values of the
observed sequence are migsing for one reason or another.

Consider then as a predictor of Xt an arbitrary function of the

+h

past f(xt,...x ). Since EIXt|2 < ® , a reasonable criterion for

t-n+1
optimality is to require that f be so chosen that

(1.3) E| £(X_, X

- 2
Xt+h t t-17°""? Xt—n+1)|

is a minimum. We know immediately that the f minimizing (1.3) is given

by the formula

(1.4) f (Xt,...,X ) = E{X 1.

min. |Xt""’ X

t-n+) t+h t-n+1]

However, this presents a problem since we do not know the distribution

of the vector (X We see by this that we can not hope

t+h* K¢ Xt—n+1)‘
to solve the general problem without massive extra assumptions.
If f is suitably restricted then we may hope for a solution

under only second order stationarity assumptions. We shall in particular

require that f be a linear function of the past observations.



I1f Mt and pIV' are known functions then our problem becomes the
classical prediction theory problem for discrete time series. Norbert
Wiener and A. N. Kolmogorov, using somewhat different methods, indepen-
dently solved this problem.around 1940. Kolmogorov dealt only with the
discrete case while Wiener treated both, giving more attention to the
continuous case.

Since we will use some of the ideas and results of the classical
theory a brief review will be given here, without proofs, for the dis~
crete case. A more detailed review may be found in Grenander and
Rosenblatt [4] for the discrete case and in the general case one may
refer to E. A. Robinson [14].

Since Mt is assumed known we may take E(Xt) = 0 and consider the
linear space}{ consisting of all the random variables Xt, teT,
together with all finite linear combinations jzl antj where
{tl’ tyrenes tn}C:T and all random variables which are limits-in-mean
of sequences of such finite linear combinations, the norm being that

defined in (1.6). The aj's are complex constants. If for any two

elements X, Y of W we define an inner product <X,Y> by
(1.5) <X,Y> = E(XY)

and a norm by

(1.6) ||X||2 <X, X>

then N is a Hilbert space with norm |

For any sequence {Xt’ X X } there is a correspond-~

t-1°°""°? Tt-nhl

ing linear manifold Mﬁ generated by all linear combinations of the

elements of the sequence. In case n is finite the manifold is



automatically closed and if n = = we require that Mi contain not only

all finite linear combinations of elements of the sequence Xt’ Xt—l"

but also all random variables that are limits in the mean of sequences
of finite linear combinations. Then we have Mi closed.

If we have observed Xt’ X PP X for n < =, our problem

t- t-n+1

is the choosing of 8ps 8150005 @ to minimize

n-1

n-1

ZoaX |2

(L.7) BIXpn ~ 120 35%eog

and this is precisely the same problem as choosing Zn € Mﬁ which mini-

mizes

(1.8) E|X z_|2.

t+h ~ “n

*
From the theory of Hilbert spaces we know such a Zn’ Zn say, exists and
is given by the projection of Xt+h on Mﬁ. This projection is uniquely

determined by

k%
(1.9) E{Zn(Zn - Xt+h)} =0
which means the error of prediction is orthogonal to the predictor. It

is in fact orthogonal to all Zn € M;.

In case n = », the problem of minimizing (1.7) relative to the
ai's is not equivalent to choosing Z: € Mi which minimizes (1.8). The
former problem may not have a solution whereas the latter one always
does. Z: is chosen as the projection of Xt+h on Mi. This projection

may be obtained directly or as the limit-in-mean of the sequence

* % * *%
Ziy Zyyeen o All solutions are unique in the sense that if Zn and Zn

both minimize (1.8) then
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5
* *%
- 2 =
(1.10) E|zn z | 0.
If we put
(1.11) 02, = min E|X -7z 12
n,h anMﬁ I t+h n|

; ; 2 2
then a rather obvious fact in that on,h > Otk ,h forn > 1, k >0,

h > 0, and a less obvious fact is that

(1.12) lim o2 . = o2 .
fise n

There are various methods of obtaining the projections of Xt+h
on the M;. Unfortunately, the most elegant theoretically is in general
the least useful practically. If we suppose the Xt to be linearly
independent in the usual sense, then Mﬁ is spanned by n orthonormal
elements which may be constructed from the Xt's by the Gram-Schmidt

process of orthogonalization. Denote this orthonormal basis as

*
Bt’ Bt—l"" Bt—n+1' The projection Zn is then given by
* n-1
(1.13) Zy = 1o Beog Bl¥pup Byl

and this is so for any n. Computationally, a better method for finite
n is as follows:

| -
Let gn (Xt’ X X ) and put

t-1°"""° “t-n+1

( \

1 T
'l = ~2 |5 = o2
E{l(_n Xn} oc Py 1 Py e Pha| = O En, say.
Pho1 Pn-2 oo 1
( J




Then

_.l = 2 = 2 '
E{Xt+h Xn} g (ph’ ph+1""’ Dh+n_1) O_Q_n s Say.

Thus the vector én' = (ao, Biyenes an—l)’ minimizing (1.7) is given by

-1
n

(1.14) _@;l = gr'l )

and further

(1.15) o2 = g2(1 - _g['l znl 2)-

It is to be noted that if Xt, xt-l""’ X are linearly dependent

t-n+]
{d.e. Zn is singular) then Xt+h can be determined without error since a
linear relation among the Xi's, i=1t, t-1,..., t-n+l, implies a linear
relation among Xt+h and the Xi's, due to stationarity. This singular
case will not be dealt with in this chapter. We shall call a process
singular if prediction from an infinite observed past without error.
All other processes will be called nonsingular.

In case n = =, é; cannot generally be determined as when n is
finite (i.e. by minimizing (1.7)). This is due to the fact that, al-

though the best "linear" predictor exists (i.e. the projection on the

closed linear manifold Mﬁ exists), it may not be expressible in the form

[+

i§0 aixt—i' This, in turn, is due to the fact that limits-in-mean of
n

sequences of linear functions X, a,X_ , {t., t_,..., t } T, may not
J=1 73 tj 1 2 n

themselves be linear functions. Chapter 2 is devoted entirely to this
problem of best linear prediction based on an infinite past.

]
20 a X

If the solution happens to be of the form & 18e-1
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then we can arrive at it as when n is finite, that is, we solve the

system of equations

8

(1.17) j=0,1,2,...

120 %1 Pli-| T PnHj
for the ai's by any of several techniques. The solution to (1.17) will

be unique if the process is not singular since

i;ZO ai pli_jl = ph+j j=20,1,2,...

and

*
i=0 ai pli_jl = ph+j j = 0’1’2""

means that

*
(a. - ai)pli_jl = 0.

This, in turn, means that

© © * *
sEg 12003y 2P (ay = apeyy 4 = 0

which requires that (see lemma 2.1)

* .
a, = a; i=20,1,2,... .

On the other hand, if the optimum predictor is not of the form izoaixt-i
then (1.17) will not have a solution satisfying (1.16). In any case we
can always get the required solution by solving the problem for the
finite case and then taking the limit-in-mean.

If the parameters Mt and pl“l are not known then we have quite

another problem. It has been suggested by some authors (Yaglom [22],

page 99) that if both these functions are unknown we cannot hope for a



solution with only second order stationarity assumptions. This seems
clear enough since prl would necessarily have to be estimated, in some
way, by some nonlinear function of the observations and immediately
we are concerned with higher moments than second of the process if the
mean square error in the criterion of optimality.

In chapters 3 and 4 we shall deal principally with the case when

Mt is unknown but p|v| is known. Specifically, we will be concerned

with (constructing a predictor, Xt+h’ of the value of the process at time

t+h under the following conditions:)

. n-1
Cro Xwn = 1fo 21%ea
C,. E()“(t+h) = E(X ), tel
(1.18) Cs- E|ﬁt+h - Xt+h|2 to be minimized
C,- E{Xt} =M

where Mt is a polynomial of degree m.

The first requirement is essential if we are to work only with
second order stationary processes. Any more complicated function would
require further knowledge of the process if the mean square error is
used to determine goodness. The condition C;, is also essential since
we are not assuming a known mean, otherwise the mean square error of
prediction would depend on the unknown mean and the coefficients in
the derived predictor would also depend on it. The third condition is

set in the hope that it can be satisfied. Unfortunately, this will not



" always be the case. When (C3) cannot be satisfied we will then look for

predictors satisfying (Cj;), (C2), (Cy). These will often have mean
square errors that are small as well as other nice properties. Condi-
tion (Cy) is for mathematical convenience, but at the same time has
been used successfully in a great number of applications.

We are essentially dealing with a linear hypothesis model for
the process where the mean of each observation lies on a polynomial
mean function of degree m. The first work of this nature seems to have
been done by Zadeh and Ragazinni [23] in 1949. They work exclusively
with continuous time series and, employing methods similar to those of
Wiener, they arrive at an integral equation similar to but more compli-
cated than that of Wiener. They show by rather sophisticated Fourier
methods that the equation can in principle be solved. H4jek [6]
considers an approach similar to the Hilbert space one outlined above
for the case of known mean. He deals with the general linear hypothesis
model and allows the index set T to be completely general. In fact,
the only real requirement placed on the process is that the correlation
function not depend on the unknown parameters in the mean function.

H4jek shows by appealing to Hilbert space theory that if a
linear function of the unknown parameters in the model is estimable in
the usual sense then there exists a unique unbiased minimum variance
estimator which is eithef a finite linear combination of variables

X, teT, or is a limit-in-mean of a sequence of such linear functioms.

t’
More generally, he shows that if a random variable Y has an estimable

expectation then there is a unique unbiased minimum mean square error

estimator of Y. Hajek's work gives a solution to our problem when n is
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finite but due to the generality with which he solves the problem his
results are not in a useful form. His solutions appear as certain
projections on closed linear manifolds of a particular Hilbert space.
Our methods for the finite case are elementary and straightforward and
they point out properties of the best predictor which are perhaps
unexpected and not at all obvious from Hijek's work. This will be
elaborated on later.

In the infinite case, it develops that no solution exists
satisfying our conditions (C;), (C2), (C3), (Cy), and whereas we can
frequently find good predictors of the form desired, they will not be
best. HAajek assures us of a best predictor but it, of course, will
not be of the form izo a, Xt-i that we require.

The only other work similar to ours seems to be that of
D. R. Cox [3] who investigated linear predictors when the whole past
of a process is known. Cox only considers the simplest case of a first
order autoregressive scheme and predictors of the form

i
0 A Xt—i'

N8

(1.19) xt+h = Q-2 i

Indeed, it was this work of Cox which prompted the present investigation
of arbitrary linear functions of the past for second order stationary

processes. Cox's work is discussed and extended later in this thesis.



Chapter 2

PREDICTION FROM AN INFINITE PAST
WITH KNOWN MEAN FUNCTION

In this chapter we wish to look, in some detail, at a problem
raised in chapter 1 concerning linear predictors from an infinite past
when the mean function is known (i.e. Mt is a known function in (1.1)).

It was pointed out there that although there always exists
a best "linear" predictor of X 4 In the sense that it is the projec-

tion of Xt+ on MZ, this projection may not in fact be of the form

h

(2.1) O
for all h > 1. The following example will illustrate this point.

Suppose Xt is a stationary time series with the decomposition

- v (2)
(2.2) X, =Y ' +Y

where

1
a) YE ) is a real first order autoregressive scheme with zero

means, unit variance, and autocorrelation function

(1) S(1) T
E(Yt Yt+r) = p| |, =0, t 1,..., |p|] <1
2) ; ; (1)
b) Yt is a singular process independent of Yt and generated

by taking an observation Y from a standard normal distribution and

setting

Yf:z) =Y t=0,%1,....
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We will show that the best linear predictor of xt+h is
5(1) | 4(2) (1) o(2) . . ;
Yt+h + Yt+h where Yt+h’ ?t+h are respectively the best linear predictors

(1) (2)

of Yitnh ad Yoy,

It is well known that the best linear predictor of Yii% based

(1) ¢ )
on Y ’ t SEERE Yt—n+1 is
(1 _ b (1)
(2.3) t+h o) Yt .
Consider then the variable
k-1
o s h hy, 1
X~ tedamle” X+ (- 00) 40, X 4!
k-1
(2.4) = 1R3&mi;0 bi(k) Xt-i’ say.
As T k iZ Y(12 is a mean consistent estimate of its expectation we have
R 1 k!
Xt+h = X + (1 -p )lkimm— E X -
. ! (2) (1)
=p Xt + (1-p ){Y +lk$mm Z Y /k}
(2.5) =ohx + (1 - oMy
so that (2.4) does exist. Since the it+h defined above is in n: (see
. > t

chapter 1) we need only verify that Xt+h Xt+h is orthogonal to M
to show that it+h is the best "linear" predictor. From (2.5)



and we have

The first term on the right is zero since Y

predictor of Y

(2)

>
©
=

Xith X, + 1 - )Y

h
e t

h Y(1) + Y(2)

(1)

Bl Xy — ¥ X, ;b= E{CY G -

t+h

(1

{4y -

+ E{(Y(l)

(1)
t+h

a4+ YEZ)) + (1 -

13

h,(2)
)Y,

(D

Yen) ¥e-a

§(H

(1)
t+h }

)Y

(1) (2) _
t+h)Y }, i=0,1,2,...

is the best linear

(1) and the error of prediction is orthogonal to the

t+h

are independent. Hence we have that

(2.6)

_ h Q) (2)
t+h S P Yot Y

>

_ () 5(2)
=¥ * Yo

(2)

1
Yi_i's. The second term is zero since the Ygl) and the Yt processes

is the best linear predictor based on an infinite past. Suppose now

that
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As
k=1
Xeen “ledamyZ, by (OX 4

we must have from lemma 2.1, page 39, that

kgg bi(k) =b., 1i=20,1,2,...

But
I
Ll_;th
%im b.(k) = %im
S0 1 S0 k
=0
if i > 1 and
, h
Lim bo(k) = o
and hence
5 _h
Xevn = 0 X
But from (2.5) we have
& _h h,(2)
Xegn =0 X+ @ -0)Y;

and this is a contradiction since

B - oMY D) = (1 - N2
# 0.

Several authors (Yaglom [22], Wold [21]) have noted this

difficulty of best linear prediction based on an infinite past but no
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one seems to have directed attention specifically at this problem.
It will be our goal in this section to find conditions on the process
which will ensure that the best linear predictor is expressable as (2.1).
We find it convenient to work with the spectral representation of the
process and its correlation function, so these concepts are introduced
along with some results which will be helpful in our investigation.
Proofs of the results will not be given as they may be found in standard
texts on stationary time series (e.g. Yaglom [22], Wold[21], Grenander
and Rosenblatt [4], Rosenblatt [15]).

Suppose Xt is a weakly stationary time series with covariance

function osz, then

is .
(2.8) o= J+ et ™Y dr(y)
-T

where F(y) is a distribution function on (-7, +m). Conversely, for
every distribution function on (-m, +w) there exists a function defined
by the integral on the right hand side of (2.8) which is the correla-
tion function of a stationary time series. Hence a study of F(y) is
equivalent to a study of G (2.8) is called the spectral representa-
tion of o, and F(y) is the spectral distribution function of the pro-
cess. There is also a spectral representation of the process itself.

This is

™
2.9) X, = f+ ity dz(y)
-

where Z(y) is a continuous time stochastic process on the interval

(-m, +1) with the properties:
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a) E{z(y)} =0, ye(-n, +m

b) E{(Z(yy) - Z(y2))(Z(y3) - Z(yy))}1 =0
for -m <yy; <y2 <y3 <yy < +m
c) E|Z(yy) - Z(yp) |%2 = 0?{F(y,) - F(y)}

for -m < yj <y, < +m, where o2 = E|Xt|2.
In other words, the Z(y) process is one of zero mean function

and orthogonal increments.

d) If g()\) is any function for which
T

(2.10) |g(2) |2 dF(Q) < o
-

then the random Stieltjes integral

m
f+ g(n)dz())
-

is well defined and has the properties:
i) If g()) and h()) are two such functions then

L) a2 G2

[ (ag(2) + bh(X))dz(})) af g()dz(n) + bf h(X)dz(}).
<3 ] (¢3] o

for (“1,“2) Q(-m, +m).

a2 a2

ii) l‘i&mf gn(x)dz(x) f g(n)dz(n)
v a Q)
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if and only if

02
lim fa g (V) - g(N) |2 dF()) =0

=ve
1

™ kil m —
iii) E;{f+ g(A)dz(x) f+ h(x)dz(x)} = g2 f+ g(Mh(N)AF(N) .
_- - -

m m

These results concerning the spectral representation of the Xt process
may be found in [15], chapter VII.

The relation (2.9) establishes an isomorphism between the Hilbert
space }f, defined in chapter one, and the Hilbert space %F
of all functions on the interval (-7, +w) which are square integrable
with respect to the measure F(y) in (2.8). The isomorphism is such that

Xt corresponds to Y, this section we will refer to the two

Hilbert spaces as ¢ and 3{5. with norms |

| and |

‘] IF respectively.

The closed linear manifolds in N corresponding to M:i in %will be

F
denoted by EM. The best linear predictor of Xt+h will be of the

form (2.1) if and only if its isomorph. in }FF is of the form

ity « -iky
(2.11) e kgo a e .

We will need the following definitioms.

Definition 1

Suppose Xt’ t = 0,t1,+2,... is a weakly stationary time series

with zero mean which satisfies

(2.12) T a X _.=n t = 0,£1,2,...
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where

i) ao # 0
ii) E(nt) =0
iii) E(ntﬁT) = g2 5

where Gt . is the Kronecker delta function.
s

iv) E(ntXT) =0, t > 1

then Xt is called a generalized autoregressive scheme. It should be

emphasized that the series on the left of (2.12) is assumed convergent

2

in the mean and also that on is not assumed nonzero.

Definition 2

Suppose for the stationary time series Xt’ the best linear

predictor of Xt+ based on xt, X, .3++. is of the form (2.1) for all

h
h > 1. Then the time series is said to be strictly linear. This class

t-1

of time series will be denoted byaC£.

Definition 3

Let;%f:be the Hilbert space generated by the process in defini-

tion 2. If ze Ximplies that
(2.13) Z =1 a X,

then the process is said to be completely linear. This class we desig-

nate by & .
Theorem 2.1
The stationary time series Xt with zero mean and unit variance

is a member of Aal if and only if Xt is a generalized autoregressive
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-ikA '
has a count-

scheme. If the Xt process is nonsingular and kéo a e
able number of zeros then the continuous part of the spectral distribution

function of Xt is absolutely continuous with spectral density

(2.14) Fi(A) = —1
21r|k§0 a

where the ak's are the coefficients of the scheme.
Proof: .
Suppose Xt is a time series in.zi. Consider for an arbitrary t

the problem of predicting one step ahead. The best linear predictor

is of the form

~

(2.15) Xt+1

= 320 Py g Xy

due to the strict linearity of Xt' The coefficients b1 i do not
b
depend on t since the process is stationary.

Define

(2.16) Merr T Xerr T ado P11 ¥

0 %1 fe41-1 ¥H

The right hand side of (2.16) is convergent in the mean since best

linear predictors must be. We also have

cg =1
and since
E(Xt) =0
for all t, then
E(n) = 0.



Consider nH_1

from XT, Xr—l

In particular,

E(nT+1 Xt) = 0,
For t < T we have
t+1
Neyr € M,
while
Mz+1C3 Mt
and so

Then the Xt process is generalized autoregressive.
Suppose now that the series is generalized autoregressive

we wish to predict Xt+h from an observed past Xt’ X

t~1
be the best linear predictor of Xt+i based on Xt’ Xt-l"" .
that
X, =-.% 21 X .+ /
t+1 120 ap t-i © e+’ Po
*

o0
= b, . o+
Lo Pr,i Beog ¥ ey S

*

since a, # 0 where ety

n . We now consider the variables ﬁt i defined inductively as

t+1 +

follows and show that they are the best linear predictors:

for Tt > t. As N4l is the error of prediction of X

5o+ « Let Xt+

20

T+1

s+« then LU is orthogonal to the linear manifold MT,
[e2]

and

i

enjoys the same orthogonality properties as



R 5 t >
It is clear that Xt+h £ Mm since Xt

Mi and

Also xt+h

>

4>

t+1

t+2

t+h

is of the form (2.1) so we need only show that ﬁt+h - X

21

LIS G S I NP

)2 ©
520 P15 Xern-g-1 T §8n-1 P1,g Xeth-gor

8

520 bh,j xt—j’ say.

+i° i=1,2,..., h-1 are all in

8

€ Mt.
o«

M

j2h-1 P1,5 Xeth-g-1

t+h

is orthogonal to M: and we do this by showing that

(2.17)

where the d

since

Assume that

h-1

= Xen T 1Zo dh,1 Merhed

A

Xt+h

h i's are constants. (2.17) is certainly true for h =1
H]

Xir1 = 120 P4 %es
T Pk T Mt
R j-1 *
Xewj = Xers 1 ik dj,i Netj-1i



for j < k. Then

k-2
ek = 120 P, Fewkeiot Toidk-1 PiLi Kedkeioa
k=2 k-i-2 .
= 1o bl,i(xt+k—i—1 toZo Yciog, g Meakeioge1)

iZ-1 P1,1 Petkeioy
k-2 k-i-2

(o]
= 120 Py, Ferk-i-1 T iZo 2Zo

*

Py Yei-1, 0 Metkeiogore

*
The double sum is obviously a linear function of the nT's and since
t+k~1-(i+2) takes the maximum value t+k-1 and the minimum value t+1

on the range of summation we have

>

= X w0 *
ek~ Cerk T Medk T o120 Bk,i Metkei-l

k-1

Xere b iZo Yk,1 ekt

and it+h is expressible as claimed. This means that
o h-1 *
(2.18) Xeah ™ Xeen = 120 h,1 en-g

*
and since nt+i’ i

side of (2.18). Then it+h as defined above is the best linear predictor

of Xt+h based on Xt’ X

IFETRERE
To prove the result about the spectral distribution function

we first note that since

for t = 0, *1, *2,... then we must have

22

=1,2,..., h is orthogonal to Mi so is the left hand
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i to
® i(t-k) 2 _ ity
ftn k2o 3 © dz_(» = J-n e dzn(x)

in accord with (2.9). Letting A(e_ix) be the function kzo a, e_ikx
we have

m +T .
(2.19) f+ it A(e'i*)dzx(x) = f elth az ).

- -

Now consider the function g(X) on (-m, +m) defined by

8(A) 1, -

A
>
IA
=

=0, u<A<+m.

Since g(}) is bounded with a square integrable derivative (almost
everywhere), there exists a sequence of trigonometric polynomials,
gn(l), such that gn(A) converges uniformly and absolutely to g(}).

This implies that
" -1
(2.20) lig K“ 8,0 - g [2|ate™|? aFG) = 0

and
2

g ™
1 o F 8,00 - g2 @ = 0

where F()) is the spectral distribution function of the Xt process and
0§(1+ﬂ)/2n is the spectral distribution function of the n, process.

In view of this we have

+ro4n it
f I, b, e dz )

T n
(2.21) f+ £ b, et ae™az o)
. -
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where
+n
_ it
gn(k) = I bt e ",
Hence
. m -1 m
1.i;m Trgn(J\)A(e ddz (M) =liim| g (NdZ (V)
- -1
and

u -ix U
f_n A(e "dz (V) = f_n dzn(x)

for -m < u < +n. Using property d.(iii) on page 17 we have

u N 2 u 2
-1
EII A(e )de(A)’ EU~1T dZn(A)‘

-

as
. . o2 (u + m)
(2.22) f lae™M |2 ar(n) = .

-T

If the Xt process is nonsingular then oﬁ > 0 since this is the
mean square error of prediction one step ahead. Let Fi(A) and F,(})
be the discrete and continuous parts of F(\) respectively. We first
note that the left hand side of (2.22) must be continuous in y since the

right hand side is. But

u - u _1 u -1
f |ace™y |2 ar(n) = f |ace™y |2 ar, () + [ ey |2 aF, ()
- -7 =T

and so the points of increase of F;()), if any, must coincide with the

-i . \ .
zeroes of A(e A), otherwise the integral would not be continuous.
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This means

M -ix
f |a@™ |2 dF,(0) = o2(u + m)/2m
-

and the measure on the left hand side must be absolutely continuous

with respect to Lebesgue measure since the right hand side is. Then

H u G
=ik 2 & = -
f |aCe™ ) |2 F,(N)dx = f 5 A
- -1
for -m < pu < 7 and hence
1Ay 2

Fy(0) = o2/2n|ae™™)

The remainder of the results in this chapter deal chiefly with
conditions on the spectral distribution function of a process which
ensure that the process is in some defined subclass of4€£. We define

the following subclasses:

If Xt is a process of the class‘€4 and the coefficient sequence

associated with Xt satisfies

k°=£0|ak|2 <@
then Xt is said to be in 24%. If the sequence is such that
P
k§0|3k| <@
then Xt is in Aﬁ; and finally, if
|3-k| < Mpk

for some 0 < p < 1, then Xt is a member of.fﬁ;. We obviously have
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the relation

od.cd,cd

Theorem 2.2
Suppose Xt is a stationary time series with a spectral density

function then Xt is a member of 242 if and only if

r‘n 1
(2.23) ——— d) < o,
g T

Proof:

Assume (2.23) is true. Since

m ™
j+ log f(A)dx < f+ £(A)dx
-7 -7

we see that we must have

m 1
(2.24) fjﬂ log 00 d) > -,

Put h(}) = 1/£(1). As h()) is integrable and the integral of log h(})
is not -~ we may appeal to the important theorem of Riesz and Fejér

(see [5], page 20 and [4], Page 75) and get

(2.25) h(}) ~ikA |2

Z“Ikzo b, e

n

2n|B(e_iA)|2, say,

where B(z) satisfies the following conditions:

a) B(z) is analytic and has no zeroes in |z| < 1.

) Zlb |2 < =



Hence

In order to show that

£(2) = 1/h(})

1/2n|Be” ) | 2.

27

this representation implies that the process is a

member of.zll we need to introduce the following class of functions.

A function G(z) of the complex variable z is said to be in the class

Hy, if

i) G(z) is analytic in |z| <1

™ .
and 1) f+ lG(rele)|2 do is bounded for all r < 1.
-7

In the appendix of [4] it is proved that if G(z) is in Hy then

(2.26)

. .
%}T_f+ |G(reie) - 6?2 ds = 0.
-

Consider the variables

t=0, 1, #2,... .
E(Xt_k) = 0 for all

t and T we have

E(n, ﬁ})

]

Ne = ko Pk Fe-k

We can, of course, assume that by # 0. Since

t

+n -
[ ko Pk ©
-1

and k then E(nt) = 0 for all t. For arbitrary

i(t-k)a kzo by ei(r-k)l £030)d)

-+
i(t-T)X x -ik\ 2
J-“ e |k§° b, e |2 £(3)dr

™
;L_f+ RIC P
-

27

8

t,T
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and the nt's are orthogonal. Consider next for t < t

T
o N _ -itd = i(t-k) X
E(n, X) [ﬂ e 2o b, e £(0)dx

m el(T—t)A

= L .
T 2% -1 £ eik)\ dA
k=0 "k

i
< L ix
= on . Kz(e )dx, say,

where 1-t = . Now since B(z) has no zeroes in |z| < 1 then KQ(Z)/Z

is analytic there for £ = 1,2,..., and since

" iX 2 _a [T d)
27 [ﬂle(e Y2 an =5 v | b kA2
k=0 "k
=1

then Kl(z)/z is a function in H2 (a theorem by G. H. Hardy in [9]

states that
1 i
;7f+ le(re |2 da
-
is a nondecreasing function of r). But for r < 1 we have

m
r Kz(rei)‘)dk =0
-T

due to the analyticity of Kl(z)/z for [z| < 1. Then

m ix
%3T— ffn Kz(re Ydx =0

and in view of

T . T .
lff“ Kl(relx)dk - f+ Kz(elx)dx

-m

T .
< f+ |K2(reik) - Kz(elx)ldk
-7
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we see that (2.26) implies that

m .
Lig_ K“p{z(rei}\) -k (e™[ar = 0

and consequently

m
r Kz(ei)‘)d)\
-

= 0.

m
ix
lip_ J’:" Kz(re Yda

Hence E(n_l_, Xt) =0 for T > t and this means that Xt is a member ofAdi.
Suppose now that Xt is a process inzé, . This means that the

spectral density function has the form

We note that

™
o k —=ikA © 2k
[T, 5 0 @ = Gl 12 2
-

and so

k -ika ®
Lim_ rlkz a, T e 12 dx =(, ;] [H2n

This means that ZO a, z is a function in I-I2 and as a result

1r
® k =-ik) ® -ikx2 _
Lim_ [;Ik;o a r e o 3 © |2 dx = 0.



We conclude then that

m o0
Hip_ leZo
-T

& 1k 2 g,

[

T
© -ikA
r P i ah
=T

T
LMy,
2w — £())

(k§0|ak|2)2n < @,

Theorem 2.3
Suppose Xt is a process inlzi; which has a spectral density,

f()). Then there exists ¢ such that

£(0) >e>0
on (-m, +m).
Proof: v
If Xt is in.zd; then
_ 1 .
= 2| .8 & o 1K
k20 %k
As
@ —ikk 2 @ 2
|k§o a € |2 < (kgolakl)
then

1

‘2 TrfaT

> 0.

30
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Putting
€ = 1/(k£0lakl)2

the result follows.

The next theorem goes in the converse direction and concerns

completely linear spaces.

Theorem 2.4

Suppose Xt is a stationary time series with a spectral density

which satisfies

(2.27) 0<e< f<M<<w a.e on (-m, +mw)

then Xt is a process in é.

Proof:
Let Z be an element of N and g(}) its isomorph in xf. Since

Z is a limit-in-mean of a sequence of finite linear combinations of
£ t =0, t1, *¥2,... we may write
+n
lim|| 2 b (WX, - z|| =0
or equivalently

n
ikA
%3g||§n bk(n)e - g(A)||f = 0.

Further,

i T
r lg(y) |2 £(y)dy > Er lgy) |? ay
- -7
due to (2.27) so that

| ™
r lgy) |2 dy < =.
-T
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By Fourier theory g(y) has a series representation

iKy

g(y) ~ f§ a, e

which means

-+ .
. iKy |2 -
lin j e % ap |2 gy = 0.
-
Then by (2.27) we have
+1r +n .
, iKy
rlggzj le) -5 a 7|2 £()ay =0
-m
or
1im Elz-ﬂz1 |2 =0
n>e -f % XK )

The conditions of this theorem seem a bit too demanding,
particularly the requirement that f(y) be bounded above. As it has
been only the smallness of f£(y) that has been important in previous
theorems in this chapter it is felt that weaker conditions should be
available to ensure us that a process is in & .

Since (2.27) implies that the Xt process is nonsingular we
have actually proved that Xt’ t =0, 41, +2, ... forms a Schauder

basis for the Hilbert spacea\c.
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Theorem 2.5

The stationary time series Xt is a nonsingular process in Zd;

if and only if the spectral distribution function, F()), is absolutely

continuous with density
(2.28) £ = |ceTM |2

where C(z) is analytic and nonzero in |z| < r for some r > 1.
Proof:
Suppose Xt is a nonsingular process in.££3. By theorem 2.1

the continuous part of F()) is absolutely continuous and its density is

1
Fy() = —— e
2n|k§0 a e |

k ® k . .
As |ak| < Mp for some 0 < p < 1 then A(z) = k§0 a z 1is analytic
inside the circle |z| <'%. This means that A(e-lk) cannot have zeroes

on the unit circle for if there were a zero we would have

A(e—ik) - (e—iA 3 e—ikj)l h())

for some -7 < Aj < +m and some positive integer . h(}) is bounded

away from zero in a neighborhood of xj and also bounded above. Then

1
Fa(0) = — ——T77 )
2l - e 31 nen |
in a neighborhood of Aj so that F}()) tends to = and is of such an order
in a neighborhood of Aj that F}(A) cannot be integrable. Hence A(z)
cannot have zeroes on |z| = 1 and F(1) can have no jumps (recalled

from the proof of theorem 2.1 that jumps in F()) must coincide with



zeroes of A(e_lx)). We conclude then that the discrete part of F(j)

is missing and hence

1
ZﬂIA(e—lA)I2

F'(3)
Since A(2z) is analytic in lzl <-% then for each r <-% A(z) can have
only a finite number of zeroes in |z| < r. As A(z) has no zeroes on
|z| = 1 then there is a § > 0 such that A(z) has no zeroes in the
annulus 1 - 6 < Izl <1+ 6. Hence all the zeroes of A(z) which are
inside the unit circle are imnside Izl <1 - 6. Let these zeroes be

YRR zp and put

(zz -1)

P
B2) = AG) I, o Ey
p

. : . R 1 o
B(z) is an analytic function inside [z]| < S-and has no zeroes inside

lz| <1+ 6. Also
1Be™ ™) | = |ae™t |

since the product of p terms has modulus one on the unit circle. We

have then that

1
21| B(e™) |2

F'(}) =

But now 1/B(z) is analytic inside |z| < 1 + 6 and has the expansion

k

1 oo
B(z) ~ kZo Ok ?

C*(2), say,

where C*(z) has no zeroes inside |z| < 1 + 6. Then

34
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F' O -;%Ic*(e'ix>|2

lee™tMy |2

where C(z) has the properties claimed.
Suppose now that F()A) is absolutely continuous with the

representation

F'() = |cle™™)|?

1 -ix
E;lc*(e ) |29 say,
where C(z) is analytic and nonzero in |z| <r, r>1l. Then

1
C*(z)

® k
k&g Pk 2

B(z) in |z| < r

where B(z) has the same properties as C(z). From the proof of
theorem 2.2 this representation of F'(0) implies that the Xt process
is a member of45f. The fact that Xt cannot be singular follows from

noting that if Xt were singular we would have
2 =
E|nt| 0

where

"t = k2o Px Xk
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But

m
Eln |2-L f+ 1.2 b eI 2 fyan
-T

Since B(z) is analytic within and on every circle Iz, <r' < r we have

by Cauchy's inequality

lbkl < Mr./(r')k

where,

M, = max IB(z)
|z|=r'

Take r' = l+r and put p = 1/r'. Then 0 < p < 1 and we have
2 <

k

Ibkl < Mp o .

Theorems 2.2, 2.3, and 2.5 are results which give some consequences of
putting restrictions on the coefficients associated with a process in
Adi The restrictions on these coefficients are also restrictions on the
coefficients of the best linear predictor. This is apparent from the
formulae relating the coefficientsof the scheme and the coefficients

of the predictors. Suppose Xt is in,ed, then following the notation

in the proof of theorem 2.1 we have

kZ0 2%k Xeok T M



and

>

A+
— X
0 ayp t-k

t+1 k

I
limg

F b, X
k£0 k “t-k’

If bh,k is the coefficient of Xt—k in Xt+h we have from the proof of

theorem 2.1 that

2,k 1,k -0 k1

Py = P2,k Pot P Pyt Pugsy

By = Phoy i Po F Ppop i By Pt by by, F b

It is clear that the restrictions placed on the a, sequence are true

if and only if the same restrictions are true for the sequence bh 1
3

b for arbitrary h > 1.

h,2° "

If only a finite number of the constants in a generalized

37

autoregressive scheme are nonzero then the process is autoregressive in

the usual sense. It is well known that for such processes the correla-

tion function pt satisfies the condition
t
(2.29) lo | <Mop

where 0 < p < 1 and hence the correlation between distant variables

tends to zero exponentially fast. This, in a manner of speaking,

expresses an independence between Xt and the distant past of the process.
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Another condition that implies a type of independence of Xt and the
remote past is that of regularity of the process. A regular process

is one for which

(2.30) fml Xy - Xy ll = o

where Xt+h is the best linear predictor based on Xt, xt—l"" and

02 is the variance of the process. (2.30) is equivalent to

(2.31) lim|[X | =0

c+h]

which more clearly indicates an independence of Xt+h and the remote

past.

A more restrictive condition on the process is the complete
regularity of Y. A. Rozanov. This is defined as follows:

Let M;t and Mg be the closed linear manifolds generated by

X se s+ and Xo,'X

SPTED S s++. respectively. Put

1

(2.32) p(t) = sup ICorr.(Z,Y)
ZeM;t,YeMﬁ

The Xt process is completely regular if
lim o(t) = 0.

As regular process and some processes in_cl have a type of independence
in common one is led to ask if there is any useful relation between
these two types of processes. The following example shows that com-
pletely regular (and hence regular) processes are not necessarily iniﬁf

Let Yt be a process with the properties:



(2.33) X =-= 3 Y ..

Then the Xt process has the properties:

i) E(Xt) =0, all t

X = m- |t
i1) E(Xt Xt+r) m ’

T=20, t1, ¥2,..., m-1

=0, |T|72 m.
A simple calculation gives the spectral density function as
im
e1 )\|2

1 {1 -
2mm Il - el)\|2

(2.34) £(X) =

.2 (A
) p sin (2 )
2m sin?()\/2)

The Xt process is evidently completely regular since E(Xt.§t+1) =0
as soon as ITI > m and therefore the manifolds M;t and Mz are ortho-
gonal if t > m. In order to show that the process is not in Jwe

need the following two lemmas.

Lemma 2.1

If Xt is a nonsingular stationary time series

4 o4 _ nEl )X

an t,n = iZo 21 ®% 4

is such that lim a,(n) = c, i=0,1, 2, ...
noe i i

and 1ﬁi;m Xt,n = Xt’w

39
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where
Ko = 120 25 Xy
then
(2.35) C:.L = ai i= 0’ 19 2’
Proof: We know
n-1
11m || 1Zo bi(n) Xt—ill =0
where
bi(n) = ai(n) - a; i=0,1, 2, ...,

Assume (2.35) is not true and let be the smallest integer for which

(2.36) CK # aK.

For n > K > 0 we have

IS oy 11 = 1155 oy %11 | < 1128 by x|

so that the left hand side has limit zero and since by assumption

lim || z b, (n) X =0

et
we have

11m|| b(n) xti||=

For some integer N > K, bK(n) # 0 for n > N due to (2.36).

Hence
I35 by x 11 = [b@ ] [1°EL bie) x__ ||
for n > N where
bim) = b, (M)/b (M) =K, ¥, ..., n-l.
Then
im ”ngib @ Xyl = 51 1+1<(n) X(e-y-ill = 0
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But this means that the mean square error of the best linear predictor

of X from X is zero, contradicting the hypothesis

t-K t-x-1, Xt—K—Z, .o

of nonsingularity. Hence (2.35) holds.

Lemma 2.2
If X, is a stationary time series with Var(Xt) = g2 > 0 and

E a, X -1 is convergent in the mean then

(2.37) %£3|ak| = 0.

If z a, X i is convergent in the mean we have

m n

lim ||.Z a, X__. - . X

. . X .1l =0
m,Ne! 4S9 71 Tt-1 1§0 3 t—1|| i

that is, the sequence of partial sums is a Cauchy sequence. In

particular
n n-1
Lin| | 5, 8, X, = 35, 2 Xeogl] = Hmlla, X ]|
- g ola,
= 0.

As ¢ > 0 the result follows.
If we take m = 2 and h = 1 in our example, then the best linear

predictor based on a finite past is (see [12])
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- 1l i
t+i,n T 1 i£0 1" @ - 1)Xt—i'
n-1
= 150 ai(n)Xt_i, say.

Hence

1m a (n) = (-7

and by Lemma 2.1 the coefficients of the best linear predictor based on

an infinite past must be

= (131
a; = (-1)
if the process is in 21. But
lim [a;] = 1

and this means that the Xt process cannot be in.e{.

On the other hand, if we consider the singular process con-
structed as follows we see that strictly linear processes are not
necessarily regular. Let X be an observation from a distribution G(x)

and set
X =X, t =0, 1, *2,,.,

then the Xt process is a stationary time series with spectral distribu-

tion function

F(y)

il
(=]
™
3
1A
«
A
o
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Clearly the best linear predictor based on an infinite past is

>

and the process is strictly linear. However, since
p|T| =1, T =0, t1,...

the process cannot be regular.

Summary of Chapter 2

In this section we have been concerned with the problem of
determining when the best linear predictor of Xt+h’ based on an infinite
past, is a bona fide linear function of Xt’ Xt—l"" . We have assumed

a zero mean and known correlation function for this investigation and

have given processes with this property the name strictly linear.
Theorem 2.1 characterizes this class of processes as those which
satisfy a certain difference equation. Theorems 2.2, 2.3, and 2.5 give
conditions which the spectral distribution function of the process

must satisfy if certain restrictions are placed on the coefficients of
the best linear prediction formulae. Theorem 2.4 shows that processes
with a spectral density bounded away from zero and above must be in the

class & of completely linear time series.

Regularity and complete regularity of time series is reviewed
and examples are given which show that the class of regular processes

neither contains nor is contained in the class‘el of strictly linear

processes.



CHAPTER 3
PREDICTION FROM A FINITE PAST WHEN

THE MEAN IS UNKNOWN

In this section we are primarily concerned with solving the

problem of predicting Xt+h from a knowledge of Xt’ Xt-l"'f’xt—n+1

under conditions (1.18) when n is finite. We shall obtain explicit
expressions for the coefficients in the predictor and note some nice
properties of the predictor. The basic results in this section are
embodied in the following theorem. We assume the process real valued.
Theorem 3.1

If Xt’ Xt—l""’ Xt-n+1 are observed from a nonsingular process
with model (1.1) where Mt is a polynomial of degree m and m < n, then

the unique best linear unbiased predictor of Xt+h is 3' X where

1 -1

(3.1) a=1p - e w Tl s Y - n).

The mean square error of prediction is

(3.2) o?{1 - gjz'lg_+ (M'Z_lg_- h)'(M'Z'lM)_l(M'Z'lg.- b}

where (certain subscripts have been ‘suppressed for simplicity)

]

R = (ph’ ph+1"" ph+n_1)

-
I

)

o

= (3, &, 8
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' =
X (K> Koo oeee X0 )
(1 1 1)
M! = 0 .. n-1
(m+1)xn 0 1 22 ...  (n-1)2
L0 1 2™ ... (@D
1 3
P1 P2 . Ph-1
£ = Py Py ces CIP
nxn
{ Pn-1 Pn-» Tt 1 )

=3
]

(19 -h’ hzs"‘, (-h)m) .

This predictor has the following properties:

P,. The predictor depends on t only through the observations,
i.e., a' is independent of t.

P,. The predictor is unbiased even if it is constructed under
the assumption that the degree of Mt is m when in fact it
is m' < m.

P3. Under some conditions the predictor tends, in the mean,
to the best linear predictor for known mean function as
n — o,

Py. Under the same conditions as in P3, the mean square error
of prediction is asymptoticélly the same whether we

correctly guess m or guess too high.



G) _ 43 h|
Mt = d Mt/dt .

Hence we require that

Proof:
Conditions (C;) and (C,) above require that
EXoynt = 1Zo a3 EX )
n-]
T ik0 @ Mt—l
=M
= E{Xt+h}’ t ¢ T.
Now
- (1) , h% (2) ™ . (m)
Mt+h = Mt + h Mt + 21 Mt +...+ -~ Mt
while
e (D) 12 (2) (D" (m)
Mg =M - AMT 4+ ST M e AL
where

n-1 m (-i)j M(J) m M(J) n-1 .
L a, .I t - 3 Lt 5 (-1)da
120 31 ;& 3! 320 T31 ifo i
m ]
I N C) S

T oj=0 5! Tt

and this is equivalent to requiring that the following m+l conditions

be satisfied.

46
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n-1

(3.3) it a = N

Hence to satisfy (C,) and (C3) we must minimize (1.7) subject to (3.3).

In view of (C,) we may write

n-1 n-1
- 2 = - - - 2
B on = 1Z0 23 Xeog ¥ = BAK gy - M) - gL 2 Ky - M )
n-1
= - 2
B~ 120 3 Yeyq!
” n-1 n-1
= 2
(3.4) E{Yt+h 2 20 ai Yt+h Yt i + (izo a1 Yt 1) }
=g2{l -2a'"p+a'zal

The restrictions (3.3) may be written as

(3.5) M'a=h
so we are faced with the minimization of
(3.6) F(a,\) =1-2a'p+a'Sa+2)'M'a-h

where )' = (XO, xl,..., Am) is a vector of Lagrangian multipliers.
Denote by 3F/3x the column vector of partial derivatives of F relative

to the components of x. Then we have

-g—% =20 + 2%a + 2MA
- 20a - b,
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Equating these partials to zero then gives the equations

(3.7) I e - M)

[
]

(3.8) M'

e
0

h.
Using (3.7) in (3.8) we get
=1
M'z (@-M)M) =h
whence
-1

A= (M'Z

-1

M iM's ! 5 - h)

and substituting this back in (3.7) we get finally

-1

a=1"'p- st Mus!

w s o - b

The inversion of the matrices is justified since I is nonsingular and
M is of full rank, due to the linear independence of the restraints
(3.3). Whereas it is clear that 3 does not correspond to a maximum
(i.e., F is unbounded as Iail — ®) it is not obvious that & does not
correspond to some other type of stationary point. We may argue

geometrically to show this is not the case.

In the notation of Chapter 1, Mﬁiﬁ is a vector space of n+h

dimensions spanned by the elements X X seee X , X

t+h’> “t+h-1 t’ t-l""xt—n+1'

The inner product is that defined by (1.5) and the norm by (1.6).
Similarly, we have the space Mz. All elements of M; whose coefficient

vectors satisfy (3.3) form a subspace of ME of n -~ m - 1 dimensions

which we denote by Vﬁ. Since V; is a closed subspace of Mﬁ and conse-

quently of MEI: there exists a unique projection of the element Xt+

h
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on V;. But this in turn means that (3.4) has a unique minimum relative
to a and subject to (3.5). Since our formal operations on F(a,)) give
all stationary points of (3.4) subject to (3.5) this shows that (3.7)
does correspond to a minimum.

We see that
x1 - oy 1ol 1ol T W | 1ol
d'p=p'a=p'I p-p'L MM'Z M) (M'I p-h

while

a'ta=[p'Zp - 2p' z'lM(M'Z_lM)-l(MZ_IE - b

1 1

s -t T on s - b))

and since the mean square error for any a satisfying (3.5) is given by

(3.4) we finally get for the mean square error of prediction
2 1ol 1ol RS TUAES (S |
02{1 - p'%T p+ M'L p-h)'M':z M M'I p-h}l.

It is noted that if we put M equal to the null matrix (no
restrictions) then the above predictor is just the best linear predictor
developed by Kolmogorov for the discrete case with zero means. It
is further noted that nowhere in the derivation do we make use of the
stationarity of the process so the above formulae are valid for arbitrary
discrete processes with nonsingular covariance matrices (with the obvious
notational changes, of course).

P,.
o If one were to work through Héjek's theorem on the problem we
have been discussing one could ultimately arrive at an explicit expres-

sion for the best predictor in the finite case. The expression turns

out to be
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- -1 -1 - - - -1 -
(3.9) a=r - ir s+ i e

where I and p are as defined before and

(1 t t2 e t™ }
T =1 t-1 (t-1)2 cee (t-1)"
nx(m+1)
L1 (t-n+1) (t-nt1)2 .., (t-n+l)mJ
( 1 3
t = | t+h .
(IIH‘].) x1 (t+h) 2
L (t+h)mJ

It would appear from this formula that the best predictor
depends on t. We know, however, from previous results that we may
replace T with the matrix M which does not involve t and get the same
result. We now see that the reason this works is due to the existence

of a nonsingular matrix B such that
(3.10) T = MB.

Putting this in H4jek's formula reduces his to ours. It will be
recalled that if we were estimating the unknown parameters in the mean
function by Markov estimation (weighted least squares) then these

estimates would involve t. The estimates are in fact

(3.11) a= (ol
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where o 1is the vector of unknown regression parameters.
mt] x]
Ps.
Suppose we have constructed the best linear predictor under the
assumption that the degree of Mt is m when in fact it is m' < m. We
must have, of course, that m < n.

Denote the vector of constants of the predictor so constructed

as
(3.12) a'(m) = (éo(m), al(m),..., én_l(m)).

It will be recalled that for unbiasedness we required that

n-1

50 ai(m) =1

n-1

iEO ia,(m) =-h

n-1 n n
igo i ai(m) = (_h)

but this means that for any m' < m then a'(m)X is an unbiased predictor

of Xt+h if the degree of Mt is m'. There will, of course, be a

difference in the mean square error.

P3 and Py.

The conditions under which we prove the assertions in P3 and
P, are given in terms of the spectral distribution function introduced
in (2.8) as well as the correlation function of the process. These
conditions are:

i) F(y) is absolutely continuous.

-1
ii) the components of the vector p'l T are bounded as n — =.
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We deal first with P3. Suppose, first of all, that the mean function
Mt is known. Then putting Yt = Xt - Mt the best linear predictor of

Y may be constructed from the observed Yt's and is well known to be

t+h
(3.14) Y =o't Yy

: t#h ~ £ =

' - — — -

where Y (Xt Mt’ Xt-l Mt-l""’ xt-n+1 Mt-n+1) so that the best
linear predictor of Xt+h is given by
(3.15) X, =p'I'K-p'I 'N+M

’ t+h ~ £ 4 2722 DT My
where N' = ™, , My _yoeee Mt—n+1)' It is expected that the quantity

-p' 2_1_11 + Mt+h is, in some way, estimated in the linear predictor when
Mt is not known. That this is the case may be shown as follows:

Consider the model

(3.16) E(X) = N.

There exists a nonsingular matrix A such that ATA' = I or I = (A'A)“1

and putting

(3.17) Z=AX

we have

(3.18) Cov.(2) =1
so that

(3.19) E(Z) = AN

where the components of Z are uncorrelated. We know further that

(3.20) N =MN

;
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yeses M'(:m)), M is as before, and the M(i) are

where N' = (M_, M(l) .

d tt’M

(2)
t
derivatives of Mt' Hence

(3.21) E(2) = AMN,.

Now, estimating the E-d

results in Markov estimates (or best linear estimates) in terms of the

vector by ordinary least squares on the Z vector

X vector. In the usual way we get the best estimate of ﬁd as

(3.22) M'A'aM) "M'A'Z

ﬁd
= o'z v ix

so the best estimate of N is

(3.23) R=Mr ' s g

while that of Mt+h is

¥ = nremts  hy "yl
(3.24) fi . = h'OrE 0T MR

and we see that -p' Z-I_I:I_ +M ., is best estimated by

(3.25) ' r MR, = -0s T - Bz s

which appears in the best linear predictor for unknown mean function.

The variance of this quantity in (3.25) is

- - - -1
(3.26) Mz -t Tiars e - b
Let it+h a be the best linear predictor based on X when the mean
1
is known and it+h n be the best linear predictor based on X when the
’
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mean is unknown. Then, since both these quantities have the same

expectation, we have

- 2 = X -
(3.27) E{X X } Var.{Xt_._h’n Xt+h,n}'

Now we see that
- o1 _ ' tml =1, =1 _
M'Z p-h)'M'z M) M': (X -N

xt+h,n - xt+h,n

since 7Q'Z_IH.+ M ,; is unbiasedly estimated by

'zl -ty T e ik,
Then we get
(3.28) Var.{f(t_'_h’n - it+h’n} = M's Y - e s - ).
Thus ﬁt+h,n _9'it+h,n in the mean as n — «, if and only if
(3.29) oo -t s - ) — 0

as n — », In view of (3.10), (3.29) may also be written
(3.30) (T'z p - D' (T DN - ) — 0

as n — «,
Grenander and Rosenblatt [4] prove that the least squares
estimates (not Markov) of the unknown regression parameters in a
stationary time series with a polynomial mean function are mean con-
sistent if the spectral distribution function satisfies i) above.
Since the Markov estimates cannot have variances larger than the least

squares estimates we have from (3.11)
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(3.31) Cov. @) = (T'z D7}

1

and the diagonal elements of (T'Z-IT)_ -- and hence all of them --

tend to zero as n — «, This implies that
' ' 1o~ 1lmy—1
(3.32) b'(T't 'T) b — 0

as n — « for any vector b whose components are bounded as n — .
Since the components of t are bounded and those of T'z_lg_are bounded
by assumption ii) then (3.30) is true and hence ﬁt+h,n —a'it+h,n

in the mean as n — <,

It is worth noting that conditions i) and ii) above hold for
all stationary autoregressive schemes of finite order. This is because
such processes have rational spectral densities and a fixed number of
components (equal to the order of the scheme) of 2}2-1 are nonzero and
independent of n.

We now turn to property P,. Suppose we have constructed the
predictor assuming the degree of Mt to be m. Let Am(m',n) be the mean

square error of prediction based on n observations when Mt is of degree

m' but has been assumed to bem. For m' <m <n

n-1
' = _ 2
(3.33) Am(m ,n) E{Xt+h 1§o ai(m)Xt_i}
n-1
= - - - 2
By ~ Mepr) ~ 180 2@ oy ~ M9}

due to the unbiasedness of the predictor, where the expectation is
taken under the model where Mt is of degree m'. But (3.33) is seen to
be just Am(m,n), the mean square error of prediction when M is of

degree m and we have guessed it correctly. Hence
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(3.34) Am(m',n) Am(m,n)

1

OQI—Q'ij-MT—&—Q'
erzm 7 o - ).

If the degree of Mt is m' and we guess it correctly then the

mean square error is

(3.35) 4 (m',n) = 02{1 - p's”

-1
' - 1
p+ (MZ o -h)

vl (-1 -1
(Mlz M) TMIop - 31)}

where

(1 1 1 cen 1
0 1 2 cee (n-1)
0 1 22 ., (n-1)2

' =
Ml L]
{(m'+1)xn
m' m'
. 0 1 2 (n-1)"

' 2 m'
! = (1,-h,h2, ... B,

It is seen that we may partition M and h as

M!
1

N
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b,
.h_=
h
—2
and since
1
' -
ro-l 12 ek
M'Z p - h = -1
M'Z -h
)0 BT 2
and
s M'z"
-1 1 1 2
M's M =
' 1 ' -1
z M1 MZZ M2

it follows that

A _(m',n) = A ,(m',0) =0 (M'E—lg_— b_)'(M'E—lM)—l(M'Z—lp_- h)

1

- (MiZ—lg - p_l)(MiZ-lMl)— (M{Z—lg_ - h)}

> 0,

Therefore, guessing the degree of the polynomial too high increases
the mean square error of prediction. We have noted, however, that

when i) and ii) hold then (3.29) holds so that
Am(m',n) - Am,(m',n) >0
as n - ©, Hence, the increase in mean square error caused by

guessing the degree of Mt too high diminishes as sample size

increases.
We may express the difference in mean square error as a

positive definite quadratic form with the help of the following

lemma.
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Lemma 3.1
If S is a positive definite matrix, X and are
mxm mx] m¥1

column vectors and 1f they are partitioned as follows:

511 Sy,
S =
S, Sy,
X
x -
X
=2
L
X:
<,
then
e S vo—1 _ -1 ' _ -1 -1
xSy =x8, 39 * (x,-85,,5,%)"'(5,,-5,,8,15,,)
_1
,(12'3215113’-1)'
Proof:

since x' S 'y = (Ax)' (AsA")”! (Ay)

for every nonsingular A, take

\ C21 °11
and the result follows.
If we use the lemma with

-1 .
1
Mlz Ml M2 M,
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-y

~-1
Mz [ .lll

o
]

M'E”

we see that

=1
(3.36) A (m',n) -4 ,(m',n) =y, C y,

where
= Mrs—! 1971 ry—! =1 gt
¥, =My o - MJITM (MIZT M) Q4T p - h) - h
=Mz M - Mz M yor's~ ) e ).
2 2 2 1 1 1 1 2
Examples of Best Predictors
Example 1
Suppose m = 0, i.,e., constant mean, and the Yt process is
first order autoregressive. Then p|i| = pli( for |p| < 1 and we may

find Z—las follows:

Let
(0 1 0 o0 0 )
0 O 1 0 0
o o0 o0 1 0
U = ) .
nxn

\ J

Then U2 has 1's along the second upper diagonal and zeros elsewhere,

U has 1's along the third, etc. U™ = 0. Hence we may write

v
Al



n-

1

+u™h

- (p3/1-p2) (U' LU' + UU' U).

= ' 2 2 ) n-1
pin T alp FPWHUD + 0 (Us+U S+ oo+ (U
=1y 1
=I+ .5z, 0 (U +U)
= -1 ' 1y~
=T -py) +poUA-0ouy")
-1 2 ' [N
=(I-pU) (IT-pcUU@-pouU") .
Since
(U U')k = Yu' ({d.,e., UU' is idempotent)
then
(I—rJZUU')—1 =T+ yu' 2+ o4+ ...)
=T+ UU' (p?/1 - p?).
Therefore
- 2
Tl @U@+ E—uunNa-ow
1-p2
=1 -p(U+ U") + (p2/1-p2) (UU' + U' V)
But
uuy = U
and
Uruyuy' = J?!
so

60



= T - (p/1-p2) (UH U + (p2/1-92) (VU + UV,

a result which may now be verified directly.

Since
I
n-1xn-1 0
uu = |
0 0
and
0 0
U =
0 n—lin—l
‘it follows that
h
p
0
Z_l p =
q 0
M'Z—l p = ph
h=1

and

MizTiM o= ((1, 1, ...1) - (o/1-p2) (1, 2, 2, .. 2, 1)

Lo+ (2/192) (1, 2, ... 2, )M

61



Hence

(3.37)

{1, 1,

(n = np + 2p0)/(14p)

n-np+2p

I\

Thus our predictor is

4 o™ (o)

oo 1) - (D/l'f'p)(l, 2,

2. 1)}
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h n-~2 h
> _ h (A-p )(1-p) 1-
Xt+h,n = f xt + n-np+2p 151 xt—i + (n-np+2p) (Xt + Xt-n+1)
with mean square error
(3.38) 62(1 - p2M + (1-p™)2(1+p) /(n-np+20) }.

It is recalled that the best predictor in the case for known

mean y is

> h h
(3.39) Xt+h X, + (1-p )u
with mean square error
(3.40) 02{1 - p2h}

Example 2
Let m = 0 and I pk + b gk for k=0, 1, 2, ...

where

= p(1-g2)/ (p-g) (1+pg)

[
|

= g(1-p2)/(g-p) (1+pg)

o
|

and both p and g are numerically less than 1. Then this correlation
function is that of a stationary autoregressive scheme of order 2.

Then

™
L]

I + (ap+bg) UHU') + (_ap2+b32)(uz+u'2)

-1 - -1 -1
+ouee, + (@ g H U+ U
-1y ogooBtlog oy
\
al+ a(ig1 pU +.Z p U )
n-1 n-1

+b I+b(L gt Ut + I gt u'h
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= a{ (T-pU) " (T+ 2/ 1~pDUU') (T-p U") "}

+b{(I-g U) " (I+@2/1-g2)uu(I-g U') ")

= a J—'l +b K—l, say.

Now

1 1

a I otk + b 37 gk ke

»
[
+
o
~
[

J-l(a K+ b HK .

From the work with the first order scheme we have seen that

J = (I-pyU XI+(p?/1-pdHUU) (I-p U)

I - (p/1-p2) (U + U") + (p2/1-p2) (UU' + L)
and likewise,

K=1-+ (g/1-g2)(U+ U") + (g2/1-g2)(yU' + U'U).

Since
2 K = ooyt {(-g)1 - g(U+ U + g2(UU' +U'U))
and
bJ-= ?E:ES%E$E§7 {(1-pHI - p(U+ U") + p2(UU' + U'U)}
then
(@ak+bJ)1= %%?%g% (I - pg R)
where

o
o O
o

R L) . . LR 2N ]
nNxn . . . “ee .
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hence

-1 (1+pg)

LT (Tope)

K(I-pg R)J .

Some further calculations show that

mrrly = LLtpe) ((n=2) (1-g) (1-p) + 2(1-pg))
(1-pg) (1+p) (1+g)

and it is known that

-1 1 h+1 ht+l h h
p'Z =p—_-g-((p -g ), pg(g-p), 0, 0, ..., 0)

since these are just the coefficients of the best predictor for known

mean., Hence

-1 1 h+1 h+1 h+1 h+1
pZ M=——p_g(p -8 + pg -p B)

and finally we may write the coefficient vector as

htl h+l )
P -8

hti ht+l
pg  -BP

|-

I 2

(3.41)
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4 l A
l-p-g
(1-p)(1-g
h+l, h+l h+l h+l
+ (P-8p +*8 -pg -gp )
(p-g){ (n-2) (1-g) (1-p)+2(1-pg) }
(1-p) (1-g)
(1-p-g)
| 1 J
The mean square error is now
(3.42) o2(1 - L ((1-g2)p2 P (15g) + 1-p2)g2 ™D (1-pg)

(p-g) % (1+pg)
- 2p™ 1M (102) (1-g2))
1 1 1 1
+ ﬁprg:ph+ fg&f —pat :gph+ )z(l—pg2§1+g2£l+p2}.
(p-g) 2 (1+pg) ((n-2) (1-g) (1-p)+2(1-pg))

If g is set equal to zero then this case reduces to the first order
result given earlier.

Summary of Chapter 3

In this section we have derived the best linear unbiased pre-
dictor of the value of a stochastic process at time t+h given its
values at time t, t-1l, ... t-ntl. We have found that the predictor
is of the form of the best linear predictor when the mean is known
with the weighted least squares estimates substituted for the
unknown quantities, We have discovered that the predictor does not
depend on t through the coefficients - only through the observations -

that the predictor is unbiased even if we guess the degree of the
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polynomial mean function too high, and that the predictor does, under
certain conditions, converge in the mean to the best linear predictor
for known mean even though we have guessed the degree of Mt too high.
It is worth noting also that all the formulae thus far de-
veloped are valid for arbitrary discrete processes with nonsingular
covariance matrix. The large sample results of P3 and Pu’ however,

cannot be assured in such generality,



Chapter 4
PREDICTION FROM AN INFINITE PAST WHEN

THE MEAN FUNCTION IS UNKNOWN

In this section we shall deal with the case where we have at

our disposal the infinite past Xt’ , and wish to investigate

X _qs e

the existence of good predictors of the form
(4.1)

When the process mean is known to be zero the assumption of an infinite
past often leads to simpler formulae than for a finite past. Since the
formulae are very complicated for a finite past when we do not know the
mean we would hope the assumption of an infinite past simplifies our
problem. Only real processes are studied.

It 1s well to remember that whether we know the mean function
or not there always exists a best '"linear" predictor in the sense that
it is either a finite linear combination of the past values or a limit-
in-mean of a sequence of such finite linear combinations. The case of
known mean was established by Kolmogorov and that of unknown mean by
Hdjek. It should further be recalled, however, that this does not
imply the predictor will be of the form we are considering. It is
often the case when the mean is known, as we found in Chapter 2,
but cannot be assured even then. When the mean is known, for instance,
all finite order autoregressive schemes have best '"linear" predictors

depending only on a finite number of past observations.
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In the case of unknown means we will first investigate the

existence of a predictor, Xt+h’ subject to:

* -~ ©

C1. t+h igo 8 Xt-l

cy. EX E(X T

2. E( t+h) = E( t+h) > te

(4.2)
* .
_ 2

Cs. E{Xt+h Xt+h} to be minimized
y E{X ,,} =M
Cuo EXXiin’ = Megn

where Mt is a polynomial of degree m. These conditions are recognized

as those of (1.18) with n = », We shall mean by izoai Xt—i the

infinite sum which is the limit-in-mean of the sequence
n

{iéo a; Xt—i}’ n=0,1, 2, ... . More specifically, we require

- 5 2
(4.3) lim E{ig0 a; X L } 0.

o e-1 7 1f0 21 Pt
Let Xt+h be the best "linear" predictor (in the classical

sense) of Xt based on an infinite past when the mean is known. Let

+h
A.n be n dimensional vector space w1thelementsgn = (ao, ays oo an_l),

where the a, are real, and let Ag be that subspace of A.n for which

(4.4) .z a, = L.

Denote the extensions to infinite dimensional vector spaces
as A and A& respectively with the additional requirement that A_
contain only those sequences such that (4.3) is true. We first prove

the following lemma.
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Suppose the stationary time series Xt obeys the model in (1.1)

with Mt =y, |u| < =, Suppose further that for the sequence

By 81 8y cens (4.3) is true. Then we may conclude
0. Bz ay X b= gk a; BRR_ ) =w g 8y
- n n
ii). Var{,Z a, X_ .} = lim 2 % Ioa, a, py. .
i=0 i t-i oo i=0 3=0 1 7§ |1—j|
Proof:

e note at the beginning that _m
W ote a 4 g a iZo0 3 ¥og

a, X ., being a limit-in-

mean, has a finite variance and hence the quantities in i) and ii) are

finite.
From (4.3) we notice that in view of
n-1
e _ 2
E{iZo a3 Xeog 180 3 Xeed!
- n-1 n-1
= - E X -
E{'ZO 8 Xt—l (120 a t—1) igo 3 Xt—l *ou 150
X - 2
*1EGE, ag X g) - vk 3]

and since the left hand side tends to zero as n>» both the terms on

the right must tend to zero. In particular,

n-1
0
- 2
EGZo 2y X g) — v 38 317 20
as n>e, or
B2y a; Xp ) = Limuw By 8 =0 430 8; -

n->«

Clearly, (4.3) implies that
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n-1
b -y) - ~.)12
(4.5) E{ig0 ai(xt—i u) igo ai(xt—i wle >0
as n > ». But the left hand side of (4.5) is recognized as the square
of the norm defined in (1.6) for the Hilbert spaced (the (X _ -M)'s
here correspond to the Xt_i's there).

Since for norms we have the relation

(4.6) L= el < Hx-vl]
then
1 n-1 1
|(ELE, o, (%017 - E(E) 8, (K-}
© n-] 1
< @GE o (g W - 5y A & 03D

Since the right hand side tends to zero as n - « then

-1
E{izo ai(Xt_i—u)}2 = ii: E{:Eo ai(xt-i_u)}z
or
) 5 n n
Var{ 2, a; X, ;} = iiz o% jLo 3&o 25 3 Pli-g|

Theorem 4.1

Suppose for a time series as in Lemma 4.1 we have

(4.7) G' e -12/Q Y >0

as n > «», where j' a,1, ..., 1), and if

~

(4.8) Xepp = 120 Py Xpog T u@ - 3Ig by)
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then
(4.9) iéo bi # 1.
Then there does not exist a predictor of X X which satisfies

t+h> “t+h’

conditions (4.2) above when the process mean is an unknown constant u.
Proof: Suppose an Xt+h satisfying (4.2) does exist. (4.7) is recog-
nized as (3.29) for the special case where Mt = y and so from Theorem

3.1, (P3) we have

~ PN

- 2 = - 2
lm E{X Xt+h,n} EXirn ™ Xeqn!
nro
= lim 02(1 - o' 27! p)
n-—>oo
= og, say.
here X vogl defined bef
where t+h,n’ e', , are as defined before.
Further,
X 2 = o2
EX i ~ Xpn!” = 95 -
If Xt+h is not of the form in (4.8) above we reach an immediate
contradiction due to
- % 2 2 i - 3 2
EX i~ Xern! inf E{X - g20 3 Xeoq!
aveA
= ) - 3 )12
= inf E{(Xt+h W igo ai(xt-i w1
a»eA’
= E{X 0 - F a(X_ .-}
- t+h " 7 1&g 31 e-q
= ~2
oO

*
for some a ¢ A0 ., This is because
—o0 0



z a, =1

i=0 i

for a = ¢ Ag . We also have used i) for lemma 4.1 in these

calculations. But

E{(X -1 - L ar (X, .-w)}2 = o2
t+h i%0 31 VP-4 0

means that

~ o * o *
Xegn = 180 23 %oy THA - 4o 39

which is a contradiction.

If X is of the form in (4.8) then we have

t+h

~

Xeth = 1

ne1g

Ob +U(l—i_z__0 b.)

i xt—i i

for some sequence of bi's and also

b

18

Xt

t+h i +udd -

*X *
0 21 “t-1i 1% 24)

so they must be equivalent in the sense that

~

<! — 2 =
E(Xln = X = 0

and from ii) of lemma 4.1 we have

n *

n
Lim 02 3q 43,(a; - by)(ay = b) oy 4| = O

n>® =0

This means, however, that

a, =b i=20,1, 2, ...,

and since 120 bi # 1 this is a contradiction.

73



74

It will be recalled that in the first order autoregressive

scheme we have for Mt = u

= h h
Xep = ° X, (L -p)u

and (' 5 o - 12/ 2T D = - 0N+ p)/n - no + 20.
Since
(ph, 0, 0, ...)¢ A
then the hypothesis is fulfilled and in this case we can never get a
best predictor which is unbiased and linear in the observations
when we do not know the mean. A natural inquiry is whether there are

cases where the coefficient vector b_ of the best "linear" predictor,

Xt+h’ does lie in Ag. If such cases exist we automatically get a

solution to our problem.

It is seen then that we must abandon some of the requirements
set out above for our predictor and since in practice it is generally
sufficient to have a small mean square error, we shall look for
predictors with this property. Before proceeding, however, we point
out that HAjek's solution to the problem of finding a best predictor
based on an infinite past is far from a practical solution. First of
all, the solution is unfortunately a limit-in-mean of a sequence of
linear functions of the observations and secondly, the solution
generally involves the unknown parameters in the model. This is seen

by noting that if (3.29) holds then we must have

1lim E{X -X ,.}2=0

2
t+h,n t+h 0
n->o .

o _ 2
E{Xt+h Xt+h} )
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This follows from

X )2

lim E{Xt+h,n T “t+h

n-—>«

0

and hence Xt+ is the limit-in-mean of a sequence of linear functions

h
of the past observations which achieves the minimum mean square error,

2. Then X
00 en £

+h is a solution to the problem in the HAjek formulation

Xt+h’ however, involves the unknown mean

function as we have seen for the single autoregressive case.

There are in general several ways of constructing predictors
which are arbitrarily close to the best when we have an infinite past.
One way is to take an arbitrarily large portion of the observations
and construct the best predictor for that number. This, however,
defeats the very purpose of assuming an infinite past. There are cases
where we can use all the observations and construct a relatively
simple predictor which has mean square error arbitrarily close to the
minimum and at the same time enjoys other nice properties. D. R. Cox
[3] discusses a very simple case in connection with his moving
average predictor. In deriving an "almost' optimum predictor as Cox
does in a very special case, the basic idea is to take the optimum
predictor for known mean and replace the mean with an estimate of
moving average type. Cox discusses the first order autoregressive
case in some detail and we reiterate some of his ideas before
generalizing his results.

Suppose we consider the special case of our model where
(4.10) a) M =y, t =0, 1, 22, ...

t
k
b) 02p|k|=02p||’k

L[}

o
-

-

-
-

+

N
-
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and lpl < 1. We wish to predict X by a linear function of the past

t+h

of the form

.- .
(4.11) X = (L-0 Eo A7 x

o+ , x| < 1.

t-1i
This type of predictor is called an exponentially weighted moving
average (ewma) and is easily shown to satisfy conditions CI, C:, C:
above., Denote the mean square error of such a predictor as
Ac(h, A) when we are predicting h steps ahead. The principle
advantages of such a predictor are:
(4.12) i) The mean p need not be known

ii) 1If long term drifts in the mean occur, the

predictor will follow such a trend.

Routine calculation reveals that

2 1 A-») * ,r r . @ . r htr
202{735 + LA e = (A=) I A e

(4.13) Ac(h, A) TFr rg

h , h
202, (A=) Qp=p —dp ),
1+ (1-2p)

and for the special case where h = 1 we have

2021~
(4.14) Ac(l, A) = (1-7p) (141)
Hence Ac(l, A) will be minimized relative to A, remembering that

Ix] < 1, by

(4.15) >\0 = Sl—;;L) if p > 1/3

=1 if o < 1/3
where the case A = 1 may be defined as meaning we take a simple

unweighted mean of the observations sufficient to determine p
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without appreciable error. The corresponding mean square errors are:

24 (1-
(4.16) b (L, Ay = 80%p(1-p) if p > 1/3
(14p)?
= g2 if p < 1/3.

So we observe this predictor is of little use in the simple auto-
regressive case when p < 1/3. It can be shown that this critical
value of p in fact increases as we predict farther into the future.

A few of these critical values are:

(4.17) h 1 2 A
Critical
P 0.333 0.516 0.821

Various other interesting features of this predictor for the
simplest autoregressive case are presented in Cox's paper [3] and a
comparison is made with the best linear predictor when the mean is
known.

Our aim here is to first of all examine the finite sample-
size version of Cox's predictor for the simple autoregressive case to
see how important sample size is, to show that the Cox predictor may
be useful in more general settings, and to show how a Cox-type
predictor may be used in constructing almost optimum linear
predictors.

Lemma 4.2

If
X - (=) n;1 tox
t+h,n n, i=g t-i
(1-27)

then the mean space error, Ac(h, A, n), is
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s n my = 92002 ) anD? | 2aa?) 7 X
ct oy o n,2 2 (1-)) i=0 ph+i
(1—>\ ) (l_x)
n-1 n-1
i+]
Tiko B0 M T Ppiny)
and if p|k| - p|k| we get
A _202(1-0)2 ) -2 (1—>\n+1) ro 1,2 (@=1)
c(h, hom) = n + 1-%p
(1-x )2 (1_)\)2(1_'_)\) 102
n-1 A\n-1
A Y h
) )" (1 (p) ;\_ B 1) (1- o)™
P
if » # p and
A (h, p, m) = lim A _(h, A, n).
c? o c
Proof:

The calculations are routine.

This expression, Ac(n, A, n) is rather complicated even
if h = 1 and minimization relative to A is formidable. We may,
however, make some numerical comparisons, keeping in mind that the
Cox predictor makes no claim of goodness if p < 1/3,

The mean square errors of the following four predictors are
compared for sample sizes 2, 4, 6, and 10, when the process is the
simple autoregressive one discussed above.

Let

a) Ac(h, AO) = the mean square error of Cox's predictor

using the optimum A, A, say.
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b) Ac(h, XO’ n) = the mean square error of the finite sample
size version of Cox's predictor, using AO as determined from
Ac(h, A).

¢) A(h, opt., n) = the mean square error of the best linear
predictor for sample size n and unknown mean p (Chapter 2, example 1).

d) A(h, opt.) = the mean square error of the best linear
predictor for the case of known mean u.

The tabulations (pages 80 and 81) are made only for the case
h = 1 and the tabled quantity is the mean square error divided by 02,
the variance of the process.

The principle points illustrated by these tables are, first of
all, the ewma performs quite well if the correlation between adjacent
observations is high (greater than .70) and secondly, the ewma is
essentially based on the last ten observations even though it is a
function of the entire past. The last feature assures us, of course,
that any shift in the mean occurring in advance of the past ten
observations may be ignored since the predictor is insensitive to such
shifts.

We now show that Cox's predictor may be used in other settings
with some assurance that it will never be worse than using the mean
of the process (unweighted average of the past) as a predictor.

Define for A € (0,1) and h a fixed positive integer, the

following:
£ = 1/1+x
= i, @ it2
g = {2, Ao P g) = 420 A TPy Py}
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where Py is the autocorrelation function of a stationary time series.
Then we may state the following result.
Theorem 4.2

Suppose g'"'(}) > 0 on (0,1), iZo|pi| < o, and Py < 1, then the

predictor

. I
Xogp = -0 I AT X, A e (0,1)

has the following properties:

31) Its mean square error is given by
ACh, A) = 202 £(1) g()).
p2) A(h, ») has a unique minimum at a point

A, in (0,1) if either

0
N h-1
(4.18) -+ 1) P+ Py~ Py < land (L Py — 4&, Py) > %
or
_ h-1
1) o) ¥ oy =Py > Land (I ooy - L ey) < s

0
= 0.
where igl pi

p3) The minimum mean square error is

= 2 '
A(h, A) = 202 g' (A ().

Proof:

pl). The mean square error of prediction for any positive integral

h is



E{X

But

so that

AR, A)

t+h

262 £(A) g(A).

2 = (1=-3)2 ¥ - 2
Xeppd” = QA ELE AV KX )
- _ 2 oo oo i+j _ _
A-M7 55y 33 A By X ) KX y)
o 2¢1.3y2 o2 LiH) . _
oT(1-0% I &g A TPy Phagt P iy )
_ 2 2 1 2 x© 1
04 (1-3) L P
(1-1)2 (1-2) i=o h+i
T ko jEo M T Pli-g)
© L it] 5 21tk
o B0 M Pling| T iE M H 2 £) L, A oy
e e A N
1-22  1-a2
2 2 1 2 ® i
o<(1-2) 3 Z Ao
(1_)\)2 (l A) i=o h+i
+—2—(1+2 F AK pk)z
1-A
20 oy = i @
T+A %1'(14 ) jZo A epyy T (AN LI T pri

}
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p,). Put FO) = £0) ()

and F, () = log F())

log £(1) + log g(})

£,00) + 8, (), say.

A(h, )\) has a unique minimum on (0,1) if and only if Fl(A) does and
Fi1()\) has a unique minimum on (0,1) if and only if there exists

exactly one point AO in (0,1) such that

Fl(A) = 0

\%

F{(A,) > 0.

"

Since Ff(AO) 0

' !
means that fl(AO) g (AO)

or

L
Thg - 814y

- &' (0

s(xo)
then we have

F'(A,) = — g,"(x )
1 (1+1 )2

Y g"(Xo) _ g'(Ao)

gll(xo)
g(xy)

> 0.

This means any solution of

(4.19) £100) = -g] ()

84




must correspond to a minimum and hence there can be at most one

solution. The fact that there is a solution follows from

£.(0)

£

g, (0

g, (D

-1
%
(b} = Ppyp)/ (A-py)
(12 Py~ 4F Py

which means (using 4.18) either

fi(O) <
f{(l) >

or
fi ) >

£1Q1) <

-s;(o)

-g; (1)

-31(0)

—81(1)

and hence there must be a solution for (4.19).

p3'
If a A, exists which satisfies (4.19) then
___'
£10.) = -8, 0)
L
S B0
1+>\0 g(ko)
Hence
g(rh)
144 - gO‘o) £Qy)
= '}\
g'( 0)
and

Ah, xo) = 2023'(A0).
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Theorem 4.2a

oo
for all i, .2 1 ey is convergent,

IEh=1,p0;20 120

+1

and p1 < 1 then the conditions of Theorem 4.2 are satisfied.

Conditions (4.18) reduce to

< +0 ) bt > k.
(I4p,3/2 and ;1 oy > 7%

(4.20) i) o i

1
Wwhen (4.20) holds we may bound A(1,)) below and above respectively

in a nontrivial way by:

. A 2 2
(4.21) Bl( ) 20 (a2 A+ bl A+ cQ)

2 1 A
B,(\) = 20 mjp—l)—) (1-01)

where

. —(p1

[\
(]

- pz)/z

b, = V2 Py - V2 - % o, - %

cp = (V2-7(1-0p)).

In addition we have

(4.22) 202(p, - p,) < AL, xo) < min{202(1 - °,)s o2},

Proof:
For h = 1,

- ¢ 1 -

and since (pi - pi+1

86

) > 0 for all i, g(\) is clearly convex on 0,1).

Also it is clear that the p,; are positive so that the convergence of

i

0 pi implies that

8

i
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and the conditions of Theorem 4.2 are satisfied,
The i) part of (4.18) obviously reduces to i) of (4.20) if

0]
h = 1 since igl Py = 0. On the other hand, ii) of (4.18) reduces to

4 1
p, > (X +p,)/2 and (3, o, < %

But the first of these statements means
P ~0,/2 > %
and since the p, are positive this is incompatible with the second
statement.
Then ii) of (4.18) cannot hold for the hypothesis of theorem
4,2a.
Now
Fl(O) = log £(0) + log g(0)
= log (1 - p,)
Fl(l) = log %.
Since FI(X) iéﬂ;ecreasing on (0, ko) and increasing on (Ao, 1) when

(4.20) holds it is bounded above on (0, 1) by the line

AlF (1) - F1(0)1+ F1(0) = A(log % - log(l - p,)) + log(l - °1)

= 1 A
198 ((r,y) (e}
so that
FO) < Gasy) (-e))
1
= Bu(k), say.
Further,

BT = (1 - p.)(log =) ¢ A
u 1 2(1-01) 2(1—01)

>0
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and, of course,

Bu(O) F(0)

Bu(l) F(1)
so Bu(x) is a convex upper bound of F()) which equals F()A) at the
endpoints.

F(A) may be bounded below in a nontrivial way by noting that
both £()A) and g()) are convex on (0,1) and hence may be bounded below
by lines.

For the line bounding f()A) we choose that line parallel to

the segment joining the endpoints of f(A) on (0,1) and tangent to

£(A).
Since
£(0) =1
£(1) = %
such a line is of the form
(4.23) BN+
where r is determined by
g0y = 5.
Then
Ak = V2 -1
so
—%A* +r=-%
and
r =2 -4,
Thus

£ > B\ + (V2 %)
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for A € (0,1). A line analogous to (4.23) which bounds g(1) from below

exists but is difficult to determine since we would have to solve the

equation

© i-1
1Eo LA Py m gy,

for X.' However, we know (pi - pi+1) > 0 for all i, so that
g(1) > (1-p)) + A(p,-p,)

for » € (0,1). We have then

F(A) = £(0) g(V)

>I-%+ (Z- 916, -0) A+ Q-]

(p,=-p,)
= - '——lf—a— A2+ [V2 P, - (V2 - %) o, - 5l

+@-p)0Z-%

= B (A), say,
L
since both lines are positive on (0,1). The following bounds are
thereby obtained for A(l,A):

Upper Bound

1 A
202(1 - pl) (’2—(-1__Tl)")

This bound is actually valid under the conditions of Theorem 4.2 if

we put p, = p,. This is because we only need A(h,\) to have a unique

minimum in order to derive the bound.
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Lower Bound

202 A2+ Db A+ (h
o (al . (h)

B (0) = (1 - p1></5- %)
>0

B, (1) = (1 - pz)(/f— 1)
>0

and BQ(X) is a concave parabola so it is a nontrivial lower bound for
A(L ).

=) i-1
. R h . _
To show (4.22) we notice that iéo i (pi pi+2) increases

from (p1 - p2) to iél p; on (0,1) and so we must have

202(p, - p,) < B(1,2)
1~ P2 0

- i=1 "i°
But since
A(1,0) = 202Q1 - p,)
and
A(L,1) = 202(%)
= g2

we know that

A(1,x0) j_min{Zcz(l - pl), o2} .

Also >Y% by (4.20) so that

i

a8

1 1
2 ¢ 252 %
0 < 2T 4k Py

and we finally get

20%(p, - p,) < 8(Lhp) < min{206%(1 - ), 0%},
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This last inequality reveals the fact that the predictor

~

(4.24) Xt+1

= (-2 igo X X1
is never worse than predicting by using the mean (i.e., a simple
unweighted average of the past).

The bounds derived have potential use in cases where Ao
cannot be explicitly determined but N and p, can be estimated fairly

accurately.

Cox-Type Predictors

A natural generalization of the ewma is

~ __——l_- o)
(4.25 Xean = F00 10 b1 ¥ X

i , in an analytic function in the unit circle,

real and nonzero on the interval (-1, +1). Our interest in random

where £(}) = izo b Ai

variables of this form lies in the fact that they often will be
insensitive to long term trends in the mean. By this we mean that
if the mean function changes slowly with time the predictor will
follow the trend of the mean. We will often be able to modify the
predictor and obtain one which is nearly optimal in the sense of
smallest mean square error. The following result, however, limits
their use.
Theorem 4.3

If a time series obeys the model in (1.1) with Mt a
polynomial of degree m then a Cox-type predictor is unbiased for all

A if and only if m = O (constant mean).
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Proof:
If m = 0 the predictor is clearly unbiased since

1 1 M2
£

Elroy 120 P1 M Xeeq) 7

o8

If the predictor is unbiased then

EX ) = Mg

1

FO) i b, A" M

0 i t-i

i1

where Mt is the polynomial mean function of degree m. But we have that

M, = T ('i)jMEj)
t-i j=0 ———31—————
where Méj) = dj Mt/di and
m ]
v - o W

t+h ~ 320 3! t

so that unbiasedness requires that

3 (3) I3 (D)
T M 2 2 b Atz O
j=0 ! £f(2) i=0 i j=0 3!
o1 My i
=Ty 3Eo 71 )iZe P by 2 E
. olbnt
or iéO ———??KS——-= h” for j =0, 1, 2, ...

In particular we require
. i
w —1 bi A

o TEy "
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or
ALTQ) |y
£(0)

whence

£O) = a0,
This requires that

t+h = Xe+h

which is absurd.

This result on unbiasedness clearly applies when using the
ewma to estimate the mean of a process.

When obtaining predictors with arbitrarily small mean square
errors we will use the Cox-type expression as estimators of the mean
rather than predictors themselves. We will be looking at the per-
formance of these random variables for values of A in the vicinity of

A= 1.

Definition

An estimator u(A) of the constant mean p of a stationary time

series is called Abel-efficient if

(4.26) 1im E{u(A) -u}2 = 0.
A1-

The following result gives interesting formulae for the
variance of an estimate of u and for the mean square error of

prediction of Xt+h°

Theorem 4.4

b ] bl = !
If iEOIbil < ® and 150 bi 1 for a real sequence of bi s

the random variable



(4.27) 120 P3 ¥eoy

has the following properties, provided the mean of the process is a

constant u.

py) Blygo Py Xeogm )" =07 4o 40 By By Piyg
+m
(4.28) = o? J [8(x) |2 d F(y)
-
_ S 12 = 2 _ e
P2)  ElXup gdo By Xyl =0 21 2120 P4 Phtt

+,E, E b b

i%0 j 3 Pli-3|

> il -ih
o? f lg)-e |2 d F(y)
-T

where g(y) = kzo bk e1ky and F(y) is the spectral distribution
function of the process.
Proof:

© o _ © _
Py) E{;2 by X _; - w}* = E{;2, b, (X__,-0)}?
= Eliko 320 Pu Py Ko™ Ky ™)

- 2 © o
°" kkoko Pk Py Plig|

But we know

=T
- i(k-y
=y J ¢ 4 ¥

hattl)

94
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hence
-+
0 _ 2 o 2 o © j_(k_j)y
E{Z bixtiu} o kéojgobkij"e d F(y)
= o2 [+ (& by "N GE b, ) aFy
k=0 j=o0 j
= o2 J |g(¥) |2 d F(y).
-
o 2 o 2
p,) EXern ~ 10 Pt T T e
=42 5§ 5 _
0% 4Zy 480 Py Py = Py TPty )
= g2 _ 2%
0f (1= 248, by Py

* idg ko P2 Py Play)

<+ ih
cﬂl-zj M g(y) d F(»)

-

+T
+JludeFw»

-

But since F(y) is an even function we know that

+77

+1 L
J e o) d F(y) = J e T 4 Fiy)
-7 -

Hence

T ihy ihy
oo _ 2= 2 -
E{;Zy by ¥e g~ Xppn! © gj_n(e g(¥)) (e

-g(y)) d F(y)i

4+
= g2 J MY _ g2 4 F).
-T
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In particular, it is interesting to note that if the bi are proba-
bilities then the choosing of a distribution on the nonnegative
integers which gives good weights for a predictor is equivalent to
choosing a characteristic function of such a probability distribution
which is '"close' to e_ihy in the sense of the norm defined by

+7 L
(4.29) |Ihy) || = c(J |h(y) |2 d F(y))

=T

We first look at Cox-type estimators for uncorrelated random

variables with common variance. Denote the estimator as

(4.30) w) =

i
iEo & A X _/EW)

0

and its variance as A where f()) is chosen as in (4.25). It is

£Q)
clear that we may as well confine attention to A € (0,1) and positive

a; if we want good estimators since

=02 § (a. WH2/¢

o i2
ben) i%0 (81 iZg 23 M)

and
by = loeqy |

R - 1271 % i,
0% jLo(ay A2/ 5y ay 7]

2 % iy2/0 ¢ iy2
> 0% Jro(ay AD2/GE a2

o0
We also need look only at divergent series 150 a; since otherwise we
cannot have good estimators in the sense of Abel-efficiency.

With this in mind we consider coefficients of the form

(4.31) a, " 1V L)
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as 1 >~ » for v > 0, where ~ means the ratio of the two quantities

tends to 1 and L(i) is a nonnegative function of slow growth. This
means that

L(c 1)/L({) > 1

as 1 » « for all c > 0.

Theorem 4.5

If a, - iv L(i) then

Aoy T 02r(1+2V)(1-K)/F2(1+v)21+2v

as A > 1- for uncorrelated random variables with constant variance 02,

Proof:

A result used by Smith [17] and deducible from a Tauberian

theorem due to Karamata [8] states that if

a, " i¥ L)
then
© i . °(1+v) 1
L A L( )
i=0 1 (1_x)l+v 1-x
as A > 1-. From this we deduce that since
2
ai2 ~ 1%V L%4)

and L2(1) is still a function of slow growth then

1

(1-22) T2V 1-12

and consequently



98

£ 2 284, % i
2 iZo 2 M /Gy e A7
r#2y) o 1 a2 -2
142v (l—k)}
(1-12) 1-12 r2(1+v)
Now
L2 (_._1__) = 12 (__l___.)
122 (1-2) (1+))
. 1
LGy
therefore

2 . 1

L2 (— Ly
o Y

as A > 1- and the function of slow growth does not affect the final

result. Also

2+2 142
(1_x)2+2v/(1_xz)1+2v = (1-)) + v/(l_x) + v(l+x)1+2v
1+2
- a2
hence
A . g2r(1+2v) (1-0)
2
£(0) 1..2(1_|_\))21‘f' v
as A > 1-. If v is also large we have by Stirling's formula
T (1+2v) .1

F2(1+v)21+2v 2Vmv

so for large v and A near 1 we have

. a2(1-))

A
ER) oy
The next result shows we have quite a wide choice of functions

on which to base our estimator in the case of a stationary sequence

o o & e & oS Gy 0 G D VR U0 9 5 W s O @ L ]
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of random variables.

Theorem 4.6

Suppose f(z) is analytic in and on the unit circle except at
z = 1 where it has a pole of order k and k is a positive integer.
Suppose f(z) # 0 for z €(0,1) and for |z| = 1, then the Cox estimator
of u based on £(2) is Abeljefficient if and only if the spectral

distribution function, F(y), of the process is continuous at y = O.

Proof:

The Cox estimator based on f(2) is

where 1§o a zi is the Taylor expansion of f£(2) in the unit circle.

If in theorem 4.4 we put

i
bi = ai ATTE)
then g(y) = Ef%i kzo a >‘k o 1KY
= ey /E0)

and consequently

Var. (n(\)

+7 iy
52 J IESA_E__liE_d F(y).

-7 |f()\)|2

f(2) may be written as

(2 /(1-2)F

£(2)

where h(2z) is analytic in and on the unit circle. Then

£ e 2 L _[1mal?k [nGe™)|2
£ | l1-x XY |2k |y |2
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and the analyticity of h(z) for lzl.i 1 implies |h(x eiy)lz/lh(x)IZ
is bounded uniformly for A €(0,1) and y g(-m,+m). The quantity is
also bounded away from zero for y g(-m,+m) and x e(1l-y,1) for some
y > 0.
Since
| a-ny [/ ]1-r YY) <1

then by bounded convergence we have

iy, |2
r 1w EQ D2 4 5y

lim Var(;(k)) = g2
rasl- EQ)|?

A>1-

SO

+m R +m
62 m J §(y) d F(y) < 1lim Var(u(d)) 5_02 M J s§(y) d F(y)

- A>1l- -7
where
iy, (2
h(x e7)
M= sup. ‘————————{
A€(0,1) h(d)
ye (=m,+m)
m = inf. 'h(A eiy)\
re (1-v,1) h(})
ye(-m,+m)
0 if 1y +#0
§(y) =
1 if y=0

Since m > 0, the result follows.

The next result concerns the particular function
£(z) = 1/1-z. We know already that the Cox estimator based on this
function is generally Abel-efficient. The following expresses the

requirements in terms of the correlation function.
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Theorem 4.7

1f £f(z) = 1/1-z then the Cox estimator based on f(z, is Abel-

efficient if and only if

b r =0—-]-'—
21 Py T=x
as A > 1-.
Proof:
- _ © i
u(d) = (1 x)igo A xt—i
> o <2(1-012 ¢ ® i+]
Var(u(r)) = o<(1-1) 1Zo jgo A Jrmy

_ O'ZS].—}\! «© 2
= Tam 1+22 2o}

“02@-01 L AT o+ %)

as A > 1- and the result follows.

In view of theorem 4.5 for uncorrelated variables, we
intuitively feel that perhaps for any given Cox-type estimator we
can improve on it by choosing an f(z) whose coefficient sequence
increases more rapidly than the given one. 1In other words, it seems
that if f(z) is of the form g(z)/(l—z)k then we get better and better
estimators of p by taking k larger and larger. The following
example lends some support to this intuition.

Lemma 4.3

Let al(k) be the Cox-type estimator of u based on

£(z) = 1/1-z and let ﬂz(x) be the estimator based on Zz/(1-2)2. If

the process is first order autoregressive with
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pT = pT ’ T = 0, l, 2,
then
o _02(1-2) ik
Var(ul(x)) = am i
(4.32)
Var(u_ (1)) = 02(l—k)2§(1+>\2)(1+kp) + 220
’ (1+2)2 )(l—kz)(l—Xo) (1-1p)2
and

Var(un, (M) , A £(0,1).

A\

(4.33) Var(ﬂl(x))

Proof:
Computation of the variances is routine so we will only prove
(4.33). We start by noting that since A €(0,1) then

2\ 2\p

>

1-22 1-(xp)?2

and
1 ((1+x)2-(1+xz)\> 2)p
or
142 142 2Ap
-0 52 (1=2p) (I+Ae)
Hence
1+) | 12 2)p
-2 7 52 (1-xp) (1+rp)
and
2 2(1-2)2 2
02 (1-1) l+)\p% ,02(A-02 ) (A2 (Ikrp) | 2Mp
(1+12) | 1-xp (141) 2 (1-22) (1-2p)  (1-rp)?2




Since Cox-type expressions may be used to predict future
values of the process as well as estimate the mean, one naturally
wonders if perhaps a relation like (4.33) holds for mean square
errors of prediction as well as for variances. The following
results, which compare the mean square errors for the process in
Lemma 4.3, gives a negative answer to this question.

Lemma 4.4

Let X be the Cox-type predictor of Xt+h based on

1,t+h

f(z) = 1/1-z and let X2 be the predictor based on z/ (1-z)2.

t+h

If the process is first order autoregressive with

then

~ h, h
(4.34) i) E{X . -X }2 = ZEE_(l + £{1-2) Qp=p=hp ))

t+h 1,t+h 1+x (1-xp)

~ h 9
i) E{X_, - X cand? = o211 - 20 (1-})
2 (1-1p)2

+ (142%) (1+rp) (1-1)
(141) 3(1-Xp)

12
+ 2)p (1-2) .

(1+2)2(1-2p) 2

Proof:

The first of these formulae has been given earlier in this

work and we only derive the second one here. Since

~ . h
Xt+h and Xz,t+h have the same expectation we have

103
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)-2 COV(Xt+h’x2,t+h) .

~

_ 2 = X
t+h xz,t+h} Var(Xt+h) + Var (X

E{X 2, t+h

From lemma 4.3 we have the variance of X so we need only

2,tth
compute Cov(Xt+h,X2,t+h).
We write
> - ay2 2 i-1
o e+h - (DT 45, 1A t+1-1
so that
. 2132 @ i-1 ht+i-1
00v(x2’t+h,xt+h) o2(1-)) iEo 1A P
- ozgl—x)zgh
(1-xp)?
Then
- 200 (1-0)2 | (1422) (1+4p) (1=1)
EXm — %, t+h}2 = 0%l - +
’ (1-xp)? (1+2) 3 (1-2p)
2)p (1-2) 2
+ .

(1+2) 2 (1-2p) 2

Whereas we have seen from lemma 4.3 that

(4.35) Var(X., _..) < Var(X. ...), A £(0,1)

2, t+h 1,t+h

we also see that

a-02" _ "a-1)
(1—%9)2 (1-xp)

(4.36)

for ph > 0. The expression on the right of (4.36) is

~

Cov&iyn X1, t4h

) so we see that the relation between [4.34 (1)]

and [4.34 (i1)] is rather complicated, depending on whether ph

104
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is positive or negative. We can conclude from (4.35) and (4.36) that

~

oy 2 _ 2
(4.37) EX i = %5 wnd” < B~ X en!

h
if p < 0. Below is a tabular comparison of these two predictors

h |, : .
for cases where p 1is not necessarily negative.

Let

~

= - 2
Ai(x’h’p) E{Xt+h xi,t+h}

for 1 = 1, 2. These mean square errors will be compared for values of
p between - .9 and .9. For each value of p in this range the
following quantity is tabled for h = 1, 2:

Ai(h,p) = min Ai A 2

AES g

where § = {-.9, -.8, ..., .8, .9}.
We now show how an almost optimal linear predictor may be constructed
when the mean of the process is not known, using the best linear
predictor for known mean and a Cox-type estimator of the mean.
Theorem 4.8

Suppose the best "linear" predictor of X when the constant
PP t+h

mean p of the process is known is

1 oa X i + u(l - igo a,).

(4.38) 0 i t- i

i

Then
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(4.39) Xewn = ko 21 Feog O 7 4L 3p)
where

W= gk by Xy
has mean square error

- X 2 = 42 _ % 2 By —yl2
E{X 4y ~ Xpypt? =05+ - ;2 a)? E{u-ul

where
(4.40) 62 = lim 02(1 - p' =" p)

0 oo -
is the minimum mean square error of prediction for known mean
(i.e., mean square error of 4.38).
Proof:

. _ 2 = - -1 = 2 2
BXoph ™ Xend” = B = gEo 35 Xey m 0@ L) 8y))
= B{(X W - 4Ly 3, KW
- (u- _ % 2
(=)@ - (£ a)}
) -5 —u) 12
E{ Xy ~3Zg 23 KX 4=
- 28f uey12
+ (L - % a)E{u-u}
-2 -,z a) B{QE -k 2, (X -0)
(u-u) }.

o]
Now (Xt+h -y - iéo ai(Xt_i—u)) is recognized as the error of pre-

diction of the best linear predictor when the mean is known and hence
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is uncorrelated with each member of the sequence (Xt—u),
(Xt_i—u), e+ « In particular, the error is uncorrelated with (p-u)
since

(u-u) = L b, (X _i—u) + (150 bi—l)p.

o 1 ¢t

We see then that since

£ oa, (X, ,~w1}2 = o3

B 0 i t-i 0

R

then

R i s ) -
E{Xt:+h Xt+h} 9% + 1 1&0 ai) E{p-p}<.

~

If an Abel-efficient estimator is used for u then we get

2'

lim E{Xt ;

-X . }2=0
A1 t+h

+h

It will often happen (e.g., with autoregressive schemes) that
in constructing predictors as described above, only a finite number of

the ai's will be nonzero and in this case we have
k n k
+ p(1 -

A~

a,).

(4.41) Xewn = 120 21 Fea 120 %4

If u is chosen to be insensitive to long term trends (i.e.,

= (1-2) izo Ai Xt—i’ A not too near 1) then the predictor will be

insensitive to such trends if k is not too large. This will be the
case for low order autoregressive schemes.
Example 4.1

Suppose we are dealing with the simplest autoregressive scheme.

The classical predictor of Xt+h is

ph X, + (l—oh)u
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and putting

T x

w() = @-0 LAt x

the modified Cox predictor is

h h @ 1
A-xrp ) X+ A-pDA-N) L A X .

Its mean square error from theorem 4.8 is

h = i
2+ - 2 -
00 (1-p )% Var{ (1-1) iéo by xt-i}

“ _ 2
EXin = Xpen!

02 (1-p™)2(1-1)2
(1-12) (1~Xp)

62 (1-p2") +

1-pM2(-1).
(14+2) (L-ap)”°

021 - o2 4

It should be mentioned that one cannot decrease the mean
square error at will and at the same time guard against trends in the
mean. One must in each experimental situation decide which type of
error is most important and choose A accordingly. One point, however,
is quite consoling. It may happen (see Cox [ 3]) that the mean square
error of prediction is rather insensitive to choices of A. In this
case one may well choose A considerably below 1 and still enjoy a small
mean square error while maintaining a guard against long term trends.

We have seen that the predictor in (4.39), where ; is an
Abel-efficient estimator of the mean u, is optimal as X > 1-. We have
also noted in (4.41) that (4.30) is often of the form

N k-1 -
(4.42) Xewn = 180 33 %emg T 3 ¥

where
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for some positive finite integer k., Now whereas the ai's in (4.42)
are good choices for A near 1, it is very unlikely that they are the
best choices for all A. We consider the problem of determining the
best ai's when a is chosen as in theorem 4.6.
Theorem 4,9

Suppose for a process satisfying the model in (1.1) that
0 bi » Xt—r—i

£00

fic18

- k-1

_ i
(4.43) Xetn = 180 21 Feq T3

for some positive integers k and r and fixed function

i
0 bi A

18

£(A) = i

satisfying the conditions of theorem 4.6. If the mean function Mt is
a polynomial of degree m < k, then the best choices of the ai's in

(4.43) subject to the predictor being unbiased are

-1 -1 =1 =1 =1
= - t 1 -
(4.44) B = &~ I MO T MY Oy I o)
and the corresponding mean square error is

~1 -1 t ' -1 -1
(4.45) o2{l - py I p + (M I p ~R)TQMG Z M)

1
M B gy
where

_a-;(=(;0, al, ey ak)



1 p1
Py 1

Zk = L]

(k+1) x (k+1)
Pr-1
I 8. 8
p, =
Ex

11

01

01

Ml'c - . .
(mt+1) x (k+1) '
LO 1
E' = (1, _h, s e g

and
= —2 (o] o0
8po = [EMT 425 &g
—1 [e2]
= b
B (£)1 ° ;2

b [£(x ]"1 T b, A

ir () i=0 1

pk—l gr

pk—z gr-l

1 8r—k+1

Br—k+; 200
=

(Pps Prrs *** 2 Phako1’ Shir)
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If m = 0 (constant mean), i£0 bi p|i+r—jl is convergent for
§y=0,1, ... k=1,-h and the spectral distribution function of the
process has a positive continuous density in a neighborhood of the

origin, then the expression in (4.45) tends to
2 At -1
(4.46) o4{l - g K1 Zk_l Bk—l}

as A > 1-, where

1 pl P, e pk_1
p1 1 p2 e pk_.2
Zk—l =1.

Pr_y Pi_
{ k-1 "k-2, ... 1 J

Plp-1m PpoPpyys oo Phk-1) .

Proof:
Let
Zt—i = Xt—i’ i=0,1, 2, ..., k-1
Zt—k [£)] iéo bi A Xt—r—i
and put
' =
Z (s Zygs voes Z, )
Then

Cov.(2) = o2 Iy

The predictor in (4.43) may then be written as

~

= At
Xm=-2 %

where
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2.' = (aoa al’ ’ ak).
For unbiasedness we require that
n k~1 a .
E(X, ) = 2. a M ,+=— F b alwu
t+h i=0 "1 Tt-i f(A) i=¢9 1 t-r-1i
= Metn
Since
m ri M(i)
M, =3 -—=
t+r 1=0 il
where Méi) is the i-th derivative of Mt’ then we require that
)
k-1 m (—i)jM a - ./ m h| m
: af.p ——t— )+ § b, aY,p xR D).
i2g “i\j=o0 j! f(A) i=0 1 j=0 j! t i=
or
[ K
igo a1 =1
k-1 a, ,
© . l__
150 i a; + 0 l50(r+1) b. A7 = =h
(4.47) ﬁ .
k-1 a.k
.m @ A\ i_ .\
| iBo A TEGY R (T b A= W)

which may be written as

(4.48) M a = h.

The mean square error of prediction of (4.43) for any
ai's which make the predictor unbiased is

(4.49) c2{1-2a'p 4oy I, p, -

113

h|
h” ()
o 31 Me

set of
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We now see that the minimization of (4.49) subject to (4.48)
is exactly the same problem dealt with in theorem 3.1, the minimiza-
tion of (3.4) subject to (3.5). Hence the solution is given by (3.1)
and the mean square error by (3.2) which are (4.44) and (4.45)
respectively in the present case.

If m = 0 then (4.45) reduces to

2 - at v 1
(4.50) 0441 Py Zk £y + — 1
iz 1
k
since Mk =3
and
h=1

By lemma 3.1 with

X=X
= %
and
S = Zk
we have
(8, -g' I o, )2
gl - Z—l + h+r k-1 k-1
O Tk B T Pror fk-1 e g L o
Boo B ‘x-; B
where g = (gr’ B> 0 gr—k+l)'

Hence (4.50) becomes

(g, , -8 oo )2
2 e -1 By k-1 2k-1
(4.51) o2 f1-p!  El oo e
oo™ i1 &

-1

1 Z _1)2
LU _%k
U
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Now
. -1 2 _ ot -1 2
By &' Iy By ) =2 L1 £ y)
-1 - y o=l
(800-g'zk_1 _&) (200—2’_ Zk—l &_)
= - 2 A =
where Qj f(\) gj . 100 £f4(\) 00> L] (Rr, Qr—l’ ooy 2r—k+l)'
Then

]

© i
1im & lim X b, A7 p,.
Al i Aol i=0 i |1+j|

= 1Lo Py P14
= Pj, say,
-1
for j = r, r-1, ..., r-k+l and h+r. Since Zk—l and_Q_k__l do not depend
on A then
Hm &' £ o, . =p' I o
role k-1 ~k-1 k-1 ~%&k-1
and

' = n! 5
L e 2TR R R

where E.' = (Prs pr-—l’ se ey Pr_k+l) . Now

. ©®  ® 1+]
lim 2, = 1lim I  ,I b, b, A 01+
Aol- 00 57 1%0 350 71 73 |i-1]

= 1lim J+ﬂ|f(leiy)|2 d G(y)
A>l= Jen
where G(y) is the spectral distribution of the process (see theorem
4.4), Let the density of G(y) be g(y), then by Fatou's lemma we have
+7

m
i i
lim r [Ee™) |2 g(y) d y zJ lim[f(e™) |2 g(y) d y
AFT=" 4= -7 A>1-

=oo.
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Hence 1im % = o
Nl 00
and
-1 -1
(8. .~&' I Y2 (p, -p' I, o _)?
(4.52) 1lim htr k—i Bx-17" _ Phir k-1 :11<—1 - 0.
- —c! !
A1 (goo_g zk—l g) ( lim QOO D Zk—l D)
A>1-
Using lemma 3.1 again we may write
-1 -1
—-g! —g!
i' . -t + -8 1G85 E’-k—l)
k P‘k 1 k-l B'k-l ( —o! 2—1 )
Boo B ‘i1 &
and
a-g' Il D2
-1 1 B 4x 1

j=41"I_, 1+

ij Zk -1
(g 0 O_EV Zk_ 1,8.)

We see then that
-1
[ - 2 2 2
G Zk N 1) CAA + ZARASA+ RASA/CX
7
BCA + Rx

where

=15l 1

=
|

-1
- PP |
Cy = 8pp™8 1 &

o
1

-1
VT -s D

-1
= —o!
Sy = (B8 Ty B4)e
A and B are independent of A and we note that

lim CA =0
A>1-

from theorem 4.6,
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Also
lim RA =1
A1~
lim SX =0
Ar1-
since the components of g and Blgr tend to zero as A > 1l-. Then we
have
-y - 2 2 g2
LW g o D2 R 5
lim oy} = lim
A>1- 1.1 A>1- C, (BC, + Ri)
g2
= lim A

- 2
A1 CA(BCA/RA + 1)

2
. SX
= 1lim T
A1~ A
(g, -g' 5. o, )2
o B ARt By
= lim

Al- (g, -8 21:1 g)
=0
from (4.52)., Then (4.51) tends to (4.46) as A > 1-,

The expression in (4.46) is recognized as the mean square
error of prediction of the best linear unbiased predictor based on
the last k observations when the mean is known. Since for an auto~
regressive scheme of order & < k the best linear predictor for known
mean never depends on more than the last & observations we deduce

that the predictor in (4.43) with the a,'s given by (4.44) is

i

optimal as A -+ 1- for such schemes when the mean of the process is

a constant.
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Example 4.2

Let
m=20
r=20
k=1
£ = 1/1-x
then (4.43) becomes
it+h = a Xt + al(l-k) izo Ai Xt—i

and this is of the form of the modified Cox predictor in example 4.1.

Since
ot s \
. )
8 800
' =
< (ph, gh)
Ml'<= (1,1
h=1
then

~ -1 -1 -1 -
a= o Loy M 04 B0 M7 0y 5T g oD

gOO_gO-gh+ph)

- (goo_zég+l)( _ -
1-g 8, =Py,



Now
o i
(1-p,) - 8y *+ 8, = (I=p)) = I, A" (p =y s)
® i+
ko M (PymPpyy)
o 141
1o A Py P TP g 41)
and since
g ~2g +1={l-20a-0 . ato + a2z E § A, }
00 0 120 1 i%0 j=0 |1-3]

is, apart from a multiple of o2, the same as

© i 2
(X, - -0 E At x )12,

i.e., the mean square error of prediction for h = 0, we have from

theorem 4.2

-2g, + 1= 22 [.¥

i+1
800 Tn LiZo A (pymey DI

Hence
a =) 4 b0y
1 2\
where
oy = £ At o A o-eL )
i=0 h+i "h+i+l’'i=0 i Ti+l
and

_1—310

[\
|

The conditions for the mean square error to coverage to
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(4.46) reduce to the assumptions of a positive spectral density and
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the convergence of igo ey The mean square error for any A €(0,1)
is by (4.45)

o g - Cp —g2)2
(P80 80~ 880 *Bn 80080

o2{1 - pﬁ +
(800785) (8, ,~28(*1)

and tends to

2{1_~2
o4{1 ph}

as A > 1-. If the process is the simple autoregressive one dis-

cussed in example 4.1 the weights turn out to be

{ph(1+x) + A = 1}/2x

[
n

(1) (1=p™) 1/ 22

)
—
il

compared with

_ h
a, = p

(l—ph)

P
1l

of example 4.1.

Theorem 4.9 provides us with a method of constructing a
predictor when we have a very large number of observations. Although
the formulae are similar in appearance to those of theorem 3.1, the
complexity of the calculations does not depends of the sample size
but rather on our choice of k. The value of k we choose will
depend on how many lag correlations we feel are important. If it is
reasonable to assume that future observations from our process
depend mostly on the immediately preceeding two or three

observations we take k = 3 or 4 and the calculations will be only
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moderately involved. Roughly speaking, the method of prediction

of theorem 4.9 is to use the most recent observations for informa-
tion concerning the future values of the process and to use the‘
remote past to estimate the unknown mean. As noted before, if the
future of the process depends only on the recent past, the predictor
should be quite good. At any rate, it is an improvement over the
method suggested in theorem 4.8. It should be noted that the
predictor in theorem 4.9 is the first one we have encountered in
Chapter 4 which may be constructed to be unbiased if the mean
function is a general polynomial. For small values of k and proper
choices of f()\) the predictor will also be insensitive to long

term trends in the mean of the sampled process.

Summary of Chapter 4

In this chapter we have discovered that in general there
does not exist a best predictor which is unbiased and linear in
the observations when we have an infinite past and an unknown mean
function. We have found that the ewma of Cox depends mostly on the
last ten observations in the simple autoregressive case and that the
ewma may be useful in a more general setting than the simple one
discussed by Cox. Bounds for the mean square error of prediction
are derived for use in the general case.

Cox-type estimators of the mean are discussed and the notion
of Abel-efficiency introduced. A method is given for constructing
a predictor, when the mean is an unknown constant, which will be as
near the optimum as desired. Formulae are derived for the best

predictors in a certain restricted class of linear predictors and



these predictors are shown to be arbitrarily near the optimal for a

rather useful class of stationary processes.
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