
ABSTRACT

HONNAVARA, VINAY S. Cost Optimization by Method of Allocating Software Compo-
nent Units to Electronic Control Units for Model-Driven Designs. (Under the direction of
Professor Paul D. Franzon).

Technological advancement in the semiconductor industry and applications has

caused a tremendous growth in vehicular electronics, one of the major hurdles due to this

explosion is the increase in wiring beyond proportions. Due to the increase in wiring,

mileage, stability and reliability of the automotive is affected. At this critical juncture,

model based designs allows a software implementation of the automotive and hence multiple

architectures can be designed and evaluated at a faster rate without the necessity of building

an actual automotive.

A binary quadratic programming model (BQP) is designed to optimize the wiring

and also consider the total cost of the electronics, so that an optimal minimal cost solution

can be achieved with respect to the electronics of the automotive. The solution of BQP

model will result in the assignment of software components (software tasks) to electronic

control units (processors) based on various constraints like memory, performance e.t.c. and

to achieve the wiring harness. A software package which will setup the environment, solve

the binary quadratic programming model to optimality and provide solution sets will be

presented here.

The thesis work will provide benchmarks for various problems and a variant of

an actual automobile. These benchmarks range from simple examples to futuristic vehicles

and provide an insight into the optimization achieved from a system perspective. A simple

example is used to illustrate the parameters of the BQP model and results are presented.
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Chapter 1

Introduction

Electronics has become one of the most growing factors in present day’s automo-

tives. Ease of operability, entertainment,telematics, flexibility, re-programmable features,

troubleshooting and automated control of performing the mechanical tasks of an automo-

tive, apart from these it removes the dependency on manual control which reduces problems

due to safety, environment and traffic [4] , such widespread usage has contributed to the

outburst of the electronics growth. The cost of electronics has now reached a stage where it

amounts to about half of the cost of the vehicle for high-end automotives. Figure 1.1 shows

the evolution of electronics from the point where electronics was first used in an automo-

tive to present day automotives. Although boasting of its infinite advantages it presents

a huge problem as electronic content in automotives increases by every production cycle,

the wiring also increases. Technology advances in the semiconductor and the networking

area are addressing the wiring problem but network architectures are not standardized and

are complex in nature, thus wiring is a good approach to have a working solution for a

given design. However with the growth of electronic content in automotives, maintaining

a lot of wiring is a burden, with the weight being as high as 100 pounds [3]. One of the

major setbacks is that the increase in electronics has always been considered as a hardware

problem and thus the testing and verification is also done using the old-age approach of

using bench-driven testing. As the paradigm shift occurs towards the model based designs,

where instead of an on-board testing, a virtual prototype is done with finer details of elec-

tronics inside an automotive, more options can be tried and tested without compromising

on time-to-market and the cost of the automotive.
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Figure 1.1: Evolution of electronics.

1.1 Motivation

Electronics are presented by building blocks called ECUs (electronic control units)

which are board design hosting many processors to perform varied tasks from trivial such as

mirror adjustments to complex ones such as the powertrain control. The cost of the ECUs

directly affects the cost of the automotive, thus high-end automotives are known to have

as many as 100 ECUs. The proliferation is mainly due to entertainment (multimedia) and

telematics (radio, GPS). Also along with these, information from sensors, user inputs and

housekeeping to name a few. These ECUs must be networked together causing huge wiring.

With more and more features and advancements in automotive industry like automatic lane

detection, drowsy driver detection [6] automotive companies strive to address the wiring

problem. The most simple and popular solution to reduce wiring is to place the ECUs close

to the function they intend to perform, for example, brake adjustments control unit is kept

as close as possible to the brakes, airbag deployment unit close to the airbags, powertrain

control unit close to the engine and so on and so forth. This will cause a proliferation

in the number of ECUs which is again unwanted. Thus an overall view of the ECUs and

the wiring needs to be considered to actually optimize the architecture. Figures 1.2 and
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1.3 indicates the growth of electronic content in automotives for the past three decades,

although the electronics growth has been tremendous, the weight due to on board circuitry

is quite insignificant when compared to the weight of the automotive which is not the case

for wiring, this is mainly due to the enormous technology changes in the semiconductor

industry. However the metallurgy industry has not undergone such a huge change which

can reduce the weight of the wiring drastically. Although use of aluminum alloys [7] has

reduced the mass to an extent, a radical change is necessary to have minimal wiring and

achieving the functionality without compromising on safety and reliability.
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Figure 1.2: Cost of electronics.

1.1.1 AUTOSAR and reconfigurable middleware

With the advancements in reconfigurable middleware, which allows features, func-

tions and services to be added on to the vehicle at a later time, even at post production

level, spurs an increased growth in software. As this can be just seen as updating, reconfig-

uring, upgrading or formatting the software like a ‘plug and play’ capability, enough over-

head is required to visualize these parameters for smooth operation. Also with AUTOSAR

(AUtomotive Open System ARchitecture), a consortium by major automotive production

companies, trying to set a single standard, so that there could be a competitive market

for OEMs (Original Equipment Manufacturer) and reducing the redundancy for the same

functionality from different automotive companies, with the basic software and the inter-

faces being the same for all automotives. The competition among OEMs will cause a rapid



4

1970−80 1981−90 1991−00 2001−2010
0

10

20

30

40

50

60

70

80

90

100

110
Increase in weight of wiring (in pounds) from 1970 − 2010

W
ei

gh
t o

f w
iri

ng
 (

in
 p

ou
nd

s)

Figure 1.3: Weight of wiring.

growth in embedded electronics again overlooking the wiring problem.

1.1.2 Model-driven design

The old method of testing and verification of an automotive using bench or “plant

models” is expensive, cumbersome and causes a slow time-to-market [5]. In a nut-shell,

bench based design uses an on-board design and embedded software with connecting wires

to check if the desired functionality and all the features are performed, thus actual board

designs are needed to test the functions from complex functionality as powertrain man-

agement to simple ones like keyless entry. One major limitation is that it causes lot of

time and money to actually build the hardware and at the same time presenting maxi-

mum performance and reliability. Another limitation is that software engineers have very

little understanding on the workings and inner details of the ECUs when troubleshooting

is concerned. On the other hand model based design or virtual prototypes offer excellent

troubleshooting, where software engineers build the models for the electronics of the au-

tomotives. Virtual prototypes provides faster time-to-market with fewer bugs and it uses

software programming for mathematical models (VHDL-AMS, SystemC, C) and has power-

ful analysis tools for performance, reliability, safety and other important parameters. It also
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offers a cycle-by-cycle analysis using waveform viewers which will enhance error detection

and correction. As stated earlier that automotive companies have started visualizing that

the growth in vehicular electronics needs to be provided with a software solution rather than

a hardware one, software tool based companies like Mentor Graphics are teaming up with

automotive companies to provide solution for such problems (CAPITAL HARNESSTM ),

such tools offer complete information on ECUs, functions and communication, many archi-

tectures can be evaluated in a lesser time than plant models. Thus using grey box testing (or

even white box) multiple architectures can be evaluated at a software level, which is faster,

and the most optimum one can be considered. Virtual prototypes will soon be embraced

by other automotive companies as they realize the limitations of the bench designs.

1.2 Goals

When we consider the bigger picture of increased software content and electronic

growth on one hand and on the other, virtual prototype or model-driven design solution,

which offers better troubleshooting, is inexpensive and provides options for other architec-

tures to be considered. We would like to propose a model which will optimize the cost of

the wiring and in doing so will optimize the entire system since it considers the ECU types

and its cost. As stated earlier that one of the most common and popular solutions to keep

the ECUs as close to the car parts they service, if this is indeed an optimal solution our

model will definitely find it, in case it is not then our model has the potential to return an

optimal solution.

We prototype a solution and provide benchmarks for various features of vehicular

electronics, ranging from trivial to complicated and also provide a solution for a variant

of an actual automobile. We will provide a precise statement for the software component

allocation to electronic control units which will setup the architecture and also provide

a software which will automatically setup the environment by considering the required

parameters, variables, constraints and the objective function and will solve it to optimality.
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1.3 Thesis organization

The rest of the documentation will outline on the following aspects. Chapter 2 will

give a brief description on the background of vehicle electronics and will review the notation

followed in the course of the thesis. Chapter 3 will provide a precise statement on how to

allocate software components to electronic control units and will further proceed onto a

simple illustrative example on how the parameters will be setup. Chapter 4 illustrates the

binary quadratic programming model for achieving the desired cost optimization. Chapter

5 deals with the branch and cut algorithm in solving integer programming models, the

algorithm is explained in detail. Chapter 6 deals with the software implementation and

provides benchmarks on a range of problems from simplistic problems to complex ones and

also deals with the testing and validation involved in this project. Finally we conclude with

chapter 7 which offers some discussion and provides information on the future work involved

and some practical issues.
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Chapter 2

Background

2.1 Overview

In this section, a brief introduction is given about the basic blocks of vehicular elec-

tronics and how efficient wiring is done for automotive design. Typical vehicular electronics

comprises of 4 basic types, they are,

• Electronic control units (ECU’s): These are the building blocks of automotive

electronics. They comprise of chips on a board protected by a housing. They host

a number of processors to perform different tasks and functions, alternatively they

are responsible for the technology that drives the car today. It is no surprising factor

that some of the high-end cars may have as much as 40-80 ECUs. Typical ECUs are

the engine control unit (also known as the ECU), airbag control unit, transmission

control unit, speed control unit e.t.c

• Sensors: In actual sense sensor is a device which converts a physical quantity into

another particular form compatible with an entity that requires it. The entity can

be anything , an instrument, another device or an observer. Sensors in automotives

provide information about the surroundings to the ECUs, some of them might be for

safety or for luxury, some sensors work with actuators for the mechanical motion of the

vehicle. The information interpreted by the ECU is processed and in turn performs

subsequent operation. A simple example is a collision detection sensor which sends

information to the ECU and which will cause the airbag deployment, the chain of
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events must happen in real-time.

• Software component units (SCW’s): These constitute the tasks or the functions

which needs to be executed by the ECU, the execution of which causes an operation

to be performed. In present day automotives, reconfigurable middleware has caused

an enormous software growth for vehicles, thus some of the SCWs also represent

the features and services which may not present in present time but can be easily

incorporated at a later time.

• Buses: Buses represent the channels for interprocess communication. They are

available in various types based on their bandwidth, cost and other features.

These units must function accurately and process in real-time. The ECUs and

the sensors are wired or networked, since wiring is one of the most tedious tasks as it

is both heavy and uses lot of space, the cabling must be done in a manner so that the

weight is distributed proportionally to the vehicle. Each year automobile companies de-

sign new models having more electronic subsystems has caused an increase in cabling and

their characteristics. Most of the wiring harness till 2001 has been done manually, but as

automotive companies realize the flaws like complexity, QoS, reliability and labor, wiring

design tools have increased, these tools analyze such complex systems and provide a more

accurate solution, again with virtual prototyping this comes as a major savior to automotive

companies.

2.2 Mathematical Programming models

In this section we will briefly review some of the mathematical programming con-

cepts relevant to the thesis. Mathematical programming is group of study relating to oper-

ations research which involves maximizing or minimizing a functional called the objective

function, subjected to various constraints. The variables of the function can be real, integer

or binary and can have bounds, thus any mathematical programming model is represented

by an objective function, constraints and variables. The equation below shows a typical
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mathematical programming model

min (or max) f(x)

(s.t.) Ax ′s′ b

x ∈ {l, u}

Here f(x) represents the objective function and constraints are represented by Ax on the

L.H.S side and b of the R.H.S side. The variable x can have lower bound l and upper

bound u. The above representation is used to represent any mathematical programming

model. Classification of mathematical programming is based on variations of either the

objective function (linear, quadratic, non-linear), constraints (linear,quadratic, non-linear)

or the variables (real, integer, binary). If there exists a scenario where some variables can

take only integer values and others take continuous values then such problems are called

mixed integer problems and if they have quadratic coefficients in the objective function

then they are called mixed integer quadratic model or MIQP problems, if they can have

quadratic coefficients in the constraints then they are called as mixed integer quadratic

constrained problems or MIQCP and so on.

Variables (x) that satisfy the constraints represent the feasible solutions. A feasible solution

is an optimal solution if no other feasible solution could minimize (or maximize) the objective

function. Solutions which do not satisfy the constraints are called infeasible solutions,

and solutions where no definite bounds can be determined are called unbounded solutions.

Detailed information on mathematical programming is given in [8]. Since our model is a

Binary Quadratic programming model (binary variables and quadratic coefficients in the

objective function), an understanding of such a model becomes necessary. A general short

hand notation for a QP is described below

min 1
2xT Qx + cT x

(s.t.) Ax ′s′ b

x ∈ {l, u}n
(2.1)

where Q ∈ Sn represent the quadratic coefficients in the objective function , c ∈ Rn repre-

sents the linear coefficients in the objective function of n dimensional real vectors, A ∈ Rm×n

represent the L.H.S of the coefficients of m×n real matrices, b ∈ Rp×n represents the R.H.S

of the coefficients, s represents the sense which can be either =, ≤, or ≥ for each of the

constraints and finally x represents the variables with bounds l and u.
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It is not possible to directly solve a binary model (integer models) using the traditional

simplex methods, interior point methods or other algorithms are employed to solve such

a model. A continuous QP model is solved in the same way as a LP model with some

variations in the simplex method, however QP models usually take lot of time to solve since

most of the time is involved in verifying whether the solution is actually the optimal one

because unlike linear programming models which consist of only one maxima (or minima)

QP models may have numerous maxima (or minima) and to obtain the global maxima (or

minima) for the function is extremely tough and in some cases even impossible.

2.3 Review of notation

We briefly review some of the notation we adopt in this document [1]. Let Rn,

Rn×n, Sn, denote the set of n dimensional real vectors, n× n real matrices, and real sym-

metric matrices of size n, respectively. For a vector x ∈ Rn, xi denotes the ith component

of this vector. Also, for a matrix A ∈ Rm×n, aij will denote the entry in the ith row and

jth column of the matrix A. For a set S, |S| denotes the cardinality, i.e, the number of

elements of the set. For two sets A and B, A ⊂ B indicates that A is the subset of B.

The notation x ∈ {0, 1} indicates that x is a binary variable. For a non-integer variable

x, frac(x) denotes the fractional part of x, i.e., the distance of x from the closest integer.

For example, frac(3.6) = 0.4. Moreover for a non-integer variable x, bxc and dxe denotes

the floor and ceiling of x, respectively. For example, b3.1c = 3 and d3.1e = 4. Also x will

denote an upperbound value on x and x will denote a lowerbound on x.
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Chapter 3

Problem setup

We provide a precise problem statement [1] for a system design comprising of

ECUs, tasks, sensors and the wiring (or communication) between them, the problem state-

ment is simplified but offers comprehensive information on how the architecture will be de-

signed. Additionally more features and restrictions can be placed on our problem statement

to mimic any given example. One such example is provided in this chapter for illustrative

purposes which will aid in setting up the architecture.

3.1 Problem statement

We are given a connected bi-directional graph G = (V,E), where the vertex set

V = {1, 2, . . . ,m} represents m pre-determined locations in the automobile. Each edge

represents a direct connection between the two vertices. We now describe the problem

statement for the ECU, SCW, sensors and the connections (buses and wires)

1. ECU (electronic control unit): An ECU comes in a number of types: R =

{1, 2, . . . , p}. We will assume that an ECU of type j costs ECj$ and has peak per-

formance and memory capacities of EPj MIPS (millions of instructions per second)

and EMj MB(megabytes), respectively. The cost of the ECU will be a crucial factor

for wiring harness; greater the cost will imply greater performance and memory for

the ECU. Moreover, an ECU can be placed in any of the m vertices of the graph.

We will assume that only one ECU can be placed at each of the vertex of the graph.

This assumption simplifies our the model described in chapter 4, and in turn will help
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us solve larger instances of the problem. However, we want to emphasize that our

models can easily incorporate multiple ECUs and ECU types at a given vertex, at an

increase in the model size and with a few modifications.

2. SCW (Software component unit): We are given a set P = {1, 2, . . . , n} of

software components (SCWs) that perform certain functions in an automobile. The

SCWs are to be allocated to ECUs such that each SCW runs entirely on an ECU.

An SCW j requires a peak performance of Pj MIPS and Mj MB of memory for its

execution. Some of the SCWs communicate with each other to perform some function

in the automobile. Let A = (aij) ∈ Sn be the symmetric SCW-SCW adjacency matrix,

where aij = aji = 1 if SCWs i and j communicate with each other, and aij = 0

otherwise. The diagonal entries of A are all zero. We also should have additional

regulatory and/or safety requirements that

(a) certain subsets Qi, i = 1, . . . , qn of the SCW set P should be included on the same

ECU and

(b) certain subsets Rj , j = 1, . . . , rn of P should NOT be placed on the same ECU.

These requirements may be based on the type of the vehicle and may also depend on

the safety/stability standards.

3. Sensors: Sensors are placed in the first s vertices of the graph. We will assume that

there is exactly one sensor at each vertex and vertices can also accommodate an ECU

and a sensor. This assumption simplifies our optimization model in (4). We want

to emphasize again that our model can also incorporate multiple sensors at a given

vertex with slight modifications in the model, we can also implement multiple sensors

and ECUs at the vertex. Let S = {1, 2, . . . , s} denote the vertex set for the sensors.

Moreover, let B = (bij) ∈ Rs×n be the sensor-SCW adjacency matrix with bij = 1

if sensor i communicates with SCW j and 0 otherwise. There may be additional

restrictions that require that

(a) certain sensor-SCW pairs should coexist at given vertex of a graph and

(b) certain sensor-SCW pairs should NOT be located at a given vertex of a graph.

Although, we do not consider these constraints in our model in chapter 4, they can

be easily incorporated if needed.

4. Connection and communication: The edges of the graph G represents the buses
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(communication between software component units) and analog wires (connection

wires for sensors) which will run along the edges of the graph. Some pairs of SCWs

are logically connected together. The logical connection is realized by passing packets

through buses that physically connect the pair of ECUs on which these SCWs reside.

Moreover, the buses can only run along the edges of the graph G. The buses come

in a number of types, whose average cost per unit length per unit bandwidth is $L.

Each pair of communicating SCWs is assigned a bus type. Let us suppose that SCW

i located on an ECU at vertex k is logically connected with SCW j located on an

ECU at vertex l via a bus of bandwidth BWij that runs between vertices k and l.

Let P(k, l) be the shortest path between vertices k and l. In this case, one incurs a

SCW-SCW connection cost PP ij
kl =

∑
e∈P(k,l) LijDe, where Lij = BWij × L and De

is the length of the edge e in the path. Using this information we construct the SCW

i - SCW j connection cost matrix PP ij ∈ Rm×m. The diagonal entries of the PP ij

are all zero i.e., if the SCWs i and j are assigned to the same ECU, there is no logical

connection cost.

A sensor is logically wired to a SCW via analog wires that connect the sensor and the

ECU on which the SCW resides. These analog wires can only run only along the edges

of the graph. Let us suppose that sensor i at vertex i is logically wired to an SCW j

located on an ECU at vertex k. Let P(i, k) be the shortest path between vertices i

and k. In this case, one incurs a sensor-SCW connection cost SP ij
ik =

∑
e∈P(i,k) wDe,

where w is the cost per unit length of an analog wire and De is the length of edge

e. Using this information, we construct the sensor i - SCW j connection cost matrix

SP ij ∈ R1×m. This approach to the cost calculation neglects the potential savings of

routing two buses in the same channel. However, we expect the solution that accounts

for this savings would be a variant of the form presented here and could be solved as

a second step.

The aim is to find a subset of the locations at which to employ the ECUs and then to assign

a subset of the SCWs to the employed ECUs so as to minimize the total cost. The total

cost is the sum of the costs of the employed ECUs, the total SCW-SCW logical connection

costs, and the total sensor-SCW connection costs. Moreover, our assignment must satisfy

several constraints that define the set of feasible solutions to the problem. Our objective
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is to find an optimal solution that minimizes the total cost. One important thing to note

here is that the edges represent both the buses (for SCW communication) and the analog

wires (for sensor connection), also the terms connections and communications can be used

interchangeably as we are only interested in the wiring harness.

3.2 An illustrative example

We illustrate the problem set up with a simple example in this section [1]. Let

us design a simple wiring harness system by connecting 2 sensors to ECUs that might be

put in 6 different positions as shown in figure 3.1. Consider the graph G = (V,E), the

vertices V = {1, 2, 3, 4, 5, 6} of the graph list the locations where the ECU and sensors can

be located, and the list of edges E = {(1, 3), (1, 6), (2, 5), (3, 4), (3, 6), (4, 5), (4, 6), (5, 6)}
describe permitted wiring channels between the vertex pairs in V . Five SCWs have to be

allocated to (yet to be determined) number of ECUs, these SCWs are P = {1, 2, 3, 4, 5}
and their peak performance and memory requirements are 100, 100, 300, 50, 200 MIPS and

75, 100, 250, 50, 300 MB respectively. The SCW-SCW adjacency matrix is

A =



0 1 0 1 0

1 0 0 0 0

0 0 0 1 1

1 0 1 0 0

0 0 1 0 0


.

The nonzero entries Aij in A correspond to the SCW pairs i−j that communicate with each

other and the zero entries represent that the software components do not communicate. For

simplicity, we will assume that one ECU type of cost 20$ is available. The performance and

memory capacities of this ECU are 500 MIPS and 600 MB, respectively. Moreover, there

are no inclusion or exclusion rules in this example, i.e., Q and R are empty sets.

There are two sensors at nodes 1 and 2 in the graph. These sensors communicate

with SCWs 1 and 5, respectively. This gives the sensor-SCW adjacency matrix

B =

 1 0 0 0 0

0 0 0 0 1

 .
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Buses that facilitate the communication between SCWs and also sensors-SCWs are to be

assigned. The cost of the bus depends on where each SCW is located. The allocation of

SCWs to the vertices of the graph is an outcome of the algorithm. Thus the PP matrices

cover the costs of all possibilities. For example, the communication costs between SCWs 1

and 2 depend on where they are located. The following distance matrix

D =



0 3 1 2 2 1

3 0 3 2 1 2

1 3 0 1 2 1

2 2 1 0 1 1

2 1 2 1 0 1

1 2 1 1 1 0


.

is calculated by running Dijkstra’s shortest path algorithm on the graph G and it represents

the shortest distance between all the vertex pairs in the graph. Assuming that the cost of

the bus type between SCWs 1 and 2 is $ per meter, we obtain the SCW 1 - SCW 2 wiring

cost matrix

PP 12 =



0 6 2 4 4 2

6 0 6 4 2 4

2 6 0 2 4 2

4 4 2 0 2 2

4 2 4 2 0 2

2 4 2 2 2 0


.

We can interpret the entries in PP 12 as follows: For instance, PP 12
13 = 2. This tells us that

the cost for wiring SCW 1 assigned to an ECU located at vertex 1 with SCW 2 assigned to

another ECU located at vertex 3 is 2$. We can calculate SCW-SCW wiring cost matrices

for other pairs of communicating SCWs in a similar fashion.

Note: This is one area of the solution that requires heuristic modifiers, since

the SCW-SCW wiring cost matrices do not account for sharing of buses between SCWs.

Two steps must be taken to anticipate possible sharing. First a-priori, these costs must be

reduced by the average amount of sharing expected. If no reduction factor is used, then

the algorithm will cost buses too highly compared with the ECUs, and thus will arrive at
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the solution requiring too many ECUs. Thus actual sharing must be determined and local

optimization and re-allocation is needed.

A similar matrix has to be constructed for the possible sensor-SCW wire runs. It

is assumed that no sharing is possible here, since the wires are likely to be analog in nature.

Suppose we assume that the cost of the analog wire is 1$ per meter, using this information,

we obtain the sensor 1 - SCW 1 wiring cost matrix as

SP 11 =
(

0 3 1 2 2 1
)

.

We can interpret the entries in SP 11 as follows: For instance, SP 11
13 = 1. This tells us

that the cost of wiring sensor 1 located at vertex 1 with SCW 1 assigned to ECU at vertex

3 is 1$. We can calculate the sensor-SCW wiring cost matrices for other sensor-SCW

communicating pairs in a similar fashion. The connected bi-directional graph G for an

automobile is shown in the figure 3.1 (shown automobile in figure for illustrative purposes

only) [1], nodes 1 and 2 can accommodate sensors (as well as ECUs) and the other nodes

can only accommodate ECUs. The memory and peak performance for SCWs and ECUs

along with the cost of an ECU and its type is also shown in the figure. The connection cost

matrices for interprocess communication (SCWs) and SCW-sensor communication as PP

and SP for all the communicating SCWs and sensor-SCW is illustrated in the figure (the

cost communication matrices are formulated based on the bus cost, cost of analog wires and

shortest distance using Dijkstra’s algorithm).
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1

6

2

3

4 5

3 Nodes with ECUs

1 Sensor nodes (can also contain ECUs)

Graph of possible locations 
and channels
Vertices: V = (1, 2, 3, 4, 5, 6)
Edges: E = edges as drawn

Software Components (SCWs)
P=(1,2,3,4,5)
Performance = (100, 100, 300,
50, 200) (peak MIPS)
Memory = (200, 100, 500, 100,
200) MB.

Communicating SCWs
1-2, 3-4, 1-4, 3-5 (required
Bandwidth in Mbps)

0 1 0 1 0
1 0 0 0 0 

A =       0 0 0 1 1
1 0 1 0 0
0 0 1 0 0 

1
6 3 4

5
2

ECU types (One type here)
R= (1)
Cost EC1=$20
CPU Performance 
EP1 = 500 MIPS
EM1 = 1000 MB 
No SCW inclusion or exclusion 
rules
Q = �;  R = � ;

Sensors
At Vertices: S = (1, 2)
Sensor-SCW adjacency
matrix (e.g. sensor 1 
communicates 
with SCW 1):

B = 1 0 0 0 0
0 0 0 0 1

Buses
SCW-SCW
2 Bus types
SCWs 1,2 use type 1 with 
cost per meter of $2,
Other pairs use type 2,
with cost per meter of $3.

Possible SCW-SCW 
wiring costs:
SCW 1 to SCW 2 

0 6 2 4 4 2
6 0 6 4 2 4

PP12 =    2 6 0 2 4 2
4 4 2 0 2 2
4 2 4 2 0 2

SCW 1 to SCW 4 

0 9 3 6 6 3
9 0 9 6 3 6

PP14 =     3 9 0 3 6 3
6 6 3 0 3 3
6 3 6 3 0 3
3 6 3 3 3 0

PP14 = PP34 =  PP35

Sensor –SCW wiring cost 
Analog wire with cost per 
meter of 1$.

Sensor 1 to SCW 1 

SP11 = ( 0 3 1 2 2 1 )

Sensor 2 to SCW 5

SP25 = ( 3 0 3 2 1 2 )

Figure 3.1: An illustrative example.
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Chapter 4

A binary quadratic programming

model

A binary quadratic programming model is provided here for the problem, the given

model is NP-hard (quoting from [9] “A problem is NP-hard if an algorithm for solving it

can be translated into one for solving any NP-problem (nondeterministic polynomial time)

problem. NP-hard therefore means “at least as hard as any NP-problem,” although it might,

in fact, be harder”). A binary quadratic programming model is one which has quadratic

coefficient terms in the objective function and has binary variables. Let yr
i = 1 if an ECU of

type r is located at vertex i, and 0 otherwise [1]. Moreover, let xij = 1 if SCW i is assigned

to an ECU of some type at vertex j, and 0 otherwise.

We develop the following model for our problem [1]

min
n∑

i=1

m∑
j=1

xij

(
n∑

k=1

m∑
l=1

dijklxkl

)
+

p∑
r=1

m∑
i=1

ECry
r
i +

n∑
i=1

m∑
j=1

cijxij (4.1)



19

s.t.
n∑

i=1

Pixij −
p∑

r=1

EPry
r
j ≤ 0, j = 1, . . . ,m

n∑
i=1

Mixij −
p∑

r=1

EMry
r
j ≤ 0, j = 1, . . . ,m

xQk1j − xQklj = 0 j = 1, . . . ,m, k = 1, . . . , qn, l = 2, . . . , |Qk|∑
i∈Rk

xij ≤ 1, j = 1, . . . ,m, k = 1, . . . , rn

m∑
j=1

xij = 1. i = 1, . . . , n

p∑
r=1

yr
i ≤ 1, i = 1, . . . ,m

xij ∈ {0, 1}, i = 1, . . . , n, j = 1, . . . ,m

yr
i ∈ {0, 1}, i = 1, . . . ,m, r = 1, . . . , p

where,

dijkl = aikPP ik
jl

cij = (BT SP )ij

PP ik
jl =

∑
e∈P(j,l)

LikDe

is the SCW-SCW communication cost and SP ij
ik =

∑
e∈P(i,k) wDe is the sensor-SCW com-

munication cost (refer to problem statement in chapter 3). aik is the element in the ith

row and jth column of the SCW-SCW communication matrix A and B is the sensor-SCW

communication matrix (refer to the illustrative example in chapter 3).The explanation for

the formalization is given below.

Objective function

• The 1st term in the objective function of (4.1) represents the total SCW-SCW logical

connection cost. This is a quadratic term in the objective function because of com-

munication between software units, xij is the SCW i at vertex j and xkl represents

the SCW k at vertex l and cost is represented by dijkl, thus this communication is a

quadratic term.
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• The 2nd term in the objective function is the total cost of the ECUs, since ECUs are

available in various types and costs, (assuming that higher cost offers better perfor-

mance and memory capabilities) minimizing the cost of the ECU while considering

the harness is extremely important as the trade-off lies in a wise choice between the

number of ECUs and the wiring required.

• The 3rd term in the objective is the sensor-SCW connection cost matrix, cij represents

the cost and communication of the sensors with the SCWs and xij represents the SCW

i at vertex j. cij is of the order n×m as cij = (BT SP )ij where B is of the order s×n

and SP is of the order s×m.

Constraints

• The 1st constraint ensures that the MIPS (performance) requirement is satisfied, since

a SCW is assigned to ECU of type r at vertex j, the performance of the SCW should

not ensure that of the ECU, thus if multiple ECU types are present more software

units can be assigned to these ECUs in a way that the objective function is also

minimized.

• The 2nd constraint is similar to the 1st one but in terms of memory, the memory

of the SCW should not exceed that of the ECU, thus this constraint needs to be

satisfied. Again with multiple ECUs more software units can be assigned considering

the minimization of the objective function

• The 3rd set of constraints are for the inclusion requirements. This can be better

illustrated with the following example Lets say that SCWs 2,3 and 4 should be included

on the same ECU for safety/regulatory requirements. This means that x2j , x3j and

x4j should all be 1 or should be 0, this means to say that if an ECU is located at a

particular node then software units 2, 3 and 4 should either assigned to ECU or to a

different ECU, this is done by making x2j −x3j = 0, x2j −x4j = 0 and x3j −x4j = 0.

Thus the inclusion requirement is achieved by the generalized form given in the above

equation (4.1). The elements are arranged in ascending order, thus Qkl represents the

lth element in set Qk.

• The 4th constraint represents the various exclusion requirements, this again formu-

lated similar to the inclusion requirement done above but is explained here for illus-
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trative purposes. Lets say that SCWs 5 and 6 should not be included on the same

ECU, so if x5j and x6j corresponding to SCWs 5 and 6 assigned to ECU at location j

respectively. This means that either of them can be 1, but both of them cannot be 1,

thus x5j + x6j ≤ 1 corresponding to the exclusion constraint (4th constraint) in eqn

4.1.

• The 5th constraint ensure that only one SCW type can be assigned to an ECU, this

also signifies that one particular SCW cannot be present in multiple ECUs, and all

the SCWs are to be assigned to ECUs. For example if the model gives a result of only

one ECU, all the software units should be assigned to that ECU.

• The 6th constraint ensures that no more that one ECU can be placed at any location,

it is possible to incorporate more ECUs at any given location by changing the R.H.S

side of this constraint, here it is 1 for simplicity.

• The 7th and 8th constraints impose binary restrictions on the variables xij and yr
i ,

alternatively the variables xij and yr
i can have a lower bound of 0 and an upper bound

of 1.

Our model (4.1) is a binary quadratic program (QP) that is NP-hard. We will

develop a branch and cut algorithm for solving (4.1) to optimality in section (5.2).

Figure 4.1 [1] shows the optimization variables, at any given node, ECUs and its

interface with other nodes (other ECUs) is modeled. As different types of ECUs exist, based

on their performance and memory capabilities, yir = 1 if an ECU of type r exist at node

i. The other optimization variable is the software component where each of them perform

a different function, they are listed based on their performance and memory usage and

their communication with other SCWs, inclusion and exclusion requirements of the SCWs

should also be accounted. Figure 4.2 shows the optimization model which on solving yields a

minimal cost architecture to optimize the wiring (and also the system), as shown in the figure

the solution of such a model will yield the assignment of software components to electronic

control units, the number of electronic control units is also a part of the solution. The cost

communication matrices are formulated by considering the actual costs of buses, gateways,

connectors and wiring turns (bus routing phase). Bandwidth allocation for the SCW-

SCW communication (assumed a linear relationship here for adding additional bandwidth)
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is sufficient enough for the communication to occur, the constraints for the optimization

model (figure 4.2) are mainly the memory and the performance criteria of the SCW-ECU

assignment (other miscelleneous constraints like inclusion and exclusion requirements, SCW

assignment e.t.c are explained in section 4.1)
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1

6

2

3

4 5

3 Nodes permitting ECUs

1 Sensor nodes (can also contain ECUs)

1
63

4

5
2

At each node permitting an ECU:

Ej Ik

Il

ECU from a specified list
with cost ECj, performance 
EPj and memory capacity EMj

Interfaces Ik (cost
and capacity folded
into buses at routing)

Software Components (SWC)
•List {SWCj} with performance requirements SPj, memory

requirements SMj, and inter-SWC communications 
requirements SCij

•Constraints: Inclusion (must be on node i); Exclusion (can not
be on same node

yir=1 if ECU type r allocated to node i

xij=1 if SWC i allocated to node j

Figure 4.1: Optimization variables.
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Wiring Harness:
SWC/ECU assignment phase:  Assume average
cost per unit bandwidth and per unit distance : L

1

6

2

3

4 5

Optimization: SWC/ECE Assignment

Allocated Processors to nodes, ECUs to nodes and 
buses to edges so as to:

Minimize cost  Σ yir ECr + Σ wiring costs

Subject to the following constraints:
• Σ SPj – Σ ECj � 0 (enough performance at each node)
• Σ SMj – Σ EMj � 0 (enough memory at each node)

Bus Routing Phase:

Minimize total harness cost, by treating it as a routing
problem, or formulating as an optimization step. Accounts for:
• Actual costs of buses, connectors, turns and gateways
• Providing sufficient SWC-SWC bandwidth through available

routing 

Figure 4.2: Optimization model.
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Chapter 5

Branch and cut scheme

Integer programming problems are solved using various algorithms. There are

exact algorithms (provides an optimal solution but known to be inefficient and provides a

bound on optimality: branch and bound, cutting planes e.t.c) , approximation algorithms

(provides a suboptimal solution with a bound on optimality) and heuristics (provides a

suboptimal solution without a bound on optimality: local search, simulated annealing).

Although we have used CPLEX optimization engine to solve our model, understanding

the algorithm to solve 4.1 is essential. It is emphasized that CPLEX uses branch and cut

method largely to solve integer level programs but also applies heuristics to the nodes, albeit

it allows the user to set the options on solution type (feasibility, optimality) , memory usage

and algorithms. However the model here is incomplete without the algorithm used to solve

it and thus will be explained herein.

5.1 Background

Branch and cut is a powerful algorithm to solve integer programming models. It is

an implicit enumeration scheme i.e. it intelligently sorts out the feasible solutions to provide

an optimal solution. It is a combination of branch and bound scheme and cutting planes

algorithm, both these methods are also frequently employed to solve integer or mixed integer

programming problems. Branch and bound is very effective and the solution is reliable but

consumes lot of computational time to solve integer programming problems to optimality,

on the other hand cutting planes algorithms are unstable but takes very less time and
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memory to solve problems to optimality. Thus branch and cut algorithm uses both the

above schemes and provides a faster and a stable optimum solution. A brief review is given

on branch and bound and cutting planes scheme and is followed by the branch and cut

algorithm in detail.

5.1.1 Branch and bound algorithm

Typical Linear or non-linear programming problems can be solved using the sim-

plex methods, for integer level problems simplex methods will sometimes yield a fractional

result for the variables and thus for the optimum solution value. Thus schemes like branch

and bound are used in conjunction with simplex methods to provide integer solutions. It

must also be noted that rounding of variables obtained from a relaxed simplex method will

not always yield satisfactory results and will be far from the optimal solution. We now

proceed with the branch and bound scheme.

To solve an integer linear programming problem (ILP) we solve it by relaxing the

integer variables using the simplex method (without the integer restrictions) and obtain the

optimal solution

z = cx

this provides an upperbound solution since the method yields the most optimum solution

with the optimized variables (which may not be integers), thus the integer optimum solution

will be a part of the solution set of integer solutions. Then from the list of non-integer

variable set we pick the one with the most fractional part, x̂j has the most fractional part

if

x̂j = max[|(x(i)− bx(i)c)|] for i = 1,2,. . . ,n (5.1)

For example if

x = (0.25, 1.35, 2.75, 2.45)

Then we would pick 2.45 because the fractional part is the highest (0.45 is farthest from the

integer), another way of looking at it is 0.45 is closest to 1
2 . Now we branch on it and create

two more subproblems from this by adding two constraints, one as x ≤ 2 and x ≥ 3. In
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general create two subproblems S1 and S2 from the feasible solution set S of the relaxation

as

S1 = S ∩ {x ∈ Rn : xj ≤ bx̂jc}

and

S2 = S ∩ {x ∈ Rn : xj ≥ dx̂je}

respectively. Now each of the branches are solved and checked for optimality, initially the

bounds are set to z = −∞ (for maximization problems) and then each of the nodes are

either branched or pruned (explained below in detail). It is also noted that the notation

below is for maximization problems and the same will hold good for minimization problems

with change in notations.

• Branching: If x is not an integer then we branch on the variable which has the most

fractional part (shown in equation 5.1).

• Pruning by optimality/bounds: If z be the current bound and z∗ be the new

bound obtained from a node. If z > z∗ then the current bound is better and thus the

new branch is pruned by bounds (as the new bound is of no use), however if z < z∗

then the new bound is better than the current bound and thus the branch is pruned

by optimality.

• Pruning by infeasibility: If the node selected, results in an infeasible problem

(violation of constraints) then the branch is pruned by infeasibility, the reason for this

particular type of the occurrence is as we branch to new nodes, we are consistently

adding constraints and the new constraint might nullify the constraints formulated in

the original problem.

The above process is repeated till all the nodes are pruned either by optimality, bounds or

infeasibility, when all the nodes are exhausted the current bound also known as the current

incumbent solution will be the most optimal solution. The branch and bound algorithm

can be better understood with an example.
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5.1.2 Example for branch and bound scheme

Consider the following example to explain the branch and bound scheme [2]

max z = 4x1 − x2

s.t. 7x1 − 2x2 ≤ 14

0x1 + x2 ≤ 3

2x1 − 2x2 ≤ 3

xi ∈ Z, i = 1, 2

(5.2)

Using simplex method to solve this example yielded the following results z = 59
7

and x = (20
7 , 3). Setting the lowerbound on z as z = −∞. Considering the two values x1 is

fractional, so we will branch on this variable and create two sub problems as shown in the

figure 5.1, thus,

S1 = S ∩ {x : x1 ≤ b20
7 c} = S ∩ {x : x1 ≤ 2}

S2 = S ∩ {x : x1 ≥ d20
7 e} = S ∩ {x : x1 ≥ 3}

       S
z

z = −∞

x ≥ 3x ≤ 2

S1 S2

Figure 5.1: Create two child subproblems from parent node.

Let us choose the node S2 first, and we add the constraint x1 ≥ 3 to it i.e.

S1 = S ∩ {x : x1 ≥ 3}

When we observe this node closely we see that the constraints are conflicting, if x1 ≥ 3

then the first constraint for the problem 7x1 − 2x2 ≤ 14 translates to 21 − 2x2 ≤ 14 or
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x2 ≥ 7
2 which violates the second constraint of the problem (x2 ≤ 3). Thus S2 is pruned by

infeasibility.

z
z = −∞       S

S2

x ≥ 3x ≤ 2

S12

S1

x = 0 x ≥ 1

S11

Figure 5.2: Branch and bound (create two more subproblems).

Now let us observe the node S1 and the constraint x1 ≤ 2 to it. Solving it by the

simplex method yields the following solution x = (2, 1
2). Since the result is an integer form

we again branch on this variable calling it x2 and creating two more subproblems from S1

as shown in the figure 5.2, thus

S11 = S ∩ {x : x2 = 0}

S12 = S ∩ {x : x2 ≥ 1}

Let us consider the node S12 (with the constraint x2 ≥ 1). The simplex method yields the

solution x = (2, 1) which is an optimal solution as z = −∞ and z∗ > z thus the bound

changes to z = z∗ or z = 7 and conclude this node by stating that node S12 is pruned by

optimality. One more node needs to be pruned and we will explore the node S11 (with the

constraint x2 = 0, then the simplex method yields the solution x = (3
2 , 0) with an optimum

solution of z11 = 6 since this is lesser than the current bound, this node is pruned by bounds.

With this we have come to the end of pruning all the nodes with the list empty and an

optimal solution of 7
2 with x = (2, 1) and the final solved problem is shown in the figure
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5.3 indicating the pruned branches (optimality, bounds, infeasibility), optimal solution and

variables.

       S

S2

x ≥ 3x ≤ 2

S12

S1

x ≥ 1

S11

Pruned by
infeasibility

Pruned by optimalityPruned by bounds

z
z = −∞

x = 0

z = 7z = 6

Figure 5.3: Solved problem (pruned branches with optimal solution and variables).

Although this is a very good algorithm to find the optimal solution, with more

variables the node size grows larger, handling all the nodes may be inefficient and time

consuming. We will now look at the cutting plane algorithm.

5.1.3 Cutting plane scheme

Cutting plane algorithms are vastly used to provide “cuts” in the feasible region to

make the constraints more tighter and remove the part of the feasible region which consists

of the non-integer points. Since unlike branch and bound (which essentially divides the

problem into two sub-problems) cutting plane removes a chunk of the feasible region thus

making the problem more tighter to determine the integer solution to the problem. The

obvious demerit of this algorithm is that the type of the cut will determine the efficiency of

the solution (with respect to computational time and memory), a better cut would imply
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that the solution can be achieved faster and vice-versa, we will now deal with one type of

a cutting plane algorithm called the Gomory cutting plane algorithm. It should be noted

that the cutting plane schemes can be employed after the problem structure is examined

and the best cutting plane scheme can be used, here we explain one such scheme although

there are numerous other schemes available and depending on the problem type, they can

be more efficient and faster, however for illustrative purposes we will consider the gomory

cutting plane scheme here.

In the Gomory cutting plane algorithm, the final tableau from the simplex method

is used, the final tableau is also referred to the optimal dictionary as it holds the information

to construct the solution and its variants. The basic idean in the cutting plane algorithm

is to use the separate the fractional and the integer parts and to create a constraint with

only the fractional variables involved. Let P and Q be two integers and p and q be two

fractional numbers such that

P + p = Q + q

P ≤ Q then

p ≥ q

this is because when we consider the optimal dictionary and have xB(i) = s where s is basic

and non integer and there exists a row which is going to have a fractional form [16] as

xBi +
∑

j∈NB

aijxj = bi

where NB is the set of non-basic variables in the simplex tableau. Rewriting the above

equation as a function of integer and fractional parts yields

xBi +
∑

j∈NB

baijcxj +
∑

j∈NB

f(aij)xj = bbic+ f(bi)

where f(a) = a− bac. Rearranging the terms yields

xBi +
∑

j∈NB

baijcxj = bbic+ f(bi)−
∑

j∈NB

f(aij)xj

We can now write the above equation as an inequality by removing the fractional part on

the right hand side,

xBi +
∑

j∈NB

baijcxj ≤ bbic+ f(bi)
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in the above equation only f(bi) is the only fractional part, thus the following inequality

holds good

xBi +
∑

j∈NB

baijcxj ≤ bbic

also since

xBi = bi -
∑

j∈NB

aijxj

we can combine the above the above two equations to obtain an inequality on the fractional

part ∑
j∈NB

f(aij)xj ≥ f(bi)

this inequality which consists of only the fractional parts is used to construct a

constraint which will remove a part of the feasible region and make the problem more

tighter and the solution is re-optimized using the simplex method till an integer solution is

achieved. The basic steps involved in obtaining a cut are

• Step 1: Using the simplex method form the simplex tableau.

• Step 2: From the optimal dictionary chose the rows which has a fractional right hand

side value.

• Step 3: Now separate the variables into integer and fractional part and formulate an

equation consisting of only fractional parts (cancel the integer parts) and change the

equality (‘=’) to a greater than sign (‘ ≥′).

• Step 4: Now add this cut (constraint) to the above problem and solve it again in the

simplex method.

• Step 5: If the solution is optimal with only integer values then stop else go to Step

2.

We will illustrate the cutting plane scheme with an example below.
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5.1.4 Example for Gomory cutting plane scheme

Let us consider the same example used for the branch and bound scheme [2](

shown in eqn 5.2),

max z = 4x1 − x2

s.t. 7x1 − 2x2 ≤ 14

0x1 + x2 ≤ 3

2x1 − 2x2 ≤ 3

xi ∈ Z, i = 1, 2

After solving the example with the simplex method yields the result x = (20
7 , 3, 0, 0, 23

7 ).

The results obtained from the final tableau of the simplex method (also referred to as the

optimal dictionary) is

x1 +1
3x3 +2

7x4 = 20
7

x2 +x4 = 3

−2
7x3 +10

7 x4 +x5 = 23
7

Now x1 + 1
3x3 + 2

7x4 = 20
7 is fractional so we will use the gomory cutting plane scheme to

provide cuts, separating the fractional and the integer parts as

(1)x1 + (0)x3 +
1
3
x3 + (0)x4 +

2
7
x4 = 1 +

6
7

Ignoring the integer parts and just retaining the fractional parts and applying gomory’s

cutting plane inequality we get
1
3
x3 +

2
7
x4 ≥

6
7

we will use this cut as a constraint for the original problem, this constraint removes a part

of the feasible region which consists of the non-integer optimal solution and thus making

the basis move closer to the optimal integer solution. We will call this cut as ‘a′, where

a = −6
7 + 1

3x3 + 2
7x4, it should also be noted that here a just represents the slack variable

obtained from converting the inequality to an equality. After adding this constraint and

re-optimizing the problem we arrive at the solution x = (2, 1
2 , 1, 5

2 , 0) , now since x2 is non-

integer we again consider the tableau of the simplex method and apply cuts to x2, from the
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dictionary,
x1 +a = 2

x2 −1
5x5 +a = 1

2

x3 −x5 −5a = 1

x4 +1
2x5 +6a = 5

2

Adding the cut to x2 again by separating the integer and fractional parts and using gomory

cutting scheme to obtain the “cut” we obtain 1
5x5 ≥ 1

2 or b = −1
2 + 1

5x5. Using this cut

as a constraint and re-optimizing it in the simplex method yields the following solution

x = (2, 1, 2, 2, 1, 0, 0) which is perfectly integral and yields an optimal integral solution,

with x = (2, 1).

Cutting planes scheme use very little computational memory and can provide a

solution in little time, however when the number of nodes or variables increase then the

algorithm will provide cuts which might be identical, thus they may not be removing a

significant portion of the feasible region. Again this scheme is similar to branch and bound

where instead of the branches (or nodes), constraints are generated. However it is observed

when branch and bound scheme when used with the cutting plane scheme yields very good

results which are stable and which takes less time to compute. The next section will now

deal with the branch and cut scheme.

5.2 Branch and cut scheme

We adopt the following shorthand notation for the binary QP model (4.1) [1]

min 1
2xT Qx + cT x

(s.t.) Ax = b

Bx ≤ d

x ∈ {0, 1}n

(5.3)

for the binary QP model (4.1) that we presented in the previous chapter. Let Q ∈ Sn,

c ∈ Rn, A ∈ Rm×n, b ∈ Rm,B ∈ Rp×n and d ∈ Rp. We will present a branch and cut

algorithm to solve (5.3) to optimality.

We first develop a suitable Lagrangian relaxation model for (5.3). Consider the following
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problem

max
u

min
x

1
2xT (Q−Diag(u))x + (c + u

2 )T x

(s.t.) Ax = b

Bx ≤ d

x ≥ 0

x ≤ e

(5.4)

where e ∈ Rn is the all ones vector. It is easy to show that the objective value to (5.4)

provides a lower bound on the optimal value of (5.3). Moreover, one can show that the

problem (5.4) is equivalent to the following semidefinite problem

min

 0 c
2

T

c
2 Q

 •
 1 xT

x X


(s.t.) Xii = xi i = 1, . . . , n

Ax = b

Bx ≤ d 1 xT

x X

 ≥ 0

(5.5)

where X ∈ Sn and the last constraint indicates that the matrix

 1 xT

x X

is positive

semidefinite. We solve (5.5) using a primal-dual interior point method. Let u∗ contain the

dual variables corresponding to the first n constraints in (5.5).

Consider the following integer quadratic program

ZBIP := min
x
{xT Q′x + c′T x : x ∈ S} (5.6)

where Q′ = (Q−Diag(u∗)), c′ = c + u
2
∗, and S = {x ∈ Rn : Ax = b, Bx ≤ d, x ∈ {0, 1, }n.

It is easy to show that (5.6) and (5.3) have the same set of optimal solutions. On the other

hand, (5.6) has a convex quadratic function. As a result, the various relaxations of (5.6)

will be convex QPs so that can be solved to optimality using primal-dual interior point

methods or active set algorithms.
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For instance, our initial relaxation in the branch and cut algorithm is

min 1
2xT (Q−Diag(u∗))x + (c + u∗

2 )T x

(s.t.) Ax = b

Bx ≤ d

x ≥ 0

x ≤ e

(5.7)

In each iteration of the branch and cut algorithm, we divide the current problem into

two subproblems that are easier to solve than the original problem (divide and conquer

paradigm). The ith subproblem has the form

Zi := min
x
{xT Q′x + c′T x : x ∈ Si} (5.8)

where Si ⊂ S is the feasible region of the ith subproblem. The quadratic programming

(QP) relaxation to the ith subproblem is obtained by relaxing the binary restriction on

its variables. In other words, we replace the constraints xi ∈ {0, 1} with 0 ≤ xi ≤ 1 for

all i = 1, . . . , n. We will also add several cutting planes to the QP relaxation of the ith

subproblem in step 5 of the branch and cut algorithm. Let xi,l
QP denote an optimal solution

and Zi,l
QP denote the optimal objective value to the QP relaxation to the ith subproblem in

the lth iteration of step 5 of the algorithm.

The branch and cut algorithm maintains an incumbent solution x∗ in every iteration, de-

noting a feasible solution to (4.1) that currently has the smallest objective value. Moreover,

the algorithm maintains a variable ZUB = x∗T Q′x∗ + c′T x∗ that currently represents the

best upper bound on the optimal objective value to ZBIP to (4.1). The incumbent solution

and the upper bounds are updated whenever the algorithm finds another feasible solution

with a smaller objective value. When the algorithm terminates, x∗ contains an optimal

solution and ZUB contains the optimal objective value ZBIP to (4.1).

We present the complete branch and cut algorithm below [1]:

5.2.1 Solve the convex QP relaxation

We solve the convex QP relaxation in step 3 of Algorithm 1 using primal-dual

interior point methods or active set methods for convex QPs. Our implementation exploits

the sparsity and structure of the QP relaxation. Moreover, we adopt sophisticated strategies
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Branch and cut algorithm for binary quadratic programming

1. Initialize: Put the original problem (4.1) on the list of incumbent problems. Set

ZUB = ∞, x∗ = ∅, and iteration count k = 1. The list can be implemented either as

a queue(first in-first out) or a stack(last in-first out).

2. List empty: In the kth iteration , if the list of incumbent problems is empty, then

return x∗ as a optimal solution to (4.1), STOP. Else set l = 1, remove a problem

from the list, label it as the kth subproblem and set its first relaxation to be the QP

relaxation for this subproblem, and proceed to step 3.

3. Solve kth subproblem: In the lth iteration , solve the QP relaxation of the kth

subproblem and let xk,l
QP and Zk,l

QP be an optimal solution and the optimal objective

value, respectively. Details are given in section 5.2.1.

4. Prune by infeasibility: If QP relaxation is infeasible, then prune the kth subproblem

by infeasibility. Set k = k + 1 and return to step 2. Else go to step 5.

5. Add cutting planes: Find cutting planes that cut off xk,l
QP , but preserve the set of

feasible solutions to (4.1). Details are given in section 5.2.3. If no cuts are found,

then go to step 6. Else add the cuts to the QP relaxation, set l = l + 1, and return to

step 3.

6. Prune by bounds: If Zk,l
QP ≥ ZUB, then prune the kth subproblem by bounds. Set

k = k + 1 and return to step 2. Else go to step 7.

7. Prune by optimality: If all the variables in xk,l
QP are binary, then update x∗ = xk,l

QP

and ZUB = cT xk,l
QP . Set k = k + 1 and return to step 2. Else go to step 8.

8. Branch on current subproblem: Generate two child subproblems k1 and k2 from

the kth subproblem. Details are given in section 5.2.2. Put these subproblems on the

list of incumbent problems. Set k = k + 1 and return to step 2.



38

to warm-start the QP relaxations in every iteration. The idea is to use the solution to the QP

relaxation of a subproblem as a starting solution to the QP relaxation of a child subproblem.

5.2.2 Branch on current subproblem

A good branching rule that exploits the problem structure can significantly reduce

the number of iterations in the branch and cut algorithm [1]. We describe one such method

that is used in step 8 of the Algorithm 1.

If any of the variables in yk = xk,l
QP are not binary and Zk,l

QP < ZUB. Let yk
p be a component

of yk that has the largest fractional part. Create two child subproblems k1 and k2 from the

kth subproblem, whose feasible regions are

Sk1
= Sk ∩ {x ∈ Rn : xp = byk

pc}
= Sk ∩ {x ∈ Rn : xp = 0}

and
Sk1

= Sk ∩ {x ∈ Rn : xp = dyk
pe}

= Sk ∩ {x ∈ Rn : xp = 1}
respectively.

5.2.3 Add cutting planes

If any of the variables in the solution xk,l
QP to the QP relaxation of the kth subprob-

lem in the lth iteration of step 5 are not binary, then this solution is not a feasible solution

to (4.1). We employ heuristics(problem specific in nature) that return cutting planes to cut

off xk,l
QP but preserve the set of feasible solutions to (4.1). These cutting planes are added

to the QP relaxation of the kth subproblem and they strengthen this relaxation (like the

gomory cutting plane scheme explained in section 5.1.3. Although, step 5 (adding cutting

planes) increases the cost of an iteration, it reduces the total number of subproblems that

are enumerated by the branch and cut algorithm, also as stated before, since branch and

cut is a combination of a cutting plane scheme and branch and bound they are known to

be more robust, less time consuming and more stable [1].
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Chapter 6

Implementation and results

6.1 Implementation

Implementing for solving 4.1 to optimality (or feasibility) involves the following

three steps.

• Environment creation using MATLABTM : All the parameters required by 4.1

needs to be created. SCW, ECU, BUS, cost communication matrices and miscella-

neous randomization are performed with manual inputs (total nodes, total SCWs,

total sensors). The shortest distance is computed between all the nodes using Di-

jkstra’s shortest path algorithm for all the nodes. Finally all these parameters are

converted into matrices (Q,c,A,b,s,l,u) for the general formulation of the QP as in

equation 2.1. Figure 6.1 shows the parameters which are randomized based on inputs

like total number of nodes, total number of software components, total number of

sensors and number of included and excluded software components.

• CPLEXTM optimization: After obtaining the matrices, the next step is to invoke

CPLEX to optimize the problem. This is done by a MEX function (for MATLAB

compatibility) which uses the CPLEX calling library (compatible with C programs

only) for accessing CPLEX packages to optimize a given model. Some preprocessing

steps are performed to convert the initial matrices obtained into a CPLEX compatible

format (this is done to employ sparsity and efficient memory usage). Advanced fea-

tures in CPLEX to increase the quality of the solution, feasibility or optimal solution
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   RANDOMIZATION 
   Function

SCW randomization
(performance, memory)

SCW_SCW and
sensor_SCW cost 
communication matrices

Randomize included and 
excluded SCWs.

ECU randomization
(performance, memory,
 cost)

BUS randomization
(performance, memory, 
cost)

Figure 6.1: Randomization of environment parameters merged as a randomization function.

emphasis and simulation time are set by the user depending on the requirements. Pre-

viously suspended simulations can be continued for further optimization by CPLEX

till it yields an optimal solution, information regarding total iterations required, cuts

generated and tree size memory consumption can be obtained from the log file.

• Solution files: The CPLEX results are then displayed at the MATLAB command

window. The solution consisting of the optimal solution, optimal values of the vari-

ables, slack , solution type, iteration count and simulation duration is stored in a

solution file. The solution type determines the type of the solution which can be

optimal, optimal with a tolerance gap, feasible and incumbent solution based on time

limit, solutions cannot be determined when it is infeasible or unbounded. The problem

is written as a QP file (text book format) for ease of readability. From the solution

file the optimal variable values are used to plot a graph depicting the nodes which

can host ECUs and sensors (and the nodes which cannot) and software component

allocation to ECUs using GRAPHVIZ [10].

Figure 6.2 shows a flowchart to implement a software which will solve the given model

shown in 4.1. Thus it performs all the randomization, formulates the matrices in the
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required CPLEX tool based format, optimizes it, displays the final solution and plots the

allocation of software components to the electronic control units.

6.1.1 Testing and validation

Extensive verification of the coefficients, variables and constraints were done us-

ing testbenches so that the matrices for CPLEX input were accurate. Some functions like

Dijkstra’s shortest path were compared using web resources [11] [12] and Graphviz tool

for ensuring graph connectivity. For validating the solution for the problems LINDOTM ,

MATLABTM optimization package and brute force methods were used for simple exam-

ples. Complex examples were tested using a variant of the solutions obtained, (slack values

and reduced costs were used to determine the validity of the solution for some examples).

The algorithm 5.2 has the potential to return “Certificate of optimality” and thus given

enough amount of time, CPLEX will eventually solve the given problem. Considering fea-

sible solutions from a solution pool is a good idea if time is a constraint. Since most of

the environment parameters have been randomized, actual values would ensure a better ac-

curacy, however exhaustive testbenches were used to validate the randomized environment

parameters to be accurate.

6.2 Results

CPLEX solves a Integer quadratic programming model using branch and bound

and also cutting schemes to remove a significant portion of feasible region without com-

promising on optimality. Figure 6.3 shows the assignment of software component units to

ECUs for the example in (3.2). It needs to be noted that if the cost of the ECUs far exceed

that cost of the wiring then this model will provide a solution with fewer ECUs and hence

more wiring, likewise if the cost of the wiring is far greater than the cost of the ECU, then

the solution will contain many ECUs with limited wiring, but the model will always strive

to provide a solution which is most optimum i.e. the optimum solution will be the best

bound or the best solution wherein the cost of the ECUs and the cost of the wiring is at a

minimum for a given problem, thus minimizing the cost of the entire system.

We have solved a range of problems from trivial (such as the example in (3.2))
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no_of_nodes 
no_of_sensors 
no_of_scws 
no_of incl_scw 
no_of_excl_scw 

randomize the 
graph max_distance 

no_of_connections 
 

graph 
connected? 

compute shortest 
distance for all 
nodes using 
dijkstra’s method 
 

randomize all the  
parameters 

compute the 
matrices as Q, c, 
A, b, s, l, and u 

increase 
no_of_connections 

convert the 
parameters to 
CPLEX format 

mex function: invoke 
cplex calling library 

Turn advanced parameters 
for solution type, relativity 
gap, simulation time, 
emphasis e.t.c 

incumbent solution, optimal 
variable values, slack, solution 
type, misc to solution file 

Plot results using 
graphviz plotting tool 

Further 
optimization? 

no 

yes 

no 

yes 

Figure 6.2: Flowchart for the implementation of the software.
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to complex, with the increase in the number of nodes, more time and swap space is used

for the computations, so emphasis on optimality might not always be the wisest choice,

so we shift the solution such that the problem is solved with emphasis on feasibility. In

most cases it is observed that even with emphasis on feasibility for large problems , the

time and memory used is enormous, thus for practical purposes, the simulation can be

stopped with either a time limit or the node size memory limit. The table 6.1 provides

a list of benchmarks and the simulation results for a range of problems from a Dual core

2.4 GHz, Intel Core 2, 4GB RAM Linux machine. Some of the problems are of particular

importance, benchmark 7 is an approximated model for a real example - HONDA CIVIC

LXE 2002 (source of information: Number of sensors and number of ECUs (25) existing in

a HONDA CIVIC LXE information provided by John Wilhelmson, automotive mechanic

for HONDA motor company, inc), the missing information is approximated such that the

example should mimic an actual automobile, information about the sensors and software

components is fairly accurate. Benchmark 8 can be considered as a project for a futuristic

vehicle, at this juncture we need actual automobile information so that we can perfect the

model better and provide more benchmarks for practical applicability.

Results summary for the example

Problem setup:

No of nodes: 6

No of SCWs: 5

No of sensors: 2

Types of ECU: 1

Types of Buses: 2

No of variables: 36

No of constraints: 23

No inclusion and no exclusion properties

SCW:

Performance = (100, 100, 300,50, 200) MIPS

Memory = (200, 100, 500, 100,200) MB
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1

6

2

3

4 5

3

Nodes with ECUs and sensors

1 Sensor nodes only

1
6 3 4

5
2

1

6

2

3

4 5

2

Nodes without ECUs

Nodes with ECUs only5

3 Nodes permitting ECUs

1 Sensor nodes (can also contain ECUs)

1

2

3

4

5

2

5

SCW-ECU assignment

SCW ECU

Simulation results

Figure 6.3: Results for the illustrative example.
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ECU:

Cost EC1= $20

CPU Performance

EP1 = 500 MIPS

EM1 = 1000 MB

Simulation results

No of ECUs: 2 (at nodes 2 and 5 respectively)

SCW-ECU assignment:

x15: SCW1 assigned to ECU at node 5

x25: SCW2 assigned to ECU at node 5

x32: SCW3 assigned to ECU at node 2

x45: SCW4 assigned to ECU at node 5

x52: SCW5 assigned to ECU at node 2

Table 6.1: Features and simulation results for a list of problems
Problem# 1 2 3 4 5 6 71 82

Number of nodes 6 6 15 40 50 75 100 200
Number of SCWs 5 5 20 50 200 300 500 1000
Number of sensors 2 2 10 15 25 40 50 100
BUS types 2 2 3 6 5 14 10 20
ECU types 1 1 2 5 6 9 15 30
Inclusion elements - 2 4 10 5 7 10 20
Exclusion elements - 3 4 5 11 4 15 30
Total Rows (constraints) 23 35 170 2010 900 2175 5400 39800
Total Columns (variables) 36 36 330 2200 10200 23175 51500 206000
Number of ECUs 2 3 5 6 8 17 17 23
Solution type optimal3 optimal3 optimal4 feasible5 feasible5 feasible5 feasible5 feasible5

Tree size(CPLEXTM ) 1 MB 2 MB 22 MB 37 MB 115 MB 160 MB 275 MB 410 MB
Simulation duration 75 sec 120 sec 8 hours 19 hours 27 hours 44 hours 71hours 91 hours

1 2 3 4 5

1Problem#7 is an approximated example of a realistic model (Honda Civic LXE 2002)
2Problem#8 is an example for a futuristic model
3Solution is optimal with certificate of optimality
4Solution is optimal with emphasis on feasibility
5Solution is the best feasible solution when simulation was terminated due to user defined time limit;
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6.2.1 Further Optimization

In this section we will discuss a modification to the binary quadratic programming

model (4.1) which will be inherently faster to solve although at the cost of memory. When

we consider the model (4.1) the objective function consists of quadratic coefficients, which

is the multiplication of two variables. Both the variables are binary and will yield a binary

solution, thus the quadratic coefficients can be converted to linear coefficients and thus the

binary quadratic programming model can be converted to a binary linear programming

model. Although both quadratic programming models and linear programming models [13]

have only feasible region (quadratic programming models will also have smooth surface

due to linear coefficients), quadratic programming models may have an objective solution

anywhere on its surface, if the quadratic programming model is semi-definite convex like

4.1 then there might exist many local minimas, in linear models it is more easier to find the

minima because of “flat” surfaces. Thus it is inherently easier to find the optimal solution

of a linear programming model than a quadratic programming model. We will now discuss

how to convert quadratic coefficients into linear coefficients when the variables are binary

[14].

If there exist two variables which are binary x1 and x2 which are multiplied in the

objective function then introduce a third variable z12 such that z12 = x1 × x2 wherein,

0 ≤ z ≤ 1

z ≤ x1

z ≤ x2

z ≥ x1 + x2 − 1

where z is relaxed between 0 and 1

Although setting up the constraints will require some simulation time, the end result is a

linear programming model which can be faster solved. However when we have quadratic

coefficients of the order 10000, then the above method will require significant amount of

memory as this needs to be done for all the quadratic terms. Thus there is a trade-off

between system memory and optimization time, if there is no limit on system memory then

the entire environment can be setup as a binary linear model and the optimization to deter-

mine the optimal solution by CPLEXTM will be much faster than the actual formulation as

time limit set by user as no new incumbent solution was found for a 12 hour duration
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a quadratic programming model, some post-simulation must also be done to restore back

to the variables x1 and x2, since the quadratic terms will be f(z) and from the variable z

we can obtain variables as x. Figure 6.4 and figure 6.5 shows the comparison of memory

and simulation time between the model in chapter 4 and the modified model in 6.2.1 using

curve-fitting techniques (best-fit) respectively.

Table 6.2: Features and simulation results using the modified model
Problem# 1 2 3 4 5
Number of nodes 6 6 15 40 50
Number of SCWs 5 5 20 50 200
Number of sensors 2 2 10 15 25
BUS types 2 2 3 6 5
ECU types 1 1 2 5 6
Inclusion elements - 2 4 10 5
Exclusion elements - 3 4 5 11
Number of ECUs 2 3 5 6 8
Solution type optimal1 optimal1 optimal2 optimal2 feasible3

Tree size(CPLEXTM ) 3 MB 7 MB 40 MB 130 MB 375 MB
Simulation duration 115 sec 235 sec 4 hours 17 hours 14 hours

1 2 3

1Solution is optimal with certificate of optimality
2Solution is optimal with emphasis on feasibility
3Solution is the best feasible solution when simulation was terminated due to user defined time limit;

time limit set by user as no new incumbent solution was found for a 12 hour duration
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Figure 6.4: Comparison of memory between the formulated and modified models.
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Figure 6.5: Comparison of simulation time between the formulated and modified models.
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Chapter 7

Future work and conclusion

7.1 Future work

We have obtained encouraging results from 4.1 and we can further optimize on

simulation time by changing the quadratic coefficients to linear ones with a burden on

memory using the modified model. With this said, we present some short term aims in

the form of problem cleanup and incorporating overlaying nodes and long term goals to

consider realistic examples so that our model can be used as a practical application, we will

now discuss these goals in the following subsections.

7.1.1 Routing optimization

Solving the model 4.1 to optimality will not yield a direct optimum wiring harness

solution, this is because we have assumed that the bandwidth allocated to channels is

sufficient and adding additional bandwidth is linear (which is not true), thus the cost

communication matrices are only an approximation (logical connections based on shortest

distance) and we have to perform a post-optimization step for the physical connections or

routing which is applicable to real examples. A two stage process to perform the routing

optimization is explained below [1]

1. Problem setup (assigning ECU to nodes): This part assumes that bandwidth

assigned to a bus, the bus types, software component units accessing the bus type

(and hence its bandwidth) is pre-determined based on the shortest path between the
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nodes, for example in the illustrative example (section 3.2) it assumes that SCWs 1

and 2 use bus type 1 with cost per meter $2 and the other pairs which use type 2

with cost per meter $3, this information is an approximation of the actual cost, since

this cost assumes a cost per unit of bandwidth of bus length (for all the bus types).

As an illustration, consider the example in section 3.2 , from the results summary for

the illustrative example in 6.2 and the results for software component allocation to

ECU in figure 6.3, SCWs 3 and 4 are respectively assigned to nodes 2 and 5 (ECUs

at the nodes), the shortest route is 1 m as shown on the figure 3.1, and they require

300 MBps of bandwidth between SCWs 3 and 4 (say), and if the average cost of

bandwidth is 0.01$ per 1 Mbps per meter, then the cost which corresponds to SCWs

3 and 4 at nodes 2 and 5 respectively is PP 34
25 = 300× 0.01× 1 = $3 which is shown

in the illustrative example for SCW-SCW communication (section 3.2. This is similar

to using an estimate of routing cost at placement stage of place and route.

2. Problem cleanup (Non-linear cost of adding bandwidth): In the previous

stage we have assumed an approximation of cost , however this approach neglects the

nonlinear cost of adding additional bandwidth (i.e adding 1 Mbps of bandwidth to an

underutilized channel is free). So far we have assumed that software components have

sufficient bandwidth and SCWs assignment to the bus-type (and hence the bandwidth)

is determined before the model is solved, we can further optimize the model so that

the cost will also consider the bandwidth usage between software components. This

can be done as either of the following two steps,

(a) Assigning bus types to edges: We can allocate different bus types to nodes

instead of ECU types [1] as ∑
betBCt

where bet = 1 if bus of type t to an edge e is assigned and BCt are different types

of buses based on their cost and bandwidth, the model can have constraints on

bandwidth (similar to memory and performance for ECUs) like∑
SCWitoSCWj−

∑
bandwidth at edge e ≤ 0(required bandwidth at an edge e),

then this approach will minimze the cost due to total bus, gateway and connectors

cost by considering the bus types at edges. This approach will be investigated
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first.

(b) Sequential routing Solving this problem like a sequential routing problem,

i.e., sort the SCW links in order of decreasing cost (bandwidth × shortest path

distance). Route them one at a time, so as to minimize the incremental cost of

adding that link. This could be done with a Maze router or the A∗ algorithm

[1].

It is not possible to implement both the stages as a single stage formulation as assigning both

ECU to nodes and bus types to edges cannot be done simultaneously and hence assigning bus

types to edges can be done as a second stage (problem cleanup) as the software components

are already assigned to the respective ECUs. It is important to note that we need to have

another stage of problem setup as the bus costs are subjected to change (because problem

clean-up may alter the bus types required for SCWs which were pre-determined for problem

setup) for better optimization, for example, in the results summary in section 6.2 SCWs 3

and 4 are assigned to nodes 2 and 5 respectively and in the problem clean-up stage a bus

is assigned to the edge between nodes 2 and 5 having more than the sufficient bandwidth

required, then if another bus type having just enough bandwidth to service SCWs 3 and 4

can be allocated to that edge at a lesser cost then the problem setup has to be optimized

again to use this cost to determine if a more optimum solution other than the obtained is

present, there might be instances of such back and forth stages (problem setup and problem

cleanup) to arrive at the most optimum solution.

7.1.2 Overlaying nodes

In practical problems, there will be a benefit from multiple ECU’s or sensors at the

same physical location. This is easily handled through a small extension - having multiple

nodes in the graph in the same location, e.g two ECU nodes at the same physical location

[1]. If the optimum cost benefits from such a solution then this formulation will definitely

find it. The cost of such an extension is a growth in the number of nodes and edges, since

the cost for two SCWs assigned to a same ECU is zero, overlaying two ECUs at the same

node is also a zero.
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7.1.3 Features and realistic examples

Although we have presented a system which will automatically setup the model

and will optimize the wiring harness, some work is still to be done for realistic automotives.

In the course of our definition of the problem statement we might have overlooked into some

of the practical limitations on designing such a system for real-life automotives. However

we will emphasize that our model is highly flexibly and can incorporate more constraints to

covert the model (4.1 from generic to specific, moreover, with the indefinite advantages of

model driven designs our software can be “plug and play” compatible. Although we have

considered such an example in (6.2), many of the unknown parameters (such as ECU and

BUS cost) have been approximated, thus there is a need to optimize an actual system and

provide benchmarks for such examples. Our software can be used as a conjunction with vir-

tual prototyping software (eg Mentor’s SYSTEMVISIONTM or Mathwork’s SIMULINKTM )

and can be used to analyze the performance and cost of the system and arrive at a solution

which can be implemented practically and also be an optimal solution.

We would like to emphasize that the branch and cut algorithm (Algorithm 5.2)

is an exact implicit enumeration scheme, i.e., it intelligently sorts through all the feasible

solutions of the problem to find an optimal solution. So, when the algorithm terminates,

we indeed have an optimal solution to the problem. In many cases, the incumbent solution

obtained is already the optimal solution. However, the certification of optimality takes

time. Moreover, since the binary linear model is NP-hard, there exist problem instances

where Algorithm 5.2 takes several iterations before it terminates.We will also design local

search techniques and heuristics to approximately solve our problem. Such algorithms can

be applied directly to solve the binary quadratic model (4.1). We will use these solutions

returned by these algorithms to validate the quality of the incumbent solution in the branch

and cut algorithm, especially when this algorithm does not terminate in reasonable time.

7.2 Conclusion

In this thesis we have offered a precise problem statement for the software com-

ponent allocation to electronic control units in section (3.1). This statement helps us to

set the variables, constraints and the objective function for our model in section (4.1). We

present a branch and cut algorithm in section (5.2) that is designed to solve the model to
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optimality (branch and cut method is employed by CPLEX ). The model is illustrated by

a simple illustrative example and successful results obtained from the CPLEX tool, along

with certain benchmarks and also provide an alternative modification to the model, when

solution time is a bottleneck and system memory is abundant. Finally we conclude with

the future work section where we propose methods and strategies to optimize the cost the

system by routing optimization and overlaying nodes.
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