Abstract

LING, XIAOLI. Pooled versus Reserved Inventory Policies in a Two-echelon Supply Chain.(Under
the direction of Dr. Shu-Cheng Fang, Dr. Henry L.W. Nuttle and Dr. Xiuli Chao.)

We consider a two-echelon supply chain with two retailers and one supplier. The retail-
ers order from the supplier who makes all the decisions and bears all the inventory risk.
Throughout this thesis, we consider two different inventory systems: a reserved inventory
system and a pooled inventory system. With the reserved inventory system, the supplier
keeps separate inventories for each retailer. In contrast, the pooled inventory is shared by
the two retailers, and the supplier makes the inventory decision based on the joint demand.

First, assuming a fixed wholesale price, we analyze the supplier’s decisions in the reserved
and the pooled inventory systems. We compare the profit of the supplier and retailers in the
two systems under normally distributed demands. We also analyze the scenarios in which
the retailers have service level requirements. We find that regardless of whether retailers
have service level requirements, under the normally distributed demands, the profits of the
supplier and retailers all increase after pooling inventory.

Then, we analyze the scenarios in which the wholesale prices are supplier’s decision
variables and demand is a function of the wholesale price. We analyze both the additive and
multiplicative demands models. We again analyze the supplier’s decision on the inventory
levels and wholesale price with and without service level requirements. We also compare
the profits of the retailers and supplier for the different policies under normally distributed
demands. We find that the supplier’s profit always increases after pooling the inventory
while the retailers’s profit may increase or decrease, depending on the system parameters.

This thesis first studies the single period model, and then extends the results to finite



and infinite horizon problem with either backlogging or lost sales assumptions. We give
mathematical analysis of the pooled and the reserved inventory systems for the infinite
horizon case and use simulation methods to compare these two different inventory systems

for the finite horizon case.
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Chapter 1

Introduction

1.1 Background

Supply chain management is about matching supply and demand, particularly with inven-
tory management. Too much supply leads to inefficient investment and needless handling
cost, while too little supply generates lost sales. The former is the inventory risk while the
latter is the supply risk. In reality, most supply chains cannot match supply and demand
perfectly. All of the firms in a supply chain will bear some supply risks, but firms can avoid
or the decrease inventory risk.

Consider an electronics manufacturing service provider (EMS), who holds inventory of
cpu chips for two or more original equipment manufacturers (OEM). The current inventory
policy dictated by the OEM is to keep each company’s inventory physically separate (re-
served inventory.) Is this the most profitable inventory policy for the EMS? Is it the most
profitable inventory policy for the OEMs?

In general, in this research, we are interested in knowing whether a supplier should pool
inventory or reserve separate inventory for customers. If so, is this policy also beneficial for
retailers? Additionally, how about when the retailers have service level requirements? We
explore those questions for a two-echelon supply chain.

We consider a supply chain for a single product with a single supplier and two retailers



Chapter 1. Introduction 2

as shown in Figure 1.1. In Chapters 1-5 we focus on one single period or selling season. In
Chapters 6 and 7 we examine infinite and finite horizon scenarios. We associate customer
region with each retailer and model customer demands as uncertain. During the selling
season, retailers receive orders from the customers, place an order to the supplier and
receive product for which they pay a unit wholesale price without delay. The supplier
manufactures product and holds it in inventory at his own expense until an order comes
from the retailers, i.e, the supplier bears all the inventory risks. The supplier has only
one chance to produce before the season starts. When a stock-out occurs at the supplier,
sales are lost. The objective of the supplier is to maximize his single-period profit. Profits
of retailers are maximized when they receive their full order. However, they do not have
control over inventory decisions.

In this thesis, we will look at two different inventory policies for the supplier:

1. Reserved inventory policy: the supplier holds, separately, reserved inventories for

retailers 1 and 2;

2. Pooled inventory policy: the supplier holds one central inventory, which is shared by

the two retailers.

For the reserved inventory system, at the beginning of the period, the supplier stocks
x1,x2 respectively for retailers 1 and 2 at manufacturing cost ¢ per unit. After retailer
i (i = 1,2) observes local demand, she places an order with the supplier. Retailer i receives
the inventory immediately and pays a wholesale price w; (w; > ¢ > 0) for each unit received.
Let m; be the markup on the wholesale price retailer i (i = 1,2) charge, i.e., the retail price
is p; = w; +m; at retailer i. If the stock x; of the supplier cannot satisfy the order from
retailer 4, the unsatisfied portion results in lost sales. The supplier takes on the task of
doing inventory replenishment and bears the inventory risk. Units remaining at the end of

the season are disposed at unit cost h (|h| < ¢). Note that h may be negative, in which case
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p=w +m
W, Retailer 1 D, ~ F ()
Supplier
(c,h) w,
P, =w,+m,
Retailer 2 » D, ~ F,(")

Figure 1.1: Two-echelon Supply Chain with One Supplier and Two Retailers

it represents a per-unit salvage value.

For the pooled inventory system, the supplier only has one central distribution center,
and the two retailers share the stock at this central distribution center. At the beginning
of the period, the supplier stocks x, for retailers 1 and 2 with manufacturing cost ¢ per
unit. After the retailers observe their demands, they place orders with the supplier and
pay a wholesale price w, for each unit received. If the stock x, of the supplier cannot
satisfy the combined order, the unmet portion of the order is lost sales. We assume the
markup is m,, for both of the retailers. In the pooled inventory case, when inventory cannot
satisfy the total demand, the supplier needs to allocate the product to the retailers There
are a number of papers discussing inventory allocation for difference scenarios (Cachon and
Lariviere 1999). Our model focuses on the impact of the different policies on the profit of
the supplier and the total profit of the retailers. Hence, we regard the two retailers as one
joint retailer and thus need not consider the allocation policy in detail.

We denote retailer 1’s and retailer 2’s demands as D; and Dy, respectively. D; and Dy
are random variables with independent distributions. Let Fj(-) and f;(-) denote the CDF

and PDF of demand D; (i = 1, 2), respectively. Let D), be the joint demand for the retailers
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with PDF f,(-) and CDF F,(-). Note that the joint demand D, = D; + Da, and F(-) is
the convolution of Fi(-) and Fy(-).

In this thesis, we will analyze the scenarios in which the supplier charges the retailers a
fixed wholesale price and scenarios in which the wholesale prices are the supplier’s decision
variables. With the fixed wholesale price, the parameters of the demands are exogenous
to the system. However with the wholesale price as variables, we assume all the markup
are the same, i.e., m; = ma = m, = m and the demands at each retailer are treated as
functions of the wholesale prices charged the retailers by the supplier.

Penalty costs associated with shortages are often hard to estimate with accuracy. It is
therefore common practice for the supplier to try to maximize his profit while satisfying
a minimum service level requirement for each retailer. Thus the service level requirement
represents implicit shortage costs, e.g., loss of goodwill. Throughout this thesis, the service
level requirements are measured by the probability of no stock-out. We denote p; as the
minimum acceptable probability of no stock-out for retailer ¢ in the reserved inventory case
and p, as the minimum acceptable probability of meeting the retailers’ joint demand in the

pooled inventory case.

1.2 Objective of the Thesis

As noted in the previous section, the reserved inventory scenario and the pooled inventory
scenario are two important scenarios for supply chains in which the supplier risks the dis-
posal cost. There is need for a more comprehensive study, particularly regarding the decision
of the supplier under different scenarios. Therefore, the main objective of this thesis will

be to model, analyze, and compare the impact of the reserved and pooled inventory policies.

More specifically, the aims of this thesis are:

1. To formulate problems involving the reserved inventory and pooled inventory system
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including scenarios in which

e Wholesale prices are fixed,
e Retailers have no service level requirements,
e Retailers have service level requirements,

e Wholesale prices are decision variables,
e Retailers have no service level requirements,
e Retailers have service level requirements.

e Study the problem under the infinite horizon and the finite horizon.

2. To provide conditions that guarantee the existence and uniqueness of optimal solutions

for these cases in which wholesale prices are decision variables.

3. To compare the results and impact of the reserved inventory and the pooled inventory
policies under the different scenarios such as wholesale price, service level require-

ments.

1.3 Outline

This thesis is organized as follows

Chapter 2 gives a brief literature review of related work.

Chapter 3 focuses on the case in which the wholesale price is fixed. Several models are
provided and the results under the pooled inventory and reserved inventory policies are
compared.

In Chapter 4, we analyze the pooled inventory and reserved inventory models under the
additive demand model. The optimality conditions and results are stated. Comparative
results of the pooled inventory case and the reserved inventory case are stated.

In Chapter 5, we provide similar analysis of the systems under multiplicative demand

model. The optimality conditions and results are stated. Comparative results of the pooled
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inventory case and the reserved inventory case are stated.
In Chapter 6, we extend the analysis to the infinite horizon problem and provide com-
parative results of the pooled inventory case and the reserved inventory case are stated.
In Chapter 7, we use simulation methods to analyze the systems over a finite horizon.
Comparative results of the pooled inventory case and the reserved inventory case are stated.
Finally, Chapter 8 summarizes all of our results to date, and states our future research

directions.



Chapter 2

Literature Review

This chapter provides a brief overview of literature on models involving inventory pooling

and single product and single period models involving pricing decision.

2.1 Inventory Pooling

A key aspect of our research is the analysis of the effect of pooling inventory in the supply
chain system. The literature on inventory pooling can be classified into three categories:
component commonality; inventory transshipment in single echelon supply chains; inventory

pooling in multi-echelons supply chain.

2.1.1 Component Commonality

If end products share common components, safety stock can be reduced and service levels
maintained by pooling inventory of the common parts. The work-to-date on component
commonality concentrates mainly on changes in safety inventory levels and does not consider
the benefit of pooling to the suppliers and the retailers in the supply chain. Baker, Magazine,
and Nuttle (1986) study a two product system with service level constraints where the
objective is to minimize the total safety stock. They show that total safety stock drops

after pooling while total stock of specialized parts increases. Gerchak, Magazine and Gamble
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(1988) extend these results to a profit maximization setting. Finally, Gerchak and Henig
(1986) analyze a model in a multi-period setting and resolve the optimal policy for the

infinite horizon models.

2.1.2 Inventory Transshipment in Single Echelon Supply Chains

Inventory transshipment involves transferring inventory from one member to another of
the same echelon of a supply chain in the event of a stock-out at the latter. This work is
different from our work in that it concentrates on one echelon only.

The most relevant papers in this stream are those of Rudi, Kapur and Pyke (2001) and
Dong and Rudi (2002) in which both the retailers’ and supplier’s profits are considered.
Transshipment creates a virtual centralization of the inventory by utilizing the benefit of
inventory pooling within the same inventory echelon. Seifert and Thonemann (1999) and
Seifer et al. (2001) model single-directional transshipment from physical to internet retailers.
Anupindi et al. (2001) consider a very general decentralized transshipment model where
multiple retailers not only stock inventory internally but also jointly stock it at multiple,

jointly owned warehouse locations, which is similar to Anupindi and Bassok (1999b).

2.1.3 Inventory Pooling in Multi-echelon Supply Chains

There are several papers that, like our work, investigate the benefits of pooling inventory
in supply chain with more than one echelon. Anupindi and Bassok (1999a) consider a two-
level supply chain with a single supplier and two retailers. Unlike our model, the inventory
decision is made by the retailers without service level requirements, and the retailers bear
all the inventory risk. They model a system in which a fraction of the customers are willing
to wait for a delivery from another retailer (market search). They show that under this
setting, the manufacturer may not always benefit from inventory pooling because total sales
may drop. They also discuss the possibility of optimizing wholesale prices or introducing

holding cost subsidies as methods for coordinating the supply chain. However, in their
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model, demand is exogenous and not sensitive to price.

As in our work, Netessine and Rudi (2003) consider two supply chain strategies, tra-
ditional operation and drop shipping. With traditional operation, the retailer holds the
inventory purchased from the supplier, while with drop shipping, the supplier holds the
inventory. Although they also consider a two-echelon system, the second echelon consists of
a collection of identical retailers. The retailers are only intermediaries between the end cus-
tomer and the supplier and function as a single joint retailer. Netessine and Rudi compare
the traditional channel and drop shipping strategy under normally distributed demands and
find that the supply chain’s profit may be higher or lower with drop shipping relative to
the traditional strategy.

Cachon (2004) considers the “push contract,” in which the retailer bears all the inventory
risk and the “pull contract,” in which the supplier bears all the inventory risk because only
the supplier holds inventory. The retailer replenishes as needed during the season. His
study focuses on identifying Pareto-optimal price-only contracts and studies supply chain
efficiency under such contracts. However, since there is only one retailer, the benefits of
inventory pooling are not reflected and in addition he only considers the case of exogenous
demands .

Of the existing literature, the work that is closest to ours is that of John Bartholdi,
and Kemahlioglu (2003). They consider two retailers whose inventory is provided by a
common supplier who bears all the inventory risk. They find that the total system profit
will increase after pooling the inventory. In addition, using the Shapely value to allocate the
additional profit, they analyze various schemes by which the supplier may pool inventory.
By allocating the Shapely value, they could coordinate the whole supply chain. However,
they only consider the scenarios in which the wholesale price is fixed and all the demands
are not price-sensitive. We will show the optimal inventory and pricing policies when the
wholesale prices are decision variables under the reserved and the pooled inventory systems.

We also will analyze the comparative results for these scenarios.
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2.2 Pricing Decision in Single-period Models

In our work to date, we have focused on single-product, single-period scenarios, first in
which prices are fixed and later in which wholesale prices are decision variables. In this
section, we discuss the literature on single production during single period models in which
wholesale prices are decision variables. The single-product, single-period newsboy problem
has a rich history which can be traced back to Edgeworth (1888). In its basic formulation, a
decision maker facing random demand for a product for one period must decide how many
units of the product to stock in order to maximize his expected profit. The optimal solution
to this problem is to strike a balance between the expected shortage cost and leftover cost.
Porteus (1990) provides an excellent review. Typically, the focus of the extensive literature
is on operational efficiency to minimize expected cost. Parameters such as market price and
wholesale price are usually exogenous and fixed.

Whitin (1955) was the first to formulate a newsboy model with price effects. In his
model, selling price and stocking quantity are set simultaneously. Whitin assumes that the
demand is a random variable depending on the unit-selling price. However, the price is a
decision variable rather than an external parameter. Mills (1959) refines the formulation
by explicitly specifying mean demand as a function of selling price. Subsequent works by
Zabel (1970) and Young (1978) revisited the same single-period model under alternative
specifications of the demand function. All of these works focus on single-echelon problem.

Another relevant stream of literature on pricing policy is in channel coordination. The
most relevant paper in this stream is Wang et al. (2004). They consider a two-echelon
supply chain with one supplier and one retailer where the supplier decides on the retail
price and delivery quantity for his product, and for each unit sold, the retailer deducts a
percentage from the selling price and remits the balance to the supplier. However, since
there is only one retailer, there is no pooled inventory analysis. Bernstein and Federgruen

(2001) investigate a two-echelon supply chain with a single supplier servicing a network of
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competing retailers. They assume that any retailers’ random demands depend not only
on its own retail price but on those of the other retailers as well. The retailers make all
the decisions. Although there is more than one retailer in the second echelon, the authors
focus on how to coordinate the whole supply chain system and do not consider the pooled

inventory.



Chapter 3

Problem with Fixed Wholesale Price

In the next three chapters, we analyze and compare the impact of the inventory pooling
for a two-echelon supply chain as is described in Chapter 1. Here, we assume that the
demands at the retailers are exogenous. We denote retailer 1’s and retailer 2’s demands as
D, and Do, respectively. D; and Dy are independent random variables. Let F;(-) and f;(-)
denote the CDF and PDF of D; (i = 1,2), respectively. We assume that D; and D are
nonnegative continuous random variables. Continuity of demand is a common abstraction
that is used to simplify the analysis since in practice demand is discrete. Let D, be the
joint demand for the retailers with PDF f,(-) and CDF F),(-). Note that the joint demand
D), = D1 + D>, and F,(-) is the convolution of Fi(-) and F5(-).

We present and analyze the decisions of the supplier for both the reserved inventory
policy and the pooled inventory policy. We also compare the effect on the profit of the
supplier and the total expected sales and profit of the retailers of those two different policies
when demands are normally distributed. For each policy, we consider scenarios under the
following conditions

e Retailers have no service level requirements,

e Retailers have service level requirements.

12
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3.1 Retailers Have No Service Level Requirements

In this section, we will analyze the reserved inventory case and the pooled inventory case

when the retailers do not impose service level requirements on the supplier.

3.1.1 Reserved Inventory Case

For the reserved inventory case, the supplier keeps two separate inventories, one for each
retailer. The objective of the supplier is to maximize his expected profit, which is defined
as the expected revenue less the expected disposal and manufacturing costs. Let IT,.(x1, x2)
denote the supplier’s expected profit for any chosen inventory levels (x1,x2), which can be

written as

I,.(z1,22) = FElwymin (2, D) — h(zy — D)™ —cxy

+wo min (29, Do) — h(wy — Do) — ey,
and the optimization problem for the supplier is
max Il (x1,z2).

120,220

Recall that D; and Dy are independent random variables. Hence, we can rewrite IT,.(x1, x2)

as
Hr(xlny) - H'r‘l(xl) +Hr1($2)7
where
1 (71) = E[wy min (z1, D1) — h(z1 — D1)" — cx1],
and

HTQ(.ZQ) = E[’wQ min (CL’Q, Dg) — h(SEQ — D2)+ — Cl‘g].
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Hence, the optimization problem for the supplier can be separated into two separate
problems, one for each retailer. For retailer i, the supplier sets the inventory level to
maximize his profit by solving the following problem

max IT,;(z;), i=1,2. (3.1)

Ti>

Let 2 be the optimal solution of problem (3.1). Since there is no service level constraint, the
analysis of the inventory decision and the profit of the supplier are similar to that of a single
location newsvendor problem(see Silver 2000). It is well known that the profit-maximizing

inventory levels for the supplier are

w; —C
*_ polc 22~
i v (wi+h

).

Since |h| < ¢ and w > ¢ > 0, hence 0 < i < 1, which indicates that FZ_I(ﬁ)

is feasible. In addition, due to the nonnegativity of demand, Ff%) is nonnegative. Thus
xz; > 0. Since the retailers do not hold inventory, their profits are proportional to the
expected sales. Let m.;(z;) be the profit of retailer ¢ (i = 1,2) when the supplier keeps

inventory level x; for her. We have

mri(zi) = E[m; min(x;, D;)], i=1,2.

We use 7, 7%y and II to denote the optimal profit of retailer 1, retailer 2 and the

supplier, respectively, when the supplier holds optimal inventory level z; for retailer 7. In

addition, we define the retailers’ total expected retail profit 7" as 7 + 7).

3.1.2 Pooled Inventory Case

For the pooled inventory system, there is only one distribution center from which the two

retailers share the stock. Recall that we let z;,, be the total inventory level and D, be the
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joint demand at the retailers. The supplier charges retailers w, for each unit that retailers
received. The markup price is m, fir both of the retailers. Let II,(x,) be the supplier’s
expected profit when the inventory level is chosen as x; in the pooled inventory case. We

have

y(zp) = Elwpmin (2, Dp) — h(zp — Dp)" — cayl.

The supplier sets the inventory level to z;, so as to maximize his profit by solving the

following problem

max IT,(zp). (3:2)

>0
Since this problem is equivalent to problem (3.1), hence the optimal stocking policy is

wp — ¢
wy + h

* —1
p Fp (

).

Let mpy(zp) be the expected total retail profit given the supplier’s inventory level z,,

which can be written as

Tp(p) = E[mymin(xy, Dp)].

*

Similarly, when the supplier’s inventory level is 7,

we use 7, to denote the total optimal
profit of the retailers and 1I; to denote the optimal profit of the supplier.
3.1.3 Comparative Results

In general, we cannot say whether the retailer’s profit will increase or decrease after pooling

inventory. With the pooled inventory case, retailers’ profits may decrease because the total
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inventory in the supply chain usually decreases. Gerchak and Mossamn (1992) derive con-
ditions which include the demand distributions and cost parameters, under which pooling
inventory may result in increased inventory. The phenomenon of retailers’ profits decreasing
was first observed by Anupindi and Bassok (1999a) in a different setting, where the retailers
pay the holding cost, and it is their decision whether to pool inventory or not. We illustrate
that the retailers’ total expected profit can decrease after pooling the inventory with the

following example.

Example 3.1.1 Consider a system with two retailers and assume that demands D1 and
Dy at the retailers are independent and uniformly distributed between [0,100]. The CDF of

the demand at each retailer is

) = & 0<u<100
1w > 100.

Let D, = D1 + Do, then the CDF of the random variable Dy, is

2 2
(o) — s 0 <u< 100
Fy(u) = ¢ — 2 420 1 100 < u < 200
1 u > 200.
wi—Cc __ w2—c __ Wp—C

If the critical ratios = 0.8, then in the reserved inventory case, the

wi+h — w2+h T wpth

optimal inventory levels are

x} = a5 = F~1(0.8) = 80,

the expected sales at each retailer is 48, and the total expected sales is 96. In the pooled
inventory case, T, = Fp_1(0.8) = 137, and the expected total sales is 95. Note that the
expected profit of the retailer is proportional to the expected sales. Therefore, the total

expected profit of the retailers drops after pooling the inventory.



Chapter 3. Problem with Fixed Wholesale Price 17

Due to its mathematical tractability, the normal distribution appears to be the distrib-
ution of choice in modelling multi-location inventory problems. In addition, many random
distributions can be approximated by the normal distribution. Although the range of the
normal distributed variable is from —oco to 400, the mean value of the normal distribution
is large enough relative to its variance. In this case, the relative demand values will almost
surely be nonnegative. Alfaro and Corbett (2003) perform a simulation study of the pooling
effect, comparing the impact of the normal distribution with several nonnormal distribu-
tions. They conclude that the effect of pooling does not vary much between the different
distributions.

Suppose Dy and D5 are independently distributed normal random variables with means
w1 and po and standard deviations o and o9, respectively. Let ®(-) denote the CDF and
¢(-) the PDF of the standard normal distribution. In addition, we denote by R(-) the

right-hand unit normal linear loss function, which is defined as follows (see Zipkin 2000)

From Zipkin, we know that R(z) is a nonnegative and nonincreasing function of z, and

R(x) 4+ 2 >0 for any z. (3.3)

The following theorems characterize the impact of the two policies on the profits of the

supplier and retailers.

Theorem 3.1.1 Assume that wi = wy = wp, = w. If Dy and Dy are independently and
normally distributed random wvariables, the supplier’s optimal profit is increased when the

inventory is pooled, i.e., IL) > TI7.
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Proof. Under the reserved inventory scenario, the optimal inventory levels are given by

w—cC

w+ h

o =+ o @7 ),

and
w—c
w—+ h

w3 = pg + 0207 ( )-

For the pooled inventory scenario, D, ~ N(u1 + p2, /01 + 03). Hence the optimal total

inventory level for the pooled inventory scenario is

* 1 w—c
xy = p1 + pig +\/of + o3P (m)-

However the excess stock is (z} — D;)" = zf —min(z}, D;), i = 1,2. Hence the supplier’s

optimal profits in the reserved inventory case and the pooled inventory case are

I} = (w+ h)E[(min(2], D1) + min(z3, Dy)] — (h + ¢)(z] + 23),
= (w+h) (,ul + pg — (01 + 02)R <<I>_1 <Zj;;>>>

—(h+¢) <,u1+,u2+(01 +09)® ! (w_c)> ,

w—+ h

and

I, = (w+ h)E[min(zy,, Dp)} — (h+c)x,)

om0 (25)
—(h+c) <u1+u2+m¢>—1 (Z;Z))
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Calculating the difference of 117 and I, we have

* * — w—=cC
Iy =1L = (w—i-h)(\/a%—l—a%—m—i-m)R(@ 1<w+h)>
L {w—c
+(h+c¢) <\/a%+a§—01+02>‘19 1<w—|—h>

w—c
< (c¢+h) ( o7 +0201+02)R(¢_1(w+h>>
4 f[w—c
+(h+c¢) <\/01+02—01+02><I> 1(w+h>
1 [w—c 4 f[w—c
- C+h < J%+02—01+02> (R(‘I’ 1<w+h>>+¢) 1<w—|—h>)
<

The first inequality follows from the fact that w > ¢, R(-) > 0 and the inequality /0% + 03 <
o1+ 09 for any positive o1 and o9. The second inequality is seen by applying equation (3.3).

Hence, the supplier’s profit is increased after pooling the inventory, i.e., [I} <II7. =

Theorem 3.1.2 Assume that w1 = wy = wp = w and m1 = mg = my = m. If D1 and Do
are independently and normally distributed random variables, the retailers’ total expected

profit is increased when the inventory is pooled, i.e., m, > .

Proof. The expected profits of the retailers 1 and 2 in the reserved inventory case are given
by
7w, = mEmin(x],D;), i=1,2,

(2

and the total expected profit of the retailers in the pooled inventory case is given by

m, = mEmin(x,, Dp).
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For the normally distributed demands, we have

77::1' —m(,ui—aiR <(I)1 <w;;>>>7 1= 1,2,
w
* —1fw—c¢
7rp—m<,u1+u2—y/a%+J%R <‘I> (w—i—h)))'

and

Therefore,

* * *
T, — T, = T,

= m(01+02 \/U%+U%)R((I)_1 (Z;Z))

Since R(-) is nonnegative and the inequality oy + o2 > \/0? + 03, we have

* *
Tp1 — T2

* *
m, — 7, > 0.

Hence the total expected profit is increased after pooling the inventory. m

Theorem 3.1.3 Assume that w1 = wy = wy, = w, m1 = ma = my, = m. If D1 and Dy

are independently normally distributed random variables, and the critical ratio ﬁ;fl > 0.5,
then the supplier’s optimal inventory level in the pooled inventory case is less than the
optimal total inventory levels in the reserved inventory case, i.e., x, < x] + z5. Otherwise,

* * *
Ty >x] +x5.

Proof. We know that the optimal total inventory level in the reserved inventory case is

given by
w—c

w+ h

E A xh = g+ po + (01 + 02) 7Y ).
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However the optimal inventory level in the pooled inventory case is given by

71 w —cCc
Ty =p1 + pip +\/0f + 059 (w—i-h)'

The fact that ®~!(-) is a monotone nondecreasing function and ®~1(0.5) = 0 implies that

@fl(ﬁlg) > 0 provided the critical ratio ZU‘:,CL > 0.5. Hence z;,

inequality o1 + g9 > +/ a% + a%. Otherwise, when

< z7 + x5 follows the

wrh < 0.5, we have ), > 2] + 3. ™

Under normally distributed demand, when the profit margin of the supplier w — ¢ is
large or when the disposal cost h is small relative to the wholesale price w, the supplier’s
total optimal inventory levels in both the reserved inventory and the pooled inventory cases
are greater than the mean value of the demands, and the total optimal inventory level drops
after pooling the inventory. When the profit margin of the supplier w — ¢ is small or when
the disposal cost h is large relative to the wholesale price w, the supplier’s total optimal
inventory levels in both the reserved inventory and the pooled inventory cases are less
than the mean value of the demands, and the total optimal inventory level increases after
pooling the inventory. However, the profit of the supplier is always increased after pooling
the inventory. Although the supplier may keep less inventory in the pooled inventory case,
the retailer’s total expected sales will increase because the probability of stock-out drops
due to sharing the inventory. Hence, pooling inventory is beneficial for both the supplier

and the retailers.

3.2 Retailers Have Service Level Requirements

In this section, we consider scenarios in which the wholesale price is fixed but the retailers
impose service level requirements on the supplier. Throughout this section, we use Type-1

service, i.e., we use the probability of no stock-out as the service level. In Section 3.2.1, we
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consider the reserved inventory case. We analyze the pooled inventory case in Section 3.2.2.

Comparative results are presented in Section 3.2.3.

3.2.1 Reserved Inventory System

In this scenario, the retailers are powerful enough to require the supplier to use a reserved-
inventory policy, i.e., the supplier maintains separate inventory levels (z1, z2) for retailers 1
and 2, respectively. In addition each retailer has a minimum service level requirement. We
assume that the retailers 1 and 2 have the minimum service level requirements p; and po,
respectively. Let D; and Ds be independent random variables with CDF Fi(-) and Fs(-)
that represent the demands at retailers 1 and 2, respectively. Then given the inventory

levels x1 and s, the probability of no stock-out at retailer i is
P(D; < z;) = Fi(x;), i=1,2.

Hence, the objective of the supplier is to maximize his profit while satisfying the service level
requirements of the retailers. Keeping the same notation as in Section 3.1, the supplier’s
maximization problem is given by

I 4
21203520 r(@,2) (34)

s.t. Fl(l'l) > p1

Fy(x2) > p2
Similarly, we can separate problem (3.4) into the following two independent problems

11
2111% rl(ﬂvl)

s.t. Fl(xl) Z P1,
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and

II
g% r2(962)

s.t. FQ(I’Q) Z P2

Without service level requirements, the supplier’s problem is the same as the problem in

w; —C

wi+h’

Section 3.1. The optimal inventory level for retailer 7 corresponds to a service level of
which we called the critical ratio. For the problem with service levels constraints, since
Ew; min (z;, D;) — h(z; — D;)™ — cx;] is a convex function of x; and Fj(x;) is nondecreasing
in z;, the optimal inventory level z is F;l (max(pi, %))

Since the retailers do not hold any inventory, given the inventory level x;, retailer i’s

expected profit m,;(x;) can be written as
7ri(x;) = Elm; min(x;, D;)], i=1,2.

We use 7); to denote the optimal profit of retailer ¢ when the supplier holds x} products
for retailer q.

When the wholesale price is fixed, the higher service level requirements by retailers may
mean that the supplier must hold more inventory. While higher inventory levels means
higher expected sales, the supplier bears higher inventory holding risk when he maintains

higher inventory levels for the retailers.

3.2.2 Pooled Inventory System

Now consider the supply chain when the supplier pools the inventory but must satisfy a
joint service level requirement of the retailers. We still keep the same notation in Section
3.1. In this case, the objective of the supplier is to maximize his profit, subject to satisfying

all demand with probability p,, i.e., the supplier sets his inventory level by solving following
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problem

11
ma p(Tp)

st. Fp(zp) > pp

where the supplier’s expected profit is

I, (2p) = Elwy min (zp, Dp) — h(zp — Dy) ™ — cay).

(wp—c

v T i) for the pooled inventory case in the

Recall that the optimal inventory level is Fp*1

absence of a service level constraint. The convexity of E[w, min (z,, Dp)—h(xp—Dp)* —cxy]
and the fact that the CDF F),(-) is nondecreasing implies that the optimal inventory level

* s
1'pIS
wy — C

wp + h

F ! (max(

p ,Pp))-

Given the supplier’s inventory level x,, the total expected profit of the retailers is

mp = E[mymin(zp, Dp)].

We use 7, to denote the optimal total expected profit of the retailers when the supplier’s
inventory level is zj.

3.2.3 Comparative Results

As was the case without service level requirements, inventory pooling by the supplier may
or may not lead to increased expected retail sales. Example 3.2.1 illustrates an increase in

total expected sales while Example 3.2.3 illustrates a decrease.

Example 3.2.1 Consider a system with pooled inventory in which demands D1 and Doy at

the retailers are independent and uniformly distributed between [0,100], and the CDF of the
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demand at each retailer is

) — &0 < u < 100
1 w>100.

Let D, = D1+ Dy. The CDF of the random variable Dy, is

2 2

(10600) — 20000 0 <wu<100
Fyp(u) = —5t 420 1 100 < u < 200
1 u > 200.
wi—Cc __ wy—c __ Wp—C

If the critical ratios = 0.6 and all the service level requirements are

w1+h wa+h — wp+h

0.45, i.e., p1 = pa = p = 0.45, then in the reserved inventory case, the optimal inventory

levels are

v} = a5 = P~ (max(0.45,0.6)) = 60,

the expected sales of each retailer is 42, and the expected total sales is 84. In the pooled

inventory case, T, = Fp_1(0.6) = 111, and the total expected sales is 88. Therefore, the total

expected profit of the retailers is increased after pooling the inventory.

Example 3.2.2 Continue to assume that the demands Dy and Do at the retailers are in-

wi—c __ wz—c __
wi+h — wath T

dependent and uniformly distributed between [0,100], that the critical ratios

;U;’;Z = 0.8 and all the service level requirements are 0.7, i.e., p1 = po = p = 0.7. Then in

the reserved inventory case, the optimal inventory levels are
zt = b =F0.8) = 80,

the expected sales at each retailer is 48, and the expected total sales is 96. In the pooled

inventory case, T, = Fp_l(O.S) = 137, and the expected total sales is 95. Therefore, the total
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expected profit of the retailers drops after pooling the inventory.

Under generally distributed demands, with higher inventory levels, the expected service
level provided to the retailers and their expected sales also increase. If the required service
level exceeds the critical ratio, the supplier loses money by providing a higher service level.
We now examine the impact of the reserved inventory and the pooled inventory policies on
the profit of the supplier and retailers. We will show the results both for the case when the
retailers have the same service level requirements and for the case when they have different

service level requirements.

Same level service requirements

For the case of normally distributed demands, we can provide a detailed comparison of the
reserved and pooled inventory cases. We assume that D; (i = 1,2) is independently and
normally distributed random variables with mean pu;, standard deviation o;, respectively.
In addition, we suppose that all the service level requirements are the same, i.e., p1 = p2 =

pp = p. We have the following theorems.

Theorem 3.2.1 Assume that wi = w2 = wp = w and p1 = p2 = pp = p. If D1 and Do
are independently and normally distributed random variables, the supplier’s optimal profit

is increased when the inventory is pooled, i.e., 1L} > TI7.

Proof. Under the reserved inventory scenario, the optimal inventory levels are given by

w—c
*: @_1
r1 = p1+01 (maX<w+h,P>>,

and

w—C
* (I)_l .
e (s (225)
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For the pooled inventory scenario, D), ~ N(u1 + g2,/ O‘% + O‘%). Hence the optimal total

inventory level for the pooled inventory scenario is

T, = p1+ p2 + \/U%—FU%@_I (max <Zj;;,p>>

The supplier’s optimal profits in the reserved inventory case and the pooled inventory

case are

and

(w + ) E[(min(27, D1) + min(x3, Da)] — (b + ¢) (27 + 3),

(w+ h) [Ml +p2 = (o1 +02)R <‘I)1 (ma’x <Z;Z’p>>>]

—(h+e) [ul +p2 + (01 + 02) 7 (max (Z;Zp»] 7

(w + h)E[min(zy, D,)] — (h 4 c)z,}

o (o (5]
—(h+c) {m o+ mqﬂ (max <Z+2p>>] .
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Calculating the difference of 117 and I, we have

* * — w—cC
I — 11, = (w+h)( O'%—FO’%—O’l—f—O'Q)R(‘I) 1(max<w+h,p)>>
_ w—c
+(h+c¢) <\/0%—|—J%—01+02><I> 1<max <w—|—h’p>>

< (c+h) o%+o%01+02>R<‘I’_1<max(m’p)>)
+(h+c)<\/<m—01+"2>“1’1 (max(Z_T_Z,P))

e (Yo [ (o) (s (255.0))
o (max< +Z >)]

< o0

The first inequality follows from the fact that w > ¢, R(-) > 0, and \/0? + 05 < 01 + 02 for
any positive o1 and o9. The second inequality is seen by applying equation (3.3). Hence,

the supplier’s profit is increased after pooling the inventory, i.e., I[L <IIJ. m

Theorem 3.2.2 Assume that wi = we = wp = w, My = Mg =My =m and p; = p2 =
pp = p. If D1 and Do are independently and normally distributed random variables, the

retailers’ total expected profit is increased when the inventory is pooled, i.e., m, > .

Proof. The expected profits of retailer ¢ (i = 1,2) in the reserved inventory case are
given by
. = E[mmin(z], D;)], i=1,2,

T

and the total expected profit of the retailers in the pooled inventory case is given by

7, = E[mmin(z,, Dp)].
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For the normally distributed demands, we have

Ty =m <ui —o;R <<I>1 (max <Zj;;,p>>>> , 1=1,2,

and

Therefore,

* * *
T, — T, = T,

= m (o’l + 09— /o + O'%) R (@_1 (max(ﬂ,p)) .

Since R(-) is nonnegative and the inequality oy + o2 > \/0? + 03, we have

* *
Tp1 — Tp2

* *
m, — 7, > 0.

Hence the total expected profit is increased after pooling the inventory. m

Theorem 3.2.3 Assume that w1 = we = wp = w and p1 = p2 = pp = p. If D1 and Dy are

independently normally distributed random variables, and the critical ratio max(gi}cl, p) >
0.5, then the supplier’s optimal inventory level in the pooled inventory case is less than
the optimal total inventory in the reserved inventory case, i.e., x, < zi + x5. Otherwise,

* * *
Ty >x] + x5,

Proof. We know that the optimal total inventory level in the reserved inventory case is
given by

* K (I)fl w—=cC ]
zi+ a5 =+ p2 + (01 + 02) <maX <w+h7p
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However the optimal inventory level in the pooled inventory case is given by

71 w —cCc
m;:m—l—,ug—i-\/af—i-a%@ (max (w—kh’p>>'

The fact that ®~!(-) is a monotone nondecreasing function and ®~1(0.5) = 0 implies that

o1 (max (l‘v‘:fl,p)> > 0 provided max (;”;fl,p) > 0.5. Hence z

» < 2] + x5 follows

from the inequality, o1 + 02 > /0% 4+ 03. Otherwise, when max (Z‘U’—;Z, p) < 0.5, we have

* * *
T, > T+ 2y W

Under identically and normally distributed demands, if the service level requirements
in the reserved inventory case are the same as the joint service level requirement under the
pooled inventory case, the supplier will get benefit from the pooled inventory policy. In
addition, total expected sales are also increased by sharing the inventory between the two
retailers. Because of the benefits of inventory pooling, both the retailers and the supplier
will choose the pooled inventory policy. However, we find that the supplier’s total inventory
level may increase or decrease after pooling the inventory. Like the case without service
level requirement, we find that the difference of the total optimal inventory level and the

mean value of the demands is decreased after pooling the inventory.

Different Service Level Requirements

In the previous section, we have analyzed the supply chain in which the retailers have
identical service level requirements in the pooled inventory system and supplier charges the
retailers a common wholesale prices w,. Here, for the pooled inventory system, we model
the supply chain in which the retailers have different service level requirements and the
wholesale price for retailer i is w; (i = 1,2).

Let z,; (i = 1,2) be the stock which the supplier keeps for retailer ¢ before the selling

season, but now assume that it is sharable, i.e., if the stock kept for retailer 1 runs out and
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stock is available in the inventory for retailer 2 after the demand of retailer 2 is satisfied,
then this remaining stocking can be used to satisfy the unsatisfied demand at retailer 1. Let
D1, D5 denote the demands at retailers 1 and 2, respectively. Under the pooled inventory

policy, the probability of no stock-out at retailer 1 is

P(D; < xpl) + P(D; > Tp1, Do < xp2, D1+ Do < xp1 + xpg),

and at retailer 2 is

P(DQ < xpg) + P(DQ > xpg,Dl < l’pl,D1 + Dy < Tp1 + ZEPQ).

Let p1 and p2 be the service level requirements for retailers 1 and 2, respectively. The
supplier can get the optimal inventory levels (:U;;l, Tps) by solving the following maximizing
total profit problem,
zpé%i};zo Iy (zp1, xp2) = mpé%i);ZOE[wl min (w1, D1) — h(zpr — D1)T — cap (3.5)
+  womin (zp2, Da) — h(zpa — Dpa) T — cxpo)]
st. P(Dy <xp)+ P(D1 > xp1,De < xp2, D1 + Do < xp1 + 2p2) > p1

P(D2 < .%'pQ) + P(D2 > xpg,Dl < a:pl,Dl + Dy < Tp1 + xpg) > p2.

When p; and py are the same in the pooled and reserved inventory scenarios, we have

the following results.

Theorem 3.2.4 The supplier’s optimal inventory levels in the reserved inventory case is a

feasible solution for supplier’s mazimization problem (3.5) in the pooled inventory case.

Proof. Recall that (z7, z3) are the optimal inventory levels in the reserved inventory case.

It’s sufficient to show that (z7, %) satisfy the constraints in problem (3.5). For the first
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constraint in equation (3.5)

P(D1 SJZT)—FP(Dl >x’{,D2<x§,D1+D2 Saff—i—x%)
> P(Di <a7)

Hence, (27, x3%) satisfies the first constraint. Similarly, we can prove that it also satisfies the

second constraint. Hence (x7, 23) is a feasible solution for problem (3.5) m

The objective function of the supplier’s maximization problem in the reserved inventory
case is the same as that in the pooled inventory case. However, Theorem 3.2.4 shows
that the optimal solution of problem in the reserved inventory is a feasible solution for
the problem in the pooled inventory case. Hence the optimal objective value, namely, the
optimal profit of the supplier, in the pooled inventory case is at least as large as that in the

reserved inventory case. We state this property in the following theorem.

Theorem 3.2.5 The optimal profit of the supplier in the pooled inventory case is at least

as large as that in the reserved inventory case, i.e., I, > 117.

Theorem 3.2.6 The optimal inventory level for the supplier after pooling is smaller than
before pooling, i.e., Ty + x5y < x7 + 5.

Proof. We have

w; — ¢ )
! h,pi)), 1=1,2.

x; = F;l(max(w' n
(3

By Theorem 3.2.4, (xF,x3%) is a feasible solution of the supplier’s maximization problem
in the pooled inventory case. II,(xp1,2p2) is a jointly concave function of x, and zp.

Furthermore for any given z,2, IL,(zp1,xp2) is a decreasing function of z,; when z, >

Fr 1(&1;2) Similarly, for any given xp1, II,(zp1,2p2) is a decreasing function of x, when
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Tp2 > F2_1($22J:fl) The expressions for z] and z5 imply the following inequalities,

wy — ¢
w1+ h

),

x> FY(

wg — C
wy + h

x5 > Fy

).

Since Hp(xyy, 2p0) > Tly(27, 23), 25 < 2] and x5 < 25. =

The results show that the supplier gets more profit in the pooled inventory case than in
the reserved inventory case. In the pooled inventory case, the supplier produces less stock
than in the reserved inventory case. However, we cannot say whether the expected profit of
the retailer will increase or decrease after pooling inventory, which depends on the system

parameters such as the demand parameters.



Chapter 4

Wholesale Prices are Decision Variables: Additive

Demand Model

In the next two chapters, we consider the same problem as that in in Chapter 3, but the
wholesale prices wy and wo are now decision variables. As before, we denote retailer 1’s and
retailer 2’s random demands as D; and Ds, respectively. However, here we assume that all
the markups are the same, i.e., m; = my = m, = m, and the demands are price-sensitive,

and they are functions of the wholesale prices.

4.1 Problem Description

The way the price-sensitive random demand is modelled is very important. In this chapter,

we consider an additive demand function of the following form (Mills 1959),

Di(w;) =y(w;) + €, i=1,2.

where y(w;) is a deterministic and decreasing function of the product’s wholesale price wj,

and ¢; is an independent random variable defined on the range [A,B] with CDF G;(-), PDF

34
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gi(+) and mean value y;. In addition, we assume that

y(wi) =a—bw; a>0,b>0.

For the pooled inventory case, we use D,(w,) to be the total joint demand for the

retailers when the wholesale price is w,. Then

Dy(wp) = Di(wp) + Da(wy)
= y(wp) +y(wy) + €1+ €

= 23/(wp) + €p,

where

€p = €1 + €2.

The random variable €, is defined on the range [2A,2B] with mean value p,, = p11 + p2. We
use G,(-) and gp(-) to denote the CDF and PDF of ¢,. Note that G,(-) is the convolution
of G1(-) and Ga(-).

Specifying a feasible wholesale price range is common in the operations and economics
literature (see Federguen and Heching 1999.) We assume that the set of feasible wholesale
prices is confined to a finite interval [¢, wyqz], where

e ¢: lowest possible unit wholesale price to be charged (which implies that the

wholesale price should be greater than the manufacturing cost; otherwise, the
supplier cannot get profit).

® Wyt highest possible unit wholesale price to be charged.

In order to assure that the feasible wholesale price guarantees the nonnegative demands,
we require that y(wmaz) + A = a — bwimer + A > 0, which in turn implies that y(c) + A =
a—bc+A>0.

In this chapter, we analyze the decisions of the supplier for both the reserved inventory
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case and the pooled inventory case. We also compare the results of the reserved inventory
scenario and the pooled inventory scenario when ¢; (i = 1,2) are normally distributed. We
do this for the following scenarios

e retailers have no service level requirements,

e retailers have service level requirements.

4.2 Retailers Have No Service Level Requirements

4.2.1 Reserved Inventory System

To maximize the expected supplier’s profit, the supplier must choose the wholesale price and
inventory level for each retailer. Let II,(z1, x2, w1, w2) denote the supplier’s expected profit
when the supplier keeps inventory level z; and charges w; per unit for retailer i (i = 1,2).

We have

I,.(z1, 29, w1, we) = FElwymin(zy, Di(wy)) — h(z1 — D1(w1))™ — ey (4.1)

+wsy min (1‘2, DQ(’U)Q)) — h(l‘g — Dg(wz))+ — CiL'Q].

Recall that we have assumed that €; and ey are independent random variables. Thus D;

and Do are also independent, and II,(x1, x2, w1, ws) is separable, i.e.,

II, (1, z2, w1, w2) = Iy (21, w1) + (22, w2),

where

Hrl(xl, wl) = E[w1 min(ml, Dl(wl)) — h(l’l — Dl(wl))+ — cxl],

HrQ(IQ, wg) = E[w2 min(xQ, Dg(wg)) — h(l’g — DQ(’U)Q))+ — C.’EQ].
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Hence, the supplier maximizes his profit by solving the following two problems

max I (21, wy), (4.2)

x1 Zozwl € [Cy wmaz]

max ITo (g, wy).
) ZO,’LUQ S [C, 'wnm,w]

Due to the identical structures of II,.; and Il,9, in the rest of the section, we focus on

problem (4.2).

Consider the following optimization problem

max I (21, wy). (4.3)

T1,W1€ [Ca wmaz}

The range of the wholesale price w; guarantees nonnegative demands, which implies that
the optimal inventory level 7 is always nonnegative. Hence, problem (4.2) is equivalent to
problem (4.3).

We define the expected excess stock, Aj(x), and the expected shortage, ©1(x), when the

inventory level is chosen as x and demand turns out to be €; with PDF g;(+). Specifically,

T

Ay(z) = / (& — g1 (w)du,

A

and
B

O1(x) = /(u — z)g1(u)du.

xT
From the definition of ©1(x), we know that it is a nonnegative function of z. Checking
the first derivative of ©1(z) with respect to x, we have @/ (z) = G1(x)—1 < 0. Hence O1(x)

is decreasing in x. In addition, we find that ©(z) and A;(x) satisfy the following equation

@1(1’) = Al(l') — T+ U1
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The supplier’s profit from retailer 1, IT,; (21, w1 ), can be written as

z1—y(w1)

(21, w1) = /A [w1 (y(w1) +u) — h(zy —y(wr) —uw)] gi1(u)du  (4.4)

B
+/ w1191 (u)du — cxq
z1—y(w1)

= I(wl) — L(wl,wl)

where

I(wy) = (w1 — ¢)(y(w1) + 1),

and

L(z1,w1) = (¢ + h)A1 (71 — y(w1)) + (w1 — ¢)O1(z1 — y(wr)).

I(wy) represents the supplier’s riskless profit function, i.e., the profit of supplier for a given
price w; when the demand variable €; is replaced by its constant mean p;. Notice that
without uncertainty on the demand side, the supplier can manufacture exactly the amount
of inventory demanded. L(z1,w;) is the loss function, which assesses an overage cost ¢ + h
for each unit of the expected unused inventory Aj(x; —y(w1)) and an underage cost w; —c for
each unit of ©1(z1 —y(w1)) expected shortages. The following lemma gives some properties

of II,1 (21, w;y) which will be used to solve the problem.
Lemma 4.2.1 1. For a given wy, I, (z1,w1) is concave in x7.
2. For a given wi, the optimal inventory level is determined by

w1 — C
w1 + h

zi(wr) = y(wr) + Gy ( )- (4.5)

Proof. Consider the first and second partial derivatives of II,1(z1,w;) taken with respect
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to x1

Ol (z1,wy)
ox1

821_[7«1 ({El, wl)
0221

= (—c—h)+ (w1 +h)[1 = Gi(z1 —y(w1))],
= —(w1 +h)gi(z1 —y(w1)) <0.

. . . oIl
Hence, for a given wy, 1,1 (1, w;) is concave in z1. The second part follows from % =

0. m

Lemma 4.2.1 shows that II,1(z1,w;) is concave in x; for a given w;. Thus, it is possible
to reduce the original problem to an optimization problem over the single variable w; by
first solving for the optimal value of x; as a function of w; and then substituting the result
back into II,1 (21, w;). Concavity of I3 (21, w1) in 1 for a given w; allows us to use Zabel’s
method (1970) of first optimizing z; for a given w;, and then searching over the resulting
optimal trajectory to maximize 11,1 (w1, z7(w1)).

Before we give the optimal solution of the optimization problem, we introduce the
concept of the failure rate. For a random variable with CDF F(-) and PDF f(-), we use

h(u) to denote the generalized failure rate,

and r(u) to denote the classical failure rate,
_ S
r(u) = T~ Fu)

The classical failure rate gives roughly the percentage decrease in the probability of a
stock-out from increasing the quantity stocked by one unit, while the generalized failure

rate gives roughly the percentage decrease in the probability of a stock out from increasing
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the stocking quantity by 1%. An increasing failure rate (IFR) has appealing implications.
As a supplier holds more stock for a retailer, the retailer’s order quantity becomes less
elastic, i.e., the probability of a stock-out becomes smaller. The IFR assumption is not
restrictive because it applies for most common distributions. Distributions with IFR such
as the normal or uniform distributions are clearly also IGFR (increasing general failure
rate), but there are IGFR distributions that are not IFR.

Returning to our optimization problem, we can now give conditions and a procedure for

calculating a unique optimal solution.

Theorem 4.2.1 Let 7(-) be the failure rate of the random variable €1. If r'(z1) > 0 for

each z1, then (x7,w7) is uniquely determined by

2b(w® —wy) — O1(z1 —y(wy)) = 0,

wi—c

G1(z1 —y(wr)) = wuiFh

where
0 a+bc+
W = —
2b

Furthermore, the optimal wholesale price wi satisfies

2b(w” — wy) — ©1(z](w1) — y(w1)) =0,

and the optimal inventory level can be calculated by Lemma 4.2.1, i.e.,

2 = y(wi) + G (

Proof. We know that the optimal solution (x7,w]) satisfies the following first-order
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conditions

Ol (1, wr)

S = (—c—h)+ (w1 4+ h)[1 — Gi(z1 — y(w))]
L]

Ol (21, wr)

Dy = 2b(w’ — wi) — O1(z1 — y(w1))

+b(—c —h) + b(wy + h)[1 — Gy (z1 — y(wr))]
= b(—c—h)+b(wi + h)[1 — Gi(z1 — y(w1))]

= 0.

By Lemma 4.2.1, the optimal inventory level z7(w;) for given w; is given by

w1 —C
wy + h

zi(wi) = y(wi) + G )-

Substituting x7 (w1 ) into equation (4.4), we get IL.1 (27 (w1 ), w1 ) as a function of wy, namely,

I (21 (w1),w1) = (w1 —c)(y(wi) + p1)
—(c+ h)Ar(z1(w1) — y(w1)) — (w1 — €)O1(x](w1) — y(w1)).
Taking the first derivative with respect to wi, we have

dMyy (27 (w1), w1)
dwi

= 2b(w’ — wy) — O1(z} (wy) — y(w1))
+b(—c — h) +b(w1 + h)[1 — G1 (27 (w1) — y(w1))]

= 2b(w’ —wy) — O1(z}(wy) — y(wr)).

Defining V (w1) = 2b(w® —w1) — O1(z}(w1) — y(w1)), and calculating the first derivative
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of V with respect to wi, we get

dx(wn)

dwq

Vi(w)) = —=2b+4[1 = Gi(27(w1) — y(wr))|( +b)

1 — Gy (27 (w1) — y(wy))
(w1 + h)r(27(wi) — y(w1))

= 2+

The second derivative is

(1= Gl — ) () — y(wn) dai(w)
Vilen) = o (e () — (o) g T
1 — Gi(zy(wr) — y(wr))
(wr + R2r(af(wn) — y(wn))
g(ziw) — y(wr) dai(w)
(@1 + (@i (w) @) dwy T
where
dx(wn) B 1
dwq b= (w1 + h)r(af(wr) — y(wr)) =0

Since 7/(-) > 0 and r(-) > 0, we have

V”(wl) S 0,

and thus V(wp) is unimodal. In addition, we assume that the wholesale price should be

greater than ¢. When wy = ¢, by equation (4.5), the optimal inventory level is

zi(c) =a—bec+ A,
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and

V(e) = —2b(c—uw’) —01(A)
= a—bc+p —p+A

= a—bc+A>0.

The inequality follows from the nonnegativity assumption. Furthermore

V(o) = —o0.

Hence V(wy) has only one root. Therefore, given that €; has an increasing failure rate, the

problem has a unique solution given by its first order conditions. m

The increasing failure rate of the random variable ¢; guarantees the uniqueness of the
optimal inventory and pricing policies. This failure rate condition is very common, and many
distribution functions such as the normal and exponential distributions have increasing
failure rates.

Since the retailers do not hold inventory, their profits are proportional to the expected
sales. Recall that the retail price p; = w; + m; at retailer ¢ (i = 1,2). Let m.;(x;) be the

profit of retailer ¢ when the supplier keeps inventory level x; for her. We have

mri(zi) = E[m; min(x;, D;)], i=1,2.

4.2.2 Pooled Inventory System

For the pooled inventory case, the supplier sets up one common inventory z, and charges
each retailer a common unit wholesale price w,. He sets the inventory level and wholesale

price to maximize his expected profit.



Chapter 4. Wholesale Prices are Decision Variables: Additive Demand Model 44

Let IL,(zp,wp) represent the supplier’s expected profit when the wholesale price is wy,

and the common inventory level is chosen as x,. We have
I (2p,wp) = Blwymin (zp, Dp(wp)) — h(zp — Dy(wy))™ — cxyp).

Recall that Dp(wp) = 2y(wp) + €, and €, is a random variable with mean p, and CDF G)(+)
and PDF g,(-).
We define the expected excess stock Ap(z) and the expected shortage ©,(x) when in-

ventory level is chosen as x and random demand turns out to be ¢, as

T

Ayl = [ (@ = wygpu)du

2A

and
2B

0,(0) = | (u = 2)gy(u)du

xT

We can rewrite the expected profit as

xp—2y(wp)
(2, wy) = /2A [y 2y () + 1) — h(ip — 2y(wy) — )] gp(u)du

2B
+/ wpZpgp(u)du — cxy
xp—2y(wp)

= Ip(wp) - Lp(ﬂvpa wp)»

where

Ip(wp) = (wp — ¢)(2y(wp) + pp)

and

Lp(zp, wp) = (¢ + h)Ap(zp — 2y(wp)) — (wp — €)Op(xp — 2y(wp)).

Consequently, the expected profit again can be interpreted as the riskless profit, I),(wp), less
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the expected loss due to the uncertainty, Ly(zp, wp).
Due to the nonnegativity of demands, the supplier maximizes his profit by solving the
following problem,

max  II(zp, wp)
xp7wp€[c7wmaz}

Similar to Lemma 4.2.1, we have the following lemma concerning the properties of

I (p, wp).-
Lemma 4.2.2 1. For a given wy, II,(xp, wy) is concave in ).
2. For a given wy, the optimal inventory inventory level is determined by

wy — ¢
wp + h

zp(wp) = 2y(wp) + Gy ( )-

The proof is similar to the proof of Lemma 4.2.1. So the details are omitted.
Similarly, we can get the following theorem on the uniqueness of the optimal solution of

the problem.

Theorem 4.2.2 Let r(-) be the failure rate of the random variable €,. If r'(zp) > 0 for

each zp, then (z;,wy) is uniquely determined by

4b(wy — w°) + Op(wp — 2y(wp)) =0,

Gyly — 2y(wy)) = 25,

where
0_ 2a + 2bc + pyp,

v b

Furthermore, the optimal wholesale price wy, satisfies

4b(w” — wy) — Op(ap(wp) — 2y(wp)) =0,
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and the optimal solution of inventory level can be calculated by Lemma 4.2.2, i.e.,

*_

* * —1 wp ¢
r, = 2y(w,) + G, (w;; T h).

The proof follows that of Theorem 4.2.1. We thus omit the details.
Since the retailers do not hold inventory, their profits are proportional to the expected
sales. Recall that the retail price p, = w, + m,. Let m,(x)) be the profit of the retailers

when the supplier keeps inventory level x,. We have

Tp(p) = E[mymin(xy, Dp)].

We have derived procedures to calculate the optimal inventory and pricing policies for
the reserved and the pooled inventory scenarios. In the following section, we show the

results for the two scenarios when €; and e are normally distributed.

4.2.3 Comparative Results

Recall that we defined the range of the random variable ¢; (i = 1,2) as [A, B]. A feasible
condition for the wholesale price w is y(w) + A = a —bw + A > 0 in order to ensure
nonnegative demands. As before, we use ®(-) to denote the cumulative distribution function,
¢(+) to denote the probability density function and R(-) to denote the right-hand unit normal
linear loss function.

First we introduce a simple result that we will use in this and the following sections.

Lemma 4.2.3 Assume that m1 = mg = m;, = m. If €; and ez are independently, iden-
tically and normally distributed random variables, let ©1(-) = O2(-) = O(:) and G1(-) =
Go() = G(+), then

O,(2u) < 20(u) for anyu € R.
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Proof. Assume that €; and e have the same mean p and standard deviation o and define
AO(u) = 0,(2u) — 20(u).

A sufficient condition for ©,(2u) < 20(u) is AG(u) < 0. Calculating the first derivative of

AO(u) with respect to u, we get

AO (1) = —2(1—Gp(2u)+2(1 — G(u))
= (Vo) — et

g o

Since ®(-) is a nondecreasing function, we have

>0 if u>
A (w) =4 =N

<0 if u<yp.
We will show that A©(u) < 0. There are two cases.
Casel:u>p
AO'(u) > 0 indicates that AO(u) is nondecreasing in u. Hence a sufficient condition
of AO(u) < 0 is that A©(+00) < 0. However ©(4+00) = 0 and ©,(+00) = 0, hence
AB(u) <0 for u > p.
Case 2 : u<p
AO'(u) < 0 indicates that AO(u) is decreasing in u. A sufficient condition for AO(u) < 0
is A©(—o0) = 0. From Hadley and Whitin (1963), we have
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Then

When v approaches —oo, the first two terms go to 0 and ®(V2(*2£)) — ®(*£) con-
verges to 0 with exponential speed. Hence the third term also converges to 0. Therefore

O, (2u) < 20(u) is obtained for u < p. m

For the case in which ¢; and €y are independently, identically and normally distributed
random variables, we can provide a detailed comparison of the reserved and pooled inventory

cases. Corresponding to the set of theorems in Section 3.1.3, we have the following theorems.

Theorem 4.2.3 Assume that m; = mo = my, = m. If €, and ea are independently,
identically and normally distributed variables, then the supplier will charge the retailers an
identical wholesale price in the reserved inventory case, which is greater than or equal to

the optimal wholesale price in the pooled inventory case, i.e., wi = wj > wy,.

Proof. By Theorem 4.2.1 and Theorem 4.2.2, the optimal wholesale prices w], w5 and

w,, satisty following equations

Vitw) = 4b(u” —w) —20,(G; (S 7)) =0, i=1.2,
wp — C

Vp(wp) = 4b(w0 —wp) — @p(G;I(

=0
wp+h)) ’

and V;, V), are unimodal functions. Here G1(-) = G2(-) guarantees wj = wj. Furthermore,
the normal distribution has an increasing failure rate, which satisfies the conditions of
Theorems 4.2.1 and 4.2.2. Hence V; and V,, have unique solutions. Assume that ¢; (i = 1,2)

has the mean value p and standard deviation o. A sufficient condition for w, < wj is
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Vp(w) < Vi(w) for any w, which is equivalent to the following inequalities

L, w—c 1, w—c

©,(G, (m)) —20,(G; (w " h)) <0,
0,2+ V3097 () = 204(n + 0@ () <.

Define
AVi(Za) = 0,21 + V20 Z,) — 20;(p + 0 Z4,)

where 7, = @’1(;};2).

Next we show that AV;(Z,) is a monotone nondecreasing function of Z,. Taking the

first derivative of AV;(Z,) with respect to Z,, we obtain

AV/(Za) = —V20(1 - Gp(2u+V2024)) +20(1 — Gi(p+ 0Zs))

= (2-V2)0(1-®(Z,)) > 0.
Hence, a sufficient condition for AV;(Z,) < 0 for any Z, is that AV;(+o00) < 0. Here
AVi(Za) | Zy—+400 = 0.
Hence AV;(Z,) < 0. Therefore, the wholesale price in the pooled inventory case is less than

that in the reserved inventory case. ®

Theorem 4.2.4 Assume mi = mo = my, =m. If €; and €2 are independently, identically
and normally distributed variables, then the optimal profit of the supplier in the pooled

inventory case is at least as large as that in the reserved inventory case, i.e., 11, > 117.

Proof. If ¢; and €9 are independently, identically and normally distributed variables, 11,1
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is the same as Il and hence they have same optimal solution and objective value. If
we can show that II,(221,w1) > 2IL1 (71, w1) for any (z1,w1), then Iy > II,(227, wy) >

211, (27, wy) = II:. Note that

201, (1, w1) — (221, w1) = —2(c+ h)A(x1 —y(w1)) — 2(w1 — ¢)O1(x1 — y(wr))
+(c+ 1) Ap(2z1 = 2y(w1)) + (w1 — €)Op(221 — 2y(w1))

= (h+wi) {6,221 = 2y(w1)) = 201(z1 — y(w1))} -

Applying Lemma 4.2.3, we have

Op(221 — 2y(w1)) — 201 (21 — y(w1)) < 0.

Since h +w; > 0, this implies that 21,1 (z1, w1) — (221, w1) < 0 for any (z;,w;). ™

Theorem 4.2.5 Assume that w1 = wy = wp, = w and m1 = mg = my, = m. If ¢
and €2 are independently, identically and normally distributed variables, then the retailers’
total expected profit in the pooled inventory case is at least as large as that in the reserved

inventory case, i.e., mp1(z1) + mr2(x2) < mpH(Xp).

Proof. As before, given the inventory levels x1, 2 and x,, we have

mri(x;) = E[mmin(z;, D;)] i=1,2,

mp(zp) = Elmmin(zy, Dp)].

Under the reserved inventory case, given the same wholesale price w, the optimal inventory
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levels are the same, i.e., 1 = x2. Furthermore,

w—cC

Nt

L)

Trl (1‘1) + 7Tr2(a}2) = m(2y(w) + 2,u — 2@1(G1_1(

mp(xp) = m2y(w) +2u — O,(G, (

From the proof of Theorem 4.2.3, we know that

w—c i, w—c

201Gy () 2 0nlGy (o

));

therefore, m,1(z1) + mpo(z2) < mp(zp). W

If the demands are normally distributed, these results indicate the supplier will always
prefer to pool inventory. Under the pooled inventory policy, the supplier’s inventory level
will decrease because the variance of the total demands is decreased after pooling the
inventory. If the wholesale prices are the same under these two policies, the retailers will

also prefer the pooled inventory policy.

4.3 Retailers Have Service Level Requirements

Now we consider scenarios in which the retailers impose minimum service level requirements
on the supplier. Because of the structure of the assumed demand function, the supplier may
use the wholesale price to control the demands so as to meet service level requirements. We
keep the same notation as in Section 4.2. Let p; and p2 be the retailers’ service level
requirements in the reserved inventory system and p, be the joint service level requirement

in the pooled inventory system.
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4.3.1 Reserved Inventory System

For the reserved inventory scenario, the supplier needs to solve the following problem,

max Hr(xl,.TQ,wl,’LUQ)
x1,T2 20§w1e[cywmazLWQE[cywmaa:]

s.t. P(Dl(wl) S .’El) 2 L1

P(Dy(w2) < x2) > pa

where

II, (1, z2, w1, w2) = Iy (21, w1) + (22, w2),

and

Hrl(xl, wl) = E[w1 min(ml, Dl(wl)) — h(l’l — Dl(wl))+ — cxl], (4.6)

IIo(z2,w2) = E[wymin(ze, Da(w2)) — h(ze — Do(wg))" — cxal.

Similar to Section 4.2.1, this problem is separable, so that the supplier needs to solve
two problems with the same structure, one each for retailers 1 and 2. Again, we analyze the
problem for retailer 1. For retailer 1, the objective of the supplier is to solve the following

problem

max I (21, w1) (4.7)

T1 ZO,wl c [C7w'ma:l:]

s.t. P(Dl(wl) < xl) > p1-

The method which is stated in Section 4.2.1 does not work well for the problem with
service level requirements. We introduce another variable which we call the “stocking factor”

defined as

2] = X1 — y(w1)~
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Substituting for z7 in equation (4.7), the problem of choosing a price w; and a inventory
level z1 is equivalent to choosing a price wi and a stocking factor z;. The expected profit
becomes

o) = [ " s (y(wn) +u) — h(z1 — w)} ga(w)du

B
T / wn (y(wn) + 21) g1 (w)du — ¢ (y(wy) + 21)

Z1

= (w1 —)(y(w1) + p1) — (¢ + h)A1(21) — (w1 — ¢)O1(z1),
and the service level constraint becomes
Gi(z1) = p1.-
Hence, the supplier’s optimization problem is equivalent to the following problem

max II1 (21, w1) (4.8)

Zluwle[cu Wmazx

st. z1=x1 —y(wr)

Gi(z1) = p1.
Considering the optimization problem without the first constraint, we have

max 1,1 (21, w1) (4.9)

21, w1 € [C7wmaz}

s.t. Gl(zl) Z pP1-
Given the optimal solution (z],w7}) for problem (4.9), define the optimal inventory level as

w1 = 21 +y(wi).
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In addition, (2], w7, z7) is the optimal solution for problem (4.8). Hence these two problems
are equivalent, i.e., the supplier only needs to solve problem (4.9).

We will analyze problem (4.9) without service level constraints first. Based on the
optimal solution of the problem without constraints, then we derive the optimal solution
with service level constraints.

The following lemma gives some properties of the problem without constraints.

Lemma 4.3.1 1. For a given z, 1 (21, w1) is concave in w.
2. For a given wy, ;1 (21,w1) is concave in 2.

3. For a given z1, the optimal price is determined by

)
wi(21) = w’ — 12(51)7

where w® = ‘”b;%.

4. For a given wy, the optimal stocking factor is determined by

w1 — C
w1+ h

21 (wi) = G )-

Proof. Consider the first and second partial derivatives of II,;(z1,w;) taken with respect
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to z; and wy,

Ol (21, w1)

B
D1 = (—=c—h)+ (w1 +h) /gl(u)du,

0?11 (21, w1)
822:1
8H7«1(2’1, wl) o d
T = y(UJl) + 1251 + ('Z,Ul C) wn

= 2b(w0 — 'U}l) — @1(21),

= —(w1+h)g(z) <0,

0?11, (21, w1)

—2b<0
8211]1 ’
where w? = %jm. The first two statements follow from the negativity of the second
derivatives. The last two statements follow from %ji’wl) =0 and %Z’wl) =0. m

Substituting w] = wi(#1) into 1,1 (21, w1), we have

(21, wi(21)) = (wi = o)(y(wi) + pa) — (¢ + h)Ar(21) = (wi(21) — €)O1(21),

and we can translate the optimization problem to a maximization problem over a single
variable z;. The optimal inventory and pricing policies for the reserved inventory case are
to hold z] = y(wj (%)) + 27 units to sell at the unit price wj, where w} is determined
by Lemma 4.3.1. The following theorem addresses how to determine the optimal stocking

factor z7.

Theorem 4.3.1 Letr(-) be the failure rate of the random variable e1. If 2r(z1)%+r'(z1) > 0

for each z1, then 25 is the unique optimal solution within the region [A,B] that satisfies

a+bc+ th— O1(z1)

5 5 )1 = Gi(z1)) =0

—(c+h)+(
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Proof. Applying the chain rule

il (21, wiz))  _ Oln(21,wi21)) | (2, wie) dwiz)
dzq 0z1 Oown dzq
B a+be+ O1(21)
= —(C+h)+(T+h—Tb)(l—Gl(Zl))-
Let
+ bc + ©
V(o) = —(cth) + (4 h - 12(51))(1 - Gi(21)).

The optimal 27 should satisfy V(z1) = 0. Now, consider the first and second derivative

V' (z1) with respect to z;. We have

dvi(z) _ i(dﬂn(m,w{(zl)))
dz dz1 dz
— _glézl) <2b(a+ b2cb+ o B — 01 (21) — 1;?23'21)) |
and
dzzl/z(;) _ W () — 91;;1) {2[1 CGae + Lo Cjﬂl(gzll))Q]T’/(zl)}'
If z; is local minimum or maximum, then it always satisfies d\gzl) _ 0 and its second

derivative is

d2 z 211 — G1(z /
ZZ/Z(% ) _ gl 1;£T(21)21( D) [2r(z1)? +7(21)] -

If the distribution function satisfies 2r(21)% + #/(21) > 0, then “XE) < 0 at V() = 0

2
dz%
which implies that V'(z1) is a quasi-concave function. Hence, there are at most two roots

for V(z1) = 0. Furthermore, V(B) = —(c+h) < 0. G(A) > 0 plus G(B) < 0 guarantee the
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uniqueness of zf and A < z] < B. A sufficient condition for G(A4) > 0 is

a—+ bc+ uy

WV (A) = —2b(c+h)+( %

+ 2bh — (1 — A)>

= a—bc+A>0.

Hence, there is a unique optimal solution 2} . =

The condition 2r(z1)? + r'(21) > 0 guarantees that T, (21, w;(21)) is a quasi-concave
in z;. A sufficient condition is that 7/(z1) > 0 which implies that the distribution has an
increasing failure rate.

Now, we have an optimal solution 2] for the unconstrained problem. Returning to the
original problem (4.9) with service level constraints, since G1(-) is a nondecreasing function
and II,1(z1,w](21)) is a quasi-concave function on range [¢, Wmqz|, the optimal stocking
factor for the problem with service level constraints is max(z;, Gy (p1)).

Since the retailers do not hold inventory, their profits are proportional to the expected
sales. Recall that the markup is m; at retailer ¢ (¢ = 1,2). Let m(z;) be the profit of

retailer ¢ when the supplier keeps inventory level x; for her. We have
mri(x;) = E[m; min(z;, D;)], 1=1,2.

4.3.2 Pooled Inventory System

For the pooled inventory case, the supplier will set up one common inventory x, and charge

each retailer a common unit wholesale price w,. We face the problem

max I, (zp, wp)
2p>0,wp€[c,Wmax]

st. P(Dy <xp) > pp
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where

IP*Qy(wp)
(2, wy) = /M [y 2y (wy) + 1) — h(p — 2y(wp) — )] gp(u)du

2B
+/ wpTpgp(w)du — cxyp.
zp—2y(wp)

For this case, define the stocking factor as z, = z, — 2y(w,) and let

Zp 2B
Ap(zp) = /(zp —u)gp(u)du, Op(zp) = /(u — 2p)gp(u)du.
2A Zp

The supplier’s expected profit can then be written as

M (5, w,) = /A [ (24(y) + 1) — Bz — )] gp(2e) s

2B
4 [ 2uty) + )] gyl — 200y + )

P

= (wp — ) (2y(wp) + pp) — (¢ + h)Ap(2p) — (wp — €)Op(2p).
The supplier’s objective is to maximize his expected profit, i.e.,

max I, (zp, wy)
xp>0,wp €[c,Wmax] PPy

st. P(Dp < xp) > pp.

Following arguments similar to those used in the previous section, it is straightforward to
verify that II,(zp,w,) is concave in z, when w, is given and is concave in w, when x,
is given. As a consequence, the first-order conditions uniquely determine wy at any .

Specifically, we have the following lemma.

Lemma 4.3.2 1. For a given zp, I1,(zp, wp) is concave in wy.

2. For a given wy, I1,(zp, wp) is concave in z,.
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3. For a given zp,, the optimal price is determined by

0 _ Op(2p)
4b

w;(%) =w

2a-+2b
where w° = w.

4. For a given wy, the optimal stocking factor is determined by

Wwp — C
wy + h

2 (wp) = G (

).

We also have the following sufficient condition for uniqueness of the supplier’s optimal

solution z; .

Theorem 4.3.2 Let 1,(:) be the failure rate of the random wvariable €,. If 2rp(2,)% +

rp(2p) > 0 for each zp, then zy is a unique optimal solution within the region [2A,2B] that

satisfies

2a + 2bc + pp o Op(2zp)

(et h) + (T A h = —EE) (1= Gylz) = 0.

Since the proof of the theorem is similar to the proof of Theorem 4.3.1, we omit the details
here.

If the random variable €, has an increasing failure rate, we now have a procedure to get
the optimal stocking factor z; for the problem without service level requirements. Turning

back to the problem with service level requirement, G)(-) is a nondecreasing function and

*

11, (2p, wy

(zp)) is a quasi-concave function on range [¢, Wiqz]. Hence the optimal stocking
factor for the pooled inventory problem with service level requirements is max(z}, G, (pp)).
Since the retailers do not hold inventory, their profits are proportional to the expected

sales. Recall the markup is m,, at the retails. Let m,(x;) be the profit of the retailers when
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the supplier keeps inventory level z,, for them. We have

Tp(p) = E[mymin(xy, Dp)].

4.3.3 Comparative Results

For normally distributed demands, we can provide a detailed comparison of the reserved and
pooled inventory cases. We again use ®(-) to denote the cumulative distribution function
and ¢(+) to denote the probability density function of the standard normal distribution.
In order to compare the results, we assume that the service level requirement of each
retailer under the reserved inventory case and the joint service level requirement in the

pooled inventory case are identical, i.e., p1 = p2 = p, = p.

Lemma 4.3.3 Assume that p1 = p2 = pp = p and m; = ma = my, = m. For both the
reserved (i = 1,2) and the pooled (i = p) inventory systems, the optimal stocking factor

2} (w;) is nondecreasing in w;.

Proof. From the lemmas in the previous sections, we know that given the wholesale price

w;, the optimal stocking factor z;(w;) can be written as

w; — C
h+w;’

2 (wi) = G} (max(

p)-

w; —C

h+w;

Since Gi_l(-) is nondecreasing and it is easy to show that is nondecreasing in w;, we

wi—cC

h~+w;’

w G, X i ing in w;, i.e., z' i reasing in w;.
know G L(ma is nondecreasing in w;, i.e., 2} is nondecreasing in w;. W

Theorem 4.3.3 Assume that wi = we = wp, = w, p1 = p2 = pp = p and M1 = Mg =

my, = m and that €1 and ez are independently, identically and normally distributed random

variables. If max(;jj_;fl,p) < 0.5, then the sum of the optimal stocking factors for retailers 1
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and 2 in the reserved inventory case are at least as large as the optimal stocking factor in

the pooled inventory case, i.e., zy(w) < z{(w) + 23 (w). Otherwise, z;(w) > 2f(w) + 23 (w).

Proof. Given the wholesale price w, the optimal stocking factor z; (i = 1, 2) in the reserved

inventory system can be written as

the optimal stocking factor z;, in the pooled inventory system can be written as

w—C

* Gfl

p p

))-

Assume €; and ey are independently, identically and normally distributed random variables

with mean p and standard deviation o, therefore,

Sw) = p+ acp*l(max(%,p)), i=1,2
Zy(w) = 2p+ ﬁa@‘l(max(;v ; Z,p)).
The difference of 27 (w) + 23 (w) and z;(w) is
)+ 5w) — 5w) = (2= V2)od max(——.p)).

When max(;—7, p) < 0.5, we have ! (max(2=F, p)) < 0. Hence, z}(w) + z5(w) > z5(w).

When max(y77, p) > 0.5, we have <I>_1(maX(Z“U”;}CL, p)) >0, and zj(w) + z3(w) < z;(w). W

Theorem 4.3.4 Assume that p1 = p2 = pp, = p and m1 = ma = my, = m.If €1 and €
are independently, identically and normally distributed random variables, then the optimal

profit of the supplier in the pooled inventory case is at least as large as that in the reserved
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. . N N
mventory case, i.e., Hp > II7.

Proof. Assume ¢; and €2 are independently, identically and normally distributed
random variables with mean value p and standard deviation o. Then Il is the same
as Ilo and hence they have the same optimal solution and objective value. If we can
show that T, (2, (w1),w1) > 2101 (27(w1),wy) for any wq, then I} > T, (2, (wy), wy) >

2T, (21 (w}), w) = II%.

T

Note that
* _ -1 wy —¢ .
2 (wl) - ,u—i—UCD (max(w1+h)p))’ Z_1727
Zp(w1) = 2p+ V20d (Jrnau)((w1 n h,p)).
Hence
20,1 (27 (w1), w1) — p(zp(wi),w1) = —2(c+ h)A1 (27 (w1)) — 2(w1 — ¢)O1 (27 (w1))

+(e + h)Ap(zp(w1)) + (w1 — ¢)Op(z, (w1))

= (h+w1) {Op(z(w1)) — 201 (2] (w1)) } -

From the proof of Theorem 4.2.3, we know that

2@1(,u+0<1)*1(max(w —.p)) > ®p(2u+\/§a@71(max(w 72,/)))).

wy + h wy +

In addition, (wy + h) > 0. Thus 2111 (27 (w1), w1) — I, (25 (w1), w1) < 0 for any wi. =

Theorem 4.3.5 Assume that wi = we = wp = w, p1 = p2 = pp = p and m; = Mg = My =
m. If €1 and €2 are independently, identically and normally distributed variables, then the

retailers’ total expected profit in the pooled inventory case is at least as large as that in the
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reserved inventory case, i.e., mp1(x1) + mro(z2) < mH(Tp).

Proof. Given the inventory levels z1,22 and x, in the reserved and pooled inventory

systems, the expected profits of the retailers are

mri(x;) = E[mmin(z,;, D;)] i=1,2,

and

mp(xp) = E[mmin(z,, D,)].

Given the identical wholesale price w; = wy = w, = w, the optimal stocking factors

are
Zi(w1) = 25 (w2) = p o+ 0@ (max(——p).
and
Zp(w) = 2p + ﬁa@‘l(max(z_;;, p)).
Furthermore, the optimal inventory levels are z; = zf(w) + y(w) (¢ = 1,2) and z, =

2z + 2y(w). Hence

m(21) + mra(22) = my(w)[2u — 201 (21 (w))],
mp(xp) = my(w)([2p — Op(z,(w))].
From the proof of Theorem 4.2.3, we know that

w—c
w+ h

w—cCc

) = ©p(2p + V3o ®~ (max(— ).

201 (1 + 0@ (max(

Therefore, 71 (21) + mpo(z2) < mp(z)p). W

If the demands are normally distributed, the supplier will always prefer to the pooled
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inventory policy. Under the pooled inventory policy, the supplier’s profit will increase. If
the wholesale prices are the same under those two policies, the retailers will also prefer to
the pooled inventory policy.

In closing this chapter, we note that the results for one supplier and two retailers extend
in a straight forward to the case of one supplier and N retailers with join demand D, =

N
> D;. All the details are omitted.
i=1



Chapter 5

Wholesale Prices are Decision Variables:

Multiplicative Demand Model

5.1 Problem Description

In Chapter 4, we characterized the decisions and performance of the reserved and the pooled
inventory systems. Specifically, we derived the optimal inventory and pricing policy, which
allowed us to characterize analytical properties of, and gain insights into the performance of
the reserved and the pooled inventory system under normally distributed demands. How-
ever, these properties and insights were based on a specific demand function, namely, an
additive demand function. It is both interesting and important to know if those properties
and insights hold for a different demand model.

In this chapter, we consider the following multiplicative model,
Di(w;) = y(wy)e;, i=1,2,

where y(w;) is a deterministic and decreasing function of the product’s wholesale price wj,

and ¢; is a random variable defined on the range [A,B] with CDF G;(-), PDF g;(-), mean

65
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value p; and standard deviation o;. In addition, let y(w;) take the form of

y(w;) = aw;”

where a > 0,0 > 1.

In order to guarantee the nonnegative demands, we require that B > A > 0.
In the pooled inventory case, we use Dp(wp) to denote the total joint demand for the

retailers with wholesale price w,. Hence we have

Dy(wp) = Di(wp) + Da(wp)
= y(wp)(e1 + €2)

= y(wp)6p7

where

€p = €1 + €2.

The random variable €, is defined on the range [2A,2B] with mean value p, = p11 + po. We
use Gp(+) and g,(-) to denote the CDF and PDF of ¢,. Gp(-) is the convolution of G1(-) and
Ga(+).

In this chapter, as before, we present and analyze the decisions of the supplier for both
the reserved inventory case and the pooled inventory case. We also compare the results for
the reserved and the pooled inventory scenarios when €; and ey are normally distributed.
Within the analysis, we consider the following scenarios:

e retailers have no service level requirements,

e retailers have service level requirements.
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5.2 Retailers Have No Service Requirements

5.2.1 Reserved Inventory Case

To maximize his expected profit, for each retailer, the supplier needs to choose both the
wholesale price and inventory level, and these decisions must be taken before the demand
has been observed. Note that the wholesale price has a lower bound, the wholesale price
must be greater than manufacturing cost ¢; otherwise, the supplier cannot earn profit.
Following Petruzzi and Data (1999), we define a stocking factor for retailer ¢ (i = 1,2) as
zi = x;/y(w;). As before, we define I1,;(z;, w;) as the expected profit associated with retailer
i when the supplier uses z; stocking factor for retailer ¢ and sells each unit at wholesale

price w;. As the description in Chapter 4, the supplier’s problem can be separated into two

problems
max Il (z1,w),
z1,w1>cC
max Il9(z2, ws),
z2,w2>cC
where
2
M) = [ s (o) — by = )} i) (5.1)
A
B
+/ wiy(w;) zigi(w)du + cy(w;)z;
P

= (wi — ) (y(wi)pi) — y(wi) (e + h)Ai(z:) — y(wi)(w; — )Oi(2), i=1,2.

Due to the identical structure of II,.; and Il.o, we focus on the following problem in the

remainder of the section.

max 1T, (z1,w1).
z21,w12>c¢

Lemma 5.2.1 introduces some properties of II,1(z1,w;), which is useful to solve the
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problem.

Lemma 5.2.1 1. For a given wy, I,1(z1,w1) is concave in z;.
2. For a giwven z1, I,1(z1,w1) is a quasi-concave function in w.
3. For a given z1, the optimal price is determined by

0 b (C—i—h)Al(Zl)
b—1 p1 —0O1(z1)

wi(z1) =w

0 _ _be
where w” = 375 .

4. For a given wy, the optimal stocking factor is determined by

w1 —C
wi + h

21 (wr) = GT(

).
Proof. Consider the first derivatives of Il (21, w;) taken with respect to z; and w;, we

have

Mnlznwn) (e — h) + ylwn)(wn + )1 — Ga (1),

0z
ol (21, w1) —(b+1) bc b (c+h)Ai(z1)
o, = aw 0= Dl =OwE)) |t b T T T ey )

Calculate the second partial derivatives of II,1 (21, w1) with respect to 27,

0%,y (21, w1)

02, = yw)(with)gi(z) <0.

2
%Z’wl) < 0 implies the first statement. Since p; — O1(21) > A > 0, %ﬂi’wl) =0

if and only if —w; + bb_—cl + %% = 0, which implies that there is only one local
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minimum or maximum,

b (c+h)Ai(z)
* 0
e + s
i) =w b—1 p1 —0O1(2)

where w? = %. Checking the second derivative of II,1(z1,w;) with respect to z; at this

local optimal point, we have

0?1 (21, w1) —(b4+1

Hence, given a fixed zj, II,1(21,w;) is a quasi-concave function in wy . The third part

0111 (z1,w1)
Owy

0111 (z1,w1)

follows from equation = 0 . The fourth part follows from o, - =0 =

Substituting w1 = wj(z1) into equation (5.1) for i = 1, the optimization problem be-

comes a maximization problem over a single variable z1, i.e.,
*
r%axﬂrl(zl, wi(z1)), (5.2)
1
where

I (z1,wi(21)) = y(wi(z1)) [pr(wi(z1) —¢) = (¢ + h)A1(21) — (wi(21) — ¢)O1(21)] -

Assume 2] is the optimal solution of problem (5.2). Then the optimal inventory and
pricing policy for the reserved inventory case is to stock z7 = y(w])z] units for retailer 1
to sell to her at the unit price w], where wj is determined by Lemma 5.2.1. The following

theorem addresses the determination of 2j.

Theorem 5.2.1 Let r(-) be the failure rate of random variable €1. If r(z1) satisfies the
following inequality

27“(2’1)2 + 7’/(2’1) > 0,
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there is a unique optimal solution zi within the region [A,B], which satisfies

(—c—h)/(1 —Gi(z1)) + wi(z1) +h=0.

Proof. By the chain rule

dll, (21, w3 (21)) Ol (21, wi(21))  OILi(z1,wi(z1)) dwi(z1)
dzy 021 ows(z1) dzy

= —y(wi(z1))(1 = Gi(z1))((=c = h)/(1 = Gi(z1)) + wi(z1) + ).

Define

V(z1) =(—c—h)/(1 — G1(z1)) + wi(z1) + h,.

The optimal solution 2z satisfies V(27) = 0. Now, considering the first derivative and second

derivative of V'(z1) with respect to z1, we have

dV(z1) b ((c + h)(G1(21)21 — Al(zl))> (et h)r(z1)
dz  b—1 (11— ©1(21))? 1—Gi(z)
d2V(Z1) b

(c+ 1) (Gi(z1)z1 — Al(zl))>

= b1t xl_Gl(Zl))( (11 —©1(21))3

(c+h)z ' (21) r%(21)
+blgl(21)< *@1 2> C+h 1*G1(21)+1*G1(21)
B b—2  r(z1) 2r(21)2 + r(z1)
- (C+h)(b—lul @1(2’1) 1—G1(2’1)
2(1 —Gl(zl) dVv
I G 61(21) +T(Z1))d721'

The points whose values are local minimum or maximum always satisfy

dV(Zl)
le

=0,
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and at those points, we have

d? b—2 2r(z1)* '
V(221) — (et h)( r(21) N r(z1)° +r(z1) .
dz1 b—l,u1 —@1(21) 1—G1(2’1)
If the distribution function satisfies 2r(z1)?+7/(z1) > 0, then % < 0 at those points
1

which satisfy V'(z1) = 0. Hence V(z1) is a quasi-concave function, and there are at most
two roots for V(z1) = 0. Furthermore, V(B) = —oo < 0. V(A) = w(z1) + ¢ > 0 guarantees

the uniqueness of z]. m

Since the retailers do not hold any inventory, the expected profit of each retailer is
proportional to her expected sales. As before, let 7,;(x;) be the expected total retail profit

given the supplier’s inventory level z; for retailer ¢ (¢ = 1,2), which can be written as
mri(2;) = E[m; min(x;, D;)] for i =1,2.

5.2.2 Pooled Inventory Case

Now, consider the pooled inventory scenario in which the supplier will set up one common
inventory x;, and charge each retailer a common wholesale price w, to maximize his expected
profit.

For this case, we define the inventory stocking factor as z, = x;,/y(w). Then the expected

profit of the supplier can be written as

Hp(2p, wp) = /AZp {wp (y(wp)u) — hy(wp)(2p — u) } gp(u)du (5.3)

B
—I-/ wpy(wp) 2pgp(u)du + cy(wp)2p

P

= (wp — ) (Y(wp)pp) — y(wp)(c + h)Ap(2p) — y(wp)(wp — €)Op(2p).
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The supplier’s objective is to maximize his expected profit by solving the following problem

max II,(2p, wp).
Zp,Wp=>C

Lemma 5.2.2 1. For a given wy, I1,(z,, wy) is concave in z,.
2. For a given z,, I1,(2p, wp) is a quasi-concave function in w,.

3. For a given zp, the optimal price is determined by

0 b (c+ h)Ap(Zp)
b—1 pp— Gp(zp) ’

wp(zp) = w

0 _ _bc
where w” = $75.

4. For a given wy, the optimal stocking factor is determined by

wp — ¢
wy + h

2p(wp) = G, (

).

The proof of the above theorem can be carried out by following a procedure similar to that
for Theorem 5.2.1. Thus we omit the details.
Substituting w, = w;(z,) into equation (5.3), the optimization problem becomes a

maximization problem over a single variable z,

m;:X I (2p, wp(2p)), (5.4)
where
Hp(zp,w;(zp)) = y(w;(zp)) [Np(w;(zp) —c) = (c+h)Ap(2p) — (w;(zp) - C)@p(zp)] .

Assume z; is the optimal solution of problem (5.4). Then the optimal stocking and pricing

policy for the reserved inventory case is to stock zj; = y(w;)z; units and to sell to retailers
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at the unit wholesale price wy, where wy, is determined by Lemma 5.2.2 and the following

theorem gives the conditions for a unique optimal solution zj.

Theorem 5.2.2 Let r(zy,) be the failure rate of random variable €,. If r(zp,) satisfies the
following inequality

2r(2p)* + 7' (2p) > 0,

there is a unique optimal solution z, within the region [2A,2B] which satisfies

(== h)/(1 = Gp(2)) + wy(zp) + h = 0.

The proof of the theorem is similar to the proof of Theorem 5.2.1, so the details are omitted.
Since the retailers do not hold inventory, their profits are proportional to the expected
sales. Recall that the retail price p, = w, + my. Let m,(zp) be the profit of the retailers

when the supplier keeps inventory level x,. We have
Tp(2p) = E[mymin(zy, Dp)].

Section 5.2.1 and this section show how to solve the problem under the reserved and the

pooled inventory cases. In the next section, we present some comparative results.

5.2.3 Comparative Results

We defined the range of the random component of the demand ¢; as [A, B] with A > 0, and
y(w;) > 0 (i = 1,2), which implies nonnegative the demand demand D;. Here, we again
use normal distribution to approximate the other demand distribution. As before, we use
® to denote the cumulative distribution function and ¢ to denote the probability density

function of the standard normal distribution.

Lemma 5.2.3 Assume that m1 = mg = my, = m. For both the reserved inventory case
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(i=1,2) and the pooled inventory case (i=p), the optimal stocking factor zf(w;) is nonde-

creasing in wj.

Proof. By the lemmas in the previous sections, we know that z(w;) satisfies the

following equations
c+h

1-Gi(z) = o

Calculating the first derivative of z;° with respect to w;, we have

dz} c+h

[ —

dwi (h+wl)292(zl)

The nonnegativity of % and g¢;(z;) imply that

dz} * . .
i L > 0. Hence z(w;) is nondecreasing

dwi -

inw;. m

Theorem 5.2.3 Assume that w1 = wy = wp = w and m1 = ma = my = m. ife; and ez are

independently, identically and normally distributed random variables. If ﬁ;ﬁ > 0.5, then

the sum of the optimal stocking factors for the retailers 1 and 2 in the reserved inventory

case is at least as large as the optimal stocking factor in the pooled inventory case, i.e.,

zp(w) < 2f(w) + 23 (w). Otherwise, z;(w) > 27 (w) + 23 (w).

Proof. We know that

* * * C+h
Gi(21) = Ga(z) = Gp(z,) =1 - htw




Chapter 5. Wholesale Prices are Decision Variables: Multiplicative Demand Model 75

Therefore,

2 (w) = u+a<1>71(;07;2) for i =1,2,
* -1, w—c
Zy(w) = 20+ V200 (w—i—h)’
* * * — w—=c
Fw) + 5 (w) - 5w) = (2= V207 ().

When =% > 0.5, then @‘1(&:2) > 0, and hence z7(w) + 23 (w) > z;(w). When = < 0.5,

then @‘1(;‘:2) < 0, and hence 27 (w) + z3(w) > 2, (w). W
Theorem 5.2.4 Assume that miy = mg = m, = m. If 1 and ez are independently,

identically and normally distributed random variables, the optimal profit of the supplier in
the pooled inventory case is at least as large as that in the reserved inventory case, i.e.,
15 > 115

Proof. when ¢; and €5 are independently, identically and normally distributed random
variables, 11,1 is the same as II,5 and hence they have the same optimal value. If we can show
that II,(221,w1) > 21,1 (21, w1) for any (21, w1), then I > IL,(22], wy) > 210, (25, w}) =
IT.

Note that

2H7~1(2’1, wl) — Hp(22:1, wl) = y(wl)(—2(c + h)Al (21) — 2(w1 — 6)91(21)
+(C + h)Ap<22’1) + (w1 — c)@p(Qzl))

= y(w1)(h+w1) [Op(221) — 201(21)].

From Lemma 4.2.3, we have ©,(2z1) — 201(z1)) < 0. In addition y(wi)(h + wq) > 0,

which implies that 2111 (21, w1) — II,(221, w1) < 0 for any (21, w;). =

Theorem 5.2.5 Assume that w1 = w2 = wp, = w and m; = mg = my = m. If 1 and e

are independently, identically and normally distributed random variables, then the retailers’
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total expected profit in the pooled inventory case is at least as large as that in the reserved

inventory case, i.e., mp1(x1) + mra(x2) < mpH(zp).

Proof. As before, given the inventory level x,z2 and z,, we have the expected profit of

retailer as

mri(x;) = E[mmin(z;, D;)] fori=1,2,

mp(xp) = Elmmin(zy, Dp)].

The optimal stocking factors given by the wholesale price wi = we = w, = w are

2(w) = Z(w) = p+ o® (-

w—i—h)’

and
w—c
w—+ h

Zp(w) = 2p + V207

).

*

Furthermore, given wholesale price w, the optimal inventory levels are z; = y(w)z](w) (i =

1,2) and 7, = y(w)z,(w). Hence, we have

mri(z1) + ma(w2) = my(w)2p — 201 (27 (w))],
mp(xp) = my(w)[2u — Op(z,(w))].
From the proof of Theorem 4.2.3, we know that

w—=cCc

w+ h

w—c
w+ h

201 (1 + 00~ (L)) > ©,(2u + V200 (L—T)).

Therefore, m,1(x1) + mpo(z2) < mp(zp). W
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In the absence of service level requirements, when the demands are normally distributed,
the comparative results indicate that the supplier will always prefer to pool inventory. If
the wholesale prices are the same under the two policies, the retailers will also prefer the

pooled inventory policy.

5.3 Retailers Have Service Level Requirements

5.3.1 Reserved Inventory Case

In this scenario, the retailers are powerful enough to require the supplier to use a reserved-
inventory policy, i.e., the supplier maintains a separate inventory level for each retailer. In
addition the retailers have minimum service level requirements. We assume that retailers
1 and 2 have service level requirements p; and po, respectively. We maintain the same
notations as in Section 5.2.1. Hence, for retailer 7, the supplier maximizes his profit by
solving the following problem

max I (x;, w;)
Tq,wi>c

s.t. P(Di(w;) < x;) > p; for i=1,2.

Introducing the stocking factor z; = x;/y(w;), the problem becomes

max Hm' (Zi, wi)
Zi,w;>c

s.t. Gi(zi) > p; for i=1,2.

Recall that without service level requirements, we can get the optimal stocking factor
z¥ (1 = 1,2) by the procedure provided in Section 5.2.1. For the problem with service
levels constraints, since G;(z;) is nondecreasing in z; and II,;(2;, w}(z;)) is a quasi-concave

function over range [c, +00]. Hence the optimal stocking factor for the supplier with service
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level requirement is max (2}, G; *(p;)).
Since the retailers do not hold any inventory, the expected profit of each retailer is
proportional to her expected sales . As before, let 7,;(x;) be the expected profit of retailer

i given the supplier’s inventory level z; for retailer ¢ (¢ = 1,2), which can be written as
mri(zi) = E[m; min(x;, D;)]  for i=1,2.

5.3.2 Pooled Inventory Case

For the pooled inventory case, the supplier will set up one common inventory x, and charge
each retailer a common unit wholesale price w,. Furthermore, the retailers have a joint
service level requirement p,. We maintain the same notation as in Section 5.2.2. The

supplier maximizes his profit by solving the following problem

max 11, (xp, wp)
Tp,Wp>C

sit. P(Dp(wp) < xp) = pp
Introducing the stocking factor z, = x,/y(wp), the problem becomes

max 1L,(zp, wp)
Tp,Wp>C

s.t. P(Dp(wp) < xp) > pp.

Recall that without service level requirements, we can get the optimal stocking factor

z, by the procedure provided in Section 5.2.1. For the problem with service levels con-

*

»(2p)) is a quasi-concave function

straints, since Gp(2p) is nondecreasing in z, and IL,(z,, w
on range [c, +00], the optimal stocking factor for the problem with service level requirement
is max(z, G, (pp)).

Since the retailers do not hold any inventory, the expected profits of the retailers are
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proportional to their expected sales. Let m,(zp) be the expected total retail profit given the

supplier’s inventory level x,, which can be written as

mp(zp) = E[mymin(zy, Dp)].

5.3.3 Comparative Results

In this section, we analyze the impact of pooling inventory under normally distributed
demands when the supplier needs to satisfy the retailer’s service level requirements. Assume
that €; and ey are independently, identically and normally distributed with the mean value
u and standard deviation o. In addition, assume that the service level requirement of each
retailer under the reserved inventory case and the joint service level in the pooled inventory

case are the same, i.e., p1 = p2 = p, = p.

Lemma 5.3.1 Assume that wi = wy = wp = w, p1 = p2 = pp =p and mi; =mg =my =
m. For both the reserved inventory case (i=1,2) and the pooled inventory case (i=p), the

optimal stocking factor z(w;) is nondecreasing in wj.
Proof. We know that 2] (w;) satisfies the following equations

w; — C
w; + h

Gi(}) = max(“— ),

w;—C
w;+h

where is increasing in w; and G is a nondecreasing function. Hence z;(w;) is nonde-

creasing with the increasing of w;. m

Theorem 5.3.1 Assume thatw) = wy = wp = w, p1 = p2 = pp = p and m| = My = My =

m. If €1 and ex are independently, identically and normally distributed random variables

w—cC

and max(w+h,p) > 0.5, then the sum of the optimal total stocking factors for the retailers

1 and 2 in the reserved inventory case is at least as large as the optimal stocking factor in

the pooled inventory case, i.e., zy(w) < z7(w) + 23 (w). Otherwise, z;(w) > 27 (w) + 23 (w).
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Proof. We know that

w—C

G1(21) = Ga(33) = Gylzp) = max( . ).

p

Therefore,
Fw) = pto® (max(corp), i=12,
Hw) = 2+ V200 max(o . p).
* * * _ w—=c
Z(w) + 2z (w) — zp(w) = (2—V2)od l(max(w+h,p)),

80

When max (7, p) > 0.5, we have @fl(max(:ﬁ;fl,p)) > 0 and 2§ (w)+2z3(w) > z;(w). Oth-

erwise, when max (=, p) < 0.5, we have &~ Hmax(2=5, p)) < 0 and 2} (w)+23(w) > 25 (w).

w+h7p

Theorem 5.3.2 Assume that w1 = we = wp = w, p1 = p2 = pp = p and m1 = Mg = My, =

m. If €1 and ey are independently, identically and normally distributed random variables,

then the optimal profit of the supplier in the pooled inventory case is at least as large as that

in the reserved inventory case, i.e., II} > 1I7.

Proof. when €; and ey are independently, identically and normally distributed random

variables, IL,; is the same as Il,5 and hence they have the same optimal solution and

objective value. If we can show that IT,(z;(w1),w1) > 2IL1 (2] (w1), w1) for any wy, then

I, > T (2 (wn), wi) = 20 (27 (w), wi) = 17

Note that

Zwy) = p+o®  (max(—




Chapter 5. Wholesale Prices are Decision Variables: Multiplicative Demand Model 81

and

w1 —C

: = P! ! :
) = 2+ V202 (max( 7. p))

Hence,

21 (27 (w1), w1) — (25 (w1), w1) = y(wi1) (=2(c+ h)A1 (2] (w1)) — 2(w1 — ¢)O1(27 (w1))
(¢ + R)Ap(2p(w1)) + (w1 — €)Op (2 (wr)))

= y(wi)(h +w1) {Op(z(w1)) — 201 (27 (wn))} -

From the proof of Theorem 4.2.3, we have O,(z,(w1)) — 201(2{(w1))) < 0. In addition
y(w1)(h +wy) > 0, which implies that 2111 (2] (w1), w1) — (2, (w1), w1) < 0 for any w.

Theorem 5.3.3 Assume that w1 = we = wp = w, p1 = p2 = pp = p and m1 = Mg = My, =
m. If €1 and ey are independently, identically and normally distributed random variables,
then the retailers’ total expected profit in the pooled inventory case is at least as large as

that in the reserved inventory case, i.e., w1 (x1) + mra(x2) < TpH(2p).

Proof. As before, we have

mi(zi) = mE[min(x;, D;)], i=1,2

mp(xzp) = mE[min(z,, Dy)].

The optimal inventory stock given by the wholesale price w1 = we = wp, = w is

#(w) = #(w) = p+ 0™ (max(— ).
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and

Zp(w) = 2p + \/ﬁafbfl(max(z T p))-

Furthermore, given the wholesale price w, the optimal inventory levels are z; = y(w)z} (w)(i =

1,2) and z, = y(w)z}(w) . Hence

p

mr1(1) + mre(32) = my(w)(2p —201(2)),
mp(zp) = my(w)(2p — Op(2p)).
From the proof of theorem 4.2.3, we know that

201 (st + 0~ (masx( = p)) = O,(2p + V20@ (max( . p).

Therefore, m1(x1) + mro(22) < Tp(z)p). M

When the retailers have the same service level requirements under the reserved and
pooled inventory cases, under normally distributed demands, the comparative results indi-
cate that the supplier prefers the pooled inventory policy. If the wholesale prices are the
same under the two policies, the retailers will also prefer the pooled inventory policy. We
thus find that the comparative results which hold for the scenarios without service level
requirements also hold for the scenarios with service level requirements. In addition, we
also find that all the comparative results of the two policies under the additive demand

model hold under the multiplicative model.



Chapter 6

Infinite Horizon Problem

In this chapter we extend the two-echelon model to allow procurement decisions to be made
in each period of an infinite planning horizon. There are one supplier and two retailers;
however, there is no inventory at the retailers. At the beginning of the period, the supplier
needs to decide how many items to produce. After the retailers observe the demand, they
will place an order with the supplier. We assume that there is zero lead time. That part
of retailers’ order that cannot be met with the supplier’s on-hand stock could be lost or
backlogged. We consider both cases in this chapter. The supplier bears all the inventory
holding and penalty costs, which are charged at the end of each period. We assume the
demands in each period are independently and identically distributed random variables.
The objective of the supplier is to maximize e his total discounted profit over the infinite
horizon.

When the lead time is zero, whether the excess demand is completely backlogged or lost,
the optimal inventory policy is an order-up-to policy (see Clark 1960). We are interested in
the profits of the retailers and supplier under the reserved and pooled inventory policy. To
our knowledge, this problem has not been analyzed mathematically in the inventory theory
literature so far. In this chapter, we formulate the dynamic program and provide the optimal
policy under the reserved and pooled inventory systems. In addition, we compare these two

inventory systems.

83



Chapter 6. Infinite Horizon Problem 84

This chapter is organized as follows. In Section 6.1, we analyze the backlogging case,
provide the supplier’s optimal decisions under the reserved and pooled inventory systems,
and show the comparative results under these two inventory systems. In Section 6.2, we
analyze the lost sales case, provide the supplier’s optimal decisions under the reserved,
and pooled inventory systems and show the comparative results under these two inventory

systems.

6.1 Infinite Horizon with Backlogging

First, we consider the reserved inventory system where the supplier keeps two inventory for

each retailer. The sequence of events in a period is as follows.

1. At the beginning of period t, the supplier increases his inventory levels to y;; (i = 1, 2)
from the current inventory levels x;; (i = 1,2). Here we use y; ¢, zi¢ (i = 1,2) to denote
the parameters of the supplier’s inventory corresponding to retailer . Each increased

unit of inventory incurs a manufacturing cost of c.

2. In period ¢, demand D;; (i = 1,2) at retailer i is an independently and identically
distributed random variable, with CDF F;(-) and PDF f;(-), with finite mean p; and
variance o;. After observing the amount of demand, the retailer places an order
D;; to the supplier. Retailer 7 makes m; dollars profit for each unit of demands. If
the inventory at the supplier cannot satisfy the order, the unmet demands are fully
backlogged. The supplier charges w; for each unit which retailer ¢ orders and his
inventory level drops to y; s — D; . (yir — Dit)” denotes the level of unmet demands

at the end of the period, here, as usual, = := max(—=x,0).

3. The supplier bears all risk cost. At the end of the period, an inventory holding cost
of h is incurred by the supplier per unit of remaining inventories, or a penalty cost b

is incurred per unit of unmet demands.
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The pooled inventory system operates in a similar manner except that the supplier
only maintains one pooled inventory. We let v, and x,; to denote the parameters of the
supplier’s pooled inventory. D) ; is used to denote the total demand occurring at retailers.
It can be expressed as D, = D1 + D2;. Both of the retailers make m,, dollars profit for
each unit of demands. The supplier charges w, for each unit which retailers order.

For a thorough review of infinite horizon, discounted total profit maximization problems,
we refer to Bertsekas(1995). In our problem, we assume that the discounted factor « is
between 0 and 1, ie., 0 < a < 1.

For a given policy 7, the supplier will increase the inventory level from z;; to y[, for
retailer 7 (¢ = 1,2) in period t. Our objective is to find the optimal policy 7, i.e., optimal
order-up-to inventory level in each period . Let g;() represent the supplier’s profit from
retailer ¢ in period ¢. Here g;+() is a function of the initial inventory level x; ;, the replenished
inventory level y7; and demand D;; at retailer .. We denote the total expected, discounted
profit that the supplier earns from retailer 7 (i = 1,2) over the infinite horizon as V™ (z; 1).

Mathematically,

N
Vit(zi1) = lim E Zat_lgi,t(ygtal‘i,taDi,t)

N—oo
t=1

If the profit function g; () is independent of time, i.e.,

gi,l() = 91',2() =...= gi,N() = ..

we can drop the subscript of t, and,

N

V(i) = lim E | o'yl zis, Diy)
t=1
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The supplier is interested in finding the optimal policy 7 from the set of all feasible

policies II and hence the optimal total expected discounted profit over the infinite horizon,
‘/i* (CCZ'J) = Imax ‘/Z-W(Lti,l, Di,t)-
mell

Dropping the time subscript for notational convenience, consider the reserved inventory
system in which the supplier is in charge of inventory i for retailer i (i = 1,2), making
all ordering decisions to optimize the expected present value of profit incurred over an
infinite horizon here. Each unit of leftover inventory at the end of a period incurs a holding
cost. (y; — D;)T denotes the level of leftover inventory at the end of the period, as usual
2t = max(x,0). Thus hE(y; — D;)* gives the expected holding cost for the supplier in
each period. Similarly, b(y; — D;)~ gives the backlog penalty for the supplier in each period.

The expected holding and penalty costs incurred in a period can be expressed as follows
L(yi) = hE(y; — D;)" 4+ bE(y; — D;)~.

Therefore, for each period, we use U;(-) to denote the supplier’s expected net profit from

retailer 4, which is given by

Ui(yi»zi) = Egi(yi,vi, Diy)

= Elw;D; — L(y;) — c(yi — ;)] for i=1,2.

The first term is the supplier’s revenue, the second term is the holding and penalty costs,
and the last term is the manufacturing cost. Moving cz; outside of function U;(y;, i),

Ui(yi, x;) can be expressed by the summation of a function of y; and term cz;, i.e., we have

Ui(yi, zi) = cxi + Gi(yi),
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where

Gi(yi) = E[wiD; — L(y;) — cyil.

Notice that G;(y;) is a concave function of y;.
Before we discuss the optimal policy of the infinite horizon problem, we state several

assumptions. First we assume that all the cost and price parameters are nonnegative, i.e.,

w;, m;i, ¢, h,b >0 fori=1,2.

In addition, we assume that the shortage cost is always greater than the manufacturing
cost, i.e.,

b>c.

From Clark and Scarf (1960), we know that the optimal policy for this model is an order-
up-to policy with a fixed policy parameter R; (a nonnegative integer) for the inventories
corresponding to retailer i (i = 1,2). The policy operates as follows: assume we start at
period t = 1 with inventory z; ; at the beginning of each period, if retailers placed an order
with the supplier in the previous period, the supplier replenishes his inventory level to R;.
The order-up-to policy implies that when the initial inventory level is less than R;, the
supplier will increase the inventory level to R;. If the initial inventory level x; is greater
than R;, the supplier will not make an order until the inventory level drops to or below R;.

Without loss of generality, we assume that the initial inventory level for retailer i (i =
1,2) at the beginning of the infinite horizon is less than R;, i.e., ; < R;. Then R; may be
determined by solving the following equation,

Vi(z;)) = ;n;;mf{c:m + Gi(yi) + aEVi(y; — D;)} i=1,2 (6.1)

= cx;+ Gi(R;) + aEVi(R; — D;).
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Over an infinite horizon, assume that the optimal order-up-to level R; policy is applied in
periods from the second period. Given this, in order to find the optimal inventory level y;

in the first period, we can solve the following optimization problem,

N
Vi(z:) = max{cr; +Gi(yi) + B A}ijﬂwzat_lg(yi,t»xi,t) }-
= t=2

= m>ax E[Cl‘z‘ + Gl(yl) + OéC(yi - Dz) + OCGZ(Rz) + OéQV%(RZ' — Dz)]
Yi 25

Elex; + Gi(y;) + acly; — D;) + aGi(R;) + o?V;(R; — D;)] is a concave function of y; because
G(y;) is a concave function and ac(y; — D;) is a linear function of y;. Our problem is to
maximize a concave function.

Letting Z;(y;) = E{cx; + Gi(yi) + acy; — D;) + aGi(R;) + o*V;(R; — D;)}, and taking

the first derivative of Z;(y;) with respect to y;, we have

W) _ dGiw) |
Yi Yi

= —(h+b)Fi(y;)) —c+ b+ ac.

Since R; is also the optimal order-up-to level for the first period, which implies the following

equation,

dZ;i(ys)
Yi

‘yi:Ri = 0,

and we have the optimal order-up-to level

b—(1—a)c

R, =F!
( h+b

)

).

Assumptions b,h,c > 0 and b > (1 — a)c > 0 imply that 0 < %;ba)c < 1, which

guarantees the feasibility of the solution of R;. In addition, it is easy to show that %;Ija)c

is increasing in b and decreasing in h. Thus the optimal order-up-to inventory level is
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increasing in b and decreasing in hA. This can be understood intuitively: when the penalty
is higher, the supplier will maintain a higher inventory level in order to reduce the quantity
of lost sales; when the holding cost is higher, the supplier will maintain a lower inventory
level in order to reduce the holding cost.

Given the initial inventory levels x; and z3, the supplier’s optimal profit II,(x1,x2)

under the reserved inventory system can be expressed as

L (21, 22) = Vi(x1) + Va(z2).

Similarly, for the pooled inventory system, the supplier needs to solve the following

optimization problem to maximize his profit,

Volwp) = max feap + Gp(yp) + aEVy(yp — Dp)}

where

Gp(yi) = ElwpDp — L(yp) — cyp)-
The optimal order-up-to level for the pooled inventory system is

b—(1—a)c

Ry =F (=

p

).

The supplier’s optimal profit under the pooled inventory system can be expressed as

I, (zp) = Vp(zp)-

Moving cx; back to the previous (Veinott 1965), we have cx; = ca(y; — D;). For the infinite

horizon, given the optimal order-up-to level R;, we can rewrite the total expected discount



Chapter 6. Infinite Horizon Problem 90

profit as follows

Vl(wz) = E[U)Z‘Di + ac(Ri - D,) —cR; — L(RZ) + CMV;(RZ — Dz>] (6.2)

= E[(wz — OéC)DZ' — (1 — Oé)CRi — L(Rl) + OéVZ(RZ — Dz)]

From equation (6.2), we see that the expected discount total profit does not depend on
the initial inventory level. Hence, we can simplify the notation IT,(x1, x2), Vi (1), Va(x2) as

IT:, V¥, V5f. From problem (6.2), the supplier’s profit V;* from retailer ¢ can be rewritten as

1
1—«

V=

2

El(w; —ac)D; — (1 — a)cR; — L(R;)] for i=1,2.

Hence, the supplier’s total expected profit II can be written as

1

11—«

IT: =

T

E[(wq — ac)D1 + (wg — ac)Dy — (1 — a)e(Ry + Ry) — L(Ry) — L(R2)].

Similarly for the pooled inventory system, we have

1
1l -«

I, =

El(w, — ac)Dp — (1 — a)cR, — L(Ry)).

Since the retailers do not make any decisions, their profits depend on the decisions of
the supplier. Their total profit 7 and 7, under the two different inventory systems are the

same, namely
oo
T =T, = Z a'm;E[Dy + Ds);
i=0

Now we will focus on the profit of the supplier under the reserved and pooled inven-
tory systems. For the case of normally distributed demands, we can provide a detailed

comparison of the reserved and pooled inventory cases. We assume that D; and Dy are
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independently and normally distributed random variables with mean value p; and po and

standard deviations o1 and oy. Let ®(-) be the CDF of the standard normal distribution.

Theorem 6.1.1 If Dy and D5 are independently and normally distributed random vari-
ables, and all the wholesale prices under the reserved and pooled inventory systems are the
same, i.e., w1 = wy = wy = w, the supplier’s optimal profit is increased when the inventory

is pooled, i.e., IT5 > 117.

Proof. Under the reserved inventory scenario, the optimal inventory levels are given by

4 (b—(1—-a)
_ 1
Ry =p1 +01® <h—|—b ),

and

(1~
Ry = g + 0@ ™! (b(a)c) .

h+b

Under the pooled inventory scenario, Dy ~ N(u; + pa, /o7 + 03). Hence the optimal total

inventory level for the pooled inventory scenario is

b—(1—a)c
Ry = i1 + s + \Jo? + 030" (W) |

The supplier’s optimal profits in the reserved inventory case and the pooled inventory

case are

I = 3 i ~E[(w = ac)(Dy + D) = (1 = @)e(Ry + Ry) = L(Ry) = L(Ry)),
= 7 i aE[(w —ac—b)(D1+ D2) — ((1 —a)c+ h)(R1 + Ra)

+(h + b)(mln(Rl, Dl) + min(Rg, DQ))]

Recalling that

. 4 (b—(1—a)
DY — g p—1
min(R;, D;) = p; — o;® < Py > ,
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we have
I, = 1 i o <(w —ac—0b)(1 +p2) — (1 —a)e+ h) <,u1 + pio + (o1 + 09)® 7! (W))
+(h+b) (1 + p2 — (01 +02) R <‘I)_1 <b—}(L1+—ba)c>)> ;
where
R@a) = [z~ a)do(s
M = Bl —ac)D, — (1 - a)eR, — L(R,))

- 1ia <(w—ac—b)(u1 +p2) = (1= a)e+h) <M1 Tt mq’_l <b_f(zl+_ba)c>)
+ (R +0)(u1 + p2 — \/MR (‘1’1 (W))) '

Calculating the difference II, —II,,, we have

o, = (((1 — e+ h)(/o? +03 — o1 — 2)2 (b_;ilfba))
+ (h+D)(fot + 03 o1 )R (‘Vl (W)))
< <<<1 - et W(y/of +0f —on — on)e (W)
(1 - a)eth)y/o? +03 01— o)R (‘I’l (W)))
= (- mot o o) (07 ()

(e (55)

IN
o

The first inequality follows from the assumption that b > ¢ which implies that b > (1 — «a)c

for 0 < a < 1, and R(:) > 0 and /0% + 03 < (01 + 02) for any positive o1 and o2. The
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second inequality is shown by applying equation R(z) 4+ x > 0 for any = (see Chapter 3).

Hence, the supplier’s profit is increased after pooling the inventory, i.e., [I} <1I7. =

Theorem 6.1.2 If Dy and D5 are independently and normally distributed random vari-

%_:ba)c > 0.5, then the supplier’s optimal inventory level in

ables, and the critical ratio
the pooled inventory case s less than the optimal total inventory in the reserved inventory

case, i.e., R, < Ry + Ro. Otherwise, R, > R1 + Rs.

Proof. We know that the optimal total inventory level in the reserved inventory case is

given by,
b—(1—a)c

Ri+ Ry =ty + pa + (01 + 02) @ Y( b1 b )-

However the optimal inventory level in the pooled inventory case is given by

1, b—(1—-a)c
Ry = p1 4 pg + y/o} + 03P 1((l§+b))

The facts that ®~1(-) is a monotone nondecreasing function and ®~1(0.5) = 0 imply that
@fl((%@ak) > 0 provided (%;ba)c) > 0.5. Hence R, < R; + Ry follows from the in-
equality, o1 + 03 > /0% + 05. Otherwise, when (%—:ba)c) < 0.5, we have R, > R; + R».

Under independently and normally distributed demands, the supplier will benefit from
the pooled inventory policy, and the total profit of the retailer cannot increase from the
pooled inventory policy. However, the supplier’s optimal total inventory level may increase
or decrease after pooling the inventory. When the penalty cost of lost sales is high enough
or the holding inventory cost is low enough, the supplier will reduce the inventory level to
a lower level at the beginning of the period after pooling the inventory. Otherwise, the

supplier will raise inventory to a higher level after pooling the inventory.
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6.2 Infinite Horizon with Lost-sales

We have discussed the optimal policy of the backlogging case and comparative results under
the pooled inventory and the reserved inventory systems in the previous section. Now, we
are interested in whether the same results hold when unsatisfied demand at each period is
lost. In this section, we will to answer this question. We will keep the same notation as
that in the previous section.

For the reserved inventory system, given any inventory level x; of the inventory i (i =
1,2) at the beginning of period, we define V;(z;) as the maximum total discount expected
profit. Thus we have the following dynamic equation

Vi(z;) = max Elcx; + w; min(y;, D;) — cy; — h(y; — D)t — b(yi — D;)™ + aVi(yi — D) ™).

It is well known that the order-up-to policy is still the optimal policy for this case (Clark
1960). As usual, we assume that the initial inventory level z; < R;. Assuming that the
optimal order-up-to level is R;, we have the following equation,

Vi(z;) = ;nf;{ Elex; +w; min(y;, D;) — cy; — h(y; — D)™ — b(y; — D;)~ + aVi(y; — D;) 7]

= E[CI‘Z‘ + wmin(Ri, Dz) —cR; — h(Rz — Di)+ — b(RZ — Dl‘)_ + CkVZ(Rz — D2)+]

Applying the same approach as in the previous section, we consider the problem of deciding
the optimal the order-up-to level y; during the first period, while order-up-to level R; is
applied in the periods following the first period. The initial inventory level at the beginning
of second period is (y; — D;)". We can write the problem as

VYZ(ZEz) = max E[CJ,‘Z =+ w; min(yi, Dl) —CY; — h(yl — Dz)+ — b(yl — Dl)_

Yi>T;

+a(c(yi — Di)" 4wy min(R;, D) — cR; — h(R; — Di)™ — b(R; — Dy) ™) + aVi(R — D;)™)].



Chapter 6. Infinite Horizon Problem 95

Let U;(y;) = E[w; min(y;, D;) — cy; + (e — h)(y; — D;)™ — b(y; — D;)~], which is a concave

function. Taking the first derivative of U;(y;) with respect to y;, we have

dU;(y;)
Yi

= w; — c+ b+ (ac — h —w; — b)Fy ().

Since R; is also the optimal order-up-to level in the first period, it also satisfies the following

equation

dU;(y:) _
|yi:Ri = 0,
Yi
which implies that
w; +b—c
=F1 - .
A ! (h—i—b—i—wi—ac

Under the optimal policy, the supplier’s profit under the reserved inventory system can be
expressed as

L, (21, 22) = Vi(21) + Va(z2).

Applying the same approach to the pooled inventory system, the supplier needs to solve

the following optimization problem to maximize his profit

Vp(‘fp) = E[Cl‘p + wp min(Rp, Dp) —cRy — h(Rp - Dp)+ - b(Rp - Dp)_ + O‘%(Rp - Dp)+]-

The optimal order-up-to level for the pooled inventory system is

wp +b—c
h+b+w, —ac”

R, =F;\(

The supplier’s optimal profit under the pooled inventory system can be expressed as

I, (zp) = Vp(zp)-
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In the reserved inventory policy, given the optimal order-up-to level R; (i = 1,2) and
initial inventory level xz;, we also can rewrite the supplier’s expected discount profit from

retailer 7 as follows

Vl(l‘z) = E[(ac — h)(Rl — Di)+ =+ w; min(Ri, Dl) (6.3)

—cR; — b(R; — D;)™ + aVi(R; — Dy) ™.

In the pooled inventory policy, given the optimal order-up-to level R, and initial inven-
tory level x,, we also can rewrite the supplier’s expected discount profit from retailer ¢ as

follows

Vp(zp) = El(ac—h)(Rp— Dp)+ + wp min(Ry, D) (6.4)

—cRy —b(Rp — Dp)~ + aVy(Ry — Dp)ﬂ-

From the supplier’s profit expression, we see that the discounted total profit does not de-
pend on the initial inventory level. Hence, we can simplify the notation I, (z1, z2), Vi(x1), Va(z2)
as 1T, Vi*, V5f. From equation (6.3), under the reserved inventory system, the supplier’s

profit can be rewritten as
I = Vy + Vs
where

1
V*

i T 1

E[(ac— h)(R; — D;)" 4+ w; min(R;, D;) — cR; — b(R; — D;)"], fori=1,2.
In addition,under the pooled inventory system, the supplier’s profit can be written as

1
M=
L Y

E[(ae — h) (R, — Dp)" + wpmin(R,, D,) — R, — b(R, — Dp) ]
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Since the retailers, they do not make any decisions and their profits depend on the decisions
of the supplier. Let 7 and m; be the retailers’ total profit under the reserved and pooled

inventory cases, respectively, which can be expressed as,
* '3 N .
T o= Za E[mjmin(Ry, D1) + memin(Ra, D2)];

T = ZaiE[mpmin(Rp,Dp)].
=0

The total profit of the retailers under the two different cases is different under this
scenario while they are same under the backlogging scenario.
When demands are normally distributed, we find that the results(that supplier’s profit

is increased after pooling inventory) still holds.

Theorem 6.2.1 If Dy and Ds are independently and normally distributed random vari-
ables, and all the wholesale prices under the reserved and pooled inventory systems are the
same, i.e., w1 = wg = Wy = w, the supplier’s optimal profit is increased when the inventory

is pooled, i.e., 15 > 117

Proof. Under the reserved inventory scenario, the optimal inventory levels are given by

+b—c
R -1 w
L= pt o (h+b+w—a9’
and
w+b—c
Ry = (i (L
2= w0 (T )

For the pooled inventory scenario, D), ~ N(u1 + po, \/a% + O'%). Hence the optimal total

inventory level for the pooled inventory scenario is

_ w+b—c
By =yt \fof + 0307 (om0,
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The supplier’s optimal profits in the reserved and pooled inventory cases are

2
1
o= ) E[(ac — h)(R; — D;)" + wmin(R;, D;) — ¢cR; — b(R; — D;) 7]

Z}le—oz
21

= Z1_aE[(ac—h—c)Ri—(ac—h—w—b)min(Ri,Di)—bDi]
=1
ER | w+b—c

_ _h_ . I G SR

= ;1—61[(&6 h—c)(pi +o:i® (h+b+w—ac))

1, wH+b—c
—(ac—h—w-— i — Oy ) — b
(ac —h —w —b)(pi — o R(® (h—l—b—l—w—ac))) pi
and
X 1 . _
I, = 1_aE[(ac—h)(Rp—Dp)++wm1n(Rp,Dp)—cRp—b(Rp—Dp)]
1 9 24 —1 w+b—c
= — — [0)) - @ -

o |(ec—h =)+ p2 + /oy + 0387 (=== ——))

e —h—w e A Al N

(@~ = w =)+ 2~ o+ oFROEEEE ) b+ )]

Calculating the difference of I, and II,, we have

§ . 1 L o a1 wtb—c

I =1L, = 1_a[(ac h C)<01+02 m>® <h+b+w—ac

b_
+(ac—h—w—b)<al+az—m>3<¢’_1<M>>]

1 2 9 -1 w+b—c
< ioa Wc_h—@(“l*@—v“l*%)q’ <h+b+w—a

b—
+(ac — h —¢) (01 +o2 — m> R <(I)1 <h+wa;w—cac)ﬂ

1
= 1 a (e —h —¢) <01+02—\/U%+U%>

+b—c w+b—c
p-! w p-!
( <h+b+w—ac>+R< (h—l—b—i—w—ac)))]

0.

IN
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The assumption that b > ¢, w > 0 implies that b+w > ac for 0 < a < 1. The first inequality
follows from R(-) > 0 and the inequality /0% + 035 < o1 + 02 for any positive o1 and os.
The second inequality is shown by applying equation R(z) + x > 0 for any = (see Chapter

3). Hence, the supplier’s profit is increased after pooling the inventory, i.e., I, <II,. m

Theorem 6.2.2 If Dy and D3y are independently and normally distributed random vari-
ables, and all the markup prices are the same, i.e., m; = mg = my, = m, the total profit of

the retailers is increased when the inventory is pooled, i.e., m, > .

Proof. Assume R; (i = 1,2) is the optimal order-up-to level for retailer i in the reserved
inventory system and R, is the optimal order-up-to level in the pooled inventory system,
we first show that total expected sales in each period in the pooled inventory is higher than

in the reserved inventory system.

E[min(Ry, D1) + min(Ry, D) — min(R,, D))]
+b—c
- - o1 (Y
it e = (o1 +02)R < <h—|—b—|—w—ac)>

2 w+b—c
— | muy + o — 01+02R S e —
_ w+b—c
- <Vf’1+"2—f’1+(’2>3<‘1’ <h+b+w—a>>

0

IA

Hence

7 = Y a'mE{min(Ry, D;) + min(Ry, Dy)};
=0

> a'mE{min(R,, D,)}
=0

_ *
= 7Tp’

IN

which completes the proof. m



Chapter 6. Infinite Horizon Problem 100

Theorem 6.2.3 If Dy and D3y are independently and normally distributed random vari-

ables, and the critical ratio wib—c_ > (5 then the supplier’s optimal inventory level in

+b+w—ac
the pooled inventory case is less than the optimal total inventory in the reserved inventory

case, i.e., R, < R + Ro. Otherwise, R, > Ri + R».

Proof. We know that the optimal total inventory level in the reserved inventory case is

given by,
w+b—c

Rt Ry =+ p + (01 4+ 02)@ 7} (-5

).

However the optimal inventory level in the pooled inventory case is given by

_ w+b—c
By =ty + ot + 032 ().

The fact that ®~1(-) is a monotone, nondecreasing function and ®~1(0.5) = 0 implies
that @‘1(%) > 0 provided % > 0.5. Hence R, < Ry + Ry follows from the

inequality, o1 409 > \/07 + 02. Otherwise, when #’;‘fac < 0.5, we have R, > R1+Ry. m

Under identically and normally distributed demands, the supplier will benefit from the
pooled inventory policy while the retailer’s total profit will decrease after pooling the inven-
tory. However, the supplier’s total inventory level may increase or decrease after pooling
the inventory. When the penalty cost of lost sales is high enough or the holding inventory
cost is low enough, then the supplier will increase a lower inventory level at the beginning
of the period after pooling the inventory. Otherwise, the supplier will raise inventory to a

higher level after pooling the inventory.



Chapter 7

Finite Horizon Problem

Having analyzed the pooled and reserved inventory systems for an infinite horizon, we are
interested in whether all the results hold for a finite horizon. In this chapter we try to
answer this question.

This chapter is organized as follows. In Section 7.1, for the backlogging case, we analyze
the supplier and retailers under the pooled and reserved inventory system. In Section 7.2,

we give the corresponding results for the lost-sales case.

7.1 Finite Horizon with Backlogging

In our model in this section, there is a finite selling season for the retailers which is divided
into T periods. When the supplier’s inventory is not large enough to cover all of the retailers’
orders, the shortage is backlogged. We will focus on the reserved inventory system first.
As in the infinite case, we use index i (i = 1,2) to distinguish retailers under the reserved
inventory system.

Next we formulate the multi-period profit function. Note that in this section z;; rep-
resents the initial inventory level reserved for retailer ¢ at the beginning of period ¢ and
Vit (Yir > wi+) represents the inventory level after ordering. The demands that occur at re-

tailer ¢ in each period are identically distributed and denoted simply D;. We define V; (z;+)

101
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as the supplier’s maximum total discounted expected profit from retailer ¢ from period ¢
through the end of planning horizon (period T), given z;; at the beginning of period ¢.

We have the following recursion equation

Vie(rir) = max {cxir + Gi(yit) + aEVi1(yir — Di)}

Yit 2Tt

fort="1T,...,1, where

Gi(yit) = E[w;D; — hE(yit — D;)T — bE(yir — Di)™ — cyi4

and Vi ry1(zir41) = 0 for all z; 741.

For the pooled inventory system, x,; represents the initial total inventory level at the
beginning of period ¢, and y,; > x,; is total inventory level after ordering. We define
Vpt(xpt) as the supplier’s maximum total discounted expected profit from period ¢ through
the end of planning horizon, given x,; and set V}, ry1(zpr41) = 0 for all z, 711. As before,
the total demand D), = D1 + Ds.

For the pooled inventory case, we have the following recursion equation,

Vpi(wpr) = max {cxpr+ G(ypt) + aEVpi1(Ype — Dp)}

Yp,t >Tp ¢

fort=1T,...,1, where

Gp(yp,t) = E[wpr - hE(yp,t - Dzv)+ - bE(yp,t - Dp)i - Cypﬂf]'

In this chapter, we will compare supplier’s profit, and supplier’s inventory levels after
ordering under the reserved and the pooled inventory systems. Because the unsatisfied part
of any order is fully backlogged, the total profit of retailers is the same under both of the

systems.



Chapter 7. Finite Horizon Problem 103

Due to the difficulty in obtaining closed form expressions for the expected T-period
profit and inventory level, we can only present numerical evidence to support our claims.
We assume that the demands are normally distributed, and all the wholesale prices and
markup price are the same, i.e., w1 = we = wp, = w, m = ma = my, = m. We use the

parameter set listed in Table 7.1 as a “base case”.

holding cost h )
purchasing cost c 3
penalty cost b 10
wholesale price w | 10
discount factor a | 0.95
mean w | 50
standard deviation | ¢ | 12
horizon T | 10
markup price m 1

Table 7.1: Parameter Table

The values of the parameters satisfy the following assumptions of the problem

e Purchasing cost is less than penalty cost, i.e., ¢ < b.

e Purchasing cost and penalty cost are less than the wholesale price, i.e., ¢, b < w;
otherwise, the supplier cannot make profit.

e The demand should be nonnegative. For the normal distribution, we assume
that the probability of demand in the range [u — 40, u + 40| is nonzero; for

values outside this range, the probability is 0.

Claim 7.1.1 For the backlogging case, the profit of the supplier under the pooled inventory

system is greater than under the reserved inventory system.

In order to validate this claim, we compare the profits of the supplier with and without
pooling under a wide range of parameter values. Specifically, we vary, one at a time, the

discount factor « from 0 to 1, the penalty cost b from 3 to 10, the wholesale price from
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10 to 20, the purchasing cost ¢ from 1 to 10, the holding cost h from 0 to 20, the mean of
demand p from 40 to 60, and the standard deviation of demand o from 0 to 15.(see Figures
7.1-7.7.)

Expected Supplier Profit vs. alpha — Backlogging Case
7000 T T T T T

T T
Reserved Inventory Case
— - Pooled Inventory Case

6000 [ 4

5000 - q

4000 / 4

3000 - / q

Expected Supplier Profit

2000 - - B

1000 B i

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
alpha

Figure 7.1: Supplier’s Profit vs. Discount Factor «
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Figure 7.2: Supplier’s Profit vs. Manufacturing Cost ¢
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Figure 7.3: Supplier’s Profit vs. Wholesale Price w
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Expected Supplier Profit

Expected Supplier Profit
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Figure 7.4: Supplier’s Profit vs. Penalty Cost b

Expected Supplier Profit vs. h — Backlogging Case
T

T T
Reserved Inventory Case
— - Pooled Inventory Case

Figure 7.5: Supplier’s Profit vs. Holding Cost h

106



Chapter 7. Finite Horizon Problem 107

Expected Supplier Profit vs. mu - Backlogging Case
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Figure 7.6: Supplier’s Profit vs. Mean pu

Expected Supplier Profit vs. sigma - Backlogging Case
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Figure 7.7: Supplier’s Profit vs. Standard Deviation o

The results in the figures all support Claim 7.1. However, we cannot say the total
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inventory level after ordering in the reserved inventory system will be greater or smaller

than that in the pooled inventory system. Thus we have the following claim:

Claim 7.1.2 The inventory level after ordering in the pooled inventory case may be greater

or less than the total inventory in the reserved inventory case.

Figure 7.8 shows that the total inventory level after ordering in period 1 for 10-period horizon
in the reserved inventory system is less than that in the pooled inventory system when the
discount factor « is small while it becomes larger than that in the pooled inventory system
when « is large. A similar switch occurs as the penalty cost increases (see Figure 7.12).
Figure 7.14 shows that the total inventory level after ordering in the reserved inventory
system is less than that in the pooled inventory system when standard deviation o is less
than 1. For the other parameters, the total inventory level after ordering in period 1 in the
reserved inventory system is greater than that in the pooled inventory system independent
of parameter values of holding cost h, mean value y, manufacturing cost ¢ and wholesale

price w(see Figures 7.9, 7.10, 7.11 and 7.13).

Optimal Total Inventory Level vs. alpha -Backlogging Case
110 T T T T T T

T T
Reserved Inventory Case
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Figure 7.8: Supplier’s Total Inventory Level vs. Discount Factor «



Chapter 7. Finite Horizon Problem 109

Optimal Total Inventory Level vs. h —Backlogging Case
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Figure 7.9: Supplier’s Total Inventory Level vs. Holding Cost h
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Figure 7.10: Supplier’s Total Inventory Level vs. Mean p



Chapter 7. Finite Horizon Problem

Optimal Total Inventory Level vs. w —-Backlogging Case
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Figure 7.11: Supplier’s Total Inventory Level vs. Wholesale Price w
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Figure 7.12: Supplier’s Total Inventory Level vs. Penalty Cost b
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111

Optimal Total Inventory Level vs. ¢ —Backlogging Case
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Figure 7.13: Supplier’s Total Inventory Level vs. Manufacturing Cost ¢
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Figure 7.14: Supplier’s Total Inventory Level vs. Standard Deviation o

Dynamic inventory theory indicates that optimal inventory level y,; in period ¢ after
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ordering in a finite horizon is always nonincreasing as ¢t approaches the end of horizon(period
T) and not larger than the optimal inventory level y, in the infinite horizon case, i.e., y, 7 <
Yp,T—1--- < Y1 < Yp; equivalent results applies for y;; i =1,2;t =1,2,...,T. Figures 7.15-
7.21 verify this for a wide range of data. Specifically, Figures 7.15-7.21 show that the
optimal pooled inventory level in period 10 in 10-period horizon is always consistently less
than that in the infinite horizon for a wide range of data. Whereas Figure 7.22 shows that
the optimal pooled inventory level in period 9 in 10-period horizon is consistently the same
as that in the infinite horizon, which matches the mathematical results well. The results in
Figure 7.22 indicate that convergence of y,: to v, occurs very quick. Similar results hold

for the reserved inventory case.

Optimal Total Inventory Level Infinite vs. Period 10 with alpha -Backlogging Case
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Figure 7.15: Supplier’s Total Inventory Level for Period 10 vs. Discount Factor «
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Optimal Total Inventory Level Infinite vs. Period 10 with ¢ -Backlogging Case
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Figure 7.16: Supplier’s Total Inventory Level for Period 10 vs. Manufacturing Cost ¢
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Figure 7.17: Supplier’s Total Inventory Level for Period 10 vs. Holding Cost h
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Optimal Total Inventory Level Infinite vs. Period 10 with mu —Backlogging Case
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Figure 7.20: Supplier’s Total Inventory Level for Period 10 vs. Mean p
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7.2 Finite Horizon with Lost-sales

In the lost sales case, the retailer’s unsatisfied demands are lost while the supplier bears the
lost-sales cost of b per unit. We keep all the notation the same as in the previous section.

For the reserved inventory system, we have the following recursion equation

Vig(zig) = ym;%f {cxis + Gi(yir) + aEV; i1 (yie — Di)*}
it 2> Tt
fort ="1T,...,1, where in this case,

Gi(yir) = Elw; min(D;,y; 1) — hE(yiy — D)t — bE(yir — D)™ — cyi4

and Vi,TJrl (xigurl) = 0 for all T3 T+1-

For the pooled inventory system, we have the recursion equation

Vpi(zps) = max {cxps + Gyps) + aEVp i1 (yps — Dp) T}

Yp,t >Tp,t

fort =1T,...,1, where

Gp(yp,t) = E[wp min(Dp, yp,t) - hE(yp,t - Dp)+ - bE(l/p,t - Dp)_ - Cyp,t]-

and Vp, 1 (zpry1) = 0 for all zp,741.

As before, we assume that the demands are normally distributed, and all the wholesale
prices and markup price are the same, i.e., w1 = wy = wp = w, M1 = ma = my, = m. We
examine the profits of the supplier and retailers and the total inventory level after ordering

under the reserved and pooled inventory systems.

Claim 7.2.1 The profit of the supplier under the reserved inventory system is less than

that under the pooled inventory system.
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Using the same parameter values as in the previous section, Figures 7.23 to 7.29 verify

the claim for a wide range of data.

Expected Supplier Profit vs. alpha — Lost-sales Case
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Figure 7.23: Supplier’s Profit vs. Discount Factor «
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Expected Supplier Profit vs. h— Lost-sales Case
6000 T T T T T

T T
Reserved Inventory Case
— - Pooled Inventory Case

5500 . R

5000 > b

4500 - = b

N
o
(=3
o
T
/
I

Expected Supplier Profit
/

3500 b

3000 b

2500 I I I I I I I I I
0

Figure 7.26: Supplier’s Profit vs. Holding Cost h
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Figure 7.27: Supplier’s Profit vs. Wholesale Price w



Chapter 7. Finite Horizon Problem 121

Expected Supplier Profit vs. b— Lost-sales Case
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Figure 7.28: Supplier’s Profit vs. Penalty Cost b
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Figure 7.29: Supplier’s Profit vs. Standard Deviation o

While the total profit of the retailers is the same under the two different inventory
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systems when excess demands are backlogged, in the lost sales case, the amount of unsat-
isfied demands has an impact on the retailers’ profit. Hence, the profits of the retailers are

different under the two policies. We have the following claim

Claim 7.2.2 The expected total profit of the retailers under the reserved inventory is less

than that in the pooled inventory system.

Figures 7.30-7.36 show this to be the case for the wide range of data (the same data as

in the backlogging case).

Expected Retail Profit vs. alpha - Lost-sales Case
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Figure 7.30: Retailer’s Profit vs. Discount Factor «
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Expected Retail Profit vs. ¢ — Lost-sales Case
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Expected Retail Profit vs. b — Lost-sales Case
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Figure 7.33: Retail Profit vs. Penalty Cost b
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Figure 7.34: Retail Profit vs. Holding Cost h
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Expected Retail Profit
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Figure 7.35: Retail Profit vs. Mean p
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For the backlogging case, we saw that the total inventory level in the pooled inventory



Chapter 7. Finite Horizon Problem 126

system may or may not be greater than that in the reserved inventory system. In the lost-
sales case, this is also true. Figure 7.39 shows that difference in total inventory level between
the pooled inventory system and the reserved inventory system may be negative or positive
depending on the value of holding cost h. Note that this differs from the backlogging case
where the relation depending on discount factor «, penalty cost b and standard deviation
.
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Figure 7.37: Supplier’s Total Inventory Level vs. Discount Factor «
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Optimal Total Inventory Level

Figure 7.40: Supplier’s Total Inventory Level vs. Wholesale Price w
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Optimal Total Inventory Level vs.mu Lost-sales Case
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As in the backlogging case, the optimal inventory level y,, ; in period ¢ after ordering in a



Chapter 7. Finite Horizon Problem 130

finite horizon is always nonincreasing as ¢t approaches the end of horizon(period T) and not
larger than the optimal inventory level y, in the infinite horizon case, i.e., yp 7 < yp7—1... <
y1 < Yp; equivalent results apply for y;; ¢ =1,2;¢=1,2,...,T. Figure 7.44 shows that the
optimal pooled total inventory level in period 10 of the 10-period horizon is less than that in
the infinite horizon, which matches the mathematical results well. Figure 7.45 shows that
the optimal pooled total inventory level in period 8 of the 10-period horizon is the same as

that in the infinite horizon. Again similar results hold for the reserved inventory case.
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Chapter

7. Finite Horizon Problem

Optimal Total Inventory Level Infinite vs. Period 8 with alpha ~Lost-sales Case
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Chapter 8

Conclusions and Future Research

8.1 Conclusions

In this thesis, we have studied a two-echelon supply chain with one supplier and two retailers.
While most of our work focus on single period(or selling season) scenarios, in the last two
chapters, we have considered multi-period and infinite horizon scenarios. The supplier bears
the supply chain’s inventory risk because only the supplier holds inventory while the retailer
replenishes as needed during the season.

For the single period case, we considered scenarios in which the wholesale price is fixed,
and we studied and compared the supplier’s inventory decision under two policies: reserved
inventory and pooled inventory. Under the first policy, the inventory is stocked in separate
locations for each retailer while under the latter policy, inventory is centrally stocked by the
supplier, and hence the supply chain may benefit from risk pooling. However, in general,
whether the profit of the retailers and supplier increases or decreases upon inventory pooling
depends on the problem parameters such as the demand parameters.

In order to obtain insight into the impact of the reserved inventory and the pooled
inventory policies, we compared the profits of the supplier and retailers under those two
policies assuming normal demand distributions. First we showed that the supplier’s profit in

the pooled inventory case is always greater than in the reserved inventory case. In addition,

133
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the total expected sales are also increased after pooling the inventory. In addition to the
basic model, we also studied the case when the retailers have service level requirements,
and we obtained similar conclusions.

Besides the model with fixed wholesale prices, we also developed inventory and pricing
models for the supplier when the wholesale price is a decision and demand is price-sensitive.
Note that these scenarios are much more complex. We analyzed two different demand
models: an additive demand model and a multiplicative demand model. For normally
distributed demands, we compared the results for the reserved inventory and the pooled
inventory policies with and without service level requirements. The results shows that the
supplier always prefers to pool inventory, while in general, this need not be so for the
retailers. We also analyzed the retailers’ profits under some specific conditions.

For the infinite horizon with fixed wholesale price and no service level requirements, we
were able to show the comparative results for the single period case hold when the excess
demand is backlogged and when it is lost. For the multi-period finite horizon case, we were
unable to show the results mathematically. We were able to show numerically that the
results also hold over a wide range of data.

Although a number of results are developed in this research, there is a long list of

possible directions for future research.

8.2 Future Research

Some future research directions are:

1. Coordination between the supplier and retailers.
In this thesis, we have demonstrated the benefit of the pooled inventory policy. This
conclusion leads to the question of how to allocate the benefits between the retailers
and supplier. In general a contract coordinates the retailer’s and supplier’s actions.

Cachon (2002) gives an excellent review on contract coordination, and he analyzes buy
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back contracts, revenue sharing contracts, quantity flexibility contracts, sale rebate
contracts and quantity discount contracts, etc. to coordinate the system. Wang
(2004) also analyzes the consignment contract with revenue sharing in a supply chain
with one supplier and one retailer. The supplier chooses the retail price and delivery
quantity, and the supplier and retailer share the revenue. There is also another trend
in literature on supply chains, namely, cooperative games. One approach is a snapshot
allocation game (SAG), which is used by Anupindi et al. (2001). In SAG, the value of
the game is calculated based on each realization of random demand. Another approach
is the allocation game in expectation (AGE) by Anupindi et al. (1999b). Granot and
Sosic (2002) mention the Shapley value as a profit-allocation mechanism that may
induce optimal supply chain inventory decisions. Then Bartholdi et al. (2003) use
the Shapely value as a value-sharing mechanism to affect the operational decisions of
supply chain partners. It would be interesting to try to use these methods to allocate
the benefits; however, the most difficult part will be deciding how to allocate the

inventory under the pooled inventory policy.

2. Competition between the retailers.
In our thesis, we have assumed that there is no competition between the retailers.
What if the retailers are in competition for a common customer base? Chen et al.
(2001) and Bernstein et al. (2001) consider a supply chain model with one supplier and
multiple competing retailers in which each retailer makes decisions such as inventory
level and retail price. Bernstein et al. (2002) consider a supply chain system in which
the supplier decides how the retailers are replenished and bears all the production
cost incurred in the supply chain. However each retailer chooses her own retail price,
and demand at each retailer is determined by a general demand function of the prices
charged by all retailers. It is possible to extend our model to a supply chain with one

supplier and two competing retailers. Applying the demand model, we can analyze the
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scenarios under the reserved and the pooled inventory policies. However, the problem

is quite complex.
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