
 
ABSTRACT 

DAVIS, DUNCAN SHERWOOD. Self-Folding of Thermoplastic Polymer Sheets from 2D to 
3D. (Under the direction of Dr. Michael Dickey and Dr. Jan Genzer).  
 

This PhD. dissertation focuses on various techniques to convert two-dimensional (2D) sheets 

into three-dimensional (3D) objects in a hands-free manner. Geometry defines the functions 

of many objects in society, like chairs, tables, toys, and boxes. Creating 3D structures from 

2D sheets is appealing for manufacturing, shipping, and storing objects since flat sheets 

occupy minimal space We work with 2D sheets to make processing easier and increase the 

number of commercially available polymers we can investigate. If a sheet is prestrained, 

releasing the stored strain can induce self-folding. This thesis explores new methods to 

program strain into polymer sheets and stimuli – both new (microwaves, hot air) and existing 

(light, heat) - for actuating self-folding   

 We studied the use of microwaves to self-fold thin pre-strained polystyrene (PS) 

sheets.  While the PS sheets are transparent to microwaves, patterns of screen-printed ink 

containing graphene and iron oxide absorb microwaves and cause the underlying printed 

sections of the sheet to warm up.  When the local temperature in the inked region exceeds 

the glass transition temperature (Tg) of PS (~103°C), the strain in the inked regions of the film 

relaxes gradually across the sheet thickness, which causes the PS sheet to fold.  The resulting 

dihedral angle is proportional to the width of the hinge printed by graphene ink. The folding 

angle is the angle between two panels adjacent to a hinge and the dihedral angle is its 

supplementary angle (the sum of two supplemental angles is 180°). The geometry and 

azimuthal orientation of the sample inside the microwave reactor affect the quality of the 

folding due to the non-uniformity of the microwave energy inside the reactor.  This study is the 

first to use microwaves to induce self-folding. 



We also created a simple approach to self-fold commercially available, millimeter-thick 

thermoplastic polymer sheets.  The process begins by first stretching poly(methyl 

methacrylate) (PMMA), polycarbonate (PC), or PS sheets using an extensometer at elevated 

temperatures close to the Tg of each sheet.  Localizing the strain to a small strip creates a 

“hinge,” which folds in response to asymmetric heating of the sheet.  Although there are many 

ways to supply heat, here a heat gun delivers heat to one side of the hinge to create the 

necessary temperature gradient through the polymer sheet.  When the local temperature 

exceeds the Tg of the polymer, the strain in the hinged region relaxes.  Because strain 

relaxation occurs gradually across the sheet thickness, the polymer sheet folds in the direction 

towards the heating source.  A simple geometric model predicts the dihedral angle of the sheet 

based on the thickness of the sheet and width of the hinge.  We report for the first time that 

this approach to folding works for a variety of thermoplastics using sheets that are significantly 

thicker (~10 times) than those reported previously.  

We also demonstrated a self-folding system that mimics joints in the human body. 

Stress from pre-strained elastic filaments trigger folding of a plastic sheet when uniform heat 

softens the sheet. The folded objects revert to 2D sheets at elevated temperatures.  These 

sheets can be folded reliably, reversibly, and repeatedly to create final shapes dictated by the 

placement of the tensile elements (rubber bands). A model based on the law of cosines 

predicts the dihedral angle as a function of the strain of the rubber band. A thermo-mechanical 

model predicts dihedral angle as a function of the pre-strain of the tensile elements.  It is also 

possible to further program the materials to change how the samples unfold; allowing the 

samples to unfold into a complex shape the sheet previously held. This system can predict 

and precisely control converting 2D sheets to 3D objects using only commercially available 

materials. 



Lastly, we created a new fabrication system using heated compression of polymer 

sheets to manufacture strained polymers from planar, unstrained thermoplastic sheets. After 

straining these materials can self-fold into complex geometries when exposed to external 

stimuli and can fully recover their initial geometry when heated uniformly. Digital Image 

Correlation (DIC) is used to measure the strain profile within the strained samples while a 

Mooney-Rivlin model and geometric model predict the average strain and folding response of 

our samples, respectively. Complex geometries are attained experimentally with both thick 

(~12 mm) and thin (~ 1 mm) strained polymers. The techniques presented here should work 

with many thermoplastic, thus increasing the available pool of polymers for self-actuating 

devices made from commercially available thermoplastics.  
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1.1 Introduction 
 

This chapter reviews origami-inspired folding techniques that convert two-dimensional 

(2D) sheets into three-dimensional (3D) objects. These folding methods are organized into 

two categories: hands-on and hands-off.  Hands-on techniques use manual manipulation of 

materials to induce folding, such as folding and unfolding a collapsible table. These techniques 

require manual manipulation and are independent of the material used; examples involving 

wood, metal, and plastic sheets will be discussed. Hands-off or hands-free folding techniques 

use an external stimulus to actuate motion, such as using a magnet to move a paper clip. 

Techniques using external stimuli to actuate motion are material dependent. This Ph.D. 

dissertation focuses on self-folding polymer sheets, thus only self-folding thermoplastic or 

elastomeric polymers will be discussed.  

This review has three goals: (1) Survey the state of the art and future opportunities for 

hands-on and hands-off folding techniques. (2) Discuss stimuli that can induce self-folding, 

and (3) Compare hands-on and hands-off folding to identify relative strengths and 

weaknesses between the methods. 

Converting 2D sheets into 3D objects is appealing for manufacturing, shipping, and 

storing objects since flat sheets occupy minimal space. There are many methods to 

manufacture 2D sheets cost-effectively. Examples include, casting, machining, melt pressing, 

molding, coating, or extruding.  

Origami, the Japanese art of paper folding, is often a source of inspiration for 

converting 2D sheets into 3D shapes. In the field of origami, there are two types of folds: 

mountain or valley. Mountain folds elevate the hinge above the sides of the paper and valley 

folds elevate the sides of the paper above the hinge. For systems with an external stimulus, 

we define valley folds as folds that face toward the external stimulus and mountain folds as 

folds that face away from the external stimulus. External stimuli include heat, lights, lasers, 

and microwaves.  
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This Ph.D. dissertation focuses on thermoplastic polymers. Therefore, this introductory 

chapter excludes the research areas involving hydrogels, shape memory alloys, and other 

adaptive materials. The topics not included here are reviewed elsewhere1–12. 

Table 1.1 compares all folding techniques presented here using metrics that define 

the capabilities and limitations of each technique. We will evaluate each technique based on 

their maximum dihedral angle (see below), if they can form both mountain and valley folds in 

the same sample, if they can fold sequentially and/or reversibly, and whether they can control 

curvature in the hinges when actuated. 

Maximum dihedral angle is important because it limits what shapes are possible. The 

folding angle is the angle between two panels adjacent to a hinge and the dihedral angle is 

its supplementary angle (the sum of two supplemental angles is 180°). Many techniques can 

fold to the maximum dihedral angle of ~180°. 

Some complex shapes require both mountain and valley folds to fabricate. Techniques 

that can only fold mountain or valley folds are restricted to making shapes with all interior 

hinges like cubes and pyramids.  

Sequential folding is important to forming 3D shapes where hinges are folded in a pre-

programmed order or sequence. In origami, all folds are sequential, so mastering this attribute 

allows the technique to mimic origami folding patterns more closely. 

Reversible folding allows the same 3D form to fold and unfold multiple times. This 

property improves the functionality of the device and enables fabrication of products like 

folding chairs and tables. For hands-off techniques, reversibility enables the creation of 

reconfigurable self-folding devices. 

Some shapes require curved hinges or panels. If a technique can control the curvature 

in a sheet, then devices inspired by nature and shapes without sharp edges become possible 

to fabricate.  
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Table 1.1. All self-folding techniques discussed in this review organized by stimulus and 
compared using various folding properties. 
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Manual  
actuation 

Plastic, metal, 
wood, or composite 

1.2, 1.3, 
1.4,1.5 

mm m 180     

IR/LED light Prestrained PS 
coated in ink 

1.6 μm mm 180     

Photo-Reaction PETMP-MDTVE-
EGDMP copolymer 

1.7 μm mm 120     

Laser Prestrained PS 
coated in black ink 

1.8 μm mm 90     

RF waves Polymer-metal 
composite 

1.9 μm mm 180     

Microwaves Prestrained PS 1.10 μm mm 180     

Heat PMMA with  
metal hinges 

1.11 nm μm 90     

Heat PMMA, PS,  
and PC 

1.12 mm mm 180     

Thermal-
chemical 

PFS/M 
copolymer 

1.13 μm mm 180     

Chemical 
removal of 

sacrificial layer 

SU8-elastomer 
bilayer 

1.14 μm mm 180     

Pneumatic Ecoflex-PDMS 
bilayer 

1.15 μm mm 180     

Magnetism Magnetic dipole 
patterned PDMS 

1.16 μm mm <90     

Resistive 
heating 

Prestrain polymer– 
paper composite 

1.17 μm mm 180     

Biological 
Response 

Venus FlyTrap 1.18 μm mm 180     
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1.2 Hands-On Folding 
 

Hands-on folding uses origami principles to create various 3D objects. Origami can 

create many different shapes by manually folding a sheet of paper. Origami-based principles 

inspired numerous researchers to use folding to create a new generation of shape changing 

materials. For example, satellites use hands-on folding techniques to prepare the device for 

launch by folding it into the smallest possible volume. Once the satellite reaches space, 

hands-off self-folding techniques aid in the deployment by unfolding the satellite into a device 

with the largest possible surface area13.  

In rigid-foldable origami materials have rigid panels connected to flexible hinges. The 

mathematics behind rigid-foldable origami folding are not material specific and extend to 

metal, paper, polymers, and wood.  

The hands-on techniques presented in this chapter were combined into a single entry 

in Table 1.1 since they have the same advantages and disadvantages. For example, they can 

all fold to a dihedral angle of ~180° and make both mountain and valley folds in the same 

structure. They can all fold sequentially and reversibly. Their hinges are mechanical joints, so 

they cannot change the curvature in the sheet once the device is manufactured. 

Several researchers have explored the effects of sheet thickness on folding14–18. 

Figure 1.1 shows the geometric relationship of folding a sheet into a flat object. If the thickness 

of a sheet does not affect its folding, the sheet folds ideally as shown in Figure 1.1a. When 

sheet thickness affects folding, the sheet cannot fold to 180° unless the hinge is modified or 

the sheet bends. Researchers suggest two ways to modify the hinges to allow 180° folding: 

changing the axis of rotation or adding gaps in the hinge region. The axis of rotation is where 

the sheet rotates when folding. If the axis of rotation is shifted to the surface of the hinge on 

the interior of the fold, the sheet can collapse into a flat object as shown on Figure 1.1b. If 

gaps are added into the hinge region, the sheet thickness will not affect the fold and the sheet 

can collapse into a flat object as shown in Figure 1.1c. The techniques shown in Figure 1.1 
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are used in the applications discussed in Figure 1.2, Figure 1.3, and Figure 1.4 to create 

such macroscopic objects as foldable circuits and tables.  

 
 
 

 
Figure 1.1. Folding patterns to collapse a sheet. (a) This folding pattern does not account for 
thickness, so hinge location and design do not matter. It can collapse without any changes to 
the hinge or sheet. (b) This folding pattern uses a shifted rotational axis to ensure the axis of 
rotation in the hinge is always on the same side as the folding direction. This change allows 
the sheet to collapse when accounting for sheet thickness. (c) This folding pattern uses gaps 
in the hinge to make space for the sheet thickness when collapsed. Using gaps allows the 
sample to fold completely when accounting for sheet thickness14. This collection of 
characteristics describes the parameter space for different types of folding in rigid-foldable 
origami. 
 
 
 

There are currently several practical applications of hands-on folding. Figure 1.2 

shows a table that is delivered as a flat square and unfolds to become a table that seats eight 

people. Creating compact foldable tables demonstrates the power of applications inspired by 

origami.  
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Figure 1.2. Engineers designed a 19 mm thick wooden sheet that folds into a table. This table 
uses a folding pattern from Figure 1.1 to create stable folded and unfolded shapes14. 
 
 
 

Figure 1.3 shows a foldable circuit board using mechanical hinges attached to the 

panels to allow collapsing into a Muira-ori fold. The Muira-ori fold is a pattern that allows a flat 

sheet to fully collapse into a smaller flat object, such as a folded map. Rigid-foldable origami 

was applied to the system using flexible metal hinges to pattern a fully collapsible circuit board. 

The Muira-ori folding pattern is one of the most difficult shapes to create because it requires 

mountain folds, valley folds, and reversible actuation. We speculate that any technique that 

can implement a Muira-ori folding pattern effectively can make many other 3D objects using 

the same properties.  
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Figure 1.3. A foldable circuit board fabricated from 1.6 mm thick metal panels connected by 
reversibly folding mechanical hinges14. 
 
 
 

Figure 1.4 shows a symmetric folding pattern with a central vertex connected to three 

valley folds and one mountain fold. This geometry has one degree of freedom (DOF); i.e., it 

converts from its flat state to its fully folded state with no structurally stable intermediate states. 

Structures made from repeating pieces of the same single DOF allow complex folding with 

easily actuated hinges. As hands-off techniques become more refined, these types of 

repeated geometries will become critical to fabricating complex structures without complicated 

hinges or folding patterns.  

Figure 1.5 shows a foldable solar array of panels designed to be used in space. One 

of the most scientifically interesting applications of macroscopic origami is the conversion of 
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a small stowed structure into a large unfolded structure for space structure fabrication. 

Currently, the unfolding of this design is demonstrated in a hands-on manner, though it is 

meant to become a hands-off technology when implemented in space.  

 
 
 

 
Figure 1.4. A symmetric folding pattern composed of three valley folds and one mountain fold. 
This sheet uses plates with two different thicknesses to control the maximum folding angle 
and geometry of the fully folding shape17. Scale bar is 20 mm. 
 
 
 
 

 
Figure 1.5. A partially folded solar panel array fabricated from concentric rings for space 
applications. Additional rings greatly increase the unfolded surface area while only slightly 
increasing the stowed diameter13. The scale bar is ~1 m. 
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Hands-on folding is useful for folding macroscopic objects, such as, chairs, tables, 

paper cranes, and cardboard boxes. Hands-on folding is material agnostic, mechanically 

simple, and used widely in industry and households. We want to improve hands-off folding 

until it reaches the same wide spread use as hands-on folding. Next, we will survey hands-off 

techniques that were used in origami inspired, self-folding applications.  

 

1.3 Hands-off Folding 

Hands-off folding uses an external stimulus to induce shape change in a material. This 

chapter focuses on hands-off folding of on thermoplastic and elastomeric polymers. We will 

review sheet thickness size scales ranging from macro (>mm) to micro (<mm). On the 

macroscopic scale, hands-off folding focuses on mimicking origami or implementing self-

folding into specialized applications including flexible displays19, self-folding antennas20, 

robotics hands or grippers21–23, soft robotics24–29, photovoltaics and batteries30–32, self-

deployment33–35, space applications13,33, and packaging36,37. On the microscopic scale, 

researchers focus on precise control and geometries tuned to self-folding for biomedical 

devices35,38,39, drug delivery40,41, dentistry42, optics43–45, sensors46–49, and microfluidic 

devices50. Self-folding can be actuated by light (including infrared radiation (IR)51–55, light 

emitting diodes (LED)56, microwaves57, radio frequencies (RF)58, and lasers59–62), 

photochemical reactions63–65, heat47,66–83, thermal-chemical reactions23,66,84,85, pneumatics28,86–

88, magnetism89–92, joule heating34,93–98, and biological reactions99–104.  

Unlike hands-on techniques, hands-off methods are material-dependent. They 

manipulate stress/strain, chemistry, swelling, or biological responses to actuate self-folding. 

Despite the different stimuli, many researchers use the same geometries and folding patterns 

inspired by origami to self-fold complex shapes. Within hands-off folding, we will compare 

many different stimuli using Table 1.1 to evaluate each technique.  
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Throughout this Ph.D. dissertation, we will induce self-folding using IR light, 

microwaves, asymmetric heat, and uniform heat. We will discuss existing self-folding 

techniques that use electromagnetic radiation and heat. Electromagnetic radiation is divided 

into IR/LED light, photo-reactive materials, lasers, RF waves, and microwaves. In studies of 

IR and LED light to actuate self-folding polymer sheets, researchers have patterned the 

surface of a polymer with a light absorbing coating, filled a polymer with particles that absorb 

light, and used photo-reactions to trigger self-folding51–53,55,105,106. 

 Although radio waves58 and microwaves57 are studied less frequently than other parts 

of the electromagnetic spectrum, scientists have used them to induced self-folding. These 

frequencies require specific composite materials, including a filler or coating that absorbs 

radio waves or microwaves and converts them into heat to actuate shape change. 

Heat is a common stimulus that can be employed to actuate self-folding47,66–83. For 

example, prestrained polymers self-fold when heated asymmetrically. When heating a 

material, the temperature change can alter the absorption of a dye to create a macroscopic 

color shift for sensor applications47, change the crystallinity in a polymer67, or cause stitches 

to sew themselves up by programming a polymer to shrink under mild heat68.  

 

1.3.1 Light and Heat Actuation 

IR/LED light can induce self-folding of prestrained PS sheets coated with inkjet printed 

black52,106,107, grey55, or colored56 ink. Shining IR (for black or grey ink) or LED (for colored ink) 

light onto the surface of the sheet allows the ink to absorb the light and heat up. This creates 

an asymmetric temperature gradient through the thickness of the sheet. The surface of the 

sheet heats up faster and begins shrinking before the underside of the sheet, allowing the 

sheet to self-fold. The black, grey, and colored inks allow the system to fold simultaneously, 

sequentially, and individually as shown in Figure 1.6. With black ink, the complex shapes form 

through folding all the hinges simultaneously as shown in Figure 1.6a. By patterning various 
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shades of grey ink, the darkest shades will fold before the lighter shades, enabling the 

researchers to control the order of folding as shown in Figure 1.6b. Colored ink enables 

hinges to be folded individually (one hinge can be folded without folding any other hinges). 

They control heating by matching the light absorption of colored inks to the corresponding 

color of LED light as shown on Figure 1.6c.  

 
 

 

 

Figure 1.6. (a) Prestrained polystyrene shapes simultaneously self-fold into a variety of 
complex shapes using a combination of black ink and IR light52. (b) Prestrained polystyrene 
coated with grey hinges self-fold into a polyhedron in response to IR light. Changing the 
darkness of the hinges controls the absorption of IR light and the sequence of folds55. (c) 
Prestrained polystyrene self-folds sequentially in response to LED light. By matching the LED 
light color to the absorption profile of the hinge color, scientists fold exclusively one hinge at 
a time56. 
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We analyzed light actuated self-folding of prestrained PS outlined in Table 1.1. This 

technique can create both mountain and valley folds. It can fold polymer sheets sequentially 

by changing the hinge shading and color. It folds to a maximum dihedral angle of ~180°. This 

process is not reversible. Researchers combined the IR-black ink and IR-grey ink systems to 

generate gradients of black and grey in the hinges to generate curves 54.  

In addition to absorbing light to generate heat, some polymers undergo photo-induced 

stress relaxation or photo-induced cross-linking which causes self-folding51,63–65,105,108–111. 

Researchers combine 22–25 pentaerythritol tetra(3-mercaptopropionate) (PETMP), 2- 

methylene-propane-1,3-di(thioethylvinylether) (MDTVE), and ethylene glycol di(3-

mercaptopropionate (EGDMP) mixed in a 1:4:5 wt.% ratio with two photoinitiators (1 wt.% 

each of Iragacure 819 and 184) to make a copolymer65. This mixture polymerizes in response 

to irradiation with light at 400–500 nm, 40 mW cm2. Researchers programmed the copolymer 

by irradiating light at 365 nm to cleave the MDTVE functionalities in the polymer backbone. 

When the bonds break, a small number of free radicals form and react with each other. 

Reconnecting the polymer in this way creates irreversible changes to the polymer network. If 

a strained sample is irradiated with a photomask, only the ‘hinge’ region rearranges and locally 

increases the modulus. When the strain is released, the sample folds as the stress in the non-

irradiated regions recover as shown in Figure 1.7. This technique can make 3D objects by 

using a complex photomask and biaxially straining the copolymer.   

We compared photo-induce strain relaxation self-folding of a strained copolymer to 

other techniques in Table 1.1. This technique can generate only valley folds as implemented 

in the paper65. It cannot fold sequentially or reversibly. It has a maximum dihedral angle of 

~120°. Researchers can control the curvature in the hinge through controlling the 

concentration of the photo-reactive species in the copolymer. 
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Figure 1.7. The fabrication method to make a photo-induced self-folding box. (a) A photomask 
used to pattern the hinges for a box. (b) Experimentally folded box. (c-e) Simulation results 
that predict a closed box and an open box65. 
 
 
 

Compared to their IR and LED counterparts, lasers provide a unique and efficient way 

to heat samples to trigger self-folding59–62,112. Researchers completely coat a prestrained PS 

sheet with black ink and shine a continuous-wave 1064 nm Nd:YAG laser at the inked surface. 

Wherever the laser hits the surface, the ink absorbs the laser light and heats up. If the laser 

shines in a raster pattern across the surface of the sheet, it generates a self-folding response. 

Figure 1.8 shows laser light actuating self-folding in a prestrained PS sheet61. In the IR and 

LED light actuation system, light shines across the entire sheet but only the inked hinge 

absorbs the energy. In the laser actuation system, the ink covers the entire sheet but only the 

region hit by the laser heats up. Therefore, the hinges rely on the location and shape of the 

laser, not the pattern of the ink.  

We studied laser light induced self-folding of a prestrained PS sheet in Table 1.1. This 

technique can make only valley folds as implemented in the paper. It can fold sequentially by 
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moving the laser to a new location after folding the sheet. It has a maximum dihedral angle of 

~90°. After ~90°, the sheet blocks the incoming laser light, preventing further folding. This 

technique is not reversible (it cannot fold and unfold multiple times). We speculate that 

changing the raster pattern of the laser could enable future researchers to control the 

curvature in the sheet.  

 
 

 

 

 
  
Figure 1.8. (a) Prestrained polystyrene sheet self-folds in response to a laser radiating across 
its surface, creating a hinge. (b) Once the laser hits the surface, the sample folds to 90° in 4 
seconds61.  
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Shape change using radiofrequencies (RF) is possible using a polymer composite 

filled with Fe3O4 nanoparticles and carbon nanotubes (CNTs) – which absorb two different RF 

ranges, 296 kHz and 13.56 MHz, respectively58. This technique is different from the other 

method presented in this review because it is an unfolding technique instead of a self-folding 

technique. The composite is synthesized with an epoxy-based polymer matrix filled with both 

nanofillers. By controlling the location of each nanofiller within the polymer host, one can 

designate specific sections of the film that heat when exposed different frequencies of RF 

waves. In Figure 1.9, researchers make a polymer film with a Fe3O4 rich region, a 

nanoparticle-free region, and a CNT rich region. Then, they deform the polymer to manually 

make Temporary Shape 1 (TS1). From TS1, researchers can actuate the Fe3O4 rich or CNT 

rich region with the matching RF wave to change shape into TS2 or TS3. If both are activated 

(regardless of order), the polymer folds into TS4. If the whole composite is activated, the sheet 

will return to the original flat sheet shown in the center of Figure 1.9.  

We investigated RF wave induced unfolding of a polymer composite sheet in Table 

1.1. This technique can unfold mountain and valley folds. It can unfold sequentially by 

changing the RF frequency. It can unfold a sheet from any angle back to 0°. The sheet can 

recover multiple times, but the sheet is not folding, thus the technique is repeatable but not 

reversible. This technique cannot induce curvature into the sheet.  
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Figure 1.9. The schematic shows the possible unfolding pathways for a polymer composite 
filled with Fe3O4 and CNT nanoparticles. The polymer is divided into 3 regions; CNT-rich, 
polymer only, and Fe3O4-rich. The polymer is manually deformed into TS1 and unfolded using 
different frequencies of RF waves. If uniform heat is applied, the sample recovers to form the 
original flat sheet in the center58. There are five recovery routes based on the order in which 
stimuli are applied.  
 
 
 

Prestrained PS can be folded using microwaves. Researchers coat the surface of the 

sheet with an ink containing graphene and iron oxide. When placed in a microwave, the ink 

absorbs the microwaves and converts them into heat. The heat creates an asymmetric 

temperature gradient through the thickness of the film, shrinking the surface faster than the 

backside, thus inducing self-folding. The process discussed here is sensitive to the orientation 

of the sample with respect to the source of the microwaves. When the azimuthal angle 

changes, the absorption process changes, causing samples to crater or fold in a different 

direction compared to when the hinge is perpendicular to the microwave source as shown in 

Figure 1.1057.  
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Figure 1.10. Polystyrene coated with graphene ink folds in response to microwaves57. The 
pattern, the experimental sample, and the thermal image taken with an infrared camera are 
shown for two different geometries at azimuthal angles of 0°, 45°, and 90°. The azimuthal 
angle determines the type of folding and the heating profile. 
 
 
 

We analyzed this microwave induced self-folding technique using the properties 

outlined in Table 1.1. Microwave induced shrink film folding can only make valley folds. If the 

technique were improved, we speculate that both mountain and valley folds would be possible. 

This technique cannot fold reversibly or sequentially. The maximum possible dihedral angle 

is ~180°. The researchers did not explore if they can control curvature in the hinges or panels. 

Figure 1.11 shows the fabrication of a foldable cube on the scale of hundreds of 

nanometers. Researchers used an electron beam (e-beam) process to create an origami 

inspired pattern from a poly(methyl methacrylate) (PMMA) thin film coated on a silicon 
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substrate. E-beam lithography shoots a beam of elections onto a substrate to ablate away the 

surface and create grooves. These grooves are filled with a mixture of Au and Al2O3 to keep 

the panels stiff and improve electrical properties. Many panels are adhered together using Sn 

hinges as shown on Figure 1.11e. The researchers use plasma etching to remove the 

composite from the underlying silicon. Plasma etching creates enough heat to melt the Sn 

hinges. The Sn hinges reflow and pull any attached panels, inducing a self-folding response 

(cf. Figure 1.11f-g). When panels touch, the hinges seal together and the new shape 

becomes rigid. The folding angle depends on the amount of Sn in the hinge and the 

parameters of the plasma etching. The embedded metals enhance the conductivity and 

electric properties of the folding structure which can be programmed based on the composition 

of the metals used.  

 
 

 

 
 
Figure 1.11. Schematic of fabrication and experimental results for a polymer-metal composite 
self-folding system. (a,b) Self-folding sheet with multilayer patterned panels shown in pre-and 
post-folding positions. (c-g) Step-by-step fabrication of polymer-metal composite. (h-l) SEM 
images of a self-folded cube before and after folding. (m-q) SEM images of the Sn hinges 
fusing together to reinforce the structure after folding80. 
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We studied this metal-hinge melting self-folding technique using the properties 

outlined in Table 1.1. This technique can make valley folds, but not mountain folds. It can fold 

sequentially by controlling which hinges are heated first. The researchers did not explore if 

the process is reversible, what is the maximum possible folding angle, or if they can control 

curvature in the hinges or panels.  

 
 
 

 
 
Figure 1.12. (a) The thermoplastic is locally deformed to create a hinge, then self-folded, then 
recovered in uniform heat. This cycle can be repeated. (b) A heat gun warms the surface of 
the polymer until the sheet folds. (c) Schematic for programming a thermoplastic polymer to 
fold in response to a gradient of heat83.  
 
 
 

Figure 1.12 shows another method to induce self-folding in thermoplastic polymers 

using heat. Researchers locally deform a homogenous polymer sheet to create a hinge that 

self-folds in response to asymmetric heat. A heat gun is used to heat the exposed top surface 

of the hinge faster than the backside, allowing the surface to shrink faster than the backside 

of the hinge, thus inducing self-folding. Thermoplastic sheets up to 12 mm thick are self-folded 

using this technique. 
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We compared this thick sheet self-folding method to other techniques using the 

properties outlined in Table 1.1. This technique can generate valley folds, but not mountain 

folds. It can fold sequentially by controlling which hinges are heated first. This technique is not 

reversible although the material can be recovered and strained again as shown in Figure 

1.12a. After folding, the original shape can be recovered in uniform heat and the process can 

begin again. The maximum possible dihedral angle is ~180° if the heat gun is moved as the 

sample folds. If the heat gun is held stationary, the maximum dihedral angle is ~90°.  The 

researchers did not explore if they can control curvature in the hinges or panels. 

 

1.3.2 Other Actuation methods 

 This PhD. dissertation studies self-folding actuated by light and heat, but many other 

techniques exist, including thermal-chemical, pneumatics, magnetism, electricity, and 

biological responses. We will briefly explore each of these topics as a survey of other stimuli. 

Including these techniques in the review will give a more complete analysis of the tools 

available to researchers for to creating new self-folding systems. We will evaluate them using 

Table 1.1.  

The chemistry of polymers can be manipulated to allow materials to have multiple 

transition states and fold reversibly23,66,84,85. Isothermal crystallization can be employed to 

create multiple stable states in a semi-crystalline polymer70. Specific temperature transitions 

trigger the change between these states. The crystallinity controls the transition temperatures, 

and chemical adjustments of crystallinity allow for transition temperature programming. 

Chemistry can also control the Tg. Researchers prepared a copolymer composed of 

poly(2,5-furandimethylene succinate) (PFS) and bismaleimide.25,26 (M). The local Tg in the 

film can be controlled by submerging a section of the film into 1,8-bis-

maleimidotriethyleneglycol (M2) solution with different concentrations as shown in Figure 

1.13a. At 40 °C, they program the folded shape to be a pyramid and at 60 °C they program 
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the shape to be an open star. By changing the temperature from room temperature to 65 °C, 

they actuate each hinge as the temperature of that hinge exceeds its local Tg as shown in 

Figure 1.13b-c.  

 
 

 

 
 
Figure 1.13. (a) The Tg of the hinges are controlled locally by reacting the PFS/M co-polymer 
with different concentrations of M2 reagent. (b) The substrate is thermally programmed at 
various temperatures to choose which shapes it will take when folded. (c) The sheet is heated 
from 25 to 65 °C, actuating each hinges individually85. 
 
 
 

We analyzed this local Tg based self-folding technique using the properties outlined in 

Table 1.1. This technique can generate both mountain and valley folds. It can fold sequentially 

by controlling the Tg in each hinge. This technique is reversible by increasing and decreasing 

the temperature. The maximum possible dihedral angle is ~180°. Although not explored in the 
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paper, we speculate that curvature is possible with this system because they can control the 

Tg locally.  

Researchers created a bilayer laminate composed of a patterned polymer (SU8) 

substrate bound to a prestrained elastomer with an adhesive (AZ 5214) shown systematically 

in Figure 1.14a. The edges of the SU8 sheet are bound directly to the elastomer substrate. 

When acetone dissolves the AZ 5214, the prestrained elastomer relaxes and causes the SU8 

layer to fold. The folding is controlled by thinning the SU8 sheet wherever a hinge is desired. 

By manipulating geometry and hinge locations, complex shapes were created as shown in 

Figure 1.14b-d.  

We studied this chemically induced self-folding technique using the properties outlined 

in Table 1.1. This technique can generate both mountain and valley folds. If the elastomer is 

stretched, the SU8 layer will unfold. The maximum possible dihedral angle is ~180°. This 

system cannot fold sequentially. By controlling the geometry and hinge thickness, researchers 

made curves as shown in Figure 1.14d. 
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Figure 1.14. (a) Schematic depicting a method used to fabricate the SU8/elastomer bilayer. 
(b-d) Finite element analysis predicted folding a pyramid, cylindrical shell, and ‘windmill’ (left). 
These shapes were fabricated (right)113. 
 
 

 

Origami inspired pneumatic controlled actuation is largely used in soft robotics28,86–88 

and sensors114,115. Pneumatics are primarily used with elastomers due to the need for flexibility 

and elasticity to actuate folding. Researchers fabricated the gripper legs shown in Figure 

1.15a-b from a polymer composite of poly(dimethylsiloxane) (PDMS) and Ecoflex 00-30. 

Pressurized air inflates the Ecoflex layer and induces self-folding. This type of motion control 

is well suited to soft grippers. Researchers created a pneumatically triggered hand for remote 
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actuation as shown in Figure 1.15c. The hand is made from PDMS balloons that inflate and 

deflate to control the fingers. The researchers created an external glove that controls the hand 

precisely. Whenever the glove moves, the balloons adjust in size to move the hand the same 

amount. Remote medical surgery is a possible future application for this technology115.  

 
 

 

 
 
Figure 1.15. Pneumatically actuated tentacles86 (a-b) and hands115 (c). Both devices flex from 
inserting pressurized air into the hollow center of the device. The hands can also synchronize 
with an external glove to precisely control actuation with finger movements.  
 

 

 

 Due to their similarities, these two self-folding techniques were combined when 

analyzed in Table 1.1. Both pneumatic systems can make mountain and valley folds. They 

are fully reversible and can fold sequentially. Through controlling patterns in the sheets, 

researchers control the curvature in the hinge. The only thing these systems do not show is 

the ability to generate folds with a small radius of curvature (sharp folds).  

Magnetically actuated polymer are usually composites of a soft polymer and a 

magnetically active metal component89–92. Researchers patterned magnetic dipoles onto 

PDMS sheets to enable magnetically actuated folding as shown in Figure 1.16. They cut a 

3D object into flat connected pieces like unpeeling an orange or a map projection of planet 

c) 
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Earth. By patterning the edges and applying a magnetic field, researchers make the ‘nearly’ 

flat sheet fold into a sphere as shown in Figure 1.16a-b. Applying this same technique to 

other patterns, they made a variety of other shapes as shown in Figure 1.16c-h.  

 
 

 

 
Figure 1.16. PDMS sheets patterned with magnetic dipoles self-folded into 3-D structures 
when placed into a magnetic field90. 
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We analyzed this magnetically actuated self-folding technique using the properties 

outlined in Table 1.1. This technique can only generate valley folds due to the limitations of 

the magnetic field. The interactions between magnetic dipoles stabilize the 3D structures. If 

the interactions are disrupted, the sample will unfold, therefore the process is reversible. Due 

to the complexity of the hinges, we could not determine a maximum dihedral angle, but we 

speculate based on the images that the dihedral angles are <90°. This system cannot fold 

sequentially because the magnetic field interacts with all hinges simultaneously. This system 

can control curvature accurately.  

 

 

 
Figure 1.17. A composite of paper, prestrained PO, prestrained PS, and a copper circuit 
etched into polyimide self-folds into various 3D shapes via joule heating. A pyramid (A-B), a 
box with a tab lock (C-F) and a crane (G-H) were all fabricated with this method through a 
combination of sequential and simultaneous folding94. 
 
 
 

Researchers have studied using electricity to actuate self-folding through 

dielectric/piezoelectric properties116–119 or joule/resistive heating34,93–98. In Figure 1.17, 

researchers used a composite of uniaxially prestrained polyolefin (PO), biaxially prestrained 
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PS, paper, and a copper circuit etched into polyimide to self-fold 3D shapes via joule heating. 

The copper circuit etched into polyimide provides heat when electricity flows through the layer. 

When exposed to heat, the PO and PS layers shrink asymmetrically in the hinge region, 

causing the hinge to self-fold.  

We compared this joule heating self-folding method to other techniques using the 

properties outlined in Table 1.1. This technique can generate both mountain and valley folds 

by changing the order of layers in the composite. The hinges can be actuated individually, so 

sequential folding is possible. The maximum possible dihedral angle is ~180°. The samples 

cannot fold reversibly because the prestrained layers cannot become prestrained again 

without additional processing steps. In its current form, this technique cannot make curves, 

although we speculate that curvature would be possible if researchers improved this 

technique.  

Self-folding mechanisms exist in nature. Scientists studied shape changing via 

molecular switches99, Venus flytraps100,101, and other bioinspired actuation methods102–104. The 

Venus flytrap closing mechanism is one of the fastest actuations in nature because it self-

folds completely in ~0.04 seconds. Scientists do not fully understand the mechanism, but 

some researchers have modeled this system and argue that leaf geometry determines the 

macroscopic closing mechanism as shown in Figure 1.18. Because Venus flytrap leaves 

curve in two orthogonal directions, if a leaf bends in one area, it will stretch in another. The 

coupling between bending and stretching is strong that if the center bends slightly, the leaf 

snaps shut to avoid deforming further. The snapping action is captured on Figure 1.18e-d. 

Self-folding observed in the Venus flytrap was compared to other self-folding methods 

in Table 1.1. This plant can only make valley folds because it only actuates between open 

and closed states. This folding is reversible and folds to a maximum dihedral angle of ~180°. 

The leaves always fold together, so sequential folding is impossible. This technique can make 

curved hinges, but the method to control the curvature in not currently understood.  
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Figure 1.18. The Venus flytrap uses a snap-through mechanism to fold 180° in less than one 
second100. (a) The Venus flytrap before and after actuation. (b) Stereo imaging showing 
fluorescent dots on the leaf surface. (c) Mesh pattern of the leaf closing using color to show 
local curvature (blue is more curved than red). The spatially averaged mean curvature (d) and 
the Gaussian curvature (e) showing the snapping reaction as a function of time. 
 
 
  
1.4 Summary 

Origami has inspired numerous advances in science. It provides the patterns and 

mathematics that enable the creation of 3D objects from 2D sheets. Hands-on and hands-off 

techniques both continue to improve and innovate technology. Currently, the ability to control 

hinges, fold order, object size, and materials allows hands-on folding to create more complex 

objects. Despite limited material choices and fabrication thicknesses, hands-off folding is more 

useful in remote deployment and on the microscopic scale. For the hands-off techniques we 

outlined, some methods are better at creating complex shapes, some mechanisms fold faster 
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or in a more controlled manner, some approaches create curves instead of folds, and some 

designs fold sequentially or reversibly. Because no hands-off techniques are particularly 

effective on the macroscopic scale, this PhD. dissertation focuses on using hands-off 

techniques to self-fold polymer sheets to create complex macroscopic objects. 

From surveying hands-off techniques, we decided to focus on various types of light 

and heat. We believe these stimuli allow for greater control and more robust systems. We use 

hands-on techniques for inspiration for how to fold useful macroscopic origami-inspired 

objects and chose to focus on PS and PMMA. 

Polymers can be actuated in a variety of ways. We can use hand-on or hands-off 

techniques depending on the application. We can implement these techniques and macro and 

micro scales and with many different polymers. As researchers continue to innovate 

techniques and polymers, our toolbox will grow.  

Future developments of hands-off techniques could transform the way society uses 

origami in everyday life. We might have self-folding tables in our houses and circuits that can 

reconfigure themselves to suit the needs of the end-user. We could make entire space stations 

change shape to alter its exposure to the sun. If we continue to invest in this technology, the 

potential is unlimited!                                                                                                                      
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CHAPTER 2 

 

Self-folding of Polymer Sheets Using Microwaves and Graphene Ink 
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polymer sheets using microwaves and graphene ink. RSC Adv. 5, 89254–89261 (2015)  
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Overview 

Self-folding represents an attractive way to convert two-dimensional (2D) material sheets into 

three-dimensional (3D) objects in a hands-free manner. This chapter demonstrates a simple 

approach to self-fold thin pre-strained polystyrene (PS) sheets using microwaves. While the 

PS sheets are transparent to microwaves, patterns of screen-printed ink containing graphene 

absorb microwaves and cause the underlying printed sections of the sheet to warm up. When 

the local temperature in the inked region exceeds the glass transition temperature of PS 

(~103°C), the strain in the inked regions of the film relaxes gradually across the sheet 

thickness, which causes the PS sheet to fold. The resulting dihedral angle is proportional to 

the width of the hinge printed by graphene ink. The geometry and azimuthal orientation of the 

sample inside the microwave reactor affect the quality of the folding due to the non-uniformity 

of the microwave energy inside the reactor. While self-folding has previously utilized heat, 

light, photo-chemistry, and solvent swelling, this chapter reports the use of microwaves, which 

can deliver large amounts of energy remotely.  

 

2.1 Introduction 

This chapter describes the self-folding of polymer sheets using microwaves (frequency ~2.45 

GHz) as a heating source to achieve a wide range of dihedral angles that fold within seconds.  

Self-folding strategies convert planar surfaces into three-dimensional (3D) objects in a hands-

free manner. Self-folding is attractive for a number of applications, including remote 

deployment of compact structures1–3, assembly4, packaging5, robotics6,7, mechanical 

metamaterials8, and mechanical actuation9. In general, sheets that self-fold have two common 

features: (1) a ‘hinged’ region that differs chemically, physically, or mechanically from the rest 

of the sheet, and (2) a force that arises in response to an external stimulus and causes the 

hinged region to fold. Previously, researchers induced self-folding using light10–29, heat9,28,30–
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37, lasers38–43, pH44, swelling45–50, electricity4,51–57, magnets58–61, and pneumatics62–64. This work 

demonstrates it is also possible to use microwaves to induce self-folding. Although there are 

a number of approaches to self-folding65, the method described here is most closely related 

to those that utilize localized heating of shrink films (i.e., shape memory polymers) to induce 

folding 24. In this context, microwaves are appealing because they can be generated easily to 

deliver large amounts of energy from large distances. Microwave ovens are also common 

household items and, in principle, could be utilized to convert flat objects shipped to the home 

into 3D objects. 

 Microwaves are electromagnetic waves with a frequency between 300 MHz and 300 

GHz.  Most commercial microwave ovens use a frequency of 2.45 GHz, including the one 

utilized in our studies.  Microwaves deliver heat via dielectric heating (also known as electronic 

heating), which results from molecular dipoles in a material absorbing the microwaves and 

orienting themselves with or against the oscillating electric field66–72.  When the dipoles cannot 

re-orient as fast as the frequency of the electric field, they remain out of phase with the electric 

field created from the microwave66–72.  This lag (i.e., dielectric loss) causes energy to be 

dissipated in the form of heat.  Thus, the dielectric loss of a material determines how much 

microwave energy a given material can absorb.  While polymers generally do not absorb 

microwaves effectively, a number of materials absorb microwaves, including graphene and 

graphite68,71. 

 In this work, we utilize Vor-inktm as a microwave absorbing ink.  This ink comprises a 

heterogeneous mixture that includes graphene, iron oxide, solvent, and polymer stabilizers.  

We chose this ink because it absorbs microwaves effectively, it is easy to pattern, and it is 

commercially available. We screen printed the ink on the surface of sheets of prestrained PS 

to create ‘hinges’ with well-defined geometry (i.e., size and position).  Whereas many self-

folding approaches utilize multi-step fabrication strategies to define hinges, the simple screen 

printing approach utilized here creates hinges in a single step on a commercially available, 
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homogeneous plastic sheet. Previously, patterns of ink have been utilized to locally heat the 

underlying polymer by light absorption24 and Joule heating57. Here, the absorbance of 

microwaves by the ink causes the polymer underneath the ink to heat. When the local 

temperature in the sheet exceeds the glass transition temperature of PS (~103 °C)24, the strain 

in that region of the film relaxes in a gradual fashion across the sheet thickness, causing the 

PS sheet to fold in the direction towards the inked side of the sheet.  Thus, the ink defines a 

hinge in the sheet and for the microwave power utilized here, the polymer folds over the 

course of 1-3 seconds starting from room temperature. This chapter demonstrates self-folding 

of polymer sheets using microwaves and shows that the hinge geometry, the sample 

orientation in the microwave reactor, and the power of the microwave control the angle, times 

scales, and quality of the self-folding. 

 

2.2 Experimental System with Graphene Ink and Geometric Model 

We first sought to demonstrate that it is possible to use microwaves to induce self-folding of 

polymer sheets.  Figure 2.1 shows schematically the process of creating and folding the 

samples.  The substrates consist of prestrained polystyrene films (Shrinky-DinkTM, 300 μm 

thick) screen-printed with lines of graphene ink that also contains ~10 wt% iron oxide.  A 

micrograph of a screen-printed line is shown in Figure S2.1 in the Supplementary Information.  

Figure S2.2 in the Supplementary Information section depicts a typical height profile (~50 - 

100 μm thick) of the ink that defines the hinge.  Graphene and iron oxide both absorb 

microwaves strongly68,71.   
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Figure 2.1. Folding process induced by microwaves (not to scale).  A pre-strained polystyrene 
sheet (a) is screen-printed with graphene ink on the surface of the sheet (b); the printed 
regions define a ‘hinge’. Microwaves heat the ink (c); the microwave source is physically 
positioned on the right side of the sample, but is designed to create a standing wave inside 
the vessel of the microwave reactor.  The sample folds to αD due to the localized heating of 
the inked region in the sample via absorption of microwaves (d). 
 
 
 

A microwave reactor heats the samples, which rest against the bottom of a cylindrical 

glass chamber inside the reactor (85 mm deep and 20 mm diameter).  Microwave ovens 

designed for food operate at a power of 900 W, but the reactor here was operated at 250 W.  

We expose the samples to 250 W of power for up to 3 s, resulting in dihedral angles (αD) 

ranging from 0° to 180° by varying only the hinge width, as shown in Figure 2.2.  Shorter 

exposure times result in less folding.  Times longer than 3 s often result in distorted samples 

and in some cases, ignition, which shows how effectively the ink absorbs the microwaves.  

The polymer portion of the sample is transparent to microwaves and consequently does not 

heat up.  
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Figure 2.2. The maximum αD increases with increasing hinge width (W).  The samples are 6 
mm wide in the dimension parallel to the hinge.  
 
 
 
 

 
Figure 2.3. Dihedral angle as a function of the hinge width.  The error bars capture the first 
standard deviation with a minimum of 3 repetitions of each hinge width with all other variables 
held constant.  These samples are all exposed to a microwave power of 250 W, an orientation 
of 90°, and a square-shaped hinge composed of graphene ink (see text). 
 

 

 

2.3 Azimuthal Orientation Effect of Folding 

During these measurements, we observed that the folding behavior of the samples depends 

strongly on both the sample geometry and the in-plane (i.e., azimuthal) orientation of the hinge 

inside the microwave reactor.  Samples folded most reliably when oriented at 90; i.e., with 

the long axis of the hinge aligned perpendicular to both the front panel of the instrument and 

therefore, perpendicular to the source of microwaves.  Figures 2.2 and 2.3 report the folding 
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behavior of samples oriented azimuthally at 90.  We sought to understand why the other 

sample orientations folded poorly (azimuthal angle ~45) or not at all (azimuthal angle ~0) by 

varying systematically the orientation, geometry, and microwave power.  We hypothesize that 

folding depends on sample orientation due to the non-uniformity of microwaves inside the 

reactor, which cause non-uniform heating of the hinge.  

 
 
 

 

Figure 2.4. Two sample geometries (‘diagonal hinge’ and ‘square hinge’ groups) are depicted 
at 3 different sample orientations (columns) relative to the direction of the microwave source.  
The top row of each group is a cartoon of the sample, the middle row contains photographs 
of samples after exposure to 3 s of microwave, and the bottom row is an IR image of the 
sample slightly before it begins to move in response to microwaves (with the temperature 
scale on the right side).    
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We chose two different geometries in our study, as depicted in Figure 2.4.  The 

diagonal hinge geometry spanned the diameter of the microwave vessel to explore the 

uniformity of the heating of the hinges.  The diagonal hinge geometry consists of a 13 mm x 

13 mm polystyrene square with a hinge spanning opposite corners.  This sample had the 

maximum possible hinge length (17 mm) that can fit in the microwave without touching the 

vessel walls.  The square hinge geometry consists of 13 mm x 6 mm PS rectangle with a 

centered, square-shaped hinge.  The use of a square-shape minimizes the effect of orientation 

on the average temperature of the hinge but not its effect on folding.  

The self-folding studied here is a thermally-driven process.  To test if uneven heating 

causes variation in folding behavior with respect to sample orientation, we utilized an IR 

camera to measure the surface temperature of the hinge during exposure to the microwaves.  

Changing the orientation of the samples changed the temperature profile of the hinge during 

the microwave heating.  Figure 2.5 plots the average temperature of the hottest region of the 

hinge versus time for each of the six possible combinations of sample geometry and 

orientation using samples with a 3 mm hinge width exposed to 250 W of microwave power. 

The ‘square hinges’ have temperature profiles that are nearly independent of orientation, 

whereas the profiles for ‘diagonal hinges’ vary with alignment.  To quantify the heating rate of 

the surface, we fit the experimental data (cf. Figure 2.5) to a tanh function and define the 

maximum heating rate as a tangent at the inflection point of the tanh function (see Figure 

S2.5 in Supporting Information).  Figure 2.6 plots the maximum heating rates for each sample 

configuration. 
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Figure 2.5. Time-dependence of temperature in a) ‘diagonal hinge’ samples with varying 
orientation and hinge width of 3 mm; b) ‘square hinge’ samples with hinge width of 3 mm.  The 
microwave power is 250 W in both cases.  The IR camera cannot measure accurately 
temperatures above 150°C and therefore the data truncates at that value. 
 

 

 

 
Figure 2.6. Heating rate of the samples at different orientation relative to the direction of the 
microwave radiation (azimuthal angle) and hinge widths (W) are shown. 
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The results in Figure 2.6 confirm that the orientation affects the maximum heating rate 

of the samples with a ‘diagonal hinge’ more than the hinge width.  Because the diagonal 

hinges span the walls of the reactor, this result suggests that there is a strong variation in 

microwave power around the perimeter of the reactor.  Samples oriented at 0 and 45 did not 

heat uniformly along the long axis of the hinge (see Figure S2.3 and S2.4 in Supporting 

information and the images in Figure 2.4).  This non-uniformity causes distortion (0° 

orientation) and off-center folding (45° orientation). We observed a few sparks during the 

folding of all three orientations but they were most pronounced during samples orientated at 

0°. The sparks appear to partially ablate the ink for the 0° samples, but do not seem to affect 

the folding of 45° or 90° samples; eliminating sparks may be possible by optimizing the 

resistivity of the ink. In the square hinge samples, the orientation does not affect the maximum 

heating rate since the areal coverage of the graphene ink remains centered in the reactor 

regardless of orientation.  For these samples, the hinge width affects the maximum heating 

rate much more than the sample orientation.  The trends in the data shown in Figure 2.6 also 

occur at 30 W microwave power (see Supporting Information).  

The data in Figure 2.6 motivated us to study the uniformity of the microwaves in the 

vessel.  We mapped the heating profile inside the microwave using a paper (MWAC, Atlanta 

Chemical) that absorbs microwaves and changes color permanently due to thermal 

excursions above a temperature of 65°C.  Figure 2.7 shows pictures of the paper after 

exposure to different durations of microwave heating.  The color ‘front’ propagates across the 

paper with time, illustrating the non-uniformity in the aerial microwave intensity. 
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Figure 2.7.   Microwave sensitive paper changes color when heated by microwaves to show 
the non-uniformity of microwaves.  Depictions of the polymer samples are superimposed over 
the paper for the sake of visualization. The microwaves heat non-uniformly, which explains 
why the hinges at 90° orientation fold and 0 and 45° deform, as shown in the photographs 
located in the right-most column. 
 
 
 

For the sake of visualization, Figure 2.7 superimposes the geometry and orientation 

of the hinges (which were not present while heating the paper). It also displays the three types 

of folding behaviors observed as a result of orientation in otherwise identical samples.  The 

0° sample shows the beginnings of ‘cratering’; portions of the polymer in the hinge region flow 

away from the hinge, but the sample does not fold due to the physical restraint offered by the 

portions of the hinge that remain below the Tg of the sheet.  The 45° sample folds unevenly.  

The 90° samples fold very well (cf. Figure 2.2).  There results highlight the effects of non-

uniform heating on the folding process. 

 

2.4 Thermally Modelled Simulation Results 

To gain a better understanding of the response of the samples to microwave induced heating 

we modeled the folding process using Abaqus finite element analysis software.  The model is 

based primarily on a model developed for the self-folding of pre-strained polystyrene sheets 

that fold due to IR induced heating73.  Briefly, the model starts by pre-straining the polymer 

sheet at an elevated temperature prior to cooling the sheet to preserve the pre-strained state.  
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From the pre-strained state, we impose representative thermal and mechanical boundary 

conditions.  The temperature distribution measured experimentally across the surface of the 

samples serves as a thermal boundary condition.  The model predicts the resulting 

deformation based on the strain relaxation of the polymer in response to this thermal profile.  

Square and diagonal hinge geometries are modeled each with 6 mm wide hinges oriented at 

a 90° azimuthal angle.  Figure 2.8 shows representative results from these simulations. 

 
 

 
Figure 2.8. Results from Abaqus model that show the temperature profile on the surface (top 
view) and through the thickness of the samples (side view) oriented at 90°.  The images 
truncate the regions outside the hinge region for better visualization of the thermal profile of 
the hinge.  The side view images are expanded to the distance ‘A’ and ‘B’ (which are equal).  
The black portion of the image is the edge of the unheated polymer. 
 
 
 

At the onset of folding (middle row in Figure 2.8) the maximum patterned surface 

temperature for both hinge geometries is ~117°C while the bottom surface is ~82°C, a 
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difference of 35°C.  Later in the folding process, when the patterned surface temperature 

reaches ~142°C (bottom row in Figure 2.8), the temperature on the bottom surface is ~102°C, 

a difference of 40°C.  This temperature gradient is double the temperature gradient seen in 

IR induced folding samples24. The folding happens within seconds because the microwaves 

efficiently deliver large amounts of heat locally to a patterned hinge.  Although the bottom of 

the sample approaches Tg during folding, the onset of folding occurs when the bottom of the 

microwave sample is significantly below Tg.  Folding of the sample prior to the bottom surface 

reaching Tg is due to the large temperature gradient in the microwave samples, which is 

remarkably large considering the sheets are only ~300 μm thick. 

 

2.5 Conclusions 

This chapter demonstrates self-folding of pre-strained polymer films using microwaves as a 

heating source.  A pattern of graphene ink on the surface of pre-strained polymer films 

absorbs the microwaves and causes the polymer to shrink directly below the hinge, which 

induces the polymer sheet to fold.  The dihedral angle is directly proportional to the hinge 

width printed on the polymer sheet and it is possible to self-fold all the way to 180°.  The 

quality of the folding depends on the geometry and orientation of the sample due to uneven 

distribution of microwaves energy in the microwave reactor (commercial microwaves also 

have non-uniform heating).  The best folding occurs when the hinge receives as uniform 

heating as possible across its length, which occurs at an azimuthal sample orientation of 90° 

within the reactor.  A finite element model suggests that the absorption of microwave energy 

by the hinge results in a temperature difference of ~40 °C from top to bottom of the polymer 

samples.  This large temperature difference explains why the samples are able to fold within 

seconds despite starting at room temperature.   
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Polymer sheets that fold in response to microwaves could have several applications, 

particularly since microwaves are common household items.  Here, we utilize graphene inks, 

but it is possible to use other microwave absorbers including materials that might be optically 

transparent.  This technique folds polymers quickly and accurately which lends itself to time 

sensitive applications.  This technique could be used for triggering remote folding or for 

activating folding within enclosures or through materials transparent to microwaves.   
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Experimental Section 

Onto Shrinky-DinkTM sheets (prestrained polystyrene), we screen printed Vor-inkTM (graphene 

ink) as straight lines using a 180 mesh screen. The lines define the ‘hinges’ and have widths 

from 1–6 mm. Next, we laser cut two different sized samples from the inked sheets: 13 mm x 

13 mm and 13 mm x 6 mm rectangles. We placed the samples onto a CEM Discover 

microwave oven and heated the samples at 250 W. We tested three different physical 

orientations (0°, 45°, and 90°) up to 60 seconds (although most trials ended much earlier). 

We used an IR camera to record the surface temperature profiles. 
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Supplementary Information 

Approximating the temporal evolution of temperature 

The temperature in the heating profiles can be approximated by the tanh function: 

      00 T1ttatanh
2

c
tT        (S2.1) 

where a, t0, c, and T0 are adjustable parameters.  The parameters a and c help define the 

heating rate (i.e., dT/dt) and t0 represents the time corresponding to the inflection point in the 

T=T(t) curve.  Using the expression in Equation (S2.1), one can calculate the heating rate as: 
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The maximum heating rate occurs at the inflection point, i.e., t=t0: 
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This inflection point is our representative heating rate for a given sample as shown in Figure 

S2.5. From Figure S2.5, the model fits the experimental data until the sample starts to fold.  

Using this model to find the heating rate, we compare the heating rate of samples with different 

hinge widths, geometry, orientations, and microwave power as shown in Figure 2.6. 
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Screen Printing 

Screen printing is a fabrication method used to apply patterned ink to the surface of a flat 

object.  Openings in the screen are patterned with intense light and then the ink is rolled across 

the surface using a squeegee.  The ink can only pass through the patterned parts of the screen 

and the squeegee keeps the height of the ink uniform.  Screen printing allows for precise 

patterning of the ink onto the surface of the polystyrene samples. 

 

 

 

 

Figure S2.1. Optical microscopy of the screen printed graphene.  There are grid lines from 
the screen as well as the high level of uniformity in the ink pattern. 
 
 
 

 

Figure S2.2. Profilometry of screen printed Vor-inktm (3 mm hinge width).  The hinge size 
varies from 50 to 100 μm for most peaks in the sample with the maximum being over 130 μm.   
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Sample heating 

The temperature scale on the right is common to both plots.  

 
 

 

Figure S2.3. Heating profile for a ‘rectangular hinge’ (6 mm, 250 W, 45° 
orientation). The pictures are taken with an IR camera and show how the hinge 
heated non-uniformly.  This lack of uniformity in the profile leads to imperfect 
folding. The camera view is flipped, so the directional heating is left to right instead 
of right to left.  This sample folds in ~6 second.  The microwave is then turned off. 
(Note that the first 2 images do not use the same temperature scale in order to 

increase visibility of the sample and hinge).  The temperature range (in C) is show 
in the legend on the right. 
 
 
 
 

 
Figure S2.4. Thermal Images of square hinge samples.  Even though the heating rate is 

similar, the orientation controls whether the sample craters or folds.  This is likely because the 

hot region spans the width of the hinge in the 90° sample (without bound) but is bound by stiff 

polymer in the 0° case.  The temperature range (in C) is show in the legend on the right. 
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Figure S2.5.   Heating profile of a 3 mm 250 W sample (experimental) and the tanh fit.  Using 
this fit we found the maximum heating rate via the inflection point of the derivative. 
 
 
 

 

Figure S2.6.   Heating rate of the samples (W = 6 mm) at different microwave powers and 

orientation relative to the direction of the microwave radiation (azimuthal angle).  
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CHAPTER 3 

 

Self-folding of Thick Polymer Sheets Using Gradients of Heat* 

 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
____________________________________ 
*This chapter is based on Davis, D., Chen, B., Dickey, M. D. & Genzer, J. Self-folding of Thick 
Polymer Sheets Using Gradients of Heat. J. Mech. Robot. 8(3), 031014 (2015).   
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Overview 

Self-folding converts two-dimensional (2D) sheets into three-dimensional (3D) objects in a 

hands-free manner.  This chapter demonstrates a simple approach to self-fold commercially 

available, millimeter-thick thermoplastic polymer sheets. The process begins by first stretching 

poly(methyl methacrylate) (PMMA), polystyrene (PS), or polycarbonate (PC) sheets using an 

extensometer at elevated temperatures close to the glass transition temperature (Tg) of each 

sheet. Localizing the strain to a small strip creates a “hinge,” which folds in response to 

asymmetric heating of the sheet. Although there are a number of ways to supply heat, here a 

heat gun delivers heat to one side of the hinge to create the necessary temperature gradient 

through the polymer sheet. When the local temperature exceeds the Tg of the polymer, the 

strain in the hinged region relaxes. Because strain relaxation occurs gradually across the 

sheet thickness, the polymer sheet folds in the direction towards the heating source. A simple 

geometric model predicts the dihedral angle of the sheet based on the thickness of the sheet 

and width of the hinge. This chapter reports an approach to folding that works for a variety of 

thermoplastics using sheets that are significantly thicker (~10 times) than those reported 

previously.  

 

3.1 Introduction 

Self-folding strategies convert 2D sheets into 3D objects in a hands-free manner.  Self-folding 

is attractive for a number of applications, including remote deployment of compact structures1–

4, assembly5, packaging6,7, robotics8, mechanical metamaterials9, and mechanical actuation10.  

While there are many strategies for programming materials to fold in response to a stimulus 

(e.g., heat, pH, light)11–45, this chapter focuses on polymeric materials that self-fold in response 

to external heat.   
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Recently, our group demonstrated a simple approach to self-folding that uses localized 

heating of prestrained polystyrene sheets to induce folding12,46.  Heating these “shrink films” 

uniformly (e.g., in an oven) above the glass transition temperature (Tg) of the polymer causes 

them to contract in-plane uniformly.  In contrast, delivering the heat from one side of the sheet 

generates a temperature gradient through the thickness of the sheet.  This asymmetric heating 

causes the surface of the polymer sheet to heat faster than the bottom of the sheet and 

therefore shrink faster, forcing the sheet to curl toward the heat source.  It is possible to 

harness this principle for self-folding by localizing the heat to a thin strip on the surface of the 

shrink film and thereby localize the shrinkage to achieve a “hinging” response.  The heat may 

be delivered locally using, for example, ink that selectively absorbs light12, microwaves46, 

patterned lasers47, or Joule heating48.   

This localized heating method works well with commercially available shrink films (e.g., 

Shrinky Dinks). While these materials are convenient, they are manufactured in a limited 

range of thicknesses (~300 m), compositions (e.g., polystyrene, polyethylene, polyesters), 

and strains (~55% Swainger strain in our previous work)12,47,49. Previously, we developed a 

simple geometric model to predict the folding angle as a function of prestrain, sample 

thickness, and hinge width (the region of the sheet designed to shrink)49. While the model 

predicts accurately the folding angle of the sheet (i.e., the angle between two adjacent faces, 

F), we could only vary the hinge width to verify the validity of the model since the commercial 

manufacturing process employed produces polymer sheets with constant thickness, chemical 

composition, and degree of prestrain. 

Here, we seek to vary the thickness, chemical composition, and amount of prestrain 

of polymer sheets to explore if the geometric model accurately predicts F across the entire 

parameter space defined within the model. The experiments have the added benefit of folding 

thicker plastics (1-3 mm thick), which are significantly stiffer than previously studied thin films.  
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These thicker polymer sheets enable a wide range of applications for folding due to their 

strength and robustness.  

Performing these experiments motivated a new approach to induce self-folding.  

Rather than prestraining the entire film – as done commercially – we prestrained only the 

hinged region. Since the prestrain programming confines the shrinkage to only the hinged 

region, stray heat delivered outside the hinged regions does not cause notable curling or 

shrinkage. Thus, this method enables global heating instead of local heating. In this work, we 

use a heat gun (similar to a hair dryer) to heat the surface of the sheet; but in principle, any 

heating source that is capable of delivering sufficient heat to the sheet (increasing the 

temperature of the sheet above the Tg) would work.  

Prestrained polymers that shrink to a pre-defined shape above the Tg belong to the 

category of shape memory polymers (SMPs). The polymer sheets here are effectively SMPs 

that shrink in-plane if heated uniformly but fold if heated non-uniformly. Thus, the method here 

provides a means of converting in-plane strain into out of plane folding using a simple stimulus 

(a heat gun in this example). We explore this process systematically for folding sheets of 

PMMA, PS, and PC at the same thickness (2 mm) and PMMA at three different thicknesses 

(1.5, 2, and 3 mm). We also characterize the thermal behavior during heating and folding and 

verify that with some minor modifications the simple geometric model introduced earlier 

predicts the behavior over the entire parameter space. 

We developed a method that involves a cycle of prestraining of polymer sheets, self-

folding via selective heating, and unfolding via uniform heating, as shown in Figure 3.1a.  

Figure 3.1b illustrates how an extensometer applies localized strain to the sheet at elevated 

temperatures (close to but below Tg). After prestraining the samples, we grip one end of the 

sample and orient the sample horizontally in free space at room temperature. A heat gun, 

positioned at 11.4 cm from the upper surface of the sheet, delivers hot air (T~150°C) toward 

the polymer sheet surface until the sample stops folding or reaches 90°. During the folding 
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process, an IR camera and a video camera record the temperature of the surface of the 

polymer and the folding angle of the polymer, respectively. As demonstrated by temperature 

profiles plotted in Figure S3.2 in the SI, the temperature on the surface of the sheet is 

approximately the same for all samples during heating. As will be demonstrated later in the 

chapter, the polymer sheet starts to fold as soon as the surface temperature of the sheet 

reaches ~Tg (Figure 3.1c). It is possible to heat the samples in an oven above Tg to return the 

sample back to its original shape.   

 
 
 

 

Figure 3.1. Process for self-folding.  a) Locally prestraining a polymer sheet creates a hinge.  

Selective heating of one side of the ‘hinge’ causes asymmetric strain relaxation that induces 

folding.  When applied uniformly, heat causes unfolding and the sample reverts to the original 

shape.  The full cycle causes some permanent deformation, but the focus here is on the 

folding step.  b) Schematic of the preparation steps using an extensometer.  A picture of the 

setup is in Figure S3.1 the SI.  c) A heat gun asymmetrically heats one side of the prestrained 

polymer sheet to induce self-folding. 
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3.2 Geometric Model 

Previously, we used geometric principles to derive Equation 3.118,49, which predicts accurately 

the dihedral angle (αD, defined as αD =180 - αF) of self-folding prestrained polymer sheets 

using the hinge width (W), the film thickness (H), and the shrinkage (S, equivalent to the 

Swainger strain, defined in the SI) of the sheet:  











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H2
tan2180 1

D


       (3.1) 

 

 

Figure 3.2. A geometric model predicts the folding angle F of commercial prestrained sheets 
49.  Grips from an extensometer start at a distance W i apart and strain the sample a distance 

Ws.  The straining causes the sample to shrink in the hinged region.  Heat delivered to the top 

of the sample causes the top of the sample to shrink and therefore the sample folds. In our 

system, W = (Wi + Ws). 

 
 

 

This model assumes that: 1) The polymer directly underneath the hinge shrinks; 2) 

The bottom of the polymer sheet does not shrink considerably; 3) The strain relaxes linearly 

across the polymer sheet thickness (H); and 4) The thickness of the film does not increase 

considerably with shrinkage (although this assumption is not correct, the model still performs 
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adequately). When using this model with commercially available prestrained polystyrene 

sheets, the value for H is ~300 μm and S is ~55%, so that W is the only variable18,49.  

We found that the experimental data at larger strains can be modeled more accurately 

by employing the Almansi strain instead of the Swainger strain (used as S in the definition of 

Equation 3.1). In the SI, we provide the description of various strain models, including 

Swainger, Almansi, as well as Cauchy and Green50. We also offer more details about why we 

chose the Almansi strain to model the data (cf. Figure S3.3 in the SI). Although the Almansi 

strain employed in conjunction with Equation 1 fits the experimental data well, it does not 

describe the strain recovery in our samples. For example, samples extended from 3 mm (W i) 

to 8 mm (Wi+Ws) and exposed to uniform heat recovered back to ~3 mm (~100% recovery). 

As shown in Figure 3.2, the grips of the extensometer extend only the middle of the 

sample. Because of this localization, the rest of the material does not change its shape when 

heated. The extension ratio (λ), defined as the ratio of the final extended length (Ws+Wi) to 

the initial length (Wi), relates to the strain in the sample (S). The Almansi strain is related to S 

by the expression given in Equation 3.2: 
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Substituting this expression into Equation 3.1 results in Equation 3.3: 
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3.3 Self-Folding in Asymmetric Heat 

In our experiments, we varied the sheet thickness, shrinkage, and material type and compared 

the experimental D to that predicted by the geometric model (Equation 3.3). Because the 

geometric model contains no material-specific parameters, we studied thermoplastic sheets 
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made of PMMA, PS, and PC (purchased from McMaster Carr, Elmhurst, IL) to test the validity 

of the geometric model. Specifically, we studied PMMA sheets of various thicknesses (1.5, 

2.0, 3.0, 6.0, and 12.0 mm) and PS and PC sheets that were 2 mm thick. We verified the 

thickness of each sheet with a caliper. We cut the sheets with a laser cutter into rectangles 

(25 mm by 75 mm), placed it into an extensometer (Instron) with the distance between the 

grips of 3 mm (Wi) and extended by a distance Ws (cf. Figure 3.1b). We then use a heat gun 

to fold the sheets, as described earlier. Only results from samples whose thickness is 3.0 

mm are reported here. We do not show the results of folding polymer sheets thicker than 3 

mm due to large scatter in the data (likely due to a combination of temperature profile and 

variation of strain in the sample).  

  
 
 

 
Figure 3.3. Photographs of self-folding samples. a) PMMA samples with thickness ranging 

from 1.5 to 12 mm. b) PS samples with λ from 1.33 to 2.67. c) PC samples exposed to the 

heat gun for 30 to 45 s. d) A PMMA sample folded to D~180 that is supporting a 9 kg weight 

demonstrates the strength of the folded samples.  
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Figure 3.3 shows folded samples of PMMA (Figure 3.3a), PS (Figure 3.3b), and PC 

(Figure 3.3c). Figure 3.3 also highlights the effect of thickness (Figure 3.3a), strain (Figure 

3.3b), and folding time (Figure 3.3c). In Figures 3.3a and 3.3b, we heated the samples until 

they either stopped folding or reached 90° to avoid heating the backside of the sample.  It is, 

however, possible to fold the sheets up to D~180° by moving the heat gun during folding, as 

shown in Figure 3.3d. These materials are stiff; Figure 3.3d shows a sample bearing a 9 kg 

weight. 

We explored the relationship between extension ratio (λ) and dihedral angle (D) found 

in Equation 3.3 by systematically varying the prestrain, material type, and in the case of 

PMMA, the thickness. Figure 3.4a reports the data for PMMA as a function of λ and sheet 

thickness.  From this data, it is clear that samples with larger λ bend to larger D. Likewise, 

thinner samples bend to larger D than thicker samples for otherwise identical conditions. A 

similar relationship between λ and D exists for a all polymeric materials studied, as shown in 

Figure 3.4b. 

Figures 3.4a and 3.4b represent a range of variables, which can be collapsed onto a 

master plot, when properly normalized as shown in Figure 3.4c, which plots the arctan 

component of Equation 3.3 versus D. The line on the plot labeled ‘model prediction’ shows 

the theoretical prediction from Equation 3.3.  The model captures the trends well across a 

range of prestrains, thicknesses, and materials.  The biggest departures from the model occur 

at D<20° presumably because the Almansi strain is designed to predict the strain primarily in 

samples with high .  For D>90°, the samples block the heating source and thus inhibit proper 

heating of the upper hinged region of the sheet. This prevents us from exploring samples that 

fold past D=90° with our current setup.  
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Figure 3.4. a) Experimental data (symbols) and geometric model predictions (lines) of D vs 

λ for varying thicknesses of PMMA.  b) Experimental data (symbols) and geometric model 

predictions (line) of D vs λ for 2.0 mm thick PMMA, PS, and PC. c) Data from Figures 3.4a 

and 3.4b plotted as a function of the arctan function from the geometric model. The black line 

denotes prediction from Equation 3.3. 
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Figure 3.5. Temperature (red-solid line, left ordinate) and dihedral angle (blue-dashed line, 

right ordinate) as a function of heating time overlaid with the surface temperature profile of the 

same sample. The PMMA starts folding after the surface exceeds Tg (~105 °C) for 1.5 mm 

(b), 2.0 mm (c) and 3.0 mm (d) thick samples. Samples of PMMA that are 3.0 mm thick start 

folding after the surface reaches Tg.  

 

 

Figure 3.5a shows a sequence of images from a self-folding experiment.  The same 

figure also plots the temperature profiles of the hinged region (left ordinate) and D (right 

ordinate) as a function of heating time for PMMA sheets ranging from 1.5 to 3 mm in thickness.  
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From this overlay, it appears that the onset of folding occurs after the surface of the sheet 

exceeds Tg for PMMA.  At the onset of folding, Tg is slightly higher for thinner materials and 

much higher for thicker materials. The same data for the PS and PC sheets are provided in 

Figure S3.4 in the SI. 

 

3.4 Thermal Model  

In our previous work we established that in some systems, the sample folds as soon as the 

temperature on the back side of the sheet reaches Tg
47,49,51, but for other systems, the sample 

folds before the back side reaches Tg 46. The onset folding time is defined as the instant when 

D>0.  From the data in Figure 3.5b and 3.5c, it appears that folding occurs after the surface 

of the upper face of the sheet (i.e., the one facing the heat gun) reaches Tg of PMMA. We 

observed the similar behavior for PS and PC sheets with thicknesses of 2 mm (cf. Figure 

S3.4 in the SI). The onset time for PMMA sheets whose thickness is 3 mm occurs longer after 

the surface reaches Tg than the other sheets tested. To comprehend this behavior we 

constructed a simple heat transport model to provide insight about temperature distribution 

inside the sheet as a function of heating time.   

The model (see SI for more details) assumes that the temperature on the surface of 

the sheet facing the heat gun corresponds to the temperature measured by the IR camera.  

The backside of the sheet (i.e., away from the heat gun) is modeled as adiabatic; i.e., we 

assume no heat loss from this side of the sample to the surrounding.   
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Figure 3.6. The top of each pair show the model’s prediction of temperature profiles inside 

the sheets: PMMA 1.5 mm (left), PMMA 2.0 mm (middle), and PMMA 3.0 mm (right). The 

bottom of each pair denotes the temporal evolution of the temperature on the front side (red 

line) and the backside (blue line) of the sample.   

 

 

 

The resulting temperature profiles calculated from the model for PMMA are plotted in 

Figure 3.6. The temperature profiles for PS and PC are plotted in Figure S3.5 in the SI. From 

the data in Figure 3.6, the temperature on the backside of the sheet reaches the 

corresponding Tg at longer times than the temperature on the front face of the polymer sheet, 

as expected. The difference in time is relatively small for 1.5 mm thick PMMA (~8 s) and 

increases when the thickness of the sheet increases. For instance, for 2 mm thick sheets the 

delay times are ~11 and 10 s for PMMA and PS (cf. Figure S3.5 in the SI), respectively. For 

the remaining thicker sheets, the time difference between the front and backside of the sheet 

reaching the Tg is even larger. We acknowledge that this model may not correctly capture of 

the experimental situation due to the following three reasons. 1) The model ignores possible 

heating of the backside of the samples through heat that is emitted by the heat gun. 2) The 

model assumes a constant thickness of the sheet, taken as the sheet nominal value, H. 3) 
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The backside of the sheet may not have to reach Tg for folding to begin. Nevertheless, the 

trends in temperature profiles offered by the model provide consistent, albeit qualitative, 

information about the temperature distribution inside the sheet during the heating process. 

 
 
 

Table 3.1.  Folding attributes of tested materials 

Sample Onset folding time 

(s) 

Temperature at onset of folding 

(°C) 

Tg 

(°C) 

PMMA 1.5 mm 10 106 105 (ref52) 

PMMA 2.0 mm 12 107 105 (ref52) 

PMMA 3.0 mm 24 127 105 (ref52) 

PS 2.0 mm 10 105 103 (ref12) 

PC 2.0 mm 24  150+ 147 (ref52) 

+We cannot measure past 150 °C with the IR camera; the temperature for PC might be higher 

 
 
 

The data in Table 3.1 compare the onset time of folding (i.e., the time at which the 

polymer sheet starts to fold), the surface temperature at the onset of folding, and the Tg of the 

materials.  As thickness and Tg increase, the surface temperature at the onset of folding and 

onset folding time also increase.  

We were also able to fold polyethylene terephthalate (PET), polylactic acid (PLA), and 

poly(p-phenylene oxide) (PPO) but not with the same consistency as PMMA, PS, and PC 

sheets.  We hypothesize that PET and PLA might fold using a heating method other than the 

heat gun.  The velocity of the air leaving the heat gun generates enough force to prevent PLA 

and PET from folding.  PPO is difficult to process using the extensometer.  PPO also has a 

high Tg (~215C) and the heat gun does not generate enough heat to cause consistent folding.    
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3.5 Conclusion  

We successfully programmed and folded three different thermoplastic sheets (PMMA, PS, 

and PC all 2 mm thick) as well as PMMA sheets with a range of thicknesses (ranging from 1.5 

to 12 mm).  The sheet folding occurs by prestraining local regions of the polymer sheets and 

then heating them asymmetrically by applying heat from a heat gun to one side of the sheet.  

The dihedral angle of the sheet heated with a heat gun can be described by a simple 

geometrical model for a range of thicknesses, extension ratios, and degree of prestrain all for 

polymeric materials studied.  We used the Almansi strain rather than the Swainger strain to 

match the experimental data to the geometric model.  We characterized the folding behavior 

in terms of the thickness, strain, material type, folding speed, and temperature behavior of the 

hinge. We also provided a simple model of the heat flow through the thickness of the sheet. 

Although this work uses a heat gun to fold the polymer sheets, other heating methods 

should also work as long as they deliver heat asymmetrically to the surface of the hinge.  

Future work could switch to a more direct heating method to eliminate the limitations of using 

a heat gun (the air pushes the sample down and the position of the gun limits the maximum 

dihedral angle).  While the work here verifies the geometrical model for folds up to 90°, it 

would be interesting to verify whether the samples can be folded consistently to larger dihedral 

angles.  Future work could examine programming bi-axial strain or creating samples with 

multiple hinged regions.  This work provides a step towards enabling the self-folding of thick 

thermoplastic polymer sheets. 
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Supporting Information 

Heating chamber in extensometer 

 

Figure S3.1 displays the custom-built heating chamber attached to the extensometer. The 

sample is held between two vertical grips (the initial distance between the two grips, W i, is 3 

mm). After increasing the temperature inside the chamber close to the Tg, the sample is 

stretched uniaxially (vertical direction in our set up) by a distance Ws. 

 
 

 
Figure S3.1. Experimental setup for programming strain in polymer sheets in an 

extensometer. There are two metal grips in the center of the oven that pull the sample 

vertically while the four infrared lamps control the temperature with an error of +1°C. The metal 

grips each have two screws that secure the sample.  
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Measuring the temperature on the surface of the sheet  

Figure S3.2 plots typical temperature profiles of the surface of the polymer sheet during the 

heating process, as measured by an infrared (IR) camera. As evident from the data, the 

increase in the surface temperature of the sheet with increasing time is approximately the 

same for all materials and all sheet thicknesses. 

 

 

 

 

Figure S3.2. Temperature profiles of the hinge region of PS, PC, and PMMA (all thicknesses) 

as a function of time. We use an infrared camera to measure the temperature of the hinge 

while the material folds. The heat gun starts heating the sample at time = ~2 seconds. 

 

 

 

Finite strain modelling 

To understand the relationship between the various strains, we first introduce the extension 

ratio (λ), as the proportion of the length of the strained region (L) to its original length (L0) as 

shown in Equation S3.1: 
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We consider four different definitions of strain, including, the Cauchy (Equation S3.2), 

Swainger (Equation S3.3), Green (Equation S3.4), and Almansi strain models (Equation 

S3.5).  These strains can be broken up into two pairs.  The Cauchy and the Swainger strains 

are linear models that work best for small strains, little deformation, and no rigid body 

rotation50.  The Cauchy and the Swainger strains are designed for elongation and shrinkage 

respectively.  In our prior work, the geometric model used the Swainger strain as the shrinkage 

term (S).  

The Green and the Almansi strains are quadric strains that describe elongation and 

shrinkage, respectively.  This means that both the Green and the Cauchy strains are used for 

elongation and both the Swainger and the Almansi strains are used in shrinkage (i.e., the 

Swainger and Almansi strains utilize the elongated length, L, in the denominator).  In both the 

Green and the Almansi strains, the quadratic term corrects for larger sample deformations 

and rigid body rotations50.   
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In Equations S3.2 – S3.5, C is the Cauchy strain, S is the Swainger strain, G is the 

Green strain, and A is the Almansi strain.  Since the Almansi and Swainger strains describe 

shrinkage, they can be substituted into Equation 3.1 as the shrinkage (S) term directly and 

change which type of materials the model accurately describes.  The Swainger strain is less 

accurate in our situation because our samples are more extended than the samples utilized 
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in our prior work49,53.  Figure S3.3 shows the experimental dihedral angles (D) measured in 

PMMA sheets plotted against the geometric model from Equation 3.1.  In these plots, the 

geometric model uses the Swainger and Almansi strains as the shrinkage term S (cf. Equation 

3.1). 

 
 
 

 

Figure S3.3. Dihedral angles calculated using the Almansi (blue lines) and Swainger (green 

lines) strains as a function of extension ratio () using the model given by Equation 3.1 in the 

main text.  The symbols represent the experimental data collected from PMMA sheets with 

thicknesses 1.5 mm (a), 2.0 mm (b) and 3.0 mm (c).  

 
 
 

Figure S3.4 displays surface temperature (red-solid line, left ordinate) and dihedral 

angle (blue-dashed line, right ordinate) for PS (top) and PC (bottom) sheets as a function of 

heating time.  Corresponding data for PMMA sheets of three different sheet thicknesses are 

plotted in Figure 3.5 in the main text. 
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Figure S3.4. Temperature (red-solid line, left ordinate) and the dihedral angle (blue-dashed 

line, right ordinate) as a function of time of PS (upper - thickness 2.0 mm) and PC (bottom - 

thickness 2.0 mm). The material starts folding at around the time the surface of the sheet 

reaches Tg (~103 °C for PS and ~147 °C for PC). 

 

 

 

Modeling temperature distribution inside the polymer sheet 

We consider a polymer sheet of thickness H that is initially held at a temperature T0 

(experimentally, T0 is equal to the ambient temperature, which we assume to be 30C)  At 

time t=0 one face of the sheet is exposed suddenly to a constant temperature (T1>T0) while 

the other face is kept adiabatic (i.e., there is no heat loss from the face into the surrounding).  

In our calculations, we take T1 as a function of time obtained from the IR camera of the heated 

surface of the sheet. 

The position-dependent temperature inside the sheet can be described as: 
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Note that x ranges from 0 (heated surface) to H (adiabatic surface). 

From Equation S3.8, one obtains the following condition: 
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Moreover from the Fourier’s law it follows that: 
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In Equation (A10), the thermal diffusivity, , is given by: 
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where k is the thermal conductivity,  is the density and cP is the specific heat. 
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yields: 
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Combining expressions given by Equation S3.6-Equation S3.13 together leads to: 
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with cn given by Equation S3.13. 
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Equation S3.14 is solved using experimental values of k, , and cP (that give collectively the 

thermal diffusivity, ).  The values of k, , and cP are given in Table S3.1. 

Figure S3.5 shows the predictions of the temperature profile in the PS and PC 

samples in the hinged region of the samples. 

 

 

 

 
Figure S3.5. The top of each pair show the model’s prediction of temperature profiles inside 

the sheets: PS 2.0 mm (left), and PC 2.0 mm (right). The bottom of each pair denotes the 

temporal evolution of the temperature on the front side (solid red line) and the backside 

(dashed blue line) of the sample.   
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Table S3.1. Physical characteristics of polymers 

 K 

(W/m/K) 

 

(kg/m3) 

cP 

(J/kg/K) 

α 

(m2/s) 

PMMA 0.193 1195 1420 1.137 x 10-7 

PS 0.116 1065 1185 9.192 x 10-8 

PC 0.200 1220 1200 1.366 x 10-7 

Note: All material properties are taken from references52 and54. 
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Overview 

Folding is an attractive way to create 3D objects from 2D sheets.  Materials that can change 

shape have potential applications in packaging1,2, space exploration3, energy harvesting4–6, 

and toys. We sought to achieve folding by mimicking joints in the human body, which use 

tensile stress from filaments (i.e., muscle fibers) to actuate two rigid bodies (i.e., bones 

surrounded by tissue) connected by a hinge (i.e., joint).  Here, stress from strained elastic 

filaments triggers self-folding of plastic sheets in uniform heat. After removing the elastic 

filaments, the folded objects revert to 2D sheets at elevated temperatures.  These sheets fold 

reliably, reversibly, and repeatedly to create final shapes dictated by the placement of the 

tensile elements. A model based on the law of cosines predicts the dihedral angle as a 

function of the strain in the elastic filament. A thermo-mechanical model predicts the dihedral 

angle as a function of the elongation in the strained tensile elements. It is possible to 

reprogram the materials to unfold into a different shape when reheated by adding an extra 

heating step to the process. This system precisely controls converting 2D sheets to 3D objects 

using only commercially available polymer sheets, elastics, and heat.   

 

4.1 Introduction 

This chapter introduces a bilayer system that induces self-folding to convert two-dimensional 

(2D) sheets into three-dimensional (3D) objects in a hands-free manner. Bilayer systems are 

typically composed of two layers adhered together to create a laminate with both tunable 

mechanical properties and a shape that changes in response to an external stimulus. Many 

bilayer or composite polymer systems studied use hydrogels as one of the layers because 

they undergo reversible high volume expansion and contraction as well as increasing the 

biocompatibility of the laminate7–9. There are many bilayer systems that bend in response to 

a stimulus (e.g., heat, swelling, light)8–33. Here, the bilayer system combines elastic filaments 
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with a thermoplastic polymer to enable self-folding behavior without permanently adhering the 

layers together.  

We created a bilayer sheet composed of vulcanized polyisoprene (rubber bands) 

adhered to the surface of a poly(methyl methacrylate) (PMMA) sheet with metal binder clips. 

The PMMA is ablated with a VLS 3.5 laser writer to create thinner areas that define the ‘hinges’ 

where the sheet will fold. The rubber bands are cut into strips of various lengths and strained 

across the hinge as shown in Figure 4.1. We heat the bilayer (PMMA and rubber bands) in 

an oven at 130 °C, which is above the glass transition (Tg) of PMMA (105 °C)34. As the sheet 

exceeds Tg, the hinge softens which allows the rubber bands to contract and fold PMMA as 

shown in Figure 4.1A. The strain in the rubber band controls the dihedral angle (αD) of the 

folded PMMA sheet. The maximum αD reached by this system is 180°. Controlling the hinge 

thickness (th) allows the hinge to vary between a sharp fold isolated to the hinge or a curve 

that occupies the entire region under the rubber band. Once folded, the sample can unfold by 

removing the rubber bands and re-heating the PMMA above its Tg.  

This system can also be used to fold sequentially. First, a 3D object is folded using the 

technique described above and cooled without removing the rubber bands. After cooling, 

additional rubber bands can be added to the 3D objects to program new folds. When the 

sample is re-heated, the new rubber bands will induce self-folding and a second set of folds 

will occur. Many additional folds may be induced using this sequential folding technique. 

In addition to designing the new folding system, we created two models: 1) a model 

that relates the strain in the rubber band to the dihedral angle based on law of cosines and 2) 

a model that balances the contraction force in the rubber band to the bending stiffness of the 

PMMA sheet in the hinge region. The force balance model predicts the temperature at the 

onset of folding. Both models predict the experimental results within expected error.    
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Finally, we developed a method to alter how 3D objects unfold when they are heated 

above Tg without rubber bands attached. Figure 4.1B-C shows the process with and without 

an additional heating step and how the heating step effects the unfolding process. If the 

material heats up slightly above the ‘terminal flow temperature’ (160 °C) while in a new shape, 

the material loses some entanglements and relaxes in the new shape. The ‘terminal flow 

temperature’ is a temperature above Tg where the polymer behaviors more like a viscous fluid 

and polymer chains can become less entangled. When unfolding, the sample returns to the 

new shape. Adding the extra heating step changes the shape the sample will return to when 

heated without rubber bands.    

 
 

 

 

Figure 4.1. Schematic of the self-folding method using rubber bands. (A) A rubber band of 

initial length L0 is stretched across the hinge region to length L, extended through the PMMA 

sheet, and secured with metal clips. The sample is placed in an oven at 130 °C until the 

increased temperature makes the thermoplastic hinge soft enough to allow the rubber band 

to relax back to L0, folding the sample to a dihedral angle (αD). If the rubber bands are removed 

and the sample is reheated at 130 °C, the sample unfolds back to its original shape, or ‘base 

shape,’ regardless of which new shape it occupies. (B)  Starting with a flat shape with multiple 

hinges, the sample sequentially folds into two different shapes. When the rubber bands are 

removed and the sample is heated again, it will unfold into the original shape. (C) The sample 

can be strained and heated to 170 °C to change which shape it will return to when it is 

unfolded. With the additional heating step, the sample behaves the same as the sample in B 

except it unfolds to the intermediate shape instead of the original flat sheet. Compare the last 

to steps of (B) and (C) for a side by side comparison.   
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4.2 Experimental Results – One Hinge Samples 

We started with the simplest possible shape: a one hinge sample. We adhered rubber bands 

with different strains to measure its effect on dihedral angle. We use extension ratios when 

measuring strain to avoid confusing between different types of strain. Extension ratio (λ) is the 

ratio between the length strained sample (L) and the original length (L0) as shown in  

Equation 4.1. 

𝛌 =
𝐋

𝐋𝟎
          (4.1) 

The dihedral angle correlates directly to the extension ratio in the rubber band. Figure 4.2A 

shows a series of one hinge samples that were each folded using this technique to control the 

angle. We tested thicker sheets up to 6 mm thick and found that if the thickness of the hinge 

is less than 50% of the original sheet thickness, the sample will fold using the technique (i.e. 

a 6 mm sheet needs a hinge of 3 mm or less to self-fold). If the hinge is too thick, the force in 

the rubber band (~5-10 N) will be too weak to induce self-folding and the sample will not fold. 

If the hinge is too thin (<0.4 mm thick) the hinge will break from the strain in the rubber band. 

The folding angle (αF) is the angle between the two faces of the sample and the 

dihedral angle (αD) is its supplement. Using the law of cosines, we developed a model (derived 

in the Model Derivation section in the SI) that predicts the dihedral angle based on the 

extension ratio as shown in Equation 4.2.  

𝛂𝐃 = 𝟏𝟖𝟎° − 𝐚𝐫𝐜𝐜𝐨𝐬(𝟏 − 𝟐𝛌−𝟐)      (4.2) 

This model makes a triangle using the strained rubber band as two sides of a triangle and the 

unstrained length as the third side as shown in Figure 4.1A. If three sides of a triangle are 

known, then the law of cosines can predict any angles within that triangle. Figure 4.2B shows 

how well the model predicts the experimental folding results for the samples with one hinge. 

As the extension ratio increases, the sheet starts to curl in the area immediately adjacent to 
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the hinge, causing a slight deviation from the model. As along as the samples do not bend 

outside of the ablated region, the model accurately predicts the relationship between strain in 

the rubber band and the dihedral angle achieved from self-folding.  

 
 
 

 
Figure 4.2. (A) Folded 2 mm thick PMMA sheets showing the effect of strain on dihedral 

angle. (B) This plot uses the extension ratio of the rubber band to accurately predict the 

dependence of dihedral angle based on Equation 4.2.  

 

 

 

The kinetics can be controlled using multiple rubber bands. We tested samples using 

one or two rubber bands strained to an extension ratio of 3. Both samples had a hinge 

thickness of ~0.9 mm thick, a hinge width of 2 mm, and were places in an oven at 130 °C. 

From the onset of fold until the sample stopped moving, the sample with 1 rubber band took 

~30 seconds and the sample with 2 rubber bands took ~16 seconds to reach the same 
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dihedral angle. In the future, a more systematic study that various extension ratio, hinge width, 

hinge thickness, and number of rubber bands would be required to get statistically significant 

results. 

 

4.3 Experimental Results – Complex Samples 

The ability to precisely control the dihedral angle enables the generation of complex shapes. 

Figure 4.3 shows a series of shapes formed by controlling the geometry of the PMMA sheet 

(defined by a laser writer), placement of the rubber bands, and extension ratios.  

Although Figure 4.3 shows a wide variety of shapes, it is not exhaustive. This system 

is easily adapted to many different shapes, size scales, and geometries. Origami shows us a 

vast variety of different objects paper can make. We hope to emulate origami to fabricate 

many of the same objects using this technique.  

In Figure 4.3A, the crane pattern at the bottom of the figure that can generate both a 

sitting crane and a standing crane using the same pattern by changing the extension ratio in 

rubber band that folds the ‘wings’ of the crane. Using this idea, we created a set of structures 

that can modularly change their final design based solely on the placement and extension 

ratio of the rubber bands. We call this ‘modular origami.’ 

 

4.4 Experimental and Results – Modular Origami 

We created patterns with multiple places to connect the rubber bands. Depending on 

where the rubber band is adhered, the sheet will fold into one of a variety of different shapes. 

Figure 4.3B shows three possible final structures from each of two different modular designs 

– the hex pattern and the cross patterned box. The asymmetry in the hex pattern allows the 

same folding connection to behave differently if rotated 90°. 
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Since the folding is fully reversible, the modular patterns can be unfolded and refolded 

into different shapes. Folding and unfolding the same shape more than five times tends to 

break the sample at the hinge, but more cycles are possible depending on the complexity of 

the pattern. 

 
 
 

 
Figure 4.3. Complex shapes (A) and a series of modular shapes (B). The pyramids, cubes, 

planes, birds, and cranes were folded by designing a series of flat samples with hinges across 

the regions that need to fold. The modular patterns contained two different base shapes, a 

hex pattern and a cross patterned box which each fold into a variety of different shapes shown 

below the base images. The hex pattern can fold into a cylinder, a flat line, and a fully 

collapsed cell. The cross patterned box can fold into an offset cylinder, a flat square, and a 

fan. By connecting the rubber bands to different areas, even more shapes can be discovered 

from the same base patterns. Both sets of shapes were cut and ablated with a laser writer 

and folded in an oven at 130 °C. 
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4.5 Modeling Results – Balancing Forces  

We created a model that balances the forces in the system to predict the temperature 

at the onset of folding. The model compares the elastic force of the rubber band and the 

bending stiffness of the polymer sheet. The onset of folding occurs when the force generated 

by the elongated rubber band (FR) exceeds the stiffness of the polymer sheet (FS), 𝐅𝐒 < 𝐅𝐑, 

and the temperature is near Tg. If the temperature of the sample is too low, the hinge will break 

when the force in the rubber band exceeds the stiffness of the polymer sheet.  

The resistance of the polymer sheet to movement can be described using the 

constitutive equation of beam bending, shown in Equation 4.3, which relates the elastic 

modulus (E), the moment of inertia (I) and the second derivative of displacement with respect 

to distance (
𝒅𝟐𝒗

𝒅𝒙𝟐) to the bending moment (M): 

𝐄𝐈
𝐝𝟐𝐯

𝐝𝐱𝟐 = 𝐌         (4.3) 

Following the derivation shown in the SI, the constitutive model relates the force required to 

bend the sheet (Fs) to the elastic modulus (E), sheet width (W), hinge thickness (th), dihedral 

angle (αD), and hinge width (Wh) as shown in Equation 4.4: 

𝐅𝐒 =
𝐄𝐖𝐭𝐡

𝟐𝛂𝐃

𝟑𝐖𝐡
              (4.4) 

The rubber band generates the force necessary to overcome Fs. Equation 4.5 derives from 

thermodynamic first principles, as shown in the SI35. This equation relates the constriction 

force (FR) to the density (ρ), gas constant (R), temperature (T), initial cross sectional area of 

the rubber band (Ai), molecular weight between crosslinks (Mc), and extension ratio (λ).  

𝐅𝐑 =
𝛒𝐑𝐓𝐀𝐢

𝐌𝐜
(𝛌 − 

𝟏

𝛌𝟐)        (4.5) 

𝛂𝐃 =
𝟑𝐖𝐡𝛒𝐑𝐓𝐀𝐢

𝐄𝐖𝐭𝐡
𝟐𝐌𝐜

(𝛌 −  
𝟏

𝛌𝟐)         (4.6) 
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At the onset of folding, FR and Fs are approximately equal, therefore, this system of equations 

reduces to Equation 4.6 and predicts αD as a function of T, geometry, material properties, and 

λ. In Figure 4.4A, we plot αD as a function of T and th. We hold Wh, ρ, R, Ai, W, λ, and Mc all 

constant. E is a function of T so it is evaluated at each temperature and not held constant. For 

each th, there is a T where αD rapidly increases. This T is the temperature when the onset of 

folding occurs. To show this effect more clearly, a plot 
𝐝𝛂𝐃

𝐝𝐓
 as a function of T shows where the 

most rapid change in αD takes place, as plotted in Figure 4.4B. From these graphs, the onset 

of folding occurs between 102 °C and 110 °C. Compared to our experimental data in Figure 

4.4C, the model predicts the experimental temperature at the onset of folding. The model fails 

to predict the temperature at the onset of folding correctly around 0.8 mm thick hinges. Above 

a hinge thickness of 0.8 mm, the area around the hinge bends as the hinge folds. If the 

bending occurs in both the hinge region and the sheet, the model cannot predict the folding 

behavior accurately.   
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Figure 4.4. (A) The model predicts the αD at the point when FS=FR as a function of th (solid, 

rainbow) and T. Above a critical onset temperature, the sheet will fold. (B) 
𝐝𝛂𝐃

𝐝𝐓
 plotted as a 

function of temperature. This figure shows the T when αD drastically increases. There is a 
major and minor relaxation in the sheet. The major relaxation predicts the onset folding. (C) 
Using this model, we predict the temperature at the onset of folding and compare the model 
to experimental data. The experimental data was taken by heating a sample to a temperature, 
holding it at that temperature for a given duration and then slowly ramping the temperature up 
until the samples folded. In these experiments, we noticed that once a sample folded a certain 
amount, it would continue folding to the maximum angle predicted in Figure 4.2.   
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4.6 Method to Reprogram Unfolding 

The folding is fully reversible; the sample unfolds back into the original flat shape when 

heated in the absence of the rubber bands. We altered the unfolding process to create two 

identical folded structures that unfold into different shape when heated without rubber bands. 

The reprogramming method uses principles from shape memory polymers. We folded our 

modular hex pattern into its flat configuration (Figure 4.5) and annealed the sample while it 

was confined at 170 °C for 4 hours. This is above the glass transition temperature (105 °C) 

and above ‘terminal flow temperature’ (160 °C). We speculate that at this temperature, the 

sample relieves its internal stress while maintaining its strain. Now, the sample will unfold into 

the shape held during the extra heating step as shown in Figure 4.5B. The sample is confined 

to prevent unfolding. Aluminum foil prevents adjacent polymer layers from interpenetrating 

during the annealing step as shown in Figure 4.1C. 

In Figure 4.5C, we show a series of photographs of the unfolding process. The sample 

created with the standard folding method unfolds into the original shape (the hex pattern) and 

the sample created with the reprogramming method unfolds into the secondary shape.  

The reprogramming method works, but it is tricky to balance the relaxation of the 

polymer. If the sample does not relax enough, it will not be reprogrammed. If the sample 

relaxes too much, the hinges will flow and break apart. If the technique is perfected, it could 

be used to create objects that look the same but behave differently under heat. Objects that 

look identical but change into different shapes when heated have been studied previously 

using shrink films that were uniaxially strained in one direction but cut at different angles 

relative to the prestrain direction36. 
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Figure 4.5. Using the programming methods shows in Figure 4.1, here are the experimental 

results for the folding method (A), the reprogramming method (B), and the side by side 

comparison in the oven (C). The reprogramming method contains an extra heating step that 

anneals PMMA in a high heat while preventing the shape from changing with a metal weight. 

This extra step allows the sample to relax and resets the base shape. Instead of reforming 

the initial shape (hex pattern) upon additional heating without rubber bands, it relaxes back to 

the intermediate shape (flat pattern).  

 

 

 

4.7 Conclusion 

We demonstrated a method to create complex origami folds using only rubber bands, 

binder clips, ablated sheets of PMMA, and an oven. The sheets can be folded reliably, 

reversibly, and repeatedly. The rubber band programs the dihedral angle as predicted by the 

law of cosines model. A force balance model predicts the onset of folding in samples with 

hinges between 0.4 - 0.8 mm thick. Finally, we created a reprogramming method that changes 
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the base structure that our samples unfold into when the rubber bands have been removed 

and heat is applied. 
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Supporting Information 

Experimental Setup 

We take a flat, 2 mm thick sheet of PMMA from McMasterCarr and use a VLS 3.5 laser 

in raster mode to ablate the sheet making hinges that are 2 mm wide and 0.8 mm thick. Then, 

we use the laser in vector mode to cut the desired pattern out of the sheet. These patterns 

include holes 3.5 cm from the nearest hinge to allow the insertion of rubber bands through the 

sheet. The shapes used are derived from origami folding patterns.  

Advantage® rubber bands are cut into strips. The rubber bands are strained across 

the hinge and inserted through the holes in the sheet. Then, we used a 32 mm binder clips to 

adhere the rubber band to the sheet and prevent the strained rubber band from relaxing. For 

complex shapes, this process is repeated for each hinge in the sheet. Once all the rubber 

bands are adhered to the sheet, we place the sheet into the oven at 130 °C. After 2-5 minutes, 

the sample will fold. 

To convert a 3D object to a 2D sheet, remove the rubber bands adhered to the sample, 

put the object back into the oven at 130 °C and wait 10 minutes. The sample will unfold and 

regenerate the original flat sheet (or the secondary structure if the reprogramming method is 

used). In some cases, additional heating is required to return to a completely flat shape. 
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Figure S4.1. The contraction force in the rubber band calculated with an extensometer co-

plotted with Fc from the balance of forces model. Fc does not predict the rubber band behavior 

perfectly, so it will cause some errors in ability of the model to predict the temperature at the 

onset of folding. The force balance model was calculated with an extension ratio of 3 to 

minimize these errors.  

 

 

 

Law of Cosines Model 

𝐜𝟐 = 𝐚𝟐 +  𝐛𝟐 − 𝟐𝐚𝐛𝐜𝐨𝐬(𝐂)       (S4.1) 

Where ‘a’, ‘b’, and ‘c’ are sides of the triangle and C is the angle opposite side ‘c’. 

𝐂 = 𝛂𝐅,  𝐚 =
𝐋

𝟐
,  𝐛 =

𝐋

𝟐
,  𝐜 = 𝐋𝟎,   𝛌−𝟐 =

𝐋𝟎
𝟐

𝐋𝟐   (S4.2) 

Where αF is the angle between two facing sides of the polymer sheet, L is the length of the 

rubber band when extended, L0 is the original length of the rubber band, and λ is the extension 

ratio. When these substitutions are made, Equation S4.1 becomes Equation S4.3.  

𝐋𝟎
𝟐 = (

𝐋

𝟐
)𝟐 + (

𝐋

𝟐
)𝟐 − 𝟐 (

𝐋

𝟐
)

𝟐
𝐜𝐨𝐬 (𝛂𝐅)      (S4.3) 

𝐋𝟎
𝟐 −

𝐋𝟐

𝟐
=  − 𝟐 (

𝐋

𝟐
)

𝟐
𝐜𝐨𝐬 (𝛂𝐅)       (S4.4) 



107 
 

𝟏 − 𝟐
𝐋𝟎

𝟐

𝐋𝟐 = 𝐜𝐨𝐬(𝛂𝐅) = 𝟏 − 𝟐𝛌−𝟐      (S4.5) 

We are interested in dihedral angle (αD) which is the supplementary angle to αF in order to 

use the beam bending model. 

𝛂𝐃 = 𝟏𝟖𝟎° − 𝐚𝐫𝐜𝐜𝐨𝐬(𝟏 − 𝟐𝛌−𝟐)      (S4.6) 

Equation S4.6 is the model used to predict dihedral angles as a function of extension ratio as 

shown in Figure 4.3.  

 

Onset Time Model - Fs Derivation 

Beam bending is a setup where a sheet is attached to a wall on one side and lifted straight up 

on the other. It allows us to quantify how material parameter affect how material bend. For our 

system, our pulling force is parallel instead of perpendicular. We start with the general 

constitutive model that relates the elastic modulus (E), the moment of inertia (I) and the 

second derivative of displacement with respect to distance (
𝐝𝟐𝐯

𝐝𝐱𝟐) to the bending moment (M). 

In this case distance is along the length of the sheet and displacement is normal to the sheet. 

𝐄𝐈
𝐝𝟐𝐯

𝐝𝐱𝟐 = 𝐌         (S4.7) 

From Equation S4.7, we know that the slope of deflection curve is the first derivative of 

displacement and only displacement changes with respect to distance. The boundary 

conditions are shown in Equation S4.8 and Equation S4.10 are used to derivate Equation 

S4.9 and Equation S4.11 respectively. 

𝐄𝐈
𝐝𝐯

𝐝𝐱
= 𝐌𝐱 + 𝐂𝟏 BC 1) 

𝐝𝐯

𝐝𝐱
= 𝟎   @  𝐱 = 𝟎  so C1 = 0     (S4.8) 

𝐄𝐈
𝐝𝐯

𝐝𝐱
= 𝐌𝐱         (S4.9) 

We integrate again and apply the second boundary condition. 
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𝐄𝐈𝐯 =
𝐌𝐱𝟐

𝟐
+  𝐂𝟐 BC 2) 𝐯 = 𝟎   @  𝐱 = 𝟎  so C2 = 0  (S4.10) 

𝐄𝐈𝐯 =
𝐌𝐱𝟐

𝟐
         (S4.11) 

Here, we substitute the relationships shown in Equation S4.12 that we know from the 

geometry of our system and the small angle approximation (onset of folding is measured when 

the angle reaches 1°). In these equations, include the elastic modulus (E), hinge thickness 

(th), sheet width (W), dihedral angle (αD), hinge width (Wh), and force required to bend the 

sheet (Fs). Finally, we reach our model after substituting into Equation S4.13 and rearranging 

to get Equation S4.14. 

𝐈 =
𝐖𝐭𝐡

𝟑

𝟏𝟐
 

𝐯

𝐖𝐡
= 𝐭𝐚𝐧(𝛂𝐃) ~ 𝛂𝐃 𝐌 =

𝐅𝐒𝐭𝐡

𝟐
  𝐱 = 𝐖𝐡    (S4.12) 

𝐄𝐖𝐭𝐡
𝟑𝛂𝐃𝐖𝐡

𝟏𝟐
=

𝐅𝐒𝐭𝐡𝐖𝐡
𝟐

𝟒
        (S4.13) 

𝐅𝐒 =
𝐄𝐖𝐭𝐡

𝟐𝛂𝐃

𝟑𝐖𝐡
         (S4.14) 

The elasticity modulus is from the literature37 and is based on a strain rate of 10^-4 s-1 as a 

function of temperature. 

 

Onset Time Model – FR Derivation 

This derivation is based on a similar derivation from Principles of Polymer Engineering35. For 

ideal rubber, we can define the force holding the rubber together relative to the entropy in the 

system using Equation S4.15. This equation comes from the general equation of state for 

rubber when the entropic forces dominate the equation.  

𝐅𝐑 = −𝐓 (
𝛅𝐒

𝛅𝐋
)

𝐓,𝐕
        (S4.15) 

 

If we assume:  
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• No volume change occurs upon stretching, then λx λy λz = 1 where λx, λy and λz are 

extension ratios along the x, y and z axes, respectively. 

• For uniaxial extension along the z-axis (λz = λ). 

• Deformation is affine. 

• P(r) = probability that the end-to-end distance of a randomly coiled network chain is r 

and that P(r) is given by the Gaussian distribution. 

• We can use the Boltzmann equation to get the entropy as shown in Equation S4.16. 

The Boltzmann equation relates entropy (S), to the Boltzmann’s constant (k) and 

probability of achieving a given state (P(r)). 

𝐒 = 𝐤 𝐥𝐧(𝐏(𝐫))            (S4.16) 

From these assumptions, we can generate Equation S4.17. 

 𝚫𝐒 =  
−𝛒𝐑𝐕

𝟐𝐌𝐜
(𝛌𝐱

𝟐 + 𝛌𝐲
𝟐 + 𝛌𝐳

𝟐 − 𝟑)       (S4.17) 

For uniaxial extension in the z-axis, λz = λ and λx = λy = λ-1/2 and get Equation S4.18. 

 𝚫𝐒 =  
−𝛒𝐑𝐕

𝟐𝐌𝐜
(𝛌𝟐 +

𝟐

𝛌
 − 𝟑)       (S4.18) 

We then took Equation S4.18 and substituted it into Equation S4.15 (after changing variables 

from L to λ and ended with Equation S4.19, which relates the constriction force (Fc) to the 

density (ρ), gas constant (R), temperature (T), initial cross sectional area of the rubber band 

(Ai), molecular weight between crosslinks (Mc), and extension ratio (λ). 

𝐅𝐜 =
𝛒𝐑𝐓𝐀𝐢

𝐌𝐜
(𝛌 −  

𝟏

𝛌𝟐)        (S4.19) 
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Compressed Thermoplastic Polymers for Fabricating Tunable Self-Folding Devices 
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Overview:  

Prestrained thermoplastic polymers shrink when heated above their glass transition 

temperature (Tg). This property is useful for self-actuating devices including sheets that self-

fold by localizing heat to precise regions on the sheet. Polymers are attractive materials for 

self-folding based on their commercial availability, ease of handling, and low cost. However, 

there are only a few commercial prestrained polymer sheets; examples include: Shrinky 

Dinks®, Eastman’s EmbraceTM, and polyurethane shrink film. The process to fabricate these 

films requires expensive equipment to simultaneously heat and strain the sheets. Due to the 

limited number of commercially available shrink films and processing conditions (i.e., strains, 

moduli, or thicknesses), we created a new fabrication system using heated compression of 

polymer sheets to manufacture strained polymers from planar, unstrained thermoplastic 

sheets. After straining, these materials can self-fold into complex geometries when exposed 

to external stimuli and can fully recover their initial geometry when heated uniformly. Digital 

Image Correlation (DIC) is used to measure the strain profile within the strained samples while 

a Mooney-Rivlin model and geometric model predict the average strain and folding response 

of our samples, respectively. The model predictions agree with experimental results.  Complex 

geometries are obtained experimentally with both thick (~12 mm) and thin (~ 1 mm) strained 

polymers. The techniques presented here should work with many thermoplastic, thus 

increasing the available pool of polymers for self-actuating devices made from commercially 

available thermoplastics.  

 

5.1 Introduction: 

Prestrained thermoplastic sheets are a class of shape memory polymers used in many 

applications, including. self-actuated devices1–11, microfluidics12–14, and manufacturing14–16. To 

create a pre-strained thermoplastic sheet, the original polymer is heated above its Tg, 
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stretched either biaxially or uniaxially, and cooled below the Tg to prevent the sheet from 

relaxing. Industrially, prestrained polymer sheets are made through numerous methods 

including blown film extrusion, roll-to-roll processing, or film casting. These processes stretch 

the sheet biaxially and change the shape of the sheet to match the intended application. 

Unfortunately, the tools to apply prestrain are typically expensive and large. Therefore, they 

are not common in academic research laboratories.  Access to pre-strained polymer sheets 

is limited to commercial sheets, which restricts the diversity of polymers, thicknesses, and 

strains that are accessible. Here, we present a laboratory scale method to generate strained 

thermoplastic sheets to produce self-actuated devices.  

Our method induces relatively uniform radial strain throughout planar polymer sheets 

via compression using a melt press. First, we acquired unstrained thermoplastic sheets of 

various thicknesses and compositions. We tested polystyrene (PS) from 1 to 6 mm in 

thickness and poly(methyl methacrylate) (PMMA) from 1 to 12 mm in thickness. Secondly, we 

used a melt press to compress the material at a temperature slightly below the Tg of the 

polymer sheet. Finally, we removed the strained sheet from the melt press and rapidly cooled 

the sheet to preserve the imposed strain. These strained polymer samples can then be used 

to produce self-actuating devices. In terms of applications, this work is divided into two 

regimes: thin sheets (~ 1 mm) and thick sheets (~ 6 – 12 mm).  

Previously, our group explored using localized heating to induce self-folding in thin 

prestrained PS sheets, commercially known as Shrinky-Dinks®. Researchers developed 

techniques to actuate folding using a myriad of external stimuli including light2,5,8, lasers7, and 

microwaves10. These systems use asymmetric heating to shrink the surface of the polymer 

sheet faster than the bottom of the sheet, thus forcing the sheet to fold toward the heating 

source. Inspired by methods developed earlier, we initiated a self-folding response using the 

thin, strained samples created from melt pressing.  
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Previously, localized stretching was used to create unidirectional strain within thick 

polymer sheets, allowing them to fold upon asymmetric heating11. However, this work failed 

to create complex geometries because we could only strain uniaxially. In contrast, the samples 

formed here by the melt press have radially symmetric strain which enables the creation of 

complex origami shapes from a homogenous polymer sheet. Portions of the polymer sheets 

were ablated away using a Universal® Laser System VLS 3.5 laser cutter to create “hinges” 

composed of thinner regions on the sample. By asymmetrically heating the sample the strain 

is released locally resulting in self-folding of a thick sheet. A schematic depicting both the thick 

and thin folding processes are shown in Figure 5.1. 

 
 

 
Figure 5.1. Schematic to produce strained sheets compressed with a melt press. If these 

sheets are put under a heat gun (red) or an IR light (orange), they will self-fold. All samples of 

varying thicknesses and polymer compositions were initially cut into a 75 mm diameter disk 

using a laser cutter and compressed in a melt press at an elevated temperature (below the Tg 

of each sheet). The strained samples then were either modified using hinge ablation (via laser 

cutting for sample thicknesses 6-12 mm) or ink addition (via China Marker for sample 

thickness <1 mm). An asymmetric temperature profile induces self-folding in the thick and thin 

samples via a heat gun or local light absorption, respectively.  
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5.2 Digital Image Correlation – Strain Quantification 
 
Digital image correlation (DIC) is a photography-based strain mapping technique used to 

calculate and pictorially represent the strain profile within a sample. By placing a pattern of 

random dots (here, using a black marker) on samples before straining, the DIC software maps 

the strain within the entire sample by calculating how each dot has shifted due to in-plane 

deformation of the sheet. The samples are imaged before and after melt pressing and these 

images serve as an input for the DIC software (Ncorr, an open source plugin for MATLAB 

available at: http://www.ncorr.com/) for image analysis. Figure 5.2 shows strain profiles in the 

X and Y directions (Exx and Eyy, respectively) as a function of the force applied in the melt 

press during straining. Some samples exhibit non-uniform distribution of strain after melt 

pressing due to experimental factors such as misalignment of the heating platens, nonuniform 

heating, slippage of the sheet within the melt press, and thickness variation in the polymer 

sheets. 

We use Ncorr to perform the DIC analysis. To operate, Ncorr requires 2 photos, a pre- 

and post-compression image of the sample. Before quantitative analysis begins, we align 

these images using Photoshop. Both images must be perfectly aligned and be within the same 

focal plane to produce accurate strain mapping results. After adjusting both images, they are 

uploaded into Ncorr. The software begins strain mapping by finding a “seed” spot, an identical 

spot located on both the initial and final images of the sample. Ncorr checks with the user to 

verify the seed spot locations on both photos and after approving the seed, Ncorr maps the 

profile by calculating the distance from the seed to the neighboring dots in both images. By 

determining the difference in distances between the same dot in the unstrained and strained 

images, Ncorr calculates the strain in the region between the dots. By repeating this process 

for each set of dots throughout the sample, Ncorr generates a strain profile and indicates the 

strain uniformity of the sample as shown in Figure 5.2. 
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To map the strain field correctly within our samples, we use a unique dot profile. When 

the dots are arranged with equal spacing between the dots, Ncorr is unable to accurately 

tabulate the strain within the sample. The software tries to indicate the “seed” spot on the pre- 

and post-strained images and the spots do not match (i.e., if the seed is set to the center in 

the “before” image, the software might create a match with the edge of the sample in the 

“after” image). Thus, we used a semi-randomized sequence of dots with two distinct features 

to orient the images as shown in Figure 5.2A. In the center of the sample, there is an 

asymmetric 3-dot pattern that allows us to create a consistent “seed” spot when Ncorr starts 

mapping the strain. The 3-dot pattern is different from the rest of the sample to avoid false 

positives. Directly above the 3-dot pattern is a 5-dot pattern used to align the pre- and post-

strained images radially. These two unique features increase the accuracy of the DIC 

measurement. 

Most DIC derived strain profiles for samples strained in the melt pressed appear 

relatively uniform. However, there are many experimental factors leading to non-uniformities 

in strain.  In Figure 5.2B, polystyrene (PS) compressed at 4 metric tons provides one example 

of strain non-uniformity. This particular sample was compressed more in the Y direction than 

in the X direction, resulting in an ellipsoid shape. DIC analysis can quantify the non-uniform 

strain in these types of samples.  

We employed the Mooney-Rivlin model to correlate strain profiles in the sheet 

gathered from DIC to the force applied by the melt press, which will be discussed below. The 

experimental data points in the Mooney-Rivlin model were the median strains from the DIC 

plots (converted into λR). The error bars are the standard deviation of these medians. 
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Figure 5.2. Example images depicting pre- and post-strained PMMA sheets (A). DIC derived 

strain profiles of PMMA and PS samples in the X and Y directions (Exx and Eyy, respectively) 

as a function of applied force in the melt press (B). The colored scale bar represents a breadth 

of strain (mm/mm) imparted to the sample. The scale bars are 20 mm. 

 



120 
 

5.3 Experimental Conditions 

All starting materials were purchased commercially from McMaster-Carr as planar, unaltered 

polymer sheets in a range of thicknesses. Polystyrene (PS) sheets were purchased as a range 

from 1 to 6 mm in thickness while poly(methyl methacrylate) (PMMA) sheets were purchased 

as a range from 1 to 12 mm in thickness. Note that PS sheets are not available commercially 

beyond thicknesses of 6 mm. These sheets were then cut into 75 mm diameter disks using a 

VLS 3.5 laser cutter. This uniform size was used for all samples based on optimization of the 

polymer stretching and the geometry was chosen to minimize the occurrence of edge effects. 

All samples were compressed with a Carver® hydraulic melt press. PS and PMMA 

samples were compressed at temperatures of ~ 90 °C and ~100 °C, respectively. These 

temperatures are slightly below the Tg range of PMMA (105 °C17) and PS (103 °C5) which 

allows the polymers to soften and elongate when compressed. The melt press applied forces 

between 2 – 6 metric tons for 15 – 30 minutes until they stopped stretching. The metal press 

was maintained at a constant force by controlling the pressure of the hydraulic fluid. Thick 

samples would stop stretching at ~ 15 minutes while thin samples would take ~ 30 minutes. 

Upon removal from the melt press, samples were immediately placed between two metal 

slabs maintained at room temperature that acted as a heat sink and induced rapid cooling. 

When samples were heated well above their Tg and removed from the melt press, the sheets 

would recover strain erratically, creating random buckling in the surface of the polymer. Thus, 

the temperatures of melt pressing were chosen to minimize warping and unwanted sample 

strain recovery. 

DIC image analysis was performed on samples to determine the strain profile of the 

polymer sheet. The height of all samples was also measured using a caliper for modeling 

purposes. Upon removal from the melt press, the samples were ready to for self-folding. Below 

we discuss the folding of thick (thickness >6 mm) and thin (~ 1 mm thick) sheets.  
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5.3.1 Thick Sheets 

For thick samples (~6 – 12 mm in thickness) regardless of polymer chemical composition, 

asymmetric heating of a thin ‘hinge’ region actuates self-folding. The strained polymer 

samples are placed within a laser cutter where the outline of the entire shape (for example 

the 2D pattern for an unfolded cube) is cut out from the sample. To produce hinges within the 

material, ~3-4 mm thickness is ablated away from the sample as shown in Figure 5.1. This 

final structure is placed upside down under the heat gun. The heat gun blasts 300°C air at the 

sample to create a temperature gradient through the sheet thickness (in principle, any source 

of heat could be used if it can heat the top of the sheet without heating the bottom). When the 

top of the sheet is heated faster than the bottom and will shrink when it is sufficiently hot. 

Because the top shrinks faster than the bottom, sheet to bends. The hinge region is thinner 

than the rest of the sheet, so it folds first. The shapes created with this technique are shown 

in Figure 5.3.  It should be noted that the hinge thickness, hinge width, strain within the 

sample, and uniformity of the applied heat gun will all impact the final folding response. For 

example, thinner hinge thicknesses result in faster onset times for folding but weaken the 

structure mechanically.  The impact of these experimental factors on self-folding of thick 

prestrained thermoplastic sheets was discussed in Chapter 3 of this PhD dissertation. For 

strained, thick samples we typically used a hinge that is 2 mm wide and 2-3 mm thick.  

Previously, our group has investigated and reported on the ability to produce curvature 

within thermoplastic self-folding sheets18. Many complex and functional self-actuated 

polymeric systems require both folds and curves within a single structure. By controlling the 

thicknesses and widths of the hinges, we can produce any combination of folds and curves 

required to make a complex shape. We speculate that complex shapes such as those reported 

previously could be generated by taking advantage of this differentiation between bending 

and folding. 
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Figure 5.3. Images on the left show the 2D patterns that self-fold into the 3D structures 

created from thick PMMA (~12 mm, middle) and thin PS (~1 mm, right) sheets. We created a 

range of complex geometries including pyramids (top), open boxes (middle), and closed 

boxes (bottom) using both thick and thin self-folding. Note that both the thick and thin folding 

can be produced with a polymeric material other than the ones demonstrated here (i.e., the 

thick and thin folding materials can be reversed). 

 

 

 

5.3.2 Thin Sheets 

For thin samples (~ 1 mm in thickness) self- folding is induced by placing an IR absorbing 

material on the surface of the sample and exposing it to 250 Watt IR light. Previously, our 

group has demonstrated the ability to do this by placing black ink from an inkjet printer upon 

the surface of Shrinky-Dinks® and exposing the sample to IR light5,9,18–20. The 2D sheets are 

placed on a hot plate at 90 °C and allowed to equilibrate. An IR light is then placed ~ 5 cm 

from the surface of the sample and turned on. The elevated temperature of the hot plate is 

used to decrease the temperature differential between the sample and activation temperature 
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(Ta) of the material (~103 °C), which makes folding occur quicker in response to light. Ta is the 

temperature when folding begins. The Shrinky-Dinks® material is relatively transparent to the 

IR light, while the black ink is not. The black inked regions absorb IR light, producing a 

temperature gradient and therefore a strain gradient through the thickness of the sheet. This 

strain gradient through the materials results in a self-folding motion.  Previous work has 

demonstrated the ability to produce geometrically folded structures, controllable curvature, 

and the reproducibility of this system has been verified via predictive modeling 5,9,18–20. 

While the previously developed system is beneficial, the experimental criteria do not 

fit perfectly with the strained samples produced via melt pressing. Shrinky-Dinks® used in 

previous research are ~ 0.3 mm thick while our thin, strained samples reach ~ 0.5 mm in 

thickness. Due to equipment limitations, the samples are too thick to deposit ink using an 

inkjet printing. Since inkjet printing is not an option, we used black Dixon China Marker. To 

test the IR light absorption of this material, we performed UV-Visible Spectroscopy on our 

samples comparing the absorption of black ink as inkjet printed, black ink as extracted and 

placed on the sample with a cotton applicator, and an even coating of China Marker applied 

by hand. The spectrum is shown in Figure 5.4. Surprisingly, China Marker absorbs light more 

efficiently than black ink in all cases. China Marker is deposited manually and creates multiple 

layers on the surface of the polymer sheet. Beer’s Law predicts that multilayered substrates 

absorb more efficiently than single layers, which could explain China Marker’s higher 

absorption. Based on these results, we proceeded with all experimental testing using China 

Marker to draw hinges on the strained samples for thin sheets. 
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Figure 5.4. UV-Vis shows that China Marker absorbs ~98% of IR light compared with printed 

black ink and manually applied black ink which absorb ~73% and ~82%, respectively.  

 

 

 

All folding structures were cut from the strained samples via laser cutting. Then, China 

Marker was used to draw hinges upon the surface of the material. Several experimental 

factors impact the self-folding response of the material including the strain within the sample, 

including, hinge thickness, hinge width, and uniformity of the IR source. To compare these 

structures with the previously reported self-folding samples we tested hinge widths of 2, 4, 

and 6 mm with a range of sample strains and thicknesses based on melt pressing conditions. 

All starting materials for the thin self-folding work were initially ~1 mm thick and the resulting 

dihedral angles from experimental tests will be discussed in a later section. The folding angle 

is the angle between 2 faces separated by a hinge. Dihedral angle is the supplementary angle 

to the folding angle. In addition, we created complex shapes shown in Figure 5.3. It should 



125 
 

be noted that the samples were produced using both PMMA and PS polymer sheets and that 

thin folding samples actuate much faster than their thick folding counterparts. Heat transfers 

faster through thinner sheets, so the difference in actuation speed is unsurprising. 

Unfortunately, this increased speed also makes complex folding difficult. When folding thin 

samples, sometimes one hinge will fold much faster than the other hinges and starts unfolding 

before the other hinges finish folding as shown in the pyramid sample in Figure 5.3.  We 

speculate that curvature could be self-actuated in melt pressed samples using techniques 

similar to those previously published18 - placing a gradient in either the ink layer thickness or 

the amount of surface area ink coverage along the length of the samples. For this system, we 

would use China Marker instead of the ink used in the previous study.  

 

5.4 Mooney-Rivlin Model 

We drew on existing theories to create a model that predicts the stretching behavior when a 

sheet is compressed in the melt press. The Mooney-Rivlin model is the standard empirical 

model used to predict stress-strain behavior in elastomeric polymers21. Although more 

accurate when predicting elastomers, we used the Mooney-Rivlin model to predict the 

behavior of near Tg PS and PMMA. At these temperature, PS and PMMA behave more like 

rubber and deform similarly to elastomers22, which are the conventional materials used with 

the Mooney-Rivlin model21.  

The Mooney-Rivlin model correlates the extension ratio in the material after melt 

pressing to the force applied during melt pressing. Equation 5.1 shows the relationship of the 

stress (σ) to the force applied (F), surface area (A), height extension ratio (λz) and material-

dependent constants (C1, C2). We fit experimental data to calibrate C1 and C2, which are 

tabulated on Table 5.1. Although the specific sheets used in this study had not been 

characterized with the Mooney-Rivlin model, other researchers have determined the 

characteristic constants C1 and C2 in the Mooney-Rivlin model for bulk PMMA23,24 and PS25. 
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Table 5.1.  Constants for the Mooney-Rivlin Model. 

Constants 12 mm thick PMMA 

(MPa) 

6 mm thick PS  

(MPa) 

1 mm thick PS 

(MPa) 

C1 0.077 0.023 0.551 

C2 0.256 0.060 0.878 

 
 
 

Equation 5.2 defines the extension ratio of the height as a function of the sheet thickness 

before (Z0) and after (Z) straining (i.e., melt pressing) of the sample. We utilize the extension 

ratio, defined in Eq. (5.2) to stay consistent with Chapters 3 and 4. Equation 5.3 assumes that 

the deformation of the sheet is affine and it defines the relationship between the extension 

ratios for height (λz) and radius (λR) of a disk geometry. 

𝛔 =
𝑭

𝐀
= 𝟐(𝐂𝟏 +

𝐂𝟐

𝛌𝒛
)(𝛌𝒛 −

𝟏

𝛌𝒛
𝟐)       (5.1) 

𝛌𝒛 =
𝐙

𝒁𝟎
          (5.2) 

𝛌𝒛𝛌𝑹
𝟐 = 𝟏         (5.3) 

Using Equations 5.1, 5.2, and 5.3, we modelled the system to show the radial extension ratio 

as a function of force applied in the melt press, which is shown in Figure 5.5. In the model, 

the force applied and the surface area determine the extension ratio, not the thickness; 

therefore, the thickness of the sheet should not affect the amount of strain imported to the 

sheet. In PMMA, the theory matches the experimental result – the thickness does not affect 

the strain imparted with the melt press. However, the thickness of PS appears to influence the 

straining imparted by the melt press as shown in Figure 5.6. This discrepancy requires future 

study to fully understand the behavior.  For the current study, we fit the Mooney-Rivlin model 
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to 1 mm thick PS experimental as shown in Figure 5.5. Using this fit, we calculated Mooney-

Rivlin constants for 1 mm thick PS as shown in Table 1. We use the Mooney-Rivlin model to 

calculate λR as a function of force using the constants for 1 mm thick PS and 12 mm thick 

PMMA. Using λR, we calculated the shrinkage (S) used in the geometric model below. 
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Figure 5.5. The Mooney-Rivlin model correlates the force applied in the melt press to the 

radial extension ratio (λR) post-melt pressing. Using this model, an end user can predict the 

strain in their sample using only the applied force and the surface area of the disk. The PMMA 

has a starting thickness of 12 mm. The PS was modeled at two different thicknesses: 6 mm 

and 1 mm. All samples have a diameter of 75 mm. 
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Figure 5.6. λR of a sheet strained in the melt press plotted as a function of starting sheet 

thickness for PMMA and PS. The applied force was 6 metric tons in all cases. λR does not 

depend on thickness for PMMA but does effect PS. 

 

 

 

5.5 Geometric Model 

A previously derived geometric model9, as shown in Equation 5.4, was also employed to 

predict the dihedral angle of self-folding Shrinky-Dinks®. Here, the dihedral angle (αD) is a 

function of sheet thickness (Z), hinge width (W), and shrinkage (S). The shrinkage uses the 

Swainger strain (as defined in Chapter 3) to define how a sample will transition from a strained 

state to a recovered/unstrained state. Since we use radial coordinates, we define this equation 

in terms of the prestrained radius (R), the recovered or unstrained radius (R0), and the radial 

extension ratio (λR) as shown in Equation 5.5. 

σ𝐷 = 180° − 2 · tan−1(
2Z

W·S
)       (5.4) 
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𝑆 =
𝑅 − 𝑅𝑜

𝑅
= 1 −

1

𝜆𝑅
        (5.5) 

This model assumes that: 1) The polymer directly underneath the hinge shrinks; 2) 

The bottom of the polymer sheet does not shrink considerably; 3) The strain relaxes linearly 

across the polymer sheet thickness; and 4) The thickness of the film in the folding region does 

not increase considerably with shrinkage. We predict the dihedral angle for both PMMA and 

PS in Figure 5.7 as a function of force and extension ratio. Both films had a starting thickness 

of ~ 1 mm, used hinges made from China Marker, and were self-folded using IR light. 

In Figure 5.7A-B, we input a force and predict a dihedral angle using Equations 5.1 

and 5.4. The results of this model are highly variable because the force applied during melt 

pressing does not perfectly produce a uniform strain profile, as evidenced within Figure 5.2. 

It should also be noted that the results of this plot are unique to our experimental setup. A 

melt press in another lab could be aligned slightly differently, heated at a different rate, have 

a different amount of friction between the polymer sheet and the plates, and/or apply a 

different amount of pressure over time which would alter the strain within the post-pressing 

sample. If a sample is in a low or high strain region, the dihedral angle will change too. When 

making complex shapes, like those shown on Figure 5.3, the variation in sheet strain will 

cause the sample to fold to different dihedral angles. Figure 5.7A-B shows that in general, 

applying large forces leads to larger dihedral angles. In Figure 5.7C-D, we plot the strain in 

the hinge of the sample and predict the dihedral angle using the geometric model, showing 

the well-established dependence of dihedral angle on strain5–11,20. Once an end-user has 

determined the strain profile in their sample, this plot will allow them to predict the dihedral 

angle by carefully choosing a hinge width. Figure 5.7E-F show the predicted dihedral angle 

compared to the experimental angle for a given sample. If the geometric model were perfectly 

accurate, the data would have all fallen on a diagonal line with a slope of 1. If a linear trend  
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Figure 5.7. A geometric model is used to predict the folding angle as a function of hinge width 

for PS (left) and PMMA (right). (A-B) We use the geometric model to predict the folding angle 

based on the applied force in the melt press. This model only accounts for geometry, so any 

nonuniform strain profiles produced in the melt press will result in deviation. (C-D) Since force 

does not perfectly correlate to the amount of strain in a particular region of the sheet, the data 

from A-B is replotted as a function of strain. This plot shows that despite the high variance in 

the system, the geometric model predicts the dihedral angle relatively well. (E-F) The 

predicted dihedral angle vs. the experimentally measured dihedral angle demonstrates a 

reasonable fit with a near-linear trend line. 
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line is fit to the experimental data in Figure 5.7E-F, the slopes of the two linear trend lines are 

0.71 (PS) and 0.53 (PMMA). Given the variability in the system, the geometric model fits well. 

 

5.6 Conclusions 

Within this work, we have shown that planar thermoplastic sheets of various thicknesses and 

chemical compositions can be strained by compressing them in a melt press at temperatures 

close to the glass transition temperature of each sheet. We used Digital Image Correlation to 

map the strain profile of the samples after melt pressing and to indicate areas of non-uniformity 

in strain. To demonstrate the applicability of this lab-scale straining technique, we produced a 

range of 3D complex geometries, including, pyramids, open boxes, and closed boxes by 

folding the pre-strained thick PMMA and thin PS sheets. These structures demonstrate that 

complex shapes can be made from thermoplastic sheets prestrained in a melt press, with a 

wide range of sheet thicknesses. Thin samples (~1 mm) self-folded into cubes and pyramids5 

while the thick samples (~12 mm) folded into complex 3D shapes at relatively large 

thicknesses of PMMA for the first time. The Mooney-Rivlin and the geometric models predict 

accurately the strain and dihedral angle of generated samples, respectively. This system can 

produce self-folding devices of various complex shapes using both thick and thin sheets.  We 

speculate that this process is also amenable to the production of curvature across the entire 

sheet instead of localized folding. The ability to tailor a specific application based on the 

polymer composition, polymer thickness, hinge width, and activation mechanism (including 

temperature constraints) may provide industrial applications. By harnessing true tunability of 

lab-scale self-folding polymeric materials that has been previously been unattainable, devices 

such as grippers, encapsulating boxes, sensors, and actuators are all potential applications 

with which this work could be utilized. 
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CHAPTER 6  

 

Summary and Future Outlook 
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6.1 Summary  

This Ph.D. dissertation describes techniques to convert 2D sheets into 3D objects with a focus 

on thick thermoplastics, including poly(methyl methacrylate) (PMMA) and polystyrene (PS). 

The basic premise of this work is to release strain in localized regions of prestrained polymer 

sheets using heat.  We examined various stimuli to deliver the heat including microwaves, 

infrared (IR) light, uniform heat with an oven, and asymmetric heat supplied by a heat gun. 

We folded both simple and complex shapes including boxes, cranes, and the Muira Ori fold.  

We demonstrated the ability to self-fold pre-strained polymer films using microwaves 

as a heating source.  A pattern of graphene ink on the surface of pre-strained polymer films 

absorbs the microwaves and causes the polymer to shrink directly below the hinge, which 

induces the polymer sheet to fold.  The dihedral angle is directly proportional to the hinge 

width printed on the polymer sheet and it is possible to self-fold to 180°.  The quality of the 

folding depends on the geometry and orientation of the sample due to uneven distribution of 

microwaves energy in the microwave reactor (commercial microwaves also have non-uniform 

heating). The best folding occurs when the hinge receives as uniform heating as possible 

across its length, which occurs at an azimuthal sample orientation of 90° within the reactor.  

A finite element model suggests that the absorption of microwave energy by the hinge results 

in a temperature difference of ~40 °C from top to bottom of the polymer samples.  This large 

temperature difference explains why the samples can fold within seconds despite starting at 

room temperature.     

We successfully programmed and folded three different thermoplastic sheets (PMMA, 

PS, and PC all 2 mm thick) as well as PMMA sheets with a range of thicknesses (ranging from 

1.5 to 12 mm).  Previous self-folding of thermoplastics was limited to thin sheets, but thicker 

sheets can support more stress and are therefore form more robust 3D shapes. The sheet 

folding occurs by prestraining local regions of the polymer sheets and then heating them 

asymmetrically by applying heat from a heat gun to one side of the sheet.  The dihedral angle 
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of the sheet heated with a heat gun can be described by a simple geometrical model for a 

range of thicknesses, extension ratios, and degree of prestrain all for polymeric materials 

studied.  Using the Almansi strain rather than the Swainger strain improved the match 

between the experimental data and the geometric model.  We characterized the folding 

behavior in terms of the thickness, strain, material type, folding speed, and temperature 

behavior of the hinge.  

We also demonstrated a method to create complex origami folds using only rubber 

bands, binder clips, ablated sheets of PMMA, and an oven. The sheets can be folded reliably, 

reversibly, and repeatedly. The rubber band programs the dihedral angle as predicted by the 

law of cosines. A force balance model predicts the onset of folding in samples with hinges up 

to 0.8 mm thick. Finally, we created a new programming method that changes the base 

structure that our samples unfold into when the rubber bands have been removed and heat is 

applied. We speculate that this technique could be used to make morphing objects from the 

same starting sheet of material. 

Finally, we have shown that planar thermoplastic sheets of various thicknesses and 

chemical compositions can be strained by compressing them in a melt press at temperatures 

close to the glass transition temperature of each sheet. We used Digital Image Correlation to 

map the strain profile of the samples after melt pressing and to indicate areas of non-uniformity 

in strain. To demonstrate the applicability of this lab-scale straining technique, we produced a 

range of 3D complex geometries, including, pyramids, open boxes, and closed boxes by 

folding the pre-strained thick PMMA and thin PS sheets. These structures demonstrate that 

complex shapes can be made from thermoplastic sheets prestrained in a melt press, with a 

wide range of sheet thicknesses. Thin samples (~1 mm) self-folded into cubes and pyramids5 

while the thick samples (~12 mm) folded into complex 3D shapes at relatively large 

thicknesses of PMMA for the first time. The Mooney-Rivlin and the geometric models predict 

accurately the strain and dihedral angle of generated samples, respectively. This system can 
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produce self-folding devices of various complex shapes using both thick and thin sheets.  We 

speculate that this process is also amenable to the production of curvature across the entire 

sheet instead of localized folding. The ability to tailor a specific application based on the 

polymer composition, polymer thickness, hinge width, and activation mechanism (including 

temperature constraints) may provide industrial applications. By harnessing true tunability of 

lab-scale self-folding polymeric materials that has been previously been unattainable, devices 

such as grippers, encapsulating boxes, sensors, and actuators are all potential applications 

with which this work could be utilized. 

 

6.2 Future Outlook 

The following highlights future areas of research and applications that are worth exploring in 

the future. 

 

6.2.1 Chemical Folding  

‘Chemical folding’ was an idea we explored that never worked as well as we hoped. The basic 

idea was to diffuse a plasticizer through the thickness of a sheet to create a hinge by lowering 

the Tg in a gradient throughout the hinge. As the concentration of the plasticizer increases, 

the Tg would drop below room temperature and allow the surface of the sample (where the 

concentration was highest) to shrink while the backside of the hinge (where the concentration 

was lowest) to stay extended. In principle, this method would induce self-folding in polymers 

without using heat. Unfortunately, either the plasticizers did not diffuse fast enough into the 

material to create a significant gradient in Tg or they dissolved the material completely. 

We created a bilayer system composed of PS and scotch tape and submerged in 

styrene. The styrene penetrated the PS side but not the tape side of the bilayer. This allowed 

the system to fold but the styrene would dissolve the PS as soon as the sample finished 
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folding. Removing the bilayer from the styrene also did not work because the styrene 

weakened the sample and the bilayer would break when moved. 

Getting this concept to function as intended requires a specific combination of 

plasticizer/solvent and polymer. The plasticizer/solvent would need to diffuse through the 

hinge quickly enough that a gradient in Tg would form but not dissolve the polymer in the 

process. The polymer would also need to be prestrained and be able to recover that strain in 

its partially solvated state. If a polymer and plasticizer/solvent system could be found, this 

system could lead to remote deployment applications. 

 

6.2.2 Melt Press - Future Work 

Chapter 5 discusses using a melt press to create strained PS and PMMA for self-folding 

applications. It would be interesting to expand the scope of this work to include polyethylene 

terephthalate (PET), poly lactic acid (PLA), polycarbonate (PC) and various polyesters with a 

Tg above room temperature. We want to show that the melt press straining method is robust 

and can work for many different polymers. 

 We also plan to collect more data on all polymers strained with the melt press to 

expand the predictive powers of both models discussed in Chapter 5. With a clear trend for 

each polymer, we could create a program online where a user could input the polymer, force, 

and geometry, and the program would predict the range of strains expected in the polymer 

sheet. 

 Finally, we will explore how the limitations of the equipment affect the straining 

process. We plan to test how the strain profile will change if we cool the sample while in the 

melt press, if we use a different melt press, or if we use a mold to limit the maximum extension 

of the polymer sheet. 
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6.2.3 Children’s Toy / Folding Kit  

While running outreach events using self-folding polymer sheets1–3, we noticed the high levels 

of excitement and engagement from the children participating in the demonstration. We setup 

a hot plate and IR light setup to allow children to draw hinges on prestrained PS and watch 

their inventions self-fold before their eyes. At the end of the event, the parents would ask our 

team where they could purchase the materials to recreate the demonstration in their home. 

We realized that a market exists for a self-folding origami system designed for home use. 

Unfortunately, the system used for outreach is not safe for children due to the high 

temperatures involved. Luckily, the system presented in Chapter 4 is safe for home use.   

In Chapter 4, we discuss a bilayer system that can fold any number of prescribed and 

modular shapes in uniform heat using all household safe materials. We are considering 

commercializing this project to create a children’s toy for the market. 

The toy we propose is motivated by three main drivers: 

1) Creating engaging classrooms: As a visually stimulating application of science, we 

could market the toy to teachers to make science class rooms more exciting to young future 

scientists. They could engage the students in an exploration of what drivers the shape change 

and look at how different facts influence the final shape. Such a lesson could involve teaching 

children about geometry, origami, materials, plastics, energy, and shape programmable 

materials. Although primarily aimed at children, it also provides a visual tool for teaching 

principles of polymers to college students and adults. 

2) Inspiring young scientists: One of the biggest drivers for commercialization are the 

parents met during outreach events. Kids from both primary and secondary school were very 

excited while making 3D shapes from 2D sheets without using their hands, and parents 

noticed. We want to provide the opportunity for parents to bring that excitement about science 

to their home.  
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3) Capitalizing on a demand in the market: Given the excitement we see at every 

outreach event, we believe there is a market for self-folding toys. We plan to make a kit that 

enables children to fold birds, planes, and modular shapes. If this product is successful, we 

could start a line of products with different themes. We are currently pitching this idea to 

publishers in the toy industry to find an industrial partner.  

To bring this product to market, some refinement and safety testing is still needed. The 

shapes we put into a kit would need to avoid sharp edges and be strong enough to survive a 

child playing roughly. We plan to explore different color materials and add-ons like stickers to 

allow children to customize the toys. We also need to explore the potential safety hazards of 

using rubber bands in an oven. If a significant amount of material is degrading or becoming 

air-born, it could contaminate food cooked using the oven. If we can overcome these safety 

concerns and find an industrial partner, we look forward to creating this toy. 

 

6.2.4 Optical Applications for the Folding Driven by Elastic Filaments 

When exploring the effect of hinge thickness on the folding/curving of the folded samples in 

the bilayer system from Chapter 4, some samples that did not behave ideally curved out-of-

plane. After improving our bending technique, we could make convex lens.  We could 

manipulate this effect to create cost-effective, low throughput PMMA lens.  

We have done some preliminary work to create lens using the pyramid design 

(Chapter 4 Figure 4.3). When this structure folds, the base of the pyramid bows out and 

makes a convex lens. If we cut out the bowed convex base from the sheet, we can create a 

lens.  

For this to work, one would first need to explore which parameters affect the curvature 

in the hinge. So far, we know that the hinge thickness and dihedral angle both affect the 

curvature. We would also recommend building a geometric model to predict the 

curvature/magnification based factors like dihedral angle, hinge geometry, and sheet 
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thickness. Once we can control and predict the optics, we would need to find the size, shape, 

and magnification to target an application. Tunable, plastic lens could open new applications 

for cost-effective optics. 

 

6.3 Final Thoughts  

Self-folding systems work best when applied to situations like remote deployment or 

on the microscopic scale, where manipulating by hand is not an option. As scientists innovate 

self-folding technique, we create a larger toolbox for applications and expand what technology 

can use self-folding components. As we look to the future, we use the tool box of techniques 

developed now to solve the problems of tomorrow. 

 


