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ABSTRACT

Suppose that we have n observatons from the convolution model ¥ = X + €, where X and € are
the independent unobservable random variables, and € is measurement error with a known distribution.
We will discuss the asymptotic normality for deconvolving kemel density estimators of the unknown
density fx(-) of X by assuming either the tail of the characteristic function of & behaves as
It Ip°exp(— 1£18/) as t — oo (which is called supersmooth error), or the tail of the characteristic func-

tion is of order O (¢~ P) (called ordinary smooth error). Asymptotic normality of estimating the func-

l .
tional T(f) =Y, a; f ¥Axy) is also addressed.
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1. INTRODUCTION
Suppose that we have n observations y, - - -, y, iid. from the convolution model
Y=X +¢ (1.

we want to estimate the unknown density fx(x) of X nonparametrically, where € is the measurement

error with a known distribution.

Such a model with contaminated error exists in many different fields and has been widely studied.
The model arises from microfluorimetry, electrophoresis, biostatistics, and some other fields, where the
measurements can not be observed directly. For example, in AIDS study, Y may be the time from
some starting point to the time that symptoms appear, € might be the time from the starting point to
the time that infection occurs, and X is the incubation period ( the time from the occurrence of infec-
tion to the time of symptoms). Obviously, there are many examples of this kind in the biological stu-

dies. Additional practical problems of deconvolution can be found in Medgyessy (1977).

Applying the model to Bayesian sctting., the deconvolution problem is precisely the same as the
empirical Bayesian estimation of prior (Berger(1986)). Another possible field of application is the gen-
eralized linear measurement-error model (Anderson (1984), Bickel and Ritov (1987), Schafer (1987),
Stefanski and Carroll (1987)), where in the structural model, deconvolution provides a non-parametric
way of estimating the unknown density of predictor and hence the conditional first two moments in
Schafer’s EM algorithm and the unknown density in the efficiency score defined by Stefanski and Car-
roll(1987) can be estimated non-parametrically. Another interesting application is u‘sing deconvolution
techniques to estimate a monotone density (Donoho and Liu (1987,1988), Grenander (1956), Greone-
boom (1985), etc.) where nonparametric maximum likelihood method and kernel density estimators are
typically used. Note that a random variable ¥ having a monotone density iffY 2 X g, where X and ¢
are independent, and € is distributed uniformly on [0, 1] (hence log € is distributed as an exponential

distribution so that the density of X can be explicitly deconvolved). The approach appears to be new in

the literature.
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* Related works on the deconvolution problem include Carroll and Hall (1988), Fan (1988a, b),
Kuelbs (1976), Liu and Taylor (1987a, b), Mendelsohn and Rice (1982), Nadaraja (1965), Schwartz
(1969), Stefanski and Carroll (1987), Stefanski (1988), Wise et al (1977), and Zhang (1989). Some
optimal rate (local and global) results and the uniform consistency results can be found in the felated
works cited above. The procedure for estimating the unknown density is the kemnel density estimator,
which achieves the optimal rate of convergence for an appropriate kernel and bandwidth. As in the
ordinary kemnel density estimation, it appears necessary to find the asymptotic distributions of kernel
density estimators so that we can construct the confident intervals and do some other statistical infer-

ences on the unknown fy.

The kemnel density estimator of estimating the unknown density of X is defined by using Fourier

inversion, i.e.

fJﬂ———JepHuﬁAmJ%m

, 12
YoR (12)

where ¢y is a known function with ¢ (0) = 1, which can be thought as a characteristic function of a

kernel K (), and ¢, (¢) is the empirical characteristic function of the observations defined by

ba0) =+ 3 expliy;). a3

j=l

To see why the estimator is a kemnel density estimator, note that £, (x) can be rewritten as

1 &1 X =Y
7.§7.- a( - ) (1.4)
where
1 P b (t)
8. (y) = E j exp(-ity) %(”h )d (1.5)

More generally, we want to find the limit distribution of estimating the /th derivative, f¥(x), of
the unknown density fx(x) under certain conditions. A natural estimator is the [th derivative, defined

by




Fey - Lo 1 w X =Y
n (X) ng{ h,‘*‘g"( . » (1.6)

where

800) & o= [ Cinexp(-ity g6 Vocstha) db. an

Similar to the results given by Carroll and Hall (1987), Fan (1988a, b), the limiting behavior of
the estimator (1.6) will heavily depend on the tail of ¢,. We will separate the problem into two cases:
ordinary smooth and supersmooth. Roughly speaking, we will assume that the tail of ¢ behaves as

either

) 0.04)=0@P), 1 — +oo for some B 2 0 (ordinary smooth case) or

i) o) = O(tB°exp(— *1)), ¢ — +o for some B >0,y >0 and real number By ( supersmooth
case).

The typical examples of super-smooth error distributions are normal, Cauchy, and their mixtures.
Examples of ordinary smooth error distributions include gamma, symmetric gamma, double exponential,

and their mixtures.

2. ASYMPTOTIC NORMALITY

To discuss asymptotic normality of the estimator (1.6), note that (1.6) is the sum of an i.id.
sequence. Thus, we need only check the usual triangular CLT conditions hold. A sufficient condition

for asymptotical normality

FOx) -EfOx) L

=>N@©, 1) Q.1
Vvar(F0(x))

is that Lyapounov’s condition holds, i.e. for some & > 0,

E\Z, - EZ,12*®
n¥*varZ, )1+ ¥

— 0, 22)

where
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D S/
Zuj - h.1+l gn ( h. ) (23)

To check (2.2), we have to give a lower bound for var(Z,,). For the ordinary smooth case, we

need the following lemma, which generalizes the Theorem Al of Parzen (1962).

Lemma 2.1: Suppose that K, () is a sequence of Borel functions satisfying

K.(y) > K(y), and suplK,(y)! <K"(y),

where K *(y) satisfies

J' K*(y)dy <= and lim 1yK*(y)! =0.
Zoe ) Amand

If x is a continuity point of a density f (-), then for any sequence h, —> 0, we have

Jim o= [ REED 0w =r@ [ k0w,

Case I (ordinary smooth case): For this case, we will need the following assumptions on the tail

of characteristic function ¢, and kernel function ¢, call Assumption Any.

Assumption A,

) o) P —c, v ()P — —Bc .(as t —> +o0), with some constant ¢ # 0 and B > 0. Moreover

Oc(t) =0, for all ¢,

i)  ¢x(t) is a symmetric function, having m + 2 bounded integrable derivatives, $¢(0) =1 and

Ox(t)=1+0(tI™),ast -0,

i) J’ L) + 101 1218+ df < oo, J’ 1128 +D 0, (1)12 dt < oo,

iv) The mth derivative of the unknown fx (-} exists and is continuous.
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Note that the assumption A, ; is stronger than the assumption A, ; if m > k. Note also that the
assumption A,, ; ii) implies the kemnel function

Ko)=@o™ [ e®opd @4
is a real-valued function integrating to unity, and satisfying

IK(y)l <D(1+ ly|™%! (2.5)

for some positive constant D and

j ¥ K(y)dy =0, for 1 <j Sm-1, 2.6)

i.e., K () satisfies the ordinary kemel conditions (Prakasa Rao (1983), page 46). Under these assump-

tions, it can be proved (Lemma 3.1 ) that if A, — 0, then

2
2P (g < —c—;— @)
X

for some constant C,, which is independent of n and x.

Theorem 2.1: Under the assumption 4, , if A, — 0 and nh, —> oo, then

f8) - EfPx) Ly N, 1)
Vvar(F(x)) n

Remark 1: The assumption that ¢x(t) =1+ O(™) as + — 0 is not used in the proof of
Theorem 2.1 and 2.2. But, it will be used in Corollary 2.1 & 2.2 to ensure that the bias of estimator

goes to O sufficiently fast so that we can replace Ef {)(x) by f§"(x).

Even though we obtain the asymptotic normality for a kernel density estimator, its rescaling still
involves the unknown quantity var(f (x)). We have to estimate the scale from the data. Note that the
unknown quantity from the proof of Theorem 2.1 is

fr&x)

AT [ 100 Poe1? a1 + o).
¢ —om

var(f,,“)(x)) = % h”-z(l +1+B)+1
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Here, the unknown fy can be replaced by any of its consistent estimators. For example, it can be
replaced by fy = f,*F., where f. is the kernel density estimator given by (1.2) and F, denotes the cdf
of €. But, it involves some extra computation for the convolution and the integration. Naturally, we
would rather use sample variance to estimate it. In what follows, we need to check that the 5ample
variance converges in probability to var(Z,,), where Z,; is defined by (2.3). As E(Z2) goes to =, and
EZ,, is bounded, it is not important to know that whether the sample mean converges to EZ,; or not.

In fact, it is not generally true unless h, tends to O sufficiently slow.

Lemma 2.2: Under the assumptions of Theorem 2.1,

1 P
72 > b 2.8)
and if moreover nh X! *P*+! _5 o then
L& P
-~ Y z,;-EZ, — 0, 2.9
1

where Z,; is defined by (2.3).

_ 1
Corollary 2.1: Under Assumption A,; (m >1),if h, =o(n ™ *%*') and £§() is bounded,

then

= fO) - ) L
n —_>

NQ@O, 1),
Sa

where s, is given by either s2=

N |-

22,3 or the sample variance defined by
1

n L
s2= % Y2, - %Z Z,;)* provided that nA X *B+! 5 o where Z,; is given by (2.3).
1 1

Remark 2: By the results of Fan (1988a), to achieve the optimal rates (singular) of convergence

1
under quadratic loss, the optimal rate of bandwidth , must be of order n 2" *#+!  To assure the

the bias is a negligible quantity in comparison with the variance of the estimator, we have to let




bandwidth go to O faster than the optimal one.

Case II (Supersmooth Case): In this case, we will assume that ¢¢(¢) and ¢« (¢) satisfies the fol-

lowing assumptions, called Assumption B,, ;.

Assumption By

D ca2 16401 11 P exp(1e18y) 2 ¢y, as t —> + oo with B, ¥, ¢, ¢, >0 and some real number
Bo. 0c(t) # 0 for all 1. Write ¢.(t) = R(t) + i [(t), where R(t) and /,(t) are the real part and
the imaginary part of the characteristic function of € Assume furthermore that either
I(t)y=0R(t))orR(t)=0((t)) ast —> .

ii) ox(t) is a symmetric and supponed. with [-1, 1], having the first m + 2 continuous derivatives.

Moreover, dg (1) > c3(1 —t)™*3, fort € [1 -8, 1) for some § >0, and c3> 0.
iii) ¢ox)=1and ¢x(t)=1+0(1t1™),ast —> oo,

iv) The mth derivative of unknown fx () exists and is continuous.

Note that for this case, it is hard (maybe impossible) to find a simple expression and the exact
order for the function g{"(y) defined by (1.7). Consequently, the essential difficulty is in finding a
lower bound of EZZ . This is why we impose so many assumptions. Fortunely, these assumptions do

not exclude the commonly-used error distributions, such as normal, Cauchy and mixtures of normal, etc.

The assumption i) essentially says that the error distribution is supersmooth, and at the tail, its
characteristic function is essentially pure real or pure imaginary. The assumption ii) is imposed to
make (1.7) converge. The smoothness condition on ¢ () is imposed to make (2.5) valid. Because of
the smoothness conditions of ¢x(-), the tail condition that ¢x(t) 2 c3 (1 - ()" *3as ¢t — 1 is the sim-
plest one we can impose. The assumption iii) is made so that kemel function satisfies (2.6). It will not

be used in proving Theorem 2.2.

Lemma 2.3: Under the assumption B, ;, as n —> oo,

‘ AR\
1800 2 caq(y) exp((l—j;”—)) h,.”" br e, (2.10)
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uniformly over y € [0, n2), where b, = A¥@" +* and ¢ is a positive constant, and

|ﬂl—§ﬁ,l)-|, i€ 1,(6) = 0 R (1))

y

2Q)= ; :

U | iRy = 0
dy

Now, we are ready to state and prove the asymptotic normality for a kemnel density estimator.

Theorem 2.2: Under the assumption B, ;, then we have

fO0)-Ef9x)

N@O, D,
i)

provided that 4, ~ c(log n)™"®, for some ¢ > 0.

To show the legitimacy of replacing var(Z,;) by the sample variance, we need the following

Lemma.

1
Lemma 2.4: Under the assumption By, if A, ~ ¢ (log n) B then
pIAS
1 P
—> 1 2.11
nEZ} @b

in probability and if moreover A, ~ (a%log n)‘“'3 for some 0 < a <1, then
- > 2, - B2, Lo, 2.12)

where Z,; is defined by (2.3).

Corollary 2.2: Under the assumption B,,; (m > 1), if h, ~ (a-;r-log n)™"P for some a > 1 and

£ ™)) is bounded, then

F ) -~ £
ﬁ- fll (x) f (x) __l¥9

. N@, 1), (2.13)
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where 5.2 = % Z is defined similarly to Corollary 2.1.
1

Remark 3: The optimal bandwidth in the supersmooth case is k, ~ d (log n)‘“B for some large
d (> (¥2)"'®). The constant term d is important for the order of magnitude of the variance teﬁn, and
the variance can even go to infinite if d <(y/2)'m (see Lemma 2.3 and (3.7)). By choosing a
sufficiently small constant, the bias is a negligible term in comparison to its variance. However, the
situation changes for a sufficiently large constant. For a large constant 4, the variance will be a small

order term. Thus, the mean square error of a kemel estimator and the result of Corollary 2.2' is quite

m -1

sensitive to choosing a suitable constant. As the optimal rate of the problem is only O ((log n)- B

(Fan (1988a, b), we cannot expect that (2.13) converges reasonably fast for moderate sample siies. The

final remark is that the sample mean % Y. Z,; may not converge to EZ,; for the bandwidth given by
1

Corollary 2.2. This is why we don’t use the sample variance to estimate var(Z,,) in Corollary 2.2.

3. PROOFS
Proof of Lemma 2.1:

The proof is quite standard (Parzen (1962)). Let & > 0, and split the region of integration into

two parts: 1yt <8 and Iyl > 8. Then

1 ¢ x - P
| RED o 1@ [ Ko
st Pa-»-F@l- KoM dy 1+ £ | Ka0) - KONy

- l -
S maxif (e - y) = £ _j_K Oy + 5 s 1K)

+f (&) J K" @)z + £ [ (KaG) - KONy 1.
tyl 28k —om
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By Lesbegue’s dominated convergence Theorem, and the assumptions, the last three terms tend to 0, as

n—o. Letting 0, we conclude the result.
We need the following Lemma to prove Theorem 2.

Lemma 3.1: Under assumption 4, ,,

C
O < SL
hZPle )P < —

for some constant C,.

Proof of Lemma 3.1:

By integration by parts,

890 = L [ exple i) inyt XD

J weiny ] &

Thus, by the usual argument (see (3.1)),

1 g o)y 2
wuriors b (o L0 a)

< S0 U0t + 10 @) 1019 ar 2
x —
for some constant C. Hence, the assertion follows.

Proof of Theorem 2.1:

Note that the assumption A, i) implies that

h dx (1) o (t) max | dg ()|
de(t/hy) l < max{2l c l 1[|l| 2Mr W 1[Itl sm,}}

< golt), (ERY
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where g, is a positive integrable function such that j el got)dt < oc,' 1 4 is the indicator function
for a set A, and M is a large enough ( but fixed ) such that
-B Icl
it =P o) 2 = when ¢! 2 M.

By Lesbegue’s dominated convergence theorem(see (1.7) & (3.1)), we have

w 80) — == [ exp(-iy)X- in) Pox(o) e,

where g() is the "deconvolution kernel" function defined by (1.7). A consequence of (3.1) is that

1hBe. Oy < f 11t go(t)dt A Cy < oo,

Combining with (2.7) (see Lemma 3.1), we have
hP1g @)1 < min(Cy, Cily). 32

Let fy() be the density of Y =X +&. Then by the assumption 4;; iv), fr() is continuous. By

Lemma 2.1 and Parseval’s identity, we have

E23 = v | WOCDR £ 00y

P 2
- it | 3 [ exptimint Bocwa v+ o)

frx)

2xlc1?

j 120+ Do (1)12 de A7+ B+ 1L+ 0 (1)), (33)
and by Fubini’s Theorem and Lemma 2.1,
1
2= [ (6 -y)5-KGEd = £,

where K is given by (2.4). Similarly, by (3.2) and Lemma 2.1, we conclude that
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E |Z~x|2+8 = O(h;(2+5)(l +B+l)+l).
Thus, Lyapounov’s condition (2.2) holds and the conclusion follows from Lyapounov's Theorem.

Proof of Lemma 2.2:

According to the Weak Law of Large Numbers ( Chow & Teicher (1978), P328), (2.8) holds if

foreache >0

1 2
7 E@Zil; 2penp2)—>0 (34)
By (2.3), (3.2) and (3.3), we have
1Z,, 12 < (hh—f”,)2 <en EZ} (as.)

when n is large enough, by using the fact that nh, —> ==, Consequently, (3.4) holds. Now by (3.3), if

nh20 *+B+1 5 o then
ntvar(Z,) = O (n s KRRy 5 0,

which implies (2.9).

Proof of Corollary 2.1:

By (2.4) and (2.6), the kemel function K (-) satisfies the classical kernel conditions (Prakasa Rao

(1983), P46-47). Thus

EF@ = [ fO - hyK My = fO@) + 0T Y.
Consequently by Theorem 2.1, (3.3) and the assumption of k,, Ef.{’(x) can be replaced by f“(x) in
(2.1). Note that
var(Z,\JEZL — 1.
By Lemma 2.2,

var(Z, s 2 -5 1.
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Hence, the result follows.

Proof of Lemma 2.3:

Split the integral region of g(y) in (1.7) into three parts: [, = (¢t: 111 <1~a,},
Ip={t:1-a, <1t1 <£1-b,), and Iy=(¢:121tl >1-b,}, where a, =b, + b2*. Let the
results of the integral over I, , [,, and /5 be J,, J, and J,, respectively. We will show that J; is the
dominant term, i.e. J, = 0(J3), J, = 0(J,), as we expect intuitively.

According to our assumption on the tail of 1¢.(¢)!, there exists an M >0 such that when

lti2M,

26, 2 160)1 101”™ exp(1e18y) 2 % 3.5)

Hence,

o (2)

oy &

7,1 A I,[ exp(— ity )( - ity)

max | ()|

< —m 2Mh, + max!og(e)!
It s M

B
" j 2 g A2y
1-a, 2Ttl 2MA, €1 Yhub |t|p°

(1-a,)P

= 0 (exp( )

)Ca)s

where

As b, —> 0, when n is large enough, we have

(t-a P = -b, - br 9P s-bP-Bops
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Thus,

YART X (M) exp(~ ))
‘ TP 2wh B

1-5,)°
= o exp(L=bn) ) Bopmas)
vh?

(3

‘Similarly, by the assumption on the tail of ¢, we have

TAR-Y J’ expleing )ity —X9) 4

1-6,20t1>1-a, be(t/h,)

B
)h,ﬂob:‘ +5).

<0 (exp((l——%—

as we integrate over the intervals of length 2(a, — b,) = 2b *3. Finally, we have to evaluate J,.

Note that by the fact that ¢.(¢) is a characteristic function, we can rewrite

R.(t/h, ) 1(t/h, ®
Jﬁ[% J' Ok (t) (cos ty tha) LG ]- (3.6)

————— +sinty
1-8<1 <1 Ibe(t/hs )1 19e(e/hy) 12

by symmetry. For simplicity, assume ! =0 and 7.(¢t/h,) = 0 (Re(t/h,)) ( for other cases, the proof is

essentially the same ).

Note that when 1 = b, <t < 1 and n is large,
costy =cosy +o(l)
uniformly in y € [0, ©2]. By assumption B, i), R(¢/h,) can not change its sign over [%, 1] when n
is large (otherwise, ¢.(t) has zero point). Thus by (3.5) and (3.6), when n is sufficientdy large

L
YhP

1
1 1 Bo
D — —_—
131 2 5 lJb ¢K(t)cosy2C2 exp( ) hyCds

| Cxcosy ((1 - b,
€X
4RC2 P Yhnﬂ

1
ynlo j (-0 de
1%,

p 8
)br** h,°cos y
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for some constant ¢4. The conclusion follows.

Proof of Theorem 2.2:

By Lemma 2.3, when n is sufficiently large

EZ} = g | GO frx-h) &y

w2

2 3 hl,,y t[ [04410)‘3"1)( )

2 b2+ Ty (x = hay)dy

1-b,
> ¢ if(x; [exp(( : )”) 1P pm +4]?
¢ 2 4Bbu
2 csfy(x)h, ® exp( HE T B (3.7

for some constants ¢s > 0 and c4. Note that EZ,, is bounded as shown in Theorem 2.1. Consequently,

(3.7) is also a lower bound for var(Z,,). By the definition of g and (3.5), it is easy to check that
18501 < O expl 5 B Ya): 38

where ¢, is defined in the proof of Lemma 2.3. By (1.7), (2.3), and (3.8),

E1Z,12*%<s0(hs <2*5X“'>exp(2+5 c2*%). (3.9

1
Consequently, Lyapounov’s condition holds for any § > 0 by choosing h, ~ ¢ (log n) B. The asser-
tion follows.
Proof of Lemma 2.4:

Similar to the proof of Lemma 2.2, we need only check (3.4) and %var(z, ) —> 0. By (3.7) and

(3.8), it is easy to see the event {Z% 2 n € EZ}} is an empty set when n is sufficiently large, and

hence (3.4) holds. By (3.9) with & = 0, we conclude the second result.
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