ABSTRACT

Yi, Bingming. Nonparametric, Parametric and Semiparametric Models for Screen-
ing and Decoding Pools of Chemical Compounds. (Under the direction of Dr. Jacque-
line M. Hughes-Oliver and Dr. Sidney Stanley Young.)

During High Throughput Screening (HTS), large collections of chemical com-
pounds are tested for potency with respect to one or more assays. In reality, only a
very small fraction of the compounds in a collection will be potent enough to act as
lead molecules in later drug discovery phases. Testing all compounds is neither cost-
effective nor desirable. Based on the belief that chemical structure is highly related
to potency of compounds, structure activity relationships (SARs) can be very helpful
for selecting a handful of chemical compounds for testing.

This work investigates SARs using four different statistical methods. The first uses
a latent class cell-based method. The second benefits from a fractional factorial design
for optimizing the cell-based method to significantly increase hit rates. The third
improves HT'S efficiency by considering pooling experiments for chemical compounds
in the presence of interaction and dilution. Rather than testing one compound at
a time, chemical compounds are mixed together and tested by groups. Likelihood
models are built and hit rates are shown to be higher than for traditional methods.
The fourth solves the estimation problem in a pooling experiment by treating the
pooling data as missing at random. Semiparametric models are implemented and
estimators are shown to be more efficient than likelihood methods based on the same

data.
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Chapter 1

Introduction

High Throughput Screening (HTS) technology is routinely used to identify lead
molecules in the discovery of a new drug. During HTS, large collections of compounds
are tested for potency with respect to one or more assays. In reality, only a very small
fraction of the compounds in a collection will be potent enough to act as lead molecules
in later drug discovery phases. Moreover, the expense of further investigation of leads
places constraints on the number and quality of leads that will be pursued. The
consequence is that out of a very large collection of compounds only a select handful
will need to be identified for further study. Clearly, testing hundreds of thousands of
compounds, one at a time, can be very wasteful, both in terms of time and money.

Cost-effectiveness is critical for HT'S programs.

For this reason, biologists, chemists, computer scientists, and statisticians have
studied and searched for structure activity relationships (SARs) based on the be-
lief that chemical structure is highly related to potency of compounds. However,

the models that relate biological potency and chemical structure are usually unclear



and are often made more complex because molecular activity follows more than one
mechanism. Nevertheless, it is well agreed that two molecules are more likely to have
similar biological potency when they have fairly close chemical structure (McFarland
and Gans, 1986). Based on this belief, many kinds of descriptors of chemical structure
have been computed with the goal of improving HTS efficiency. Descriptors such as
atom pairs, topological torsions, and fragments (Carhart, Smith, and Venkataragha-
van, 1985; Nilakantan et al., 1987) have been useful in recursive partitioning analysis
and /or pooling methods for HTS (Hung, 1993; Hawkins, Young, and Rusinko, 1997;
Young and Hawkins, 1998; Rusinko et al., 1999; Zhu, Hughes-Oliver, and Young,
2001). Other researchers use the continuous BCUT descriptors given by Pearlman

and Smith (1999) and derived from Burden (1989).

Using these chemical structural descriptors, our research goal is to develop sen-
sible statistical models for improving the efficiency of HTS. From the point of view
of distributional assumptions, our work can be divided into three parts: parametric,
non-parametric, and semiparametric. From the point of view of ways for testing com-
pounds, our work can be divided in two different ways: individual testing and pooled
decoding. Chapter 2 investigates a parametric enhancement to a non-parametric
approach to modeling data obtained by testing individual compounds. Chapter 3
extends a nonparametric approach to modeling data also obtained by testing individ-
uals. Chapters 4 and 5 investigate models for data obtained primarily from pools or
mixtures of compounds. Chapter 4 applies a parametric approach while Chapter 5

applies a semiparametric approach and more likelihood models.

A recently proposed cell-based method, due to Lam, Welch and Young (2002),



appears to be uniformly more efficient than the highly successful method of recursive
partitioning. The cell-based method develops a relational model between biological
potency of a compound and that compound’s BCUT numbers. This model is built
from a relatively small selection of compounds (called the training set) for which both
chemical structure and biological potency are known or available. For the remainder of
the compound collection (called the validation set), only the information on chemical

structure of compounds is available for determining prediction of potency.

The cell-based method implements investigation of SARs by implicitly accounting
for the effects of descriptors; no explicit functional forms are suggested. It is a non-
parametric method. Metric spaces and subspaces of BCUT numbers are binned into
many fine cells. By evaluating the proportion of potent compounds in each cell, good
cells can be identified. Compounds in the validation set will then be ranked according
to how often they lie in these good cells. Biological testing will proceed, based on

ranks, until reaching a desired number of potent compounds or number of tests.

In Chapter 2, a Latent Class model using BCUT numbers as covariates is applied
to enhance the cell-based method. After ranking compounds in the validation set, it
is reasonable to assume that highly ranked compounds follow different distributions
than compounds with lower ranks. Compounds with extremely high ranks are tested
in the order suggested by the cell-based method. Compounds with medium rank are
not expected to yield a large number of potent compounds, so extra effort is expended
in refining the order of testing. We propose a Latent Class model for predicting the
potencies of these compounds with medium ranks. Updated ranks, which in turn

determine a new testing order, are assigned to these compounds and hit rates can be



improved beyond the cell-based method. The paper in Chapter 2 that describes this

work appears in Proceedings of the 2001 Joint Statistical Meetings.

The research that led to Chapter 2 raised several questions concerning the cell-
based method of Lam, et al. (2002). It was not clear how certain choices in the
method affected the outcome or why the stated decisions were made. Many factors
could impact performance of the cell-based method on potency prediction, and op-
timum levels of factors are not guaranteed to be the same for all applications. In
Chapter 3, we propose using the training set to conduct an optimal fractional fac-
torial experiment for determining the effect of seven factors on potency prediction
from the cell-based method. The result is that careful selection of factor levels can
dramatically improve potency prediction. The paper in Chapter 3 that describes this
work has appeared in the Journal of Chemical Information and Computer Sciences,

42, 1221-1229, September 2002.

In the pharmaceutical industry, pooling experiments are conducted for the purpose
of increasing compound throughput. Samples of different chemical compounds are
combined together for a group test with respect to a particular biological assay. A
positive pool test indicates that the pool contains at least one potent compound, while
a negative pool test does not necessarily mean there are zero potent compounds in
that pool. Due to the existence of interaction or dilution effects among compounds
within a pool, potency of a potent compound may be “blocked” by another compound,

thus leading to a negative pool test.

Based on only the pool potencies, can we make prediction for the potencies of



individual compounds and hence improve HTS efficiency? With the help of chemical
structural descriptors, the answer is yes. This further investigation of individual po-
tency based on pool results is called decoding of pools. In Dorfman classical decoding
(Dorfman, 1943), all compounds in all potent pools are individually retested for po-
tency. Potent compounds in negative pools are neglected. Considering the interaction
effect within pools, Zhu, Hughes-Oliver, and Young (2001) suggested two parametric
models (called ZHY models) to improve upon classical decoding. In Chapter 4, we
propose extensions of these models to allow more practical assumptions regarding

blocking effect.

Also in Chapter 4, we investigate the dilution effect by considering smaller thresh-
olds for pool potency than that for individual potency. If information about the
“correct” threshold for pool potency is available, some models present better behav-
iors than others. We actually investigate the performance of different models under
various thresholds. Based on the performance of these models, we propose a method
that is more effective for predicting potency and is robust to different thresholds.
Thus, under the more practical situation that the “correct” threshold is unknown,

the method is able to determine an appropriate threshold from the data.

The pooling models in Chapter 4 are parametric. Potency prediction is the only
criterion used to evaluate whether or not a model is good, that is, more focus is placed
on the HTS issue rather than on parameter estimations. In Chapter 5, we propose a
semiparametric model that puts focus on the parameter estimation problem. Semi-
parametric theory for missing data can be successfully applied to pooling experiments

because pooling data can be regarded as incomplete data. After obtaining pooled re-



sponses, an individual retesting procedure is usually implemented. For pools with
no retesting, all individual potencies are missing. If pools are selected for retesting
based on pool potencies (for example, pools with higher potencies are more likely
to be individually retested), then the missing mechanism depends on observed data
only. Consequently, data from pooling experiments can be regarded as data “miss-
ing at random,” and hence inverse probability estimating equations can be used to
estimate potency parameters. The results in Chapter 5 show that semiparametric es-
timators are more efficient than traditional maximum likelihood estimators obtained

from the incomplete data of pooling experiments.



Chapter 2

Latent Class Regression Analysis
on the Potency of Chemical
Compounds and Comparison to

Recursive Partitioning

This chapter is published as an article in Proceedings of the 2001 Joint Statistical

Meetings.
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Abstract

Drug discovery is dependent on finding a very small number of biologically active
or potent compounds among hundreds of thousands of compounds stored in chemical
libraries. Quantitative structure activity relationships suggest that potency of a com-
pound is highly related to that compound’s chemical makeup or structure. As such,
a statistical model that predicts potency based on chemical structure can be very
cost-effective since it would eliminate the need to individually test all the hundreds
of thousands of compounds included in the library. We build a cell-based latent class
regression model to accommodate differing classes of compounds and/or differing po-
tency mechanisms. Comparisons are made between several cell-based methods and

Helixtree recursive partitioning method for a real data set.



Introduction

Mixture models have been of great interest in recent years because of their success-
ful application to many practical problems. Mixture distributions can be historically
traced back to the work of Newcomb (1886) and Pearson (1894). Today, mixture
models are often developed to explain the structure of multivariate categorical data.
Finite mixture models assume that objects within the population come from a finite
number (S) of underlying classes, G, G, - - -, Gs. The goals of analysis are to deter-
mine an appropriate value for S, to estimate the distribution and properties in each

class, and to determine class membership.

Let y; = {yi;} be the vector-valued data for the ith object, where ¢ = 1,--- N
and j = 1,---,J. For each object, there are J response variables. Given y; comes

from class s, the conditional probability density of y; is:
yZNP(ywes) 3:17“'757

where, the form of P(-,-) is assumed known but 0, is unknown. Let 7, represent
the unknown proportion of objects in the population that come from class s. These

proportions are restricted with condition:

> om=1 0<ms <1.

Hence, under finite mixture modeling, the unconditional density of the 7th object is



obtained as:
Zﬂ-s y27 S

As a special kind of finite mixture model, a latent class model assumes the concept of
conditional independence (Goodman 1974). This means that the response variables of

a particular object are assumed to be independent within each latent class. Therefore,

J
yz, S H yw: 8:17"'73'

The theory underlying latent class models was presented by Lazarsfeld and Henry
(1968), Goodman (1974), Haberman (1974, 1979), and Clogg and Goodman (1984,

1936).

A useful extension of latent class models is to introduce the relation between
model parameters and independent covariates (Dayton and Macready, 1988; Bock-
enholt, 1993); this extension is called latent class regression analysis (LCRA). The
covariates are fixed variables that are assumed to be known for all objects. In these
models, some parameters, such as class proportions, are determined by the covariates.
Consequently, the class proportions may be different for different individuals, while

they are identical in the previous latent class modeling as described above.

Latent class models have proved to be useful and successful in many areas, includ-
ing marketing, psychology, sociology, and education. However, it has not been applied
to the problem of identifying chemical compounds that are potent in some sense and
can thus be potentially developed into pharmaceuticals. This paper proposes such an

analysis.

The problem of identifying potent compounds from a very large collection of com-
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pounds is exacerbated by the fact that typically only a very small proportion, say 2%,
will be potent. Many authors have investigated methods for improving the efficiency
of identification (Hawkins, Young, and Rusinko, 1997; Langfeldt et al., 1997; Xie et
al., 1998; Young and Hawkins, 1998; Zhu, Hughes-Oliver, and Young, 2001). In this
paper, we will use continuous covariates that describe the chemical constructions and
features of compounds to help in identifying and separating potent compounds from
“junk” compounds (McFarland and Gans, 1986). A latent class model is proposed to

separately identify potent and junk classes.

The reminder of this paper is organized as follows. Section 2 is a short introduction
to the data used in the analysis. Section 3 describes the LCRA model and outlines
the algorithm used for estimation. Section 4 introduces the cell-based method pro-
posed by Lam, Welch, and Young (2001) (called LWY method) and Section 5 presents
the cell-based LCRA. After a brief review of Helixtree recursive partitioning in Sec-
tion 6, Section 7 makes comparisons between these methods and provides concluding

remarks.

NCI Data, Augmented with BCUT Descriptors

The National Cancer Institute (NCI) maintains several databases for the purpose
of accelerating research on treatment of HIV/AIDS. One such database is located
at http://dtp.nci. nih.gov/docs/aids/aids_data.html. It provides screening
results and chemical structure on about 32,000 compounds in response to a specific

antiviral assay. The chemical structure has been provided electronically in the form of

11



a connection table giving the atoms and how they are bonded. These structures have
been converted into quantitative features better suited for use in deriving quantitative
structure activity relationships (QSARs). In this paper we use BCUTSs to numerically

characterize the chemical structure.

BCUT numbers are eigenvalues from connectivity matrices derived from the molec-
ular graph (Burden, 1989; Pearlman and Smith, 1999). We were able to compute
BCUTs for 29,812 compounds from the full NCI database, so our analysis is limited
to this as the full NCI dataset. Only 608 (2.04%) of the 29,812 compounds were

potent for this antiviral assay.

We select 20 pairs of training and validation sets. Each training set contains 4,096
compounds, so the associated validation set contains 25,716 compounds. These 20
training sets were selected by randomly sampling from the 29,812 compounds each

with roughly 2.04% potent compounds.

Clearly, this is a case where biological potency is known for all compounds in the
collection, so High Throughput Screening (HTS) is not needed. However, it provides
an excellent test case for determining the effectiveness of an HTS method. For the
purpose of using the relational model developed from the training set to predict
potency, activities are assumed unknown for all compounds in the validation set.
After the model is built using the training set, the potencies of the compounds in
the validation set are “revealed” and used to determine the quality of the relational

model.

12



LCRA: Model and Inference

For the NCI data, objects are compounds and their responses are univariate (i.e.,
J = 1), so that y; is either 1 (potent) or 0 (not potent). This makes the latent class

model quite simple in our problem:

f(ys) = m1 Pr(yi, p1) + 72 Pr(yi, p2),
where Pr(y;,ps) = p%i(1 —ps) ¥, s=1,2 and m + mp = 1

Further more, we can augment information by introducing BCUT number covari-
ates into the class proportions for each compound, thus forming an LCRA model.

The density of the ¢th compound can be rewritten as:
Fyi) = muapl (1 — p1) ™% + moiph (1 — po)' %,

where 71; = eXi#(eXif 4 e=XiP) 1y = 1 — 7y;, X, is a 6-dimensional vector of BCUT

covariates, and [ is a 6-dimensional parameter-vector.

So, in this problem, there are 8 parameters to estimate: pi,ps, 31, - -, F¢. For this
purpose of estimation, Expectation-Maximization (EM) algorithm (Dempster, Laird,

and Rubin, 1977; Bockenholt, 1993) is used.

The idealized “complete data” are the observed data Y = (yi,---,y,) combined
with the missing data Z = (Zy,---, Z,), where Z; = I(compound ¢ € class 1) is the

indicator of compound ¢ being in class 1.

In the E-step of the algorithm, the expectation of missing data given observed

13



data is
Tupl (1 — pr)t¥
TPl (1 — p1) =¥ + Toipy' (1 — po) =%

E(Z,]Y) =

In the M-step, the log-likelihood function of the “complete” data is maximized
with respect to p1,ps, 41, -+, s The log-likelihood function of the “complete” data
is

N

log‘C(BaplapZ) = Z(Az + B’L):

i=1

where A; = Z; log m; + (1 — Z;) log 9 and B; = Z;logp¥i (1 —py)' 7% + (1 —
Z;)log py (1 — pa) =¥
This log-likelihood is easy to be maximized since A; has information based only

on 3= (p1,-,0) and B; has information on p;, ps.

For a particular iteration, estimators of p; and p, are obtained as

5 — s B(ZY)y: 5y = Sy (L= B(Zi|Y))ys
YL B(Zi]Y) Y- E(Z]Y))

The parameter § can be estimated by Newton-Raphson methods.

During iteration, new parameter estimators are obtained after evaluating F(Z;|Y")
using previous estimators. Convergence is usually obtained after a few iterations.
Because the EM-algorithm does only guarantee convergence to a local maximum, it

is important to experiment with alternative initial values.

14



LWY Cell-Based Method

LWY cell-based method (Lam et al., 2001) is based on dividing the six-dimensional
BCUT space into cells. These cells are expected to be formed “good” enough to
capture active regions that are dense with potent compounds. Once active regions
have been identified, a sensible approach is applied to test only compounds that fall
in these active regions. In the following subsections we describe the components of
method LWY. Section 4.1 describes how cells are formed, Section 4.2 discusses which
cells can be called good, and Section 4.3 introduces how to apply the model developed

from training set to the prediction set.

Forming Cells

The six-dimensional BCUT space may be viewed more simply as low-dimensional
subspaces. By focusing on these lower dimensions, LWY is able to create a very fine
resolution of cells in order to find active regions. Moreover, these cells can be shifted

to effectively multiply the number of cells available.

In the most extreme case, the six-dimensional space can be marginalized to create
six one-dimensional (1-D) subspaces, one for each of the six BCUTs. Any compound
falling in the six-dimensional space will also fall in exactly one cell of each of the six 1-

D subspaces. All 1-D subspaces are divided into 64 disjoint bins. In order to diminish

15



the impact of outliers, the first bin is formed by containing the lowest 1% of values
for that BCUT and the last bin is formed by containing the highest 1% of values.
The remaining 62 bins have equal width between the extreme bins, irrespective of

content.

To form two-dimensional (2-D) subspaces, each dimension has eight bins, each of
which is formed by amalgamating eight 1-D bins into a single one. This maintains
the total number of cells in the 2-D subspace to be 64, as it was for the 1-D subspace.

It is easy to see that there are (§) = 15 2-D subspaces.

Similarly, three-dimensional (3-D) subspaces are formed by amalgamating four
sets of 16 1-D bins to create four bins in each dimension. There are (§) = 20 3-D

subspaces. Four-, five-, and six-dimensional (sub)spaces are excluded from use.

Beyond considering 1-D; 2-D, and 3-D subspaces, shifted cells are also created.
Each dimension of a subspace is shifted to the right by half the length of one bin.
So for each 1-D subspace, another 1-D subspace with 64 shifted bins is formed after
shifting. For each 2-D subspace, with two dimensions allowed to shift, a total of four
subspaces are formed (including the original subspace without shifting). Similarly,

for each 3-D subspace, a total of eight subspaces are formed after shifting.

Consequently, we have a total of 6 x 2+ 15 x 4 + 20 x 8 = 232 subspaces, each of

which has 64 cells.

16



Identifying Good Cells

After all cells are formed, cells with two or more active compounds will be sepa-
rated from others and called the preliminary good cells. From now on, we will work

on only these preliminary good cells.

In order to further evaluate the preliminary good cells, a statistic is proposed
to rank the cells. Now consider a cell with a total of n compounds and a of them
are potent. If we assume the number of potent compounds follows the binomial
distribution, we can find the 95% confidence limit for the potency proportion. (This
proportion, the number of active compounds identified divided by the number of tests

performed, is called the hit rate when testing compounds in this cell.)

The lower bound of the confidence interval can be used as a good criterion to know

whether or not a cell is active. This lower 95% bound is labeled Hgs and defined as
Hpgs = mpin{Pr[Bin(n,p) > a] > 0.05}.

After the Hygs are computed for all preliminary good cells, we also need a cutoff value

to separate good cells from the others. We use a permutation test to find the cutoff.

Suppose we reorder the potencies of compounds in the training set but not the
BCUT numbers associated with the compounds. This means that the potencies are
randomly reassigned to the BCUT descriptors. Ideally, after this permutation no
cells should be identified as good cells and large values of the Hpgs of some cells are
just the results of chance. So, we can perform the random permutation a thousand
times and choose an Hpgs value corresponding to the 95th-percentile after ordering

the Hpgs values obtained from all permutations. This 95th-percentile can be used as
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the cutoff value Hy. Returning to the true training set, all cells with Hpg; larger than

Hy will be regarded as good cells.

It is computationally expensive to implement large number of permutations. For-
tunately for the cell-based analysis, one permutation is equivalent to reassigning the
potency in all 14,848 cells. This is much like doing thousands of random permuta-
tions or re-ordering the potency for each of 232 subspaces. Thus, we can take the
95th-percentile from one permutation as the cutoff Hy to determine whether or not

there are any real good cells in these preliminary good cells.

Prediction and Validation

Until now we have been working in the world of the training set. It is time to make
predictions. Once good cells have been identified, we will select from the validation
set some compounds living in these good cells. We will test these compounds one at
a time. Which compounds should be tested first? This is very important since the

order has a big impact on hit rate results.

So some criterion is needed to determine the order of testing. Frequency of oc-
currence of living in good cells and the quality of the inhabited cell are important

features. For compound C}, the score is defined as

S; = Z ](Cz S Cellk)HLgik,

celly, is good
where /(-) is the indicator function and H gy is the Hpgs value for cell;. The higher
the score the greater the chance the compound will be potent, so we can rank the

compounds in the validation set by the order of scores from high to low. These
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compounds will be tested in this order and the hit rates can be computed.

Cell-Based LCRA

In LWY method, scores are computed only for compounds in the validation set.
Actually, we can do the same thing for compounds in the training set: rank the

compounds by their scores and compute the hit rates.

Let 1,75, -+, T, denote the compounds in the training set, hq, ho, - - -, h,, denote
the corresponding hit rates and 7Sy, TSy, - -+, TS,, denote their scores (n = 4096).
Suppose these compounds have been ordered by their scores from high to low. We
can find ngy such that hy, ho,-- -, hy,, are equal to 100% but h,,.+; < 100%. However,

when hy < 100%, let ng = 0.

Let V4, Va, -+, V, denote the compounds from the validation set (n = 25716) and
V'Si denote the score of compound Vj. For the compounds with scores no less than
TSy, say Vi, Vo, -+, Vi, we will test them directly. For the other compounds of
interest, say Vi1, Vinio, -+, Ve, we will determine the testing order by LCRA. In

this paper, m + [ is set to 200.

Returning to the training set, those compounds with scores between 1'S,,, and
V'S4 are selected out for use. In the special case when ng = 0, those compounds
with scores no less than V' S,,,,; are selected. The LCRA model proposed in Section 3
is built upon these compounds from the training set. Once the estimates of model
parameters are obtained, the class proportions can be easily computed for the com-

pounds V11, Vinio, - -+, Vinay in the validation set. Remember these proportions are
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denoted as 7y i1, Timt2, -+, T1m4s for class 1 (set as potent class). These propor-
tions provide information on testing order. The higher the proportions, the bigger

the chance of being tested earlier.

Thus, the cell-based LCRA is a two stage method. After applying LWY cell-
based method, the compounds from the validation set with large scores will be tested
directly by the LWY scheme. For the compounds with medium scores, we will use

LCRA to determine the testing order.

Helixtree Recursive Partitioning Method

Recursive Partitioning (RP) is a tree-based method. Many implementations of
this method obtain good results (Hawkins et al., 1997; Young and Hawkins, 1998;

Rusinko et al., 1999).

Recursively, it splits a data set into disjoint subsets called nodes. A node may be
split into two or more daughter nodes. The most significant of all possible splits is
searched and implemented for each node. When there are no more significant splits
or the stopping criterion is reached, terminal nodes are achieved. The tree obtained

from the training set is called the training tree.

RP splits a node into two or more nodes using t-tests of observed potencies from
two groups formed by separating compounds according to high or low values of a
BCUT covariate. This is repeated for all BCUT covariates. The descriptors can
be discrete or continuous. The Helixtree RP method here uses 6 continuous BCUT

numbers as descriptors.
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Figure 2.1: Lift Charts for Four Methods, Averaged over 20 Data Sets

Once the training tree is available, its partitioning criteria will be applied to
the compounds in the validation set to build a corresponding prediction tree. The
compounds in the prediction tree are then ranked by the hit rates of nodes in which
they fall and will be tested by the order of these ranks from high to low. Testing

results determine the lift chart as discussed in Section 7.
Software information for Helixtree is available on the website www.goldenhelix.com.
Lift Chart Results and Concluding Remarks

We make comparisons between LWY, cell-based LCRA and Helixtree recursive

partitioning methods by plotting lift charts of their hit rates.
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A lift chart is a convenient and informative graphic for viewing the results of an
HTS method. The lift chart plots the number of compounds tested in the validation
set versus the cumulative percent of potent compounds found (also known as the hit

rate) from this testing. Obviously, the higher the hit rate, the better.

Figure 3.6 summarizes lift chart results from four different methods: cell-based

LCRA, LWY, Helixtree RP method and random testing.

For each method and each validation set, a lift chart is obtained. Because 20 data
sets (that is, 20 replicates) are used, we average the 20 lift charts and these are the

plotted curves in Figure 3.6.

We can see that random testing, which has a constant hit rate of about 2%, is
much worse than the other three methods and that the two cell-based methods are
in turn better than recursive partitioning. RP selects only one descriptor at a time
to split the node. However, when the mechanism of a split depends on two or more

descriptors simultaneously, RP tends to give improper results.

The two cell-based methods give comparable results. There is evidence that class
membership as derived from LCRA based on structural descriptors is related to com-
pound potency. This suggests that LCRA on its own may be an effective HT'S method.
However, because LWY and LCRA apparently target similar relationships, applying

LCRA after LWY provides little additional benefit.
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Chapter 3

A Factorial Design to Optimize
Cell-Based Drug Discovery
Analysis

This chapter is published as an article in Journal of Chemical Information and Com-

puter Sciences, 42, 1221-1229, Sept. 2002
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Abstract

Drug discovery is dependent on finding a very small number of biologically active
or potent compounds among millions of compounds stored in chemical collections.
Quantitative structure activity relationships suggest that potency of a compound
is highly related to that compound’s chemical makeup or structure. In order to
improve the efficiency of cell-based analysis methods for high throughput screening,
where information of a compound’s structure is used to predict potency, we consider
a number of potentially influential factors in the cell-based approach. A fractional
factorial design is implemented to evaluate the effects of these factors and lift chart

results show that the design scheme is able to find conditions that enhance hit rates.
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INTRODUCTION

High Throughput Screening (HTS) technology is routinely used to identify lead
molecules in the discovery of a new drug. During HT'S, large collections of compounds
are tested for potency with respect to one or more assays. In reality, only a very small
fraction of the compounds in a collection will be potent enough to act as lead molecules
in later drug discovery phases. Moreover, the expense of further investigation of leads
places constraints on the number and quality of leads that will be pursued. The
consequence is that out of a very large collection of compounds only a select handful
will need to be identified for further study. Clearly, testing hundreds of thousands of
compounds, one at a time, can be very wasteful, both in terms of time and money.

Cost-effectiveness is critical for HT'S programs.

For this reason, biologists, chemists, computer scientists, and statisticians have
studied and searched for structure activity relationships (SARs), which are built on
the belief that chemical structure is highly related to potency of compounds. How-
ever, the models that relate biological potency and molecular structure are usually
unclear and are often made more complex because molecular activity follows more
than one mechanism. Nevertheless, it is well agreed that two molecules with fairly
close molecular structure will have similar biological potency!!l. Based on this belief,
many kinds of descriptors of molecular structure have been computed with the goal
of improving HTS efficiency. Descriptors such as atom pairs, topological torsions,

and fragments®-! have been useful in recursive partitioning analysis and/or pooling
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methods for HTSH~[7. Other researchers use the continuous BCUT descriptors given
by Pearlman and Smith!® and derived from Burden”. Lam, Welch, and Young!-[11]

propose a cell-based analysis (we call it the LWY method) using BCUT numbers.

The purpose of this paper is to improve the LWY methodology for screening large
collections of compounds with respect to biological potency based on testing only a
small fraction of the compounds. The approach develops a relational model between
biological potency of a compound and its chemical structure. This relational model is
built upon a relatively small selection of compounds (called the training set) for which
both chemical structure and biological potency must be known or available. For the
remainder of the compound collection (called the validation set), only information
on chemical structure of compounds is needed. Compounds in the validation set
will then be ranked according to predicted biological potency, using the relational
model developed from the training set, and testing will proceed based on ranks until
a desired number of potent compounds have been identified to serve as leads in the

remainder of the drug discovery process.

Lam et al.l'%M] have already demonstrated that great gains can be achieved using
the LWY method. We argue that even greater gains are possible by tuning the method
as well as incorporating modifications that make the method less computationally in-
tensive and hence more feasible. We illustrate these methods using a dataset from
the National Cancer Institute (NCI). The second section contains a short description
of the NCI data. The third section describes the cell-based method LWY in three
subsections. The fourth section explores possible modifications to LWY using a frac-

tional factorial experimental approach. The “best” cell-based methods are selected
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in the fifth section and confirmatory results are shown in the sixth section. We close

with a summary and discussion in the final section.

NCI DATA, AND BCUT DESCRIPTORS

The NCI maintains databases for the purpose of accelerating research on treatment
of HIV/AIDS. One such database is located at http://dtp.nci.nih.gov/docs/aids
/aids_data.html. It provides screening results and chemical structure on about
32,000 compounds for a specific antiviral assay. The chemical structures are provided
electronically in the form of a connection table giving the atoms and how they are
bonded. These structures have been converted into quantitative features better suited
for use in deriving quantitative structure activity relationships (QSARs). In this paper

we use BCUTs to numerically characterize the chemical structure.

BCUT numbers are eigenvalues from connectivity matrices derived from the molec-
ular graphl®®.  These numbers can be defined according to a variety of atomic
properties such as size, atomic number, charge, etc. A different BCUT descriptor
is created for each atomic property selected. More than 60 BCUT descriptors are
in common use, but the high degree of multicollinearity existing between them has
resulted in fairly common use of only six relatively uncorrelated BCUT descriptors.
Given a particular atomic property of interest, a connectivity matrix from a molec-
ular graph is constructed as a square matrix with dimension equal to the number

of heavy (non-hydrogen) atoms. The property is placed along the diagonal for each
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heavy atom, while off-diagonal elements measure the degree of connectivity between
two heavy atoms. Because eigenvalues are matrix invariant, they measure properties
of the molecular graph. Being functions of all the heavy atoms in the molecule, the

eigenvalues are thought to represent the properties of the molecule as a whole.

We were able to compute BCUTs for 29,812 compounds from the full NCI database,
so our analysis is limited to this as the full NCI data set. Only 608 (2.04%) of the
29,812 compounds were potent for this antiviral assay. The histograms shown in
Figure 3.1 indicate that BCUTs 1-6 capture different features as evidenced by the
differences in central tendency and dispersion. There exist relatively low correlations
among these six BCUTSs, and the correlation coefficients range from —0.49 to 0.46,

as illustrated in the following correlation matrix.

[ BCUT! BCUT2 BCUT3 BCUT4 BCUT5 BCUTS |
BCUT1  1.00 -0.22 —-042 -0.16 0.46 0.32
BCUT2 1.00 0.20 0.32 -0.25 —0.49
BCUT3 1.00 0.08 -0.25  —-0.17
BCUT4 1.00 -0.03  —-0.16
BCUT5 1.00 0.24

| BCUTG 1.00 |

As previously mentioned, we need to select a training set from which the relational
model will be developed. However, to assess issues of sensitivity of the method to
the particular choice of training set, we select 20 pairs of training and validation
sets. Each training set contains 4,096 compounds (13.7% of the collection), so the
associated validation set contains 25,716 compounds. These 20 training sets were
selected by randomly sampling from the 29,812 compounds. They contain between

82 (2.00%) and 87 (2.12%) potent compounds.
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Figure 3.1: Histograms of six BCUT number descriptors.
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Clearly, this is a case where biological potency is known for all compounds in the
collection, so prediction is not needed. However, it provides an excellent test case for
determining the effectiveness of a method. For the purpose of using the relational
model developed from the training set to predict potency, activities are assumed
unknown for all compounds in the validation set. After the model is built using the
training set, the potencies of the compounds in the validation set are “revealed” and

used to determine the quality of the relational model.

METHOD LWY, A CELL-BASED METHOD

Method LWY, as proposed by Lam et al.l'%M is based on dividing the six-
dimensional BCUT space into cells. These cells are expected to be formed “good”
enough to capture active regions that are dense with potent compounds. Once active
regions have been identified, a sensible prediction approach is to test only compounds
that fall in these active regions. This binning approach raises several questions,

however. In the following subsections we describe the components of method LWY:

e How are cells formed? How do we divide a six-dimensional descriptor space into
small enough regions to capture a high proportion of potent compounds without
making the regions so small that they are too numerous to handle or contain

too few compounds to be useful? This is discussed in the first subsection.

e How are cells classified as being good? Is a cell containing four potents among
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five compounds as good as a cell containing two potents among two compounds?

This is discussed in the second subsection.

e The relational model developed in the two previous steps must now be applied

to the validation set. How is this done? This is discussed in the third subsection.

Forming Cells

The six-dimensional BCUT space may be viewed more simply as low-dimensional
subspaces, for example, all one-dimensional, two-dimensional and three-dimensional
subspaces. By focusing on these lower dimensions, LWY is able to create a very fine
resolution of cells in order to find active regions. Moreover, these cells can be shifted

to effectively multiply the number of cells available.

In the most extreme case, the six-dimensional space can be marginalized to create
six one-dimensional (1-D) subspaces, one for each of the six BCUTs. Any compound
falling in the six-dimensional space will also fall in exactly one cell of each of the
six 1-D subspaces. The disadvantage of 1-D subspaces is that information on the
relationship with other BCUTs is lost; the advantage is that we have a much smaller
space that will accommodate a finer resolution of cells. All 1-D subspaces are divided
into 64 disjoint bins. In order to diminish the impact of outliers (common in chemistry
data sets), the first bin is formed by containing the lowest 1% of values for that BCUT
and the last bin is formed by containing the highest 1% of values. The remaining 62

bins have equal width between the extreme bins, irrespective of content.
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Figure 3.2: Forming 1-D and 2-D cells. There are 64 1-D cells where the extreme
cells each contain 1% of the compounds and the middle 62 cells have equal width.
There are also 64 2-D cells each of which is formed by collapsing 8 1-D cells from each
dimension.

To form two-dimensional (2-D) subspaces, each dimension has eight bins that are
formed by amalgamating eight 1-D bins into a single bin. This maintains the total
number of cells in the 2-D subspace to be 64, as it was for the 1-D subspace. Figure 3.2
illustrates this amalgamating process. It is easy to see that there are (§) = 15 2-D

subspaces.

Similarly, three-dimensional (3-D) subspaces are formed by amalgamating 16 1-D
bins to create four bins in each dimension. There are (§) = 20 3-D subspaces. Four-,

five-, and six-dimensional (sub)spaces are excluded from use.

Beyond considering 1-D, 2-D, and 3-D subspaces, shifted cells are also created.

35



Each dimension of a subspace is shifted to the right by half the length of one bin.
So for each 1-D subspace, another 1-D subspace with 64 shifted bins is formed after
shifting. For each 2-D subspace, with two dimensions allowed to shift, a total of four
subspaces are formed (including the original subspace without shifting). Similarly,

for each 3-D subspace, a total of eight subspaces are formed after shifting.

Consequently, we have a total of 6 x 2 + 15 x 4 4+ 20 x 8 = 232 subspaces. Each
subspace has 64 cells, so that we have a total of 232 x 64 = 14,848 cells. It is
important to remember that any given compound resides in every subspace. But in
each subspace a compound resides in only one cell. Thus, we know each compound

resides in 232 cells.

Identifying Good Cells

LWY method applied to a training set from the NCI data yields 13010 non-empty
cells among total of 14848 cells. In these non-empty cells, about 43% contain at
least one potent compound. Proportion quantiles of these “potent” cells are shown
in Table 3.1. Clearly, a method is needed for identifying cells as being good or not.
In LWY method, after all cells are formed, cells with two or more potent compounds
will be separated from others and called the preliminary good cells. From now on,

we will work on only these preliminary good cells.

In order to further evaluate the preliminary good cells, a statistic is proposed to

rank the cells. Now consider a cell with a total of n compounds where a of them
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are potent. If we assume the number of potent compounds follows the binomial
distribution, we can find the 95% confidence limit for the potency proportion. (This
proportion is called the hit rate when testing compounds in this cell: hit rate is the
number of potent compounds identified divided by the number of compounds in the

cell.)

The lower bound of the confidence interval can be used as a good criterion to know

whether or not a cell is active. This lower 95% bound is labeled H;gs; and defined as
Hpgs = mgn{Pr[Bin(n,p) > a] > 0.05}.

After the Hygs are computed for all preliminary good cells, we also need a cutoff value

to separate good cells from the others. We use a permutation test to find the cutoff.

The training data contains 4,096 compounds, each of which has a value of potency
and six numerical BCUT descriptors. Suppose we randomly reorder the potencies of
compounds, but keep the BCUT numbers in their initial positions. This means that
the potencies are randomly reassigned to the BCUT descriptors. Ideally, after this
permutation no cells should be identified as good cells and large values of the Hpgs
of some cells are just the results of chance. The 95th-percentile of all such Hpgs
values obtained from permutations is labeled Hy. The value Hj is used to distinguish
between random variation and systematic variation. Returning to the true training

set, all cells with Hgs larger than Hy will be regarded as good cells.

It is computationally expensive to implement many permutations. Fortunately
for the cell-based analysis, an equivalent way is to implement one permutation that

reassigns the potencies in all 14,848 cells. This is much like doing thousands of random

37



permutations or re-ordering the potency for each of 232 subspaces. Thus, we can take
the 95th-percentile from one permutation as the cutoff Hy to determine whether or

not there are any real good cells in these preliminary good cells.

This is also a good way to determine if BCUT descriptors are relevant to activity.
(Although widely used, BCUT numbers are rather abstract and it is not clear if they

contain structural information pertinent to biological activity.)

Prediction and Validation

Until now we have been working in the world of the training set. It is time to make
predictions. Once good cells have been identified using the training set, we will select
compounds residing in these good cells from the validation set. We will test these
compounds one at a time. Which compounds should be tested first? This is very
important since the order has considerable impact on hit rate results. For example,
when we select 10 compounds to test sequentially, we have 10 chances to compute
the hit rate after each test and obtain 10 hit rates. If all the 10 compounds selected
happen to be inactive, the 10 hit rates are all zero. However, if the 10 compounds
tested are all potent, the 10 hit rates are all 100%, which is the perfect result we

desire.

So some criterion is needed to determine the order of testing. For this purpose,
we will compute scores for the compounds in the validation set. We will determine

the testing order by the scores. Frequency of occurrence of residing in good cells is a
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reasonable way of defining scores. For compound Cj, the score is defined as

S; = Z I(CZ S cellk),

celly is good
where [(A) is the indicator function that takes value one when A is true and zero

otherwise.

Alternatively, we can apply a weight to each good cell and compute a new score

for the compounds:

S, = Z I(C; € celly)Hros

celly, is good
where Hpgsj, is the Hygs value for celly.

For both scoring functions suggested above, we expect that the higher the score
the greater the chance the compound will be potent, and thus it should have a higher
priority to be among the first tested. So, we can rank the compounds in the validation
set by the order of high score to low. These compounds will be tested by this order

and the hit rate results can be computed. LWY method uses the latter as scores.

OTHER CELL-BASED METHODS

In the cell-based method proposed by Lam et al.’?:['l many tuning factors may
be investigated. For example, we can consider only 3-D subspaces rather than all
1-D, 2-D, and 3-D subspaces. If 3-D subspaces are enough to produce comparable hit
rate results, then the computational burden could be reduced to consider only 160

subspaces instead of 232. So subspace is a factor to be considered and we examine two
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levels: 3-D subspaces only and all 1-D, 2-D, and 3-D subspaces. In fact, we decide on
seven factors that could be further investigated to optimize LWY’s cell-based method.

These are summarized in Table 3.2 and fully discussed below.

Factor A considers the number of cells into which a subspace is divided. Method
LWY uses 64 cells always, for 1-D, 2-D, and 3-D subspaces. We consider two higher
numbers of cells, 216 and 729. Is it beneficial to have a finer resolution of cells and
is there a point beyond which no gains are realized? For 729 cells, 1-D subspaces
are divided into 729 bins, 2-D subspaces are divided into 27 bins on each dimension
(27?2 = 729), and 3-D subspaces are divided into 9 bins on each dimension (9% = 729).
For 216 cells, things do not work out as cleanly. Notice that 216 cells can be obtained
for 1-D and 3-D subspaces (6% = 216), but not for 2-D subspaces. We make a slight
modification and use 152 = 225 for 2-D subspaces. So Factor A, called Cell, has three
levels: low (coded as —1), represents 64 cells in each subspace; center (coded as 0),
represents 216 cells in each subspace; and high (coded as 1), represents 729 cells in

each subspace.

Factor B, called amalgamating, considers whether or not amalgamating will be
used in creating 2-D and 3-D cells from 1-D cells; see the subsection on Forming Cells.
Factor B has three levels, where the high level (coded as 1) means amalgamating will
be performed, as in method LWY. The other levels, low (coded —1) and center (coded
0), do not use amalgamating. For the low level, denoted “amalgamating=Nol,” the
first and last bins in each dimension contain the maximum of 1% of all compounds or
the inverse of the number of bins in that dimension. In other words, the number of

compounds in the extreme bins is max (1%, (# of bins in that dimension)™ x 100%).
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For example, for 3-D subspaces with 64 cells, each dimension has four bins and the
first and fourth bins will be formed to contain 25% of the compounds in the training
set. But for 2-D subspaces with 64 cells, the first and eighth bins will be formed
to contain 12.5% of compounds in the training set. For the center level, denoted
“amalgamating=No2,” the first and last bins in each dimension contain 1% of all
compounds. For each dimension of 3-D subspaces with 64 cells, the second and third
bin together will contain 98% of all compounds. It seems to gather too much data in
the central cells and does not seem to be a very sensible approach, but we nevertheless

compare it to the other levels.

Factor C considers whether or not all of the 1-D, 2-D, and 3-D subspaces will be
used, as in LWY, or only the 3-D subspace. The latter level is consider low (coded

—1) and the former is considered high (coded 1) in this two-level factor.

Factor D has two levels to represent the number of permutation runs used to de-
termine the cut point for good cells: low (coded as —1) represents one permutation
and high (coded as 1) represents five permutations. As discussed in subsection Iden-
tifying Good Cells, LWY uses one permutation with the justification that the large

number of cells makes it reasonable. We expect no difference between the two levels.

Factor E has two levels to indicate whether or not preliminary selection of good
cells is performed. As discussed in subsection Identifying Good Cells, preliminary
good cells with two or more potent compounds are first identified and the really good
cells are selected from among these cells. We doubt that preliminary selection is

particularly effective. Low level (coded as —1) is no preliminary selection, and the
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high level (coded as 1) indicates preliminary selection is performed.

Factor F has two levels concerning what to use as the cutoff from the permutation
test. Method LWY requires that in order to find a cutoff value to separate good
cells from the others, we need to implement the permutation process and find the
95th-percentile Hrgs value. We propose to increase the cutoff value by replacing
the 95th-percentile with the maximum value after permutation. This will lead to
a more strict selection for good cells. Low level (coded as —1) indicates use of the
95th-percentile and the high level (coded as 1) indicates use of the maximum of

100th-percentile.

Factor G concerns the weight used in scoring compounds for predicted potency. In
method LWY, weight Hp g5 is used to compute scores for compounds in the validation
set. We propose using either /Hpgs or Hpgs/+/n to replace Hpgs. Low level (coded

as —1) uses Hygs/+/n, center level (coded as 0) uses Hpgs, and high level (coded as

1) uses vV Hpos.

We are not willing to consider all 332* = 432 combinations of alternative cell-
based methods, but we very much want to know what factors might be important in
obtaining an effective method. In order to evaluate the main effects of these factors,
we use the design procedure ADX in SAS to find an optimal main effects design. It
gives the fractional factorial design with 21 design points shown in Table 3.3. Method
LWY is not in this set of 21 but can be expressed and added as A = —1, B = 1,

C=1,D=-1,E=1,F=-1,G =0.

The resulting 22 cell-based methods (including method LWY) were applied to
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20 training sets. Lift charts were obtained and analyzed using standard analysis of

variance procedures.

SELECT THE “BEST” CELL-BASED METHOD

Using only 22 observed cell-based methods, our goal is to determine which of
the 432 possible cell-based methods will be most effective for our assay-library com-
bination. Realizing that no method will be uniformly optimal for all assay-library
combinations, we propose: (a) using all 22 cell-based methods to screen the training
sets; (b) assessing the effectiveness of each screening method on each training set; (c)
using analysis of variance to determine the best cell-based method for the training
sets; (d) if the best cell-based method has not previously been observed, then apply
it to the training sets to obtain confirmation of its effectiveness and to prepare for
application to the validation sets; then (e) apply this best method to the validation

set.

Our assessment of the effectiveness of screening is done by the lift chart. Given
input data, cell-based methods create relational models that output a ranked ordering
of compounds, where ranking is according to predicted potency. Testing of compounds
is done according to this ordering until “enough” potents have been identified. The
relational model developed from the cell-based method, if successful, will assign high
ranks to potent compounds, thus making it likely that the cumulative percent of

potent compounds actually found, relative to the number of compounds tested, will
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be very high in early testing and will decrease to approach the average potency in
the full data set. A lift chart plots the cumulative percent (hit rate) of potents found,
relative to the number of compounds tested, as a function of the number of compounds
tested. Obviously, the higher the hit rate, the better. Lift charts are directly related
to accumulation curves™ and cumulative recalls!'¥, as discussed below, but are more
amenable to the types of statistical analyses conducted here. Specifically, assumptions

of normally and homogeneity of variances are very reasonable for hit rates.

Kearsley et al.l'¥ propose measures based on the accumulation curve. The accu-
mulation curve plots the total number of potent compounds found (A@n) versus the
total number of compounds tested (n). For example, AQ20 is the number of potents
found from testing the first 20 compounds. The lift chart at 20 tested compounds is
simply hgy = A%O x 100%. In other words, the lift chart plots (422 x 100)% versus n.
The ideal case for the accumulation curve is the line “AQn = n,” which corresponds
to a flat line “h,, = 100%” in the lift chart. The cumulative recall™ plots the cumu-
lative percent of potents found, relative to the total number of potents in the entire
set, versus the total number of compounds tested. In other words, the cumulative
recall plots (% x 100%) versus n, where C'is a constant that represents the total

number of potent compounds in the entire set. We see that the three types of plots

are actually equivalent.

Figure 3.3 summarizes lift chart results from three cell-based methods, namely,
LWY, Design 7, and Design 17. For each method and each training set, a lift chart
is obtained. Because 20 training sets (that is, 20 replicates) are used, we average

the 20 lift charts, and these are the plotted curves in Figure 3.3. It appears that
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Figure 3.3: Lift Charts for Three Methods, Averaged over 20 Training Data Sets.

Design 7 is considerably better than LWY, while Design 17 is considerably worse.
Figures 3.4 and 3.5 show the same results as Figure 3.3, but in the forms of accumu-
lation curve and cumulative recall, respectively. Of course, our designed experiment
allows us to test for differences in light of uncertainty. But we must first determine

what is the “response” of interest.

Kearsley et al.'3 consider a global enhancement based on A50, the number of
compounds that must be tested until half the potents are found. Initial enhancement,
another proposal based on AQN from a large database consisting of M compounds
(N=M/100), is argued to be a more appropriate measure than A50 when only a small

percent of a large database will be tested.

In obtaining our lift charts, we are interested in testing only a small percent of our

training sets. Because the training sets contain only 4096 compounds, we consider
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Figure 3.5: Cumulative Recalls for Three Methods, Averaged over 20 Training Data
Sets.
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hio, hao, and hso (equivalent to AQ10, A@20, and A@Q30) as measures of assessment.
Analysis of variance on the three responses hig, hog, and hzy show slightly different

results, as summarized in Table 3.4. Possible correlation between responses is not

addressed.

Factor E is not important in creating cell-based methods for these responses and
training sets. Especially when testing fewer compounds, Factors D and F are not as
important as Factors A, B, C, and G. Multiple comparison testing suggests that hit
rates for Design 7 are significantly higher than for LWY, which in turn are signifi-
cantly higher than for Design 17 (see Table 3.5). Of the 22 cell-based methods listed
in Table 3.3, the best method is Design 7, which is profiled with 729 cells, amalga-
mating Nol, using 3-D subspaces only, a single permutation, no preliminary selection,
permutation percentile 95%, and weight Hgs/+/n. The worst method is Design 17,
which has 64 cells, amalgamating No2, uses 3-D subspaces only, five permutations,

no preliminary selection, permutation percentile 95%, and weight \/Hgs.

Moreover, based partially on details presented in Table 3.6, it appears that level
1 of Factor A (729 cells), level —1 of Factor B (amalgamating Nol), level 1 of Factor
C (1-, 2-, 3-D subspaces), level —1 of Factor F (permutation percentile 95%), and
level —1 of Factor G (weight Hpgs/+/n) are associated with better methods. In
fact, four cell-based methods, as predicted best from the statistical analyses, are
given in Table 3.7. The best among these 4 designs is denoted OPT and coded as
(AB,C,D.EF.G) = (1,-1,1,-1,1,-1,-1). All four methods share the key features listed
above, and they are not significantly different at the o = .05 level. In fact, they differ

only in levels for the mostly unimportant Factors D and E. The ignorable impact of
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Factors D and E is evidenced by the largely overlapping 95% confidence intervals.
None of these four methods are included in the set of 22 methods listed in Table 3.3,
and any of them could be selected as the best cell-based method. However, these
methods have also overlapped 95% confidence interval of Design 7 (see Table 3.7, with
one exception) which means that they are not significantly better than Design 7. In
our case, Design 7 is selected to make prediction as the best cell-based method. In
the circumstances when the methods predicted best are significantly better than the

observed best, they should be chosen to make prediction.

CONFIRMATORY RESULTS

The design of experiments approach to selecting a best cell-based method for this
assay-library combination allows us to conclude that Design 7 can be used to give near-
optimum performance. Applying Design 7 to the 20 training sets, the observed mean
responses are 97.5%, 94.5% and 89.0% for hig, hog and hsg, respectively. We are now
ready to investigate the enhancements offered by this cell-based method compared
to random testing and method LWY. Enhancements are measured by applying the

methods to the 20 large validation sets, each consisting of 25,716 compounds.

Following the approach of Kearsley et al.l'¥l we use the measure of initial en-
hancement. Initial enhancement is the ratio of the actual A@250 for the method
over the A@250 expected for random testing (250 x 520/25, 716 in our case), that is,

IE = A@250 - 2?(5&7 égo. These numbers are displayed in Table 3.8. Again, the benefits
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Figure 3.6: Lift Charts for LWY, Design 7 and OPT, Averaged over 20 Validation
Data Sets.

of method Design 7 and OPT are clear, with much better performance relative to

both random testing and method LWY.

Figure 3.6 summarizes the lift chart results of LWY, Design 7 and OPT, averaged
over the 20 validation sets. It also shows the expected lift chart from random testing.
The message is quite clear, both Design 7 and OPT offer substantial improvements

and they make comparable predictions.

SUMMARY AND DISCUSSION

Cell-based methodology is successful at improving HTS efficiency. It is much more

efficient than random testing and it has also been asserted to be more favorable than
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[MOLI1) " This cell-based approach combines the power of multiple

recursive partitioning
good cells with the incorporation of molecular structural descriptors. The novel point
of this method is the investigation of SARs by implicitly accounting for the effects of

descriptors; no explicit functional forms are suggested. These results re-enforce the

idea that compounds with similar structure will have comparable potency.

Gains in efficiency of cell-based methods compared to random testing are, how-
ever, sensitive to many factors of the process. It has been useful to implement an
appropriate design of experiments for investigating the effects of these factors. From
the results discussed above, we can see that careful selection of these factors can
dramatically improve the screening efficiency. According to these results, the best
method among the 22 methods in the main-effects design (including LWY') comes

from Design 7.

In Design 7, only 3-D subspaces are required. This can lead to savings in computa-
tional time during the practical screening process. The gain can be quite substantial
if the number of descriptors is increased. In this paper, only six of the more than 60
BCUT descriptors are used, and so the savings by considering only 3-D subspaces is
that 72 fewer subspaces are needed; see the third and fourth section. On the other
hand, if 10 BCUT descriptors are used to develop the relational model, then 200 fewer

subspaces are needed if only 3-D subspaces are used.

These benefits can, and should, be investigated for a variety of applications. We
make no claims that method Design 7 will be best for all assay-library combinations.

In fact, we strongly believe that the best cell-based method for one application may
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be horribly inefficient for another application and so it is imperative that the selec-
tion process be application-specific. Indeed, this is what we consider as our major
contribution: the ability to determine, for each assay-library combination, the best
cell-based method for screening the bulk of the library. The best method is entirely
determined from a relatively small training set and no additional testing is required

to assess many possible methods; the only additional cost is computing time.

Random selection of 20 pairs of training and validation sets offers realization of
extreme behaviors, both positive and negative. For example, the lowest initial en-
hancement of Design 7 over random testing is 16.3 and comes from training-validation
pair 12. On the other hand, the highest initial enhancement of Design 7 over random
testing is 23.5 and comes from training-validation pair 4. Enhancements quoted in
Table 3.8 are averages over all 20 training-validation pairs, just as the enhancements
quoted on page 124 of Kearsley et al.l'3 are averages over 10 different probes within
the same library. While our 20 training-validation pairs are not exactly equivalent to
considering 20 separate assays, they do provide some information on the variability

of the technique across applications.

There are, of course, areas in which our suggestions can be further investigated and
possibly improved. It would be useful to have some sense of the relative importance
of the BCUT numbers in predicting potency, but our current work makes no such
attempts, with good reason. Cell-based methods isolate small regions in 1-, 2- or
3-D subspaces where potent compounds reside. Examination of the BCUTs that
index the important dimensions tells us which BCUTs are important and the cell

coordinates tell us the important ranges of those BCUT numbers. Examination of
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the potent compounds in these good cells and the nature of the particular BCUTs can
point to specific atoms and substructures. Our experience is that this is complex and
the simple examination of the compounds generally illuminates the class of potent
compounds in the sub-region. The nature of the BCUTSs, atomic, lipophilic, etc. offers
some information on the type of interatomic interactions involved. Having said all of
this, the analysis here is largely aimed at getting high hit rates and interpretation of
the molecular features is somewhat secondary. We should note that use of BCUTs for
interpretable QSAR is considered problematic!”, although recent work % is more

positive.

Lam et al.l'9%0112 spend considerable effort in examination of various ways to
evaluate the importance of a cell. Two things are important, the level of potency
or hit rate, and some measure of the reliability of the estimated hit rate. There are
obviously many ways to weight these factors. One of the ways recommended by Lam
et al.OLMLI2] 49 t6 use a statistical lower bound, Hygs, on the proportion of potent
compounds in the cell. Our work also uses Hpgs in scoring cells, but others may find
a different metric to be more desirable. Whatever the measure adopted, the cells
can be ranked and unscreened compounds can be tested either in the order of their
occurrence or a predetermined number of compounds can be used to determine how

many of the good cells will be tested.

Cell-based methods can be used as the statistical method for selecting compounds

07 In sequential screening, an initial set of com-

in a sequential screening scheme
pounds is screened and the results are used to determine a predictive model. A

cell-based method could be used to make these predictions and eventually a block of
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compounds are selected and tested. So either a pre-selected number of compounds
would be assayed or all the compounds that fell into good cells. If the logistics of
compound handling and screening are very good and if the assay is very expensive,
it would make sense to screen very small, incremental sets of compounds and stop
when the screening objectives are met, namely, when either a fixed number of potent
compounds or compound classes are identified. This sequential screening paradigm
might be even more effective if the scoring statistic Hrgs is replaced by a more dy-

namic index.

In this work, we consider seven factors and specific levels for each in order to
determine the best cell-based method. Actually, factors could be expanded to include
additional levels or even to introduce new factors. An additional factor could be used
to investigate the use of equal-width bins versus equal-frequency bins versus hybrid (a
combination of equal-width and equal-frequency) binning. Lam et al.'?11:12 report
that they conducted extensive investigations of the effects of these various methods
of binning and concluded that the hybrid approach was most effective. This finding
could, however, be assay dependent and it may be a good idea to include the factor
in the analysis. Also, one could consider adding more levels for some factors. For
example, 4-D and 5-D subspaces could be included as levels of Factor C and Factor

G might also include other choices for the weights.

Selection of a main-effects design is somewhat limiting because two-factor inter-
actions are only estimable when some main effects are negligible. If one is willing
to entertain more runs, that is, observe more cell-based methods, larger designs that

accommodate estimation of interaction effects could also be pursued. For example,
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assuming that two of the factors in the NCI data application were negligible (which is
true of Factors E and D), a design that allows estimation of the five remaining main

effects and all 10 two-factor interactions contains 44 design points.

The design of experiments approach presented here is general enough to be appli-
cable to many assay-library combinations, yet specific enough to result in significant

improvements for a particular assay-library application.

Acknowledgment

This work was supported in part by a grant from the National Science Foundation,
award number DMS-0072809. We also gratefully acknowledge Lap-Hing Raymond
Lam at GlaxoSmithKline for providing the NCI data, early access to his dissertation,
and other help.

o4



Table 3.1: Potency Proportion Quantiles of Non-Empty Cells

Quantile  Min. 1% 5% 25% 50% 75% 95% 99% Max.
Proportion 0.01 0.01 0.01 0.02 0.03 0.05 0.18 0.50 1.00

Table 3.2: Factors for Creating Alternative Cell-Based Methods

Factor Low Center High Description
A 1 0 1 Cell 64 216 729
B 1 0 1 Amalgamating Nol No2 Yes
(@] 1 1 Subspaces 3-D 1-, 2-, 3-D
D 1 1 Permutation 1 5
E 1 1 Pre. Selection No Yes
F 1 1 Percentile 95% 100%
G 1 0 1 Weights HL95/\/’E Hygs Higs

95



Table 3.3: Optimal Design Points for Creating Alternative Cell-Based Methods

Design

10
11
12
13
14
15
16
17
18
19
20
21

LWY
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Table 3.4: Summary of ANOVA Results for hig, hao, and hsy, the Hit Rate Responses
at Tests of 10, 20, and 30 Compounds in the Training Set. (F is the value of F

statistics)
hig hao h3o

Source F p-value F p-value ' p-value
Model Effect 37.3 <.0001 47.7  <.0001 62.6 <.0001
Main Effect A 141.1 <.0001 178.2  <.0001 229.1 <.0001
Main Effect B 26.9 <.0001 22.8 <.0001 33.1 <.0001
Main Effect C 36.0 <.0001 22.6 <.0001 21.2  <.0001
Main Effect D 0.5 0.4981 3.1 0.0767 14.0  0.0002
Main Effect E 0.4 0.5060 0.5 0.4757 0.0 0.9668
Main Effect F 2.4 0.1215 35.0 <.0001 65.5 <.0001
Main Effect G 11.0 <.0001 19.6 <.0001 18.7 <.0001

Table 3.5: Comparisons Between Design 7, LWY, and Design 17 for hig, hog, and
hso, the Hit Rate Responses at Tests of 10, 20, and 30 Compounds in the Training
Set. (Ezperimentwise levels of significance are all set at 5%)

hig hao h3o
Difference between Design 7 and LWY 16.00 28.00 32.83
Difference between LWY and Design 17 30.50 30.25 27.34
LSD Min. Significant difference 7.58 7.59 6.53
HSD Min. Significant difference 13.95 13.97 12.03
Bonferroni Min. Significant difference 14.39 14.41 12.41

Table 3.6: Mean Hit Rates, at All Levels of All Factors for hig, hag, and hsg, the Hit
Rate Responses at Tests of 10, 20, 30 Compounds in the Training Set

h1o hag hsg
Factor -1 0 1 -1 0 1 -1 0 1
A 70.4 86.3 94.1 53.8 67.7 81.0 45.0 56.9 70.9
B 89.0 77.3 84.4 72.5 61.6 68.5 63.1 51.9 57.8
C 79.9 87.3 64.6 70.5 55.2 60.0
D 83.2 84.0 68.6 66.4 59.6 55.6
E 83.2 84.0 67.1 68.0 57.6 57.6
F 84.5 82.6 71.2 63.9 61.8 53.4
G 86.9 84.4 795 72.8 67.3 62.5 62.1 57.3 53.4
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Table 3.7: Four Best Cell-Based Methods Predicted from the Statistical Analyses

Factors 95% Confidence Intervals
A B C D E F G h1o hao hso
1 -1 1 -1 1 -1 -1 [1032, 1118 [95.1, 103.6]  [85.9, 93.1]
1 -1 1 -1 -1 -1 -1  [1022, 111.1]  [94.1, 102.9]  [85.9, 93.2]
1 -1 1 1 1 -1 -1  [1042, 1125  [93.1, 101.3]  [82.1, 89.0]
1 -1 1 1 -1 -1 -1 [1032, 111.8  [92.1, 100.5  [82.1, 89.1]
Design 7 [94.9, 103.6]  [88.3, 97.0]  [8l.1, 88.3]

Table 3.8: Global and Initial Enhancement for Methods LWY and OPT

Method A@250 [IFE
Design 7 90 17.7
OoPT 90 17.6
LWY 68 13.3
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Chapter 4

Statistical Models for Decoding
Pools of Chemical Compounds in
the Presence of Compound

Interactions and Dilution

4.1 Literature Review

As described in Chapter 1, modern discovery of a new drug begins with testing
hundreds of thousands of compounds with respect to one or more biological assays.
As the proportion of activity is usually very small, testing all compounds is not cost-
effective or desirable. For example, the assay used to test a single compound may
cost from a few cents to several dollars depending upon the complexity of the assay.
It means screening one million samples for one assay could easily go up to $1 million.
For this reason, pooling experiments are now often conducted in many pharmaceutical

companies with the purpose of time and cost effectiveness.

Typically, robotic liquid handling systems are used to form pools. After solid
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Figure 4.1: A typical 8 x 12 plate used in pooling experiments.

samples of chemical compounds are dissolved into solvent, the handling system will
be programmed to place samples on a plate; a typical plate of 8 x 12 is shown in
Figure 4.1. Compounds are pooled by combining all samples in a given row or a

column and pools are stored in separate plates to prepare for testing.

Pooling along the rows or along the columns, but not both, is called one-way
pooling. Obviously, each individual compound appears in only one pool in one-way
pooling and independence could be assumed among potencies of different pools. Two-
way pooling requires that pools are formed in both directions of rows and columns,
thus leading to dependence between pool potencies; each compound appears in two
different pools. Three way pooling or even multi-way pooling can also be considered,
depending on the particular circumstance of the assay, but it should be noted that in
multi-way pooling the total number of tests on pools can increase to the extent that

the pooling experiment is no longer cost-effective.

Potency values with respect to a particular biological assay are usually given on a
continuous scale. Dichotomizing compounds as “potent” or “junk” using a threshold
value on this continuous scale is often easily done by a chemist or biologist. This
same threshold for individual potencies is not, however, often appropriate for pools.

Even if compounds are placed in pools at the same concentration at which they
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are individually tested, dilution can occur to make the potency of a highly potent
compound that is pooled with many junk compounds yield a pool potency well below
the maximum individual potency. This effect is exacerbated if individual compounds
are placed in pools at weaker concentrations to allow the pool to have concentration
of organic materials comparable to the level of individual testing. The net effect is

that specification of threshold for labeling pools as potent or not is rather speculative.

Using a selected threshold, pools with potencies greater than this threshold will
be labeled as potent and given discrete potency value 1; pools with potencies less
than this threshold will be labeled as not potent and given discrete potency value
0. After completion of this classification process, pooling experiments for compound
screening will follow the pattern of group testing. The following is a brief literature

review on group testing and pooling experiments for chemical compounds.

The group testing problem originated with Dorfman (1943). In order to detect
blood samples infected by syphilis for donors called for induction in World War Two,
Dorfman proposed this group testing idea to improve screening efficiency. From then
on, group testing has been attracting statistical attention and has also been obtaining

successful application in various areas.

An important issue in group testing is estimation of the proportion of individuals
that possess a trait of interest. Group testing estimators can reduce the mean square
error (MSE) of estimates of proportions in the cases where the true proportion does
not exceed 2/3, although benefits depend on using an appropriate group size (Swallow
1985 and 1987; Sobel and Elashoff 1975; Thompson 1962). Because properties of
group testing estimators are very sensitive to group size (Hughes-Oliver and Swallow
1992; Swallow 1985; Thompson 1962), Hughes-Oliver and Swallow (1994) suggest
several methods to overcome this deficiency. These methods include using different
group sizes; two stage estimation; adaptively adjusting group size from time to time;

and performing Bayesian analysis.

Recently, group testing has been applied successfully in the estimation of disease

risk, especially HIV risk (Gastwirth and Hammick 1989; Tu, Litvak, and Pagano,

63



1994 and 1995; Hung and Swallow, 1999 and 2000). While considering imperfect
testing with False Positive Rate (FPR) and False Negative Rate (FNR), Tu et al.
(1994, 1995) also show that fewer tests with bigger pool size achieve greater efficiency
on the same number of samples. Brookmeyer (1999) estimated HIV incidence rates
using a multistage pooling estimator that is a generalization of Thompson’s (1962)

estimator.

Group testing can be a very good approach for cost effectiveness as well as for
estimation of proportions. Along with the estimation of FPR and FNR using pooled
data on disease prevalence, Kline et al. (1989) and Cahoon-Young et al. (1989) cut
the original testing cost by 80%.

The literature usually assumes a small prevalence proportion for the trait of inter-
est. However, Hammick and Gastwirth (1994) investigate group testing strategies to
handle circumstances with much higher prevalence rate. Hughes-Oliver and Rosen-
berger (2002) also demonstrate the effectiveness of a pooling strategy for estimating
a 0.25 prevalence of chlamydia. Moreover, Hughes-Oliver and Rosenberger extend
the adaptive or multistage approach to simultaneously estimate the prevalence of the

three inter-related diseases HIV, chlamydia and hepatitis B.

Applying the ideas of group testing to pools of chemical compounds for assessing
biological potency introduces many difficulties. Biological activity of chemical com-
pounds is usually measured on a continuous scale, rather than as presence or absence
of a trait, as is typical in regular group testing. A threshold is needed for determining
which pools are potent, but this is not an easy task given the possible existence of

multiple mechanisms within a pool.

Dilution effect within pools is inevitable. The concentration of a compound is
changed after pooling and this can impact the pool’s potency. In the presence of
strong dilution effects, a good pool with at least one potent compound in it will be
hard to discriminate from a bad pool with no potent compounds in it. There is an
early paper that discussed the optimal pool size under dilution effect (Hwang, 1976),
where the dilution effect is included in the model as the probability that a defective
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group is correctly identified by the test. Hung and Swallow (1999) proposed two
types of models for dilution effect and consequences robustness of group testing for

proportion estimating problems.

Another possible mechanism in a pool is synergistic effect. Synergism occurs
when several individually non-potent compounds yield a potent pool result when put
together in a single pool. Xie et al. (2001) investigate group testing problems under

presence of synergism.

A major concern about pooling chemical compounds is the blocker effect. A pool
containing at least one potent compound is called a good pool. A pool is labeled as
potent after a threshold is used to assign a discrete potency value. Unfortunately,
a good pool may be not potent due to interactions between the compounds in this
pool. Specifically, a negative pool may actually be a good pool containing a potent
compound that is altered by a blocker effect. This is more common with pooling
chemical compounds than with group testing of blood samples. Phatarfod and Sud-
bury (1994) give a blocker effect example that one sample might mask another. They
also reported that the two-way pooling is less susceptible to the false negative problem

caused by blocker effect.

Langfeldt et al. (1997) and Xie et al. (2001) also discuss optimal pooling strategies
with the presence of blocker effect. Langfeldt et al. (1997) try to minimize the test
cost and reduce the number of missed positive individuals by assuming a known
common blocker rate. Xie et al. (2001) assume an unknown common blocker rate to

derive probabilities of potency for individual compounds.

Zhu, Hughes-Oliver, and Young (2001) also consider blocker effect in their prob-
abilistic models for pooling decoding. But, unlike many previous researchers, they
use chemical structural descriptors to further classify compounds into several classes.
Compounds in each class are assumed to follow a trinomial distribution to be potent,
blocker (the whole pool will not be potent once this pool contains at least one blocker),
or neither. After class probabilities of potency are estimated, potency predictions of

individual compounds can be used to assess the performance of various models and
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methods.

Group testing with explanatory variables is also discussed by Farrington (1992),
Hung and Swallow (2000), and Vansteelandt, Goetghebeur, and Verstraeten (2000).
Farrington (1992) and Vansteelandt et al. (2000) use link functions to relate proba-
bility that a trait is present in a pool with covariates of all individuals in that pool.
Generalized linear models are proposed to give inference on individual risk based on
the pooled data. In special cases, standard software can be used to implement this
analysis. Hung and Swallow (2000) explore the potential advantages of group test-
ing to some hypothesis-testing problems by investigating the relationship between

individual risk and a covariate.

In this Chapter, we propose two models based on pooled data of chemical com-
pounds with the consideration of blockers and dilution effect. This is an extension
of Zhu, Hughes-Oliver, and Young (2001) in the sense that a more realistic blocker
effect model is used. The blocker effect happens as an interaction of two compounds
and hence is determined by both of them. The probability of having a blocker ef-
fect in a specific pool depends on what kinds of compound pairs are found in the
pool. Considering covariates by using chemical structural classes (see Section 4.2),
this probability is determined by what kinds of pairs of classes are in a pool. A pool
containing compounds all from one class is unlikely to suffer from blocker effects, but
may appear potent due to additive effects. This is an assumption more reasonable
than that in ZHY models where blocker effect is considered as an intrinsic character of
a single compound and a single compound can sometimes act as a blocker which will
mask the potencies of all other potent compounds (see Section 4.3). The new models
are introduced in detail in Section 4.4 and applied to real data in Section 4.5. Appli-
cation to a large pooling experiment was planned but, for several reasons explained

in Section 4.7, this plan was not executed.

In Section 4.6, we also investigate the effect of various thresholds for pool potency
on the performance of different models. Consequently, we propose a method that is

successful yet does not need a user-supplied specific pool threshold. This method is
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robust in the sense that it can identify potent classes with high precision even when
nothing is known about the “correct” threshold. It is also a good solution when we

have no information about the dilution effect.

4.2 Atom Pairs as Covariate Class

As mentioned in Section 4.1, we build models using chemical structural descrip-
tors. Based on the belief that chemical structure is highly related to potency of
compounds, many kinds of descriptors have been computed from chemical structural
features. Among such structural features, atom pairs, topological torsions, and frag-
ments (Carhart, Smith, and Venkataraghavan, 1985; Nilakantan et al., 1987) have
been useful in recursive partitioning analysis and/or pooling methods for the pur-
pose of improving HTS efficiency (Hawkins, Young, and Rusinko, 1997; Young and
Hawkins, 1998; Rusinko et al., 1999; Zhu, Hughes-Oliver, and Young, 2001). We con-
sider atom pairs as covariates in our pooling models. Atom pairs account for all pairs
of non-hydrogen atoms and the minimal topological distances between the pairs in a
compound (Carhart, Smith, and Venkataraghavan, 1985). The presence and absence
of atom pairs are represented as 1’s and 0’s, so that a compound can be described
by a bit string where each element of the string corresponds to an atom pair. For a
compound with n non-hydrogen atoms, the number of atom pairs of that compound
is on the order of n2. A collection of compounds usually has many thousands of atom
pairs, thus making it impractical to individually consider all atom pairs appearing
in the data. We need some preliminary selection of atom pairs. Suppose we have
already determined a relatively small subset of potentially important atom pairs with
the belief that compounds containing a subset of these atom pairs will share common
properties. Using combinations from these atom pairs, we form L atom pair covariate

classes.

Preliminary selection of atom pairs and rules for other covariates under different

circumstances can be identified by subject-matter experts or through an analysis of
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preliminary data. For example, Dorfman (1943) noted differing incidence of syphilis
depending on the home state of the blood donor. Thus, in the case of blood testing,
demographic variables can be reasonably used as covariates. In our case of testing
compounds for biological activity, atom pairs are selected to capture the structural
features of chemical compounds, and recursive partitioning analysis can play the role

as a preliminary selector.

Hawkins, Young, and Rusinko (1997) define chemical classes by the terminal nodes
from a recursive partitioning tree. Each node will split into two nodes by presence
and absence of a certain atom pair which makes the most significant split. Rules come
from the recursive partitioning tree and can then be used to define chemical classes.
Each compound belongs to a unique class by following a specific rule. Each active
terminal node is used to define a chemical class and all inactive nodes are combined
to define a single inactive class. The strategy would be to screen a few thousand
compounds as a small fraction of a large data set and analyze this small data by

recursive partitioning.

4.3 ZHY Models and Assumptions

Zhu, Hughes-Oliver, and Young (2001) propose two models (called ZHY models)
for decoding pools of chemical compounds. ZHY models consider blocker effects
by assuming the existence of a special compound called “blocker” that inhibits the
potency of other compounds in the same pool. It is assumed that each compound is
classified in one of three ways: potent, blocker, or neither. The probabilistic model

assumes that each individual compound follows independent trinomial distribution:
(Wij, Vij, 1=Wi;—Vij) ~ Multinomial(1, py;, fij, 1—pij— fij), =10 j=1,..k,

where n is the number of pools, k is the number of compounds within each pool,
Wi; and Vj; are indicator functions denoting the jth compound in the ¢th pool being

potent or a blocker, respectively, and p;; = Pr(W;; = 1) and f;; = Pr(V;; = 1). A
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blocker cannot be identified unless it is tested with one or more active compounds,

so V;; is not directly observable.

It is also assumed that a pool is potent if there are no blockers and at least one
potent individual compounds within it; a pool is negative either when there is at least

one blocker, or when there are no potent individuals in this pool. Therefore,

Y; = I(pool i is potent) = I (zk: Wi >0, Xk: Vij = O) :
J=1 j=1

As we have already had L atom pair classes as covariates, each compound will
belong to one of these classes and it is assumed that all compounds in the same
class will have the same probability to be potent or a blocker. Consequently, we will
focus on the probability that a given covariate class is a potent or blocker class. In
other words, we consider p = (pi1,...,p«) and f = (fi1,. .., f«r), where py = Pr(a
compound in covariate class [ is potent) and f,; = Pr(a compound in covariate class
[ is a blocker), rather than p;; and f;; for alli = 1,...,n. and j = 1,...,k. We also
know the information of counts, s;, the number of compounds in pool 7 that come

from covariate class [.

Two separate models are proposed for the pooled data, depending on the level of
retesting of potent pools. ZHY Model 1 considers the case where limited resources
do not allow retesting of individuals in potent pools. Only Y = (Y3,Ys,...,Y,,), the
observed pool potency, is available for use in Model 1. ZHY Model 2 is proposed
for the case where all compounds in potent pools are retested. In other words, ZHY
Model 2 is based on Dorfman Classical Decoding (see Chapter 1). In that case,
both pool potencies Y and the individual potencies in potent pools, a portion of
W= Wi,..., Wik, ... ,Wa1,...,Wy)', are observed and available for use in Model
2.

Using the corresponding data in different models, we can find maximum likelihood
estimators for these parameters. These estimates may then be used to determine

Y

“important covariate classes,” according to whether the corresponding estimate of p,;

is large relative to other estimates. All individual compounds within these important
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covariate classes will then be selected for individual testing to determine potency.
The hit rate can be calculated as the number of potent compounds found divided by
the total number of tests performed. The numerator is total of the number of tests

to obtain the pooled data and that to complete the individual testing.

In ZHY Model 1, pool potencies Y and the covariate class counts s; are the ob-
served data. It can be shown that Y;, the potency of the ¢th pool, is distributed
as Bernoulli{y; = [T/, (1 — fu)® — [1,(1 — pu — fu)®}. Let 6 = (p, f) be the
vector of all parameters. The likelihood of the n independent pools is L(f) =
[T, (1 — 0;)17%). The sy’s satisfy the relationship S5, sy = k.

For ZHY Model 2, the observed data is now: Y = (Y1,Ys,....Y,,), W = (W, : W;;
when Y; = 1). Let W,; = (Wi, ..., Wir), where W, is the number of compounds
tested potent in pool ¢ and covariate class [. The joint density of the observed data

(Y;, W*z) is

$1i = iz pag™ (1= pa — fu) o7 iy, = 1, 33wy > 0

fa) = {1—% ity =0

for i = 1,...,n. The likelihood will then be L(6) = [T, ¢¥i(1 — ;)1 7%,

4.4 Model Extensions

For our statistical models, assumptions about blocker effects are different from
these in ZHY models. Blocking in a given pool happens when two compounds in the
pool interact with each other. One compound may alter the binding site of another
compound, thus causing the potent compound to lose its original potency. From this
point of view, the probability that a pool experiences blocking depends on compound
pairs rather than on a single compound. We propose an extension of ZHY models by

considering this new kind of blocker effect.

Suppose compounds follow independent binomial distributions for indicating po-
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tency, that is,
Wij ~ Binomial (1, p;;), i=1,...,n,7=1 ..k,

where Wi;, pij, n, and k are as defined in Section 4.3. Let f;; denote the probability
that blocking happens between the ¢th and jth compounds, where ¢, = 1,2,... nk.
Under these assumptions, a pool is potent if this pool contains at least one potent
compound (these pools are called good pools) and no blocker interaction happens
between any pairs of two compounds in this pool; a pool is negative either if this
pool is not good or it is a good pool that contains two compounds with a blocking

interaction.

For L atom pair covariate classes, the potency parameter is p = (ps1,- .., P«r), the
same as in ZHY models, but the blocker parameter is different. Let f = (fi1, ..., fB),
where B = (£) is the total number of pairs of different classes and f,, = Pr(Blocker
effect happens for pair b). Hence, if two compounds come from different covariate
classes where this class pair is number b among all class pairs, then the probability
that blocking happens between the two compounds will be f,;; if two compounds

come from the same class, then no blocker effect is assumed.

For extension of ZHY Model 1, which assumes no retesting of individuals, the pool
potency Y; is distributed as Bernoulli {#;}, where
L
o= = B} 1= T - )},
=1
and B;(f) = 1— szkl(l — fur) is the probability that pool i has a blocker effect.
Class pairs kq, ..., k,, are all the class pairs present in pool i. The likelihood of the

n independent pools is

L) = [ v (1 = ).

i=1
Let C be a subset of classes in which all classes appear in all pools at the same time

and D = {1,2,...,L}/C which is all the remaining classes other than classes in C.
Then for any d € D, the blocking effect parameters between d and ¢; € C, between
d and c; € C,..., and between d and ¢, € C are non-identifiable, where wu is total

number of classes in C.
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For extension of ZHY Model 2, which assumes retesting all individuals in potent
pools, the observed data are Y = (Y1,Y5,....Y,,)", and W = (W,; : W;; when Y; = 1).
The likelihood function is:

= Lot - v

where

L
¢1’i — Hp*l *4l 1 _ p l ( zlfw*il)

4.5 Application to Real Data and Simulation Study

4.5.1 The Data

In a pooling experiment at GlaxoSmithKline, 1000 chemical compounds are se-
lected from storage where selection is based on Burden numbers (Burden, 1989) in
order to reduce the additive effect in pools. Compounds with similar Burden numbers
are more likely to be topologically similar, so assignment of compounds to pools is
to achieve diversity of Burden numbers within a pool; this will avoid testing at twice

the concentration of that covariate class.

Compounds are grouped in pools of ten, resulting in 100 pools. Pools are formed
by three-way pooling, thus leading to a total of 300 tests on pools. Imagine 1000 points
representing 1000 compounds to form a cube of 10 x 10 x 10. We can produce 100
pools from top to bottom, another 100 pools from left to right, and another 100 pools
again from back to front. Obviously, the 300 pools are not independent in potency,
but independence is a reasonable assumption within each set of 100 potencies. We
will separately analyze the three different data sets each obtained from one way of the
three-way pooling. Individual potencies, covariate class information and all 100 pool
potencies are available for each set of pools (sets of pools are called DATA1, DATA2,
and DATAS3, respectively) and will be used for model evaluation.

Biological potency of a compound is measured as the inhibition ability to the assay.
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Table 4.1: Distribution of Potent Compounds in the Covariate Classes

Covariate classes 1 2 3 4 5 6 7| Sum
Potent compounds 2 1 2 16 6 4 9 40
Total compounds 509 5) 11 412 27 ) 31 | 1000
Proportion | .0039 | .0200 | .1818 | .0388 | .2222 | .8000 | .2903 | .0400

Inhibition is calculated by an equation relating the target compound to a reference
compound; the result is a measurement on a continuous scale. Theoretically, percent
inhibition should be between 0 and 100, but in practice, under some special binding
situations leading to unusual results, the computation can give potencies less than
0 or above 100. A single compound is labeled as potent or not depending on its
inhibition percentage being greater or less than a given threshold. In our case, for
the assay we use, the potency threshold for individual compounds is 60. There are
40 compounds with potency value greater than 60 and will be said to be potent. The
percentage of potent compounds is a low 4%, and is typical for screening experiments

of chemical compounds.

By a recursive partitioning analysis, we select seven covariate classes based on
eight atom pairs (see Section 4.2). The number of potent compounds in these classes

is shown in Table 4.1.

Pools are also tested using the same assay as for the individual compounds and
potencies are given in the same scale for percentage inhibition. Figure 4.2 shows the
distribution of pool potencies for each 100 pools. When applying potency threshold
of 60 for individual compounds to pool potency, there are only 4 potent pools out
of 31 good pools for data set DATA1, 4 out of 33 for DATA2 and 5 out of 31 for
DATAS3. Recall that a good pool contains at least one potent compound irrespective

of whether or not a blocker effect occurs in that pool.
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Figure 4.2: Histograms of pool potency

74




Table 4.2: Mazimum likelihood estimates of p from data DATAI1 using four models,
where important classes are labeled with an * beside the appropriate p

Classes | Model 1 | Model 1 ext. | Model 2 | Model 2 ext.
1 0.00 0.00 0.00 0.00
2 0.77* 0.56* 1.00%* 1.00%*
3 0.00 0.22%* 0.00 0.00
4 0.00 0.00 0.00 0.00
5 0.27* 0.10* 0.63* 0.63*
6 0.16* 0.17* 1.00%* 1.00%*
7 0.00 0.00 0.22%* 0.22%*

4.5.2 Application and Assessment of Models

We are now in the position to estimate all parameters in models in order to obtain
hit rates. Note that ZHY Model 1 and Extension Model 1 use only the pool potencies
as input data and assume no retesting of the individual compounds. ZHY Model 2
and Extension Model 2 use both pool potencies and the individual potencies in potent
pools, which means that before the model estimation process begins, the compounds
in potent pools have already been individually tested and their potencies are available
for direct use. Calculation of hit rates for the two types of models occur in different

ways.

The classification methods using Model 1 and Model 2 are shown in flow charts

in Figure 4.3 (Zhu, Hughes-Oliver, and Young, 2001).

The MLEs of parameters p and f for all four models are obtained using SAS IML’s
nonlinear optimization function NLPCG. Estimates of p for all four models from data
DATAT1 are given in Table 4.2. In order to find global rather than local maximum

likelihood, many starting points are chosen to cover the entire parameter space.

After determining p, we evaluate covariate classes in terms of relative importance.

First, we rank p; from high to low, say p;, > pi;, > -+ > Di,, where 1,4, ... 7 are

a permutation of 1,2,...,7. Potency probabilities are compared to all other potency

probabilities for determining important classes. Specifically, we find m such that

mo o~ m—1 -~
Zj:1p<J) > 95% but Zj:l P@)

3P

ST < 95%, where p(;) is the jth ordered value within p.
i=1Pi
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Create n = 100 pools of £ = 10 compounds each

Y

Record s;,t=1,...,n,l=1,...,L

Y

Test pools, i =1,....,n

Pool i is negW

Record Y; = 0

- ———

- - -

\@i is potent

Record V; =1

Obtain MLE

Decide Importance of Class [ =1,2,..., L

7

Class [ is not important

Yes

Class [ is important. Test all individuals
in this class unless already tested.

Figure 4.3: Flow chart of classification using Model 1 or Model 2
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In other words, class ¢ is important if p; is within the top 95% of the sum of all p;s.
For data DATA1, ZHY Model 1 identifies covariate classes 2, 5, 6, as important or
potent classes. Extension Model 1 identifies 2, 3, 5, 6 as potent classes, while both

ZHY Model 2 and Extension Model 2 identify 2, 5, 6, 7 as potent classes.

How does one evaluate model performance? Because our research goal is to find as
many potent compounds as possible at the least cost, we use hit rate as the criterion
to assess model performance. Hit rate is the number of potent compounds identified
divided by the total number of tests performed. The higher the hit rate, the more
potent compounds are identified using the same number of tests, or on the other hand,
fewer of tests are needed to identify a pre-specified number of potent compounds or
hits. After important potent classes are determined, all compounds in these classes
are predicted to be potent and should undergo individual screening. Our approach is

actually a classification method.

Because Model 1’s and Model 2’s use different data resources, hit rate calcu-
lations have different forms. Including individual testing (which tests compounds
one at a time without pooling) and Dorfman Classical Decoding method, we have
6 different methods. We will also consider a seventh method. If we use only the
individual data from potent pools, we can also estimate p, except for cases where
there are some classes from which no compounds appear in the potent pools at all.
For these special classes, we will estimate their p;s with 0. Using the estimates given,
potent classes are identified and hit rates can be computed. This method is called
Simplified method. Formulas for computing hit rates are given in Table 4.3, where
Z; = I(class [ is important) (Zhu, Hughes-Oliver, and Young, 2001). ZHY Model 1
and Extension Model 1 have the same formula for computing hit rates, which are
given under label Model 1. ZHY Model 2, Extension Model 2 and Simplified method

also have the same formula, given under label Model 2.

Hit rate results for data sets DATA1, DATA2, and DATA3 are given in Table 4.4.
For DATA1, individual testing identifies 40 compounds using 1000 tests, so the hit rate
is 0.04. Classical Decoding needs 100 tests for pool potencies plus 40 for individuals
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Table 4.3: Hit Rate Formulas for Four Methods

Method Hit Rate
n L
Test Individuals %
n L - -
Classical Decoding ;Jlr’%l::,}: ?’;j/*”
n L
Model 1 1 Dy ZiWeit
- S S s
Model 2 S S (it 4 Y Z) W

n+ L Yit) _1Z18i0—) . _ _q Yisa 4
kZ?1Y Zznlzlle Z?1Zf1y Z

Table 4.4: Hit rates for 7 methods, where ind. for individuals, ext. for extension

DATA Test ind. Classical Model 1 Model 1 ext. Model 2 Model 2 ext. | Simplified
1 2U__0.040 | -2-=0.043 | -LL=0.080 13 -0.088 2U.—(.100 2U.—(.100 2U.—(.100
1000 140 37
2 %:0.040 %:0.036 ]11,—%7:0.080 %’iz().OSS %:0.071 %:o.on %:o.on
_ _ 10 __ 11 _ _ _
3 507 =0.040 | 2:=0.060 | £2=0.076 | £L=0.080 | Z2=0.106 | =2=0.106 | ===0.106

in 4 potent pools and it identifies 6 potent compounds. The hit rate is 0.043. ZHY
Model 1 deems classes 2, 5, and 6 as potent classes. Individual tests are obtained
only for compounds in these three classes, thus identifying 11 potent compounds
while needing 100 tests for pools plus 37 tests for the three classes. Hit rate for ZHY
Model 1 is 0.08. ZHY Model 2 needs 200 tests in total (100 for pools, 40 for retesting
individuals within potent pools, 68 for individuals in classes 2, 5, 6 and 7, minus 8
individuals in classes 2, 5, 6, 7 that are already individually tested because they are
in the potent pools) to identify 20 potent compounds for a hit rate of 0.10. Hit rates
for Extension Model 1 and Extension Model 2 can be computed in the same way as
ZHY Model 1 and ZHY Model 2, respectively.

It is not surprising to see that model-based approaches perform better than indi-
vidual testing and Dorfman Classical Decoding. One reason is that the model-based
methods all assume the existence of blocker effects. As we know, for data set DATAT,
there are 31 good pools and only 4 potent pools when using threshold=60 for pool
potency. For this case, the apparent blocker rate is extremely high, resulting in the
fact that no consideration of blocker effect is a disaster. This is also the reason that in
DATAZ2 Classical Decoding is not better than individual testing although we expect

the former should behave better. Another reason for improved results of model-based
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methods is the use of chemical structural descriptors. Classical Decoding can only
identify as potent these compounds that have been individually tested. On the other
hand, the model-based approaches can predict compounds to be potent solely based
on structural information, even if they are tested in pools labeled not potent or pos-

sibly never tested, neither in pools or individually.

Extension Model 1 is doing better than ZHY Model 1 with respect to both the hit
rates and the number of potent compounds identified. However, Extension Model 2 is
performing the same as ZHY Model 2. We obtain insight after checking the data set
in detail. We believe that Model 2’s estimation results appear to be dominated by the
information from the individual data in the potent pools since this part of the data is
used in model estimations. We can see that, for each of the three data sets, Simplified
method identifies the same potent classes as ZHY Model 2 and Extension Model 2,
and obtain the same hit rates (see Table 4.4). However, in the simulation study later,
we will find Extension Model 2 is slightly better than ZHY Model 2 although they

are mostly comparable.

4.5.3 Simulation Study

We perform a small simulation study to compare models. Chemical structural
descriptors is as observed in data DATA1. The vector of potency probabilities is
p=(0.004, 0.200, 0.180, 0.040, 0.220, 0.800, 0.290), as observed in DATA1. Blocker
effect is simulated at a relatively high level that sets blocking probabilities to be
f = 27/31. This value is determined from data DATA1, where 31 good pools are
observed but only 4 are labeled potent using a pool threshold of 60.

Sixty simulation replicates resulted in mean hit rates as given in Table 4.5. Vari-
ability of these hit rates is also given in Table 4.5. Actual hit rates are given in
Figure 4.4. From this plot, it is clear that individual testing and Classical Decoding
give comparable results in the presence of high blocker effect. All model-based ap-

proaches are more variable but also have higher mean hit rates than individual testing
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Table 4.5: Means and standard deviations of hit rates in simulation

Test ind. | Classical | Model 1 | Model 1 ext. | Model 2 | Model 2 ext. | Simplified
Mean 0.0308 0.0276 0.0743 0.0978 0.0816 0.0902 0.0749
Std. Dev. 0.0045 0.0100 0.0341 0.0295 0.0268 0.0248 0.0305

and Classical Decoding. Extension Model 1 is better than ZHY Model 1 and Exten-
sion Model 2 is slightly better than ZHY Model 2. Comparing Extension Model 1
and Extension Model 2, the former behaves much better many times, but it is highly

variable. Overall, they two extension models have comparable hit rates results.

4.6 Threshold for Pool Potency

In the model assessment discussed in Section 4.5, we use 60 as the threshold for
pool potency. In other words, when a pool has potency value greater than 60, it is
classified as potent and its discrete potency is assigned as 1; otherwise, it is classified
as a junk pool and given discrete potency 0. Using these binary pool “potencies”
and chemical structural information for all individual compounds, model estimates
are obtained, important covariate classes are determined, and hit rates are calculated

in order to evaluate model performance.

However, as mentioned in Section 4.5, a pool threshold of 60 leads to identifying
only 4 potent pools and incorrectly labeling 27 good pools as “junk.” Considering
the effect of dilution, this threshold of 60 is not appropriate for pool potency, since
concentration is reduced when a compound mixes with other compounds in the pool.
For example, suppose a compound C' has potency value of 60 and there are 9 other
compounds with potency 0 in the same pool. For the pool potency, we reasonably
expect it will be much lower than 60. So, this pool turns out to be not potent when
using a threshold of 60, although it is actually a good pool. We propose to address
this dilution effect by lowering the threshold for pool potency.
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4.6.1 Hit Rates vs Various Threshold

In order to investigate model performance when using different pool thresholds, we
ran Extension Model 1 and Extension Model 2 using many pool potency thresholds
for data sets DATA1, DATA2, DATA3. In other words, we repeat the process in
Section 4.5 for many different thresholds other than 60, but using only Extension
Model 1 and Extension Model 2. We do not consider ZHY Model 1 and ZHY Model
2 since they did not perform as well as the extension models in Section 4.5. We also

compute hit rates for the Classical Decoding method.

Specifically, we consider thresholds in the range of 10%-100% of the individual po-
tency threshold. Considering the heaviest dilution effect, we expect that the potency
for a good pool should not be less than this minimum value. Also, there is nothing
to suggest that good pools should have potency greater than the individual threshold
in order to be potent. Thus, for our example, all thresholds greater than 6 and less
than 60 are chosen to be considered. Resulting hit rates are plotted as a function of

different thresholds in Figure 4.5.

We can see that at high thresholds, Extension Model 2 behaves better than Exten-
sion Model 1 and Dorfman Classical Decoding, and is also less variable than Extension
Model 1. But when thresholds become smaller, Extension Model 1 performs the best
and becomes more stable than at high thresholds. However, when the thresholds be-
come too small, Extension Model 1 becomes highly variable again. For most threshold

values, Extension Model 1 has the best properties.

These plots may not be feasible in practice, since individual potencies are needed
to determine hit rates after model estimation for each threshold. Suppose we have
a total of m different thresholds denoted by C;, i = 1,...,m. For each threshold
C;, let PC; be the set of covariate classes deemed important. When these PC;’s
are not nested sequentially, individual testing to evaluate hit rate for threshold C;
may not be useful for assessing hit rate for C;, 1, thus leading to a waste of valuable

resources. This places limits on direct practical application. However, these plots
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Table 4.6: Using Pool Potency Threshold of 18.9

Labeled Status of Pool
potent not potent
Actual good | 21/6.8 | 10/24.2 | 31
Status of Pool junk | 1/15.2 | 68/53.8 | 69
22 78 100

provide an intriguing big-picture view of the impact of pool potency thresholds on

model performance.

4.6.2 Is It Possible to Find an Optimal Threshold?

A clear pattern is observed in Figure 4.5 for Classical Decoding hit rate curves:
increasing, reaching maximum, and then decreasing. We can use this feature to
identify an optimal threshold for pool potency, which is desirable for future use. In
order to do this, we do not have to experiment with all possible thresholds. When we
see the trend of decreasing hit rates, we stop. Actually, we make the rule as stopping
after we meet two continuous times of going down in hit rates. Using this rule, we find

that the optimal threshold is 18.9 for DATAT1, 24.0 for DATA2 and 23.7 for DATAS.

Are these thresholds good? Suppose all individual potencies are available. We
can then construct a x? test to evaluate these thresholds. For data set DATA1, using
threshold 18.9, 22 pools have potencies greater 18.9 and then are labeled as potent.
Among these labeled potent pools, 21 are good pools and only one is a junk pool. The
contingency table given in Table 4.6 allows us to test the relation between actually

being a good pool and being labeled potent.

Entries in Table 4.6 are in the form observed/expected, where expected=(row
total) x (column total)/100. For this contingency table, we can compute the p-value
for a test of independence. In fact, we can compute p-values for all possible thresholds
C;, 1 =1,...,m. The threshold with the minimum p-value is the ideal threshold we
desire, which is 18.9 for DATA1, 24 for DATA2, 24 for DATA3. It shows that the

above threshold obtained by Classical Decoding method is very precise.
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Table 4.7: Using optimal threshold, hit rates results for 7 methods, where ind. for

indiwiduals, ext. for extension

Test ind. Classical Model 1 Model 1 ext. Model 2 Model 2 ext. | Simplified

DATA1 | 28-—=0.040 | 22=0.091 | 2L =0.121 ZL—0.121 %:0‘090 25-=0.090 | 22-=0.090

10Q0 320 74 74 5
DATA2 ﬁ:o.mo %2—1:0.084 i =0.121 ]2—2=0.123 23 —0.079

1980 I i % 4y 4y 49
DATA3 | {20 —0.040 | 20—0.083 | 2L—0.121 | 22-0123 | 27-0.003 | 22—0.093 | 22=0.093

Table 4.8: Means and standard deviations of hit rates in simulation with small blocker
rate

Test ind. | Classical | Model 1 | Model 1 ext. | Model 2 | Model 2 ext. | Simplified
Mean 0.0403 0.0876 0.1221 0.1241 0.0867 0.0874 0.0814
Std. Dev. 0.0059 0.0071 0.0276 0.0246 0.0106 0.0087 0.0150

4.6.3 A Close Look at Small Thresholds

We take a close look at the performance of several models using the optimal
thresholds: 18.9 for DATA1, 24 for DATA2, and 24 for DATA3. The results are
shown in Table 4.7.

These real data results show that ZHY models and model extensions are quite
comparable when using optimal threshold. We also conduct a small simulation ex-
periment similar to the one descirbed in Section 4.5, except that the blocker rate of
27/31 is replaced by the rate of 6/31. Extension models have higher hit rates and
are less variable than ZHY models (see Table 4.8). On the other hand, Extension
Model 1 is obviously preferable to Extension Model 2 even though the former is more

variable; see Figure 4.6.

4.6.4 Methodology Robust to Choice of Threshold for Pool
Potency

From the discussion above, it is clear that model performance is very much de-
pendent on threshold. In some cases, we may know the optimal threshold very well,
either by previous experiments, or just by experience. Then, Extension Model 1 is
the best choice. It has the highest hit rate among all these methods. But, in many
other situations, we may have no idea regarding the appropriate threshold. In these

cases, we need some new methods.
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Table 4.9: Frequency being identified as potent classes for each class

Class |1 2 | 3 | 4|5 ] 6 |7 |total
DATA1 |0 |33 |44 | 5 |53 |54 |50 | 54
DATA2 | 3 |48 | 71 |25 |75 |77 |64 | 77
DATA3 | 0|49 | 44 | 15 |53 | 53| 42| 53

We propose a method to benefit from Model 1’s property: the only data needed
is the set of pool potencies and covariate class information for all compounds. No
individual potency data is required. So, we run Extension Model 1 for all possible
thresholds (see Subsection 4.6.1). This will lead to identification of potent classes
for each threshold. We then count the frequency of being identified as a potent class
for each class, and rank these frequencies from high to low. Ranked frequencies pro-
vide an order of individually testing compounds based entirely on chemical structural
descriptors of the compounds. Individual testing terminates after obtaining a pre-
specified number of potent compounds or observing a sharp down-turn in hit rates.
Frequencies for the real data are given in Table 4.9. Fifty-four thresholds were inves-
tigated for data set DATAL, leading to a testing order of covariate classes 6, 5, 7, 3,
2; classes 4 and 1 were almost never selected. The testing hit rate is 0.123. Similar

results are obtained for sets DATA2 and DATA3.

In practice, many factors may be at work in a pool, such as dilution or blocking.
Various complicated situations will make it very hard to determine a good threshold
for pool potency. The dangers of using an improper pool threshold are two-fold. On
one hand, a different model may be more appropriate for that threshold, and on the
other hand, the optimal threshold may yield a much higher hit rate. The methodology
presented in this section is robust to the choice of threshold and is thus useful for

practical decoding of pooling experiments.
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4.7 A Big Pooling Data Set

At GlaxoSmithKline, a pooling experiment grouped half million compounds into
about 50,000 pools of size 11. Potency measures the inhibition ability of a compound,
and is calculated by an equation relating the target compound to a reference com-
pound. GlaxoSmithKline (GSK) scientists specify 75 as the threshold for labeling a
compound to be potent, that is, only compounds with potency greater than 75 are
regarded as potent. Using this threshold, about 0.4% of these half million compounds

are potent.

Because of missing values and other reasons, there are 43,659 pools with pool size
11. Using pool threshold 84.36 suggested by GSK scientists, 1,254 pools with pool
size 11 are labeled as potent. The proportion of potent pools is about 2.87%.

If the compounds within these 1,254 pools are individually retested, it is found
that there are 180 containing at least one potent compound. Hence, only 14.35% of
pools labeled as potent are really potent. This percentage is low, indicating that many
pools are potent by effect of either additivity or synergism. Actually, in the 43,659
pools with pool size 11, 42,352 contain no potent compounds, but 1,254-180=1,074
of these pools are labeled as potent. When potencies are known for all individual
compounds, the additivity or synergism effect can be computed to be about 2.54%.
Because of the existence of this non-negligible additivity or synergism effect, the
strategy of Dorfman testing (Dorfman, 1943), which retests all individual compounds
in potent pools, is not successful in this data set as in other cases (hit rate of Dorfman

testing is about 0.42%, compared to 0.4% for random testing).

Based on details provided by the screeners, the problems is more likely due to
additivity rather than synergism. Compounds are placed in storage in the order
in which they are created, thus inducing a strong degree of compound similarity
over time and storage location. Unlike the pooling experiment from Section 4.5, no
attempt was made to avoid additivity in this pooling design. Pools were not even

randomly created. In fact, pools were created from the 10 x 12 plates pulled from
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storage. The consequence is that highly similar compounds were pooled, thus leading
to many potent pools that do not contain potent individuals. The strain from the
large number of labeled potent pools affected the quality of the pooling experiment
in yet another way. The specified threshold for pool potency (84.36) was determined

entirely from testing capacity; no science was used.

On the other hand, it can also be seen that in the pools with size 11, there are
a total of 1,307 pools containing at least one potent compounds. However, in these
good pools, only 180 are labeled as potent. The blocking effect can be computed
to be 13.8%. The blocking rate is higher than is usually expected, suggesting that
the pool threshold is likely to be inappropriate. This data set may have the same
problem of determining a good threshold as the small GSK data in Section 4.5. The
methods proposed in Section 4.6 could be applied here to find a better threshold. Un-
fortunately, because the models developed in this chapter do not consider synergism,

analysis of this data, as well as the pool threshold issue, will be left as future work.

However, caution should be taken when analyzing this data set because the mea-
surement variability for potency is relatively high. In this experiment, compounds
within the potent pools are individually retested twice to decide potency. Includ-
ing the original individual measurements (remember that all half million compounds
have been tested once for potency before being put into pools——this part of data is
called “individual” in Table 4.10 and Figure 4.7), all compounds in potent pools are
measured in triplicate. Results of correlation analysis for the duplicate potencies and
individual measurements are given in Table 4.10. The corresponding scatter plots are
shown in Figure 4.7. Correlations of these multiple measurements are relatively low,

suggesting that assay variability is relatively high.
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Table 4.10: Correlation Coefficient Matriz of Duplicate Potencies for Compounds in

Potent Pools

Duplicate 1 | Duplicate 2 | Individual
Duplicate 1 1.000 0.458 0.209
Duplicate 2 0.458 1.000 0.198
Individual 0.209 0.198 1.000

Scatter Plots of Duplicate Measurements
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Figure 4.7: Scatter Plot of Duplicate Potencies for Compounds in Potent Pools
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Chapter 5

Applications of Semiparametric
Theory on Missing Data Problems
for Decoding Pools of Chemical

Compounds

5.1 Introduction

In Chapter 4, likelihood models are used to estimate potency and blocking prob-
abilities. Asymptotic properties of the resulting estimators are not obvious because
the information matrix is singular in some cases (Zhu, Hughes-Oliver and Young,
2001). In this chapter, new likelihood models are developed for additionally esti-
mating synergism. These models also allow variance estimation for the estimators.
Further, semiparametric theory on missing data is successfully applied to the pooling

experiment of chemical compounds and results in increased efficiency of estimation.

Pooling experiments can be viewed as a special missing data problem. Individual

responses within a pool are missing when only the pooled response is obtained and
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no retesting is done on individuals within this pool. For each pool, pooled responses
and all structural information for all compounds within the pool are always available.
The strategy for determining which pools will be retested is based on observed data

only, thus the pooling data can be regarded as missing at random.

Semiparametric theory has been successfully applied in missing data problems to
get efficient parameter estimation. Application to pooling experiments has never been
done, at least to our knowledge. Here we work through the details and ultimately plan
to compare the accumulation curves for semiparametric and likelihood-model-based

approaches.

Section 5.2 gives a short literature review and introduces the theory of semi-
parametric models, as well as the application in restricted moment models and data
missing at random. Section 5.3 specifies the semiparametric and corresponding like-
lihood models for pooling experiments in drug discovery. Section 5.4 applies the two
models to a real pooling data set and compares the estimation results. Section 5.5
proposes another likelihood model and also compares it to the previous models. The

last section proposes future work.

5.2 Literature Review

The literature on semiparametric models and estimators is extensive. Bickel
(1982), Newey (1990) and Bickel et al. (1993) give ideas for finding consistent es-
timators. Ritov (1987), Newey, (1990), Bickel et al. (1993) discuss the limiting
distribution of a semiparametric m-estimator. A very important issue that concerns
many researchers is the bound for semiparametric efficiency. Newey (1990) gives a
good introduction to this problem and provides a discussion of the research methods

for determining and calculating bounds.

In the circumstance of missing data, especially data missing at random in the
sense of Rubin (1976), Robins, Rotnitzky, and Zhao (1994) give a new class of semi-

parametric estimators, based on inverse probability weighted estimating equations.
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Robins, Rotnitzky, and Zhao (1994) also compare estimators in their class with other
estimators and show that each previous estimator is asymptotically equivalent to

some, usually inefficient, estimator in their class.

This section contains three subsections summarizing relevant results of efficient
semiparametric estimation, especially on data missing at random. The first subsection
introduces the influence function and identifies the efficient score in semiparametric
models. The second subsection gives the influence function and efficient score for
restricted moment models. Following the one work of Robins, Rotnitzky, and Zhao
(1994), the third subsection describes the process of finding the influence function
and the efficient score for data missing at random in the sense of Rubin (1976).
Efficient semiparametric estimators can be obtained by solving the corresponding

efficient estimating equations.

This section is essentially a review of portions from lecture notes of Dr. Anasta-
sios Tsiatis (Tsiatis, 2001). The lecture named Semiparametric Theory and Missing
Data Problem was given in 2001 at Department of Statistics, North Carolina State

University.

5.2.1 Influence Functions

Let Zy,---, Z, be i.i.d. random variables where Z; has density assumed to belong
to the class {Pz(z;0), 0 € Q}. The parameter § can be written as (87,77)7, where
37%! is the parameter of interest, and 7, the nuisance parameter, may be finite- or

infinite-dimensional.

We first consider the parametric model where the nuisance parameter is r-dimensional
(see Pfanzagl and Wefelmeer, 1982; Begun et al., 1983; Newey, 1990; Bickel et al.,
1993); extension can be made to the case where the nuisance parameter is infinite-
dimensional. The score vector of a single observation Z in a parametric model is

denoted by Sy(Z,60y) = alo%g(zmb:em which is of dimension ¢ + r and 6, is the true

97



value creating the data we observe. Let

alogPZ(Z, 9)

Sﬁ<Za o) = 03 lo=g,, q X 1 vector,
log P (Z,0
Sy(Z,6y) = 80gaz(,)|9:9m r x 1 vector.
n

For simplicity, let Sg, and S, represent Sz(Z,6) and S,(Z,6,) respectively. Then
So(Z,00) = (SF, ST

The following theorem about the influence function is due to Newey (1990) and
Bickel et al. (1993).

Theorem: Suppose Bn is an asymptotically linear estimator with influence function
©(Z) such that Eg(¢T ) exists and is continuous in 0 in a neighborhood of 0y. If Ba
1s reqular, then the following holds:

()E{p(2)Sp} = 17

(i) E{p(Z)S,} = 0.

Influence functions are uniquely determined by their estimators, that is, different
Bs have different influence functions. Thus, the previous theorem could be used to
identify the efficient estimator. Specifically, we could first find all influence functions
that satisfy the above two conditions, then determine the most efficient one. The

resulting influence function uniquely determines the efficient B :

Consider a space H consisting of all ¢g-dimensional random functions h : Z — RY,
where h is measurable and satisfies F(h) = 0, E(hTh) < co. Z is the sample space
and RY is the g-dimensional real number space. If the space H is accommodated with
an inner product <hy, hy >= E(hThy) for any hy and h, in this space, then this space
is linear and complete, and is thus a Hilbert space. A subspace within H, called a

nuisance tangent space, is defined as
A= {BS,(Z,6,) : VB""}.
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By this definition, the influence functions ¢(Z) must satisfy: (1) E{p(Z)S§} = 17
and (2) ¢(Z) € A*+. So, in order to find the influence functions, we need to identify

the subspace perpendicular to A. The elements in subspace At are called scores.
It is shown by Newey (1990) that the efficient score is
S(Z.00) = S — TL(S5|A),
where II(Ss|A) is the projection of Sz on the nuisance tangent space.

It is easy to verify (Newey, 1990) that the efficient influence function is

011 (Z) = (ST 5857 5e01 (7, 6y).

5.2.2 Restricted Moment Models

Counsider the model

where E(e|X) = 0 and the functional form of M(-,-) is known. It is assumed that

data are the realization of the iid random vectors 71, - - -, Z,,, where Z; = (Y;, X}).

The density is characterized as

p(z, B,m (), 1m2(-) = m(y — M(z, 3), ) - na(x).

where (e, x) = p-|z(e|x), and n1 (e, x), no(x) are two densities. It could be shown
(Tsiatis, 2001) that the score function, that is, the element perpendicular to the

nuisance tangent space, is given by

AU z)(y — M (z, B)),

and the corresponding influence function is

E[A(z) D(x)]”" A(x)(y — M(x, 5)).
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oM (z,)
opT

Here A%%¢(x) is an arbitrary function of z, and D(x) =

The efficient score is given by
D (x)V~(z)(y — M(, ).

where V(x) = E(ee’ |z) (Tsiatis, 2001). Therefore, the most efficient estimator is

the solution to the equation

éD%)vlm)(yi _ Mz, 8)) = 0.

5.2.3 Data Missing at Random

When no missing data occurs, we observe the full data Z;,---,Z,. Let R; be the
indicator variable of observing complete data for the ith observation. When R; =1,
we observe the complete data Z;; when R; = 0, there is missing data for the ith
sample and Z; is not completely observed. Let G..(Z;) be a function of Z; and r and
G.(Z;) are partial data of Z;. So when R; = 0, we observe Gy(Z;), rather than Z;,
and when R; = 1, we observe G1(Z;) which is actually Z;.

If it holds that P(R =r|Z) = n(r,G,(Z)), which implies that the probability of
observing complete data depends on Z only through a function of the observed data,

then this situation is called missing at random (Rubin, 1976).

Given data missing at random, it can be shown that the corresponding score
function is in the form of
I(R = 1)4"(2)
(1, 72)
where L(R,Gr(Z)) is an arbitrary function from the subspace Ay = {h(R,Gr(Z)) €
H : E(h(R,Gr(2))|Z) = 0} and ¢'(Z) is the full data score function (Robins,
Rotnitzky, and Zhao, 1994).

+ L(R7 GR<Z))7

Provided that the missing variable R is binary, we can express any function

h(R,Gr(Z)) € H as
I(R=1)L(1,G1(Z)) + I(R = 0)L(0,Go(2)).
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Because any function L(R,Gr(Z)) € Ay C H must satisfy
E{L(R,Gr(Z))| Z} =0,

that is
E{[I(R=1)L(1,G1(Z))+ I(R=0)L(0,Go(2))] | Z} = 0,

it can be solved to obtain

1—-7(1,2)

L(LGA(Z) =~

L(0,Go(Z)).

Thus, a typical element of Ay can be written as

_IEr= 1738 ;)”(1’ ) 10,Go(2)) + T(R = 0)1(0,Go(2))

R is either 1 or 0, so R can be used to replace I(R = 1). Consequently, a typical
element of As can be rewritten as
R—7(1,2)
m(1,7)
where L(G(Z)) is an arbitrary function of Go(Z) satistying E[L(Go(Z))| Z] = 0, for
example, L(Gy(Z)) = —L(0,Go(2))

L(Go(2)),

Therefore, the observed data score function is in the form of

Rof(Z) R-—7(1,2)
(1, 2) 7(1,72)

L(Go(Z)).

The full data score function for restricted moment model is p!(Z) = A(z)(y —
M(z,[3)). We now need to find optimal ¢ (Z) and L(Go(Z)), or optimal A(x) and
L(Gy(Z)) for the restricted moment model correspondingly.

Suppose we fix o' (Z) as some arbitrary full-data influence function. Then, among

the class of observed-data influence functions
Re"(2)
————= + Ly(R,Gr(%2)) : Ly(R,Gr(Z2)) € A
{24 LR, Gr(2): 1a(R,Gr(2) €
the element with the smallest variance is obtained by using the residual

Re'(2) (RwF(Z) |A2> |

7(1,72) (1, 2)
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where II (R“’ (Z) | A2) is the projection of R“(’l (ZZ)) onto the subspace Ay (Tsiatis,
2001).

In order to find the most efficient influence function, it is enough to consider

influence functions in the form of

Re"(Z) Re"(2)
1.2) O ( (1. 2) 'AZ)

where ¢! (Z) is an arbitrary full data influence function.

We first compute the projection of £ o (ZZ)) onto Ay. As above, a typical element
in space Ay can be written as = (7;1ZZ L(Go(Z)). So in order to find H(R‘p (Z) | Ay),

we need to find an element Lo(Go(Z)) in Ay such that for all L(Gy(Z)) € AQ, the
following holds:

Re'2) R-mll2) R-n(1,2),
E{lﬂ@,z) (1, 2) Lo(Go(2)) (L. 7) L(Go(Z ))} 0.

Solving this equation, we obtain
Lo(Go(2)) = E(¢"(2) | Go(2))-

So, the projection of Rﬂfﬁ (ZZ)) onto Ay is obtained as

R—7(1,%2) P
——F Z) | Go(Z)).
B () Gol2)
Therefore, for a fixed arbitrary function o'(Z), the most efficient score function can
be written as

o <ZZ>) = ;&%Z)E(@F(Z) |Go(2)).

For the restricted moment model, after replacing ' (Z) by A(z)(y — M(z,3)), the

corresponding efficient score can be obtained.

The most efficient score function for the restricted moment models, shown by
Robins, Rotnitzky, and Zhao (1994), is associated with A.f(x) satisfying the follow-

ing iteration relationship

Augs(a) = DT ()T (2) + B {WE[Aeff(@e |Go(Z)]< } (@),
where £ =Y — M(z, 5), D(x) = 2240 and T*(x) = {E[;25 |a]} .
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5.3 Semiparametric and Likelihood Models for

Pooling Experiments

In pooling experiments for chemical compounds, retesting is usually limited to
the potent pools. Consequently, some pools have both observed pool responses and
individual potencies. However, within pools, retested or not, the structural infor-
mation of each compound is always available. The information is called covariate
and denoted as x;; for the jth individual compound in the ith pool. z;; is an L
dimensional row vector of 0’s except the [th element is 1, provided this compound
belongs to the [th class. The determination of the classes is described in Chap-
ter 4. In this section, we are going to estimate the probability for each class potency,

p = Pr(compound from class [ is potent).

In order to achieve efficient estimation for the parameters, some information on
individual potencies, as well as the pool responses, is needed. This calls for a proce-
dure to determine which pools will be retested in order to obtain individual potencies

within these pools.

It is reasonable that potent pools should have a big chance of being selected for
retesting. Inactive pools will also have a small chance to be retested; this is consistent
with the existence of blocking effects. Let R; be the indicator that pool 7 is retested.

The retesting model is assumed as

m ify; =1
Pr(R; = 1ly;) = n(y:) = { . )
mo ify; =0

where 7y is going to be set close to 1 and 7 close to 0.

5.3.1 Semiparametric Models

It is easily seen that the full data for one pool is Z; = (Y}, z;,Y;"), where Y] is
the potency of the ith pool; Y;* = (i1, Y, -, Yix)T; Yi; is the potency of the jth

compound within the 7th pool; z; = (z}, 2k, -+, 2%)T is the k x ¢ covariate matrix for
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the ith pool; and z;; is a g-dimensional row vector as covariate for the jth compound
within the ith pool. For a retested pool, we observe Z; and hence R; = 1; otherwise,

we observe (Y;, x;) and R; = 0.

As it is true that
Pr(R;, = 1|y;,zi,y) = Pr(R; = 1|y) = n(y:),

this is a Missing at Random (MAR) problem. The full data model is assumed to be

Y; M(zq,0) +en Mz, B) €l
Y M (2, 8) + & M (242, Ei

yr ‘2 _ ( 2/3) 2 | _ (‘2 B) N ‘2 7
Yir Mz, B) + €in Mz, ) Eik

where E(g;j | z;5) = 0, (x;5,¢45) are i.i.d. and M (x;;, 5) = exp(z;;3)/(1 + exp(z;3)).
As part of the full data model, it is also assumed that Pr(Y; = 1|35, Y;; > 0) =1-B
and Pr(Y; = 1 Z?Zl Yi; = 0) = S. Bis the probability that a potent pool has blocking
effect so that it is observed to be not potent and S is the probability that a truly
inactive pool has synergism effect so that it is observed to be potent even though
none of its individuals are potent. For simplicity, both B and S are assumed known

in this subsection.

Let M*(z;,3) denote (M (z;1,3), M(xi2, 3), -+, M(za,3))T, and &; denote (g1,

€ig, * ", 5ik)T. As given in Section 5.2.3, the most efficient score is

Ro¥(Z) R-—7(1,2)

m(1,2)  w(1,2) E("(2)]Go(2)).

For our case, ¢ (Z;) = Acpr(z) (Y — M*(x;,08)), (1, Z;) = n(Y;), and Go(Z;) =
(Y;, z;). Tt is easily seen that E(p"(Z:)|Go(Z:)) = Acyp(x:)(E(Y|Yi, 2:) — M* (i, B)).

Therefore, the efficient inverse probability weighted estimating equation (IPWEE)

is as follows:

Sy e Aess () (yr — M (2, 3))
_l(yl)Aeff(xl)(E(}/;*‘yuxl) - M*(x’taﬁ))} = 07

7(yi)
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where A.fp(x;) is determined by Robins’ iteration equation (Robins, Rotnitzky, and
Zhao, 1994). For this application, Robins’ iteration equation is equivalent to the

following

- . .
Acrp(ai) = DM (2)T*(2;) + Acsp(xi) E {WE[eﬂyi,xi]s;‘ |l’z} T (w3),

9 L, * -1
where D(z;) = 2455 and T*(x;) = { E[£55 |2}
From the equation above, A.sf(x;) can be directly solved for each pool i. Given

the value of 3, it can be computed that

E{lf’r(Yi)E[e | yi, il ]m }

m(Y;)
_ —B 1 1 B * T
= (1-B—H) (5 - V%2 — 5 + =i — Gy — Vg M7

()
D(wi) = (M(win, B)(1 = M(za, )l -, M(zi, B)(1 = M(wir, B))y)"
T(w) = {(sly — s)(Hi = 1+ BYMM;" + (58 + Bydiag(My)

- diag(1x — M)},

where M} = M*(x;,8), Hi =1 - B~ (1 - B — S)II*., =2, and 1, is the

J=1 1texp(zi;0)°
k-dimension vector with all elements equal to 1.

In order to solve the efficient estimating equation

i=1 [%Aeff(%)( — M*(z;, B))
%Aeff( ) (E(Y i, w) — M*(fﬂuﬁ))} =0,

Taylor’s expansion is applied to M*(z;, ) in the neighborhood of fy:
M*(zi, B) = M*(xi, Bo) + D(zi, 30) (8 — o)

Therefore, we can rewrite the estimating equation as

_]_n

9+ [ Ao De)| 3 Al o) = M (o )

where f(zi, 00) = {i5v7 — T;&E?)E(Kﬂyz,xl) and A.sf(z;) and D(x;) are evaluated

based on y. In order to obtain the solution to the efficient estimating equation, we
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iteratively update (B with g computed from the last step. Upon convergence, when

the difference between ( and (3, is very small, we obtain our final estimator B of (.

Let A, D, and f be abbreviated forms for A.f¢(x;), D(x;), and f(z;, 3), respec-
tively. It can be shown that the influence function ¢(z;) of { for the ith pool is given

[B(AD] " A(f — M (. ).
Therefore,
var(B) = var(p(e)) = [E(AD)] var[A(f ~ M (i, )] [E(DTAT)]
where

var[A(f — M*(zi, B0))] = A diag(M* (4, 5o))diag(1y, — M (s, ﬁo))AT
is derived in the Appendix. Thus,
var(ﬁ) [ (AD)|*A diag(M*(z;, Bo))diag(1, — M* (x5, 5o))AT[E(DT AT)] 7!

Consequently, we obtain an estimator of var(B) that is given by

var(B) = li(AD)]l 3 [A diag(M (;, B))diag(1y — M*(x,, B) A"} li(DTAT)] o

=1 =1 =1
5.3.2 Likelihood Model

The likelihood function for the pooling data as described in Section 5.3.1 on semi-
parametric modeling is now obtained. The model is hierarchical, consisting of at most
three layers: one layer for individual potencies, another layer for the effect of pooling,

and a final layer for the retesting procedure.

When a pool is not retested (R; = 0), we do not observe the first layer, so the

contribution to the likelihood is obtained as

Pr(Y; = y;) Pr(R; = 0|Y; = y;) = Pr(Y; = ui) (1 — (i),
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where Y; follows a Bernoulli distribution with probability
Pr(Y;=1) =Pr(Y;=1] X% 1Y,J > 0) Pr(Xh., Vi, > 0)
+Pr(Y; = 1] $j-, Yy = 0) Pr(Z5, Yi; = 0)
=(1-B)1-TII},(1 _pij)] + S T (1 = pyy)
=(1-B)—(1-B~-29) [l (1 - py),
= Pr(Y;; = 1) = E(Y,;) = M(z,5) = exp(xi;8)/(1 + exp(x;;3)), and B, S,

x;; are defined the same as in Section 5.3.1, that is, B = Pr(Y; = 0| Yr Y > 0),
S =Pr(Y; =1| XF,Y;; =0), and z;; is a vector of 0’s except the /th element of this

vector is 1 when the compound x;; belongs to the class .

When a pool is retested (R; = 1), we observe all layers and the contribution to

the likelihood is obtained as

Pr(Y; =y ) Pr(Yi = w: | Y] = 9;) Pr(R; = 1|Y; = 43, YJ" = y;).

Recall that Y* = (Y, - -, Yi,)? is the vector of individual potencies within pool 7, so
that i

P _yl Hp?ZJ]w 1_]71] 1 Yij
Moreover,

Pr( =Y | E S/z] > 0) = (1 — B)yiBl—yi
Pr(Y; =y | XK, Y, =0) = S¥%(1 — S)'-v
= [(1= BB v [S(1— §) v,

Pr(Yi=w Y =y;) = {

where 4 = I(XF_, y;; > 0), and
Pr(R; = 1Y = i, Y7 = y;) = Pr(Ri = 1|Y; = ;) = 7(v3),
as established for missing-at-random in Section 5.3.1.

Hence the likelihood, for § = (py1,- -+, pux)’, is obtained as
£00) =TI {1 - 7))
i 1-yi
-{[1—3— (1—B=I,(1—py)|" [B+ Q=B -85 (1 —py)] y}
0 0N 74
. {[H? 1p%”(1 _pij)l—yij} {(1 — B)yiB(l—yi)}yi [5%(1 — S)(l—yi)}1 y’}

1-r;
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This likelihood function can be simplified. Compounds fall in only one class out
of a total of L classes. Therefore, there are only L different p;;s, which are denoted as
p = exp(B)/(1+exp(3)), 1 =1,2,---, L with vector p = (p1,---,pr)T. Now, denote
Sy = Z§:1 I(compound z;; is from class [), W; = Z§:1 yi; 1 (compound z;; is from
class [), and H; =1 — B — (1 — B — S)I}~,(1 — p;)%". Then the likelihood function,

for p = (p1,--+,pr)’, can be written as:

L(p) = Ty {Ir <y1>]f[1—7r<yi>1“*”)}{H?’%l—Hi)“O—yﬂ} -
{{Hz (L = py) S } [(1 — B) B(l—yi)}yi {(1 _ S)(l—yi)gyiryz}

1-r;

OlnL(p) OlnL(p) = = O9lnL(p)
opr ’ Op2 » Opr

L(p)

The Fisher score is ( ), where 61;7 is equal to
Pm

n im im — VWim Sim(1-B—H;
o {r(m — S + (1= )y S (S > 1)

m B H -
(1 —r)(1 - yz)(l_zﬁm)%;) (Sim = 1)}

form=1,2,---, L.

Let I(p) denote the L x L observed information matrix. Then the element of the

mth row and uth column (m # u) is in the form of

;;1 {(1 — 1)y e SRS L (i > 1) (S5 2 1)

Si'mszu _
(=) =) 2 S (Sin = D (S 2 D}

form=1,,2,---,L, u=1,2,---, L, and m # u. The element of the mth row and

mth column is in the form of

Ly {r(e St 4 (1 - )y Se Mg 0BN (5, > 9)

Sim(H;+B—-1)(H;+SimB—1

form=1,2,---, L.

5.4 Real Data Applications

The application in this section uses the same data as in Chapter 4. Here is a

brief summary for that data set. In a pooling experiment at GlaxoSmithKline, 1000
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Table 5.1: Distribution of Potent Compounds in Covariate Classes

Covariate classes 1 2 3 4 5 6 7| Sum
Potent compounds 2 1 2 16 6 4 9 40
Total compounds 509 5 11 412 27 5) 31 | 1000
Observed Proportion | .0039 | .2000 | .1818 | .0388 | .2222 | .8000 | .2903 | .0400

chemical compounds are tested and percentage of inhibition is given as potencies.
Compounds are pooled in groups of 10, resulting in 100 groups. Individual covariate

class information and 100 pool potencies are available for three types of pools (called
DATA1, DATA2, and DATAS3 in Chapter 4). In this section, only DATA1 is used.

As in Chapter 4, the threshold for binary potency of individuals is 60. There are
40 compounds with percent inhibition greater than 60 and labeled as potent. So, the
percentage of potent compounds is 4%. By using the optimal threshold of 18.9 for
defining binary pool potent (see Section 4.6 in Chapter 4), 22 pools out of 100 are
labeled as potent.

Also, we are able to classify these 1000 compounds into seven covariate classes
based on eight atom pairs (see Section 4.2 in Chapter 4). The number of potent

compounds in each class is shown in Table 5.1.

We model the existence of both blocking effect B and synergism effect S in pools.
These two effects can be treated either as unknown (need to be estimated) or are
known (set to specific values). From the real data, the effects of blocking and syner-
gism are estimated as B = 0.32, S = 0.01, when supposing all individual potencies
are known and using potency thresholds of 60 for individuals and 18.9 for pools. In
this section, B = 0.32 and S = 0.01 are assumed known for the purpose of fitting
the semiparametric and likelihood models proposed in Section 5.3. However, B and
S are assumed unknown and are estimated as part of the likelihood model proposed

in Section 5.5.
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Table 5.2: Maximum Likelihood Estimates

Parameter | p; D2 D3 D4 Ds D6 D7
Estimates | 0.003 | 0.337 | 0.237 | 0.036 | 0.256 | 0.795 | 0.281

Observed | 0.004 | 0.200 | 0.182 | 0.039 | 0.222 | 0.800 | 0.290

Table 5.3: Estimated Variance-Covariance Matrix of Mazimum Likelihood Estimators

9.00E-6 | 4.23E-6 | 2.38E-6 | 3.07E-7 | 1.73E-6 | -2.89E-6 | -1.52E-6
4.23E-6 0.091 | 2.00E-5 | 1.00E-4 | 5.49E-4 | -1.10E-5 | 5.90E-4
2.38E-6 | 2.00E-5 0.023 | 1.74E-5 | 5.74E-6 | -2.40E-6 | 1.24E-4
3.07E-7 | 1.00E-4 | 1.74E-5 | 1.34E-4 | 8.71E-7 | -1.30E-5 | 1.97E-5
1.73E-6 | 5.49E-4 | 5.74E-6 | 8.71E-7 0.011 | -6.34E-7 | 5.01E-4
-2.89E-6 | -1.10E-5 | -2.40E-6 | -1.30E-5 | -6.34E-7 0.034 | -1.37E-6
-1.52E-6 | 5.90E-4 | 1.24E-4 | 1.97E-5 | 5.01E-4 | -1.37TE-6 0.012

Selection of pools for retesting is accomplished using

Pr(R; = 1y;) = m(y;) = :
mo=0.1 ify;, =0

When a pool is active, it has 90% chance to be retested; otherwise, an inactive pool
has 10% chance to be retested. (It is not necessary that m + m9 = 1.) For example,
one randomly selected retesting data set retests 19 out of 22 active pools and 8 out of
78 inactive pools. For this data set, the maximum likelihood estimator p is given in
Table 5.2. The corresponding estimated variance-covariance matrix of these MLEs,

obtained from inverting the observed information matrix, is shown in Table 5.3.

For this same data set, estimates obtained from the semiparametric approach are

given in Table 5.4. The corresponding estimated variance-covariance matrix is given

in Table 5.5.

In order to compare the two estimators, Table 5.6 lists both sets of estimates and
standard errors for the likelihood and semiparametric methods. We can see that,

except for pg, the semiparametric estimator is more efficient than the MLE.
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Table 5.4: Estimates from the Semiparametric Model

Parameter | p; D2 D3 D4 Ds D6 D7
Estimates | 0.002 | 0.318 [ 0.163 | 0.026 | 0.245 | 0.733 | 0.299

Observed | 0.004 | 0.200 | 0.182 | 0.039 | 0.222 | 0.800 | 0.290

Table 5.5: Estimated Variance-Covariance Matrix of Semiparametric Estimators

4.13E-6 | -5.28E-8 | 3.60E-8 | 7.80E-9 | 2.95E-9 | 1.21E-7 | 1.28E-8
-5.28E-8 0.044 | -4.59E-6 | -2.65E-7 | -6.58E-6 | 3.98E-6 | -1.00E-5
3.60E-8 | -4.59E-6 0.012 | -2.40E-7 | -4.19E-6 | 3.92E-6 | -6.16E-6
7.80E-9 | -2.65E-7 | -2.40E-7 | 6.06E-5 | -6.7T9E-8 | 1.45E-6 | -2.88E-7
2.95E-9 | -6.58E-6 | -4.19E-6 | -6.79E-8 0.007 | 2.35E-5 | -7.04E-6
1.21E-7 | 3.98E-6 | 3.92E-6 | 1.45E-6 | 2.35E-5 0.039 | 1.73E-5
1.28E-8 | -1.00E-5 | -6.16E-6 | -2.88E-7 | -7.04E-6 | 1.73E-5 0.007

Table 5.6: Comparison of Estimates and Standard Deviations for Two Methods.
(Counts are given in the form of potent/total for each class; Std. dev.s are given
in brackets after estimates)

Parameter | Observed | Counts MLE Semiparametric
P1 .004 2/509 | .003 (.003) .002 (.002)
Do .200 1/5 | .337 (.313) 318 (.209)
D3 182 2/11 | .237 (.151) 163 (.112)
D4 .039 16/412 | .036 (.012) .026 (.008)
Ds 222 6/27 | .256 (.107) .245 (.083)
D6 .800 4/5 | .795 (.184) 733 (.198)
D7 290 9/31 | .281 (.109) .299 (.083)
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Table 5.7: Average Results for Likelihood and Semiparametric Models. (Counts are
given in the form of potent/total for each class; Std. dev.s are given in brackets after
estimates)

Parameter | Observed | Counts MLE Semiparametric
P1 .004 2/509 | .003 (.003) .019 (.005)
D2 .200 1/5 | .291 (.351) 305 (.198)
D3 182 2/11 | 243 (163) | .213 (.122)
D 039 | 16/412 | .035 (.011) | .046 (.010)
Ds 222 6/27 | .254 (.102) 270 (.081)
Dé .800 4/5 | 811 (.217) 748 (.191)
7 .290 9/31 | .292 (.108) 305 (.078)

The above conclusion is based on one randomly selected retesting data set. Now,
100 randomly selected retesting data sets are chosen to make such evaluations. Ta-
ble 5.7 shows the average estimates and standard deviations for the two methods.
On average, standard deviations from the semiparametric method are smaller than
those from MLE, except for p;. Some insight is obtained from comparing estimating

equations for the two methods.

The semiparametric method has estimating equation

Z?:l [W(;i)Aeff(‘rz)( M*(*xwﬂ))
—%Aeff(%)( (Y5 lyi, i) — M*(l’z,ﬁ))} =0,

where A.f¢(x;) is determined by Robins’ iteration equation (Robins, Rotnitzky, and
Zhao, 1994). Under the special case of no missing data, A.ss(z;) is denoted as
AL} p(a;), which is equal to D™ (x;)V ™" (2;). In our case,

D(z;) = (M (zq, 8)(1 — M(%l,ﬁ))ﬂﬁa e, M (@, B) (1 — M(xik,ﬁ))xgc)Ta

and V(z;) = diag(M;)diag(1y — M), so that Al (z;) = («f,---,z}). Recalling
that 7, = 1 and 7(y;) = 1 for all is when there is no missing data, the estimating

equation becomes
n

Z eff (zi)(y; — M*(x,8)) = 0.

=1
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For the likelihood model, the estimating equation is obtained simply by setting

the Fisher score equal to 0. For our application, it is

n —B-S)U;
i1 [Ti Sl (yig — M (i, 8) + (1 — i)y Xh_y (901'3‘»5)41_;1_(1_3)—5)@
—B-S)U;
_(1 - Ti)(l - yz) Z?:l xz?;‘M<xija B) B:}(l—B—)S)UJ =0,

which can be rewritten as

i [TiAfo(fBi)(?Jf — M*(x;,8)) + (1 — Ti)yz‘Afff(i’?i)M*(%,ﬁ)%

—(1—=r)(1— yi)Afff(iﬁi)M*(iCi, 5)%} =0,

where U; = Hle(l + exp(z;6))

Comparing the two estimating equations, we can see that when there is no miss-
ing data, that is, r; = 1 for all is, the two equations are equivalent. However, when
some pools have missing data (so that the individual potencies are missing due to no
retesting for this pool), the two estimating equations are very different. The likelihood
equation still uses the Aff (x;) that is associated with the full data, while the semi-
parametric equation newly determines A.f(x;). By the semiparametric theory on
data missing at random, this estimating equation obtains estimators locally efficient
in the sense of Robins, Rotnitzky, and Zhao (1994). Therefore, in our application, we

observe more efficient estimators than MLEs.

Unfortunately, the semiparametric estimators are more biased in this application.
That may be because the sample, which has only 100 pools, is too small to allow re-
alization of the benefits of the asymptotic property of consistency for semiparametric

estimators.

5.5 Another Likelihood Model

In the likelihood and semiparametric models proposed in Section 5.3, no measure-
ment errors are assumed, and blocking effect B and synergism effect S are assumed

to be known. In this section, B and S are unknown and needed to be estimated from
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the observed data. Measurement errors can exist and are included in this model, but

they are assumed to be known.

When measurement errors are considered in the pooling experiment, they exist
for measurements of both individual and pool responses. In this section, common
sensitivity and specificity rates are assumed for both individuals and pools. They are

denoted as S, and .S,,.

As for the likelihood model proposed in Section 5.3, the model considered here is
also hierarchical, consisting of at most five layers. The first layer is the true individual
potencies. The second is the observed individual potencies, that is, the true potencies
plus the measurement error. The third layer is the pooling effect, where the true pool
potency is obtained after possible adjustment by blocking or synergism effect on the
sum of true individual potencies of compounds within the pool. The fourth layer is
the observed pool potency, based on the third layer plus the measurement error. The

fifth is the retesting procedure.

Let Y be the true pool potency after either blocking or synergism (if there is

no measurement error, Y will be the observed pool potency) and Y;g be the true

potency of individual. When a pool is not retested (R; = 0), we do not observe the

first or second layers. The contribution to the likelihood is obtained as
Pr(Yi = ;) Pr(R; = 0 Y; = i) = Pr(Y; = ui) (1 — 7(u:)),
where Y; follows a Bernoulli distribution with probability

Pr(V;=1) =Pr(Y; =1y =1)Pr(Y? =1)+ Pr(Y; = 1|Y? = 0) Pr(Y? = 0)
=S Pr(Y=1)+(1-5,) Pr(Y?=0).
Exactly the same as in Section 5.3.2, Pr(Y;O =1) =1—- B — CgsV;, where V; =
g?:l(l —pij) and Cpg =1 — B — S. Therefore,
PI‘(Y; = 1) = Se(l — B — CBSVi) + (1 — Sp)(B + CBSVi)
= Se + Cep(B + CBS‘/Z')’

where Cp =1 = 5. — 5.
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Recall that Y;* = (Y, -+, Yi)? is the vector of individual potencies within pool

1, and let

k
Qi =Pr(Y;7 = y7) =TT [piySt (1= S0)" ¥ + (1 = pig) (1 = S,)"2 5,74
j=1
and

k k
Gi = H Pr(Y; = yij, YO =0) = H 1 —pi)( Sp)yijS;_yij'
e 3

When a pool is retested (R; = 1), we observe all layers and the contribution to the

likelihood is obtained as
P(Y_qu*_yz)Pr( _1|Y yivy;*:y:»
Moreover,
Pr(Yi = 1Y =) =QiPr(Yi=1]¥; =)

= Qi(Se + Cep Pr(Y? = 0| Y = y))
= Qi(Se + Cep(B + Cps Pr( ?:1 Y;? =0|Y" =y})))
= QiSe + Cep(QiB + CBSGi)7

and

Pr(R; = 1Y, =y, Y] =y;) = Pr(R; = 11Y; = ;) = 7(ys),
as established for Missing at Random (MAR) in Section 5.3.1.

Hence, the likelihood can be written for 0 = (B, S, p11, -+, pnk) as follows

£O) =TI, {lr))" [1 = (w7}
{[Se + Cop(B + CpsVi)]“[1 = S, — Cop(B + CpsVi)] ¥} "
{{QiSe 4+ Cep(BQ; + CpsGi)]¥ Qi — QiSe — Cep(BQ; + CpsGy)) ¥} .

Compounds exist in a total of at most L classes, so the likelihood can be simplified
and rewritten as a function of n = (B, S,p1,---,pr) through rewriting V;, @;, and
Gias Vi = [1ie, (1 — p)®, Qi = Tz [piSe + (1 = p) (1 = Sp)IWepi(1 = Se) + (1 -
p0)Sp) Wit and G; = [Ty (1 — po)%1(1 — S,p)WaSJa=Wir | respectively. Recall that
Sy = Z§:1 I(compound z;; is from class [), W; = ijl y;;1 (compound z;; is from

class [).
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Let K; = Se + Cep(B + CpsVi) and M; = @Q;S. + Cep(BQ; + CpsG;), then the
Fisher scores for B and S are
n Yi(1-Ri)Cep(1-V;)  (1—yi)(1-R;)Cep(1-V;) + YiRiCep(Qi—Gi)  (1-yi)RiCep(Qi—G:)
K.

i=1 i 1-K; M; Qi—M; !
Zn _yi(l_Ri)CepVi + (1_yi)(1_Ri)Cepw _ YiRiCepG, + (l_yi)RiCepGi
i=1 K; 1-K; M; Qi—M;

Form=1,2,---,L,let § = ppSe+(1—pm)(1—5,), T = Cep(Sim0 —Win) /(6(1—9)),
and Ty, = Ce,CpsSimGi/(1 — py,). Then the score for p, is

n _ ¥i(1=R;)CepCB5Sim Vi + (1-yi)(1—R;)CepCpsSim Vi
=1 (—pm) K, (I=pm)(1-K;)
_}_yiRi(QiTm(SeJFCEPB)*TQM) + (1Y) Ri(QiTm(1=Se—CepB)+Tgm)
M; Qi—M,; ’

The information matrix /() can also be obtained directly from the Fisher scores.

The element for B and B is
n yi(1-R;)CZ,(1-V;)? + (1-y:)(1-R;)C2,(1-V;)?

i=1 K? (1-K;)?
iRiC2,(Qi—G;)? 1—yi) RiC2,(Qi—G)?
+y Z}\E[f ) + (1-y )(QHTV(,.)? )

The element for S and S is

n yi(1—R;)CZ, V2 (1—y;)(1—R;)C2,V;?

=1 K? * (1-K;)?
+yiRicng? (l—yi)Ricng?
M7 (Qi—M;)?

The element for B and S is

n _yi(=R)CZVi(1-Vi)  (1—yi))(1-Ri)CE,Vi(1-V)
i=1 K7 (1-K;)?
_ YiRiC2,Gi(Qi—=Gi)  (1-i)RiCZ2,Gi(Qi—Gi)
M? (Qi—M;)?

The element for B and p,,, m =1,2,---, L is

n . yi(1—R;)C2,CBsSim Vi(1-Vi) _ Yi(1=R;)CepSim Vi
i=1 (17pm)Ki2 (I—pm)K;
(1-4:)(1—R;)C2,CpsSim Vi(1—V;) (1-yi)A=R;)CepSim Vi

- (T—pm) (1-K;)? T K

_|_ yiRi (QiTm(Se“l’cepB%*Tgm)Cep(Qi*Gi) _ yiRi(Qiceme+Tgm/CBS)
M:? i

_ (1=yi)Ri(QiTm (1=Se—=Clep B)+Tgm)Cep(Qi—Gii) + (1-y:)Ri(QiCepTm+Tym/Chrs)
(Qi—M;)? Qi—M; :

The element for S and p,,, m =1,2,---, L is

n Yi(1-Ri)C,CpsSimV?  yi(1=R;)CepSim Vi

i=1 (lfpm)Kf2 , (=pm)K;
_{_(l_yi)(l_Ri)CepcBSsimVi + (1=yi)(1=R;)CepSim Vi

(1_p7rL)(1_Ki)2 (1_p'm)(1_Ki)

_y’iRi(QiTm(Se"FCepB)—Tgm)CepGi _ yiRiTg

M? CpsM;
+(1_yi)Ri(QiTm(l_Se_CepB)+Tgm)CepGi + (1_yi)RiTg
(Qi—M;)? Cps(Qi—M;)"
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The element for p,, and p,,, m =1,2,---, L is

n yi(1-Ri)C2,C3557, V2 yi(1=Ri)CepCpsSim (Sim—1)Vi

i=1 (1—pm)2K? (—pm)?K,
+(1*yi)(1*Ri)03p012355i2mVi2 1 (=5 (1=R)CepCps Sim(Sim =)V
(1=pm)?(1-K;)? (1—pm)2(1—-K;)
+yiRi(QiTm(Se+CepB)—Tgm)2 + (l_yi)Ri(QiTm(l—Sg—cepB)—‘rTgm)Q
M7 (Qi—M;)?
_ YiRi(QiT3 —QiCZ,(Wim /6> +(Sim=Wim)/(1=6)%)) (Se+Cep B)+Tgm (Sim—1)/(1=pm))
M;
_ (l_yi)Ri((QiT?n_QiCezp(Wim/62+(5im_Wim)/(l_(s)z))(l_se_CepB)_Tgm (Sim_l)/(l_p'm))
Qi—M; :

The element for p,, and p, (m=1,2,---, Lyu=1,2,---, L, m # u) is

n yi(l—Ri)ngC?gsSimSiqu _ Yi(1=R;)CepCB5SimSiu Vi
ds (1=pm)(1—pu) K (1=pm)(1—pu)K;
+(1—%)(1—Ri)062p012355im5iuvi2 + (1-yi)(1—R;)CepCp3sSimSiu Vi

(1=pm)(1—pu)(1-Kj;)? (1=pm)(1—pu)(1-K;)
+yiRi(QiTm(Se+cepB)*Tgm)(QiTu(Se“FCepB)*Tgu)

M?
o ysz(QszTu(Se+CepB)+Tgmszu/(17pu))

M;

4+ =) Ri(QiTrm (=8 =Cep B)+Tgm ) (QiTu(1=Se —CepB)+Tgu)

(Qi—M;)?
(1_yi)Ri(QiTWLTu(1_Se_CepB)_TgnLSiu/(l_pu))

(Qi—M;) )

Applying this likelihood model to the same data set as described in Section 5.4,
we obtain estimates B = 0.144 and S = 0.014 with standard errors 0.376 and 0.014
respectively. The estimated ps of this likelihood model are listed in Table 5.8 and
compared to the semiparametric and likelihood models from Section 5.3. The results
for the two previous models are copied form Table 5.6. It can be seen that for this
specific data set, the variance from both MLEs are comparable and are worse than

for the semiparametric estimators except for pe.

As in Section 5.4, the same 100 randomly selected retesting data sets are used to
make comparisons between the semiparametric and likelihood estimators. Table 5.9
shows the average estimates and standard deviations for the three methods. The
results for the semiparametric and the first likelihood model are copied from Table 5.7.
It can be seen that, except for p;, the semiparametric method gives more efficient
estimators than both types of maximum likelihood estimators. As mentioned above,
semiparametric estimators are more biased, we think because of the small sample

size. The results also tell us that both likelihood methods are very comparable.
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Table 5.8: Comparison of Estimations and Standard Deviations for Three Methods.
(Counts are given in the form of potent/total for each class; Std. dev.s are given in
brackets after estimates)

Parameter | Observed | Counts MLE Semiparametric MLE2
J .004 2/509 | .003 (.003) .002 (.002) .003 (.003)
D2 200 1/5 | .337 (.3 3) 318 (.209) 245 (.263)
s 182 2/11 | 237 (.151) | .163 (.112) | .204 (.145)
jon .039 16/412 | .036 (.012) .026 (.008) .030 (.015)
s 222 6/27 | 256 (.107) | 245 (.083) | .214 (.119)
De .800 4/5 | .795 (.184) 733 (.198) 796 (.183)
D7 290 9/31 | .281 (.109) 299 (.083) 220 (.136)

Table 5.9: Average Results for Semiparametric and Two Likelihood Methods. (Counts
are given in the form of potent/total for each class; Std. dev.s are given in brackets
after estimates)

Parameter | Observed | Counts MLE Semiparametric MLE2
D1 .004 2/509 | .003 (.003) .019 (.005) .003 (.003)
D 200 1/5| 291 (351) | .305 (.198) | 271 (.392)
D3 182 2/11 | .243 (.163) 213 (.122) 229 (.169)
D4 .039 16/412 | .035 (.011) .046 (.010) .033 (.015)
Ds 222 6/27 | 254 (.102) | .270 (.081) | .240 (.113)
s 800 475 | 811 (217) | 748 (.191) | .811 (.219)
7 290 9/31 | .292 (.108) .305 (.078) 275 (.133)

Estimating the effect of blocking and synergism does not necessarily sacrifice the
efficiency of estimating p in the likelihood models. The averaged estimates for B and

Sare B=0.228and S = 0.013, with standard deviations 0.320 and 0.073 respectively.

5.6 Future Work

Semiparametric models can be developed assuming the blocking effect B and
synergism effect S are unknown and the measurement errors are known, in a manner

similar to the way the likelihood model was developed in Section 5.5.
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Potencies are typically measured on a continuous scale, but in this dissertation we
dichotomize these continuous responses into binary indicators using either individual
or pool thresholds. In order to recover information lost by dichotomization, contin-
uous responses can be handled using semiparametric models. Benefitting from the
double robustness of semiparametric estimators for data missing at random, estima-
tors that are consistent and asymptotically normal could be constructed even when
the first moment model is incorrect, given that the missing data model depends on

the observed pool responses. Specifically, consider the model
Y = M(X, () +e,

where E(e|z) = 0. It is very easy to fit a wrong model M (X, 3) in the investigation of
the structure activity relationship (SAR) for chemical compounds in drug discovery.
In addition, the distribution of the error ¢ makes the problem more complicated.

However, semiparametric models allow greater freedom to deal with ¢’s distribution.

On the continuous scale, it is important to model the pool potency depending on
the individual potencies within that pool. For example, before considering the effect of
blocking and synergism or measurement error, we could assume that Y; = %Z;?:l Yi;
or Y; = max(Yy, Yo, -+, Yi), and many other possible connections. However, it is
not clear how to correctly determine this dependence. More research is needed in this

area.
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APPENDIXES

In this appendix, it will be shown that

var[A(f(zi, Bo) — M* (i, Bo))] = A diag(M* (i, Bo))diag(1y, — M*(fb’i,ﬁo))AT’

where f(xz;, By) = ng%)yi* - Ri&;ﬂgf)E(Yﬂyi, x;) and 1 is a k-dimensional vector with

all elements equal to 1.
Proof: Let U = f(x;, o) — M*(x;, 5o), and M = M*(x;, 5y) then
var[A(f(zi, Bo) — M)] = var [E(AU |y;, ;)] + E [var(AU | y;, x;)] -

The above two terms are computed in the following two steps, respectively.
(1) As
E(AU |yi, i) = AE(Y |yi, 25) — M]
= A(W; = 1)M,

Sei(1—=Se)tvi 1.
where W, = W and H; = Se + (1 — S. — Sp) [T5_1 (1 + eap(zy;3)) ", it thus

holds (z; is not considered as random variables)
var [E(AU |y;, z;)] = AMMT ATvar(W; — 1)

_ (Se—Hi)2 T AT
= (STl AMMTAT.

(2) In order to evaluate E [var(AU |y;, x;)], let’s compute var(U |y;, x;) first.

It is already known in the first step that
EU |y, xi) = (Wi — 1) M,
and moreover, through direct computation, we have
B(UUT | i, 1) = Widiag(M)diag(1y — M) — (W; — 1)M M.
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Diagonal matrix diag(M)’s elements are all zero except the diagonal elements equal

to vector M. Therefore,

var(U |y;, z;) = E(UUT |y;, 2;) — E(U | ys, ) E(UT | ys, ;)
= Widiag(M)diag(1y — M) — (W; = ) )MMT — (W; — 1)>)MM?.

It could also be verified that E(W;) = 1, and var(W;) = (Se— M) G5 e obtain

H,(1—H,)
T . (Se - Hz)2 T
Evar(U |y;, x;)] = diag(M)diag(1x, — M) H—H) Hi)MM :
and,
E [var(AU |y;, z;)] = A |diag(M)diag(1ly — M) — MMMT AT
1y k Hz(l _ Hz) .

Consequently, adding up the results from the above two steps, it holds

var[A(f — M)] = A diag(M)diag(1;, — M)AT.
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