ABSTRACT

Han, Sanggohn. Inference Regarding Multiple Structural Changes in Linear Mod-
els Estimated via Two Stage Least Squares. (Under the direction of Dr. Alastair
R. Hall)

Bai and Perron(1998) develop methods that are designed to test for struc-
tural stability with an unknown number of break points in the sample. Their
analysis is in the context of linear regression models estimated via Ordinary Least
Squares(OLS). We extend Bai and Perron’s framework for multiple break testing
to linear models via Two Stage Least Squares(2SLS). Within our framework, the
break points are estimated simultaneously with the regression parameters via min-
imization of the residual sum of squares on the second step of the 2S5LS estimation.
We establish the consistency of the resulting estimated break point fractions and
obtain the standard convergence rate of break fraction estimators. Based on that
convergence rate we derive the limiting distribution of the break point estimators.
We prove that the break point estimator have the same limiting distribution of
the arg max of two sided Brownian motion process, which is the same distribution
considered by Bai and Perron(1998). We also show that various F-statistics for
structural instability based on the 2SLS estimator have the same limiting distri-
bution as the analogous statistics for OLS considered by Bai and Perron(1998).
This allows us to extend Bai and Perron’s(1998) sequential procedure for select-
ing the number of break points to the 2SLS setting. Simulation experiment and

application to financial market has been implemented.
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Chapter 1

Introduction

Structural change has been a major concern of economics. Because of events like
the great depression, oil price shocks, and so on, economic models with constant
coefficients have been found to perform poorly for forcasting purposes as well as
for the purpose of analyzing the effect of policy changes. Also, the policy regime
change in macro-economic policy has been argued to cause the structural instability
of parameters in economic models. The main idea underlying this argument is that
the changes in policy are likely to affect the expectations of aggregate variables
in macro-economic relationships. As a result, shifts in policy are likely to affect
those aggregate relationships. In short, if policymakers attempt to take advantage
of statistical relationships, effects operating through expectations may cause the
relationships to breakdown. This is the famous ‘Lucas critique’.! In an empirical
study, Bai(1997) found that the response pattern of interest rates to the changes
in the discount rates varies over time and the timing of variation is consistent with

the timing of changes in the Fed’s operating procedures. It is well known that

1See David Romer(1996), section 6.4 for general introduction.



the failure to take into account parameter changes may lead to incorrect policy
implications and predictions. Not surprisingly, testing parameter constancy has

attracted considerable attention in the literature.?

The earliest tests for structural breaks in economic literature are the tests in
Chow(1960) which are for stationary variables and a single break. Chow derives
two tests. The first of which is known as an analysis of variance test.®> It was
discussed in Rao(1952) and Kullback and Rosenblatt(1957) among others. The
second test is known as a predictive test because it does not test for stability of
the coefficients but in fact tests for unbiasedness of predictions. By the 1970s the
Chow test had been used extensively in empirical studies to test structural shifts.
As long as it is known to which regime each observation belongs, the Chow test can
be applied either to timeseries or to cross-sectional data: a historical time point or
some threshold value of a key variable may serve as the break point. For example,
Hamermesh(1970) estimated wage equations that switch regime at the threshold

value of the price index.

There are several limitations to the Chow test. One of which is that, like all
conventional F' test, it is generally valid only under the rather strong assumptions
that the regression error term does not suffer from autocorrelation or heteroscedas-
ticity and the break point is assumed known a priori. Toyoda(1974) and Schmidt
and Sickles(1977) demonstrated the sensitivity of the Chow test to heteroscedas-
ticity. More specifically, the assumption of homoskedasticity may be particularly

implausible when one is testing the equality of two sets of regression parameters,

2For a review of this area, see Maddala and Kim(1998)[chapter 13] and Judge
et.al.(1985)[chapter 19]

3In the following dicussion, ‘Chow test’ refers to this first test for parameter stability, which
is also called Chow’s first test



since if the coefficient parameter vector differs between two regimes, the variance of
the error terms may well be different as well. A number of papers have addressed
this issue, including Toyoda(1974), Jayatissa(1977), Schmidt and Sickles(1977),
Phillips and McCabe(1983), Ali and Silver(1985), Ohtani and Toyoda(1985), and
Thursby(1992). All of these papers are concerned with the case in which the vari-
ance of the error terms is 0% for the first regime and o3 for the second regime. An
approach which is often simpler and is valid much more generally is to use a test
statistic that is robust to heteroskedasticity of unknown form(MacKinnon,1989).
Generalization to the dynamic linear or nonlinear simultaneous equations models

is given in Andrews and Fair(1987).

On many occasions, the break point where regime change occurs may not be
known with certainty, and we need to make an inference on it. Quandt(1960)
is one of the earliest persons to propose inference on the break point, the point
at which regimes change. He searched for the point where the likelihood ratio
is the largest. Brown, Durbin, and Evans(1975) suggest the CUSUM test based
on recursive residuals, assuming that the break points were unknown and that all
regressors were independent of the disturbances. This test is of the goodness-of-fit
type in the sense that they seem applicable against a wide variety of alternatives.
Extensions of this test have been made by Ploberger, Kramer, and Alt(1989) and
Kramer, Ploberger, and Alt(1988) for models with lagged dependent variables.
Ploberger and Kramer(1992) showed how the CUSUM test can be carried out
using OLS residuals, thus avoiding the recursive estimation of the regression co-

efficients. A drawback of the CUSUM test is that they have asymptotically low



power against instability in the intercept but not the entire coefficient vector.*
For the power problem of the CUSUM test, Ploberger, Kramer, and Alt(1989)
proposed the fluctuation test based on comparisons between parameter estimates
from the partial samples and those of the complete sample. The regressors of the

model were assumed stationary.

Andrews(1993) derived the asymptotic null distribution of the sequential like-
lihood ratio test(Quandt(1960)) of parameter constancy. He also showed that this
test has nontrivial local asymptotic power against all alternatives of nonconstant
parameters. Andrew and Ploberger(1994) develop tests with stronger optimal-
ity properties than those in Andrews(1993) in the context of Maximum Likelihood
estimators and this is extended to the GMM framework by Sowell(1996). A predic-
tive test for parameter stability based on GMM estimates is considered by Ghysels
and Hall(1990). The test is based on examining whether parameter estimates of
one subsample can be used to predict over the other subsample. Ghysels and
Hall(1990) shows that the test has equal asymptotic power against local alterna-
tives in both samples regardless of which subsample is conditioned on. Ghysels,
Guay and Hall(1997) extends Ghysels and Hall(1990)’s work by allowing for the
instability to occur at an unknown point in the sample and shows that under the
null hypothesis of no break the predictive test converges to the sum of the square
of the standardized tied down Bessel process and the square of the standardized
Bessel process. This structure reflects a decomposition of the statistic into a test
for parameter variation and a test of the stability of the overidentifying restric-

tions. But aforementioned predictive tests share the disadvantage of requiring the

4For the description of CUSUM test and its drawback, refer to Maddala and Kim(1998)[p.
392-394).



prediction subsample® to be sufficiently large to allow the application of conven-
tional asymptotic theory. Dufour, Ghysels and Hall(1994) presents a generalized
predictive testing procedure for structural stability in nonlinear dynamic simul-
taneous equations models. Dufour, Ghysels and Hall(1994)’s predictive tests do
not require the prediction subsample to be asymptotically large. Therefore, their
tests can be applied to test structural stability near the end of the sample. Hall
and Sen(1999) proposes new methodology for testing structural stability in mod-
els estimated via generalized method of moments. Their approach is based on
a decomposition of the null hypothesis into two components involving parameter
constancy and the validity of the overidentifying restrictions both before and after

the suspected breakpoint.

The alternative to parameter constancy can be either a discrete change in para-
meters or a continuous one over time. But the smooth continuous change over time
can be a more realistic assumption, and include the discrete change as a special
case within this more general framework. Bacon and Watts(1971), Maddala(1977),
Granger and Terasvirta(1993), and Lin and Terasvirta(1994) discussed the speci-

fication and estimation of Smooth Transition Regression model.

Another strand of literature is concerned about the case in which the alter-
native to constancy is that the parameters are stochastic and fluctuate according
to some time series model. LaMotte and McWhorter(1978) assumed that if the
null is not true, the parameters follow a random walk, and constructed an exact F

test for testing against that alternative. Assuming the same alternative Nyblom

5The subsample used for prediction based on the estimation results from the other subsample
which is called “estimation subsample”; see Dufour, et al.(1994)[p.201]



and Makelainen(1983) derived locally most powerful tests. Nyblom(1989) devel-
oped the locally most powerful test against a parameter variation in the form of
a martingale. The martingale specification has an advantage of covering several
types of departure from constancy: for example, a single jump at an unknown
time point(change point model) or slow random variation(typically random walk
specification of parameters). Goldfeld and Quandt(1973) introduced a Markov
Switching Regression(MSR) model in which transition probabilities are explicitly
introduced. The transition probabilities may be considered fixed or nonstation-
ary and functions of exogenous variables. In each case the likelihood function is
formed and maximized with respect to all relevant variables. Hamilton(1989,1990)
extend Goldfeld and Quandt(1973) to Dynamic models with an autoregression.
With MSR model there is the question of how many regimes to consider, though
most empirical work is on the two-state model. For example, the date of the second
switch in the paper by Garcia and Perron(1996) depended on whether the MSR

model was considered as a two-state model or a three-state mdoel.

Recently, Bai and Perron(1998) consider issues related to multiple structural
changes, occurring at unknown dates, in their linear regression model estimated
by ordinary least squares. Thy examined the main aspects of the structural
break models including the consistency of the break fraction estimators, the rate
of convergence, and the construction of tests that allow inference to be made
about the presence of structural change and the number of breaks. Bai and Per-
ron(2000a,2000b) also consider a simulation study and empirical application of

their procedure. They present an efficient algorithm to obtain global minimizers



of the sum of squared residuals (Bai and Perron, 2000b).

This thesis extends Bai and Perron(1998)’s framework to linear models esti-
mated via Two Stage Least Squares (2SLS). Within our framework, the break
points are estimated simultaneously with the regression parameters via minimiza-
tion of the residual sum of squares on the second step of the 2SLS estimation.
We establish the consistency of the resulting break point fractions and derive the
limiting distribution of the break point estimator. We show that the various F-
statistics for testing parameter constancy based on the 2SLS estimator have the
same limiting distribution as the analogous statistics for OLS considered by Bai
and Perron(1998). This allows us to extend Bai and Perron(1998)’s sequential pro-
cedure for selecting the number of break points to the 2SLS setting. We present
evidence from a small simulation study that indicates these methods work well
in the 2SLS setting. We also discuss an application of our method to the Con-
sumption based Capital Asset Pricing Model (CCAPM) elaborated in Campbell,

Lo and Mackinlay(1997) to reestimate their estimation result.

The rest of the thesis is organized as follows. Chapter 2 briefly reviews the
method of intrumental variables and 2SLS estimation method. Chapter 3 lays
out the model and assumptions for our analysis in the following chapters and
establishes the consistency of the break point fraction estimator based on 2SLS
estimation method. Chapter 4 proves the T-convergence rate of the break point
fraction estimator and derives the asymptotic distribution of the regression coeffi-
cient estimator. Based on the T-convergence rate of the break fraction estimator,

chapter 5 presents the limiting distribution of the break point estimator. Chapter



6 presents the limiting distribution of the various F-statistics. The simulation ev-
idence and an application of our method to CCAPM is reported at chapter 7, and

some concluding remarks are offered in chapter 8.



Chapter 2

Review on the Estimation
Methods in the Presence of

Endogenous Variables

In many economic models, several variables are jointly determined by the
model. Estimating demand and supply equations is an example of this type of
formulation; here the price and quantity are jointly determined. Macroeconomic

models are also examples of simultaneous equation specification.

In statistical jargon, those jointly determined variables are called endogenous
variables compared to the exogenous variables which are determined from outside
the system. The exogenous variables are predetermined and independent of the

error terms in the model.

In the following section 2.1 we briefly review the inconsistency of the OLS
estimator in the presence of simultaneity among the variables. In section 2.2

instrumental variable(IV) estimation method has been introduced to fix the incon-



sistency problem of the OLS estimator, using instrumental variables as a substitute
for the endogenous variables that cause simultaneous equation bias. In section 2.3,
two stage least squares(2SLS) estimation method is considered. 2SLS estimation
method is of the type of IV estimation method where the estimated endogenous

variables are used as regressors replacing the endogenous variables.

2.1 OLS Estimation and Simultaneous Equations

Bias

A familiar example of a system of simultaneous equations is a model of market

equilibrium, consisting of the following:

@ = p + 8% +u,  demand function

¢ = odp,+v, supply function
where z; is assumed to be the exogenous variable determined outside the model
and ¢; and p; are in log form and are measured in deviations from their means.

Thus 3 and o? are the elasticities of demand and supply, respectively. This

is an example of the classical linear simultaneous equations model (SEM) with

M endogenous variables, denoted by yi,---,yms, and K exogenous variables,
denoted by x4, -, Tk, takes the following form.!
y L +2,B=¢, (2.1)
or
YI'+ XB—-e=0 (2.2)

Tt is called “structural form of the model” and expresses the basic structural relationships
among economic variables.

10



where

Yo = (Yo Yans syl
Ty = [131,t, Tot,- - ,SL’K,t]/
€& = [El,ta €24y €M,t]/
Y o= [y, yr)
X = [w1,29, -, 27|

e = ler, €9, er|

and I' and B are the matrix of fixed parameters of dimension M x M and K x M,

respectively.

The system described in (2.1) consists of M linear equations. Each equation
is linear in the components of y;, with a particular row of I' and B containing the

coefficients of an equation in the system.

The following assumptions together with (2.1) comprise the classical linear
simultaneous equations model :

e ['is nonsingular. Thus, the model is complete in the sense that we can solve

for y, in terms of z; and ¢,

e 1, is exogenous. That is, x; and ¢ are distributed independently of each

other.

e The disturbances ¢, for t = 1,2,---, T are uncorrelated and identically dis-

tributed with mean zero and positive definite covariance matrix .

The structural form of the model in (2.1) can be solved by determining y; in

11



terms of x; and ¢;. The resulting form of the equations is called the “reduced form

of the model” and can be written as

y, = —a,BT ' €071
= Il + v,
where
I = —Br!
v, = It

The least squares estimator is biased and inconsistent for the parameters of a
structural equation in a simultaneous equation system. To see this, we consider

the i'" equation in (2.2) written as

Some elements of I'; and B; are generally known to be zero; also it is customary to
select one endogenous variable to appear on the left-hand side of the equation. This
is called selection of a normalization rule and is achieved by setting one coefficient,

say 7;i, to the value -1. Then, with rearrangement if necessary,

yi = Y+ X0 +¢

"%

i

or compactly as

where Y; contains m; endogenous variables and X; constains k; exogenous variables.

12



The ordinary least squares(OLS) estimator of o; in (2.4) is

& = (WiW) " Wy (2.5)

= (WW) "' W] (Wia? + ) (2.6)
It has expectation

E(6:) = E[(WiW:)'Wi(Wiaj + €;)]

= o+ E[(W/W;)""W/e;] (2.7)

The last term in (2.7) does not vanish because W; contains endogenous variables

that are correlated with ¢;. Consequently

B(d;) # o (2.8)

]

Thus, OLS estimator ¢&; is biased with magnitude E[(W/W;)~'W/e;]. This bias
sometimes called “simultanecous equations bias” depends on the model being stud-
ied and the particular form of the dependence between W; and ¢;. Unfortunately
we can not readily evaluate the expectation of the second term in equation (2.7)
since the expectation operator E' is a linear operator. But intuively it should be
clear that unless the second term in equation (2.7) is zero, &; is a biased estimator

of af.

It is clear from (2.6) that not only ¢&; is biased but it is inconsistent as well.

Using the properties of the plim, we can express
plim(é;) = a? + plim[W;W,/T) " plim[W/e;/T] # o

In sum, because of the correlation between W; and ¢;, the estimator &; is biased

in small samples as well as inconsistent in large samples. So least squares loses

13



its attractiveness as an estimator. Obviously, we need to explore other estimating

methods.

There are several estimation methods leading to better estimates of parameters.

The most common are:

The reduced form method, or indirect least squares(ILS)

The method of instrumental variables(IV)

Two stage least squares(2SLS)

Limited information maximum likelihood(LIML)

Three stage least squares(3SLS)

Full information maximum likelihood(FIML)

The first four methods are called single-equation methods because they are applied
to one equation of the system at a time. The 3SLS and FIML are called system
methods because they are applied to all the equations of the system simultaneously.
In the following sections, we restrict our attention to the IV (section 2.2) and 2SLS

(section 2.3) estimation methods.?

2.2 The Method of Instrumental Variables

A general method of obtaining consistent estimates of the parameters in simul-

taneous equations models is the instrumental variable method. Broadly speaking,

2For the general introduction to the above estimation methods, refer to Judge, et
al.(1985)[chapter 15] and Greene(1997)[chapter 16].

14



an instrumental variable is a variable that is uncorrelated with the error term but
correlated with the explanatory variables in the equation. For instance, consider

the classical model

yr = 1380 + w (2.9)

where 1, is the dependent variable, x; is a p x 1 explanatory variable. The error
term, wu,, is assumed to have a mean of zero and to be correlated with x;. Then
the OLS estimator of B is inconsistent due to the correlation between x; and ;.
But we can construct a consistent estimator of (3, by finding a variable z; that is
uncorrelated with u;. Suppose that there exists a set of g variables z;, where ¢ is at
least as large as p, such that z; is correlated with x; but not with u,. In the present
context, the zero correlation property F(z;u;) = 0 provides the fundamental basis
for estimating (y. By replacing the expectation E(zju;) with the corresponding

sample average we obtain

1 T
Zzt v —xi8) =0 (2.10)
t:l

This is a system of ¢ equations in p unknowns. By noticing that Z is a T' X ¢
matrix with its t* row 2;, X is a T x p matrix with its t'* row 2} and y isa T x 1

tth

vector with its element y;, we can find the solution to the equations; If ¢ = p,

the unique solution is
Br=(Z'X)"' 2"y

provided that Z’X is nonsingular; If ¢ > p, (2.10) need have no solution, although
there may be a value for § that makes Z'(y — X3) “closest” to zero. We can

estimate [y by finding that value of  which minimizes the quadratic distance

15



from zero of Z'(y — X3),

Qu(B) = (y — XB) ZPrZ'(y — XP) (2.11)

where Py is a symmetic g X g positive definite matrix. The first-order conditions

for a minimum in (2.11) are
—2X'ZPrZ'(y — XB) =0 (2.12)

Provided that X’ZPrZ'X is nonsingular (for which it is necessary that Z’'X have

full column rank), the resulting solution is
Br = (X'ZPrZ'X) ' X' ZPrZ'y (2.13)

It is called the instrumental variables(IV) estimator (also known as the “method

of moments” estimator) and consistent in large samples.?

The estimation procedure we have described is known as instrumental variable
estimation and the variables in z; are known as instrumental variables or, more
simply, as instruments. The object of instumental variable estimation is to use the
method of moments to generate a consistent estimator by finding instruments z;
that are correlated with the random regressors x;, but uncorrelated with the ran-
dom error term u;. Of course, in any given situation, several possible instruments
could be chosen. Which to choose? One approach is simply to choose p variables
among the ¢ in Z. But intuition suggests that throwing away the information
contained in the remaining ¢ — p columns is inefficient. A better choice is the

projection of the columns of X into the column space of Z:

X=272)'72'X

3For the proof of consistency, see White(1984)[p.24] and Greene(1997)[p.291].

16



With this choice* of instrumental variables, X for Z , we have

B _ (X,X)_ley

= (X'Z(Z2)'Z XX 2(2'2) " 2y (2.14)

The resulting estimator can also be obtained by substituting Pr = (Z'Z/T)! into
(2.13). It is known as Two Stage Least Squares (2SLS) estimator and we’ll look

into it further in the section 2.3.

2.3 Two Stage Least Squares (2SLS) Estimation
Method

In the previous section, it is shown that 2SLS estimator can be derived as a
special case of IV estimator. It can also be calculated via two OLS regressions and
it is this approach that gives the method its name. In this section, we describe
this alternative derivation and show that the resulting estimator is equivalent to

the IV estimator in (2.14)

Consider the equation to be estimated:
y =Y+ X100 +u (2.15)

where y is T' x 1 vector of dependent(endogenous) variable, Y; is T X m; matrix
of the other m; endogenous variables in (2.15), X; is T X (p — m;) matrix of the
exogenous variables in (2.15) so that the regressor [Y; Xi]| has dimension T x p,
and u is a T' x 1 vector of disturbances that is correlated with Y7, but uncorrelated

with Xj.

4For the virtues of this choice, refer to Greene(1997)[p.293]
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The 2SLS estimation method consists of replacing the endogenous variables
on the right hand side of (2.15) by their predicted values from the reduced form

equations
Yi=ZA0+ v (2.16)

where Z is T' x ¢ matrix of instrumental invariables with each row consisted of
2 = (21,29, 2,) that is uncorrelated with u, for ¢ > p® and v is T x p matrix
of the error terms with each row consisted of v; that is assumed to be uncorrelated

with z;. Ay is ¢ X p matrix of parameters of the reduced form equation.

To summarize, 2SLS estimation method is described as the following two steps:

e Step 1: Estimate the reduced form equations (2.16) by OLS and obtain the

predicted 171

e Step 2: Replace endogenous variables of the right hand side of (2.15) by their

predicted vector ¥; and estimate the resulting equation by OLS.

The name 2SLS arises from the fact that OLS is used in two stages.

The 2SLS estimator can be shown to be the same as the IV estimator as in
(2.14). Let Y be the predicted value of ¥; from the reduced form equations (2.16)

such that

~

Y, =2Z(2'2)'Z'7y

Then, the estimating equations in the second stage of 2SLS estimation method can

5The necessary condition for identification of (2.15) requires ¢ > p.
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be written as

Y'Y, Y'X 3 N
e I R P B (2.17)
X1 XiXy B Xy

where 4 and B now denote the 2SLS estimator of vy and [y, respectively. The fact

that 2SLS estimator is in fact an IV estimator can be shown using the following

two relations®

YW o= Yy (2.18)
VIX, = YIX, (2.19)

By substituting (2.18)-(2.19) into (2.17) we obtain

~

Y, YIX ; Y/
R B N I (2.20)
XY XiXy || B X1y
But the equation (2.20) is the estimating equation for the IV estimator
fAy _ ! —1
| =(@W) T Zyy (2.21)
B
where
Z = X
W = 1 Xy

so that f/l is the set of instruments for Y.

Provided a matrix Z; can be found such that

o plim(:2{Z,) = Xz,7,, a finite symmetric positive definite matrix

o plim(+ZiW1) = Sz,w,, a finite nonsingular matrix

6For the proof, refer to Johnston(1991)[p.473]
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o plim($Zju) =0

the 2SLS estimator is consistent.”

It is also well known that under certain conditions such as E(z;u;) = 0, E(us?|2) =

0?2, the 2SLS estimator is efficient in the class of all instrumental variable estimators

using instruments linear in z,.8

"see Johnston(1991)[p.478]
8For further details on the asymptotic efficiency of 2SLS estimator, refer to
White(1984)[p.78 ~ 105]
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Chapter 3

The Consistency of the Break

Fraction Estimator

Bai and Perron(1998) established the consistency of the break fraction estima-
tor using the properties of least squares estimators. This chapter extends their
consistency results to the Two Stage Least Squares (2SLS) framework. Section
3.1 lays out the model and assumptions for the following chapters and section 3.2
presents the proof of the consistency of the break fraction estimator based on Two

Stage Least Squares(2SLS) estimator.

3.1 The Model for 2SLS Break Point Estimation

For the estimation and testing of structural breaks based on the 2SLS estimator

we consider the multiple linear regression model with m breaks (i.e. m+1 regimes)

=8 +uy, i=1,---m+1 t=T  +1,---, T (3.1)

2
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where Ty = 0 and Ty, = T. In this model, y; is the dependent variable and
xy = (1,249, ---,2,) is a p x 1 explanatory variable. The error term, wu;, is
assumed to have a mean of zero and to be correlated with x;. In view of this
correlation, OLS estimation of (3.1) would yield inconsistent estimators of the
regression parameters. To this end, it is assumed that there exists a ¢ x 1 vector
of instrumental invariables 2z, = (21,22, -, 21,4)" that is uncorrelated with w, for
q > p. The relationship between the explanatory variable and the instrumental

variable is assumed to be
xy = 21N + v, (3.2)

where Ag = (610,020, -, 0p0) With dimension ¢ x p and each 6 for j =1,---,p
has dimension ¢ x 1. The error term v; is assumed to be uncorrelated with z;.
Under the assumption that E(us|z;) = o2, the optimal IV estimator is the 2SLS
estimator. Our analysis is confined to the 2SLS estimator, although we wish to
emphasize that the aforementioned conditional homoscedasticity restriction is only

imposed in certain parts of the analysis.

To describe the 2SLS estimation of the model, it is assumed that the number
of break points m is known but their locations are not. Therefore the researcher
must estimate both the break points and regression parameters. The estimation

process proceeds as follows.

On the first stage, the regression equation for z; is estimated via OLS using

the whole sample to yield the predicted value for z;.

T T
fif; = Zt/AT = Zt/(z ZtZt/)_l Z Ztl't/ (33)
t=1

t=1

The second stage of the 2SLS estimation is itself divided into a number of steps be-
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cause of the need to estimate both the break points and the regression parameters.

The first step of the second stage is to estimate the model
yo= 05 4y, i=1--m+1l  t=T i +1,---T, (3.4)

via OLS for each possible m—partition of the sample, denoted by {TJ}TZI, such that
T; — Tj_y > q. The resulting estimates of 8* = (87,35, --- ,5;‘;“)/ are obtained

by minimizing the sum of squares of the residuals

T;
Sr(Ty, -+, Ty) = Z (ye — £13;)°
] Ti—1

Wlth respect to 6 = (ﬂi? ﬁé? e 75471—&—1)/

The second step of the second stage involves getting the estimated break points,

(Ty,---,T,), which can be obtained as

<T1a”'7Tm):arg min ST(Tla”'mi)

1Ly Hdm

The minimization is taken over all partitions, (71, - -, T},) such that T; — T, 1 > q.
The 2SLS estimates of the regression parameters, 3({T;}™,) = (3], 3, -, A,’nﬂ)’,

is the associated estimates at the estimated partition, ({Z}}7",).

For our analysis, we impose the following conditions.

Assumption 1 T-V2 5 (u, 0/)} @ 2, = V2B, (r) where By (r) is amx 1
standard Brownian motion with m = q x (p + 1), VY2VY2 =V a finite positive
definite matriz, and “—" denotes weak convergence in the space D[0, 1] under the

Skorokhod metric.
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Assumption 2 7! Z,EZ] 2y B rQyx, uniformly in r € [0,1] where Qzx is a

finite matriz with rank equal to p.

Assumption 3 There exists an lo > 0 such that for all | > ly, the minimum

TO+1
t=T2+1

eigenvalues of Ay = (1/1) % 2z and of Af; = (1/1) ZtT;'OTLl 212z are bounded

away from zero for alli=1,---,m+ 1.

Assumption 4 TP = [T)\Y], where 0 < X\ < - < X0 < 1.

Assumption 5 7! ZEZ] 220 B rQgy uniformly in v € [0,1] where Qzz is a

positive definite matriz of constants.

A few comments on these assumptions are in order. Assmption 1 includes the
restriction that F(zu;) = 0. Assumption 2 includes the standard rank condition
for identification in IV estimation in the linear model.! This assumption is suffi-
cient for identification. Note that a necessary condition for identification is that
the order condition for identification holds, that is, ¢ > p . Assumption 3 requires
that there is enough observations near the true break points so that they can be
identified. Assumption 4 is a standard requirement to allow the development of
an asymptotic theory. It says that each segment increases proportionately as the
sample size increases. Assumption 5 is standard for multiple linear regressions. It

rules out perfect linear dependencies among z;.

Isee e.g. Hall(2005)[p.35].
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3.2 Consistency of the Break Fraction Estimator

The proof strategy for the consistency of the break fraction estimator is identical
to that used by Bai and Perron(1998). The proof builds from the following two

properties of the error sum of squares on the second stage of the 2SLS estimation.

e By the definition of 2SLS as the minimizer of the error sum of squares, it

follows

(1/T) XT: < (1/7) sz (3.5)

where 4, =y, — ig@ denote the estimated residuals for ¢ € [Tj_l + 1, TJ] in
the second stage regression of 2SLS estimation procedure and @; = y; — 2} 3°

denote the true residuals for ¢ € [T , + 1, T7].

o Using d; = @iy — iy = 2(5; — f°) over t € [Tj_y + 1,T;] N [T, + 1,77, it

follows that
(1/T) Zj = (1/T); (1/T) Zj —(2/T) Zj (3.6)

Consistency is established by proving that if at least one of the estimated break
fractions does not converge in probability to a true break fraction then the results
n (3.5) and (3.6) contradict each other. This contradiction is established using

the results in the following two lemmas:

e Lemma 1 proves that (1/T) 31, @,d; = 0,(1)

e Lemma 2 proves that (1/7) XL, d,* is bounded away from zero with positive
probability if we assume that one of the break points is not consistently

estimated.

25



Lemma 1 Under Assumptions 1~5, we have (1/T) Y[, tdy = 0,(1)

proof)

Using the definition of d;, which is d; = @ — @ = (y, — #,8°) — (¢ — ;)

— (3, —B°) over t € [T;_1+1,T;]N[T°, +1, TP, we have @,d;, = @,2}(5; — 3°) =
i 35 — @ 30, Thus, YL dydy = X1 @@l 3 — YL 4,69 = U'W*3 — U'WO3°
in the matrix notation, where W* and W? are the diagonal partitions of W =

(21, -+, &) at (Ty,---,T) and (T0,---,T9), respectively.

In the following arguments, we use matrix notation whenever it is convenient
for the derivation of the results. Our second stage regression model (3.4) may be

expressed in matrix form as
Y =W3'+U
where Y = (y1,- -+, yr)', W = diag{Wh, -+, Wy41} with W; = (B70 41077, 8p0),

U= (ﬂla"'uaTy and 60 ﬁO({TO} ) ( 0/’ 8,7"'7621+1,) with 60 ( i1 1027

,37,)" is the regression parameters corresponding to the partition ({77}2,).

To prove Lemma 1, we need to show that

HOW*B - U'W%) = 0,(1)

Since B = (W¥W*)'W*Y from the second stage regression of 2SLS estimation

procedure, we have

OW*B—U'W3° = UW(W* W Wy — 0'Wwa°
= U'Py-(W3°+U) - U'W"3°

= U'PpW°3° + U Py U — U'WO3° (3.7)
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’

where Py = W*(W*W*)~ 1+

We first show that
| Py Ul = Oy(1) (3.8)

To this end, we need certain properties of matrix norm and so state these here for

convenience. Corresponding to the vector (Euclidean) norm ||z = (X7_; 22)Y/2 we

define the matrix (Euclidean) norm as
4] = sup sl o]
z#0

for matrix A. Below we use the following properties of this norm:

e ||A]| is equal to the square root of the maximum eigenvalue of A’A and thus,
|A| < (trA'A)'? (3.9)
e For a projection matrix P, we have

[PA] < Al (3.10)

e Let A: R — Ry and B : Ry — Rj3 be linear operators, then we have?

IBA| < [IBI[||Al (3.11)

Finally, for a sequence of matrices, we write Ar = 0,(1) if each of its elements is

0p(1). and likewise for O,(1).

Zsee Ortega(1987)[p.93-4]
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For the proof of (3.8), first notice that || Py U||?> = U’ Py U is the sum of the

m + 1 terms
/ —1

i+1 i+1 i+1
nir = (Z xtut) (Z T2 ) (Z xtut) (3.12)
Ti+1 Ti+1 Ti+1

for i = 0,1,---,m. and so we can deduce the order of || Py U||?> by considering the

behavior of Z | &4ty and Zlerll 22y, From (3.2) and (3.3), it follows that

i = ZAr (3.13)
= Z/(Ao+ (Z2'2)712'V)
= ZAo+2/(Z'Z)'Z'V (3.14)

where Z = (z1,---,2r) and V = (vy,---,vr)’. From (3.1) and (3.4), it follows

that

U = y— 0
= (@8] +w) — 3,5
= ug+ (v, — 3) B = uy + [(vp + Ao’ 2) — A/th]/ﬁ?
= uy+ /B0 + 2Dy — Ap)3
= w+v'B) -2 [(2'2)Z2'V)3 (3.15)

For notational convenience we denote ), to be the summation over observations

t=T,41,---,Tiy1. From (3.14) and (3.15) it follows that

SNody = D [Am+V'Z(Z'Z) 2] w408 — 2(2'Z) 7 Z'V B
= D A znu + V' Z(Z'Z) 2wy + Ao 2ol B + V' Z(Z'Z) " 2wl 3)

— N2z (Z'2) P2V B - V' Z(Z' Z) (2 2) 2V B

= A/ Z zuy +V'Z Z zeug + Ao Z zv, 50
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+V'Z Zz v B — Ay Zztzt (Z'Z2)'72'v - 3

- V'Z(Z'Z)” 2z (Z2'7) 1Z’V 37 3.16
t’

In order to investigate the limiting behavior of >, Z;u,;, we need to check the order
of the magnitude of each term in (3.16). To this end, we check the order of the
magnitude of Y, zyu; and Y, zv; in turn. Consider Y°; zyuy by defining T, = [T's]

and T, = [Tr] for some break fractions s and r where r > s. It follows that

1/2 Ty 1/2 ]
T~ / Z 2l < sup || T~ / Z 2|
t=T+1 s t=[T's]+1
[Tr] [T's]
= supHT UQZZU — 1/2Zztut\|
s [Tr} L [Ts]
< SUP{HT_ / ZztUtH + |77 > |}
=1
[Tr
< QSupHT 1/222ut\|

= 0,(1) (3.17)

where (3.17) follows from Assumption 1 and the Continuous Mapping Theorem.

Therefore,

Z zuy = O,(TY?) (3.18)
Similarly, we have

Z 2] = O,(T?) (3.19)
From (3.16), (3.18), (3.19) and Assumptions 1, 2 and 5, it follows that

Zitﬂt - Op(Tl/g) + Op(1> + Op(Tl/Q) + Op(l) - Op(Tl/z) - Op(l)

= 0,(T"? (3.20)
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Now consider Y, ;2. From (3.13), it follows that
T2, = Asztzt’AT
= X'Z2(Z'2) 252/ (2'2)1 2'X
= (zt: xtzé)(zt: %)) 22, Z 22) " Z 24Tt)
and hence that

Z@tig = thzt Zztzt Zztzt Zztzt Zztxt
i
= 1thzt WT~ Zztzt Zztzt 1Zztzt B VARD YA
t ?

(3.21)
From (3.21) and Assumptions 1, 2 and 5, it follows that
Zi:ftﬁi% = Op(1)- Op(1) - Op(T) - Op(1) - Op(1)
= 0,(T) (3.22)
From (3.12), (3.20) and (3.22), it follows that n; 7 = O,(1) and hence that
1Py UI* = O,(1) (3.23)

Therefore, the second term on the right hand side of (3.7) is O,(1). Now consider

the first term on the right hand side of (3.7). Using (3.11), it follows that

10" P WOBON < 10" Py | - (WO 5° (3.24)

Since W = P, X, where X is the original design matrix and Py = Z(Z'Z)"'Z is
a projection matrix, it follows from (3.9)-(3.10), (3.2) and Assumptions 1, 2 and 5

that

WOl =W = [[P2X]| < | X[ < (trX'X)"2 = Op(T"?) (3.25)
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and hence from (3.23)-(3.25) that

10" P WOB°|| = Oy (T2) (3.26)

Finally, consider the third term on the right hand side of (3.7), U'W°3°. No-

0
Ti

tice that U'W? consists of m + 1 terms, S0
—ri—1

2y, corresponding to the true

regimes. Using a similar argument to the derivation of (3.20), it can be shown that

0

ZtTiTO L1 &4ty = Op(T"/?) and hence that
-1

IO"WO3| = Op(T"?) (3.27)

Combining (3.23), (3.26) and (3.27), it follows that

UW*B-UW3 = UPyp.W°3" + U Py.U — U'W°3°
= Op(Tl/Q) + Op(l) - Op(Tl/z)

= Op (TI/Q)

and hence that T (U'W*§ — U'W°3°) = O,(T~/?) = 0,(1) which is the desired

result.

Lemma 2 Under Assumptions 1~5, If the estimated break fraction 5\j b )\? for

some j, then

T
limsup P (T_l ZdtQ > CHAT(ﬁ? - ]Q+1)||2> > €

T—oo t=1

for some C' >0 and € > 0

proof)

Denote A = (A, Ao, -+, Am) = (T4 /T, Ty/T, - - -, T, /T) to be the estimated break
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fractions of the true values A = (A9, A9,---,A%,). Suppose A; /> \? for some .
Then there exists 77 > 0 such that no estimated breaks fall into [T'(A)—n), T'(A)47)]
with some positive probability for a subsequence of T' (without loss of generality,
assume this subsequence is the same as T'). Suppose further that the interval
belongs to the k — th estimated regime, then it follows that Tj_; < T(A) —n) and
T\ +1) < Ty. Thus, for ¢ € [T(X} — 1), TXY], we have d; = (B — 3}) and for
€ [TX9 + 1, (X + n)], we have d;, = (B, — %,,).
Therefore, it follows that

T
ZdtZ > ZdtQ‘i‘Zdtz
t=1

- (ﬁ - ﬁ?)’z (Z ) (B~ )
+ (=) (S t) (-

where 3, extends over the set {T'(\) —n) <t < TAJ} and 3, extends over the

set {TA)+1<t<T(\)+n)}.

Let v, and 2 denote the smallest eigenvalue of }°; z:z; and Y, 2,2, respectively.

Using
Sad, = Y Az Ar
1 1

and
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it follows that?
gﬁﬂ+;@2= (B — @}WJATm—W)
+ (Bk = B1) (Z m) Ar(Br = B1)
— (Bal— ) (S o) (Bt - )
+ (800 200 (S et ) (el 50)

> l|Ar(By — BN + 72l Ar(Br — B21)II2
> min{y, 2} - (1Ar(3k = BYIP + 1Az (Be — 8941)1I?)
> (1/2) - min{y, v} - |Ar(8? — 8%,,)|° (3.28)

Note that in the limit [| A7 (89 — 8%,,)||> > 0 with positive probability because Ay
converges in probability to the true parameter Ag # 0 which follows from the full

rank condition of Assumption 2.

Now consider the right hand side of (3.28). We have
X9
Z 2wz = (Tn)(1/Tn) Y. 2z = (Tn)Ar (3.29)

— 0
t*T(Aj -n)

where Ar = (1/Tn) > )ztzg. From Assumption 3, the smallest eigenvalue

0
t:T()\?—n
of Ar is bounded away from zero. Thus, the smallest eigenvalue of (Tn)Ar is of

0
T(Aj+n) ,

order T'n. Similarly, the smallest eigenvalue of 325 2121 = (Tn)(1/Tn) 32, o 2%

is of order T'n. Using these two order statements in (3.28), it follows that

Zdt >Zdt +Zdt > TC - Az (8] = B741)II”

t=1

for some C' > 0 and hence that

1Zf ClI AL (B — 3%,0)|2 (3.30)

3The last inequality comes from the fact that (n —a)'A(n —a) + (n —b)A(n —b) > (1/2)(a —
b)’ A(a—0) for an arbitrary positive definite matrix A and for all n; see Bai and Perron(1998)[p.69]
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The desired result then follows from (3.30) upon recalling that the analysis is

premised on an event that occurs with probability e.

Theorem 1 Under Assumptions 1~¥5, the estimated break fractions 5\]- 2, )\9 for

allj=1,2,-,m

proof)
Suppose that 5\]- N )\? for some j in probability. In this case it follows from (3.6)

and Lemmas 1-2 that with probability, € > 0

T
> (1/T) Z i; + Cl A (8] = Bla1)IIP + 0p(1) (3.31)

Mﬂ

(1/T)

-
Il

1
From Assumptions 1, 2 and 5, it follows that Ap 2 A,. Therefore, it follows from

this property and (3.31) that

(1/T) Z (1/T) ; +CA0(B) = B)II” + 0p(1) (3.32)

with probability at least as large as e. Assumptions 2 and 5 imply 4 is full rank

and so ol 07 — > 0. eretore, (3. contlicts wit .0) which must
d A ﬁ? 2 > 0. Therefi 3.32 fli ith (3.5) which

0
Jj+1

hold for all T" with probability one. Therefore, it must follows j\j 2, )\? for all j.
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Chapter 4

The Convergence Rate and

Asymptotic Distribution

In previous chapter we established the consistency of the break fraction estima-
tor. In this chapter we obtain the convergence rate of the break fraction estimator
and derive the asymptotic distribribution of the estimators of the regression coef-
ficients. More precisely, section 4.1 proves the T" convergence of the break fraction
estimator and section 4.2 shows standard root-T" asymptotic normality of the es-

timated coefficients of B

4.1 Convergence Rate of the Break Fraction Es-

timator

The rate of convergence not only describes how fast the estimator converges
to the true value, it is also necessary in order to derive the limiting distribution.
The following Theorem 2 shows that the estimated break fraction A converges to

its true value at rate T'. It is important to remark that the rate 7' convergence
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pertains to the estimated break fraction S\k and not to Ti, the estimated break
date. For the latter, Theorem 2 states that with high probability its deviation

from the true break is bounded by some constant C' that is independent of 7'

Theorem 2 Under Assumptions 1~5, for every n > 0, there exists a C' such that

for all large T, P(T|5\k—)\2|>C)<77f07“k:1,---,m

proof)

The general proof strategy is the same as the one employed in Bai and Per-
ron’s(1998) proof of their Proposition 2 although the specific details are naturally
different. Following Bai and Perron(1998), we assume (without loss of generality)
that there are only 3 break points (m = 3) in our population model. We start with
the explicit proof of T-consistency of the second break fraction, Xo. To this end,

for each € > 0 we define
Vo={(Ty, T2, T3) : |T; = T?| < T, i = 1,2,3} (4.1)
Note that Theorem 1 implies
P{T,Tr, T3} € V) — L.

Therefore, it suffices to consider the behavior of Sr(71,75,T3) over V. for which
|T; — T?| < €T for all .. Without loss of generality, we can restrict attention to the

case in which T, < T9.! For C' > 0, we define
VA(O) = {(Ty, T, T3) : |T; = TY| < T,i=1,2,3but T, — Ty < —C}  (4.2)

From the above definitions (4.1)-(4.2), we can easily recognize that V.(C) C V..

!Bai and Perron(1998) note that the proof for this case is easily modified to cover the case of
T, > T using an argument of symmetry
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Notice that the desired result would be established if it can be shown that for
large C, (Tl,Tg,Tg) ¢ V.(C) - and hence |T2 —T9| < C - with high probability
for large T'. Since ST(Tl, Ty, Tg) < ST(Tl, Ty, Tg) with probability one as T" — oo,
the desired result can be established if it can be shown that for each n > 0, there

exists C' > 0 and € > 0 such that for large T,
P(min{Sr(T1, T», T3) — Sr(T1, T3, T3)} < 0) <7
or equivalently
P(min{[St(T1,Ts, Ts) — Sp(T1, T3, T3)] /(Ts — T»)} < 0) < (4.3)
where the minimum is taken over the set V.(C'). Therefore, we now prove (4.3).

Define SSRI = ST(Tl,TQ,Tg), SSRQ = ST(Tl,Tg,Tg;), and SSR3 = ST(Tl,TQ,

TY,Ts). Using these definitions, we have

ST(Tl,TQ,Tg)) - ST(Tl,Tz(],T;g) — SSRl - SSR2
= (SSR; — SSR3) — (SSRy, — SSR;)

(4.4)

This transformation of adding and subtracting SSR3 term helps us in analyzing
the given problem in terms of two single structural change problems: the first
allowing an additional fourth break at time 7y between Ty and T3 and the second
an additional fourth break at time 75 between T} and T20. It is then easy to derive

exact expressions for (4.4) in terms of estimated coefficients.

Let (37,05, Bn, 0%, 37) denote the estimators of (69,39, 59,39, 39) based on
the partition (Ty,Ts,T9,Ts). In particular, B;‘ is an estimate of (39 associated

with (0,--+,0,Wp41,---, Wp,,0,---,0), B is an estimate of (9 associated with
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Wa=(0,-+-,0,Wrp, 41, -, Wi, 0,- -+, 0)" and B:}f is an estimate of 3 associated

with (0,--+,0, Wyoyy, -+, W, 0, -,0) where W = (&1, -+, &)

Now consider the right hand side of the equation (4.4) term by term. Consider

SSR; — SSRs. We have?

SSRy — SSRy = Sp(Ty, Ty, T3) — Sr(Th, Ty, Ty, T3)
= (85— Ba) WAMzWa(B5 — Ba) (4.5)

where W is the diagonal partition of W at (T3, Ty, T3) and My, = [—W (W'W)~1W".

Similarly, we have

SSRy — SSRs = Sp(Ty, T3, T3) — Sr(T1, To, T3, T3)
= (85 = Ba) WAMzWa (55 — Ba) (4.6)
where W is the diagonal partition of W at (T}, 79, Ty).

From (4.5)-(4.6), it follows that (4.4) can be written as

SSRy — SSRy = (85— Ba) WAMzWa (35 — Ba) — (85 — Ba) WAMzWa
x (85 — Ba) (4.7)
Using WA Mz Wa < WAWa, it follows from (4.7) that
SSRy —SSRy > (B3 — Ba)WhMgWa (G5 — Ba) — (85 — Ba)WAWA(Gs — Ba)
(4.8)

Substituting for My, in (4.8) and dividing both sides by Ty — Tb, we obtain

(SSRi — SSRy) /(TS —To) > [(B% — Ba) WaMyWa(B5 — Ba) — (35 — Ba)’

2See Amemiya(1985)[p.31]
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x WAWA (S5 — Ba)]/ (T3 — Th)
= (85— Ba) [WAWA/(T) — Tn) (85 — Ba)
— (05 = Ba) [WAW /(T3 = To)| [W'W /7]
x [W'Wa/T)(05 = Ba) — (65 — Ba)’
x [WAWa /(TS = To)|(B5 — Ba)

= N;— Ny — Ns (4.9)
where

N = (05— Ba) WAWA/(T3 — T)](55 — Ba)
Ny = (05 = Ba) [WAW /(T3 = To)|[W'W /T| " [W'Wa/T) (55 — Ba)

Ny = (85— Bn) WaWa/(TY — To)|(B5 — Ba)

We now consider the behavior of Ny, Ny and N3 in turn. Consider V7. First, note
that by controlling € to be small enough, we can control the distance between T;
and TP to be small over V,(C). Thus, 3; should be close to 32 over V,(C). Note
that fa is estimated using observations from (W41, - - -, Wrp)'. Over V,(C) where
T, — TY < —C, large C implies that we have more observations for estimating (39
by BA- Thus, BA is also close to 39 if C' is large. Hence, for large C, large T, and

small €
Ny > (1/2)(83 = 33) [WAWA /(T3 = To)|(85 — 33) (4.10)

Next, consider N;. From the property of LS estimation, 5;; and fa are O,(1)
uniformly on V,(C). Also, on V.(C), (W'W /T)™! = O,(1) and WAW /(T9 — T3) =
O,(1) because WAW is a sum of T9 — T, observations. Furthermore, ||W/'Wa /T|| =

IW'Wa /(T3 = To)I(T3 = To) /T = [[W'Wa /(T3 = T)|[(TF — T2)/T < Op(1)e
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over V¢(C'). Thus, we have that

Ny < Op(l) - Op(1) - Op(l) ~Op(1)e - Oy(1)

= O,(1)e (4.11)

Finally, consider term N3. Since both ﬁé“ and @A are estimating (33, it follows that
185 — Bal| < p with large probability for every p > 0, for large T, large C, and
small e. Also, [[WAWA/(TY — T3)|| = O,(1) uniformly on V,(C). Therefore, it

follows that
N3 < pO,(1) (4.12)
Now combining our results in (4.9)-(4.12), it follows that

(SSRy = SSRy) /(T3 = T)] = 27185 = B5) [WAWA/(T) — T3)]

x (05 = B2) — €0p(1) = pOy(1)  (4.13)
with large probability.
We now show that the first term on the right hand side of (4.13) dominates.
Noting that

WIAWANTY —Ty) = (1§ —Ty)~ Z Ty

t=To+1

2 A
t=Ty+1
) T2 )
= A,T<T20 _TQ)_l Z ztngT
t=Th+1
and Ap B Ag, a matrix of full column rank (from Assumptions 2 and 5), it fol-

lows from Assumption 3 that, with large probability, the minimum eigenvalue of

WIWA/(TY — Ty) is bounded away from zero on V,(C'). Therefore, the first term
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on the right hand side of (4.13) dominates the other two terms. This term is posi-
tive by Assumption 3. Therefore, [(SSR; — SSRy)/(Ty —Ty)] > 0 over V.(C) with

large probability. This proves (4.3).

The proof for 5\1, A3 is virtually the same as that of Ao We provide the proof

of T-consistency of 5\1. To this end, for C' > 0 we newly define
VA(C) = {(Ty, Ty, Ts) : |T; = TY| < T,i = 1,2,3but T} — TV < —C}  (4.14)

such that V,(C) C V.. Without loss of generality, we assume T} < T?. Since
ST(Tl, Tg, T3) < Sp(T?, Tg, Tg) with probability 1, the desired result can be estab-
lished if it can be shown that for each n > 0, there exists C' > 0 and ¢ > 0 such

that for large T,
P(min{[Sp(Ty, Ty, T3) — Sp(T, Ty, T3)] /(T — T1)} < 0) <7 (4.15)
where the minimum is taken over the set V.(C').

Define SSRy = Sr(T', T, Ts), SSRy = Sp(T7, Ty, T3) and SSRy = Sp(T1, TY, Ty,
T3). Using these definitions, we have
St(Ty, Ty, T3) — Sp(T7, T2, Ts) = SSRy — SSR,
= (SSRy — SSR3) — (SSRy — SSR3)
(4.16)

where the first term allows an additional fourth break at time 77 between T} and

T, and the second an additional fourth break at time T} between 0 and T7.

Let (6%, 0, 05,35, 5;) denote the estimators of (37, 3,39, 33, 33) based on

the partition (Ty,7T7,Ts,T3). In particular, B¢ is an estimate of (Y associated
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with (W4, -+, Wp,,0,---,0), Ba is an estimate of (Y associated with W =
(0,-+,0,Wr 41,  Wro, 0,0+ - ,0)" and G5 is an estimate of (9 associated with

(07"'a07WT10+1a"'7WT2a07"'7O)/'
Now we consider the right hand side of the equation (4.16) in turn. Consider
SSRy — SSR;. We have
SSRy — SSRy = Sp(T1, Ty, Ts) — Sp(Th, 17, Tz, Ts)

= (85— Ba) WAMwWa(Bs — Ba) (4.17)
where W is the diagonal partition of W at (T, Ty, T3). Similarly, we have
SSRy — SSRy = Sr(T7,T»,T3) — Sr(Th, T7, T», T3)
= (Bt = Ba) WAMzWa(5t — Ba) (4.18)

where W is the diagonal partition of W at (70,75, Ts). From (4.17)-(4.18), it

follows that (4.16) can be written as
SSRy — SSRy = (85 — Ba) WaMyWa (35 — Ba) — (57 — Ba) WA Mz Wa
x (Bt = Ba)
> (85— Ba) WAMzWa(Bs — Ba) — (Bt — Ba) WAWA (B — Ba)
(4.19)

Substituting My into (4.19) and dividing both sides by (77 — T3), we obtain

(SSRy = SSRo)/(TY = T1) = [(B5 = Ba) WaMwWa (65 = Ba) — (55 — Ba)
x WAWA (B = Ba))/(TY = Th)
= (85 — Ba) [WAWA/(T? — T))(B5 — Ba)
— (05 = Ba) VAW /(T = T)|W'W/T] !
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x [W'Wa/T)(B5 — Ba) — (B; — Ba)’
X [WAWA/(TY = TV)(B — Ba)

= M, — My— M (4.20)

We now consider the limit behavior of M;, My and M3 in turn. Consider term
M. By controlling € to be small enough, we can control the distance between T;
and T? to be small over V,(C). Thus, 35 should be close to 32 over V,(C). Note
that fa is estimated using observations from (W41, - - -, Wro)'. Over V,(C) where
Ty — T < —C, large C implies that we have more observations for estimating (3}
by BA- Thus, BA is also close to 37 if C'is large. Hence, for large C, large T', and

small €
My > (1/2)(8) — B [WaWa/(T? = T))(83 — &) (4.21)

Next, consider term M,. From the property of LS estimation, Bé‘ and (3 are 0,(1)
uniformly on V,(C). Also, on V.(C), (W'W /T)~! = O,(1) and WAW /(T? —T;) =
O,(1) because WA W is a sum of TP — T} observations. Furthermore, ||[W'Wx /T|| =
WA/ (T0 = TONTY — T/ TN = IWWa/(T9 = TI(TE — To)/T < Oy(1)e

over V¢(C'). Thus, we have that

My < 0y(1)-0y(1) - O,(1) - Oy(1)e - Op(1)

= 0,(1)e (4.22)

Finally, consider term Ms. Since both 87 and B are estimating BY, ||ﬁA’1k —BA” <p
with large probability for every p > 0, for large T', large C', and small e. Also,

[[WAWA/(T? — T1)|| = Op(1) uniformly on V(C). Therefore, it follows that

M < p0,(1) (4.23)
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Now combining above results in (4.20)-(4.23), it follows that

[(SSRy — SSRo) /(T = Th)] = 2718y — B)) [WAWA/(TY — TV))(5y — 57)

— €0p(1) — pO,(1) (4.24)
with large probability.

We now show that the first term on the right hand side of (4.24) dominates.

Noting that

1
W/AWA/(TIO_TI) = (Tlo—Tl)_l Z it@

t= T1+1

t=T1+1
7y
= A,T<T10—T1)_1 Z ZtZ;gAT

t=T1+1

and Ay B Ag, a matrix of full column rank, it follows from Assumption 3, with
large probability, the minimum eigenvalue of WAWa /(T — T}) is bounded away
from zero on V,(C). Therefore, the first term on the right hand side of (4.24)
dominates the other two terms and is positive. This term is positive by Assumption
3. Therefore, [(SSR; — SSRy)/(TY — T1)] > 0 over V. (C) with large probability.

This proves (4.15) and completes the proof of the Theorem.

4.2 Asymptotic Distribution of the Regression

Coefficient Estimator

Once the break fractions are estimated, it is clearly desirable to perform in-
ference about the structural parameters 5°. If the break fractions are known a

priori then standard arguments can be employed to show the root T" asymptotic
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normality of the 2SLS estimator. Since the estimated break fractions converge at
rate T', this standard asymptotic distribution theory can be extended to the 2SLS
estimates based on the estimated break fractions. The relevant results are stated

in the following Theorem.

Theorem 3 If Assumptions 1~5 hold, then
T2 (BUTHEL) = ) = N (Optmsynas Vi)

where

(1,1) (1,m+1)
Vy SRR

Vﬁ(m—f—l,l) . Vﬁ(m—l—l,m—f—l)
(i,0) 0 \0 -2 —1 -1 -1 -1 —1 -1
Vi = 0= X)) (QxzQ7bQzx)  QxzQ75860Q75Qzx (Qx2Q75Qzx)
i, _ - -1 _ _
VI = [0 = X0 =20 )T (QezQ7bQzx ) QxzQ7bSuQ75Qzx
-1 -1 . .
X (QXZQZZQZX) Jor i #j
Note that Sg ;) denotes the asymptotic variance of ﬁ >ip 2, S ) denotes the

asymptotic covariance of % >io 2ty and % >0 2tUs, and their specific forms are

giwen at the end of the proof.

proof)

A

Let W* and W° denote diagonal partitions of W = (&1,---,27) at (Tl, e T)

and (TP, ---,T9), respectively. Then 2SLS estimator is defined as

3= (W*'W*)_1 Wy (4.25)
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where Y = W°3° + U which can be rearranged as
Y = W3 —w* g + wrg + U
= W+ (WO —Wwp +U
= W3+ U (4.26)
where U* = (W° — W*)3° + U.

By substituting (4.26) into (4.25), we have

~

ﬁ _ (W*’W*)flﬂ/*’(ﬁ/*ﬂo_i_ﬁ*)

_ (W*/W*)_IW*/W*ﬁO—F(W*/W*)_IW*/ﬁ*

L ) O (4.27)
Thus,
BB = (WWH WO
= (W*WH) W (W -~ W80 + U]
Therefore,

VIG5 = () i v -

Since Theorem 2 proved that T; —T0 = O,(1) for all 4, (W* WO —W*W*) in (4.28)

involves bounded number of terms with probability one. Therefore,

170 W*’W*” _

1 o B
I 0,(1) = 0,(1). (4.29)

3~
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Thus, we have

VT(B— ) = (;WW> L o) (4.30)

By the addition and subtraction of (T‘lVfV*'W*)il T-12WYT to the right hand

side of (4.30), we obtain

VI -8 = (T7W'W) " TPWUT (T W W) T AT

— (T T T 0, (1)

= (T T WO (T W)
x T7Y2 W — W)U + 0,(1)

= (TWOWO) T WO 4 (T W W) T YT
— (T W) TP (T W)
x T2 — W)U + o,(1)

= (TWOWO) T WO+ (T W)
< (TWOW — W) (T W) T AT

+ (T TR W) 4 0,(1) (4.31)
Using a similar argument as in (4.29), it follows

| T WOW? — TTWH W || = o,(1) (4.32)

T2 = WU = 0,(1) (4.33)

Using the triangle inequality, equations (4.32)-(4.33), Assumptions 1 and 2, the

property of the matrix norm inequality given in (3.11), it follows from (4.31) that
VI3 -8 = (S 0) 0 (1)
T VT P
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By the block diagonal structure of WY W70, the coefficient vector of the i — th

regime can be written as

10

VT (8- 8Y) = (; > m;) \/IT S #yiiy + 0p(1) (4.34)

where 37, denote the summation over observations ¢t = T} - -, 7. To derive the
limit distribution of /7' (ﬁl — ﬁ?) we investigate the limit behavior of each factor
of the nondegenerated term on the right hand side of (4.34). We start with the

first factor of it. Using the Assumptions 2 and 5, it follows that
= Yoady = (N =N D > by
T < ‘ (T -TY) 4
10 0
-1
= — A1) (Z xtzt> (; ZtZé) ( —70 Zztzt>

1%
X (Z ztz£>_ (Z ztx;>
= (A=A )QxzQ7,Q22Q,,Qzx

= (N = A1)Qx2Q7,Qzx (4.35)

Now, consider the second factor of the nondegenerated term in (4.34). Using

ty = X'Z(Z'Z)" 2, we have
1 .
ﬁ%:mtut = XZ Z/ \/_ZZtUt
= QXZQEIZiZZtﬁt (436)
VT %5

Since Y, z; is a function of Y-, zus, > zv; and Z'V which have asymptotic

normal distributions by Assumption 1, it follows that
1 o~ _ _
77 zxu ~a N (0,Qx2Qz2540Qz5Q2x) (4.37)
where S(; ;) denote the asymptotic variance of ﬁ D iy 2l
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Combining the results in (4.35) and (4.37), we obtain

\/T(B’L_ﬁ?) = ( Z@ti‘;) \}Tzitfbt (4.38)

20

~a N (0, V5 (4.39)

where Vﬁw) = (M=) Qx2Q72Q2x] ' Qx2Q745:1)Qz5Q2x[Qx2Q75Q2x] ™"

Now, consider the covariance matrice of coefficient vectors between different

regimes such as regime i and regime j. Using (4.35)-(4.36), we have

Cov(VT(53; — B0), VT (B; — 30)) = Cov((A) = X)) 'QRx2Q,2Qzx) ' QxzQz
x T2 Z 2l (A = X)) MQx2Q75Qzx] ' Qx2Qy5 T ? Z 24i)
= (N =N ) MRx2Qz5Qzx] ' Qx2Q 4y Cov(T™/? Z zty, T / Z Zy)
X ()\? — )\?71)7162212@2)( [QxzQ7;Qzx]""
= [(\) - /\?—1)()\? - /\?—1)]_1[QXZQEIZQZX]_1QXZQEIZS(M)QEIZQZX
X [Qx2Q7,Qzx]™ (4.40)
where S(; ;) denotes the asymptotic covariance of ﬁ >io 2ty and \%T 2o 2ttt

Therefore, combining (4.39) and (4.40) we obtain
T'V2(B - %) 2 N(0,Vp)

with where
Vﬁ(l,l) V(1m+1

Vg = : :
V(m+1 1) Vﬁ(m+1,m+1)

VD = (0 M) (QurQ74Qrx) QxzQibSunQ7bQux (QxrQ74Qzx)
VI = 0= XL = A1 (QxQzbQax)  QxaQzkSin QzkQzx
x (QxzQ74Qzx)™" fori#
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Finally, we derive the form of the asymptotic variance and covariance matrices
of T=Y2 3z, and T-Y2 Y, 24, We begin with the asymptotic variance matrix
of T~Y2 3", 2, which is denoted by S; ;. Note that T-1/2 %", 2, can be shown
to be a function of 3=, zwus, Y-, zv; and Z'V. From (3.15) we obtain

TN 2, = T2 2w +v,B) — 2(2'2) 12’V 3Y)
O = T2 EO: 2o + T2 230 — 1712 Z 22)(2'2) 12V 32
’ ’ ’ (4.41)

So, in order to get the variance matrix of T—1/2 > i, 2tUg, we need to know the

variance and covariance matrices of the terms in (4.41). Notice that under As-

sumption 1
KN
T2y ®z = V'Y2B(r) (4.42)
t=1 (o
where

Vi i
V= 1,1 V12 )
Voi Voo

To simplify the exposition in the following derivations, define

Ai = Tﬁl/ZZZtut
10

B, = T_I/QZZW;@Q
10

Ci = TN 2z (22) ' 2V
10

and
A =

T2 Z ZpUyt
Jjo
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Bj = T’_l/2 Z Z{U;@g
Jo

c; = T2 Z w2 (Z'Z2) 2V B
Jo

From (4.42), it is clear that the variance matrices are:

Var[4;] = (A — A1)V

Var[B] = Var[T7'23 (8 @ 1) (v ® 2))
= (/\? - )‘?—1)(5?/ &® [q)VZ,Z(ﬁ? ® Iq)
T

(4.43)

(4.44)

VarlC;] = Var[T Z 2o (T~ 7' 7)1 1/2 Z(ﬂ?/ ® I,)(v: ® 2t)]

t=1

= ()‘? - /\?—1) (5?, ® Iq)V2,2(ﬂzQ ® Iq)
and the covariance matrices are:

Cov[A;, Bi] = CovlA;, T2 Z(ﬁ?/ ® I,) (v @ 2t)]

= (N = AL)Vie(8 @ 1)

COU[Az‘; Ci] = (A? - A?71)2V1,2(6? ®Iq)

Cov[B;,C;] = Cov[T™'23(8Y @ I)(v; ® z), T~ Zztzt

T
x TS5 (8" @ 1) (v @ 21)]

t=1

= (/\f(i) - )‘?—1)2(5?, ® IQ)‘/Q,Q(ﬁzQ ® Iq)

(4.45)

(4.46)
(4.47)

lzl

(4.48)

Now, combining (4.43)-(4.48), we obtain the asymptotic variance of T~Y2 Y, 2,

S = VaT[T_l/QZztﬂt]

= (A=A D){Vig+ (B @ I)Van(B) @ I,) + (A — N_)(BY ® I,)Va

X (6? ® Iq) + Vl,?(ﬁzo ® Iq) + (@Ql & Iq>v2,1 - ()‘? -

0

DVia(8 ® 1)

— (A = A8 @ L) Vo — 200 — X )(B) @ L) Ve (B8 @ I,)}

= (A=A D){Via+ (B @ [)Vao(B) @ I,) — (N — M) (BY @ [,)Vay

o1



X () @ 1) + Via(B) @ L) + (8] @ I,)Vay — (A) = M)V (5] @ 1)
— (X =AY @ 1) Van}

= (A =AMV + A= A+ AL ) (8 © 1) Vas(B) © 1)
+ (1= + A )Via(B) @ 1) + (1= X + A ) (8 ® I)Van}

= (A= A ){Vin+ (1 =X+ X D[(B) @ I)Van(B) ® 1)

+ Vip (B @ 1) + (BY @ I,)Vau]}

Now, consider the asymptotic covariance matrix of 7~/ > iy 2ty and

T2 24,, which is denoted by S(; ;7. Using (4.41) we have
Jo ( 7])

Sy = C’ov(T‘l/2 Z 2y, T2 Z 241Ut )
= Cov(TV/? g: z(uy + v,ﬁﬁ?ﬂi (2 2) 7'V, T2 Z 2 (ug + v 35
- ZQ(Z/Z)IOZ'VB}))) ’
= Cov(4;, A;) + Cou(A;, Bj) — Cov(4;, Cj)+ Cov(B;, A;)
+ Cov(B;, B;) — Cov(B;, C;) — Cov(C;, Aj) — Cov(C;, Bj)

+ CO’U(Oj, C]) (449)
To derive asymptotic covariance matrix S(; ;) we work on each term in (4.49) in

turn. Since the following covariance matrices in (4.50)-(4.53) involve the covariance

between the sums over different regimes, we have

Cov(A;, Aj) = 0 (4.50)
Cov(A;, B;) = 0 (4.51)
Couv(B;, 4;) = 0 (4.52)
Cov(B;, B)) = 0 (4.53)



As in (4.42)-(4.48) the other terms can be shown to be:

Cov(A;, Cj) = Cov(A;, (A) = AT = N)_y)] ! Z AU AVA N
Jo
x T12Z2'V39)
= (N =X\ )Cov(4;, T7V2Z'V )

= (N =A%) Cov(Ay, T3 z0)9)

J
10

= (A = ALDO = A_DVia(8) © 1) (4.54)
Cou(Bi, C5) = (A = AN = A_)(8) @ [)Vao(5] @ 1) (4.55)
Cov(Cy, Aj) = (A = ALD)A] = A )8 @ 1)V (4.56)
Cov(Cy, By) = (A = M)A = AL )8 @ [)Vaa(8 @ 1,) (4.57)
Cou(Ci, C;) = (] = AL1)(AT = N8 @ 1) Vo (6] @ 1) (4.58)

Now, combining(4.50)-(4.58), we obtain

Sigy =~ = ALDAT = A )Via(8) @ 1) — (A = X)) = A8 @ 1)
x Vo8 @ I,) — (A = X)) = A8 @ L,)Vau
=~ = AL = A Ve (8) @ 1) + (8 @ 1) Vau + (8] @ 1)

X ‘/2,2(530 ® I,)]
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Chapter 5

Asymptotic Distribution of the

Break Point Estimators

Given the rate of convergence, it is natural to consider the limiting distribution
of the break point estimators as the following step. For the least squares method
Bai(1997) derived the limiting distribution of the break point estimator with a
single break point imposed. Bai(1997) considered two frameworks of asympototic
distribution. One is based on the fixed magnitude of shift in regression parameters,

the other on a shrinking magnitude of shift.

In general, the limiting distribution of the break point estimators obtained
specifying fixed magnitude of shifts in the regression coefficients depends on the
exact distribution of regressors and error term, {x;,u;}. That is, it is highly data
dependent and the analytic solution for the limiting distribution is typically hard

to obtain in this case.

An alternative asymptotic theory is to consider small shifts in the regression

coefficients, assuming the magnitude of shifts converges to zero as the sample size
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increases. In this setup, the limiting distribution is invariant to the underlying dis-
tribution of {z, u;} and the resulting distribution can be used as an approximation

even for moderate shifts.

For fixed magnitude of shift case, Bai(1997) imposed a strong restriction on
the joint distribution of {x;, u;} by assuming strict stationarity. Even though this
additional assumption may restrict the applicability of the model a lot, It makes
it easy to derive the limiting distribution of the break points at least. Also, the
results may lay the foundation for the case of an alternative shrinking magnitude

of shift.

For the shrinking magnitude of shift case, second order stationarity of {x, z; }
within each regime has been assumed. Relying on a functional central limit the-
orem, Bai(1997) proved that the break point estimator has a functional of two
independent Brownian motion processes as its limiting distribution. Based on the
resulting asymptotic distribution of the break point estimator, a confidence interval

can be constructed easily.

In this chapter, we adopt Bai(1997)’s approach to our 2SLS setup to derive the
limiting distribution of the break point estimator. In section 5.1, we consider the
case of a fixed magnitude shift in the regression parameters. A quite restrictive
assumption of strict stationarity in the regressors and errors in our 2SLS regres-
sion model is added to our set of assumptions. In section 5.2, we consider the
shrinking magnitude of shift case and relax the joint distribution assumption on
the regressors from strict stationary to weak stationary within each regime. We
obtain the convergence rate of break point estimators. Based on this convergence

rate, we derive the limiting distribution for small shifts. This limiting distribution
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can then be used as an approximation to the underlying distribution for moderate

shifts, or even large shifts.

With assumptions of strict stationarity or weak stationarity on the regressors
and errors within each regime, each segment is asymptotically distinct and the
analysis of the limiting distribution of the break dates is similar to that in the
single break model. Thus, for the following derivation of the limiting distributions

we just focus on the single break case.

5.1 Fixed Magnitude of Shift in the Regression

Parameters

Consider the following second stage linear regression model with a single break

point at k.
ye =040, i=12 t=T°,+1,---,T°

)

That is, by denoting T = ko we can write our model for each regime as

g =00+, t=1,- ko (5.1)

yt:igﬁg—i—ﬁt, t:k0+1,,T (52)

For the derivation of the limiting distribution of the break point estimator &, we
reparametrize our regression model for the second regime. Equation (5.2) can be

rewritten as
Y = B0+
- jtﬁ? - ‘%tﬁ? + j;ﬁg + Uy
= @B+ (8 — B) + (5.3)
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To present the model in a matrix format, we define Y = (y1,---,yr)\ W =
(jlv"'ajTval == ('il)."v:i‘kaOa"'?O)/aW? == (07"'a07£k+17"'7jT)/ a'nd WO =

(0,---,0,Zky41,- -+, 7). Then, by combining (5.1) and (5.3), our transformed

regression model can be written in matrix form as
Y =Wa+Wed® +U where 0° = ) — 3

Least squares is used to estimate the model. Let Sy (k) denote the sum of squared
residuals when regressing Y on W and W,. The break point estimator k is defined

as

~

k =arg min Sr(k) (5.4)

1<k<T

Bai(1993) showed that (5.4) is equivalent to

~

k = arg max &w (k) (5.5)

1<k<T
where &y is Wald statistic which is defined as

O (k) (W3 My Wa)d (k)

with My = I—W(W'W)~'W’, 6%(k) = Sp(k)/(T'—2p), and [5;(k), 0(k)] being the
least squares estimator by regressing Y on W and Ws. Note that k € [7T, (1—7)T]
is needed to insure the existence of least square estimators where 7 is a small

positive number.

To show (5.5), let S denote the sum of squared residuals by regressing Y on W

alone. Then we obtain the identity

— ~

S — Sr(k) = 0(k) (W My W2)0 (k) (5.6)
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Following Bai(1993)’s argument, it can be easily seen that the Wald test statistic

is a monotonic transformation of Sp(k). The Wald statistic can be written as

vl = (T2 (2550

Because S does not depend on k and the Wald statistic is a strictly decreasing

transformation of Sr(k), it follows immediately that
k= arg mkin Sr(k) = arg max Ew (k)

or using (5.6)

k= arg max (k) (W My Wa)0(k)

Andrews(1993) used sup-Wald-type statistic for testing the existence of a break
point. Bai and Perron(1998) generalized it for testing the existence of multi-
ple break points. Christiano(1992) used these statistics for estimating potential

changes in U.S. gross national product(GNP).

Let Vi (k) = 0(k) (W,MyW,)0(k), then k = arg max;, Vi (k) = arg maxy, [V (k) —

Vir(ko)]. The LS estimator A(k) can be expressed as

O(k) = (WyMy W) "WiMyY

= (W My Wo) " Wi My [W 30 + Wob° + U]

= (WyMw W) "Wy My W 37 + (W My W)~ Wo My Wot°
+ (Wi My Wa) ~ Wi My U

— (W My Wa) " Wi My Wob° + (Wi My Wo) " Wy My U

Similarly, we have

A~
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= (W My Wo) " Wi My [W 3 + Wyt + U]
= (W My Wo) ™ W My Wo° + (W My Wo) ™ W My U

= 0%+ (W My Wo) "W My U.
Thus, it follows that

VT(k) = é(k)/(wéMwwz)é(k)
= [(Wh My Wa) "X Wi My Wo8° 4 (W4 My Wa) Wi My UY (Wh My, W)
X [(Wh My Wo) ~ Wi My Wob° + (W My Wa) ™ Wy My U
= 0% (W] My W) (Wi My Wa) ™ (W My W) (Wi My Wa) = W5 My, Wy 6°
+ 0% (W, My W) (Wi My, W) ™Y (W My Wa ) (W My Wa) ™ Wi My U
+ U My Wo (W My W) ™ (W4 My W) (W My W) ™ Wi My Wob°
+ U’ My W (W3 My W) ™ (W4 My W) (W3 My Wo) "X Wi My U
= 0 (W, My W) (W4 My, Wo) ™ (W My W )6° + 26 (W3 My, W)
X (W My Wa) X (Wi My U) + (U My Wa) (Wa My, Wo) ~ W) My, U
and
Vilko) = 6% (W My Wo) (Wi My Wo) ™ (W My Wy)6°
+ 20° (W] My Wo) (Wi My Wo) N (W My U) + (U My Wo ) (Wi My Wo) ™
= 0% (W My Wo)0° + 20° (W, My U) + (U My Wo) (Wi My Wo) Y Wi My U
Therefore, we have
Vir(k) — Vir(ko) = 0% Wi My Wo (W My Wa) ™ Wi My Wy — WMy Wo]6°
+ 20 (W My W) (Wi My Wa) Wi My U — 26 (Wi My U)
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+ U My W (Wi My Wa) “ Wi My U — U’ My Wo (W, My W)™
x WMy U
= 0% [W] My Wo (W3 My W) "\ Wi My Wo — Wi My Wol6° + Hp (k)
where Hy (k) = 20 (W§ My Wa) (W5 My Wa) = W My U — 260 (Wi My U)+U' My, W,y
(W My Wa) "W My U — U’ My Wo (W My Wo) ™ "W, My U

Define for k # kg

Y WMy Wy — WMy Wa (W3 My Wa) = W5 My Wi 0°
N ko — K|

Gr(k)
For k = ko, define Gy (ko) = 0°6°. Then, we have the following identity
Vr(k) — Vp(ko) = —|ko — k|Gr(k) + Hp(k) for all k (5.7)
In Lemma 3, we establish the following two convergence results
ko — K|Gr(k) = 0O WAWAR + 0,(1)
Hr(k) = 20"WAU -Z+ o0,(1)
to conclude that
Vip(k) = Vip(ko) = =Y WHAWAB® + 20 WU - Z + 0,(1)
WA is defined as
Wa = Wo—Wo=(0,-+,0,Zp41,,Ty,0,---,0)  for k < ko
Wa = —(Wo—=Wy)=(0,++,0,Zkgs1, ", 2k, 0,---,0)  for k > kg

Wa = 0 fork=k

and = is defined as

(1]
|

= 1 forky>k

(1]
|

= —1 forky<k
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Thus, it follows that
Wo=Wo+Wa- 2 (5.8)

Lemma 3 plays the key role in the following Theorem 4 which derives the limiting
distribution of the break point estimator under the assumption of fixed magnitude

of shift in regression parameters.

Lemma 3 Under Assumptions 1~5,

Vip(k) = Vip(ko) = =0 WAWAR® + 20°WLU - Z + 0,(1)

Proof)
Before we investigate the convergence of |ko— k|G (k), we recall that = = sgn(ko—
k).
ko — k|Gr(k) = 0% WMy Wy — Wi My Wo (Wi My W)~ Wi My, W) 6°
= 0Y[(Wy — EWA) My (Wy — EWA) — (W — EWA) My Wy
X (Wi My W)~ Wi My (Wy — ZWA)]6°
= OV [WiMy Wy — WiMy WaE — EWA My Wy + EWa My WAE
— (Wi My Wy — ZW A My Wa) (Wh My W) ™ (Wi My W,
— WMy WAZ)]H°
= OV WMy Wy — WMy WA — EWa My W + EWa My WaAZ
— WMy Wa + WMy WS + WA My Wy — EWa My, W,
X (Wy My Wo) Y Wi My WAZ]0°
= OV Wi My Wa — Wi My Wa (W5 My Wa) ™ Wi My, Wa)6°
(5.9)
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Now, we investigate (5.9) term by term. First consider the second term of (5.9).
Define D(C) = {k : |k — ko| < C}. In Theorem 2 we have already proved P(|k —
ko| > C) < n for every n > 0. Thus it is sufficient to investigate the behavior
of Vp(k) — Vir(ko) over D(C) for the establishment of the limiting distribution
of the break point estimators. Over the set D(C), Wi My W, consists of a sum
of finite terms. Thus, it is clear that ||[WAMuyWs|| = |ko — k|O,(1) = O,(1).
Since ||[WyMy Ws|| = O,(T), the second term of the equation (5.9) is bounded by
0,(1) - 0,(T1) - 0,(1) = 0, (1),

Next, consider the first term Wi My Wa = WAWa + WAW (W'W)"'W'Wa. We
know that WAW (W'W)'W'Wa = |ko — k|O,(1) - Op(T71) - |kg — k|O,(1) =
0,(1)- 0,(T1) - 0,(1) = 0,(1).

Thus, combining the results on two terms, we get

ko — k|Gr(k) = 0“WAWARY + 0,(1)

Next, consider Hp (k).
Hp(k) = 20% (W, My W) (Wi My Wa) " WMy U — 20% (W, My U)
+ U My W (Wi My Wa) "YW My U — U’ My Wo (Wi My Wo) ™ Wi My, U
= (A1) +(A2) (5.10)
where we defined
(A1) = 20% (W] My W) (Wi My W) " Wi My U — 26% (W, My U)

(A.2) = U My Wo(WjMyWo) Y Wi My U — U’ My Wo(Wi My Wo) "YW, My, U

In the following derivation, we show (A.2) = 0,(1). Thus the limit behavior of
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Hr (k) over D(C) is dominated by the limit behavior of (A.1).

First, consider (A.1).

(A1) = 20 (Wy — WAE) My Wy (W My W) "Wy My U — 260 Wi My, U
= 20 (Wi My U — EW 5 My Wo (Wi My W) " Wi My U) — 20° W, My U
= 20" WMy U — 226% Wi My Wo (Wi My W) Wi My U — 260 Wi My U
= 20 (W, — W) My U — 220 W My Wo (W} My Wo) ~ Wi My U

= Z20" W\ My U — 20°W 5 My W (Wi My Wo) ™ Wi My, U] (5.11)

Let’s investigate the convergence result of each term of (5.11) in turn. Noticing that
WAW = 0,(1) over D(C) and (W'W)'W'U = (1/v/T)(W'W/T)"*W'U /T =

T-120,(1), the first term in (5.11) can be written as

WiMyU = WAU — WaW(W'W)"'W'U
= WAU = 0,(1) - T7Y20,(1)

= WaU + 0,(1) over D(C)
Similarly, we observe that

WAMuy W, = WiWy — WAW (W'W)TW'W,

(WQIMWw2>_1W2/MWﬁ = Op(T_l) ) Op(Tl/Q) = OP(T_l/z)
Thus, the second term in (5.11) can be written as

WA My Wy - (Wy My Wa) "Wy My U = O,(1) - Op(T~?) = 0,(1)  over D(C)
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Thus, combining the results on the two terms in (5.11), we have
(A1) = ZE[20° Wi My U — 20°W 5 My Wo (Wi My Wa) ~ Wi My U]

= 250"WLU + 0,(1)

Now, we prove that (A.2) = 0,(1).
(A.2) = U My Wa(WiMyWo) Y Wi My U — U’ My Wo (Wi My W) ™ Wi My, U
= U My Wo(WMyWo) " WiMyU — U' My (Wy — WaAE)

X [(Wy — WAZ) My (Wy — WAZE)] "Wy — WAZ) My U

(M) = (N)
where for notational convenience (M) and (V) are defined as

(M) U’ My W (W4 My W) X Wi My, U

(N) U' My (Wy — WAE)[(Wy — WAZ) My (Wy — WAZ)]H(Wo — WaAZ) My U

To investigate the limiting behavior of (A.2) over the set D(C), it is helpful to
check the limit behavior of (N) first. What we want to show is that (N) has the
same probability limit as (M). So in the limit the two terms cancel out to produce
(A.2) = 0,(1).
Using the relationship Wy = Wy — WAZ, (V) can be written as
(N) = {U'Mw(Wo = WaAE)/VT}(Wa = WAE) My (W5 — WAE)/T] ™
x {(Wy — WAE) My U /VT}
Let’s check the limit behavior of the first factor of (V).
U My (Wo — WAE) VT = U MyWsa/VT — U MyWAZ/NT
= U'MyWy/VT + 0,(1)
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The last equality follows from the fact that U’ My WaZ is the sum of the |k — kol
terms and the total number of the added terms is bounded over D(C) = {k :

|k — ko] < C}. In other words,

UMyWa = U —-WWW)'W)Wa
= U'Wa—UWWW)'WWa
= Op()\/Ik = kol = Ox(T*)Op(T)Op(1)|k — ko
= 0,(1) = Oy(T'7)

= 0,(1) over D(C)

Similarly, for the second factor of (V)
(Wa — WAE) My (Wo — WAE)/T = WiMyWa/T — (1/T){WiMyWaZ
+EWL My Wa — WA My Wa)

= WMy WWa/T + 0,(1)

Thus, combining the convergence results on the two factors of (IV), we have
(N) = (U MwWo/VT + 0,(1)) (WM Wa/T + 0,(1) ™" (WsMwU VT + 0,(1))
Therefore,
(A2) = (M) —=(N)
= UMy Wo(Ws My Wa) " WyMywU — (U' My Wa/VT + 0,(1))
X (WyMwWa/T + 0,(1)) " (WiMwU/VT + 0,(1))
= (0" MwWo/NT ) (WyMwWo/T) ™ (WiMw U /VT)
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— (UMW VT +0,(1)) (WM W/ T + 0,(1))
x (WiMwU/VT + 0,(1))

= 0p(1)

Thus
Hr(k) = (A1)+ (A2)
= (2E0"WLU + 0,(1)) + 0p(1)
= 220" WLU + 0,(1)
Finally,
Vr(k) = Vr(ko) = —|ko — k|Gr(k) + Hr(k)

= (=0"WAWAL® + 0,(1)) + (220°WAU + 0,(1))

= —0"WAWAR 4+ 220" WLU + 0,(1)

as claimed in Lemma 3. This ends the proof of Lemma 3.

Now, we are ready to derive the limiting distribution of the break point esti-
mators in the case of fixed magnitude of shift in parameters. Due to the analytical
intractability in this case, an additional assumption is necessary to obtain the

limiting distribution.

Assumption 6 The process {x, z, ug, v, 152 is strictly stationary.

—00
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We define a stochastic process R*(m) on the set of integers as follows:
Ri(m) : m<0
R*(m) = 0 : m=0
Ry(m) @ m>0

with
/ 0 / 0 0
Ri(m) = —0"A Z 22 Do + 207 A Z 2y + Z 2, 3
t=m+1 t=m+1 t=m+1
form=-1,-2,---
Ry(m) = _90/A6 > 2210000 — 290/A6 <Z 2+ Y zwéﬁS)
t=1 t=1 t=1
form=1,2,---

In the case of independence for (z;, us, v;) over ¢, the process R*(m) is a two-sided

random walk with stochastic drifts.

Theorem 4 Under Assumptions 1~6, and further assuming that —(z[A¢0°)%

20% A} (zeuy + 20, 3%) where i = 1,2 has a continuous distribution,

~

k — kg —q arg max R*(m)

Proof)
First, we consider the case of k < k.
— WIWA +200WAT -2 = —0"WAWA + 20°WAT
’ ko N N ’ ko ~
= —90 Z A/TZtZ?éATHO + 290 Z Aﬁfztﬂt

t=k+1 t=k+1

(5.12)
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By substituting @, = u; +v,3 — 2,[(Z'Z)~1Z'V]3) into (5.12) it follows that

k’o kO
—OWAWAL +20°WAU = = —0YAL S 22l Ar0° + 20 ALYz
t=k+1 t=k+1
ko “ kO
+ Y ) +20"AL N (2 2) 2V
t=k+1 t=k+1
ko ko
= —QO/AIO Z ZtZ£A090+200/A,0( Z ZiUg
t=k+1 t=k+1

ko
+ ) zB)) + 0,(1) over D(C)  (5.13)
=kt 1

where the last equality comes from the following convergence result over D(C')

ko
Z 224(Z2'2) 2V = |ko — k[Op(1) - Op(T ™) - Op(T1/2> = Op(T_l/Z) = 0p(1).
t=k+1
Under strict stationarity, {z;,us,v;}%, , and {24, wg, v }9_p_py 41 have the same

joint distribution. Therefore, (5.13) has the same distribution as R;(k — ko) over

D(O).

Similarly, for k& > kg

—"WAWA +20°WAU -2 = —0"WAWA0® —20°WLTU
k k
= —0"A) 3 2 A —200A( Y 2
t=ko+1 t=ko+1
k
+ D zuBy) +op(1)

t=ko+1

which has the same distribution as Re(k — ko) over D(C).

Thus, Lemma 3 implies that Vi (k) — Vr(ky) converges in distribution to R*(k — k)
over the bounded set D(C). Let k¢ = arg max|x_ko|<c Vr(k) — Vr(ko) and mg =
arg maxi,|<c *(m). The uniform convergence of Vp(k) — Vp(ko) to R*(k — ko)
on any bounded set of integers (i.e. the difference |k — ko| is bounded) im-

plies that ke — kg —q my. That is, for large T, |P(ke — ko = j) — P(mk =
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J)| < € for all |j] < C. Actually, this convergence in distribution can be estab-
lished for the whole range, not just over the bounded set D(C). By assuming
(20 A00°)2 £ 20% A zyuy + 2,0, has a continuous distribution, the limit distribu-
tion R*(m) has a continuous distribution. Thus, the process R*(m) has a unique

maximum with probability one because P(R*(m) = R*(m’)) = 0 for m # m/’.

Let m* = argmax,, R*(m). Since both 8 Ay>0 | 22A00° = O,(m) and
0" Ay ST 221 800° = O,(m) dominate 0O AY S0z A0 z0lB0 = O,(m1/?)
and 0V A STz + S 2B = O,(m!/?), respectively, we have R*(m) —
—oo with probability tending to 1 as |m| — oo. Thus, m* is O,(1).

Therefore, we have that for every e > 0, there exists C; < oo such that P(|m*| >
C1) < e. And we know from Theorem 2 that P(|k — ko| > Cs) < e.

However, if |k — ko| < C where C' = max{Cy, Cy}, then k = k¢ and if |m*| < C,
then m* = mg.

Thus,

|P(k — ko= j) — P(m* = j)| < |P(kc— ko =j)— P(m& = j)|
+ P(lk —ko| > C) + P(Jm*| > C)

< 3e

Note that the first inequality in the above expression can be explained by the
following way. First, we consider 3 events the union of which cover the whole
sample space. Those are {|k — ko| < C and |m*| < C},{|k — ko| > C} and
{|m*| > C}. But the first event {|k — ko| < C and |m*| < C} is equivalent to the
event {k = ke and m* = mj} by the definition of ke and m?,. Thus, when the first

event happens, we have the equality P(k — ko = j) — P(m* = j) = P(ke — ko =
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j) — P(m¢& = j). The union of other two events is the complement of the first
event. Thus, the first inequality follows.

Since € can be arbitrarily small and C' can be arbitrarily large, P(l% —ky =
j) = P(m* = j). Therefore, k — ko has the same limit distribution as m* =

arg max,, R*(m).

5.2 Shrinking Magnitude of Shift in the Regres-

sion Parameters

The application of the limiting distribution for the fixed shift case has some
serious limitations due to its highly data-dependent nature. Analytical limiting
distributions are hard to obtain in general. We needed Assumption 6 for the
validity of the derivation in section 5.1. Also, because of this data dependence the
limiting distribution is of less practical importance. We can avoid this problem by
considering an asymptotic framework where the magnitudes of the shifts converge

to zero as the sample size increases.

The approach we take here closely follows that of Bai(1997). We find a limiting
distribution for small changes. And this limiting distribution can then be used as

an approximation to the underlying distribution for moderate shifts.

To fit into the case of shrinking magnitude of shift in parameters, we need to
modify the true behavior of regression parameters in our previous second regime
model (5.3). We assume that 6 = 33, — ) — 0 as T' increases. The first regime

model (5.1) remains unchanged. For the order of magnitude of shift, We assume
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Assumption 7 Assuming 0% depends on T
09 — 0 and TY* 269 — oo

for some a € (0,1/2)

That is, 69 converges to zero at slower rate than 7-'/2. Now we’ll establish the

rate of convergence of the break date under Assumption 7.

In the previous section, we treated 6% as a constant, not varying with 7' and
established

k= ko + O,(1)

With some modifications, In the following Theorem 5 we can show
k= ko +O,(16717%)

The rate of convergence not only describes how fast the estimator converges to the
true value, it is also necessary in order to derive the limiting distribution.

In Theorem 6, with additional assumptions including the weak stationarity of
{x4, z¢, ug, v} we establish the limiting distribution of break dates. As a preliminary
step for the proof of the theorems, we need to prove additional lemmas.

Before that we redefine

Vi (k) — Virl(ko) = —|ko — k|Go(k) + Ho(k) (5.14)

0% [W! M, — W!M ' M, WM 09
Gr(k) = 7 (WoMw Wo — Wy WFZQ(—M% wWo) ™ Wo My, Wo 07 for k # kg

Gr(k) = 696% for k =k
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Hy(k) = 269 (W My Wa) (W3 My W) "' WMy U — 263 (W My U)
+ U My Wo(Wh My Wa) Wi My, U
— U’ My Wo (W, My W)™ Wi My, U (5.15)
Lemma 4 is useful to establish positive definiteness of G (k) when |k — k| increases
beyond C||6%]|~2 in the proof of Lemma 5. Lemma 7 investigates the limit behavior
of Vir(k) — Vp(ko) under Assumption 7. The result of it works as a stepping stone

to Theorem 6 which derives the limiting distribution of the break points under

Assumption 7.

Lemma 4 The following two inequalities hold

W, My Wo — WMy W (W My W) ™ W My W

> WAWaAWIWo) TWiW,  for k < ko (5.16)

Wi My Wo — WMy Wo (Wi My Wa) ™ Wy My Wy

> WAWAW'W — WoWo) Y(W'W — WWo)  fork >k (5.17)

Proof)
Let H = (WjWy)~' — (W'W)~1.
For k S /{?0
Wi My Wo(Wy My Wo) " WMy Wy = WiWoHW Wy (WaWo HWyWo) ™!

since

W My Wy = Wi — W(WW) ' W)W,
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= W)Wa — WW(W'W) W' Wy = WWo — W Wo(W'W) Wi,
= WWo(WiWa) " WiW, — WiWo(W'W)  WiW,

= WWo[(WyWo)™t — (W'W) Wy Wy = WiWoHW, W,
and

WoMy Wy = Wil — WWW)'W)W,
= WWy — WaW (W'W) W' Wy = Wiy — WaWo(W'W) LW,
= WIWL(WIWo) Y WEW, — WiW(W'W) ~ W W,
= WiWo[(WoWo) ™t — (W'W) Wy Wy = WyWo HW, W,
Let A = HY2W,W,. Since I — A(A’A)~*A’ is a projection matrix, we have I —
A(A’A)7LA" > 0. Multiplying this inequality by (W}Wy)H'/? from the left and
multiplying from the right by HY2(WjW,), we have
(WoWo)H'2HY2(WiW,) — (WgWo) H' 2 A(A'A) ™ AT HY 2 (WiW)
= WiWoHWWy — WiWoHY 2 HY 2 Wi Wo(WiWo HY 2 HY2W W)~ Wy Wy H Y/
x HY2WIW,
= W WoHWWy — WiWoHWyWo(WiWoHWEW,) Y WiW, HW W,

> 0

Since the second term above is identical to (5.18), for the proof of (5.16) it suffices

to show
WMy Wo — WyWo HW Wy > WAW A (WyWa) ™ Wi (5.19)
In fact, the equality holds in (5.19) because the left hand side of (5.19) is

W, My Wy — WIWoHW, Wy = Wi(I — W(W'W)"'WWy — W WoHWW,
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— WIWy — WIW(W'W) W' Wy — WiWo HW!IW,

— WIW — WIWe(W'W) WIWy — WIW HWW,

= W{Wo(WiWo) "' WiWo — WiWo(W'W) T Wi,
— WIW HW.W,

= WoWo[(WeWo)™! — (W'W)™! — HIW;W,

= WoWol(WgWo) ™t — (WaWs) W Wy (5.20)
Using WiWy = WiWo + Wi Wa, (5.20) can be written as

Wo My Wo — WoWoHWiWy = (WyWa — WAWA)[(WgWo)™h — (WaWa) Wi W,
= [WyWo(WgWo) ! — WaWo(WoWs) ™ — Wi Wa
X (WgWo) ™ + WAWA(WyWo) ~ TWiWy
= (WoWy — WiWy — WiWa) + WAWA(WaW,) ™
x WiWo

= WAWAWIW,)TWiW,

Similarly, we can prove the case for k > k.
Define W = (&1, 29, -, &%,0,---,0), Wg = (&1, 29, -, &8, 0,---,0) and N =
(W3'Wy)™t — (W'W)~'.  Then
WMy Wy = WiWy — WW(W'W) "W,
= WiIWy — WWo(W'W) LW,
= W'W =Wy W5 — (W'W — W WHWW) X (W'W — Wy W)
= W'W — Wy Wy = W'W + W5 Wy + W We — W we(w'w)
x Wi'wi
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= WSV = WO (VW) T
= WETWE (WS W)~ W W — W W (WW) W W
= WEWE W5 W)™ — (W'W) g g

= WYWINW; W5

WyMyWy = WyWy — WyW (W'W) "' W'W,
= WiW, — WiWo(W'W) " 'WiW,
= (W'W = W;'W5) — (W'W = W' W) (W'W) " (W'W — W5 W)
= W'W =Wy Wy = WW + Wy Wy + Wy Wy — Wy Wy (Ww)~!
x Wi'wi
= WFWy— Wy WrWw)Tt W Wi
= Wy Wi [(Ws' W)™ = (W'W) W Wy

= WPW;NW; W5
Thus, we have

Wi My Wao(Wy My Wo) WMy Wy = Wi WiNWE Wy (Wy Wi NWy wi)™!
x Wi Wy NWE Wi
Let B = N'Y2W;'Ws.
Using the fact, I — B(B'B)"'B’ > 0, we have
(W5 W) NNV (WS W) — (W W )NY2B(B'B) ™ B'NY? (W W)
= Wy WENWE W — W WeNYVENY2WE Wy (W Wy NY2NY2 Wy W)=
x Wy Wi NY2NY2WE Wi
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= WEWINWEWE — WEWENWS W (W WENWEWH W Wi NWE W
> 0
For the proof of (5.17), it suffices to show
WMy Wy — WEWENWEWE > WAWA(W'W — WiW,) ™!
x (W'W — WiWg) (5.21)
In fact, the equality holds in (5.21) because the left hand side of (5.21) is
WMy Wy — WEWENWEWE = Wi — W(W'W)TWHWy — W WENWE W
= WiWo — WJW(W'W)TW'W, — W WiN
x WEw
= WiWo — WiWo(W'W) " WiWy — W WEN
x WEw
= (W'W —W'Wg) — (W'W — W' W) (W'w)~!
x (W'W = WFWg) — W WiENWEWg
= W'W - W W§ = W'W + Wi Wg + Wi wg
— WEWE W' W)W W — W WENWE W
= WEWE = WEWEW W)W W — W WiN
x WEw
= Wy WelWs' W)™ — (W'W)~" — NJWg' W
= W WelWy W)™t — (W3 W)~y Wy
(5.22)
Using W' Wy = W' Wi + WAWa, (5.22) can be written as
WoMwWo — Wo' WeNWE'We = (W3 Wy — WAWa)[(We' W)™t — (W5 W5) ™
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x WEw
= W Wy (W W)™t — W W (W5 W)™
— WAWAWS W)™+ WAWA(W W5) ™
x W W
= (W5'W5 = Wy W5 = WAWa) + WiWa
x (W3 W3) = W' Wy
= WAWA(WS W3) W5 W5

= WAWAW'W — WyWo) " {(W'W — WW)

By defining K(C) = {k: |k — ko| > C||6%]| 72 and T < k < (1 — )T} for a small

number 1 > 0, Lemma 5 shows

: > 0112
nf Gr(k) = 6%

with probability at least 1 — € for every € > 0.

Since it is defined that Vi(k) — Vp(ko) = —|ko — k|Gr(k) + Hp(k) for all k,
Vr(k) > Vr(ko) is equivalent to (Hr(k)/|ko — k|) > Gr(k). Thus, in Theo-
rem 5 we establish k& = ko + O,(]|0%~2) where k = argmax; Vi (k) by show-
ing that P(supye(c) Vr(k) > Vr(ko)) < e. For that it is sufficient to prove

P(supgegecy [Hr(k)/ (ko — k)| = v]1071%) <e.

Lemma 5 Under the Assumptions 2~3, there exists a v > 0 such that for every

€ > 0 there exists C' < oo such that

: > 0112
nf Gr(k) = ][04

with probability at least 1 — €.
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Proof)
Suppose k < ko. Let A(k) = (ko — k) "WAWA(W3Wo) "' W{W,. Note that A(k)
is symmetric and is positive definite when W)Wy is invertible. This is shown by
rewriting A(k) as
Ak) = (ko — k)T WAWA(WAWA + WWo) ™ Wi

= (ko — k) WAWA {WAWA) T (WAWA) ™ + (WgWo) ] (WgWo) '

x WiWo

= (ko — k) [(WAWA) ™ + (WoWo) 17
Then, by Lemma 4, Gp(k) > 60 A(k)0% > ~r(k)||0r|)? where v7(k) is the minimum
eigenvalue of A(k).
Now, for the proof of the lemma, it is sufficient to argue that, with probability
tending to 1, yr(k) is bounded away from zero as kg — k increases.
For large ko — k, WAWA = ZfikH ww), = A’T Zfikﬂ thQAT will be positive
definite with large probability by Assumption 3.
Now,

A(R)™H = (WoWo) T WaWa[(ko — k)T "WAWA] ™
AR < I(WeWo) WiWa||[[[(ko — k) WAWA] |

But

[(WoWo) " WiWa|| - < [[(WgWo) ™' W'W]

IA

[|(WeWo)~HII[W' W]

= (AL ZyZoAr) || AL Z' Z A
where Zg = (0,-++,0, 2rys1, > 27) and Z = (zq, -+, 27). Thus, |[(W W)t W3Ws||
is bounded by Assumption 2 and 3.
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In addition, the minimum eigenvalue of (kg — k) "*W/AWx is bounded away from
zero by Assumption 3 with large probability. So, ||[(ko — k) 'WAWA]TY|| is
bounded with large probability for all large ko — k.

This implies that the minimum eigenvalue of A(k), vr(k), is bounded away from

zero as kg — k increases.

Suppose k > ko. Let B(k) = (ko—k) "WAWA(W'W —WiWo) L (W'W —WWy) =
(ko — k)" WAWA (WS W) "W W, Tt is clear that B(k) is symmetric and is pos-
itive definite when W, W is invertible.

By Lemma 4, Gp(k) > 605 B(k)09 > ~i(k)||0r||> where vi(k) is the minimum
eigenvalue of B(k).

Now, for the proof we argue that, with probability tending to one, v (k) is bounded
away from zero as kg — k increases.

For large ko — k, WaWa = X0, wa) = Al SR 22 Aq will be positive defi-
nite with large probability by Assumption 3.

Now,

Bk)™t = (WFWE) W Wi (ko — k) TTWAWA]

IBR)TH| < | WG W) Wy Wil| - ||[(ko — &) WAWA] Y|
But

W W)Wy Wil < |[(Wg' W) ' w'w|

IN

lluznizoasliiiigidl

= |[(A%Z5 ZgAr) M |[|AFZ' ZAq |

is bounded by Assumption 2 and 3. Here, Z§ = (Z1, -+, Z,,0,--+,0)" defined.
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In addition, the minimum eigenvalue of (kg — k) "*W/AWx is bounded away from
zero with large probability. This implies that the minimum eigenvalue of B(k), v;.(k),

is bounded away from zero as ky — k increases. This completes the proof of the

lemma.

For the proof of the stochastic boundedness of the break point estimator in
Theorem 5, we need a maximal inequality result which is stated in the following
Lemma 6. In general, maximal inequalities, which place bounds on the extreme
behavior of which a sequence is capable over a succession of steps, are essential
tools of limit theory. For the validity of Lemma 6, we need Assumption 8 to be

satisfied.

Assumption 8 For some real number r > 2 and constant A, < oo

j T
E N wi|| < A (j—i)/? foralll1<i<j<T
=i
Furthermore, by defining M,, = max{|Si|, -, |Sn|} where S,, = X", wty, As-

sumption 8 implies the existence of a constant K, < oo such that E(M!,) < K,m"/?

for m > 1.1

Lemma 6 Under Assumption 8, there exists a B < oo such that
for every ¢ >0 and m >0

1
P (sup z

k>m

>C>< B

- C4m2

k
Z wtﬁt
t=1

see the equation (7.10) in Serfling(1970) [p.1244].
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Proof)
This is essentially proved by Serfling(1970) (Theorm 5.1). It says that under
Assumption 8, for each { > 0 there exists a constant C; < oo (depending on A,

and K,) such that

P(supHikH >§> SC’C-m_T/Q for all m > 1

k>m
where C¢ = (4, + Kr)(g)_’”(l _ 2—r/2)—1
Thus,
k
Zwtﬂt
t=1

By letting r = 4, B = (A, + K,)(1/2)7"(1 — 277/2)71 we get the desired maximal

1
P sup —
(kg};k

>C) SCC'mir/Z

inequality

1
P (Sup -

k>m k

k
D> willy
=1

>(>< B

- C4m2

Theorem 5 Under the Assumptions 1 ~ 5 and 8

If 09 — 0 but satisfying Assumption 7, then

k= ko + Oy(1162117%)

Proof)
By definition, k = arg max; Vi (k). Thus, Vi (k) > Vi(ko). Therefore, for the proof
of the Proposition, it suffices to show that for each € > 0, there exists C' > 0 such

that

P( sup VT(I{Z) > VT<k0)) <€ (523)
keK(C)

From the previous identity (5.14)
VT(k) - VT(ko) = —|l€0 — k’GT(/{I) —+ HT(k) for all k&
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Vr(k) > Vp(ko) is equivalent to

(Hr(k)/[ko = k[) = G (k)

By Lemma 5, it suffices to prove that

(k)
ko — k

P < sup
keK(C)

> AlIIF) < (5:21)
Hp (k) defined at (5.15) can be decomposed into two parts such that

Hy(k) = (B.1) + (B.2)

(B.1) = 209 W, My Wo (Wi My Ws) *WiMy U — 205 W, My, U

(B.2) = UMy Wao(WyMyWs) *WiMyU — U' My Wo (W My Wo) WMy U

First consider the expression (B.1). Recalling the definition Wy = Wy — WAZ=

from (5.8), (B.1) can be transformed into
(B.1) = Z[209 WA My U — 209W 5 My W (Wi My Wo) " WMy U] (5.25)

following the same derivation at (5.11) except that 6° in (5.11) has been replaced

by 6% in the current shrinking magnitude of shift case.
The first term within the square bracket can be expanded as
Wi My U = WAU — WAW (W'W)"'W'U
It is clear that WAW = |ko — k|O,(1) and (W'W)"'W'U = (1//T)(W'W/T)*
x WU/NT =T-120,(1).
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Thus, the first term at (5.25) can be written as

OSWAMwU = 09WAU —|[69]] - [ko — k|Oy(1) - T-20,(1)

= 07 WAU — |ko — k[TV2]162]|0,(1) (5.26)

Now, we consider each factor in the second term within the square bracket at

(5.25).

WiAMyWy = WiWy — WAW (W'W)"TW'W,
= ko — k[Op(1) — [ko — E|Oy(1) - Op(T ™) - Oy(T)
= |ko — K[Op(1)

WMy W) " WyMwU = Oy(T) - Oy(T?) = O,(T?)
Thus, the second factor at (5.25)

2509 W\ My Wa(Wy My Wa) "YW My U = 2||60%]] - |ko — k|O,(1) - O,(T~Y*)=

(5.27)
Therefore, combining the results in (5.26) and (5.27) over the set K (C')
(B1) = (20§ WAU — 2|ko — k|T2||651|0, (1) — 2[ko — k|T2[|65]|0,(1))
= 209WAUZ + |ko — k|T~Y2|16%]|0,(1)Z (5.28)

Now, consider the expression

(B.2) = U MyWo(WiMy W) " WiMyU — U' My (Wy — WAE)

X [(Wy — WAZ) My (Wy — WAE)] "YWy — WAZ) My U
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The first term of (B.2) is easily seen to be bounded as

U' My Wo(Wy My Wo) T WyMwU = O,(TY?)-0,(T7Y) - O,(T?)

= 0,(1) (5.29)
The second term of (B.2) can be expanded further

U My (Wy — WAZE) - [(Wa — WAE) My (Wy — WAE)] YWy — WAZ) My U
= (0'MwWs — U' My WAE) WMy Wy — WMy WAE — W4 My Wa
+ WAMwWa]™ (WiMwU — Wi My UZ)
Investigating the limit behavior of each term over the set K(C), we have the

following convergence results.

UMyW, = 0,(T"?)
UMyWa = UWa—UWWW)TWWa
Op(1) = Op(TY?) - Op(T 1) - [ko — K| Op(1)
= \/lIko = K|Oy(1) — lko — k|O,(T~72)
= Op(TV?)0,(1) = Oy(T)O,(T~7?)
= Oy(T'?) = Oy(TY?) = O,(T"?)
WoMwWa = Oy(1) - [k — k| = Oy(T)
WiMwWy = O,(T)
and
WiAMyWa = WAWA = WAW(W'W)'W'Wa
= |ko — k|Op(1) — ko — K|Op(1) - Op(T) - ko — k[O,(1)
= |ko — k|Op(1) — ko — k[*O(T7")
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= OP(T)Op(l) - OP(T2)OP<T_1)

= Op(T) - Op(T) = Op(T)
Thus, the second term of (B.2) is

(Op(Tl/z) B Op(T1/2>) [OP(T) - OP<T) B Op(T) + Op(T)]_l
x (0,(T'2) = 0,(T"?))
- Op<Tl/2)Op(T_l)Op<Tl/2)

= 0,(1) (5.30)
Finally, combining (5.28), (5.29) and (5.10)

Hrp(k) = (B.1)+(B.2)
= (20§ WAUZ + [ko — k[T 2]|69]0,(1)Z) + (Op(1) + O,(1))

= (209WAUE + [ko — k|T2(|63]|05(1)) + O,(1)

Thus, over the set K(C)

O,(1)
ko — K|

He(k) 2

= 5.31
o — k]~ ko — R (5.31)

OO WAUE + T~12(|6%]|0,(1) +

We can now prove (5.24) using the above equation (5.31). For that, we investigate
the probability limit behavior of the supremum of each term in (5.31) over K(C)

and using the triangle inequality we show that

HT(k‘) 2) < o '7”9%H2>
Pl su 09 < P| su 07 W), Ul >
(keKFC) ko —k el keKFC)lk‘o—k‘ sl 3
- 07 O,(1) | _ ~I67]?
p (200, > 1) 4 p
v P ([ oo, > W) o p ((sup |20 20
< SHs4s=e
3 3 3
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By the symmetry of the argument, we only consider the case for k < ky. First,

Z Wyl

t k+1

P(sup ]

kek(C) ko —k

, B ‘90 2
09 WAU| > glilaall < P sup
3 ko

k<ko—C!||6%.||-2

Y1091
S

Applying Lemma 6 with ¢ = 7||6%]|/6, m = C||0%||~2, the right-hand side above

is bounded by

64 1 1296 ¢
B : =B < -
YHIOP[[* C2|0%]]74 yiCc? 3

for large C.

Second,

_ ez O] 7\ _ €
because (T%/2[|0%]])~!

Finally, consider the limit behavior of the supremum of the third term in (5.31).
By imposing the restriction k¥ < kg to the set K(C), we get k < ko — C|[0%|| 2

which implies

’k k‘ ‘*”9|P
Thus, for k < kg
Op(1) | _ 1lo7 !!2) ( ( )| oz H2>
P > < P
(éﬁp ko — k‘ 3 k:;p 3

O,(1) 0

= P2 =

(%> 3>
< g for large C.

Combining the results on the three terms of (5.31), we conclude

Hrp(k)
ko — k

P ( sup
keK(C)

> 6% ||2><3+3+3
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which is the expression (5.24).

This completes the proof of the Theorem 5.

Lemma 7 investigates the limit behavior of Vr(k) — Vi (ko) under Assumption
7. It is used in the the following Theorem 6 which derives the limiting distribution
of the break points. The proof of Lemma 7 is almost identical to that of Lemma

3 for the fixed magnitude of shift case.

Lemma 7 Under Assumptions 1~5, and 7

Vir(k) = Vip(ko) = —0%WAWAOS + 205 WAU - Z + 0,(1)

Proof)
Recalling Vr(k) — Vp(ko) = —|ko — k|Gr(k) + Hr(k) from (5.14), we study the
convergence of each term in the sum in turn. We start with
ko — k|Gr(k) = O3 [WiMw Wy — WMy Wa (W3 My Wa) ™ W5 My, Wol6.
= 0% [(Wy — EWA) My (Wy — EWA) — (Woy — EWA) My W
X (Wi My W) "W My (W — EWA)]6%
= 0L WAMwWa — WMy Wa(Wy My Wa) ™ Wi My Wal69,
(5.32)

From Theorem 5 we have P(|k — ko| > C||6%]|2) < 7 for every > 0. Thus it is

sufficient to investigate the behavior of Vi (k) — Vi (ko) over D(C) = {k : |k —ko| <

C||6%||72} for the derivation of the limiting distribution of break points.

First, consider the second term in (5.32). Since ||[Wi My Ws| = O,(1)]|6%] 2

and ||(WiMy W)~ = O,(T™') over the set D(C'), the second term in the equa-
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tion (5.32) is bounded by [|67]1*Op (D) |07 2O (T~ Op (|07 72 = Op (T~ 1677

= O,(1)/(T||6%]]*) = 0,(1) under Assumption 7.

Next, consider the first term 6% WA My W09 = 05 WAWAOS 4+ 09 WA
(W'W)'W'WaBS. We know that 03W W (W'W)"TW/'Wa0S = ||65]]20,(1)

< 07120 (T~HOp (167172 = Op(1)/(T67(1%) = 0,(1) under Assumption 7.
Thus, combining the results on two terms, we get

ko — k|G (k) = 65 W A WaBS + 0,(1)

Next, consider Hp (k).

Hp(k) = 209 (W, My Wa) (Wi My W)~ Wi My U — 265 (Wi My, U)
+ U My Wa (Wi My Wa) " Wi My U — U’ My Wo (W, My Wo) ™ Wi My, U

= (B.1)+(B.2) (5.33)
where we defined

(B1) = 209 (W My Wa)(Wy My W) "Wy My U — 209 (Wi My U)

(B.2) = UMy Wao(WiMyWs) *WiMyU — U' My Wo (W, My Wo) WMy U

In the following derivation, we show (B.2) = 0,(1). Thus the limit behavior of
Hr (k) over D(C') is dominated by the limit behavior of (B.1).

First, consider (B.1).
(B1) = 2095 (Wy — WaAE) My Wa (Wi My Wa) Wi My U — 205 W, My U
= 205 (Wi My U — ZW K My Wo (Wi My W) "Wy My U) — 209 W, My U
= Z209WA My U — 209W 5 My Wo (W My W) Wi My U]
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Let’s investigate the convergence result of each term in turn. Noticing that W W =

0,(1)]|6%]72 over D(C) and (W'W)"'W'U = (1/VT) - (W'W/T)""W'U /T =

T=120,(1), the first term in the last equality of (B.1) can be written as

WMy U =

OOWAT — 09 W W (W'W) W'D
0pWaU — |07 - Op (V)62 - T~120,(1)
0 WAU — O (1) /(T"2]|67))

O9SWAU + 0,(1) over D(C)

Similarly, we observe that

Wi My We

(W My Wa)~ Wi My, U

= WiAW, — WAW(W'W) W'V,
= O,(WI67]172 = Op(DIOF]I 72 - Op(T™) - On(T)
= O,(1)]07]7* over D(C)

- OP(T_I) ) OP(T1/2) = OP(T_I/Q)

Thus, the second term in the last equality of (B.1) can be written as

09 W) My Wy - (Wi My Wo) *WyMywU = |65 O, (V))|03]172 - O (T 11?)

= Op(1)/(T?]1021)

= 0,(1) over D(C)

Thus, combining the results on the two terms of (B.1), we have

(B1) = E[20° Wi My U — 20°Wh My Wa (Wi My Wo) Y Wi My, U]

= 220" WAU + 0,(1)
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Now, we prove that (B.2) = 0,(1) in the limit.
(B.2) = UMy Wao(WiMyWs) *WiMyU — U My Wo(W, My Wo) "W, My U

= U My Wo(WyMyWo) " WyMyU — U' My (Wy — WaZ)

X [(Wy — WAZ) My (Wy — WAE)| "YWy — WAE) My U

(M) = (N)
where (M) and (N) are defined as

(M) U’ My Wo (Wi My Wa) = Wi My U

(N) U' My (Wy — WAZ)[(Wy — WAE) My (Wo — WAE)] L (Wy — WAE) My U

To investigate the limiting behavior of (B.2) over the set D(C), it is helpful to
check the limit behavior of (N) first. What we want to show is that (V) has the
same probability limit as (M). So in the limit the two terms cancel out to produce
(B.2) = 0,(1).

Using the relationship Wy = Wy — WA=, (N) can be written as

(N) = {U'Mw(We = WaE)/VT} - [(Wy = WaZ) My (Wa — WaS)/T]™!

x {(Wy — WaAE) My U/VTY
Let’s check the limit behavior of the first factor of (V).

U My (Wy — WAR)/NT = U MyWs/NT — U My WaE/NT

= U My Wy /VT + 0,(1)
The last equality follows from the fact that

UMy WAE/NT = WAUZ/VT + 0y(1)

90



— 0,(/16r2/T + 0,(1)
— o)+ 0,(1)
— o(1)  over D(C) = {k: [k — kol < CIIO32)
Similarly, for the second factor of (V)
(W = WAE) My (Wa = WAE)/T = WiMyWa/T — (1/T){WiMy WAE
+ EW My Wy — Wi My Wa}
= WiMwWs/T + 0,(1)
Thus, combining the convergence results on the two factors of (IV), we have
(N) = (U'MwWa/VT + 0,(1) ) (Wi My Wa/T + 0,(1)) ™" (WsMw U /VT + 0,(1))
Therefore,
(B2) = (M)-—(N)
= U My Wa(WyMywWa) ' WiMyw U — (U My Wa/V'T + 0,(1))
X (WiMywWa/T + 0,(1)) " (WeMw U /VT + 0,(1))
= (0" MwWa/VT) (WyMywWo/T) " (WM U /VT)
— (UM W/ VT + 0,(1)) (WsMyWa /T + 0,(1)) ™
x (WiMwU VT + 0,(1))

= o0p(1)

Thus
Hp(k) = (B.1)+ (B.2)
= (2269WAT +0,(1)) +0,(1)
= 2E0YWLU + 0,(1)
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Finally,

Vr(k) = Vr(ko) = —|ko — k|Gr(k) + Hr(k)
= (=0T WAWALG + 0,(1)) + (220 WAT + 0,(1))

= O WAWAGY + 2205 WAT + 0,(1)

as claimed in Lemma 7. This ends the proof of Lemma 7.

Based on the convergence rate in Theorem 5, we are now ready to derive the
limiting distribution of the given break point estimators. Contrary to the fixed
magnitude of shift case, the shrinking magnitude of shift case doesn’t require a
strong assumption of strict stationarity of regressors and errors to control the joint
distribution of neighbors in the sequence. The weaker assumption of covariance
stationarity within each regime should be enough for the well-behaved limiting
distribution of breaks. We also modify the previous Assumption 7 to Assumption

10 just for easier asymptotic argument.

Assumption 9 {z;, x;} is second-order stationary within each regime such that

Eziz; = Qy fort < ko and Eziz, = Qs fort > k.

Assumption 10 0% = Oyvr, where vr is a positive number such that vy —0 and

T2~y — oo for some o € (0,1/2) and 0y # 0.

In Theorem 5, we showed that k = ko 4+ O,(||6%]|72). So, the limiting distri-

bution of k& may be obtained by the local weak convergence of Vi(k) — Vi (ko) in
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conjunction with the continuous mapping theorem for the argmax functional. k
may vary in a neighborhood of ko such that k = ko + [svy?] where v2 = O(||0%]|?)

and s is a real number in a compact set.

In Theorem 6, we start by deriving the limiting process
Vir(ko + [sv7?]) — Vi(ko) = G(s)

for s € [-C,C] where C' > 0 and “ = ” denotes weak convergence in the space
D[—C,C] under the Skorokhod metric. Then the continuous mapping theorem
can be invoked to obtain

v < arg max G(s)

which can be transformed into
b= 02 (k — ko) 2 arg max Z(s)
In order to understand this final form, we define some notations used in the proof.

Let B;(r) = [Bi(r), Bs(r)',- -, B, (r)'] be a[gx(p+1)]x 1 standard Brownian
motion corresponding to the i* regime where B; (rYisgx1lforj=1,---,p+1.
And simultaneously B! is defined as vec(B™™) = B;(r). Standard Brownian
motion is merely the leading member of an extensive family of a.s. continuous
process on [0,1]. To deal with partial sum process of {zu;} and {zwv;} whose
limit processes are not standard Brownian motion processes, we need to specify

the variance structure of them. So, we impose the following conditional moment

assumption.

Assumption 11 For regime i,i = 1,2, the errors {u;, v;} satisfy

Ut
|2t
Vg

2 /
g, Y

Vi i

Var =0, =
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where Q; s a constant, positive definite matriz. o2 is a scalar and ¥; is p X p

matriz.

Q}? and Q; /? are defined as the symmetric matrices satisfying Q; = Q; / Q) /2

(2

and Q; = Qi/QQ;/Q. And Qi/z can be decomposed as

0?2 = Ny
7 Né/

where Ni' is a 1 x (p+ 1) vector and NZ is p x (p+ 1). Note that, since €}/ is

symmetric
o _ [ NN N;"N;]: { o
Ny N NjN; % B
Define
- 90 ALRQ2A060 and ¢ — AL P2 Ao
06 AHQ1A0d0 06 AP Ay

where ®; = [(Ni + Ni3) @ Qgﬂ][(Nli + NiBYY @ Qi/Q]’ for i =1,2.

Let Wi(s)"¢ = /sB;(1) and Wj(s) for i = 1,2 to be independent vector and
scale Brownian motion processes, respectively, defined on [0, 00), starting at the

origin when s = 0.

Let

Z(S):{ Wi(—s)—|s|/2 : s<0 (534
VOWs(s) —€s/2 = s> 0
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Theorem 6 Under Assumptions 1~5 and 9~11

QOIA' A 90 2
(ﬁ&%ﬁﬁf%‘mﬁw@%ﬁﬂ@
T T

Proof)

Theorem 5 proved that k = ko 4+ O,(]|6%]|2). Since 69 = fyvr under Assumption
10, we have k = ko + O,(v7?).

For the proof of the current Proposition, we will derive the limiting process of
Vr(k) — Vip(ko) for k = ko + [svp®] and s € [—C,C]. Then, the continuous map-
ping theorem can be invoked for the final step of the proof. That is, the limiting
distribution of k& may be obtained by the local weak convergence of Vi (k) — Vi (ko)

in conjunction with the continuous mapping theorem for the arg max functional.

We first consider s < 0. That is, k£ < kg.

From Lemma 7,

Vi(k) = Vi(ko) = —03WAWAOY. + 209 WAU - = + 0,(1)
ko kO
= —0)(vF > wawy)by +20)(vr > wily) + 0p(1)
t=k+1 t=k+1
ko kO
= —0)AL(V] D zmz)Aoby + 200A0(vr D ziy) + op(1)

t=k+1 t=k+1

(5.35)

For the first term in (5.35) we know that it involves |[sv;?]|(the absolute value of

sv72]) observations of z. Thus, by Assumptions 2, 5 and 9,
T

ko

v Yz = |s|Qs (5.36)

t=k+1

The second term in (5.35) can be further expanded to

ko ko ko

- 1 20

U E zlly = Up E Ziuy + U E 240,57
t=k+1 t=k+1 t=k+1
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ko
— vr Y. zwz[(Z'2)7Z'V]E) (5.37)

t=k+1
We investigate the limit behavior of each term in (5.37) one by one. Let’s con-

sider the first term, v Zfik 41 2tug. By the functional central limit theorem of

Assumption 1,

(—svp?) V2 Z 2y = (NP ® Q%) Bi(1)
t=k+1

Denoting the rescaled version of the standard Brownian motion process by W¢¢(t) =
VB (1), we can rewrite above convergence result as

vr Z gy = \/_(Nl ®Q1/2) By (1)

t=k+1

= (NY @ QY)wye(—s)

Similarly, by denoting Wi (t) = v/t B7"**(1) the limit process of the second term

of (5.37) can be shown to be

vr Z 20, = Ql/zwlmat(—s)Nz
t=k+1

Finally, the last term of (5.37) disappears in the limit.

0
vr Y. wn(Z2)71 2V = TV upts - (sup?) Z 22
t=k+1 t=k+1

x (T7*Z'Z) 12 2'V] 30

= T_1/2U510p(1) = op(1)

Thus, combining the results on (5.37), we obtain
ko

vr Y ai; = (N © QY )Wi(—s) + QY Wi (—s)N3 3

t=k+1

96



We can further simplify the expression of the limit process by using vec(A; Ay Az) =
(AL ® Aj)vec(As). In other words, we can rewrite
PWnet(—)NEBY = wee(Q W (— )N 3Y)
= (AN ® Q1 vec(W!(~s))
= (07N © Q" )Wi(~s)

Thus,

ko
vr Y wi = [(N @ Q%)+ (B) N @ )| Wi (—s)
t=k+1

= [V + 87N @ Q1) wiee(—s)

= [V + N3 BY) @ @17 Wit (—s) (5.38)

Let @y = [(N1+N38) Q1 |[(N] + N} 32 @Q*)'. Then 0y (vr F2y ,y zils)
has an asymptotic distribution of ()AL ®; Agfy)/ Wy (—s) where W, (+) is a rescaled

Brownian motion process defined on [0, 00).

Thus, it follows that for s <0,

Vi(k) = Vip(ko) = Vip(ko + [svp?]) — Vir(ko)
N N 1 1 20\/ 1/2 vec
= —|sl0A0Q1 0000 + 20524 [(N] + N3 BYY @ Q1] Wiee(—s)

L 516 ApQ1 Ao + 20y Ay D1 Agby) /2 Wy (—s)

where < denotes “distributed as”.

Similarly, for s > 0

Vi (ko + [svp?]) — Vir(ko)
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= —lelBh Qb+ 265 [(VF + N735)'® @3] Wi“(s)

g —|S’96A6Q2A090 + 2(96A6®2A090)1/2WQ(8)

where Wy () is another Brownian motion process on [0, 00). The two processes W
and W5 are independent because they are the limiting processes corresponding to

the asymptotically independent regimes.

In summary,

Vir(ko + [sup?]) — Vir(ko) = G(s)
o —’S|66A6Q1A000 + 2(06A6®1A000)1/2W1<—5> o s < 0
B —|5]00 ALQa Ay + 2(0) ALy A )2 Wa(s) s >0

Now, we can invoke the continuous mapping theorem to conclude

V2 (k — ko) —q arg max G(s)

However, by a change of variable s = bv with

0/ AL Dy Aoy

b p—
(05 A5Q1A000)?

it can be shown that argmax, G(s) = b - arg max, Z(v) where Z(v) is defined in

equation (5.34). In the following, we show the validity of this argument.

For s <0

G(s) = —|s|OhALQ1 Ay + 2(65ALD1 Agho) > Wi (—s)
= —|bv] - 65 ALQ1 M08 + 2(8, AL DL Ag) /2 Wy (—bv)

= —[v]b- 6LALQ1 A + 2(6) ALy Ago) Vb - Wi (—v)
Héqu)le@o
(05 25Q1208)

= —|v| 5 - 00 ALQ1 0000 + 2(05 A5 D1 A00) '
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(96A6®1A090)l/2
@ Doty Y

0681800 |, OpN0P1 Aol
To3bQi Doy - O Do

Wl(—l})

= ol

Thus,
(VAN ORWANN?/ VAN OXWANN:
G = 1,1 %0=20*120% 2oolooVV_
arg max (s) argmgux{ |U’96A6Q1A090 + 8 AL O Aoflo 1(—v)
v } 05001 Aol
= argmax —— +Wi(—v) p -5~
rgmvx{ R AN
= argmvax{—@—f—wl(—v)}
Similarly, for s > 0
G(s) = —s-05ALQ20000 + 2(0) A0 A000) 2 Wy (s)

= —bv - 0NN Q2 A0 + 2(05 AL A0o) VW, (v)
. 0, AL D1 Agby
(00 AQ1A060)
AP, A 1/2
(001 0/ - 090) WQ(U)
HOAOQlAOQO
001 Al | 0pAQaBobo (06A6§22A090>1/2W o)
N VYN aNE SN 2
o AGQ1 A0 | 0o AQ1006 00 AL D1 A0

0y AL P1 Aol [ ]
— 20501800 | e 4o oW (0
01 AL Q1 Aobo Ev +2/6Wa(v)

S0, AQ28000 + 2(05A022M000) '

Thus,

0y AL D1 Agfg

. & %2001 2of
argmgXG(S) - argmglx{ 2 +\/$W2(U) 06A6Q1A060

= argmax {—2@ + ﬁwg(v)}

Finally, the statement in Theorem 6 can be established in the following way. Since
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Vr(ko + [svr?]) — Vir(ko) = G(s) and argmax, G(s) = b - arg max, Z(v), we have

b2k — ko) —4 argmax, Z(v). But

(96A6Q1A090)202

OhALD Ny T

(7' 07 A1 Ao ' 09)°
v OV ALD Agun ey T
(69 AHQ1 2069,

07 Dy @1 2007,

-1,2
b~ T

where the second equality comes from Assumption 10.

Thus,

N QO’A/Q A 90)2 .
b_12k—k? :(T,()lOT k—
v ( 0) 0Nl D, Al ( ko) —a arg max Z(s)

as claimed.
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Chapter 6

Test Statistics for Multiple Breaks

Much of the literature concerned with estimation and inference from a sample
of economic data deals with a situation when the statistical model is correctly
specified. Consequently, it is customary to assume that the parameterized linear
statistical model used for purposes of inference is consistent with the sampling
process from which the sample observations were generated. However, the pos-
sibilities for model misspecification are numerous and false statistical models are
most likely the rule rather than the exception. Several diagnostic tests have been
developed to assess the validity of model specification. The most popular test
among them is the over-identifying restriction test developed by Sargan(1958) for
instrumental variable estimation in linear models and it has been subsequently
generalized to GMM by Hansen(1982). But this strand of tests possessed low lo-
cal power against many misspecifications of interest. This lack of power suggests
the importance of complementing the over-identifying restriction test with tests
specifically designed to test for structural instability. Bai and Perron(1998) de-

velop methods that are designed to test for structural stability with an unknown
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number of break points in the sample. Their analysis is in the context of linear
regression models estimated via Ordinary Least Squares(OLS). We extend Bai and
Perron’s framework for multiple break testing to linear models via Two Stage Least

Squares(2SLS).

6.1 SupF Test

The sup F type test of no structural break (m = 0) versus the alternative hy-
pothesis that there is m = 1 break has been considered by Andrews(1993). Bai and
Perron(1998) generalized Andrew’s sup F type test to the hypothesis m = k. i.e.
multiple breaks. In their generalization, they relied on the least-squares principle
for the estimation of the unknown regression coefficients.

In this chapter, we extend Bai and Perron’s OLS results to the 25L.S setup where
the endogenous explanatory variables in our regression model are correlated with

the regression residuals.

For the test of null hypothesis of no break(m = 0) versus the alternative hy-
pothesis of k breaks(m = k) in the population model, the sup F type test statistic
can be defined as follows:

Let (T1,---,Ty) be a partition such that T; = [T'A;] (i = 1,---, k). Define

Fr(h. e wip) — <T — (k + 1)p> <SSR0 — SSRk)

k‘p SSRk

where SSRy and SSR) are the sum of squared residuals based on the fitted X
under null and alternative hypothesis, respectively.

For asymptotic analysis, we need to impose some restrictions on the possible
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values of the break dates. Specifically, each break date should be asymptoti-
cally distinct and bounded from the boundaries of the sample. Thus, we define
Ae={( M, 00) [ Nir — Nl = 6,0 > e, A < 1 — €} for some arbitrary small
positive number e.

Finally, the sup F type test statistic is defined as
Sup Fr(k;p) = Supi,-aoeaFr(Ar, -+ Ak p)

The limiting distribution of the test depends on the nature of the regressors and
the residuals. In the following we impose conditional homoscedasticity assumption

(Assmption 11).

Theorem 7 If the data are generated by (3.1)-(5.2) with m = 0 and Assumptions

1~5 and 11 hold then
Sup Fr(k;p) = Sup Fyp, = Supin,,-aea (M, A; p)

with
it W) = AW (X)) ?

IR
F(\ . )\ =
(A1, - ks P Z Aidic1( A1 — )

where k is the number of break points under the alternative hypothesis, and W (\;)

18 p X 1 vector standard Brownian motion process.

proof)
By defining SSRy and SSR) as the sum of squared residuals based on the fitted

X under null and alternative hypothesis, respectively, we can write

Fr(\, -+, Msp) = (SSRo — SSRy)/[kp(T — (k + 1)p) ' SSRy] (6.1)
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First, we consider the limit behavior of the numerator, F; = SSRy — SSRy, of
Fr(A1, -+, M\ p). To this end, we define DE(i,5) to be sum of squared residuals
from the restricted model using data from segments i to j, i.e., from observation
T,—1 + 1 to T;. Similarly, DY(i,4) for the unrestricted model.

Using this notation, we can write F7}: as follows:

k+1

Fp = DR(1L,k+1) ZDUZZ

= i[DR(1, i+1)—D"1,i)— DY(i+1,i+ 1))+ D"(1,1) — DY(1,1)

= f:[DR(Lz’H) — DR(1,i) = DY (i +1,i+ 1)] (6.2)
k

= Z:FTl say. (6.3)

To analyze the limit behavior of the terms on the right hand side of (6.2), we

introduce the following notations for the least squares estimators.

The restricted estimator based on the full sample is
AR = (W'W)"'W'y
The unrestricted estimator based on the full sample is
BU _ (W*,W*)_lw*/Y

where W* is the diagonal partition of W = (Zy,---,27) at (’fl, e ,Tm)
The least squares estimator of the common regression parameter under H, based

on segment 1 through j of the partition,

ij = (W{,jWLj)le{,le,j
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where Y; ;, Uy j, Wi ; denote the matrices (vectors) consisting of the rows 1 through
T; of Y, U, W, respectively.
The least squares estimator based on the observations in the j** segment of the
partition,

By = W)Wy,
where Y;, U;, W; are the matrices (vectors) containing row 7;_; + 1 through T} of

Y, U, W, respectively.

Note that under the null hypothesis that 3° = 3y in (3.1) fori = 1,2,---, k+1,

we have
Y = WE'+U
= W1 ® Bo) +U
and
Y; = Wifo +Uj (6.4)

where tx11 is a (K + 1) x 1 vector of ones. Thus, we have the sum of squared

residuals
D(Lj) = I\ =P, )0l (65)
DY(j.5) = (I = Pw,)U;] (6.6)
where Py, , = Wy ;(W] Wy ;)" "W{ ; and Py, = W;(W;W;)~'W}.
Now Consider Fr; in (6.3). Using (6.2), (6.5) and (6.6), we have
Fr;, = D®1,i+1)—D"1,i) - DY(i+1,i+1)
= (I = Pw,o, ) Uit |P = I(T = Pw, )OI = [I(T = Pov ) Ui |
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To simplify the exposition in the following derivation, define
S; =W Uy, Hy=W] Wy
Then Fr; can be rewritten as

Fri = Ul (=P, 0 — Ul (I = Py, )Ur; — Uy (I = Py, ) Ui
= U{,i—i-lﬁl,i-l—l - ﬁ{,z'+1PW1,i+1 Uiip — U{,iﬁl,i + ULZ'PWMUIJ
- Ui/+1Ui+l + 0{+1PWZ-HUZ'+1
= - U{,HlPWLM Utivi + 0{71PWL¢U1,1' + Ul \Pw,,,Uina
= = S£+1Hi:—11$i+1 + Sz{Hi_lsi + (Si+1 - Si),<Hi+1 - Hi)_l(Si+1 - Sz')

(6.7)

The limiting behavior of Fr; is deduced from the limiting behavior of S; and H;.
To proceed further it is useful to explore the implications of Assumptions 1 and

67. Let B(r) = [Bi(r), B2(r)', -+, Bp1(r)']" where B;(r)" is ¢ x 1, and

N/
02 = [ § ] (6.8)
N2

with Nj is a 1 x (p + 1) vector whose " element is N ;, and N} is p x (p + 1).

Then under Assumptions 1 and 67

ey
Ty ( t ) ® 2 = (222 Q43)B(r) (6.9)
t=1 (%
where QY2 and le/ZQ are the symmetric matrices satisfying Q = QY2Q'2 and

Qzz = QY7QY7. Note that

Q= (6.10)

NNy NN,

NIN; NN, ] B [ﬁ ~
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where the second and third matrices are partitioned conformably. It follows from

(6.9) and (6.8) that

(Tr]
T_1/2 Z ZiUy = (N, &® Q1/2> )
=1
p+1 172
= ) N1,iQZ/sz‘(7‘)
i=1
p+1
= 1/2 Z Ny;B K z
= le/ZzD* (T)a say
and
[T'r] (T'r]
T71/2 Z Vg ® Zt = T71/2 Z 'U@C(Zt'U;)
t=1 t=1
= (N, ®QY2)B(r) (6.11)
Note that (6.11) implies
(T7]

T71/2 Z Z{U; = le/zzBmat (’I“)NQ
t=1

= QYD (r), say (6.12)
where vec(B™™) = B(r).

To deduce the limiting behavior of S; with ) = B we note that:

~ [TX]
T8 = TVPW .U, =T Y &
t=1
[TA;] [TA ] [TA;]
1/2A Zztut—i—VZ ZI Zztut—i—Ao Zztvtﬁo
t=1
[TA;] [T/\ ] B
+V'Z -1 Z 20 By — Ao/ Z 22(Z'Z) Y Z'V By
t=1
T/\J
—V'Z(Z'Z)" Y 22 (Z'Z) 72V By
t=1

107



[T'As] [T'As] (T'Aj] ~
= AOIT_1/2 Z Zyly + V/Z<Z/Z)_1T_1/2 Z Zely + A()/ir_l/2 Z Zt’Ut/ﬂo

t=1 t=1 t=1
[T'Aj] - [TAj] ~
+V'Z(Z'Z) TN 2w/ Bo — A Y. 22(Z'2) M TTRZIV By
t=1 t=1
[TX] B
~ T YW'Z(Z' )Y 22(2'2) 2V By
t=1
(TAj] (TAj] B
= A()IT1_1/2 Z ZeUy + A()/,_Z—'_l/2 Z Zt?}t/ﬁo
t=1 t=1
[T'Aj] B
— A S 22(Z'2) T2V By + 0,(1)
t=1

= AJQYrD*(\) + Ad QYD (N)Fo — Ao’ NQz2Q75Q 42D (1)

= A/QYID*(N) + AJ Q7D (N)Bo — Ag'N QY 7D (1), (6.13)
Similarly, we have

TH; = TTW Wy =T

[y

[T>\ J

AL -1 A
= ATV 25 Ar
i=1

= A()/()\jsz)Ao (614)

We now use (6.13) and (6.14) to deduce the limiting behavior of the terms on the
right hand side of (6.7). First consider S/, H; " S;+1. From (6.13) and (6.14), we

have
SiaHZ S = (AQY2D (Nir1) + A QYD (M) o — Ao’ X1 Q2 D*(1)5o)’
X (Do Ai+1Q2200) MDY QYZD* (Nis1) + Ad' QY7 D* (Nis) Bo
- Aol)\i+1QIZ/ZQD*(1)Bo)
= (A/QYZID" (Ni1) + D" (Ni1)Bo — A1 D" (1)Bal) (Ao Ni1Qzz
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x Do) HA)QYFD* Nis1) + D*(Nig1)Bo — A1 D*(1) o))
= MDD (Nip1) + D*(Nis1)Bo — Niga D*(1) o)’
X (A0 QY2 (A0 Qrz00) (A QYR

< [D*(Ais1) + D*(Nis1)Bo — A1 D*(1) o) (6.15)
Since (Ag'Qy2) (A’ Qz200) Ay QY2) is a projection matrix, we have

(A QY2Y (AYQzz00) M AJQYE) = C'AC = C'NAC

= (ACYAC (6.16)

where C' is an orthogonal matrix whose columns consist of the orthogonal, normal-
ized eigenvectors of the matrix of LHS expression and A is a diagonal matrix, p of
whose diagonal elements are ones with the remaining ¢ —p equal to zero. Note that
from the properties of a projection matrix, which are symmetric and idempotent,

we have

rank[(Ag' Q) (M Qzz00) " (AJQY7)] = tr[(AdQ42) (Ad'Qz200) " (A Q7))
= tr[(A)Qzz00) (A QYQYS Ao)]

= tr[(Ad'Qz200) (A Qz200)]

Thus, using (6.16) we have

SipHihSim = AL (0D (Vi) + [D*(Ni1) = Aina D (1)]5o) C'AC
X (D*(Ais1) + [D*(Nis1) — Nipa D*(1)]30)
= A (D (Aapr) + [D* (A1) = A DF(1)] o) (AC)'AC
X (D*(Nig1) + [D*(Nig1) — N1 B*(1)]B0)
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= )\;fl(AC'D*()\Hl) + AC[D*(Ais1) — A1 D*(1)] o)’

x (ACD*(Ais1) + AC[D*(Nig1) = At D*(1)]Go)  (6.17)
Similarly, we have
SIH7LS; = A YACD*(\) 4+ AC[D*(N\) — \D*(1)]5o)
x (ACD*(\;) + AC[D*(\;) — \D*(1)]50) (6.18)

Finally, consider A; = (S;41—S;)'(H;41 — H;) 71 (S;41—S;). Using (6.13) and (6.14),

it follows that

Ai = [ASQAZ(D*(Nisr) — D*(M)) + Ad'Q7 (D" (Nisa) — D*(M)) o
— A (Mgt = M)QFZ D" (1)) [AS (i1 — M) Q2] A Q7 (D™ (Nita)
—D*(M)) + A’ Q7 (D* (A1) = D" (M) o — A (i1 — ) Q77D (1) o]
= (A/QYZI(D (A1) = D*(A)) + (D*(Nia) = D*(A))Bo — (Aisa — M) D (1)
X Gol) (A’ Nisr = M) Q2280 (Ad'QAZ[(D* (Mig) — D* (W)
+ (D*(Air1) = D)o = (i1 = M) D* (1))
= [(D* (i) = D) + (D*(Nis1) = D*(A))Bo — (N1 — A D* (1) o]
X (A)QF2) (Miar = M) A Qzz A0 ™ (A QYN(D* (Nisr) — D™ (M)
+ (D" (Nir1) = D)o — (s = M) D* (1))
= (a1 = 2) 7D ia) = DY) + (D*(Nisr) — D (M) o
= (Aip1 = A) D (M)A C'ACI(D* (A1) = D (M) + (D*(Nis1) = D*(A)) o
= (Mgt = M)D* (1))
= (Aix1 = XN) HAC(D (A1) = D*(N)) + AC(D* (A1) — D*()) o
— (Aip1 = MACD (DB [AC(D* (A1) = D* (M) + AC(D*(Aia)
= D*(\))fo — (Nig1 — M)ACD*(1) )
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= (At = M) TAC(D* (Aig1) — D*(A)) + AC(D*(Aisa) — D*(As) — Aisa D (1)
+ AD*(1)) 30 [AC(D* (A1) — D" (X)) + AC(D* (A1) — D*(\s)
— A1 D*(1) + A D*(1)) o] (6.19)

We now use (6.17)-(6.19) to deduce the limiting behavior of Fr;. To this end, we

now write D; = ACD*(\;), D; = ACD*();), and D; = ACD*(1).
From (6.17)-(6.19) it follows that

Fri = M'Di+ (Di — \iD)Bo]'[D;s + (D; — X\iD1) 3]
- )‘;+11 [DiJrl + (Dig1 — )\i+1D1)BO]/[Di+1 + (D1 — Nig1D1) Bo]
+ Azt = M) (Digr — Di) + (Dig1 — A1 Dy — Dy + A:Dy) B’

X [(Dit1 — Di) + (Diy1 — A1 D1 — D + \iDy) 3] (6.20)
Now we decompose the limit terms of Fr; into

Fr;= LY + LY

(s)

where L, contains square terms in D;, D;, Dy, etc. and LZ(-C) contains cross product

terms in D;, D;, Dy, etc. Rearranging the terms in (6.20), we obtain

LY = M'[DDi+ DDy + (Diffo) Di + (Do) Dyfo
+ A} (D1f0)' D1 o) — Ay [Diyy Disy + Dy Dig o
+ (Di1150) Dis1 + (Dis150) Disa Bo + A2y (D1Bo) Difo)
+ (Nig1 — X)) MD} Dy + Dy DivaBo + DiD; + DiD;fy
+ (Di1150) Dis1 + (Dis130) Disa Bo + A1 (D1Bo) D1 o
— X1 \i(D130) D1fBo + (Bifo)' D; + (Diffo)' Difo
— Aidir1(D1f3o) DiBo + A (D1 3o) D1 o]
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= (Adipr i = X)L DD, + DDy + (Difd)' D
+ (Diffo) Diflo + AF (D1/5o) D1 fo] = Aia X[ D; D + DiDif
+ (Difo)' Di + (Difo) DifBo + A2 (D1 o) D1 Bo]
— Nidis1 (D1 Dyt + Diy Div1 Bo + (Diy1Bo) Diga
+ (Dyi1150) Dis1 8o + A2y (D13o) DiBo) + A2 D}y Diga
+ D} 1Di1Bo + (Dis180) Dis1 + (Dig130) Dis1 Bo
X241 (D1530) D1fo] + Aidisa[Diyy Disy + Dy DivaBo + DiD;
+ DDy + (Diz1/0) Disa + (Dis10) Diga fo
X 1(D15o) D1 — AisaAi(D1Bo) Do + (Difo) D
+ (DiB0)' DifBo — AiXir1(D10) D1 o + X (D1/30)' D13o] }
= {Aidir1(Nir — M)} HALDID; + DDy + (Dif3o)' D;
+ (Dif30) Difo] + A} 1D}y Di1 + Diyy DiiafBo
+ (Di1/0)' Dis1 + (Dis150) Diga ol }
= {dii(Nigr — M)} AL Ds + DifBo]' [D; + Dif)

+ )\?[‘Dl-‘rl + Dy11 5] [ i1+ Div150)) (6.21)

and

LY = idis1 i — X)) HN L [ MDD By — Mi(Difo) Di o
— Xi(D15o) Di = \i(D130) Diffo] — AisiMi[—AiDD1 B
— Xi(Difo) D1 Bo — Ai(D1Bo)' D — \i(D13) DifBo
— Nidit1[=Air1D} 1 D1y — Ais1(Dir150) D1fo — Aiv1(D1Bo) Diga
Ai+1(D180) Dis1 Bo] + A= A1 Dy D1y = Aisr (D1 50) D1 Bo
Ai1(D130) Di1 — Nig1 (D15o) Dis1Bo] + Nidisa [- Dl D;
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— Niy1 D} D1 By — Dlyy Diffy + MDD}y D1 By — DiDyyy
— DiDi1 00 + Niz1D}D1Bo — \iD;D1f3o — (Di4130)' D;
— Ait1(Dit100) D1 o — (Dis1fo) Diffo + Ai(Diy1B0) D1 o
— Xit1(D15o)' Disa + Aixa (D1 o) Di = N1 (D1 o) Disa fo
+ Nix1(D150) Difo — (Difo) Dis1 — (Dif30) Dis1 B
+ A1 (Difo) D1Bo — Ni(DifBo) D1fo + \i( D1 o) Diga
— Ai(D10)' Di + Ai(D1 o) DisafBo — Ai(D150) Difo] }
= {=Xdis1/Aidis1(Nir1r — MDDy + Diy Diffo + DjDiga
+ D;Di11fo + (Diy10) D + (Di4150) Dl
+ (Dif3o)' Diy1 + (DifB)' Di1 o) (6.22)

From (6.21)-(6.22) it follows that

Fr; = LY +LY
= {Aidipt(Aisr = M) N [Ds + DifBo] [Di + Dyfo)
+X[Dis1 + Dis1Bo) [Dist + DiziBo]) + {hidis (Nir — M)}
X (=NiXisa[Diyy Di + Djyy Diflo + DiDiiy + DiDia
+ (Di1B0)' Di + (Dig1Bo) Difo + (Do) Dy
+ (D) Dig1 o))
= {AdiriNier — ) i [Di + Difo] — Mi[Diga + Dis1Bo])’
X (Aiga[D; + Difo] = AilDit1 + Dyy150])
= {Adip i = M) (i Di = AiDia] + (N1 Di — AiDja]Bo)’
X (N1 Ds = AiDija] + i1 Di — AiDy1] o)
= {Adipr i = M) N1 Di = MiDia] + [Ny Di — AiDija] ol
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(6.23)
Recall our test statistic
Fr(A, -, A\e;p) = (SSRy — SSRy)/[kp(T — (k+ 1)p) ' SSRy].

It follows from (6.23) that the limiting behavior of the numerator of Frr(Ay, -+, Ag; p)

is given by

k
SSRy— SSR, = Fp=Y Fr;

1=1
= Z{A )‘z—i-l i+1 ™ )} 1||[ H—lD _)‘Dz+1]
=1
+ Nig1Di = XDy ] Bol | (6.24)

Now, consider the denominator of Fr(Ay,---, A\g;p). Using (6.4) and (6.6), it can
be shown that

k k

SSRy, = > DY(i,i) =>_|I(I — Pw,)Uil|”

Thus, it follows that
k
(T~ (k+1)p)7'SSRe = (T —(k+1)p)~' 3 UU;
— (T - (k+1) Zwm (6.25)

In the following, we show that the first term in (6.25) dominates and converges to

o2 + 2By + ByX 5y in probability and the second term in (6.25) is 0,(1).
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First consider the second term. Since
UJPWiUi = (S; = Si_1) (H; — Hz'fl)il(Si — Si-1)
it follows from (6.19) that

UPwUi = (Miz1 —N)HAC(D*(Nisr) — D*(N)) + AC(D*(Aig1) — D*(\)
= A1 D*(1) + MD*(1) 6] [AC(D*(Assa) — D (M)
+ AC(D*(Aig1) — D*(N) = Miga D* (1) + A D*(1))Bo]
= (N — X)) YDi = Diy + (Di — Diy — Dy + A1 D) Go)

X [Dz — Dy 1+ (D; — Di—y — \;Dy + )\z’—lDl)BO] (6.26)
and hence that (T — (k + 1)p) ' X5, U/Pw,U; = 0,(1).

Now consider the first term of (6.25). From (3.15), it follows that under the

null hypothesis of no breaks,

~ [TAq]
U= Y g
t=[TA;—1]+1

= > Wue+v/Bo) — 2(Z'Z2) " Z'V o]?

)

= D Al +v/'B0) + (51(Z2'2) 2V Bo)* = 2(us + v/ Bo)2(2'2) " Z'V Bo}

)

TXi . .
where we denote ), = ZE_[}]X 1 for notational convenience.
—=[T\;_

Since

S (2 2)2VE)E = Y. BV Z(ZZ)  wz(2'2) 2V By

7

= BV'Z(Z'Z)Y 2z(2'2) 1 Z'V 5

= B{)T‘l/QV/Z(T‘iZ/Z)‘I(T‘l > a) (T2 2) 1
x T~V 7'V B, z

= 0Op(1)
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and

Z(ut+ut’50)z;(z’2)—lz’vﬁo = Zutz;(Z’Z)—IZ’VBO+Zut’Boz;(Z’Z)—IZ’VBO

(2

= T3 wz (T Z2'2) ' T Z'V By

+ TN 0/ Bory (T 2/ Z) M T2 2V By

= Op(l)
it follows that
k- . [T'Aq] ~
(T—(k+1Lp) 'Y UU = (T—(k+1p) > (ur + v/ Bo)? + 0p(1)
=1 i=1[TXA;_1]+1
k [TA;] _
= (T—(k+ 1)17)_1 Z Z (U? + 2wy’ By
=1 [TA;_1]+1
+ 8%, Bo) + op(1)
= 02+ 278 + ByXfo (6.27)
From (6.25)-(6.26) and (6.27), it follows that
(T — (k+1)p)"'SSRx = 0 + 2930 + ByX0o (6.28)

Combining (6.1), (6.24), and (6.28), we obtain

Fr(A,-+ Aip) = (SSRy— SSRy)/[kp(T — (k + 1)p) "' SSRy]

N 1 zk: Niz1D; — N D] + [)\i+1Di7_ Ai?i+1jﬁ_0||2
kp = AN — N)[o? + 2960 + By E050]

(6.29)

We now show that this limiting distribution has the alternative representation

given in Theorem 7. First notice that the limit distribution on the right hand side
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of (6.29), @ say, can be written as

1 & Aix1b(N;) — Nb(
o= H+1()2 <§m7 i (6.30)
kp = Xidiga (Mg — o) (02 + 29/ B0 + ByE0]
where b()\;) = [D; + D;/3)
Therefore the desired result will be established if it can be shown that
d 2 iy 2l 11/2 Wi
b(Ai) = [0° + 2980 + By E50] (6.31)
(g—p)x1

where W; is a p x 1 vector of standard Brownian motion process and 0(,—p)x1 null
vector and = denotes “distributed as”. We now show that (6.31) holds. With-
out loss of generality, we assume the rows of (A} 2y (ALQzz00)7H (A 2) are
arranged such that A = diag(tp, 0(g—p)x1) in (6.16) where ¢, is p x 1 vector of ones.

It therefore follows that

- - p+1 p+1
i=1 i=1
J p+1
= ZNLiABi()\i)
i=1
[ S NUAB () ]
L O(qu)xl

_ (N1 ® 1)) Brp(Ai) ] (6.32)

O(q—p) x1

where B, 1.,(+) is a p x 1 vector containing the first p rows of B;(-) and By,,(-) =

[Bl,l:p<')lv BQ,l:p(')lv o aBp-&-l,l:p(')/]/-

It also follows using similar arguments that

DiBO = AODmat(Ai)NQBO

= (BoN; @ AC)B(N)

117



Bi1p(A)
O(g—p)x1
Ba,15(A)
(B(I)Né ® IQ) O(Q_p)X1

I~

Bp—l-l,l:p()\i)
| Og-p)x1
3 N! @ L) By.,(\;
O(q—p)xl
It follows from (6.32) and (6.33) that
[ (N + BN @ LYBp,(\s
b(Ai) = HNT+ o) @ Ty B )] (6.34)
I O(g—p)x1
ey
= 1) ], say (6.35)
_0(‘1—P)><1

Equation (6.34) proves (6.31) for the lower ¢ — p elements. For the remaining

elements, note that it follows from (6.34)-(6.35) that:

° bl(o) - Opxl;

e Forany dates0 < A\; < Ay < --+ < A, <1, the changes by (A2)—b1 (A1), b1(A3)—

b1(N2), - b1(An) — b1(An—1) are independent multivariate Gaussian with
bi(Ai) = b1(Aim1) ~ N (Op><17 (02 + 276 + B(/)EBO> (i — )\i—l)]p>
e For any given realization, b;(A) is continuous in A with probability one.
It follows from these three properties that
d 2 7 G 112
bi(N) = [0 +29/Bo + BB W

118



which completes the proof.

We note that the limiting distribution in Theorem 7 is exactly the same as the
one in Bai and Perron’s(1998) analogous result for the sup-F test based on OLS
estimators when the regressors are exogenous. Percentiles for this distribution can
be found in Bai and Perron(1998)[Table I] for ¢ = 0.05 and in Bai and Perron(2001)

for other values of e.

The Sup Fr(k;p) test statistic requires the specification of the number of
breaks,k, under the alternative hypothesis. In many circumstances, a researcher is
unlikely to know a priori the appropriate choice of k. To circumvent this problem,
Bai and Perron(1998) propose so called “Double Maximum tests” that combine
information from the sup Fr(k;p) statistics for different values of k£ running from
one to some ceiling K. We consider here only the following example of Double

Maximum test,

FOmarEr e = B, S, T )

The limiting distribution of this statistic follows directly from Theorem 7.

Corollary 1 Under the conditions of Theorem 7, it follows that

UDmazFr(K;p) = 12}%)%{{51@ Fipt

Critical values for the limiting distribution in Corollary 1 are presented in Bai
and Perron(1998)[Table 1] for ¢ = 0.05 and Bai and Perron(2001) for other values

of e.
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6.2 Sequential Test

Now we turn our attention to the sequential test of the break dates. It leads
to a procedure for determining the number of breaks, which is assumed unknown

in the first place.

The natural candidate for a test of the null hypothesis of [ breaks against the
alternative that an additional break exists is based on the difference between the
sum of squared residuals obtained with [ breaks and that obtained with [+ 1 breaks
but it is difficult to get the limit distribution of the above mentioned natural test.
So, we pursue a different strategy to test the null hypothesis, as is suggested by

Bai and Perron(1998).

First, Sup Fr(k;p) and UDmaxFr(K;p) statistics are used to test the null
hypothesis of no breaks. For the test of the null hypothesis of [ breaks against the
alternative of [ + 1 breaks, the break point estimates, denoted by Tl, e ,Tl, are
obtained for the [ breaks model by a global minimization of the sum of the squared
residuals. Second, for the [ + 1 regimes obtained from the estimated partition,
{Tl, e ,Tl}, we test each of the [ 4+ 1 segments for the presence of an additional
break. Third, we conclude for a rejection in favor of a model with [ 4+ 1 breaks if
the overall minimal value of the sum of squared residuals (over all segments where
an additional break is included) is sufficiently smaller than the sum of squared

residuals from the [ break model.! Therefore, the test is defined by

Fr(l+ 1)

IThe estimates 7} need not be the global minimizers of the sum of squared residuals, one can
use sequential one-at-a-time estimates which allows the construction of a sequential procedure to
select the number of breaks(see Bai(1997b)).
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{SSRZ<T17 o J,jjl> - minlSiSH—I inf’l‘E/‘\i,17 SSRl—i—l(Tl? e 7ﬂ—17 T, ﬁ7 o ;Tl>}
SSR(Tv, -+, 1)) /(T — (I+1)p)

where

~ ~ A A ~ ~

Aim:{T:Ti—l-f-( i—TZ-_l)nng i_( z‘_Ti—l)U}

Theorem 8 Under Assumptions 1~5, 11 and m =1
zlim P(Fr(l+1]l) < z) = Gpm(x)lﬂ
where G, (x) is the distribution function of

sup [|W (p) — pW (1)]1?/p(1 — )

n<p<l-n

Proof)
By defining Sr(7; + 1,7}) to be the minimized sum of squared residuals for the

segment containing observations from 7; + 1 to 7}, we can write

{ST<7A—11'71 + 17j—;) - ST(jﬂifl + 177_) - ST(T + 177:'1)}

Fr(l+1Jl) = sup sup

1<i<l+1 7€A; o7
(6.36)
where 62 = SSR(Ty, -, 1)) /(T — (I + 1)p) —, 0% + 2005125y + VS5,
First, under Assumptions 9 ~ 10 we can derive
SUPrep0 {ST(TLO—I + 177-;0) - ST<T10—1 +1, T) - ST(T +1, Tzo)}
(07 + 207/ 51720, + 375
Wiu) — pW(1)|?

n<p<l-n (1 — p)

where A?,n ={r TL+ (P -T g <7 <T)— (T} -T2 n}, 7= T2, +

(2

(TP — TP ), Sr(T2, 4+ 1,T?) equals sum of squared residuals from the restricted

)

model using observations from T, +1 to 72, and similarly for Sp(7; +1,7) and
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ST(T + 1a 110)

For the proof of of (6.37), we investigate at the expression inside the curly

bracket which is defined to be
Gri = Sr(Ty + 1, T7) = Spr(Ty + 1,7) = Sp(m + 1,T7) (6.38)

We define Py, ,, and Ui—l,i to be the projection matrix of W;_;; and the corre-

1,i

sponding error vector from the observations T} | + 1 to T?, respectively. Similarly,

Py, Ui—1 - and PWT,N U., are defined to be the projection matrices and the

—1,7?

corresponding error vectors from observations T ; + 1 to 7 and 7+ 1 to T, re-

spectively. Using these definitions, (6.38) can be further written as

Gri = (I = Pw, JUirill® = 11 = Powiy )Uimar|* = (1 = P, YUl

= Ul ,(I = Pw, ,)Uii1; = U_ (I = Pw,, VUi, — UL,(I — Pw,,)Us;

i—1y i—1,7

i 7/ 7 7/ 7 7/ 7
= Uici = Uiy Pw,_y Ui — Uicipg + Ui Pwi_, Uisar

i—1,2 7 i—1,7
~, - ~, ~
_UT,iUT,i + UT7iPWT,i UT,i

a9 & ] 7 7! 7
= —Ui1Pw, Ui + Uiy Pw, Ui + UL Py, JUs

1,6 )

= _S»/r,iH_lsT,i + SZ{_lﬂ—H‘_l Si—l,T + (ST,i - Si—l,T)I(HT,i - Hi—l,'r)_l

T,0 i—1,7

X (STJ' — Sifl,‘r) (639)

_ / _ ! _ / .
where Si—l,‘r = Wi Ui—l,f; Sri = WT,iUm', Hz'—l,T = Wi_l,TW/z’—l,r, and Hm‘ =

—1,7’ )

/!
W W

The limiting behavior of Gr; is deduced from the limiting behavior of S;;, Si—1 -, Hi—1,

and H, ;. In the following we derive the limiting distribution of each term in turn.
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To deduce the limiting behavior of S;; we note that:

(ATz‘O)_l/QST,i = (AEO)_1/2M/¢,—1¢U¢—1,¢

T0
= (ATz‘O)_lﬂ Z Wyl
t=T2 | +1
10
= (AT Y dy (6.40)
t=T2 | +1

where AT? = TP — T? ;. We now expand (6.40) further to investigate the limit

behavior of S ;. To this end, it is convenient to define _; to denote the summation

2

0
over observations ¢t = T, + 1,---, 7. That is, ; = ZtT;Tf_IH' By using the

suggested notation (6.40) can be written as

(AEO)—1/2 Z i‘tﬂt = (ATO) 1/2 AO Z ZeUy + V Z Z Z Z 21Uy

20 10

+ AO Z Zt'l)t 60 + V A Z/ Z Zt'Ut ﬁo

10
— A 22 (Z'Z)7 2V By = V! Z AVA Zztzt
10

x (Z2'Z)Z'V - 3]

— AOI . (Aﬂo)_l/Z Z 24y + V/Z(Z,Z)_l . (A]‘;’O)—l/2 Z 2y
i0 0
+ A (AT TS 2 o+ V' 2(2'Z)
10
X (ATiO)il/Q Z Ztvt/ : ﬁ_o - AOI Z thz : (Z/Z)fl
10 10

X(A]}O)—l/?z/v X 5—0 . (A]‘;O)—l/Qle . (le)—l

X Zztzt V12V - By (6.41)

Since

NS 2z (ZZ)HAT) VP2V = A 22(Z'Z)HT (N, — N) 22V 3
= (W = AN S 227 2) 7

X Tﬁl/ZZ/VBU
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V22 NAT) Y s = o,(1)

%0

V’Z(Z’Z)fl(ATio)*lpZztvtﬁ_o = 0p(1)

and

10

(AT V2V 2(Z2'Z)~ Zztzt (Z2)7'Z2VBy = (TN — X)) V2V Z2(Z2'2)7!

X > zz2(2'Z) 2V B
10

= (N = N)RTRYIZ(2/2)

X Y 2z (Z'2)Z'V By
10

= o0p(1)

the previous equation (6.41) can be written as

(AEO)—I/Q ftat

10

A (ATP) 237 zur + A (AT) 2 37 20/ By
— (A — A?)—Zlo/QAO' > ztzg(Z’Z)_lT_Zi/zZ’Vﬁo + 0,(1)
10
A)QYFD (1) + A Q7D (1) o — (ALyy — A)) /2
x Ao’ (Al = A)QYZD*(1)By
A)QYFD (1) + A/QY7D (1) — (Ayy — M) 2A4QY;
X D*(l)ﬁ_o
A)QY7D (1) + Ay Q7D (1) — AyQ7D* (N, — Ay

(6.42)

where the third line expression uses the fact that

Zztzt (Z'2)7 - TV22V Gy = (X 2z /TNZ'Z)T) T V22V - fy

10

= ()‘?-1-1 - )\?)QZZQ;ZQIZ/ZQD*(UBO
= (A = A)QLZD (1)By
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To derive the limiting behavior of (AT?)~Y/2S;_, ., we can follow the same steps

as those in (AT?)~Y/2S, ;.

(AT V28,1, = (AT)VPW] Ui,
TP +A0n
= (ATz’O)il/Q Z Wyl
t=T2 | +1
T +A0n
= (AT N Gy (6.43)

—70
=T | +1

i— 1+AH’

By denoting Zt T = >, (6.43) can be simplified in notation to

(AT)TV2S 3, = (AT?)V2[A Zztut +V'Z(Z'Z)" Zztut
1
+ A Z 20 Bo + V' Z Z 20y Bo
- A Z 22 (2'2) T2V By —V Z(Z’ BOIEAVA A
1 1

x Z'V 3

= AJ(AT) YN 2w + V' Z(Z'Z) AT T2 2
1 1
+ A (AT TS 2/ o + V' 2(Z' 2) 1 (AT )
1
x Dz o — Ao 2 az(Z'2)"HATY) VP2V Gy
1
— (AT~ 7z ( Z 22(Z'2) V2V By (6.44)
To deduce the limiting behavior of (AT?)~'/2 %", 2,4, we investigate that of each

term in (6.44) in turn.

(AT;O)_lmzztut _ 1/2 ATO l/QZztut
1
1/21/2 Fy«
= u'"QzzD*(1) (6.45)

(ATZ‘O)_UQ Z Ztvggo = Ml/Q(ATiON)_UQ Z Ztvégo
1 1
= QYD (1)5, (6.46)
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S (22T 2V = (8w THZZ/T) AT P2y
1
-1
B 0 10 122 YAV
= Do = Aow T<A9+1—A?>u< T)
X [T\ — M TVRZIV By

AN
— (0 AOyiz, 2R
( i+1 z) 1% AZOM T

x T7Y2Z'V G,

= (A — A?)l/quznglelz/ﬁD*(l)ﬂ_o

= (A = A)2Q7D"(1)5 (6.47)
_ V'Z AN
0 1/2 / —1 ! i
(AT)TEVIAZ 23 22272V = e wpr ( T )
(27 7'V
X Zth ! ( T ) Bo

Combining the convergence results in (6.45)-(6.48), we have
(A28 = AJATY) 2Dz + Ay - (ATY) V2D 200/ Bo
1 1
— MG 22 (Z2'Z2) AT P2V By + 0,(1)
1

= Ayt Qifz D (1) + Ay Q7D (1) By — ANy — A2
%1Qif7 D" (1)

= NQYZD (1) + AQZZD" (1) — nR7ZD" (N = X))o

(6.49)

Now, we'll consider (AT?)™'H; ;,. Using the following convergence results

based on the assumption 5 and the consistency of Ar
ATO Z tht = Qzz
Ar = A (6.50)
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we have

(AT;;O)ilHifl,T

= (AT)"'W_ Wi,

== ATO Z ’UJt’UJt Ajji())_l Z .i'ti'é
1

== ATO Z i’ti';

Z ATZt AITZt

Z ztztAT

= (AT p)
= pAL(AT 1)

= W oQZZAo

(6.51)

Finally, consider (AT?)"'H, ;. Using the convergence results (6.50) and

(AT?)™

(AT)'H,; =

iy 2% = Qzz, we have

(ATY) W] Wiy = (ATY)™
Z 147y
Z ATZtZt

Z ztztAT

(AT?)~
(AT?)~
AL(AT?)~

Aé)CZZZAO

Z wtwt

(6.52)

Combining the results in (6.42), (6.49), (6.51) and (6.52) from above, we con-

sider the behavior of the terms in (6.39). First consider S, ; H

and (6.52), we obtain

SLHS-: = (AQD (1) + AyQYZD
X (ABQZZAO)_I(ABQIZ/ZQD*(D + Af
X D*()‘?-H -

= (A)Q42ID*(1) + D*(1)Fy — D* (N, —

A)Bo)
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Q42D*(1)6o —

i Sri. Using (6.42)

A1) Bo)

1/2
ALQY

A7)Bo])’



X (8yQz200) " HAGQYFD (1) + D*(1) By — D* (A2 — A2) o))
= (ACD*(1) + AC[D*(1) — D*(AY,; — AD)]Bo)’
x (ACD*(1) + AC[D*(1) — D*(X?,; — AD)]6o) (6.53)

Now, by denoting D, = ACD*(u), D, = ACD*(1), Dy = ACD*(1), D; = ACD*(1)

and D; = ACD*(N\); — \Y), we have
SLH1Sei = (Dy+ [D1 — Di)3) (D1 + [D1 — Dy o) (6.54)
Similarly, using the results in (6.49) and (6.51) we have

Sl H S = (AQ7D () + AQ7 D ()60 — 1AGQY,
x DN, — A0)60) (HAYQz200) " (AGQYZD (1) + AYQY2
x D*(1)By — AGQYZD (M1 — A)By)
= (DQFF[D* () + D*()Bo — uD* (M1 — A)Bol) (A,
X Qu200) " (AGQYZ D" (1) + D*(11)Bo — pD*(\sy — A?) o))
= p H(ACD* () + AC[D* (1) — pD* (A, — A)]Bo)’
x (ACD* () + AC[D* (1) = pD* (X2, = A?)]6o)

= /vfl(Du + [Du - IUDi]BO),(Du + [Du - /v‘Di]BO) (6-55)

Finally, using the results in (6.42), (6.49), (6.51) and (6.52), the last term in (6.39)

can be seen as

(Sri = Sic1,0) (Hpi — Hio1,7) " (Sri — Sic1.r)

= [A)QAZ(D"(1) = D (1)) AjQ7z (D*(1) = D* (1)) By — ARz (1 — )
x DXy = X)) (A Qzz80(1 — 1)) " [AGQYZ(D*(1) = D* (1)
+ AGQIZ(D (1) = D* (1) o — AR (1 — ) D* (N2 — AD) o)
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= (MQUED() — D*(w) + (D°(1) = D*(u)fho — (1 — ) D" (X%, — Akl
< (1= ) AQzzA0) " (AgQUEID" (1) — D* (W) + (D*(1) — D* ()
— (1= WD (N — A
= (1) AC(D (1) — D*(w) + AC(D*(1) = D*(w)y — AC(L — )
x D* (N — ) 3) [AC(D* (1) — D* (1)) + AC(D* (1) — D" (1))
— AC(L— ) D (N, — N)u)
= (- (D~ D) + (D~ DGy — (1 - WD)

% [(Dy ~ D) + (D1 — D)o — (1~ ) D) (6.56)

Thus, combing results in (6.54), (6.55) and (6.56), it follows that

Gri = —(Di+[Di— DiB) (D1 + [Di— Di]Bo) +p (D, + [D, — uDi]fo)
% (Dy + [Dy — uDy)6o) + (1 — ) [(D1 = D) + (D1 = Dy) o
— (L= ) D3] [(D1 = Dyi) + (D1 = D)) 8o — (1 = 1) Dif3o]
= —(D1+[D1 = Di)Bo) (D1 + [D1 = D)) + p~ (D + [Dyy — uDil o)’
% (Dy + [Dy = uD)5o) + (1 = ) (D1 = D) + (D1 = Dy,

— (1= @) Dy)Bo]'[(D1 = Dy) + (D1 = Dyy = (1 = p) Di) 3] (6.57)
Now we decompose the limit term of G'7; into

s . . - c .
where Mi() contains square terms in D;, D;, Dy, etc. and Mi() contains cross

product terms in D;, D;, Dy, etc. Rearranging the terms in (6.57), we obtain
Mi(S) = M_l(ELDu + D,:DMBO + BOID,QDM + BOIDLDMBO + 1% 6o DDy 3)
— (Dibl + [7I1D15_0 + BolDllbl + BolDllDlﬁ_o + BongDzﬂ_o)
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+ (1= p) " (D\Dy + Dy D1 + DLDM + D;DNBO + Bo' DDy + By D} D1 By
+ (1= p)*Bo DiDifo)

M[(l — 1) D, Dy + (1 = ) D}, DBy + (1 — 1) B0 D, Dy + (1 = 1) B
x D/, Do + (1 — )P0 DDy — (w — p?) Dy Dy — (11— p*) D D1 By

— (= B’ DDy — ( — 1) o' D}y D1 o — (1 — p?)Bo DiD;Bo + uD' Dy
+ uD{ Dy By + MDLDM + MDLDMBO + ufo DDy + ufo Dy D1

+ p(1 - M)QBOIDQDM_O + MBO,DLD;L + MBOIDLD;LBO]

m[f);tf)u + D;LDMBO + BO/D;LDN + BOID;LDMBO + u*D} D,

+ MlelDlBo + M250/D/1D1 + ,UQBO/DllDIBO]

(D, + Do) (Dy + DyufBo) + p* (D1 + D1/3) (D1 + D1f3)]

(1 — p)
(6.58)

M_l(—DLMDiBO - BOID,/MDiBo — 13’ DD, — By 11D} D)

— (=D Dify — Bo Dy Difio — o' DDy — By DiD1 o)

+ (1= )™ (=DiDy = DiD,By — (1 = p) Dy Dyl — D}, Dy

— D},D1fo + (1 — ) D, D;3y — 3 Dy Dy, — By D D, 5o

- (1- M)BolDiDzﬂ_o - BOIDLbl — B_OIDLDlﬁ_o + BOIDL(l — ,U)Dzﬂ_o
— (1= )G DDy + (1 — M)BO/D;DM — (1 — )G DD B

+(1— M)BOID;D;LBO)
-1

(1= )y

+ (= 1) B0 DiDyfo — (1 — 1*) Dy DBy — (1 — 1) B Dy DifBo

(1t — 1) D}, Difo + (1 — 1) B0’ D}, Difo + (11 — 1) o' D} D,y

— (1= p*)By D{Dy — (u — p®) By DiD1 By + 1D D,y + pDy D, By
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From

Gr,

+ (u— p?) DDyl + MD,ZDl + MDLDlﬁo — (k= MZ)DLDZBO + MBO/D/1DM
+ 1B DY DB + (1 — 1*) B0 Dy DifBy

+ MBOIDLbl + MBOID;LDlgo — (u— MQ)BOIDLDiBO + (u— 11 D} Dy

— (= 1*)Bo' DDy + (1 — 1*)Bo' DiD1 By — (1 — 1) 30 DD, Bo)

DDy + pDi DBy + pD), Dy + uD}, D1 By + i3 D D,

(1= ppu
+ 180 DDy + 130 D), Dy + o' D}, D1 o)
—p

m[ﬁ’lfh + D4 Dyfo+ DDy + D', D1 Gy + 6" Dy Dy + B0’ Dy Dyubo
+ BOIDLD1 + B_OID;LDIBO] (6.59)

(6.58)-(6.59) it follows that

=

(D, + DyfBo) — i(Dy + D130)/ [(Dyy + DyuBo) — (D + D1 3p)]

p(L = p)

(D= D)+ (D= D)oY [(Dy = 1) + (Dy = D1)f)
u(ll—u)H(Du — uDy) + (D, — puDy) o

a0y (Pu+ Do) = Dy + Difo)

1b(2) — pb(1)]*

where b(ﬂ) = DH + D“BO and b(l) = Dl -+ Dlﬁ_()-

Thus, the desired result will be established if it can be shown that

b(p) < [0 + 20/ By + 5_0,25_0]1/2 [ W) ]

O(q—p)X 1

which we already have shown in the proof of Theorem 4.2

Under the null hypothesis, 7; = T?+0O,(1) by Theorem 2 and we know that the

sum of additional finite number of terms doesn’t make difference in limit distribu-

tion. Thus, (6.37) also holds with 77 ; and T replaced by T,_, and T}, respectively.

2Refer to (6.31) and following derivations
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In addition, weak limits in (6.37) for different i’s are independent. Thus, the limit
of (6.36) is the maximum of [ + 1 independent random variables in the form of

(6.37). This completes the proof of the proposition.

The critical value of Fp(l 4 1|I) for different values of [ can be obtained from
the distribution function G),. Bai and Perron(1998) provided a full set of critical
values in their Table II calculated with n = .05% and also showed that the test

statistic Fir(I + 1|l) is consistent as sample size increases.

3The critical values for other values of 1 can be found at Bai and Perron(2001).
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Chapter 7

Simulation and Application

In previous chapters we proved the consistency of break fraction estimator and
introduced several sup F-type test statistics to detect the structural breaks. In
this chapter we conduct Monte Carlo simulation experiment and show the validity
of the analytical results of previous chapters. We also dicuss an application of
the procedure to the Consumption-based Capital Asset Pricing Model(CCAPM)

elaborated at Campbell, Lo and Mackinlay(1997).

7.1 Finite Sample Behavior

In this section, we lay out our Monte Carlo experiment design and evaluate the
finite sample behavior of the various statistics discussed in the previous chapters via
simulation. The simulation design involves models with zero, one or two breaks.
The tables at the Appendix include our simulation results on the finite sample
behavior of break fraction estimator, relative rejection frequencies of various F-

statistics and empirical distribution of the estimated number of breaks. We begin
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by discussing the one break and two break models and conclude this section by

considering the behavior of the test statistics in the no break model.

7.1.1 One Break Model

The basic data generating process with one break can be described as follows.

Yy = ﬁ?xt—kut:ﬁ?(ng)qut fort=1,---,[T/2]. (7.1)

v = Bw+u =B (2A) +w, fort=[T/2]+1,---,T. (7.2)
The reduced form equation for the scalar variable x; is:
T, =204v fort=1,---T. (7.3)

where w; = %, + uy, for i = 1,2 and A is a g-dimensional vector consisting of
identical elements, say §. The exact value of § comes from a given theoretical R?
(Hahn and Inoue(2002)).

7 A'E(zz)A qd?
O LHAE(zz)A 1+ g2

or

0=/ R?/(q— q?) (7.4)

Here, R? is the coefficient of determination between z; and z;, and ¢ is the di-
mension of instrumental variables, z;. In the following simulation experiments we
consider overidentified regression models. that is, the dimension of the instrument

variables is greater than that of scale regressor, x;.
The errors are generated from a bivariate normal distribution

(Ut, 'Ut)l ~ 1.19.d N(O, Q)
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where

() 1)

and p is the correlation coefficient between u,; and v;. Instrumental variables, z;,

are generated from a normal distribution.

2 ~idd N0y 1)

The specific parameter values of simulation parameters are as follows: (i)
(iv) p = 0.5; (v) ¢ is chosen to yield the population R? = (.5 for the regression in

(7.3) and (7.5). For each configuration, 1000 simulations are performed.

The results are presented in Tables 1-8. We first consider the behavior of
the break fraction estimator calculated under the assumption that there is only
one break. Tables 1-2 report the proportion of the simulations in which |5\1 —
AN| < ¢ for ¢ = 0.01,0.02,0.03,0.05,0.1. In Table 1, the change in the regression
coefficient parameters is only 3Y — 3 = 0.2, and this small change appears to make
the detection of the true break point difficult. However, the proportions clearly
increases with 7" and exhibit the behavior in line with the consistency result in
Theorem 1. For the other two parameter settings, the change in the regression
parameters is much larger, and the estimated break fractions are within 0.01 of

the true break fraction in all replications.

Tables 3-5 tabulate the relative rejection frequencies of Sup Fr(k;1)(for k =

1,2), UDmaxFr(5;1) and Fr(l + 1|I)(for [ = 1,2) statistics. The nominal size
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of test statistics is set to 0.05. Notice that the alternative hypothesis is true for
the Sup Fr(k; 1) statistic and so the corresponing relative rejection frequencies are
empirical power for this statistic. Whereas, for [ = 1, the null hypothesis is correct
for Fr(l + 1|l) and so the relative rejection frequencies are the empirical size, and
for [ = 2, the null assumes more breaks than there actually are. The simulation
results in Tables 3-5 suggest that the statistics Sup Fr(k;1) and UDmaz Fr(5;1)
share similar power properties and have reasonable power even in the case where
(82, 89) = (0.1,—0.1). The Fr(2|1) is close to its nominal size; Fr(3|2) tends to

reject less frequently than the nominal size 0.05.

Tables 6-8 report the results from using the sequential strategy based on these
statistics that is described in chapter 6 with a maximum number of breaks set
equal to five. The results show that the strategy works well in most cases except
only one case where (37, 39) = (0.1,—0.1),¢ = 2 and T = 60. In this case we can
observe significant mass at zero. In all but two other cases, the estimated number
of breaks has no mass at zero. Also, the choice of statistic on the first step appears
to have little impact on the empirical distribution of estimated number of break

points /%T.

7.1.2 Two Break Model

The data generating process with two breaks is almost the same. The only

differece is that there are now two breaks in the main regression model:

Yy = ﬂ?xmLut:ﬂ?(z;A)—i-wt fort=1,---,[T/3].

vy = Byw+u = B3 (zA) +w, fort=[T/3]+1,---,[2T/3].
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vy, = Bow,+u =B (zA) +w, fort=[2T/3]+1,---,T.
and the reduced form equation for the scalar variable x; is:
r=2A+v fort=1--- T. (7.5)

Three choices of % are considered: (59,39, 3%) = (—0.1,0.1,-0.1), (—1,1, 1),

(—5,5,—5). All other aspects of the design are the same as the one break model.

Tables 9-16 report the simulation results for the two break model. We start
with the performance of the estimated break fractions which is tabulated at Tables
9-10. The finite sample behavior of the break fraction estimator reveals the same
pattern as in the one break model: The propotions increase with 1" and the empiri-
cal distribution of the break fraction estimator does appear to be collapsing on the
true fraction as 7' increases. Tables 11-13 report the relative rejection frequencies
of Sup Fr(k; 1), Fr(l+ 1|1), and UDmaxFr(5;1) statistics where the nominal size
is set at 0.05. As in the one break model, the statistics are applied with k,1 = 1, 2.
Notice that the alternative hypothesis is true for the Sup Fr(k,1), UDmazFr(5;1)
and Fr(2|1) statistics and so these relative rejection frequencies are empirical pow-
ers of these statistics. Whereas, the null hypothesis is true for the Fip(3]2) statistic
and so the relative rejection frequencies are the empirical size. Table 11 reports
the results for the case in which there is the smallest change between regimes,
that is (4, 09,9) = (—0.1,0.1,—0.1). It can be seen that the UDmazFr(5,1)
statistic has markedly higher power than Sup Fr(1;1) in this case, although both
can have low power in small samples, a property shared with Fr(2|1). However,
in the other two parameter configurations, all these statistics reject 100% of the

time. The Fr(3|2) statistic is close to its nominal size in most cases.
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Tables 14-16 report the results from using the sequential strategy for estimat-
ing the number of breaks. As in the one break model, the results indicate that
the strategy works well in the two parameter configurations with relatively more
change, that is 89, 89, 8 = (=1, 1, —1), (=5, 5, —5) but less well in the case with the
smallest change, (37,49, 9) = (—0.1,0.1, —0.1). In the latter case, there is a non-
negligible tendency to underfit at sample sizes T' = 60,120. This problem stems
from the lower power properties of the statistics Sup Fr(1;1) and UDmax(5;1)
that are used on the first step of the sequential strategy. Recall that UDmax(5;1)
has better power properties and this translates to a reduced tendency to under-
fit although there is still a non-negligible mass for kr at zero in the cases where

(¢, T) = (2,60), (2,120), (4, 60).

7.1.3 No Break Model

The previous two designs involve cases where there is a change in the regression
parameters of the structural equation. It is also of interest to explore how the
test statistics perform in the case where there is no break and so the model is
structurally constant. To this end, data are generated from (7.1)-(7.2) with ) =

(9 = 1. All other aspects of the design are the same as the one break model.

Tables 17-18 report the simulation results for the no break model. Table 17
contains the empirical rejection frequencies for Sup Fr(k;1)(k = 1,2), Fp(l +
1)1 = 1,2) and UDmaxFr(5;1) statistics. Note that within this design, the
null hypothesis is correct for the Sup Fr(1;1), Sup Fr(2;1) and UDmazFr(5,1)
statistics, and so the rejection frequency equals the empirical size. For Fr(2|1)

and Fr(3|2) statistics, the null hypothesis involves more breaks than are present
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in the data. From Table 17, it can be seen that Sup Fr(1;1), Sup Fr(2;1) and
UDmaxFr(5,1) exhibit empirical size close to the nominal level of 0.05; both
Fr(2|1) and Fr(3|2) reject less frequently than the size. Table 18 presents the
empirical distribution of kr based on the sequential strategies using Sup Fr(1;1)
and UDmaxFr(5;1). Both strategies indicate that no breaks are present in nearly

every case.

7.2 Empirical Application

We consider an application of the procedure involving the Consumption-based
Capital Asset Pricing Model (CCAPM). Campbell, Lo and Mackinlay(1997) pre-
sented instrumental variables regression results for the asset returns and consump-
tion growth. In this section, we briefly review their results and apply our estimation

method for the structural breaks.!

In this model the investigator who can trade freely in asset i maximizes the

expectation of a time-separable utility function

> .

max Et[z 5]U(Ct+j)]

=0
where 0 is the time discount factor, Cy; is the investor’s consumption in period
t+j, and U(Cy4;) is the period utility of consumption at t+j. The subscript ¢ in the
Expectation operator represents conditional expectation based on the information

set at time t.

Euler equations describing the investor’s optimal consumption and portfolio

IFor further details on CCAPM, refer to Campbell, Lo and MacKinlay(1997).
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plan is
U'(Cy) = 0E (1 4+ Ri4+1)U' (Cyi1)] (7.6)

where R; ;4 is time T'+1 asset ¢ return. The left-hand side of (7.6) is the marginal
utility cost of consuming one real dollar at time t; the right-hand side is the
expected marginal utility benefit from investing the dollar in asset ¢ at time ¢,
selling it at time ¢t + 1 for (1 + R;;11) and consuming the proceeds. So, (7.6)

describes the optimum.

The following time-separable power utility function has been assumed.

C77 -1

where 7 is the coefficient of relative risk aversion. The power utility function has
the desirable property that if different investors in the economy have the same
power utility function and can freely trade all the risks they face, then even if they
have different wealth levels they can be aggregated into a single representative
investor with the same utility function as the individual investors. This provides
some justification for the use of aggregate consumption, rather than individual

consumption, in the CCAPM.

Taking the derivative of (7.7) with respect to consumption, we find that mar-

ginal utility U'(C;) = C; . Substituting into (7.6) we get

| = [(1 ¥ Rigr)S (Cgly”] (7.8)

A typical objective of empirical research is to estimate the coefficient of relative risk
aversion 7 and to test the restrictions imposed by (7.8). It is easiest to do this if one
assumes that asset returns and aggregate consumption are jointly homoskedastic

and lognormal.
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With joint conditional lognormality and homoskedasticity of asset returns and
consumption, we can take the logarithm of (7.8), use the notational convention

that lower case letters denote logs, and obtain
1
O = Et[ri,t+1] =+ lOg(S — fYEt[ACt-Q—l] + 5[0’3 + 720'62 — 2’)/O'Z'C] (79)

Here, the notation o, denotes the unconditional covariance of innovations Cov(z411—
Eizi41], yer1 — Eilyer1]) and 02 = 0,,. Equation (7.9) which was first derived by
Hansen and Singleton(1983) gives a relation between rational expectations of asset
returns and rational expectations of consumption growth. It implies that expected
asset returns are perfectly correlated with expected consumption growth, but the
standard deviation of expected asset returns is v times as large as the standard

deviation of expected consumption growth.

By defining an error term 7; ;41 = i1 — Ey[rie1] — Y(ACi1 — E[AC4]),

we can rewrite the equation (7.9) as a regression equation

Tits1 = M + YACH1 + Nigg1 (7.10)

In general, the error term 7,:y; will be correlated with realized consumption
growth. Thus, Hansen and Singleton(1983) have proposed instrumental vari-

ables(IV) regression for the estimation of ~.

Campbell, Lo and MacKinlay(1997) estimated the regression model (7.10) using
1889-1994 US annual data. To estimate the coefficient of relative risk aversion -,
they used the lagged variables of real commercial paper rate, the real consumption
growth rate, and the log dividend-price ratio because 7,4 is uncorrelated with

any variables in the information set at time t.
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The 3™ and 4" rows of Table 19 illustrate their two-stage least squares es-
timation result. In this table the asset returns (r;;+1) are the real commercial
paper rate (C'P) and the instruments are either one lag (marked 1 in the sec-
ond column “Lag”) or one and two lags (marked 2), of the real commercial paper
rate, the real consumption growth rate, and the log dividend-price ratio. The con-
sumption growth (Ac,y1) in the regression model is the annual growth rate of real

nondurables and services consumption.

Their IV estimates of 7 are negative rather than positive as implied by the
underlying theory, but they are not significantly different from zero. This presents

weak evidence against the standard consumption CAPM with power utility.

Using the estimation method presented in this paper, we reevaluate Campbell,
Lo and MacKinlay(1997)’s estimation result. Our regression model with m breaks

can be written as

Tits1 = Mij +VACr1 + Mg j=1,---,m+1, t= 79071,"'77730

The formulation of the first stage regression model for the endogenous regressor
depends on how many lags of the real commercial paper rate (r;), the real con-
sumption growth rate (Ac;), and the log dividend-price ratio (d;) are used as the
instruments. For the case where instrumental variables consist of one lag of each

variable, it has the form of
ACH—I = ap + Q1T ¢ + OéQACt + Oégdt + €tt1 (711)

On the other hand, if lags one and two are included, the form of the first stage
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regression model is

Acipr = wo +wirip + warip—1 + w3Ac; + wiAc_1 + wsdy + wedi—1 + €441

(7.12)

For the comparison of estimation results, the same data set with time span of
1889-1994 has been used. Real commercial paper rate (6-month commercial paper,
bought in January and rolled over in July) is used as a dependent variable and

real consumption growth rate (Acyyq) is an explanatory variable.

UD max Fr(5;1) is employed as an initial test for the selection of the number
of breaks in the sequential procedure. If the UD max Fr(5;1) test is significant,
then the Fr(l+ 1|1) test statistic is used to test whether there are further breaks

in the sample. All the tests have 5% significance level.

When lag one variables are introduced as instruments (model (7.11)), Our
2SLS estimation method detects 1 break at the observation 23 which corresponds
to the year 1914. UD max Frr(5;1) has p-value within the range (0.01, 0.025) and
sup Frr(2[1) has p-value larger than 0.1. The corresponding regression coefficients
and their estimated standard errors are given in Table 19 at the Lag 1 column of the
block labeled “Structural break model”. As Campbell, Lo and MacKinlay(1997)
mentioned already over their estimation results, the regression coefficients are not

significantly different from zero.

We may reach the same kind of conclusions for the lag two variables case. The
p-value of UD max Fr(5; 1) test statistic is within the range of (0.01, 0.025) which
corresponds to the same range when lag 1 variables are used as instruments. But

this time our 2SLS estimation method detects 3 break points at the observations 29
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(year 1920), 42 (year 1931) and 60 (year 1949). The regression coefficient estimates
are all negative contrary to the underlying theory but are not significantly different

from zero. So, the sample data doesn’t seem to support the standard consumption

CAPM with power utility.
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Chapter 8

Conclusion

Bai and Perron(1998) consider issues related to multiple structural changes,
occurring at unknown dates, in their linear regression model estimated by least
squares. They examined the main aspects of the structural break models includ-
ing the consistency of the break fraction estimators, the rate of convergence, and
the construction of tests that allow inference to be made about the presence of
structural change and the number of breaks. This thesis extends Bai and Per-
ron’s(1998) results of LS estimation method to the 2SLS estimation method by

employing the instrumental variables.

By adopting the proof technique of Bai and Perron(1998), we established the
consistency of the break fraction estimator in our 2SLS regression model and
showed that it had T-convergence rate. If the break fractions are known a priori
then standard arguments can be employed to show the root-T asymptotic nor-
mality of 2SLS coefficient estimator. Since the estimated break fractions converge
at rate T, this standard asymptotic distribution theory can be extended to the

2SLS estimates based on the estimated fractions. Theorem 3 proved the standard
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asymptotic normality of the estimates of the coefficients.

Given the rate of the convergence, it is natural to consider the limiting dis-
tribution of the break point estimators as the following step. We considered two
frameworks of asymptotic distribution. One is based on the fixed magnitude of
shift in the regression parameters, the other on a shrinking magnitude of shift.
The application of the limiting distribution for the fixed shift case has some seri-
ous limitations due to its highly data-dependent nature. The analytical limiting
distribution is hard to obtain in general. So, in Theorem 6 we consider the case
of small shifts in the regression coefficients, assuming the magnitude of shifts con-
verges to zero as the sample size increases. In this setup, the limiting distribution
is invariant to the underlying distribution of the regressors and error and the re-
sulting distribution can be used as an approximation even for moderate shifts.
By assuming weak stationarity of the regressors and conditional homoskedasticity
of the error, we showed that the break point estimator converges in distribution
to the arg max of two-sided Brownian motion process, Z(s). This is the same

distribution which Bai and Perron(1998) obtained under the OLS framework.

The earliest test for the structural break in economic literature is the Chow
test which was used extensively in empirical studies in the 1970s. But the Chow
test is based on the rather strong assumptions that the regression error term is
homoscedastistic and the break point is assumed known a priori. To overcome these
drawbacks several tests have been proposed including MacKinnon(1989), a robust
test statistic for unknown forms of heteroskedasticity and Andrews and Fair(1987)
for the generalization to the dynamic linear or nonlinear simultaneous equations

models. Recently, Bai and Perron(1998) generalized Andrew(1993)’s sup F type
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test to the hypothesis of multiple breaks. By extending Bai and Perron(1998)’s
OLS results to the 2SLS setup where the endogenous variables in our regression
model are correlated with the regression residuals, we obtained the same limit
distribution of the supF test as the one in Bai and Perron(1998)’s analogous result
based on OLS estimators when the regressors are exogenous. The sequential F test
to determine the number of break points has the same limit distribution as in Bai

and Perron(1998).

To verify the analytic results on the break fraction estimators and the test
statistics for the structural breaks, a Monte Carlo simulation experiment has been
conducted. Through the simulation experiment we verified that the break fraction
estimator is consistent and that the relative rejection frequencies of various F
statistics under the null hypothesis are close to their nominal size of 0.05. Also
we observed that under alternative hypothesis the various F statistics possessed
reasonable empirical powers. Finally, in most of the cases the estimated number

of breaks coincided with the true number of breaks in the simulation model.

The results in this thesis can be extended in several directions which might
compose of my future research agenda. First, we assumed that the first stage
regression model was not subject to the structural changes. But it is unnatural to
assume parameter constancy in the first regression model, considering widespread
effect of economic structural change. Thus, we should incorporate the structural
breaks in the first regression model too. Second, we know that OLS estimator in
the 2SLS setup is biased. So it might be of interest to investigate the magnitude
of bias when we apply OLS procedure when the the endogenous variables in our

regression model are correlated with the regression residuals. Third, we might
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extend our results on the linear model into nonlinear models such as GMM.
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Appendix

Table 1: Finite sample behavior of break fraction estimator:

One Break Model: (39,39) = (0.1,-0.1), p=0.5, R*=0.5

Deviation from the True Break Fraction
q T
1% 2% 3 % 5 % 10 %
60 19 37 37 .58 73
120 .38 51 .58 74 .89
2 240 51 .69 .80 .90 97
480 .66 .84 .92 .98 1.00
60 27 .50 .50 71 .86
120 49 .65 73 .86 .95
1 240 .66 .82 .92 97 1.00
480 .82 .96 98 .99 1.00
60 37 .62 .62 .84 .95
120 .66 79 .88 .95 .99
8 240 78 91 97 99 1.00
480 92 1.00 1.00 1.00 1.00

Notes : The column headed 100a% gives the proportion of the simulations in which

|;\1 — M| <a; qis the number of instruments; 7T is the sample size.
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Table 2: Finite sample behavior of break fraction estimator:

One Break Model: (3Y,09) = (1,-1),(5,—5), p=05, R*=05

Deviation from the True Break Fraction
q T
1 % 2% 3 % 5% 10 %
60 1.00 1.00 1.00 1.00 1.00
120 1.00 1.00 1.00 1.00 1.00
2 240 1.00 1.00 1.00 1.00 1.00
480 1.00 1.00 1.00 1.00 1.00
60 1.00 1.00 1.00 1.00 1.00
120 1.00 1.00 1.00 1.00 1.00
1 240 1.00 1.00 1.00 1.00 1.00
480 1.00 1.00 1.00 1.00 1.00
60 1.00 1.00 1.00 1.00 1.00
120 1.00 1.00 1.00 1.00 1.00
8 240 1.00 1.00 1.00 1.00 1.00
480 1.00 1.00 1.00 1.00 1.00

Notes : See Table 1 for definitions.
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Table 3: Relative rejection frequencies of F'—statistics:

One Break Model: (3Y,39) = (0.1,—-0.1), p=0.5, R*=0.5

supF (k) F(l+ 1)) UDmax
q T
1 2 2|1 3|2
60 .68 D3 .04 0 .67
120 .96 .89 .04 0 95
2 240 1.00 1.00 .05 .01 1.00
480 1.00 1.00 .03 0 1.00
60 93 .87 .06 .01 92
120 1.00 1.00 .05 .01 1.00
4 240 1.00 1.00 .06 01 1.00
480 1.00 1.00 .06 .01 1.00
60 1.00 99 .07 .01 1.00
120 1.00 1.00 .07 .01 1.00
8 240 1.00 1.00 .08 .01 1.00
480 1.00 1.00 .06 .01 1.00

Notes : supF (k) denotes the statistic Sup Fr(k;1) and the

second tier

column

heading under it denotes k; F(I 4+ 1|I) denotes the statistic Fr(l + 1|/) and the

second tier column beneath it denotes [+ 1|/;

is the sample size.
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Table 4: Relative rejection frequencies of F'—statistics:

One Break Model: (3Y,39) = (1,-1), p=0.5, R*=0.5

supF (k) F(l+ 1) UDmax
q T
2|1 3|2
60 1.00 1.00 .07 .02 1.00
120 1.00 1.00 .04 .01 1.00
2 240 1.00 1.00 .05 .01 1.00
480 1.00 1.00 .04 .01 1.00
60 1.00 1.00 .09 .03 1.00
120 1.00 1.00 .08 .02 1.00
1 240 1.00 1.00 07 .02 1.00
480 1.00 1.00 .06 .01 1.00
60 1.00 1.00 07 .03 1.00
120 1.00 1.00 .05 .02 1.00
8 240 1.00 1.00 .08 .02 1.00
480 1.00 1.00 .06 .01 1.00

Notes : See Table 3 for definitions.
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Table 5: Relative rejection frequencies of F'—statistics:

One Break Model: (3Y,39) = (5,-5), p=0.5, R*=0.5

supF (k) F(l+ 1) UDmax
q T
2|1 3|2
60 1.00 1.00 .05 .01 1.00
120 1.00 1.00 .05 .01 1.00
2 240 1.00 1.00 .03 0 1.00
480 1.00 1.00 .03 0 1.00
60 1.00 1.00 .07 .02 1.00
120 1.00 1.00 .06 .01 1.00
1 240 1.00 1.00 .05 .01 1.00
480 1.00 1.00 .05 .01 1.00
60 1.00 1.00 .09 .03 1.00
120 1.00 1.00 .07 .01 1.00
8 240 1.00 1.00 .07 .01 1.00
480 1.00 1.00 07 .01 1.00

Notes : See Table 3 for definitions.

160




Table 6: Empirical distribution of the estimated number of breaks:

One Break Model: (3Y,39) = (0.1,—-0.1), p=0.5, R*=0.5

supF'(1) UDmax
q T

1 2 | 3< 1 2 | 3<
60 32 .66 .02 0 33 .65 .02 0
120 .05 94 .01 0 .05 93 .02 0
2 240 0 97 .03 0 0 97 .03 0
480 0 99 .01 0 0 99 .01 0
60 .07 90 .03 0 .08 .89 .03 0
120 0 97 .03 0 0 97 .03 0
4 240 0 97 .03 0 0 97 .03 0
480 0 97 .03 0 0 97 .03 0
60 0 .96 .04 0 0 .96 .04 0
120 0 .96 .04 0 0 .96 .04 0
8 240 0 .96 .04 0 0 .96 .04 0
480 0 .96 .04 0 0 .96 .04 0

Notes : The figures in the block headed supF (1) give the empirical distribution
of the estimated number of breaks, l%T, obtained via the sequential strategy us-
ing Sup Fr(1;1) on the first step with the maximum number of breaks equal to
five. The figures in the block headed UDmaz give the empirical distribution of
the estimated number of breaks, I%T, obtained via the sequential strategy using

UDmaxFr(5,1) on the first step with the maximum number of breaks equal to

five.
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Table 7: Empirical distribution of the estimated number of breaks:

One Break Model: (3Y,39) = (1,-1), p=0.5, R*=0.5

supF'(1) UDmax
q T
0 1 2 3 < 0 1 2 3 <
60 0 .96 .04 0 0 .96 .04 0
120 0 98 .02 0 0 98 .02 0
2 240 0 97 .03 0 0 97 .03 0
480 0 98 .02 0 0 98 .02 0
60 0 94 .06 0 0 94 .06 0
120 0 .95 .05 0 0 .95 .05 0
1 240 0 .96 .04 0 0 .96 .04 0
480 0 97 .03 0 0 97 .03 0
60 0 .96 .04 0 0 .96 .04 0
120 0 97 .03 0 0 97 .03 0
8 240 0 .95 .05 0 0 .95 .05 0
480 0 97 .03 0 0 97 .03 0

Notes : See Table 6 for definitions.
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Table 8: Empirical distribution of the estimated number of breaks:

One Break Model: (3Y,39) = (5,-5), p=0.5, R*=0.5

supF'(1) UDmax
q T
0 1 2 3 < 0 1 2 3 <
60 0 98 .02 0 0 98 .02 0
120 0 98 .02 0 0 98 .02 0
2 240 0 98 .02 0 0 98 .02 0
480 0 99 .01 0 0 99 .01 0
60 0 .96 .04 0 0 .96 .04 0
120 0 97 .03 0 0 97 .03 0
1 240 0 97 .03 0 0 97 .03 0
480 0 98 .02 0 0 98 .02 0
60 0 94 .06 0 0 94 .06 0
120 0 97 .03 0 0 97 .03 0
8 240 0 .96 .04 0 0 .96 .04 0
480 0 .96 .04 0 0 .96 .04 0

Notes : See Table 6 for definitions.
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Table 9: Finite sample behavior of break fraction estimator:

Two Breaks Model: (39,39, 39) = (—0.1,0.1,—-0.1), p=0.5, R*=0.5

1 —th Deviation from the True Break Fraction

)t Break 1% 2% 3% 5 % 10 %
Ist .19 37 37 .52 71
60 2nd .19 .38 .38 .59 74
1st .36 A48 .56 71 .87
120 2nd 37 51 .58 75 .89
2 Ist .52 .67 .80 .89 97
240 2nd 51 .65 .79 .88 .96
1st .68 .86 94 .98 1.00
480 2nd .68 .86 93 97 1.00
1st .26 AT A7 .66 .87
60 2nd .26 .49 .49 72 .83
1st .49 .61 .70 .84 .95
120 2nd .50 .60 .69 .84 94
4 1st .67 81 91 97 1.00
240 2nd .64 81 .90 .96 .99
Ist .80 .95 .98 .99 1.00
480 2nd .82 .94 .98 1.00 1.00
1st .36 .64 .64 .79 94
60 2nd .34 .60 .60 81 .92
1st .66 7 .84 .93 .99
120 2nd .61 .75 .85 .94 .99
8 Ist .79 91 97 .99 1.00
240 2nd 78 91 97 1.00 1.00
1st .92 .99 1.00 1.00 1.00
480 2nd 91 .98 1.00 1.00 1.00

Notes : See Table 1 for definitions.
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Table 10: Finite sample behavior of break fraction estimator:

Two Breaks Model: (8,39,09) = (—1,1,-1),(=5,5,—5), p=0.5, R>=0.5

i —th Deviation from the True Break Fraction

|t Break 1% 2% 3% 5% 10 %
Ist 1.00 1.00 1.00 1.00 1.00
60 2nd 1.00 1.00 1.00 1.00 1.00
1st 1.00 1.00 1.00 1.00 1.00
120 2nd 1.00 1.00 1.00 1.00 1.00
2 Ist 1.00 1.00 1.00 1.00 1.00
240 2nd 1.00 1.00 1.00 1.00 1.00
1st 1.00 1.00 1.00 1.00 1.00
480 2nd 1.00 1.00 1.00 1.00 1.00
1st 1.00 1.00 1.00 1.00 1.00
60 2nd 1.00 1.00 1.00 1.00 1.00
Ist 1.00 1.00 1.00 1.00 1.00
120 2nd 1.00 1.00 1.00 1.00 1.00
4 1st 1.00 1.00 1.00 1.00 1.00
240 2nd 1.00 1.00 1.00 1.00 1.00
Ist 1.00 1.00 1.00 1.00 1.00
480 2nd 1.00 1.00 1.00 1.00 1.00
Ist 1.00 1.00 1.00 1.00 1.00
60 2nd 1.00 1.00 1.00 1.00 1.00
1st 1.00 1.00 1.00 1.00 1.00
120 2nd 1.00 1.00 1.00 1.00 1.00
8 Ist 1.00 1.00 1.00 1.00 1.00
240 2nd 1.00 1.00 1.00 1.00 1.00
1st 1.00 1.00 1.00 1.00 1.00
480 2nd 1.00 1.00 1.00 1.00 1.00

Notes : See Table 1 for definitions.
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Table 11: Relative rejection frequencies of F'—statistics:

Two Breaks Model: (39,39, 39) = (—0.1,0.1,—-0.1), p=0.5, R*=0.5

supF (k) F(l+ 1)) UDmax
q T
1 2 2|1 3|2
60 A8 A48 38 .02 38
120 42 .84 1 01 .76
2 240 87 1.00 99 .01 1.00
480 1.00 1.00 1.00 .02 1.00
60 30 7 .65 .03 .65
120 73 99 .95 .02 98
4 240 99 1.00 1.00 .03 1.00
480 1.00 1.00 1.00 .03 1.00
60 49 .96 .89 .05 93
120 97 1.00 1.00 .05 1.00
8 240 1.00 1.00 1.00 .03 1.00
480 1.00 1.00 1.00 .04 1.00

Notes : See Table 3 for definitions.
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Table 12: Relative rejection frequencies of F'—statistics:

Two Breaks Model: (5?,9,69) = (-1

1,-1), p=05, R2=05

supF (k) F(l+ 1) UDmax
q T
2 2|1 3|2
60 1.00 1.00 1.00 .06 1.00
120 1.00 1.00 1.00 .04 1.00
2 240 1.00 1.00 1.00 .03 1.00
480 1.00 1.00 1.00 .03 1.00
60 1.00 1.00 1.00 .05 1.00
120 1.00 1.00 1.00 .04 1.00
1 240 1.00 1.00 1.00 .04 1.00
480 1.00 1.00 1.00 .04 1.00
60 1.00 1.00 1.00 .07 1.00
120 1.00 1.00 1.00 .05 1.00
8 240 1.00 1.00 1.00 .05 1.00
480 1.00 1.00 1.00 .04 1.00

Notes : See Table 3 for definitions.
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Table 13: Relative rejection frequencies of F'—statistics:

Two Breaks Model: (5?,9,3y) = (—5,5,—5), p=0.5, R>=10.5

supF (k) F(l+ 1) UDmax
q T
2 2|1 3|2
60 1.00 1.00 1.00 .05 1.00
120 1.00 1.00 1.00 .02 1.00
2 240 1.00 1.00 1.00 .02 1.00
480 1.00 1.00 1.00 .01 1.00
60 1.00 1.00 1.00 .06 1.00
120 1.00 1.00 1.00 .04 1.00
1 240 1.00 1.00 1.00 .03 1.00
480 1.00 1.00 1.00 .03 1.00
60 1.00 1.00 1.00 .05 1.00
120 1.00 1.00 1.00 .05 1.00
8 240 1.00 1.00 1.00 .04 1.00
480 1.00 1.00 1.00 .04 1.00

Notes : See Table 3 for definitions.
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Table 14: Empirical distribution of the estimated number of breaks:

Two Breaks Model: (39,39, 39) = (—0.1,0.1,—-0.1), p=0.5, R*=0.5

supF(1) UDmax
q T
0 1 2 3 < 0 1 2 3 <
60 .83 A1 .06 0 .63 15 21 .01
120 58 13 28 .01 24 .16 .58 .02
2 240 13 .02 .82 .03 0 .02 95 .03
480 0 0 .96 .04 0 0 .96 .04
60 .70 10 19 .01 .35 A7 45 .03
120 27 .05 .64 .04 .02 .06 .86 .06
4 240 01 0 95| .04 0 0 .96 04
480 0 0 94 .06 0 0 94 .06
60 5l 07 39 .03 07 10 78 .05
120 .04 0 90 .06 0 0 93 .07
8 240 0 0 .95 .05 0 0 .95 .05
480 0 0 .96 .04 0 0 .96 .04

Notes : See Table 6 for definitions.
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Table 15: Empirical distribution of the estimated number of breaks:

Two Breaks Model: (8,39,89) = (—1,1,—-1), p=0.5, R>=0.5

supF'(1) UDmax
q T
0 1 2 3 < 0 1 2 3 <
60 0 0 .95 .05 0 0 .95 .05
120 0 0 97 .03 0 0 97 .03
2 240 0 0 98 .02 0 0 98 .02
480 0 0 98 .02 0 0 98 .02
60 0 0 .96 .04 0 0 .96 .04
120 0 0 98 .02 0 0 98 .02
4 240 0 0 97 .03 0 0 97 .03
480 0 0 97 .03 0 0 97 .03
60 0 0 .95 .05 0 0 .95 .05
120 0 0 .96 .04 0 0 .96 .04
8 240 0 0 97 .03 0 0 97 .03
480 0 0 97 .03 0 0 97 .03

Notes : See Table 6 for definitions.
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Table 16: Empirical distribution of the estimated number of breaks:

Two Breaks Model: (8?,9,3y) = (—5,5,—5), p=0.5, R>=0.5

supF'(1) UDmax
q T
0 1 2 3 < 0 1 2 3 <
60 0 0 .96 .04 0 0 .96 .04
120 0 0 99 .01 0 0 99 01
2 240 0 0 99 .01 0 0 99 .01
480 0 0 99 .01 0 0 99 .01
60 0 0 .95 .05 0 0 .95 .05
120 0 0 97 .03 0 0 97 .03
4 240 0 0 98 .02 0 0 98 .02
480 0 0 98 .02 0 0 98 .02
60 0 0 .96 .04 0 0 .96 .04
120 0 0 .96 .04 0 0 .96 .04
8 240 0 0 97 .03 0 0 97 .03
480 0 0 97 .03 0 0 97 .03

Notes : See Table 6 for definitions.
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Table 17: Relative rejection frequencies of F'—statistics:

No Break Model: (59,69) = (1,1), p=0.5, R*=0.5

supF (k) F(l+ 1)) UDmax
q T
2|1 3|2
60 .03 .03 .03 0 .03
120 .03 .02 .03 0 .03
2 240 .03 .02 .02 0 .02
480 .02 .01 .02 0 .02
60 .03 .03 .04 .01 .04
120 .04 .03 .04 0 .04
4 240 .04 .03 .03 0 .03
480 .04 .04 .03 0 .03
60 .04 .04 .04 .01 .04
120 .04 .05 .04 0 .04
8 240 .05 .05 .04 0 .04
480 .06 .05 .04 0 .06

Notes : supF (k) denotes the statistic Sup Fr(k;1) and the second tier

column

heading under it denotes k; F(I 4+ 1|I) denotes the statistic Fr(l + 1|/) and the

second tier column beneath it denotes [+ 1|/;

is the sample size.
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Table 18: Empirical distribution of the estimated number of breaks:

No Break Model: (59,69) = (1,1), p=0.5, R*=0.5

supF'(1) UDmax
q T
0 1 2 3 < 0 1 2 3 <
60 97 .03 0 0 97 .03 0 0
120 97 .03 0 0 97 .03 0 0
2 240 97 .03 0 0 98 .02 0 0
480 98 .02 0 0 98 .02 0 0
60 97 .03 0 0 97 .03 0 0
120 .96 .04 0 0 .96 .03 .01 0
4 240 .96 .04 0 0 97 .03 0 0
480 .96 .04 0 0 97 .03 0 0
60 .96 .04 0 0 .96 .03 .01 0
120 .96 .04 0 0 .96 .04 0 0
8 240 .96 .04 0 0 .96 .04 0 0
480 94 .05 01 0 .95 .04 .01 0

Notes : The figures in the block headed supF (1) give the empirical distribution
of the estimated number of breaks, l%T, obtained via the sequential strategy us-
ing Sup Fr(1;1) on the first step with the maximum number of breaks equal to
five. The figures in the block headed UDmaz give the empirical distribution of
the estimated number of breaks, I%T, obtained via the sequential strategy using
UDmaxFr(5,1) on the first step with the maximum number of breaks equal to

five.
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Table 19: Comparison of the estimation results of Consumption based

Capital Asset Pricing Model

Tit4+1 CP
Lag 1 2
Campbell A -1.98 -0.95
Model s.e. of ¥ 1.31 0.56
Estimated number
of breaks L J
29
Estimated breaks 23 42
60
-0.34
Structural Break 145 -1.13
Model g -0.36
-2.92 0.94
0.85
3.86 196
s.e. of 4 107
1.76 0.70

Notes : Regression equation for Campbell Model is ;41 = pt; + YAc+1 + i1
and regression equation of j™ regime for Structural Break Model is r; ;11 = p;; +

VA1 + i
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