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SUMMARY

The theory of pump induced pulsating pressure distributions in a PWR coolant annulus
is developed. The calculated pressure distribution can then be applied to predict the dynamic
responses of the reactor internals. The mathematical analysis is formulated in accordance
‘with the linearized Navier-Stokes equations by assuming a compressible, inviscid liquid.
These equations are combined to form a single equation in terms of the unknown pressure
distribution. The boundary conditions are two concentric rigid walls in the radial direction
and any combination of closed, open, and piston-spring supported end conditions in the
axial direction. The pulsating pump pressure which induces the pressure fluctuation in the
annulus is prescribed at a small opening of the outer cylindrical wall (pump inlet of the
reactor). This formulation of the problem determines a time dependent, mixed boundary
value problem. For this case, the separation of variables technique cannot be applied and
a solution of this problem would require a lengthy procedure utilizing numerical analysis
techniques.

Instead of using these methods, an approximate solution is obtained by introducing the
concept” of time dependent body force in the governing differential equations. With this
conceptual substitution for the actual loading, the time dependent, mixed boundary value
problem can be represented as a forced vibration problem with homogeneous boundary
conditions. This probléem can then be solved by the method of normal modes.

First, the free vibration modes are obtained by applying the previously defined homo-
geneous boundary conditions. Using the modes of free vibration, the forced vibration solution
with the fictitious body force is then developed. The body force, which replaces the pulsating
surface pressure conceptually, is placed close to the pulsating pressure surface at the pump
inlet. It acts over a volume having the same surface geometry and small radial thickness.

The numerical value of the body force, P, is determined by using an initial estimated
volumetric body force, P,,,, which is then adjusted after the numerical calculation is complet-
ed to satisfy the ratio of the prescribed boundary condition, g4, and calculated surface
pressure, q.,;, obtained from P,

Numerical examples are provided which give the pressure distribution in the axial and
circumferential directions of the annulus for various configurations of one and/or several
pumps. Using different radial thicknesses for the volume of the body force, a convergence
study was also conducted with excellent numerical results.
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1. Introduction

Flow induced vibrations have caused many problems in reactor operation. These prob-
lems have necessitated analysis of reactor intervals to investigate vibratory stresses and
stabilities. Some possible causes of the vibratory stresses in reactor internals are
turbulent flow, von Karman Vortices, flow induced self excited vibration, etc. [References
1, 2, 3, and 4]. Because of the general complexity of this problem, we restrict our
analysis to the pressure fluctuations of the reactor coolant caused by pump pulsation.
This pulsation phenomenon is common in most turbomachinary, and may be associated with the
pump 8peedor its higher harmonics or the blade passing frequency and the corresponding
higher harmonics, Although all of these exciting frequencles are deterministic, the
magnitude of the pressure fluctuations in the pumps becomes a very complicated problem
and usually can only be resolved by an experimental determination. Pump induced vibration
has had an interesting history, References [5, 6], and no satisfactory theoretical solution
for the magnitude of the pressure fluctuation has yet appecared. Considering these facts
and the complexity of the flow induced vibration problem in general, our analysis will be
restricted in nature by some simplifying physical assumptions.

It will be assumed that the pump induced pressure fluctuation is known at the inlet
of the reactor with the corresponding exciting frequency. In reality, the fluctuating
pressure from the pump travels from lhe pump through the pipe line into the reactor and in
some cases through the steam generator. With these conditions, the problem could be a
traveling wave phenomenon and a general analytical solution of this case would be a
formidable task. Because of the conceptual similarities of this problem with longitudinal
oscillations and the Pogo effect of missiles [6, 5], we have assumed that the gross effect
of the many traveling waves can be represented (approximately) as a standing wave pheno-
menon. In the design analysis, our primary interest is the structural response which can

be computed easier by using the solution of pressure standing waves [6, 5].

2. Mathematical Formulation of the Problem

For the purpose of clarity, the mathematical derivation is first presented in summary
form.

The mathematical analysis is formulated according to linearized Navier-Stokes equa-
tions, assuming a compressible, inviscid fluid and the concept of time dependent body
forces as forcing furnctions. ~Ia this ecase, the time dependent mixed valued boundary value
problem is replaced approximately by a forced vibration problem with homogeneous boundary
conditions. The solution for the unknown pressure distribution is developed by using the
method of normal modes in two steps: (1) Determine the free vibrations 1in terms of the
liquid frequencles and pressure mode shapes; and (2) The pressure distribution is obtained
utilizing the free vibration solution at the solution of forced vibration equation.

2.1 Basilc Derivations

The differential equations for forced vibratlon were formulated by use of Berry and
Reilssner paper [7]. Modifying those equations by the time dependent body force technique
according to Schlichting and Lamb [8 and 9] it follows that, the equations of equilibrium

become:
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Es/1*
p—=?-gradp (1)

where: Py = Reference density (constant); v = Velocity vector; P = Volumetric forcing
function vector; p = Total pressure; and t = time.

The equation of compressibility is expressed in the terms of fluctuating pressure as:

2
qQ = p-P = ¢ (p-p) (2)
where: q = Fluctuating (dynamic) pressure; P, = Reference pressure; c, = Reference sound
velocity.

The equation of continuity follows from Berry and Reissner's eq.(3.5 as: [7]

3p T

Y + o div V 0 (3)

Differentiating eq. (3) with respect to time, t, substituting demsity, p, from eq. (2)
and the expressions for veloclty components from eq. (1) into the resulting equation, the

governing differential equation for our problem becomes: (in terms of the unknown fluctu-

ating pressure):

22 =
294 q1v.p (4)

An induced forced vibration in the liquid is represented by eq. (4). Eliminating the
foreing function, P, eq. (4) is reduced to the well-known wave equation in terms of
fluctuating pressure as:
2, L %
4 2 2 (5)

c It
(o]

Figure 1 illustrates our mathematical model with the necessary notation. This
idealized hydrodynamic model may give us a basic understanding of the relationships between
the pulsating body force and the periodic pressure fluctuations at any location of the
liquid including the inner and outer surfaces with the pump inlet of the reactor.

The solution of this problem can now be obtained by using the method of normal modes.

2,2 Solution of Free

If we assume that the solution of wave eq. (5) is represented by the phenomenon of
standing waves, then the separation of variables technique can be applied. In this case,

the pressure 1s expressed as:
q = qq(t)a,(z)a,(e)q (x) (6)

The substitution of eq. (6) into wave eq. (5) yilelds a set of ordinary differential

equations, The solution of these equations can be easily obtained as:

q; = Ae s 4y = Blsinaz + B,cosaz, 45 = D,cosmf, q, = C3Jm(xr) + C4Ym(lr) 7)

2 2

where: A, Bl, Bz, C3, C4, D2 = Arbitrary constants; z, 0, r = Axial, circumferential, and
radial coordinates; w, a, m = Separation constants; A = Expression in the terms of separa-
tion constants; and Jm, Ym = Bessel functions of the First and Second Kind.

Because of physical reasons, the circumferential wave numbers must be chosen to be integers;
otherwise, the separation constant, m, becomes 0, 1, 2, etc. Specifying the boundary
conditlons, the separation and Integration constants can be determined up to a single set

of arbitrary constants.
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In the axlal direction, the following types of boundary conditions are considered:
open, closed, and piston-spring supported. Any combination of these configurations can
be applied. Since our problem is reduced to a single variable, the dynamic pressure, q,
the boundary conditions must be formulated accordingly. The following equations can be
easlly derived from eqs. (1) and (2) by ignoring the forcing function or References [9, 10,
and 11] should be consulted,
Boundarv Condition of Open End

This end condition can be easily visualized in terms of pressure as:

q2| B = 0 where z, = Axial coordinate. (8)

z=z

Boundarv Condition of Closed End

This boundary condition may be obtained from axial components, of the equilibrium
eq. (1) after ignoring the forcing function P, free vibration, and considering that the
value of the acceleration 1s zero at the rigid wall, then:

3q
az2 =0 where z; = Axial coordinate. 9

Z=Zl

Figure 2 illustrates the general idea. The equilibrium of forces at the ideal piston
leads to the following relation:

X 3q2 where: O = Natural frequency of the
LY) 0 w2 A 9z 1liquid; A = Area of piston; k = Fictitious (10)
] 0 mms =z spring constant.

The fictitious spring constant may be determined from the appropriate test results,

Boundary Condition in the Radial Direction

If we consider rigld walls in the radial direction, then the boundary condition can
be formulated in a manner similar to eq. (9) as:

Bq4

— 0 where r, = Radial coordinate. (11)

or rer 1
1

For specific application to our model, we consider the following boundary conditions in

the axlal direction: open-open, closed-open, and closed-closed ends. Substitution of the

shapes in the axial direction. The results of the derivations are summarized in Table 1.
The radial mode shape, q;, can be obtained assuming that rigid walls are enclosed in
the radial direction. In this case, boundary condition 11 may be expressed in more detail
as:
aq4 aq4 where: a = Inner radius of the annulus;

ar ar and a, = Outer radius of the annulus.
r=a; r=a, 2

(12)

Substituting function q4 of expression (7 ) into boundary condition 12 , the unknown

frequencies, mnms’ and the ratio, Noms? of the arbitrary constants can be obtailned as:



t = t
Jm(AnmSEZ) nnmst (AnmsaZ) a3
'8y T2
J' (A a w
: - - M noms 17 v B - nms _ 2
where: n . g YO a) ’ 37 ' oms T 2 @ a4
m nms 1 _co

Eq. (13) 1s the frequency equation and once the end conditions in the axial direction are
specified and the constants an are determined from Table 1, the unknown frequencies, wnms’
can be computed.

The computation of the piston-spring supported end condition is similar to the other
discussed cases and it will not be given here in detail.

As 1n the solution for free vibration, the pressure function q, as eigenfunctions,

can now be obtained by combining eqs. (7) and Table 1 as:

» © o iwnmst
T nzj mEO szo Anms ¢ Qnms @
where: Qnms = (Blsinanz + Bzcosanz)[Jm(Anmsr) + nnmst(Anmsr)]cosme B (16)

3 Bl, B2 = 0 or 1 from Table 1; AnmS = Arbitrary constants.

2.3 Solution of Forced Vibration

The time dependent mixed boundary value problem will be solved approximately by
using the concept of forced vibration. The pulsating surface pressure will be replaced by
a pulsating body force which will be described mathematically by a thin volume element.
The body force is placed near to the location of the pulsating surface pressure.

Assuming a periodic pump pulsation, the driving force of the liquid is described
according to the radial component P, as:

P = Pcoswpt 17

where: u% = Driving frequency; P = PO = Constant at Volume Vl’ which 1s bounded as:

a* < r <r; z2) Sz 2zy3 -6, 2828

P = 0, everywhere else in the liquid, this volume is designated as V2 and the other com-—
ponents Pe = Pz = 0 everywhere in the 1liquid.

Substituting force component 17 into differential eq. (4), the equation of forced vibra-

tion is defined for our problem as:

P 1 a2 P where the condition of P 1s determined
Vq = —:E ;:% + 7 coswpt by eq. (17). (18)
o

Let us assume, that the pulsating pump pressure is primarily steady state and, there-
fore, the transient part (homogeneous solution) will be damped out after some time. In
this case, our interest is only the particular solution of eq. (18). The particular

solution can be expressed by the method of normal modes as:

oo ® o

q = . £ I C_Q cosuwt (19)
P n={ m=0 8=0 nms “nms P

The substitution of relation (19) into differential eq. (4) and using the properties

of normal modes, yields the driving function P in terms of normal modes as:
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Cnms P " “ams nms 0 at V2 (20)

Multiplying both sides of expression (20) by Qnms’ integrating both sides over the total

volume domain and utilizing the orthogonal properties of functions, Qnms’ the unknown

coefficients, C , are:
nms
o @2 61 z2
c f f S5 PAQ drdfdz
o . _ o ‘nms
a 61 zq
9 (21)
nms 2 2 aj 9
(w w )Y S f J rQ drdédz
P oms® © O nms

where a* = radius determining the thickness of the body force.

After computing the values of Cnm , the pressure distribution of the liquid can be com-

s
puted at any point of the annulus or at the boundaries according to eqs. (15) and (21) as:

o0 © )

q = (coswt) I T I C_Q (22)
P P n=j w=0 §=0 nms nms

where: j, Bl and B2 are defined by Table 1; and N ms is determined by relation (14).
The volumetric body force, PO, must also satisfy the prescribed pump fluctuating

pressure, q_, at the pump inlet of the reactor as:

o @ o

q = I I L C Q (23)
o n=j m=0 =0 ams ‘nms __

_Z1Lt oz
2
6 = o*
where: 6%* = Circumferential coordinate of the pump inlet; q, = Fluctuating surface
pressure at the pump inlet.
Because of the nature of eq. (1), the body force, P, cannot be expressed explicitly in
terms of the pressure, q. For the computation of coefficilents Cnms’ the calculation
starts with an estimated value of PO. The calculated pressure, qp’ will usually not
satisfy condition 23; however, the calculated values of Cnms have a linear relationship
with the estimated value of body force, Po. The correction of Po to the desired value can

easily be adjusted according to eq. (23). _ .

Because the time dependent mixed valued boundary value problem was solved approxi-
mately with the method of forced vibration, the accuracy of the approximation must also be
investigated. In formula (21), the radial thickness of the body force 1s defined as a
known small quantity, assuming that the body force occupies a small volume close to the
fluctuating surface pressure. Since eq. (23) must also be satisfied, this expression
gives us the additional required condition. For practical purposes, these results may
also demonstrate that the arbitrary selection of thickness, within a reasonable range,
does not change the pressure distribution in the liquid. It will be shown in the
numerical computation that the maximum difference in the pressure distribution at the
inner surface (core support barrel) is less than one percent.

2.4 Configuration of Several Pumps

So far, we have restricted our analysis to a pressure distribution due to one pump

according to eq. (22). Using the concept of superposition, eq. (22) can be generalized



for configurations of several pumps as:
N ® o o
q = I ¢ & © _k k
p,k k=1 n=] m=0 =0 Cons coswpt Qs cos(mb + ¢k) (23)
where: k -1,
Qnms = Qnms(cosme) 3 (24)

N = Number of pumps; ¢k = The phase angle of the pump relative to the global coordinate
system; Cﬁms = Generalized coefficilent, designating the different fluctuating inlet
pressure for each pump.

The angle, ¢k’ is determined as a combination of physical location of the pump relative to
a global coordinate system and the relative phase angle of the fluctuating pressure be-~

tween the different pumps.

3. Numerical Examples

Some important numerical examples are presented here. The computation covers the
configurations of one, two, and three pumps, with the cotresponding boundary conditions of
open ends. Due to the similar nature of computation, the boundary conditions of closed-
open ends are restricted to a configuration of one pump. A convergence study, considering

different radial thicknesses of the body force is also studied.

3.1 Boundary Conditions for Open Ends

The dimensions of the liquid annulus are determined by the following quantities:

1" 76 1in; a, = 86 in; & = 328 in; z; = 54 1in; 2y = 94 1in; 61 = 13.30

The sonic velocity of the liquid is C0 = 3850 ft/sec. With these quantities, the natural

a

frequencies of liquid annulus can be computed from eq. (13), (14), and from Table 1,
using the proper values of o Congidering boundary conditions for open ends, the fre-
quencies in cps of the annulus are presented in Table 2.

The frequencies of Table 2 are computed corresponding to the lowest set of flexural
modes, The frequencles of the so called "shear or thickness modes' can also be deter~
mined; however, they are so high, that they have no effect on our present computations.

For example, the computed lowest "flexural frequency' in f = 115 cps from Table 2. The

111

corresponding lowest '"shear frequency' is f = 1172 cps, which corresponds to an order

112
of magnitude increase.

The pressure distribution in the annulus will be computed with the knowledge of the
driving frequency (first blade passing frequency of the pump) wp/2n = 100 cps and with the
known pressure of the pump inlet duct as q, = 10 psi. Let us start our computation with
an assuited volumetric body force Py = P = 1.45 lb/in3 and radial thickness of the

o,est
body force, a, - a* = a, - ay = 10 in.
Using expressions (21) and the computed frequencies from Table 2, the coefficients
Cnms of the pressure distribution are computed and the results of the computation are
shown in Table 3. Once the number of terms in Cnms 1s satisfactory, using the linear

relation of the body force P in the expression of C s the estimated body force value

nms

Po can be adjusted to the desired value. The actual value of the body force must also

satisfy condition (23); however, the volumetric body force, Po est = 1.45 lb/in3 would
’

lead to a surface pressure of 9. est 9.3515 psi. The adjustment can be obtained
’

easily as:

E5/1*
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- 9% _ _ a0 _ 3
1 Po,est T (1.45) (3.3515) 1.55 1b/in (25)
’

Substituting the computed values of Cnms from Table 3 into expression (20) will give
the pressure distribution in the liquid annulus. For the purpose of an easy visuallzation
the pressure distribution in the axial direction 1s shown in Figure 3.

Figure 4 demonstrates the circumferential pressure distribution. Both figures are
drawn 1n normalized scales,

3.2

Mode Shape in the Radial Direction

So far, it has been assumed that the radial thickness of the body force 1s relatively
small compared with the average radius of the annulus. In the previous computation, the
radial thickness of the body force was taken equal to the thickness of the annulus as:
(a2 - a*) = (a2 - al) = 10 in. A question can arise as to how much the body force thick-
ness influences our solution [Reference 2]. Truncating the scerics after 8 terms, the
pressure distributions are computed at the inner surface of the annulus with the cor-
responding radial thicknesses 0.1, 1, 5, and 10 inches for the body force. Table 4
presents the results of computations, where the last column shows the ratios of the inner
and outer surface pressures. This table clearly indicates that the solution of our
problem is uneffected by radial variations in the thickness of the body force, probably
as far as the approximatlon remains between reasonable limits.

3.3 Configurations of Several Pumps

Figure 6 1llustrates a schematic view of a configuration of three pumps. Figure 5
shows the radial pressure distribution through the thickness of the liquid. As the com-
putation shows, the pressure distribution 1s nearly constant through the thickness, which
looks reasonable considering that the thickness of the annulus is 10 inches and the
average radius of the annulus is 81 inches.

If it is assumed that the fluctuating pressures of the pumps are in phase, then only
the circumferential locations of the pump inlets need be considered. For this case,
eq. (37) was applied to compute the configurations of two and three pumps in phase, With
these consideratiomns, the circumferential components of pressure distributions in norma-
lized scale, are given with the corresponding equations shown in Figure 7 for two pumps
and in Figure 8 for three pumps, It may be worthwhile to mention that the axial component
of the pressure distributions in unaltered compared with the configuration of one pump
(Figure 3).

3.4 Boundary Conditions of Closed-Open Ends

Since the computation is almost identical with the case of open ends, no details
wlll be given here. The difference can be obtained from Table 1, using the proper values
of an and the corresponding axial mode shapes. Applying the data of the previous case
and carrying out the computation, the axial distribution of the pressure 1s shown in
Figure 9. Since for this case, the circumferential distribution of the pressure looks
very similar to Figure 4, it is not given here.
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Boundary Conditions

Open—Open

Closed-Open

Closed-Closed

TABLE 1
Axial Mode Shapes on
Blsinanz nm/%
B,cosa,z an/24
Bzcosanz nn/%

— 10—

1, 2, 3

1, 2, 3

0, 1, 2, 3

where: & = Length of annulus; and By, By = Arbltrary constants

TABLE 2
m flml f2ml £3ml
0 1880
1 115 168 229
2 195 230 278
3 280 305 344
4 370 390 420
TABLE 3
Values of C
nml
PN ! 3
0 0.0092
1 9.85 2.67 0.902
2 1.405 1.363 0.692
3 0.557
TABLE 4
(ay = a®) a(ay) = q, a(a;y)
10 10 10.01000
5 10 10.00993
1 10 10.00891
0.1 10 10.00873

féml

460

-0.199
~-0.2105

q(al)/qo

1.001000
1.000993
1.000891
1.000873

Remarks

By

Ba

By
B2
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COORDINATE SYSTEM BOUNDARY CONDITION OF
PISTON-SPRING SUPPORTED CASE
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SCHEMATIC CONFIGURATION OF THREE PUMPS
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