Expected Number of Vertices of a Random Convex Polytope

I. Integral Formula and Asymptotic Bounds

by

D.G. Kelly*

Department of Statistics
Curriculum in Operations Research and Systems Analysis
Department of Mathematics :
and

J.W. Tolle**

Curriculum in Operations Research and Systems Analysis
- Department of Mathematics

University of North Carolina at'Chapel Hill

Abstract

Given m points on the ﬁnit sphere invn-space, fheAhyperplaneS’tanggnt
to the sbhere at the given points bound a convex polytope with m fa¢e£s. If |
the points are chosen independently at random from the uniform distribution
on the sphere, the number Vﬁn of the vertices of the polytope is g random
variable. We obtain an integral expression for EV'mn and asymptotic bounds

of the form

anncnné)/zﬁn-n) <EV_ < Bnn(n—S)/zm
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I. Intfoduction

The main results of this working paper are: the integral expression
(3.3) for the expected number of vertices of -a random convex polytope; the
upper bound (4.1) and consequent asymptotic upperbbound (4.2) on the expected
number; and the asymptotic lower bounds (4.7) and (4.8). ' ,

Briefly and informally, the bounds are these: Let,Pl""’Pm be inde-
pendent random points each having the uniform distfibution on thé unit sphére
in H?, and let Von be the number of vertices of the (random) polytope whose
facets are the hyperplanes tangent to the sphere at DyseeesPye ‘Then there

exist constants o and B independent of m and n such that asymptotically

ann(n-6)/2@n~n) < BV < Bnn(nfs)/zm

‘The upper bound is valid for any n = 2, asymptotically as m - «; the lower

bound is valid for any large n, asymptotically as m » «,
In a later paper we will present the results of numerical approxima-

tions of the integral (3.3) for moderate values of m and n.
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IT.. Formulation
~ A, Given an n-vector a and a real number-b, the inequality g?x <b

defines a half-space in R™ with bounding hyperplane H = {x: g?x = b}. The
non-empty intersection of a finite number, say k, of such half-spaces
defines a polytope in R"™ with at most k facets. A random polytope is a
polytope generated by choosing the components of the k n-vectors, al""’—k’
and the k real numbers, bl""’bk’ from some probablllty dlstrlbutlon on the
real line., Obviously the structure of random polytopes will depend on the
choice of the probability distribution from which the data are drawn. For
examples of certain distribution schemes the reader is referred to [2,4].

In this paper it is desired to consider only random polytopes in R"
with a fixed number, m, of facets, The general scheme given above for gener-
ating polytopes will lead to redundant constraints especially in the case
where k is large relative to n, This difficulty can be avoided if bl,...,bk'
are chosen as appropriate functions of the 8pseeesrdye In particular, if for

j=1,...,m, each bj satisfies

= a1 = (] a2,

(2.1)
J i=1 Ji

then the random polytope generated by the vectors_gi,...,gm is circumscribed
about the unit sphere, Sn-l’ and has exactly m facets. Fach facet lies.in:

one of the'hyperplanes Hj = {x: ng = Igﬁl} and is tangent to S,.1 at

158 _The polytope is thus completely determined by the unit vectors

B
PyseeesPye Consequently, an alternative generating scheme for this type of

random polytope is to choose the vectors PyseeesPy from some distribution on

Sn"l.

Of special interest here will be the case where Pys++-,p, are independently

and uniformly distributed on sn-l' As is well-known ([3]) this choice of the
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tangent points is equivalent to choosing the components of the vectors-gj,
j=1,...,m, independently from the standard normal distribution on the real
line and the bj aceqrding to (2.1).

It should be pointed out that requiring the polytopes to be circumscribed
on the unit sphere as described above certainly limits their possible structure.
PolYtopes of certain combinatorial types cannot be realized-with all of their
facets tangent to a sphere. Therefore it may be‘argued that the more patholog-

ical polytopes are excluded by the method of generation..

B. Let pi,e..5p be independent and identically distributed points on
Sn-i' As discussed above, these points determine a unique polytope in Rr"
_ containing Sﬁfl and having exactly m facets, Let'vnnCEl’;f”Em) denote the
number-ofAVertiees of this polytope. The function Vﬁn'is a random variable
on the space of m-tuples of n-vectors, ‘With values in the nonnegative integers.
The purpose of this paper is to investigate the expected value of Von

spec1f1ca11y when the P; have the uniform distribution on S _q.
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III. Integral Expression for EV n®

A, Fix integersmand n, 2 <n <m, and let RyseeesPy be independent
- random points chosen from some distribution with density g(p) on Sn-l'
Let Hi be the hyperplane tangent to Sn-l at a;, i = 1,...,n, and let
P(py,++.,p,) be the polytope bounded by Hl";"’Hn' ‘Then with probability 1
any n of Hl, ,Hn intersect in a point of R" and there are (ﬁ) such points
of intersection, among which are the vertices of P(“Q1 ,...,pn)e ,

Denote by Amn the family of all n-subsets of 1,2,...4n. For any |
A= {il,...,in} € Amn let V, be the event that the point of intersection

of Hil,...,Hin ‘is a vertex of P(Rl,...,p_n). Then V is the sum of the indica-
- tor functions of the events V,, and so

BV = Aez Pr(VA) .
mn

Because the p.; are identically distributed, we have by symmetry
_ M
Evmn - (n)Pr(Vn) y

where Vn denotes 'V{l’ oo,n} "

B. Now with probability 1, Pys+e+sPn lie on a unique small hypercircle

on Sn-l’ which divides Sp-1 into two caps. Let C(El,..;,pn) be the smaller

of these two caps. Then Vn occurs if and onlyr if ﬁone of Pp+12°*2Pn is in
C(pyseeespy). Given Pyse+esPy» therefore, the conditional probability of

Vn is |

Pr(V |pyse-espy) = @ - [ e@dp™ ™.
C(P_l, ceo ’Bn)
So EV . is (11111) times the expected value of this function of P.l"";le; that is,

BV = (EPC(V. |pyseeespn) = [ e [ Q- / g@)ap)™ ™
mn n n'&l Pn
Sp-1 sn-‘l Clpysese ’Exi) :

. dP-l""’dEn . (3.1
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C. Now we assume that the common distribution of PiseeesPy is the
uniform distribution on S,.1+ In this case |
area of C(py,«««spy,) I

glp)dp = = ,
C(Rl"{"En) Be area of Sn-l ZIn-Z(TT/Z)

where r = rQEl,...,pn) is the angular radius of CLEl,..;,pn) (0 <r< n/Z)

and where

. |
I (x) = é sinx dx (0 < T < /2, k = 0,1,2,...)

is the area of a cap of angular radius r on Sk+1' Thus (3.1) can be
‘rewritten - ,
‘ I__,(r) ym-n
n 21 T

n-2
where the random variable r is the radius of Cle,...,En).

Now it follows from results of R.A. Miles ([5], theorem 4, p. 368)
that t = 51n2r has the beta ((n-1) /2 1/2) dlstrlbutlon whose den51ty is
proportlonal to t((n D /2)’1(1 ~t) -1/2 on (0, 1) From this it follows that

the density‘of T is fncn_z)(r); where

fk(r)r= Cksinkr , 0<r<mn/2

and k+2

2 )

= 1 k= 0,1,2,... . | (3.2)
Ck FGZDPC—Z—D

Moreover, the distribution function of this density is

L)
Fk(r)=w, 0<I'<1T/2.

Using the above notation we obtain the'expression
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EV —mj?/zl LE @™ ar 3
mn (I'l 5 ( -7 n_z(r)) fn(n_z) (r)dr . | (3.3)

- Although we will not use it, the following alternative expression may be of

interest. If B, and b, denote the distribution function and density of the

beta(k/2, 1/2) distribution, then the substitutiqn.t = sinzr in (3.3) gives

1 _
1 -
Bl = G [ (- 7 By 1 )" o, gy2tide



IV. Upper and Lower Bounds i ~Iv.l

A. The evaluation of (3.3) is not difficult in case n is 2 or 3:

| /2 )
Bhp= @ ] a-D"% 2ar-na - g™,
and "/ | , ,
2 ,
BV z = @2),? a- %{1 - cos r))m'3-'§-sin3r dr
0 .

m-4 - (—%—)m-l(mﬂ) m-2) .

(We note in passing that m and m-1 are the only possible values of Ve
- the latter occurring only when Pyseeespy, are all in oné semicircle., The
value of EmZV given above gives the well-known vaiue m(%Jm-l for the
probability of this event.) A

The above caléulations suggest that for fixed n, EWnn is asymptotically
of the form Khm.* This section is devoted to finding upper and lower bounds
on Eth which establish this asymptotic growth rate and bound the grpwth
of Kh for large n. (Unfortunately, the tempting conjecture that Kh = n-lA

is false: Kn is approximately of order (Bn)n/2 as we have noted.)

B. First we will establish an upper bound by showing that for 2 < n < m,

s Am(l - B ) (4.1)

where s
_ 2 \n-1@-1)"
Ay = Cn(n-Z)(Cn_z) n ’

n-2
=™t ™ 1)( Ly

mn J=O J

Before proceeding, we remark that B is negligible:

H

C
< (l)m-l(1 , n-Z)m-l

. Cn-z 3 7 m-1
and since T <7 when n = 3, an < CgJ .
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We observe also that Wallis's formula ([1], p: 258), viz,

1
F(OL?" '2‘) N _]__-(1 ) 1 . 0(_)) as o » o
T (o+1) Ja 8o a ’

implies
Cn(n-Z) ~ Y2/m n
and _
2 15
C;;_EN vZTTHn-Zi (1 - m—_'zy) .
Thus
A - (21r)n/ ¢ (@-5)/2
and so if m 2 n, then asymptotically as n » «
2
w22 @es)/a | 4.2)
mn e _

The proof of (4.1) begins with (3.3), which says that

B = (m)c (n-2) n-2,m-n, n(n-Z) (4'3;)
where , -
/2 . , : ' :
_ 1 k.. % . 14
Sjkz £ a > Fj (r)) " sin'r dr . “4,4)
If & > j+1, an integration by parts using
U= - sinl'jr , dv = 1 - (r)) (- C s )d
_ C—J— -Z-FJ 2— indr)dr
yields
s P ?/%1 ( ))k*l 31y cos 1 a
k8 k‘T(’z rﬁ i S reosrdr

and hence
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1.k+*1 | 2 9§ o , .
C;F'% Sj,kq.]_,ﬂ,-j-l for Q,ZJ»+1 *

S5xq S ‘k“'('f)

Iterating (4.8) gives, for % = v(j+1),

S... < = __2.._1__(
jke ~ Cj k+1\2 =2 J (k+1) (k+Z2).., (k+1i)

+ (___) (2,-3)(2-23 1) .. (2-V]= (V- 1))

(4.5)

1jk+1 Vo B (8-3) (8-2§-1) v o . (= (i-1)§ - (i-2)) bk

Do) 55 kv, 21-v(§+1) .

In particular this is valid for j = n-2, k = m-n, £ = n(n-2), and v = n-2,

In this case for i = 2,3,,.A..,n-2 we have
(2-3) (2-2§-1) « o0 (2= (i-1)§ - (i-2))
- (D D@D @] [(0-) (D] = (o it T

and also by a simple integration

- 2 1.
85, kv, 8-v(j+1) = Sn-2,m-2,n-2 T 5l 71 (7) 1y

Putting the two expressions above into (4.6) yields

Rl @2l @)l o qyn-2
Sn—2,m-n n(n-2) - (C 2) - (m~ If}})? (n 1)n

. 1 (n-2)! (m-n)! _14i-1.1\m-n+i
121(011 2 mrDTERDT @D T
Multlplylng by C n(n-2) ( n) gives an upper bound on BV .; simplifying and

letting the sum run over j = n-1-i then gives (4.1).

C. Next we show that for any n 2 2 and any € ¢ (0,1),

d n-1 el » '
(1;1'_11) 2 1 m-1)*" (m-n) , asymptotically as m » « .

d
n-1

Ean___

nle

(4.6)

(4.7)
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where

; rcﬂT)
i F(Z)P(JT)

Before proceeding we notice that Wallis's formula implies -
d; ~ Z/1] as j > w .

~ This and Stirling's formula provide that

n-1
n-6
.12 on-ln “Z — :
énll) 2 e If(n 1) ~ (2m) e’ n 2 as n > o,
d n! e ‘
-1

Therefore, for fixed large n, (4.7) implies that for any € ¢ (0 1), we

have asymptotlcally as m >
’ n-1 n-6
E_V >A-—m_(2'")T & _z_(m-n) | | (4.8)
m- = e )

To prove (4.7) we begin again with (3.3). For any a (O,%J

B, 2 () g (1 - 7 By @)™ 0y ()dr

Ma - %Fn_zca)) E - o) @ . (4.9)

It can be checked that for 0 < o < %

k+1

Fk(a) = cos a(dk+1sin ink+3

o+ dk+351n .u_+...)

by differentiating and using elementary properties of the gamma function.
Moreover, dg = dl 2 dy=... . Therefore

1- ,} Fo_,(@) 21-5% @ (sin” 1o+ sin™1y +..0))



'n-l

dn_lsin o
=l - s
and
. (n-1)
E ( ,y(a) 2d cos o sm(n o .
n(n-2) " (n_l)z ‘
So, writing T for sin a, we have
2 d n-lym-n
BV > (Ma 5 (D" i [1 - -‘21-_1 L ] for any T ¢ (0,1).
"o @ -2 -

. 2 d
Box (Md 2 e e L T PP
(n-1 .
and 0 < T < y/1-g2 ,
dn-l n-1

If we now write o for —=— T 7, then this inequality becomes

E Ve Mg 2(28" L c1-)™ if o <e <1
fn n (n-1) d n-1
and 0 < o < (1 ez) 2

Notice that the value of o maximizing the right side of the above inequality

d
nl 2 ( )(n 1)/2

n-1

is = - So 1f , then

V= ( ) d(n 12 n-1 ngﬁ)n-l(l . I%)m--n .

n-1
n
Since (?11) > '(_mﬁl'l_)'_ ,
d. .42 on-1n 1o a
BV 2 em){Bp= Z€ ¢ . ndymene gyn-l
n-1

and (4.7) follows from this.
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