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1. Introduction. The recursiye algorithm

(1.1) Xn+1 = Xn - an(f(Xn) re 4 Bn), n=1,2,,..,

where e and Bn are random vectors in Rk, Bn converges to 0 almost surely, f is
a function (possibly unknown) from Rk to Rk, and a, is a positive random variable,
has been studied by Kushner (1977) and Ljung (1978). They have shown that (1.1)
includes the Robbins-Monro (RM) (1951) and Kiefer-Wolfowitz (KW) (1952) stochas-

tic approximation processes, which are methods for locating roots of
(1.2) f£(x) = 0.

With the KW process, our goal is to locate a pdint in Rk where the unknown,
real valued function V attains a local maximum. It is assumed that for each x in
Rk we can observe not V(x), but rather V(x) plus additive noise. To locate such
a point, we look for a solution to (1.2) with f equal to the gradient of V. The
KW algorithm is given by (1.1) with By equal to the error which results from
approximating f by finite differences of values of V, and e, equal to a function
of the random errors added to the observations of V used to estimate these
differences.

With the RM process, for any x in R¥ we can observe f(x) plus additive
noise, and the goal is to find a solution to (1.2). The RM algorithm is of the
form (1.1) with &, equal to 0 and e, equal to the noise added to the observation
of f(x).

Most of the classical results for the RM and KW processes require the

assumption

(1.3) o Ee, X}, e;sevvse 1) = 0.




Wasan (1969) discusses many of these results and has extensive bibliography.

We mention séveral of the major results. Blum (1954) gives sufficient condi-
tions for Xn to converge almost surely to a solution 6 of (1.2), Chung (1954)
studies the asymptotic behavior of the moments of (xn-e) and uses the method of
moments to prove ‘that (xn-e), suitably normalized, converges weakly to a normal
distribution. Sacks (1958) proves asymptotic normality by other methods and
under weaker conditions. ‘Fabian (1968) proves a theorem which subsumes much of
the earlier work on asymptotic normality.

More recently, the asymptotic behavior of X, has been further elucidated.
McLeish (1976), Nevel'son and Has'minskii ((1973), page 153), and Walk (1977)
prove weak invariance principles for RM processes; the latter treats RM processes
taking values in a separable real Hilbert space. Also, laws of the iterated
logarithm have appeared (e.g., Gaposkin and Krasulina (1974) and Major (1973)).

Kersting (1977) approximates the one-dimensional RM process almost surely
by a weighted sum of i.i.d. random variables. This approximation allows results
for i.i.d. random variables to be applied in a straightforward manner to the RM
process, and many of the results mentioned above are simple corollaries of
Kersting's representation.

It should be mentioned again that the above results all assume (1.3).
Ljung(1978) states that in many applications assumption (1.3) is violated because
the disturbances e are correlated. He, Kushner (1977 ), and Kushner and
Clark (1978) have weakened (1.3) considerably. Ljung establishes only almost
sure convergence, not the speed of convergence. Kushner and Clark do prove rates
for weak convergence. They define a continuous time process by piecewise constant
interpolation of nY(Xn-e), where y depends upon a s Bn’ and £. They show that
with a suitable translation of the time variable, with the translation depending
upon n, this process converges weakly in (D[O,w))k to the stationary solution of

a stochastic differential equation.



In this paper, (1.3) is not assumed. Using techniques of Kersting (1977),
we approximate Xn almost surely as a weighted average of O ERERTL Results
for X then follow immediately as corollaries of theorems for sums of dependent
random variables. We work with a form of (1.1) which is sufficiently general to
include the multi-dimensional RM and KW processes. Kersting's work is confined
to the one-dimensional RM process.

The methods of this paper are different than those of Kushner and Clark.
They deal with certain measures induced by Xn and prove weak convergence of these
measures. We examine the sample paths of X, and prove strong limit theorems.

In section 2 we introduce the basic model. Section 3 presents general
results. These results and work of Philipp and Stout (1975) are used in section
4 to show that the RW and KW processes can be redefined on richer probability

spaces, without changing their distributions, so that they are approximated almost .

surely by Brownian motion. Because the approximation is almost sure and is
sufficiently close, it is easy to show that results about the asymptotic flucu-
ation behavior of Brownian motion hold also for the RM and KW processes. For
example corollary 4.1 is law of the iterated logarithm for the KW process; it

follows directly from the law of the iterated logarithm for Brownian motion.

2. Notation and assumptions. If x is a vector in Rk, let x(l) be its ith

coordinate, ||x|| = (Z§=1 (x(1))2) , and ||x]|], = max{IX(J)I: j=1,...,k} If
(i3) be its i,jth entry and AT be its transpose. Let Ik be

the kxk identity matrix. All relations between random variables are meant to

A is a matrix, let A
hold almost surely.
The following assumptions define our basic model, which is a special case

of algorithm (1.1).




. Al. Suppose 0 < T < 1/4, X, is in Rk, and

T

_ -1 -2t
X —ann (f(xn)+n Bn+n en)

n+l

for n > 1, where e s and Bn are random vectors in Rk.
A2. Suppose B is a vector in Rk and Bn + B.

A3. Let D be a kxk symmetric positive definite matrix and n > 0. Suppose

f(x) = Dx + 0(||x||1+n) as x -~ 0.

Let A > Mea1 2 00 2 Al be the eigenvalues of D.

A4. Supose that for every § > 0,

1
Zw n(2+6) ¢ converges.
n=1 n

. AS. Assume X+ 0.

A6. Let p > 0 and assume B = B + o(n ).

Remarks. Assumption A4 holds, for example, when e is a martingale |
~ difference sequence with uniformly bounded second moments, and McLeish (1975)
has theorems which imply A4.under a variety of mixing plus moment conditions.
See, especially, his theorem 2.10.
If (1.2) has a unique solution, then for conﬁenience we take it to be 0
and under conditions given by Ljung (1978) assumption A5 holds.
N1. Define y = min(2t, % 1) or %t according as P(Bn # 0 infinitely often) > ¢
or not. |
Let P be an orthogonal matrix such that P'DP = diag(Ai).

N2. For any x in Rk let



3. General Results.

Lemma 3.1. Assume Al to A5. Suppase § < vy < Al. Then nﬁ Xn + 0.

Proof. Define Yn = (n—l)éxn. Since

S

(n(n-l)'l) =1+6nt+ O(n-z)

it follows from Al, A3, A5, and N2 that

~

n+l

~ -1,.,. > -146 , T
= Yn -n (d1ag(>\i - §8) + Bn)Yn - n (n" e +n 8.)

?
U
N
~
14

where the matrix B satisfies B = 0(||Xn||n) = o(1). Since én = 0(1) and

§<y<2t if P(B #0i.0.) >0,

hos 1+8-21 =~
] n° T Bn converges.

n=1
By A4, since § < y < %4-1

-1+8+1
n e  converges.

n=1

Therefore, if we set Ai = Ai - 0,

~ o -1 .. S
(3.1) Yn+1 = Yn -n (dlag(Ai) + Bn)Yn + dn

where 2:=1 dn converges. Let Q* be the subset of the probability space on which
‘Bn + 0 and Z:=1 d converges. Thus P 0* = 1. Fix o in Q* and until the end of
the proof write X instead of X(w) for any random variable X. To complete the

proof we need only show that
(3.2) lim sup ||Y || <.

Choose ¢ > 0, and then choose N such that




N+n
(3.3) sup || J d|] <e and
n>1 k= N
(3.4) sup{[BEI|: n > 1 and 1,5 = 1,...,k} < A/ (20)

If (3.2) does not hold then there exists j, M, n;, and n, such that N < n, < ny,

M> ¢ s
(3.5) ¥ j<n, FU))>2m and
n n
1 2
(3.6) _ ||Yi||w_§ 2M for my; < i <m,

We treat the case where ?ﬁJ) > 0; the other case is similar. Let

: 2
n = supli <ny ¥U) <M Thenm > . By (3.1), (3.3), (3.5), and (3.6),

nz-l n -1
§(3) 2§03 _ -1 .5(3) Gy () (i)
Ynz Y- 1 10y Aj+ Z By Y ) Z ds
i=m+1 =m
n,.-1
2 k .
<m- T itom -2 § BIYD e
i=m J =1
Therefore by (3.4)
n, -1
5(3) S
YU cM+e- ] AT MA-A)) <M+ e <2M
n, - L j 1 -
i=n
which contradicts (3.5) since Y(J) > 0. 0
ny

Define 8(x,y) to equal 0 or 1 according as X Fyorx=y.

Theorem 3.1. Assume Al to A6 and Al > n. Then there exists ¢ > 0 such

that for i = 1,...,k

1) ~(i . n A +1-1
MW 0,207 sy, 20 + 07 1 i

Egi? (v, 5-1) + 0(n" ).

Proof. By Al, A3, and N2

-1,..,. 3 T ~
el _ (dlag(xi) + bn) Xn +n  (n e, +n Bn)

bl

n
tald



where llbnll = 0(||Xn|ln). By lemma 3.1
_n6
(3.7 ||bn|| = 0(n" ") for all § < vy ,
T As As A, =1
Fix i <k and let V_ = X(l). Since n % = (n-1) L4 A i + v_ where
~ 3.2 n n i n
1
v, = 0(n ),
As As -1+, .
i _ i i@
(3.8) n Vn+1 = (n-1) Vn * Vv Vn - n bn Vn
-1+, . .
. n i (nTéél) . -21 Bﬁl)).
Iterating (3.8) yields
As n . ~1+A,
1 _ (1) . i
(3.9) ntVo =V, jzz (vj LT 'R
n -1+, 4T . n -1+, -27
. Z 3 i Egl) . 2 3 i B(1)
j=2 J j=2 J

Ai=2
Since Ai > vy, it follows from (3.7), lemma 3.1, and v, = 0(n N ) that we can

choose o satisfying 0 < o < Z(A1 - v) and

-Ai+y -1+,

n (Vn - n i br(li))Vn _ O(nnl'a)

Therefore,
© -1+A, . =X, +y+a/2
i (1) i -
} |tv -n b "V n | <.
Since Ayt y/2 < 0, Kronecker's lemma implies that
—}\i+y n -1

Ao )
(3.10) n jzl |(vj -3 b; )le = 0(

n-a/z)

Using A6 and an argument similar to the one which established (3.10), we obtain

SAgty mo sleagey
n 1 2 j 1 (Bgi) -
j=2 !

1y C 0@ % |

Furthermore, it is easy to show that




A4y n -1+ -y . =AY
n b3 P aagenTtrom T

j=2
By N1, if vy > 21, then with probability one E;l) = 0 for all j sufficiently
large. Thus,
SYVESZEE RS T WEY2 S s W
(3.11) n o Y5 1 B§1) - 8® s,y + 0 1)
j=1
By (3.9) to (3.11), for some ¢ > O,

Y'Ai

n
(3.12) nYVv_ . =n Y i
j=1

=1+).+T . .
1 é§1) + B s2e,y) + 0™y

n+l1

If v # %1, then by N1,y =% - v - A for A > 0. Thus by A4

® ~l+). 4T - +Y+A/2 .
PG Yyt ) 5(1) converges.
j=1
Therefore, by Kronecker's lemma,
-A+y+A/2 n ~1+A.+T .
n * Yo i @), o(1).
j=1 !
Thus we have shown that for some ¢ > O,
Y-A, N =l4d4T
(3.13) n by oy e,
3=1 g
Lt-A, N =ledceT L . _
no F oy e sy, )+ 07,
j=1 ’
Substituting (3.13) into (3.12) completes the proof. d

4. The one-dimensional RM and KW processes.

Theorem 3.1 enables us to use theorems for sums of dependent random vari-’
ables to prove theorems for stochastic approximation processes with dependent
noise, In this section we apply the work of Phillip and Stout (1975) to the

1

RM and KW processes in R*. Their monograph gives sufficient conditions so that

a sequence of random variables e can be redefined on a richer probability space,



without changing its distribution, together with a Brownian motion B(t) on

[0,») such that for some € > 0,

4.1 I e = B(t) + 0(t%9)
K<t

For example, suppose e is a strictly stationary ¢-mixing process such

L
that Z:=1(¢(n))2<:w. (See Philipp and Stout, page 26, for the definition of

¢-mixing). If Ee, 246 . o for some & > 0, then lim a1 E(XE_I ek)2
n-»oo -

exists (Philipp and Stout, page 26). Call this limit 02. Suppose that 02 > 0.

= 0 and Ele, |

Then without loss of generality 02 = 1 can be assumed. Then by their theorem
4.1, (4.1) holds. We will be interested in the asymptotic behavior of

zk<t ko‘ek where N satisfies (4.1), so the following lemma is useful.

Lemma 4.1. Let e be a sequence of random variables. For any number a,

define Sa on [0,x) by

5,(t) = ] ke

K<t k

Suppose there exists a standard Brownian motion Bo(t) on [0,o) and a positive

number ¢ such that

L-e

)

Sp(t) = By(t) + 0(t
Then for o < -,

(4.2) 1lim S (t) exists and is finite,
tao O

and for o > -1, there exists a standard Brownian motion Ba and a positive number

¢' such that

201+1

(4.3) | Sa(t) = Ba(t (20 + 1)‘1) + o(t(t'f'l/z‘el)‘
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.20

Proof. If a > -1, define N(k,0) = Z§=1 j and then define Bq by

Ba(O) = 0 and for N(k-1,a) <t < N(k,a), k =1,2,..., let

t- N(k 1 a))

(4.4)  B(®) = B O ¢ K (By(C= 5 (k-1)) - By(k-1)) .

Since B0 is a standard Brownian motion so also is Ba'

Let o < 0 and let n be a positive integer. Define b? = k% - (k+1)OL for

k=1,...,n-1 and bg = n®. Then by (4.3)
n
(4.5). s, (m) = Z ( Z b, )e L b %
k=1 j=k j=1 k=1
E b, B, () 2 b %7€, and
= . ) + an
2y J 0 j=1
n n n
(4.6) } b By(3) = )) Z b )(B (k) - By(k-1))
j=1 k=1 j=k

n
o
kZ1 k (Bo(k) - Bo(k-l)).

Since k% - (k+1)a = O(ka-l),

o

4.7 - lim § bY j2 ¢ exists and is finite if o < -} .
n-ro j:l J

Since (Bo(k) - Bo(k-l)) is an independent sequence of standard normal random

variables, (4.6) implies that

(4.8) lim Z b B,(j) exists and is finite, if o < -% .
nre  j=1

By (4.5), (4.7), and (4.8), if o < -% then (4.2) holds. If o > -}, then

S e -0~ L-e-t o+i5-T

(4.9) y e J = 0( 2 ) +n = 0(n ) for some £ > 0 .

=1 J

For -4 < a < 0, it follows from (4.5), (4.6), and (4.9) that

(4.10) 5,(n) = B_(N(n,a)) + om® T8y, n=1,2,...
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Now it will be shown that (4.10) holds for o > 0, Define c, =1 and

1
¢ = k% - (k—l)o£ for k.i 2. Then for o > 0
n k n n
Sm)= )] (] ce = ] c.(]) &)
* k=1 j=1 J K 351 Jk=j K
n

' cj(Bo(n) - Bo(j-l) + O(n%'e)),

)
j=1

n n
c.(B (n) - B,(j-1)) = c. (] By(k) - B (k-1))
j- o 0 JZI j k=j 0 0

’z‘

j=1

k“(ao(k) - By(k-1)), and

-

k=1

c. nte€ = O(n%+a'€)
1 J

i e~3

J
Therefore (4.10) holds for a > 0. For a = 0, (4.10) holds by assumption.

One can easily show that for o > -%, there exists A > 0 such that

(4.11) z jZa - (20 + 1)-1 t2a+1 . 0(t20c+1—A

i<t

)

In the proof of their lemma 3.5.3, Philipp and Stout (1975) show that if

1> 8 >0 and Bis a Brownian motion on [0,~) then for each p > 0

S

(4.12) | B(t + 0(t1' )) = B(t) + 0(t%‘6/2*“)

By (4.10) to (4.12), (4.3) holds for a > -k. ' O

Lemma 4.2. Suppose a, are real numbers and z:;l a, converges. Let bn,

k=1,...,n and n > 1, be positive numbers. Suppose sup bg < M < », and for each
Z n =

n
k+1 °

. n n _
lim Zk=1 akbk = 0.
N0

Assume that for each k, b decreases to 0 as n > », Then

n suppose b: <b K

Proof. Fix ¢ > 0. Choose N such that if n >m z’N, then IX:=m ak| < € .

n
k

. n _ R S n_.,n .
define ¢ = bk bk—l if k > 2 and c1 bl' Then if n > N,

Then chodse N' > N such that b, < ¢ for k = 1,...,Nand n > N'. For k <n,
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BERAEER E D1
b, | = ( c.)
](:Na-k k k=Na-kj=1 J

5‘.121 C?( E a)| b) e <Me .
j=1 k=max (j,N)
Therefore if n > N',
n n N n n o N
Ikzl ax bk| i'lkzl a, bl + |k=%+1 a bkl < (kzl |ak|)e + Me . 0

Now we treat the KW process, and for this we need several assumptions.

A7. M is a function from R1 to Rl. The number 6 is the unique solution of

inf M(x) = M(8) and M'(8) =0 .
x

Hencefore we assume also that 6 = 0.

. A8. M has two continuous derivatives, M"' exists in a neighborhood of 0,
. d>0, M) = M) + o([x|%) as x > 0, sgp M| <=, {x: [MU)] < &)
is compact for some § > 0, and {x: M(x) f_C} is compact for all C > M(0).
Ag.' Let a and ¢ be positive. Suppose aM"(0) > 1/3.

Al0. Let u_be a random variable. Define S(t) = Z u - Suppose 02 >0,
n k<t

B(t) is a standard Brownian motion on [0,»), and for some § > 0
1.
s(t) = o B(t) + 0(t* )

All. Let X1 be a random variable and define Xn recursively by

X =X -an Y  where
n+l n n

-1/6) - M(X_ - cn-1/6) +u )/ (2 cn'l/e)

Yn = (M(Xn + cn n
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Theorem 4.1. Suppose A7 to All hold. Let A = aM"'(0) - (5/6) and

B=a c2 M'*(0)/(6a M'(0) - 2). Then for some ¢ > 0,

n
(4.13) nt/3 X =B+ n-12 ) (k/n)A e, * on"%)
n k=1

Define X(t), t > 0 by X(t) nl/s Xn if n <t <n+ 1. Then there exists a

standard Brownian motion Z(t) on [0,©) and € > 0 such that

-A-% A+l

(4.14) X(t) =B + (a<5)(2<:)-1 (2A+1)_li t Z(t2 ) + 0(t™S)

Proof. We first note that AS holds by lemma 1 of Ljung (1978). To apply

this lemma his X(n), e(n), B(n), y(n), and f(x) are set equal to our Xn+1, -u_,

n
M'(Xn) - (M(Xn+cn'1/6) - M(Xn-cn-1/6)), a/(2cn5/6) and -M'(x), respectively.

Ljung's condition Bl is verified by using (4.2) of lemma 4.1, lemma 4.2 and his

equation (15). After using his lemma 3 to verify his condition B2, it is clear

that all conditions of his lemma 1 are satisfied.
A4 holds because of Al0 and (4.2). We now show that Al, A2, and A3 hold
with £(x) =a M'(x), D= A, = a M'(0), B = (a c2/6) M"'(0), e = au/(2) and

T =1/6 (so that y =1/3 = 2t = 1/2 - 1). By Taylor expansions,

-1/6 1/6 1/3

) - M(X_ - cn'1/6)/2 en”/® = mrx ) + 112

M(X_ + cn
n n

@ (n ) + M (o))

' . . 2
where»|nn| < |xn| and ]pnl < |Xn|. Therefore if we set Bn = (ac /12)(M"'(nn)
+ M (p ),

2 T

-2T
’ =
| a Yn f(Xn) +n Bn *+noe

and Al holds. A2 follows from A8. A3 holds because A8 implies that

f(x) = Dx + 0(x2) as x + 0, Thus we have shown that Al to AS hold. By lemma
-€ . . d .

.3.1, Xn = 0(n 7) for an ¢ > 0; this and A8 imply that Bn =B + O(IXnI ) .

=B + O(n'ed) and so A6 holds. We now invoke theorem 3.1 to prove that (4.13)
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holds. By A.10

I e = a0/(ze) B(t) + 0(t*%)

Therefore by lemma 4.1, there exists a Brownian motion Z(t) and an ¢ > 0 such

that
X 1
I e =a0 2071 ez 4 oMY,
kfp
This and (4.13) imply (4.14) . 0

Theorem 4.1 yields results on the asymptotic flucuation behavior of Xn.

Here is a simple example.

Corollary 4.1. Suppose A7 to All hold. Then

n1/3 (X_-B)
lim sup L = T
n-e v2 log(log n) (2c) (2A+1) 2

ao

Proof. Straightforward. Use the law of the iterated logarithm for

Brownian motion. a

Now we state, without proof, an analogue of theorem 4.1 for the RM process.

Al13. Assume f is a function from R to R1 and the 0 is the unique solution

of

f(x) = 0.

Al4. Let u be a sequence of random variables. Suppose B(t) is a standard

Brownian on [0,«), ¢ > 0, g > 0, and

I u =0 B(t) + 0(tF)

k<t

N -1
Al5. Xn+1 = Xn - an (f(Xn) + un)
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Al6. f has a continuous derivative and £(x) = £'(0)x + O(lx|1+€) as x>0
fér e > 0.

Al7. Define V(x) = fg f(y)dy. Suppose {x: V(x) < C} is compact for all
C < sup V(x).

Al8. Suppose sup|f'(x)| < « and {x: |f(x)]| < 8} is compact for some § > 0.

Theorem 4.2. Suppose Al3 to Al9 hold and a £'(0) > %. Define D = ah'(0)-1.
Then for some ¢ > 0.

1 n -
X, = n"%a kgl (k/n)D y + 0(n )

L
n?

1
Define X(t), t > 0 by X(t) = n? Xn onn<t<n+ 1. Then there exists a standard

Brownian Z(t) and an ¢ > 0 such that

-D—!i
X(t) = 8L —— 7¢¢2D*y | g9
(2D » 1)
Proof. Similar to the proof of theorem 4.1. 0
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